arXiv:hep-th/0505061 v1 6 May 2005

Explicitly connecting T and Buscher dualities in String Theory

P. Matlock^∗ and R. Parthasarathy^† The Institute of Mathematical Sciences, Chennai, India

Buscher duality is a sigma-model duality, implemented by transformation of the target space. Not only in the case of a flat target space, but in a general background, should the Buscher duality reduce to the T-duality familiar in the flat-space string context. We exhibit this reduction explicitly using a pp-wave background as a tractable example. String theory is solved in a compactified Nappi-Witten background and the Buscher-dual theory is likewise solved. The Hamiltonian is computed in both cases, and the results are verified to be T-dual.

I. OVERVIEW

It has long been known that string theory compactified on a circle of radius R is dual to string theory compactified on a circle of radius 1/R. Since this transformation involves a target space compactified on a torus, this mapping between two theories is termed T-duality.

When string theory is compactified on S^1 = T^1, strings not only have resultant Kaluza- Klein momentum, but can wind around this circle. Using the sigma-model approach, it can thus be seen at the level of the Hamiltonian that the states in the two theories obtained by R- and 1/R-compactification may be mapped to one another by swapping the rôle of the winding and momentum numbers. This is T-duality in its simplest incarnation; the concept may be extended by effecting compactification in more than one direction, that is to say, considering string theory on a torus T^n. T-dualities along the toroidal directions form a group of transformations of the string theory.

When the target space is flat, there is no difficulty in compactifying the space-time and using the string theory to understand the duality, since the sigma model in a flat background is a free theory. In the case of a curved target space, there is a different approach to duality

∗Electronic address: pwm@imsc.res.in †Electronic address: sarathy@imsc.res.in

which takes into account the curvature. Buscher [1, 2] showed how two string theories could be understood to be dual to each other in a curved background, supplemented with a B-field. An explicit transformation of the background was exhibited which mapped the sigma model to its dual theory. The construction involves identifying a Killing vector, translations along which leave the entire action invariant. The Buscher transformation may be thought of as a certain ‘metric inversion’ along this direction, analogous to the inverse radius mentioned above. We refer the reader to Buscher’s original paper for details [1].

Now, the Buscher duality transformation does not require that the string theory be compactified, only that the direction chosen be a Killing direction. Nevertheless, given such a Killing direction along which the action is invariant, one may compactify the theory and ask whether a T-duality can be formulated even though the target space may have a nontrivial metric and B field. As hinted in the above paragraph, the answer to this question is that the corresponding transformation of the background is the Buscher transformation; if two theories are Buscher-dual to each other along a certain Killing direction, then their compactified counterparts will be T-dual to each other. This is shown in the diagram (1). The action S is the sigma-model action in the original background, S = S_{G,B}[X]. The Buscher dual action is Š[X] ≡ Sˇ_{G,}ˇ_B[X].

S[X] �^B �

S^1 �

Š[X]

S^1 � H_c �^T � Ȟ_c

(1)

Along the top of the diagram, the Buscher transformation B relates the two actions. It can be shown that this transformation is idempotent, B^2 = 1, so there is nothing trivially ‘beyond the diagram’ for the Killing direction we have chosen. Upon compactification on S^1, a Hamiltonian H_c for either theory can be obtained. H_c will have contributions associated with the energy of winding and momentum modes in the compact direction, and H_c and Ȟ_c are expected to be related in the usual T-dual way; the map from one to the other involves interchanging the winding and momentum modes so that w̌ = m and m̌ = w, and inverting the compactification radius, Ř = α^′/2πR.

Thus, the inversion of the radius of the compactified dimension in flat-space T-duality is a specific instance of the more general inversion implicit in the Buscher transformation.

For an elementary introduction to T-duality, the reader may consult [3]. A more complete discussion including the relation with Buscher duality and many more references may be found in the comprehensive reviews [4], [5] and [6].

The transformation of Buscher, being in terms of the background metric G, two-form field B and dilaton Φ has been investigated extensively in the supergravity limit [4, 7, 8], and it has been applied additionally to questions of time-like T-duality [7], further weaving the web of dualities of possible string theories. Obviously, direct tests of Buscher duality and the relation to T-duality in the sigma-model context are possible only when both worldsheet theories are soluble - not often the case in a nontrivial background - and so tests of Buscher duality have largely been limited to supergravity. Recently, time-like Buscher duality was investigated at the supergravity level in the analysis of two pp-wave backgrounds in [9]. However, as has been extensively discussed in the literature in recent years, the full string sigma-model may be analysed in such a situation since a pp-wave represents a special case where the string theory can be solved in light-cone gauge. It should then be possible to see the T-duality explicitly. String T-duality in a parallelisable pp-wave background had been considered in [10], and in a maximally-supersymmetric plane-wave background in [11]. However, the close connection between Buscher duality and T-duality was not considered in this case.

In the present paper we examine this connection between T-duality and Buscher duality, making an example of a particular pp-wave background, the Nappi-Witten metric [12]. This background has been considered in the literature for both the bosonic [13] and NSR string [14]. Possessing Killing directions, it may be compactified, and our first step is to solve string theory in this compactified background. In section II we quantise this theory and find the Hamiltonian. Next, in section III we find the Buscher-dual background and worldsheet theory, and quantise it along the same lines. In section IV we compare the results and conclude that T-duality is manifest after the compactification, verifying that the compactified version of the more general Buscher transformation is the T-duality transformation.

II. STRING SPECTRUM IN THE COMPACTIFIED NAPPI-WITTEN BACKGROUND

In this section we begin with the Nappi-Witten background [12] and compactify along a particular Killing direction for the metric and also the B field, as explained in the appendix. We then quantise the string sigma model in light-cone gauge and find the spectrum. For simplicity, we devote our attention to the bosonic sector.

Our notation is as follows. The background will be ten-dimensional with space-time indices μ, ν, . . . .. Of these ten coordinates, we will use i, j indices to refer to the 1, 2 directions. A, B indices will account for six more coordinates, while the remaining two will be denoted u and v. ϵ^{ij} is defined by ϵ^{21} = ϵ_{12} = +1, and conventions for worldsheet quantities are η_{σσ} = −η_{τ τ} = +1 and ϵ^{τ σ} = ϵ_{στ} = +1.

A. Equations of motion and mode expansion

The Nappi-Witten background with time-dependent B-field [12] is given by

G = dx^{A2} + dx^{i2} − 2dudv + (b − x^{i2} 4 )du^2, (2) B = 1 2 ϵ_{ij} x^idx^j ∧ du. (3)

We make the choice b = 0 and transform to new coordinates y^i and w [15],

x^1 = y^1 cos u 2 + y^2 sin u 2 , (4) x^2 = −y^1 sin u 2 + y^2 cos u 2 , (5) v = w − y^1y^2 2 , (6)

so that the background becomes

G = dx^{A2} + dy^{i2} − 2dudw + 2y^2dy^1du, (7) B = 1 2 ϵ_{ij} y^idy^j ∧ du. (8)

We note that B is form-invariant under this transformation. y^1 is a Killing direction for G, and we now make a gauge transformation B → B + dλ so that [13, 14]

B = udy^1 ∧ dy^2. (9)

Now, in accordance with the definition in the appendix, y^1 is a Killing direction for B also, as well as for G. The bosonic part of the NSR action is given by 2πα^′S = ∫ d^2σ ( − 1 2 √ hh^{αβ} ∂_αX^μ∂_βX^ν G_{μν} + 1 2 ϵ^{αβ}∂_αX^μ∂_βX^ν B_{μν} ) . (10)

Substituting the background G and B into the action, we have 2πα^′S = ∫ d^2σ ( − 1 2 η∂x^A∂x^A − 1 2 η∂y^i∂y^i − y^2η∂y^1∂u + η∂u∂w + uϵ∂y^1∂y^2 ) . (11)

This corresponds to the upper-left corner of the diagram (1). Variation with respect to w gives the equation of motion ∂^2u = 0; we make the standard light-cone gauge choice u = u_0 + p^+τ and obtain the light-cone gauge action

2πα^′S_{LC} = ∫ d^2σ ( − 1 2 η∂x^A∂x^A − 1 2 η∂y^i∂y^i + p^+y^2∂_τ y^1 − p^+∂_τ w + uϵ^{αβ}∂_αy^1∂_βy^2 ) . (12)

The term p^+∂_τ w is a total τ derivative and we discard it. Now, the remaining equations of motion are as follow:

δx^A → ∂^2x^A = 0, (13) δy^1 → ∂^2y^1 = p^+(∂_τ + ∂_σ)y^2, (14) δy^2 → ∂^2y^2 = −p^+(∂_τ + ∂_σ)y^1. (15)

The first leads to the standard mode expansions for x^A and need not be discussed. The next two are decoupled by combination into a single complex equation for the quantity Y (σ, τ ) ≡ y^1 + iy^2. ( ∂^2 + ip^+(∂_τ + ∂_σ) ) Y (σ, τ ) = 0 (16) A general form for Y = Y_0(σ, τ ) with homogeneous boundary condition Y_0(2π, τ ) = Y_0(0) is

Y_0(σ, τ ) = ∑ n∈Z y_n(τ )e^{inσ}. (17) Substituting into the equation of motion, we find y_n(τ ) = a_ne^{−inτ} + ã_ne^{i(p++n)τ} ; a_n and ã_n will be left- and right-movers. To this solution we wish to add a particular solution to accommodate compactification and thus closed-string winding modes along the y^1-direction, so that the boundary condition Y (2π, τ ) − Y (0, τ ) = 2πRw, ∀τ (18) is appropriate. Here, R is the compactification radius, and w ∈ Zis the winding number. The complete expansion for Y is then Y (σ, τ ) = Rw(σ − τ ) + ∑ n∈Z a_ne^{in(σ−τ )} + e^{ip+τ} ∑ n∈Z ã_ne^{in(σ+τ )}. (19)

B. Space-time momentum and zero modes

Compactification of y^1 implies quantisation of the space-time momentum conjugate to y^1, and this must be found in terms of worldsheet degrees of freedom. Space-time transformation symmetries are global worldsheet symmetries; we use the Noether procedure (as in [16], pg.69) to find the conserved current associated with y^1 translation. We obtain 2πα^′J^α = −η^{αβ}∂_βy^1 + η^{αβ}y^2∂_βu + uϵ^{αβ}∂_βy^2. (20) The space-time momemtum P^1 corresponding to y^1-translation is thus P^1 ≡ ∫ dσJ^τ = 1 2πα^′ ∫_{2π} 0 dσ ( ∂_τ y^1 + p^+y^2 + u∂_σy^2 ) . (21) Substituting the mode expansion for Y = y^1 + iy^2, we obtain P^1 = 1 α^′ [ − i 2 p^+(a_0 − a^†_0) − wR ] (22) which is real (Hermitian) and independent of τ , as we expect. Inserting this in our mode expansion of eqn.(19) we arrive at Y (σ, τ ) = Rwσ + ( α^′P^1 + i 2 p^+(a_0 − a^†_0) ) τ + ∑ n∈Z ( a_ne^{in(σ−τ )} + e^{ip+τ}ã_ne^{in(σ+τ )} ) . (23)

Before continuing on to quantisation, we remark that if we were to choose a ‘standard’ Kaluza-Klein condition P^1 = m/2πR, we would not obtain conventional T-duality from this mode expansion, due to the extra term linear in τ . We could, of course, have taken a different route and substituted for the σ coefficient instead of the τ coefficient, but the boundary condition (18) is unambiguous and leads us to the same result in any case. We will elaborate on this at the following section and in section IV.

C. Quantisation and spectrum

The canonical momenta conjugate to the y^i coordinates may be read off from eqn.(11), π_1 = ∂_τ y^1 + u∂_σy^2 + y^2∂_τ u, π_2 = ∂_τ y^2 − u∂_σy^1. (24)

Quantisation corresponds to imposing the commutation relation [y^i(σ, τ ), π_j(σ^′, τ )] = iπδ^i_jδ(σ − σ^′). (25) As mentioned when we obtained the equations of motion in section II A, we will ignore the ‘flat’ directions x^A. For the oscillator modes, the above commutation relation leads to^1

[a_n, a^†_n] = [ã^†_n, ã_n] = 1 p^+ , ∀n ≠ 0. (26) For the ‘zero modes’ (non-oscillatory), we have

[P^1, a_0] = i 2α^′ , [ã^†_0, ã_0] = 1 p^+

. (27)

All other commutators (except of course those obtained by Hermitian conjugation from the above) vanish. As a consequence of these ‘zero-mode’ commutators, we have that

[y^1, y^2] = 1 2ip^+ , and [π_1, π_2] = 0. (28)

This non-commutativity of the coordinates has been seen in similar situations [10, 11].

The Hamiltonian may be written using the Lagrangian (12) and the momenta (24). The result is 2πα^′H = 1 2 ∫_{2π} 0 dσ ( ∂_τ Y ∂_τ Y^† + ∂_σ Y ∂_σY^† ) . (29) Substituting the mode expansion for Y and performing the integration we arrive at

α^′H = (Rw)^2 + ( α^′P^1 + i 2 p^+(a_0 − a^†_0)

)_2 + 1 2 p^+ã_0ã^†_0 + ∑ n>0 n^2 ( a_na^†_n + ã_nã^†_n + a_{−n}a^†_{−n} + ã_{−n}ã^†_{−n} ) , (30)

which is lower-left corner of (1).

We notice at this point that in order for this theory to exhibit self T-duality, we seem to be forced to make one of two choices. One choice would be to first restrict a_0 − a^†_0, the y^2-coordinate zero mode, to vanish. The space-time momentum P^1 may then be quantised in the usual Kaluza-Klein way, so that P^1 = m/2πR, and the standard T-duality involving an exchange of momentum number m and winding number w coupled with an inversion of

1 The reader is reminded that, in contrast to the usual flat-space notation, a_n and a_{−n} are distinct operators unrelated by Hermitian conjugation.

the compactification radius would obtain. As we see no compelling reason why the theory should apply only to strings at y^2 = 0, we instead make a different choice. We will interpret the quantity α^′P^1 +^i_2 p^+(a_0 − a^†_0) as the ‘Kaluza-Klein’ momentum, and thus set

α^′P^1 + i 2 p^+(a_0 − a^†_0) = m 2πR . (31)

Further comments will be made in section IV. Of course, in the present paper we are not interested in T-duality within this theory alone, but between this and its Buscher dual, to which we now turn our attention.

III. STRING SPECTRUM IN THE BUSCHER-DUAL BACKGROUND

Here, we first find the Buscher dual to the background considered in section II. We quantise the resulting sigma model along the same lines so that the mode expansion and spectrum may be compared.

A. The Buscher-dual background

To perform a Buscher transformation, we must have a Killing vector common to the G and B fields, as defined in the appendix, and this is also a requirement for a consistent compactification. Here we assume that the coordinates are chosen so that one of them defines this Killing direction. We denote this ‘Killing coordinate’ by the index 0 and all other coordinates with the indices θ and ϕ. The Buscher transformation is derived by gauging the translation symmetry of the Killing coordinate. From [1], the Buscher transformation of the background G and B into Ǧ and B̌ is then given by Ǧ_{00} = 1 G_{00} , Ǧ_{θϕ} = G_{θϕ} − G_{0θ} G_{0ϕ} − B_{0θ}B_{0ϕ} G_{00} , Ǧ_{0θ} = Ǧ_{θ0} = B^{0θ} G_{00} , B̌_{θϕ} = B_{θϕ} + G_{0θ}B_{0ϕ} − B_{0θ}G_{0ϕ} G_{00} , B̌_{0θ} = −B̌_{θ0} = G^{0θ} G_{00}

, Φ̌ = Φ − 1 2 log |G_{00}|. (32)

We have included the dilaton transformation Φ → Φ̃ for completeness. Although we will not need it for our purpose of finding the spectrum, we will see that it becomes important when comparing the spectra of the two theories since in principle e^{−2Φ} multiplies the whole action.

We now begin with our sigma-model background of equations (7) and (9) which we used in section II, and with y^1 the Killing coordinate we obtain the dual background

Ǧ = dx^{A2} + (dy^1)^2 + 2udy^1dy^2 + (1 + u^2)(dy^2)^2 − 2dudw − (y^2)^2du^2, (33) B̌ = y^2dy^1 ∧ du − uy^2dy^2 ∧ du. (34)

The action is then 2πα^′Š = ∫ d^2σ ( − 1 2 η∂x^A∂x^A − 1 2 η∂y^1∂y^1 − 1 2 (1 + u^2)η∂y^2∂y^2 + η∂u∂w

+ uη∂y^1∂y^2 + 1 2 y^2η∂u∂u + y^2ϵ∂y^1∂u + uy^2ϵ∂u∂y^2 ) , (35)

which represents the upper-right corner of (1). Once again, the gauge u = u_0 + p^+τ may be chosen, and the resultant light-cone gauge action is given by

2πα^′Š_{LC} = ∫ d^2σ ( − 1 2 η∂x^A∂x^A − 1 2 η∂y^1∂y^1 − uη∂y^1∂y^2 − 1 2 (1 + u^2)η∂y^2∂y^2 − p^+∂_τ w − 1 2 p^{+2}(y^2)^2 − p^+y^2∂_σ y^1 + up^+y^2∂_σy^2 ) . (36)

B. Equations of motion and mode expansion

Varying the action of eqn.(36) gives equations of motion for y^i which may be written

∂^2(y^1 + uy^2) = −p^+(∂_τ + ∂_σ)y^2 (37) −∂^2y^2 = p^+(∂_τ + ∂_σ )(y^1 + uy^2). (38)

Making the definition Y̌ = y^1 + uy^2 + iy^2 we find that the equation of motion for Y̌ coincides with the equation of motion (16) for the analogous Y of section II A, with the replacement p^+ → −p^+. Again we wish to impose a periodic boundary condition with winding number on y^1 alone, and eqn.(18) remains correct here as well. We thus can carry over the mode expansion of eqn.(19) and we have Y̌ (σ, τ ) = Řw̌(σ − τ ) + ∑ n∈Z b_ne^{in(σ−τ )} + e^{−ip+τ} ∑ n∈Z b̃_ne^{in(σ+τ )}, (39)

where w̌ is the winding number and Ř is the radius of compactification of the y^1 coordinate, but of course measured in the new Buscher-dual background.

C. Space-time momentum and zero modes

Following the same procedure as in section II B we find the conserved current associated with y^1-translations to be

2πα^′J̌^α = −η^{αβ}(∂_βy^1 + u∂_βy^2) − p^+y^2η^{ασ} (40)

so the Kaluza-Klein momentum is

P̌^1 = 1 2πα^′ ∫_{2π} 0 dσ ( ∂_τ (y^1 + uy^2) − p^+y^2 ) = 1 α^′ [ i 2 p^+(b_0 − b^†_0) − w̌Ř ] , (41)

which is clearly analogous to eqn.(22). We substitute into the mode expansion (39) to arrive at Y̌ (σ, τ ) = Řw̌σ + (α^′P̌^1 − i 2 p^+(b_0 − b^†_0) ) τ + ∑ n∈Z ( b_ne^{in(σ−τ )} + e^{−ip+τ} b̃_ne^{in(σ+τ )} ) . (42)

D. Quantisation and spectrum

The y^i coordinates are not the correct canonical variables for quantisation. Inspection of the definition of Y̌ in section III B leads us to change variables from y^i to z ≡ Y̌ + Y̌ † 2 = y^1 + uy^2 and y ≡ Y̌ − Y̌ † 2 = y^2, (43)

in terms of which the action (36) becomes 2πα^′Š = − 1 2 ∫ d^2σ ( η∂x^A∂x^A + η∂z∂z + 2p^+ y(∂_τ + ∂_σ)z + η∂y∂y − 4p^+uy∂_σy ) . (44)

We neglect the the last term, a total σ derivative. The canonical momenta are now given by π_z = ∂_τ z − p^+y and π_y = ∂_τ y. (45) We quantise by requiring [z(σ, τ ), π_z(σ^′, τ )] = [y(σ, τ ), π_y(σ^′, τ )] = iπδ(σ − σ^′), (46) which implies that modes of Y̌ in eqn.(42) have non-vanishing commutators

[b_n, b^†_n] = [b̃^†_n, b̃_n] = − 1 p^+

∀n ≠ 0 and [P̌^1, b_0] = i 2α^′ , [b̃^†_0, b̃_0] = − 1 p^+

. (47)

Similar to eqn.(28), it can be seen that the coordinates z and y do not commute, which implies that [y^1, y^2] ≠ 0 in this case as well.

The Hamiltonian is given by 2πα^′H = 1 2 ∫_{2π} 0 dσ ( ∂_τY̌ ∂_τ Y̌^† + ∂_σY̌ ∂_σY̌^† + p^+y∂_σz ) . (48)

Apart from the last term, this Hamiltonian is exactly analogous to eqn.(29). The last term is in fact seen not to contribute when written using the mode expansion for Y̌ ; the result is therefore identical in form to the Hamiltonian in the dual case, eqn.(30),

α^′Ȟ = (Řw̌)^2 + ( α^′P̌^1 − i 2 p^+(b_0 − b^†_0)

)_2 − 1 2 p^+b̃_0b̃^†_0 + ∑ n>0 n^2 ( b_nb^†_n + b̃_nb̃^†_n + b_{−n}b^†_{−n} + b̃_{−n}b̃^†_{−n} ) . (49)

Thus we have the final, lower-right corner of (1). In the Buscher-dual case, we are compelled to make the same interpretation as we did leading up to equation (31). That is, we identify the coefficient of τ as the ‘Kaluza-Klein’ momentum and give it a momentum number,

α^′P̌^1 − i 2 p^+(b_0 − b^†_0) = m̌ 2πŘ . (50)

IV. T-DUALITY

We have defined discrete momentum numbers in equations (31) and (50). Although the momentum numbers m and m̌ are not conventional Kaluza-Klein momenta, in the sense that the quantities P^1 and P̌^1 themselves are the conserved space-time momenta in the compact direction, we see from our expressions for the Hamiltonian in either case that if self T-duality is to hold, then the momentum number so defined is the T-dual of the winding number. The centre-of-mass mode of the y^2 coordinate is thus mixed into the definition of the momentum number of the y^1 coordinate. This is a geometrical consequence of the term y^2dy^1(∧)du in the metric (7) and the B-field in (33); the conserved space-time momenta of eqn.(22) and eqn.(41) along the Killing direction depend on the centre-of-mass position in the y^2 direction. This mixing term in the background can also be held responsible for the non-commutativity that we found between y^1 and y^2 as in eqn.(28).

Our task is to understand the bottom edge of our diagram (1) and to exhibit the expected T-duality between the compactified theories. Looking at the two Hamiltonians (30) and (49) corresponding to the bottom corners of the diagram, we see that they naïvely do not appear to be T-dual to each other; in fact they appear to be very similar.

Let us recall, however, that the two Hamiltonians are expressed in different backgrounds. Following [6], the T-duality may be clearly seen as follows. 2πR is simply a coordinate distance along the compactified y^1-direction; from the Buscher transformation, distance in these two metrics is inversely related, as in the expression for Ǧ_{00} in eqn.(32). Considering this direction, let us define the y^1-coordinate as dimensionless, by scaling y^1 → Ry^1, and the metric will now have dimensions of length-squared, G_{00} is scaled by R^2. We will redefine R to be the dimensionless radius, so R → R/ √ α^′. In order to formulate the Buscher transformation in terms of a dimensionless metric, we instead let G remain dimensionless by scaling with α^′. In summary, we have the redefinition

y^1 → Ry^1, and G_{00} →

R^2 α^′ G_{00}. (51)

Then, as shown in [6], the Buscher transformation implies

G_{00} → Ǧ_{00} = 1 G_{00}

, and Ř = 1 R . (52)

We see it is also necessary to change the sign of p^+, but this was just a gauge choice for the u coordinate; it may be chosen with the opposite sign in the dual case.

The non-zero modes of the two Hamiltonians should coincide. However, the Hamiltonian has dimensions of energy, and should be measured in the correct metric as well, against G_{00}. This metric is different for the two Hamiltonians. The resolution of this problem (which is not obvious in our expressions since in our case G_{00} = 1) is through the dilaton. The dilaton factor of e^{−2Φ} which would be in the action if we had considered the dilaton field shifts under the Buscher transformation (32), producing a factor of G_{00} and rendering the modes (this argument applies to the zero-modes as well) comparable in the two systems; they may be taken ‘at face value’ in the expressions (30) and (49).

We have thus shown an explicit example of T-duality in a curved background metric with non-trivial B-field, and demonstrated how it arises in the context of Buscher duality when compactified along the Killing direction.

Appendix - generalised Killing equation

We make a simple but convenient extension to the definition of a Killing vector. For an arbitrary tensor λ_{μν} , let us consider an infinitesimal coordinate shift x^μ → x^{′μ} = x^μ + ξ^μ(x). The requirement that λ_{μν} be form invariant under this transformation, so that λ^′_{μν} is the same function of x^′ as λ_{μν} is of x, leads to the equation ξ^σ ∇_σλ_{μν} + λ_{μσ} ∇_ν ξ^σ + λ_{σν} ∇_ν ξ^σ = 0. (53) This ‘generalised Killing equation’ may be extended to an arbitrary-rank tensor in the obvious way. Equation (53) of course gives the usual Killing equation for ξ when λ is taken to be the metric. Using this equation, we may talk of a ‘Killing vector for B’ and by this mean a solution to eqn.(53) with λ = B. As usual, if the coordinates are chosen so that the 0-direction coincides with the Killing direction, then ξ^μ = δ^μ_0 and eqn.(53) reduces to ∂_0λ_{μν} = 0. In the present paper, this corresponds to our condition that the metric and Bfield have no y^1-dependence, which we require for both the compactification and the Buscher transformation.

[1] T. H. Buscher, A symmetry of the string background field equations, Phys.Lett. B 194 (1987), 59-62.

[2] T. H. Buscher, Path-integral derivation of Quantum Duality in nonlinear sigma-models, Phys.Lett. B 201 (1988), 466-472.

[3] Ignatios Antoniadis, Guillaume Ovarlez, An introduction to perturbative and non-perturbative string theory, hep-th/9906108.

[4] C.M. Hull, String Dynamics at Strong Coupling, Nucl.Phys. B468 (1996) 113-154,

hep-th/9512181.

[5] E. Álvarez, L. Álvarez-Gaumé, Y. Lozano, An Introduction to T-Duality in String Theory, Nucl.Phys.Proc.Suppl. 41 (1995) 1-20, hep-th/9410237.

[6] A. Giveon, M. Porrati, E. Rabinovici, Target Space Duality in String Theory, Phys.Rept. 244 (1994) 77-202, hep-th/9401139.

[7] C.M. Hull , Duality and the Signature of Space-Time, JHEP 9811 (1998) 017,

hep-th/9807127.

[8] G. W. Gibbons, C. M. Hull, De Sitter Space from Warped Supergravity Solutions,

hep-th/0111072.

[9] Harvendra Singh, Plane Wave Type II^∗ String Backgrounds, Phys.Lett. B601 (2004) 209-213,

hep-th/0405193.

[10] Darius Sadri, M. M. Sheikh-Jabbari, String Theory on Parallelizable PP-Waves, JHEP 0306 (2003) 005, hep-th/0304169.

[11] Shun’ya Mizoguchi, Takeshi Mogami, Yuji Satoh, A Note on T-duality of Strings in Plane- Wave Backgrounds, Phys.Lett. B564 (2003) 132-142, hep-th/0302020.

[12] C. R. Nappi, E. Witten, A WZW model based on a non-semi-simple group, Phys.Rev.Lett. 71 (1993) 3751-3753, hep-th/9310112.

[13] P. Forgács, P.A. Horváthy, Z. Horváth, L. Palla, The Nappi-Witten string in the light-cone gauge, Heavy Ion Phys. 1 (1995) 65-83, hep-th/9503222.

[14] P. Matlock, R. Parthasarathy, K. S. Viswanathan, Y. Yang, NS5 Brane and Little String Duality in the pp-wave Limit, Phys.Rev. D68 (2003) 086001, hep-th/0305028.

[15] Jeremy Michelson, (Twisted) Toroidal Compactification of pp-Waves, Phys.Rev. D66 (2002) 066002, hep-th/0203140.

[16] M. B. Green, J. H. Schwarz, E. Witten, String Theory (vol.1), Cambridge 1987.