arXiv:hep-th/0505101 v2 11 Aug 2005

Octonionic Version of Dirac Equations

Merab Gogberashvili Andronikashvili Institute of Physics 6 Tamarashvili St., Tbilisi 0177, Georgia E-mail: gogber@hotmail.com

August 11, 2005

Abstract

It is shown that a simple continuity condition in the algebra of split octonions suffices to formulate a system of differential equations that are equivalent to the standard Dirac equations. In our approach the particle mass and electro-magnetic potentials are part of an octonionic gradient function together with the space-time derivatives. As distinct from previous attempts to translate the Dirac equations into different number systems here the wave functions are real split octonions and not bi-spinors. To formulate positively defined probability amplitudes four different split octonions (transforming into each other by discrete transformations) are necessary, rather then two complex wave functions which correspond to particles and antiparticles in usual Dirac theory.

PACS numbers: 03.65.Pm; 02.10.De; 11.10.-z

1 Introduction

One of the breakthroughs in the development of field theory was the discovery of the Dirac equation in 1928. The question we wish to address in this article is whether one can formulate the Dirac equation without availing oneself of complex bi-spinors and matrix algebra, and to what extent such a formulation can be brought into a form equivalent to the standard theory. The successful application of quaternions [1] and Geometric Algebras [2] in formulating a Dirac equation without matrices, initiated the use of octonions as underlying numerical fields [3, 4]. Real octonions also contain eight parameters, just as Dirac bi-spinors, or complex quaternions.

Octonions form the widest normed algebra after the algebras of real numbers, complex numbers, and quaternions [5]. Since their discovery in 1844-1845 by Graves and Cayley there have been various attempts to find appropriate uses for octonions in physics (see reviews [6]). One can point to the possible impact of octonions on: Color symmetry [7]; GUTs [8]; Representation of Clifford algebras [9]; Quantum mechanics [10]; Space-time symmetries [11]; Field theory [12, 13]; Formulations of wave equations [3, 4, 14]; Quantum Hall effect [15]; Strings and M-theory [16]; etc.

The structure of the matrices in the Dirac equation is linked to relativistic covariance. However, space-time geometry does not only have to be formulated using standard Lorentz four-vectors, matrices, or quaternionic notation, but can also be formulated using an octonionic parametrization.

In our previous papers [17] it was introduced the concept of Octonionic Geometry based on the algebra of split octonions. This approach is related with so-called Geometric Algebras [18] in the sense that we also emphasized the geometric significance of vectors (which are more effective than spinors and tensors in conveying geometry) and avoided matrices and tensors.

In the present paper we shall show that the algebra of split octonions, we used in [17] to describe the geometry, suffice to formulate a system of differential equations equivalent to the standard Dirac equations.

2 Octonionic Geometry

The geometry of space-time in the language of algebras and symmetries can be described. Any observable quantity, which our brain could extract from a single measurement is a real number. Introduction of the distance (norm) always means some comparison of two physical objects using one of them as an etalon. In the algebraic language these features mean that to perceive the real world our brain uses normed algebras with the unit element over the field of real numbers. In physical applications of normed algebras mainly the elements with the negative square (which are similar to ordinary complex unit) are used. In this case norm of the algebra is positively defined. Introduction of vector-like elements with positive square and negative norm leads to so-called split algebras. Because of pseudo- Euclidean character of there norms split-algebras are useful to study dynamics.

In the paper [17] it was assumed that to describe the geometry of real world most convenient is the algebra of split-octonions. With a real physical signal we associate an 8-dimensional number, the element of split octonions,

s = ct + x^nJ_n + h̄λ^nj_n + ch̄ωI . (n = 1, 2, 3) (1)

Some characteristics of the physical world (such as dimension, causality, maximal velocities, quantum behavior, etc.) can be naturally connected with the structure of the algebra. For example, our imagination about 3-dimensional character of the space can be the result of existing of the three vector like elements J_n in (1).

We interpret the basis elements of split octonions as multi-vectors, similar to Geometric Algebras [18]. In (1) the scalar unit is denoted as 1, the three vector-like objects as J_n, the three pseudo-vectors as j_n and the pseudo-scalar as I. The eight scalar parameters that multiply the basis units in (1) we treat as the time t, the special coordinates x^n, the wavelength λ^n and the frequency ω. The quantity (1) also contains two fundamental constants of physics - the velocity of light c and Planck’s constant h̄. The appearance of these constants is connected with the existence of two classes of zero divisors in the algebra of split octonions [17].

The algebra of the basis elements of split octonions can be written in the form:

J^2_n = −j^2_n = I^2 = 1 , J_nj_m = −j_mJ_n = −ϵ_{nmk}J^k , J_nJ_m = −J_mJ_n = j_nj_m = −j_mj_n = ϵ_{nmk} j^k , (2) J_nI = −IJ_n = j_n , j_nI = −Ij_n = J_n , where ϵ_{nmk} is the fully antisymmetric tensor and n, m, k = 1, 2, 3. From these formulae it can be seen that to generate a complete 8-dimensional basis of split octonions the multiplication and distribution laws of only three vector-like elements, J_n, are enough. The other two basis units j_n and I can be expressed as binary and triple products j_n = 1 2 ϵ_{nmk}J^mJ^k , I = J_nj_n (3)

(there is no summing of indices in the second formula).

The essential property of octonions, non-associativity, is the direct result of the second formula of (3). Since the 3-vector I has three equivalent representations we find, for example,

J_1(J_2J_3) − (J_1J_2)J_3 = J_1j_1 − j_3J_3 = 2I ≠ 0 . (4)

We adopt the non-associativity of the triple products of J_n, and at the same time we need to have definite results for the multiplication of all seven octonionic basis units (2). For this purpose the property of alternativity of octonions can be used. This weak form of associativity implies the Moufang identities for the products of any four element when two of them coincide [5] (ax)(ya) = a(xy)a , a(x(ay)) = (axa)y , y(a(xa)) = y(axa) . (5) In physical applications we interpret the non-associativity of octonions, which results in the non-equivalence of left and right products for expressions containing more than two basis units J_n, as corresponding to causality [17]. For the direction from the past to the future we want to use one definite order of multiplication, for example the left product. Then non-associativity leads to the appearance of time asymmetries in our model.

The standard conjugation of fundamental vector-like basis units

J^∗_n = −J_n , (6)

can be imagined as reflections. Analogous to Clifford algebras [2] we introduce three different kind of conjugations (involutions) of products of several J_n and thus define conjugations of other octonionic basis units j_i and I. The standard octonionic anti-automorphism (J_iJ_kJ_n...)^∗ = ...J^∗_nJ^∗_k J^∗_i , (7)

reverses the order of elements in any given expression.

We can define also the following automorphism (conjugation without reversion)

(J_iJ_kJ_n...)^† = J^∗_i J^∗_k J^∗_n... , (8)

and combined involution (J_iJ_kJ_n...) = (J_iJ_kJ_n...)^{†∗} . (9) Similar involutions in Clifford algebras are called respectively conjugation, grade involution and reversion [2].

Since we interpret the conjugation of vector-like elements J_n as reflection and the directivity feature of their products as corresponding to the time arrow, these three involutions (7), (8) and (9) can be considered analogously to the discrete symmetries T , P and C.

The involutions (7), (8) and (9) do not affect the unit elements of split octonions, while other basis elements change according to the laws

J^∗_i = −J_i , j^∗_i = −j_i , I^∗ = −I , J^†_i = −J_i , j^†_i = j_i , I^† = −I , (10) J_i = J_i , j_i = −j_i , I = I .

The principal conjugation of octonions (7) is usually used to define their norm. For example, conjugation of (1) gives s^∗ = ct − x_nJ^n − h̄λ_nj^n − ch̄ωI . (11) Then the norm of (1)

s^2 = ss^∗ = s^∗s = c^2t^2 − x_nx^n + h̄^2λ_nλ^n − c^2h̄^2ω^2 , (12)

has a (4 + 4) signature and in the limit h̄ → 0 gives the classical formula for the Minkowski interval.

It is possible to give a representation of the basis units of octonions (1, J_n, j_n, I) through 2 × 2 Zorn matrices [5], whose diagonal elements are scalars and whose off-diagonal elements are 3-dimensional vectors 1 ⇐⇒ ( 1 0 0 1 ) , J_n ⇐⇒ ( 0 σ_n σ_n 0 ) , I ⇐⇒ ( 1 0 0 −1 ) , j_n ⇐⇒ ( 0 −σ_n σ_n 0 ) . (13)

Here the elements σ_n (n = 1, 2, 3), with the property σ^2_n = 1 can be considered as ordinary Pauli matrices. Of course one can use the real representation also, with the complex Pauli matrix σ_2 replaced by the unit matrix.

Using (13) the split octonion (1) can be written as s = ct + x_nJ^n + h̄λ_nj^n + ch̄ωI = ( c(t + h̄ω) (x_n − h̄λ_n)σ^n (x_n + h̄λ_n)σ^n c(t − h̄ω) ) . (14)

The conjugate of the matrix (14) is defined as s^∗ = ct − x_nJ^n − h̄λ_nj^n − ch̄ωI = ( c(t − h̄ω) −(x_n − h̄λ_n)σ^n −(x_n + h̄λ_n)σ^n c(t + h̄ω) ) . (15)

Then the norm (12) is given by the product of these matrices

s^∗s = (c^2t^2 − x_nx^n + h̄^2λ_nλ^n − c^2h̄^2ω^2) ( 1 0 0 1 ) . (16)

The two other forms of involution, (8) and (9), for the octonion (1) have the following matrix representations s^† = ct − x_nJ^n + h̄λ_nj^n − ch̄ωI = ( c(t − h̄ω) −(x_n + h̄λ_n)σ^n −(x_n − h̄λ_n)σ^n c(t + h̄ω) ) , s = ct + x_nJ^n − h̄λ_nj^n + ch̄ωI = ( c(t + h̄ω) (x_n + h̄λ_n)σ^n (x_n − h̄λ_n)σ^n c(t − h̄ω) ) . (17)

Since octonions are not associative, they cannot be represented by matrices with the usual multiplication laws. The product of any matrices written above, have the special multiplication rules [19] ( α a b β ) ∗ ( α^′ a^′ b^′ β^′ ) = ( αα^′ + (ab^′) αa^′ + β^′a − [bb^′] α^′b + βb^′ + [aa^′] ββ^′ + (ba^′) ) , (18)

where (ab) and [ab] denote the usual scalar and vector products of the 3-dimensional vectors a and b. Probably the easiest way to think of this multiplication is to consider the usual matrix product with an added anti-diagonal matrix ( 0 −ϵ^{nmk}b_mb^′_k ϵ^{nmk} a_ma^′_k 0 ) . (19)

The algebra of octonionic basis units (2) is easily reproduced in this Zorn matrix notation.

Using the algebra of the basis elements (2) the octonion (1) also can be written in the equivalent form

s = c(t + h̄ωI) + J^n(x_n + h̄λ_nI) . (20)

From this formula we see that pseudo-scalar I introduces the ’quantum’ term corresponding to some kind of uncertainty of the space-time coordinates.

3 Octonionic Dirac Equation

For convenience we take the formulation of ordinary Dirac equation in the notation used in [21] ( ih̄γ^0∂_0 + ih̄γ^n∂_n − e c γ^0A_0 + e c γ^nA_n − mc ) Ψ = 0 , (21)

which as distinct from the standard definition [22] has the opposite sign for γ^0 and scalar potential A_0. In (21) gamma matrices have the representation

γ_0 = − ( 1 0 0 −1 ) , γ_n = ( 0 σ_n σ_n 0 ) , γ_5 = i ( 0 1 1 0 ) , (22)

where σ_n (n = 1, 2, 3) are the usual Pauli matrices.

Without any bias about the nature of the quantities involved in the wavefunction, including any hidden meaning to the imaginary unit i, the standard 4- dimensional spinor can be written in the form

Ψ = y_0 + iL_3 −L_2 + iL_1 y_3 + iL_0 y_1 + iy_2 . (23)

It is characterized by the eight real parameters y^ν and L^ν (ν = 0, 1, 2, 3).

The Dirac equation (21) for the wave-function (23) can be decomposed into an equivalent set of eight real differential equations − e c A^ν y_ν + h̄(F_{03} + f_{21}) = mcy_0 , e c A^ν L_ν + h̄(F_{12} + f_{03}) = mcL_0 , e c ([yA]_{10} + [LA]_{32}) + h̄(F_{13} + f_{20}) = mcy_1 , e c ([yA]_{20} + [LA]_{13}) + h̄(F_{23} + f_{01}) = mcy_2 , e c ([yA]_{30} + [LA]_{21}) − h̄∂^ν L_ν = mcy_3 , (24) e c ([yA]_{32} + [LA]_{01}) + h̄(F_{02} + f_{13}) = mcL_1 , e c ([yA]_{13} + [LA]_{02}) + h̄(F_{10} + f_{23}) = mcL_2 , e c ([yA]_{12} + [LA]_{03}) − h̄∂^ν y_ν = mcL_3 ,

where the summing is done by the Minkowski metric η^{νμ} (ν, μ = 0, 1, 2, 3) with the signature (+ − −−) and we have introduced the notations

f_{νμ} = ∂_ν y_μ − ∂_μy_ν , [LA]_{νμ} = L_ν A_μ − L_μA_ν , F_{νμ} = ∂_ν L_μ − ∂_μL_ν , [yA]_{νμ} = y_ν A_μ − y_μA_ν . (25)

Now we want to show that the system (24) can be written as the product of two split octonions with real components.

The particle wave function we denote by the split octonion

ψ = −y_0 + y_nJ^n + L_nj^n + L_0I , (n = 1, 2, 3) (26)

where we use the same notation for the eight real numbers y^ν and L^ν as for the components of the Dirac wave-function (23). The set of the values of y^ν and L^ν can be understood as the traditional functions depending on the frame, since after any measurement one finds new values for these parameters that depend on the observer’s frame.

To the measurement process we want to associate a split octonion having the dimension of momentum ∇ = h̄ [ c ∂ ∂t + J^n ∂ ∂x^n ] + [ − ( mc + e c A_0 ) + e c A_nJ^n ] I . (27)

In this gradient function we use standard notations for the coordinates, mass and components of vector-potential. In the limit m, A_ν → 0 the norm of ∇ is the ordinary d’Alembertian.

Now let us write the orientated continuity equation by multiplication of the octonionic wave-function (26) by (27) from the left ∇_Lψ = h̄ [ c ∂ ∂t + J^i ∂ ∂x^i ] ψ + [ − ( mc + e c A_0 ) + e c A_nJ^n ] (Iψ) = 0 . (28)

Because of non-associativity it is crucial in the second term to multiply I first with ψ and then with the remaining terms in the brackets. The orientated product (28) is similar to the barred operators considered in [4].

Using the matrix representation of octonionic basis units (13) the quantities entering the equation (28) can be written in the form ψ = ( y_0 + L_0 (y_n − L_n)σ^n (y_n + L_n)σ^n y_0 − L_0 ) , (Iψ) = ( y_0 + L_0 (y_n − L_n)σ^n −(y_n + L_n)σ^n −y_0 + L_0 ) , [c ∂/∂t + J^n∂/∂x^n] = ( c ∂/∂t σ^n∂/∂x^n σ^n∂/∂x^n c ∂/∂t ) , [− (mc + A_0e/c) + J^nA_ne/c] = ( −(mc + A_0e/c) σ^nA_ne/c σ^nA_ne/c −(mc + A_0e/c) ) . According to the multiplication rules of octonionic matrices (18), or using the algebra of the basis units (2), equation (28) takes the form: [ −mcy_0 − e c A^ν y_ν + h̄∂^ν L_ν ] + [ −mcL_0 − e c A^ν L_ν + h̄∂^ν y_ν ] I + + [ −mcy^i + e c [Ay]^{i0} + h̄F^{i0} + ϵ^{ijk} ( h̄f_{jk} + e c A_j L_k )] J_i + (29) + [ −mcL^i + e c [AL]^{i0} + h̄f^{i0} − ϵ^{ijk} ( h̄F_{jk} + e c A_j y_k )] j_i = 0 , where ν = 0, 1, 2, 3 and i, j, k = 1, 2, 3.

Now we have all the tools to reproduce the Dirac equations. Equating to zero coefficients in front of octonionic basis units in (29) we have a system of eight equations. Subtracting the pairs of these equations by the rules (J_3 − j_3), (j_2 − j_1), (1 − J_2) and (J_1 − I) we arrive at a system of four ’complex’ equations e c [−A_0(y_0 + iL_3) + A_1(y_1 + iy_2) + A_2(y_2 − iy_1) + A_3(y_3 + iL_0)] −

−h̄[∂_0(L_3 − iy_0) − ∂_1(y_2 − iy_1) + ∂_2(y_1 − iy_2) − ∂_3(L_0 − iy_3)] = cm(y_0 + iL_3), e c [−A_0(−L_2 + iL_1) + A_1(y_3 + iL_0) − A_2(L_0 − iy_3) − A_3(y_1 + iy_2)] −

−h̄[∂_0(L_1 + iL_2) − ∂_1(L_0 − iy_3) − ∂_2(y_3 + iL_0) + ∂_3(y_2 − iy_1)] = cm(iL_1 − L_2), (30) e c [−A_0(y_0 + iL_3) + A_1(y_1 + iy_2) + A_2(y_2 − iy_1) + A_3(y_3 + iL_0)] +

+h̄[∂_0(L_0 − iy_3) − ∂_1(L_1 + iL_2) − ∂_2(L_2 + iL_1) − ∂_3(L_3 + iy_0)] = cm(y_3 + iL_0), e c [−A_0(y_0 + iL_3) + A_1(y_1 + iy_2) + A_2(y_2 − iy_1) + A_3(y_3 + iL_0)] +

+h̄[∂_0(y_2 − iy_1) − ∂_1(L_3 − iy_0) − ∂_2(y_0 + iL_3) + ∂_3(L_1 + iL_2)] = cm(y_1 + iy_2).

Introducing the complex bi-spinor (23) and gamma matrices (22) this system is easy to rewrite in matrix form, which exactly coincides with the standard Dirac equations (21).

To define the probability amplitudes we need a real modulus function corresponding to a positively defined probability. It cannot be the norm of the ’wave-function’ (26), since the norm of split octonions is not positively defined and thus cannot give a satisfactory interpretation as a probability. However, the product N = 1 2 [ ψψ + (ψψ)^∗ ] = 1 2 [ ψψ + ψ^†ψ^∗ ] = y^2_0 + y_ny^n + L_nL^n + L^2_0 , (31)

can serve as the probability amplitude similar to standard Dirac theory. The product (31) is analogous to the Hermitian norm introduced in [23].

4 Concluding Remarks

In this paper it was shown that the Dirac equations can be written using the algebra of split octonions over the field of real numbers. As distinct from the similar models we do not use any complex numbers or bi-spinors.

We wish to stress that because of non-associativity our model is not equivalent to the standard Dirac theory. Without fixing the order of multiplications the products of wave-functions, corresponding to some physical process, will give not single-valued results. This property, when left and right products are not equivalent, in physical applications is natural to connect with the time asymmetry and causality.

Differences with standard theory arise also when we try to determine what kind of number should be used for the probability amplitudes. To formulate positively defined probability amplitudes four different split octonions (transforming into each other by discrete transformations) are necessary, rather then two complex wave functions corresponding to particles and antiparticles in usual Dirac theory. This means that in the octonionic model standard classification scheme of particles should be revised.

Note that the Hermitian norm (31), which we want to associate with the probability amplitude, exhibits more symmetry than the standard norm of split octonions (having (4 + 4) signature). It is known that the automorphism group of ordinary octonions is the smallest exceptional Lie group - G_2 [5], while the automorphism group of split octonions is the real, non-compact form of G_2. Some general results about the real, non-compact G_2 and its subgroup structure can be found in [24].

Acknowledgments

I want to acknowledge the hospitality of the Departments of Physics of California State University (Fresno) and the University of Minnesota where this paper was prepared.

The work was supported in part by a 2003 COBASE grant and by DOE grant DE-FG02-94ER408.

References

[1] S. L. Adler, Phys. Lett., B 221 (1989) 39;

P. Rotelli, Mod. Phys. Lett., A 4 (1989) 933; A. J. Davies, Phys. Rev., D 41 (1990) 2628.

[2] D. Hestenes and A. Weingartshofer, The Electron, New Theory and Experiment (Kluwer, Dordrecht, 1991);

P. Letelier and W. A. Rodrigues (eds.), Gravitation: The Space-Time Structure (World Scientific, Singapore, 1994);

S. De Leo, W. A. Rodrigues (Jr.) and J. Vaz (Jr.), Int. J. Theor. Phys., 37 (1998) 2479.

[3] S. Marques-Bonham, J. Math. Phys., 29 (1988) 2127; ibid., 31 (1990) 1478;

ibid., 32 (1991) 1383; F. Toppan, hep-th/0503210.

[4] S. De Leo and K. Abdel-Khalek, Prog. Theor. Phys., 96 (1996) 823; Ibid., 96 (1996) 833; Int. J. Theor. Phys., 37 (1998) 1945.

[5] R. Schafer, Introduction to Non-Associative Algebras (Dover, New York, 1995);

T. A. Springer and F. D. Veldkamp, Octonions, Jordan Algebras and Exceptional Groups, Springer Monographs in Mathematics (Springer, Berlin, 2000); J. Baez, math.RA/0105155.

[6] D. Finkelstein, Quantum Relativity: A Synthesis of the Ideas of Einstein and Heisenberg (Springer, Berlin, 1996);

G. Emch, Algebraic Methods in Statistical Mechanics and Quantum Field Theory (Wiley, New York, 1972);

F. Gürsey and C. Tze, On the Role of Division, Jordan and Related Algebras in Particle Physics (World Scientific, Singapore, 1996); J. Lõhmus, E. Paal and L. Sorgsepp, Acta Appl. Math., 50 (1998) 3.

[7] M. Günaydin and F. Gürsey Lett. Nuovo Cimento, 6 (1973) 401; J. Math.

Phys., 14 (1973) 1651; Phys. Rev., D9 (1974) 3387; S. L. Adler, Phys. Rev., D21 (1980) 2903; K. Morita, Prog. Theor. Phys., 65 (1981) 787.

[8] T. Kugo and P. Townsend, Nucl. Phys., B 221 (1983) 357;

A. Sudbery, J. Phys., A 12 (1984) 939; G. Dixon, Nuovo Cim., B 105 (1990) 349;

P. S. Howe and P. C.West, Int. J. Mod. Phys., A 7 (1992) 6639; S. De Leo, Int. J. Theor. Phys., 35 (1996) 1821.

[9] I. R. Porteous, Clifford Algebras and the Classical Groups (Cambridge Univ.

Press, Cambridge, 1995);

S. Okubo, Introduction to Octonions and Other Non-associative Algebras in Physics (Cambridge Univ. Press, Cambridge, 1995);

P. Lounesto, in Clifford Algebras and Spinors (Cambridge Univ. Press, Cambridge, 2001);

H. L. Carrion, M. Rojas and F. Toppan, JHEP, 0304 (2003) 040.

[10] D. Finkelstein, J. M. Jauch, S. Schiminovich and D. Speiser, J. Math. Phys., 3 (1962) 207; Ibid., 4 (1963) 788;

G. G. Emch, Helv. Phys. Acta, 36 (1963) 739;

L. P. Horwitz and L. C. Biedenharn, Helv. Phys. Acta, 38 (1965) 385; Ann. Phys., 157 (1984) 432;

M. Günaydin, C. Piron and H. Ruegg, Comm. Math. Phys., 61 (1978) 69; S. De Leo and P. Rotelli, Prog. Theor. Phys., 92 (1994) 917; V. Dzhunushaliev, Found. Phys. Lett., 16 (2003) 57; Ibid., 16 (2003) 265; hep-th/0502216.

[11] F. Gürsey, Symmetries in Physics (1600-1980): Proc. of the 1st International Meeting on the History of Scientific Ideas, Seminari d’ Història de les Ciènces (Barcelona, 1987);

S. De Leo, J. Math. Phys., 37 (1996) 2955.

[12] K. Morita, Prog. Theor. Phys., 67 (1982) 1860;

S. L. Adler, Phys. Rev. Lett., 55 (1985) 783; Comm. Math. Phys., 104 (1986) 611;

C. Nash and G. C. Joshi, J. Math. Phys., 28 (1987) 463; Int. J. Theor. Phys., 27 (1988) 409.

[13] S. L. Adler, Quaternion Quantum Mechanics and Quantum Field (Oxford UP, New York, 1995).

[14] D. Kurdgelaidze, Acta Phys. Hung., 57 (1985) 79;

A. J. Davies and G. C. Joshi, J. Math. Phys., 27 (1986) 3036; S. De Leo and P. Rotelli, Mod. Phys. Lett., A 11 (1996) 357; Int. J. Theor. Phys., 37 (1998) 1511.

[15] B. A. Bernevig, J. -P. Hu, N. Toumbas and S. -C. Zhang, Phys. Rev. Lett., 91 (2003) 236803.

[16] D. B. Fairlie and A. C. Manogue, Phys. Rev., D 34 (1986) 1832;

K. W. Chung and A. Sudbery, Phys. Lett., B 198 (1987) 161; J. Lukierski and F. Toppan, Phys. Lett., B 539 (2002) 266; Ibid., B 567 (2003) 125; Ibid., B 584 (2004) 315; L. Boya, hep-th/0301037.

[17] M. Gogberashvili, hep-th/0212251; Adv. Appl. Cliff. Algebras, 15 (2005) 55.

[18] D. Hestenes, Space-Time Algebra (Gordon and Breach, New York, 1966);

D. Hestenes and G. Sobczyk, Clifford Algebra to Geometric Calculus (Riedel, Dordrecht, 1984);

W. E. Baylis, Electrodynamics: A Modern Geometric Approach (Birkhäuser, Boston, 1999).

[19] M. Zorn, Abh. Mat. Sem. Hamburg, 9 (1933) 395;

R. D. Schafer, Amer. Journ. Math., 76 (1954) 435.

[20] G. Amelino-Camelia, Int. J. Mod. Phys., 11 (2002) 35;

J. Mabuejo and L. Smolin, Phys. Rev. Lett., 88 (2002) 190403.

[21] J. M. Parra Serra, Dirac’s Theory in Real Geometric Formalism: Multivectors Versus Spinors (avilabel at http://hermes.ffn.ub.es∼jmparra/); J. M. Parra Serra, in Clifford Algebras and their Applications in Mathematical Physics (Kluwer, Dordrecht / Boston, 1992).

[22] J. D. Bjorken and S. D. Drell, Relativistic Quantum Mechanics (McGraw-Hill, New York, 1964).

[23] J. Daboul and R. Delbourgo, J. Math. Phys., 40 (1999) 4134.

[24] J. Beckers, V. Hussin and P. Winternitz, J. Math. Phys., 27 (1986) 2217.