arXiv:hep-th/0505108 v2 15 Jun 2005

Surface vacuum energy and stresses for a brane in de Sitter spacetime

M. R. Setare^∗ Physics Department, Institute for Studies in Theoretical Physics and Mathematics, Tehran, Iran

June 15, 2005

Abstract

Vacuum expectation values of the surface energy-momentum tensor is investigated for a massless scalar field obeying mixed boundary condition on a brane in de Sitter bulk. To generate the corresponding vacuum surface densities we use the conformal relation between de Sitter and Rindler spacetimes.

PACS number(s): 03.70.+k, 11.10.Kk

∗E-mail: rezakord@ipm.ir

1 Introduction

De Sitter (dS) spacetime is the maximally symmetric solution of Einsten’s equation with a positive cosmological constant. Recent astronomical observations of supernovae and cosmic microwave background [1] indicate that the universe is accelerating and can be well approximated by a world with a positive cosmological constant. If the universe would accelerate indefinitely, the standard cosmology leads to an asymptotic dS universe. De Sitter spacetime plays an important role in the inflationary scenario, where an exponentially expanding approximately dS spacetime is employed to solve a number of problems in standard cosmology. The quantum field theory on dS spacetime is also of considerable interest. In particular, the inhomogeneities generated by fluctuations of a quantum field during inflation provide an attractive mechanism for the structure formation in the universe. Another motivation for investigations of dS based quantum theories is related to the recently proposed holographic duality between quantum gravity on dS spacetime and a quantum field theory living on boundary identified with the timelike infinity of dS spacetime [2].

The investigation of quantum effects in braneworld models is of considerable phonomenological interest, both in particle physics and in cosmology. The braneworld corresponds to a manifold with dynamical boundaries and all fields which propagate in the bulk will give Casimir-type contributions to the vacuum energy, and as a result to the vacuum forces acting on the branes. In dependence of the type of a field and boundary conditions imposed, these forces can either stabilize or destabilize the braneworld. In addition, the Casimir energy gives a contribution to both the brane and bulk cosmological constants and, hence, has to be taken into account in the self-consistent formulation of the braneworld dynamics. Motivated by these, the role of quantum effects in braneworld scenarios has received a grate deal of attention. For conformally coupled scalar this effect was initially studied in [3] in the context of M-theory, and subsequently in [4]-[18] for a background Randall-Sundrum geometry. The models with dS and AdS brane, and higher dimensional brane models are considered as well [11], [13]-[18]. For a conformally coupled bulk scalar the cosmological backreaction of the Casimir energy is investigated in [3],[11], [13].

As a brane we take 4-dimensional hypersurface which is the conformal image of a plate moving with constant proper acceleration in the Rindler stacetime. We will assume that the field is prepared in the state conformally related to the Fulling–Rindler vacuum in the Rindler spacetime. To generate the vacuum expectation values in dS bulk, we use the conformal relation between dS and Rindler spacetimes and the results from [20] for the corresponding Rindler problem with mixed boundary conditions. Previously this method has been used in [21] to derive the vacuum stress on parallel plates for a scalar field with Dirichlet boundary conditions in de Sitter spactime and in Ref. [10] to investigate the vacuum characteristics of the Casimir configuration on background of conformally flat brane-world geometries for massless scalar field with Robin boundary conditions on plates.

The present paper is organized as follows. In the next section the geometry of our problem and the conformal relation between dS and Rindler spacetimes are discussed. The results are presented for the vacuum expectation values of the energy-momentum tensor for a scalar field induced by a plate uniformly accelerated through the Fulling–Rindler vacuum. In Section 3, by using the formula relating the renormalized energy-momentum tensors for conformally related problems in combination with the appropriate coordinate transformation, we derive expressions for the vacuum energy-momentum tensor in dS space. The main results are rementioned and summarized in Section 4.

2 Conformal relation between dS and Rindler problems

Consider a conformally coupled massless scalar field φ(x) satisfying the equation ( ∇_l∇^l + ζR ) φ(x) = 0, ζ = 3 16 , (1)

on background of a 4+1–dimensional dS spacetime. In Eq. (1), ∇_l is the operator of the covariant derivative, and R is the Ricci scalar for the corresponding metric g_{ik}. In static coordinates x^i = (t, r, θ, θ_2, ϕ) dS metric has the form

ds^2_{dS} = g_{ik}dx^idx^k = ( 1 − r^2 α^2 ) dt^2 − dr^2 1 −^{r2}_{α2}

− r^2dΩ^2_3, (2)

where dΩ^2_3 is the line element on the 3–dimensional unit sphere in Euclidean space, and the parameter α defines the dS curvature radius. Note that R = 12/α^2. We will assume that the field satisfies the mixed boundary condition ( A_s + n^l∇_l ) φ(x) = 0, , (3)

on the brane, where A_s is a constant and n^l is the unit inward normal to the brane. This type of conditions is an

extension of Dirichlet and Neumann boundary conditions and appears in a variety of situations, for example the casimir effect for massless scalar filed with Robin boundary conditions on two parallel plates in de Sitter spactime is calculated in [21], the Robin type boundary condition in domain wall formation is investigated in [23]. Mixed boundary conditions naturally

arise for scalar and fermion bulk fields in the Randall-Sundrum model [9, 10, 24]. To make maximum use of the flat spacetime calculations, first of all let us present the dS line element in the form conformally related to the Rindler metric. With this aim we make the coordinate transformation x^i → x^{′i} = (τ, ξ, x^′), x^′ = (x^{′2}, x^{′3}, x^{′4}) τ = t α , ξ = √ α^2 − r^2 Ω , x^{′2} = r Ω sin θ cos θ_2,

x^{′3} = r Ω sin θ sin θ_2 cos ϕ, x^{′4} = r Ω sin θ sin θ_2 sin θ_2 sin ϕ, (4)

with the notation Ω = 1 − r α cos θ. (5)

Under this coordinate transformation the dS line element takes the form

ds^2_{dS} = g^′_{ik}dx^{′i}dx^{′k} = Ω^2 ( ξ^2dτ^2 − dξ^2 − dx^{′2} ) . (6)

In this form the dS metric is manifestly conformally related to the Rindler spacetime with the line element ds^2_R:

ds^2_{dS} = Ω^2ds^2_R, ds^2_R = g^R_{ik}dx^{′i}dx^{′k} = ξ^2dτ^2 − dξ^2 − dx^{′2}, g^′_{ik} = Ω^2g^R_{ik}. (7)

By using the standard transformation formula for the vacuum expectation values of the energymomentum tensor in conformally related problems (see, for instance, [22]), we can generate the results for dS spacetime from the corresponding results for the Rindler spacetime. In this letter as a Rindler counterpart we will take the vacuum surface energy-momentum tensor induced by an infinite plate moving by uniform proper acceleration through the Fulling-Rindler vacuum.

We will assume that the plate is located in the right Rindler wedge and has the coordinate ξ = a. Observe that in coordinates x^i the boundary ξ = a is presented by the hypersurface √ α^2 − r^2 = a(1 − r α cos θ), (8)

in dS spacetime. In Ref. [25] it was argued that the energy-momentum tensor for a scalar field on manifolds with boundaries in addition to the bulk part contains a contribution located on the boundary. For the boundary ∂M_s the surface part of the energy-momentum tensor is presented in the form [25] T^{(surf)} ik = δ(x; ∂M_s)τ_{ik} (9) with τ_{ik} = ζφ^2K_{ik} − (2ζ − 1/2)h_{ik}φn^l∇_lφ, (10) and the ”one-sided” delta-function δ(x; ∂M_s) locates this tensor on ∂M_s. In Eq. (10), K_{ik} is the extrinsic curvature tensor of the boundary ∂M_s and h_{ik} is the corresponding induced metric. Let {φ_α(x), φ^∗_α(x)} be a complete set of positive and negative frequency solutions to the field equation (1), obeying boundary condition (3). Here α denotes a set of quantum numbers specifying the solution. By expanding the field operator over the eigenfunctions φ_α(x), using the standard commutation rules and the definition of the vacuum state, for the vacuum expectation value of the surface energy-momentum tensor one finds ⟨0|T^{(surf)}_{ik} |0⟩ = δ(x; ∂M_s)⟨0|τ_{ik}|0⟩, ⟨0|τ_{ik}|0⟩ = ∑ α τ_{ik}{φ_α(x), φ^∗_α(x)}, (11) where |0⟩ is the amplitude for the corresponding vacuum state, and the bilinear form τ_{ik} {φ, ψ} on the right of the second formula is determined by the classical energy-momentum tensor (10). The surface energy-momentum tensor has a diagonal structure: ⟨0|τ^k_l |0⟩ = diag (ε, 0, −p, −p, −p), (12) with the surface energy density ε and stress p, and the equation of state ε = − [ 1 + 2ζ A(4ζ − 1) ] p, A = aA_s (13)

Here we take a plane boundary with coordinate ξ = a > 0 corresponding to a plate uniformly accelerated normal to itself with the proper acceleration a^{−1}. For a minimally coupled scalar field, ε corresponds to a cosmological constant induced on the plate. In the conformally coupled case ε = −(1 − 3 2A )p. (14)

The vacuum stress induced on the brane is as following [20]

p = p^{(R)}_p + p^{(R)}_f , (15) where for the pole and finite contributions one has

p^{(R)}_p =

B_4 4sa^4 AF^{(as)}_{R,−1}, A = aA_s, (16) p^{(R)}_f =

B_4 4a^4 A [ F^{(as)}_{R,0} + F^{(1)}_R (0) ] , (17)

and the coefficients are defined by following expressions

B_4 = 1 (4π)^{3/2}Γ(3/2)

, (18)

F^{(1)}_R (s) = − 1 π cos πs 2 ∫_∞ 0 dx x^2 ∫_∞ ρ dz z^{−s} [ K_z(x) K̄_z(x) + 1 r N∑ l=0 (−1)^lU_l(cos θ) (1 + r^2)^{l/2} ] , (19)

F^{(as)}_{R,−1} = − 2 π Γ ( 3 2 )_1∑ j=0 (−1)^j Γ(j + 1)Γ

(_3 2 − j ) 3−2j∑

m=0 U_{3−2j,m}B ( m + 1 2 , 3 2 ) , (20)

F^{(as)}_{R,0} = − 1 π Γ ( 3 2 )_1∑ j=0 (−1)^j Γ(j + 1)Γ

(_3 2 − j ) 3−2j∑

m=0 U_{3−2j,m}B ( m + 1 2 , 3 2 )

× [ ψ (m + 2) + ψ (j + 1) − ψ ( m + 1 2 ) − ψ ( 3 2 )] (21)

+ 1 π 3∑ l=1,4−l=even + N∑ l=4 (−1)^lB ( l − 3 2 , 3 2 )_l∑ m=0 U_{lm}B ( m + 1 2 , 3 2 ) ,

where ψ(x) = d ln Γ(x)/dx is the diagamma function and B(x, y) is the beta function. The surface energy per unit surface of the plate can be found integrating the energy density from Eq. (11),

E^{(R,surf)} = ∫ d^4x √ | det g_{ik}|⟨0|T^{(surf)0}_0 |0⟩ = a⟨0|τ^0_0 |0⟩ = aε. (22)

3 Vacuum energy-momentum tensor in dS bulk

To find the VEV’s induced by the surface (8) in dS spacetime, first we will consider the corresponding quantities in the coordinates (τ, ξ, x^′) with metric (6). These quantities can be found from the corresponding results in the Rindler spacetime by using the standard transformation formula for the conformally related problems [22]: ⟨ T^k_i [ g^′_{lm}, φ ]⟩ = Ω^{−5} ⟨ T^k_i [g^R_{lm}, φ_R] ⟩ . (23)

If the classical energy-momentum tensor is traceless then the classical action is invariant under the conformal transformation. It must be noted that trace anomalies in stress tensor i.e. the nonvanishing T^i_i for a conformaly invariant field after renormalization originate from some quantum behavior [26]. The trace anomaly is related to the divergent part of effective action, in the absence of boundaries in odd spacetime dimensions the conformal anomaly is absent [22] (see also the appendix of the present paper). Under the conformal transformation g^′_{ik} = Ω^2g^R_{ik}, the φ_R field will change by the rule

φ(x^′) = Ω^{−3/2}φ_R(x^′), (24)

where the conformal factor is given by expression (5). The scalar field φ_R(x^′), satisfy following mixed boundary condition

(A_R + B_Rń^l_R∇^′_l)φ_R = 0, ξ = a, ń^l_R∇^′_l = δ^l_1 (25)

Now by comparing boundary conditions (3) and (25) and taking into account Eq. (24), one obtains the relation between the coefficients in the boundary conditions: A = 1 Ω ( A_R + 3 2 B_Rn^l∇_lΩ ) , B = B_R, x ∈ S. (26)

To evaluate the expression n^l∇_lΩ we need the components of the normal to S in coordinates x^i. They can be found by transforming the components n^{′l} = δ^l_1/Ω in coordinates x^{′i}:

n^l = ( 0, a α (cos θ − r/α), − a αr sin θ, 0, 0 ) . (27)

Now it can be easily seen that n^l∇_lΩ = − √ α^2 − r^2/α^2 and, hence, the relation between the Robin coefficients in the Rindler and dS problems takes the form A = aA_R √ α^2 − r^2 − 3 2 aB_R α^2

, B = B_R. (28)

As for the energy-momentum tensor the spatial part is anisotropic, the corresponding part in coordinates x^i is more complicated: ⟨ T^k_i [g_{lm}, φ] ⟩ = Ω^{−5} ⟨ T^k_i [ g^R_{lm}, φ_R ]⟩ , i, k = 0, 3, 4, (29) ⟨ T^1_1 [g_{lm}, φ] ⟩ = (cos θ − r/α)^2

Ω^7 ⟨ T^1_1 [ g^R_{lm}, φ_R ]⟩

+ 1 − r^2/α^2

Ω^7 sin^2 θ ⟨ T^2_2 [ g^R_{lm}, φ_R ]⟩ , (30) ⟨ T^2_1 [g_{lm}, φ] ⟩ = (r/α − cos θ) sin θ rΩ^7 {⟨ T^1_1 [ g^R_{lm}, φ_R ]⟩ − ⟨ T^2_2 [ g^R_{lm}, φ_R ]⟩} , (31) ⟨ T^2_2 [g_{lm}, φ] ⟩ = 1 − r^2/α^2

Ω^7 sin^2 θ ⟨ T^1_1 [ g^R_{lm}, φ_R ]⟩

+ (r/α − cos θ)^2 Ω^7 ⟨ T^2_2 [ g^R_{lm}, φ_R ]⟩ , (32)

4 Conclusion

In the present paper we have investigated the surface Casimir densities in dS spacetime for a conformally coupled massless scalar field which satisfies the Robin boundary condition (3) on a hypersurface described by equation (8). The coefficients in the boundary condition are given by relations (28) with constants A_R and B_R and, in general, depend on the point of the hypersurface. The latter is the conformal image of the flat boundary moving by uniform proper acceleration in the Minkowski spacetime. We have assumed that the field in dS spacetime is in the state conformally related to the Fulling-Rindler vacuum. The energy-momentum tensor in dS spacetime is generated from the corresponding results in the Rindler spacetime by using the standard formula for the energy-momentum tensors in conformally related problems in combination with the appropriate coordinate transformation. The Rindler energy-momentum tensor is taken from Ref. [21], where the general case of the curvature coupling parameter is considered. For a minimally coupled scalar field, the surface energy-momentum tensor induced by quantum vacuum effects corresponds to a source of a cosmological constant type located on the plate and with the cosmological constant determined by the proper acceleration of the plate. By using the conformal relation between the Rindler and dS spacetimes and the results from [27], in Ref. [29] the vacuum expectation value of the bulk energy-momentum tensor is evaluated for a conformally coupled scalar field which satisfies the Robin boundary condition on a curved brane in dS spacetime. By making use the same technique and the conformal properties of the surface energy-momentum tensor, from the results of the [20] we have obtained the surface vacuum energy-momentum tensor induced on the brane in dS spacetime, which is a conformal image of a uniformly accelerated plate in the Minkowski spacetime. As it has been shown recently in [28](see also [29]), the surface densities induced by quantum fluctuations of bulk fields can serve as a natural mechanism for the generation of cosmological constant in braneworld models of the Randall-Sundrum type with the value in good agreement with recent cosmological observations.

5 Appendix

As we have seen in previous sections the vacuum expectation values of the surface energymomentum tensor contain pole and finite contributions. The remaining pole term is a characteristic feature for the zeta function regularization method and has been found for many other case of boundary geometries. In the conformally coupled case, fluctuations of the stress tensor trace is as < T^i_i (x) >= cK(x), (33)

where c is a constant, and K(x) = ζ(s|A)(x)|_{s=0}, (34) here ζ(s|A) is the zeta function related to an elliptic operator A [30]. One can represent the zeta function as following ζ(s|A) = 1 Γ(s) ∫_∞ 0 dtt^{s−1}K(t), , (35) where K(t) = ( 1 4πt )^{3/2} ∑ k exp(−λ_kt), (36)

is the heat kernel in four dimension, the λ_k’s are the one-particle energies with the quantum number k. Now the ultraviolet divergencies of the vacuum energy are determined from the behaviour of the integrand in Eq.(33) at the lower integration limit and, hence, from the asymtotic expansion of the heat kernel for t → o K(t) ∼ ( 1 4πt )^{3/2} ∑ k=0,1/2,1,... B_kt^k . (37)

This expansion is known for a very general manifold, if the underling manifold is without boundary, only coefficients with integer numbers enter, otherwise half integer power of t are present. The B_k are given by B_k = ∫ M dva_k(x) + ∫ ∂M dsc_k(y), (38) the Seely-de Witt coefficients a_k vanish for half-odd integers, these coefficients are independent of the applied boundary condition, but the coefficients do depend on the spin of the field in equation [22, 31, 32]. The coefficients c_k are functions of the second fundamental form of the boundary (extrinsic curvature), the induced geometry on the boundary (intrinsic curvature), and the nature of boundary condition imposed. The simplest first of a_k and c_k coefficients for a manifold with boundary are given in [22].

References

[1] A. G. Riess et al., Astron. J. 116, 1009 (1998); S. Perlmutter et al., Astrophys. J. 517, 565 (1999); P. de Bernardis et al., Nature 404, 955 (2000); C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003); M. Tegmark et al., astro-ph/0310723.

[2] A. Strominger, JHEP 0110, 034 (2001); 0110, 049 (2001).

[3] M. Fabinger and P. Horava, Nucl. Phys. B580, 243 (2000).

[4] S. Nojiri and S. Odintsov, Phys. Lett. B484, 119 (2000).

[5] D. J. Toms, Phys. Lett. B484, 149 (2000).

[6] W. Goldberger and I. Rothstein, Phys. Lett. B491, 339 (2000). [7] J. Garriga, O. Pujolas, and T. Tanaka, Nucl. Phys. B605, 192, (2001). [8] A. Flachi and D. J. Toms, Nucl. Phys. B599, 305 (2001). [9] A. Flachi and D. J. Toms, Nucl. Phys. B610, 144 (2001). [10] A. A. Saharian and M. R. Setare, Phys. Lett. B552, 119 (2003). [11] E. Elizalde, S. Nojiri, S. D. Odintsov, and S. Ogushi, Phys. Rev. D 67, 063515 (2003). [12] A. Knapman and D. J. Toms, Phys. Rev. D 69, 044023 (2004). [13] S. Nojiri, S. D. Odintsov, and S. Zerbini, Class. Quantum. Grav. 17, 4855 (2000). [14] W. Naylor and M. Sasaki, Phys. Lett. B542, 289 (2002).

[15] I. G. Moss, W. Naylor, W. Santiago-German, and M. Sasaki, Phys. Rev. D 67, 125010 (2003).

[16] A. Flachi and O. Pujolas, Phys. Rev. D 68, 025023 (2003). [17] A. A. Saharian and M. R. Setare, Phys. Lett. B584, 306 (2004). [18] J. P. Norman hep-th/0403298.

[19] P. Candelas and J. S. Dowker, Phys. Rev. D 20, 3063, (1979). [20] A. A. Saharian, M. R. Setare, Class. Quant. Grav. ,21, 5261, (2004). [21] M. R. Setare and R. Mansouri. Class. Quant. Grav. 18, 2659 (2001). [22] N. D. Birrel and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge: Cambridge University Press, 1982).

[23] M. R. Setare, Int. J. Mod. Phys. A18, 4285, (2003). [24] A. A. Saharian, Nucl. Phys. B712, 196, (2005). [25] A. A. Saharian, Phys. Rev. D 69, 085005, (2004). [26] S. Coleman, R. Jackiw, Ann. Phys. (NY) 67, 552, (1971). [27] A. A. Saharian, Class. Quantum Grav. 19, 5039 (2002). [28] A. A. Saharian, Phys. Rev. D 70, 064026 (2004). [29] M. R. Setare, Eur. Phys. J. C 38, 373, (2004).

[30] G. Cognola, E. Elizalde, and S. Zerbini, Phys. Rev. D65, 085031, (2002). [31] S. Blau, M. Visser and A. Wipf, Nucl. Phys. B310, 163, (1988). [32] M. R. Setare and M. B. Altaie, Gen. Rel. Grav. 36, 331, (2004).