arXiv:hep-th/0505117 v1 13 May 2005

hep-th/0505117 May 2005

ON THE GEOMETRY OF COSET BRANES

Jürgen Fuchs and Albrecht Wurtz

Karlstads Universitet Universitetsgatan 5 S – 651 88 Karlstad

Abstract Coset models and their symmetry preserving branes are studied from a representation theoretic perspective, relating e.g. the horizontal branching spaces to a truncation of the space of bulk fields, and accounting for field identification. This allows us to describe the fuzzy geometry of the branes at finite level.

1 Introduction

There are two conceptually rather different approaches to two-dimensional conformal field theory – representation theoretic on the one hand, and geometric on the other. In the former approach, at the chiral level the basic structures are the chiral symmetry algebra – a conformal vertex algebra A – and its representations (see e.g. [1–3]), while the full non-chiral theory is obtained by combining the chiral information with algebraic structures in the representation category of the chiral algebra [4,5]. In the geometric description, one deals instead with a sigma model on a suitable target space, which can be studied by Lagrangian field theory methods; see, for instance, [6, 7]. Clearly, on either side a lot can be learned by understanding how the two descriptions are related.

For closed world sheets, the relation between the two approaches is intimately linked to the interpretation of the state space H_T for the torus – the space of bulk fields, or of closed string states. In the algebraic framework, H_T is described as a representation space of the direct sum A ⊕ A of two copies^1 of the chiral algebra; the character of this representation is the torus partition function Z. In the geometric setting one would like to interpret a subspace H_T of H_T as a space F(M) of functions on the target space manifold M, implying in particular that H_T carries the structure of a commutative algebra.

Owing to the truncation to a subspace H_T, a relation between the geometric and representation theoretic description is most immediately established for models which come in families depending on some parameter, in a ‘semiclassical’ limit for that parameter – e.g. when the level k of a WZW model gets large. (There are various inequivalent ways of performing such limits; for a discussion see e.g. [8–12] and chapter 16.3 of [13].) In this case a potential description of H_T is as the subspace of those states in H_T whose conformal weight tends to zero in the limit. On the other hand, at finite values of the parameter an algebra structure on H_T will typically be non-commutativealgebra. Accordingly, H_T should rather be understood as a space of functions on a non-commutative manifold, which may be regarded as a quantized version of M [14–16].

When world sheets with non-empty boundary are admitted, one must in addition account for the state spaces H^{ab}_A for the annulus with specified conformal boundary conditions a and b – the spaces of boundary fields, or of open string states. In particular, to each boundary condition a there is associated the space H^{aa}_A . Each H^{ab}_A is a representation space of a single copy of the chiral algebra A; its character is the annulus amplitude A^{ab}. Geometrically, an elementary boundary condition a is, in the simplest case, described as a submanifold M_a of M [17, 18]. In the string theory context, M_a plays the role of a D-brane – the submanifold on which open strings can end. In a semiclassical limit (if it exists), a suitable subspace H^{aa}_A of H^{aa}_A may be interpreted as the commutative algebra of functions on the brane world volume (and in the same limit, open strings connecting different branes disappear). Again, at finite values of the relevant parameter, and taking into account the background B-field, H^{aa}_A carries the structure of a non-commutative algebra and should be interpreted as a space of functions on a non-commutative quantization of M_a [19–23]. (Accordingly, the low-energy dynamics of the gauge fields on the brane is described by a non-commutative Yang--Mills theory. Here we

1 or, for heterotic theories, of different left and right chiral algebras.

neither address the algebraic structure of H^{aa}_A nor brane dynamics, though.)

The geometric intepretation of boundary conditions is quite well understood for (unitary) Wess--Zumino--Witten models, for which the target space is a compact reductive Lie group G. In particular, the symmetry preserving branes, labeled by the integrable representations of the relevant affine Lie algebra ^g at level k, are conjugacy classes of G, while a specific class of symmetry breaking branes is given by ‘twined’ conjugacy classes; see e.g. [24–29, 18]. Since many more rational conformal field theory models can be obtained from WZW models via the coset construction, it is natural to try to extend this analysis to coset models, for which the target is a corresponding quotient Q of compact reductive Lie groups. Indeed, a lot of effort has been devoted to the study of boundary conditions in coset models, a partial list of references being [7, 30–37]. However, it is fair to say that the situation is less satisfactory than in the WZW case, and some interesting questions are still open. It is the purpose of the present paper to collect, with the help of representation theoretic tools, further knowledge about the geometry of branes in coset models.

Among the outcome, what seems to us most relevant is a characterization of the group of identification simple currents in terms of the functions F(Q) on the target space (see formula (3.22)) and the implementation of field identification in the geometric description of the branes (see the discussion around (5.7)). To a certain extent our discussion is in semiclassical (large level) spirit, but primarily we are interested in what happens at finite values of the level. After all, in any WZW or coset model, the level does have a definite finite value.

The paper is organized as follows. In section 2 we collect information about algebraic aspects of coset models that is needed. In section 3 the geometry of coset models is discussed, leading in particular to a description of H_T in terms of horizontal branching spaces (formula (3.16)). The study of coset branes starts in section 4 with considerations related to the semiclassical limit of large level, while section 5 contains a detailed description of the branes at finite level. As an application we clarify in section 6 the geometry of parafermion branes at finite level. In an appendix, we comment on general aspects of the large level limit.

2 Coset models

Algebraically, a coset model is determined by an embedding ^h → ^g, where ^g and ^h are direct sums of untwisted affine Lie algebras and Heisenberg algebras (with identified centers), together with the choice of a level k of ^g-representations, that is, a level for each of the affine ideals of ^g as well as a corresponding integer specifying the rational extension of the vertex algebra associated to each ^u(1) ideal of ^g. Here we only consider unitary theories, thus (each component of) k is a positive integer. The chiral algebra A of the coset model is the commutant of the vertex algebra associated to ^h in the vertex algebra associated to ^g.

Further, an allowed embedding ^h → ^g must come from a corresponding embedding h → g of the respective horizontal subalgebras (which are finite-dimensional complex reductive Lie algebras), from which it is obtained via the loop construction. Given the level k of ^g, the ^h-representations are at level k′ = i_{h → g}k, with i_{h → g} the Dynkin index of the embedding h → g.

The coset model obtained this way is often denoted by G/H, where G and H are Lie groups associated to ^g and ^h (see the next section). But the relevant target Q is not the standard space of cosets of G by the right (or left) action of H, and accordingly we prefer the notation g/h or, when we also want to indicate the level of the relevant ^g-representations, by (g/h)_k. This notation fits well with the fact that, as a rational conformal field theory, the g/h coset model can be analyzed completely through the representation theory of ^g and of ^h, and thereby through the corresponding WZW models, to which we will refer as the g- (or g_k-) and h-WZW models, respectively. Indeed, the g/h model can be realized as a suitable extension of the tensor product g×h of the g-WZW model and a putative^2 theory h. The latter theory h is obtained from the h-WZW model by a specific modification of the representation category of its chiral algebra which, basically, amounts to taking the complex conjugate of all chiral data, hence in particular of the modular group representation (for details and references see [39]).

For the purposes of this paper we restrict our attention to those coset models for which the labelling of fields is related to the one for the g and h theories by means of simple currents [40]. (Otherwise the coset model is called a maverick coset.^3) Then the primary fields of the g/h model are labeled by equivalence classes [^Λ, ^λ; ψ], where ^Λ is an integrable highest ^g-weight of level k and ^λ an integrable highest ^h-weight of level k^′, while ψ is a certain degeneracy label [41–45]. These classes are orbits of the action of certain simple currents on (the labels of) primary fields by the fusion product (to be denoted by the symbol ∗), i.e. the equivalence relation reads (^Λ, ^λ; ψ) ∼ (J∗^Λ, ȷ∗^λ; p_{(J,ȷ)}(ψ)) for (J, ȷ) ∈ J_{g/h} (2.1) with J_{g/h} ⊆ J_g × J_h (2.2)

a specific subgroup of J_g×J_h, where J_g and J_h are the groups of simple currents of the g- and h-theories, respectively.^4 This subgroup J_{g/h} is called the identification group of the g/h model, and its elements are referred to as identification currents. Also, p_{(J,ȷ)} in (2.1) is a permutation of the degeneracy labels (compare formula (A.9) in [46]). In the sequel, we will for simplicity assume that the ‘field identification’ (2.1) does not have fixed points, i.e. that all stabilizer subgroups J_{[^Λ,^λ]} := {(J, ȷ) ∈ J_{g/h} | J∗^Λ = ^Λ and ȷ∗^λ = ^λ} (2.3)

of J_{g/h} are trivial, so that the degeneracy labels ψ are absent. Let us remark, however, that we do expect that some of our considerations can be extended to coset models with field identification fixed points, though this is definitely beyond the scope of the present paper. On the other hand, it should not be expected that this framework allows one to understand the behavior of maverick cosets, which seem to be a low level phenomenon.

Further, among the classes [^Λ, ^λ] only those appear as labels of primary fields of the g/h model for which the branching space B_{^Λ,^λ} = Hom_{^h}(H_{^λ}, H_{^Λ}) is non-zero, i.e. for which the irre-

2 One way to think of h is as a combination of a h-WZW model at negative levels and a ghost system [38]. 3 See again [39] for more information and references. The maverick cosets include in particular all conformal embeddings ^h → ^g, for which the coset theory has zero Virasoro central charge and hence is trivial.

4 The exceptional simple current of ^E_8 at level two is excluded here.

ducible ^h-module H_{^λ} with highest weight ^λ occurs in the decomposition

H_{^Λ} = ⨁ ^λ B_{^Λ,^λ} ⊗ H_{^λ} (2.4)

of the irreducible ^g-module H_{^Λ} with highest weight ^Λ:

[^Λ, ^λ] allowed label ⇔ B_{^Λ,^λ} ≠ {0} . (2.5)

In the absence of field identification fixed points, the branching spaces B_{^Λ,^λ} constitute the irreducible modules of the coset chiral algebra, and the branching functions, i.e. the generating functions for the dimensions of the subspaces with definite conformal weight of branching spaces, are the irreducible characters of the coset theory. Also, branching spaces related by the field identification (2.1) are isomorphic as modules of the coset chiral algebra, B_{^Λ,^λ} ∼= B_{J∗^Λ,ȷ∗^λ} for (J, ȷ) ∈ J_{g/h}.

Just like the field identification, the selection rule (2.5) can be understood in terms of the group J_{g/h}, too: precisely those pairs (^Λ, ^λ) are allowed whose monodromy charge [40] with respect to all identification simple currents (J, ȷ) ∈ J_{g/h} vanishes [47]. It is also well known that for non-maverick cosets the selection rules are purely ‘group-theoretical’ in the terminology of [43], i.e. that they are equivalent to imposing compatibility among the weight-conjugacy classes^5 of the respective horizontal projections Λ and λ of the weights ^Λ and ^λ. The latter description allows one in particular to determine the identification group directly from the relevant embedding h → g of horizontal subalgebras (compare e.g. [48–50]), though to the best of our knowledge this hasn’t been investigated in detail for arbitrary (non-maverick) coset models.

3 Geometry of coset models

In the Lagrangian framework, the g/h coset model is obtained by coupling the WZW model with target space G – the connected and simply connected compact Lie group whose Lie algebra is the compact real form g_R of g – to a gauge field taking values in h_R [51–53]. By integrating out the gauge field in the path integral, this yields a sigma model with target M = Q given by the space G/Ad(H) of orbits of the adjoint action of a subgroup H on G [54],

Q = G/Ad(H) := {[g] | g ∈ G} with [g] := {hgh^{−1} | h ∈ H} . (3.1)

Note that here we have to think of H not just as a Lie group, but rather as a Lie subgroup embedded in G via a concrete embedding ı: H → G, which is determined by the Lie algebra embedding h → g. Accordingly, in the sequel group elements h ∈ H will always be regarded as elements of G, i.e. h ≡ ı(h) ∈ G.

5 By the weight-conjugacy class of a g-weight Λ we mean the class of Λ in the weight lattice modulo the root lattice of g. We avoid the more common term conjugacy class in order that no confusion with the conjugacy classes C in the Lie group G associated (see below) to g can arise.

Also, in (3.1) we take H to be the connected and simply connected compact Lie group whose Lie algebra is h_R. However, the subgroup

Z(G,H) := Z(G) ∩ H (3.2)

of H, with Z(G) the center of G, acts trivially under the adjoint action, so that in (3.1) we could equally well replace H by the (generically) non-simply connected group H/Z(G,H). Indeed, in the description of the g/h model as a gauged WZW model, the gauge field is a connection in a principal bundle with structure group H/Z(G,H) rather than H.^6 The significance of this observation for the g/h model becomes evident when one notices that the centers Z(G) and Z(H) are naturally isomorphic to (the duals of) the groups of weight-conjugacy classes of g- and h-weights, respectively. The triviality of the action of Z(G,H) therefore corresponds to having a definite relation between the weight-conjugacy classes of the g- and h-weights that can appear as labels of primary fields in the g/h model. Comparison with the description of the selection rules in the previous section shows that indeed Z(G,H) is isomorphic to the identification group,

Z(G,H) ∼= J_{g/h} . (3.3)

An alternative description of the target space is [34] Q = G×H H_l×H_r := {[g, h] | g ∈ G, h ∈ H} with [g, h] := {(ugv, uhv) | u, v ∈ H} , (3.4) where H_l and H_r are just equal to H as Lie subgroups of G, while their subscript reminds us that they act from the left and right, respectively, on each factor of G×H. A bijection from G/Ad(H) to (G×H)/(H_l×H_r) is given by ϖ: [g] → [g, e] with e the unit element of G (and H), with inverse ϖ^{−1}: [g, h] → [gh^{−1}] (note that [g, h] = [gh^{−1}, e] in (G×H)/(H_l×H_r)). Again, a subgroup Z_{l|r} ⊂ H_l×H_r acts trivially, and again this subgroup is isomorphic to the identification group, Z_{l|r} = {(u, u^{−1}) | u ∈ Z(G,H)} ∼= Z(G,H) . (3.5)

We will denote by

π_{Ad} : G → Q and π_{l|r} : G×H → Q g → [g] (g, h) → [g, h] (3.6)

the projections that correspond to descriptions of Q via (3.1) and via (3.4), respectively.

Functions on Q. For studying the geometric interpretation of boundary conditions, we will have to work with the space F(Q) of (square integrable C-valued) functions on Q, or on certain subsets of Q. The functions on Q can be identified with the H_l×H_r-invariant functions on G×H. Accordingly, the projection π^⋆_{l|r}f ∈ F(Q) of a function f ∈ F(G×H) is given by

π^⋆_{l|r}f([g, h]) := 1 |H|^2 ∫ H×H du dv f(ugv, uhv) , (3.7) 6 To deal with fixed point resolution, also gauge fields in non-trivial H/Z(G,H) bundles must be included [41, 55, 56].

where du is the (unnormalized^7) Haar measure on H and |H| = ∫ Hdu the volume of H. A function f ∈ F(G×H) is H_l×H_r-invariant iff π^⋆_{l|r}f = f.

The space F(G×H) is spanned over C by the functions D^{Λ,λ}_{mn,ab} := D^Λ_{mn} D^{λ ∗}_{ab} (3.8) with Λ and λ ranging over the dominant integral weights of G and H, respectively, and D^Λ_{mn}(g) and D^λ_{ab}(h), with m, n ∈ {1, 2, ... , d_Λ} and a, b ∈ {1, 2, ... , d_λ}, the entries of the corresponding representation matrices (the complex conjugation on D^λ is chosen for later convenience). The functions (3.8) actually form a basis of F(G×H) and (when choosing orthonormal bases of the representation spaces) satisfy orthogonality relations which follow from the relation ∫ Gdg D^{Λ ∗}_{mn} D^{Λ′}_m′_n′ = d^{−1}_Λ |G|δ_{mm}′ δ_{nn}′ δ_{ΛΛ}′ for F(G) together with the analogous relation for F(H).

Let us investigate the behavior of the basis functions (3.8) under the projection (3.7). It turns out that among the functions (3.8), only those D^{Λ,μ} give rise to non-zero functions on Q for which the irreducible H-representation R^μ with highest weight μ occurs in the decomposition of the irreducible G-representation R^Λ with highest weight Λ as a H-representation, a property that we will indicate by writing μ ≺ Λ. All other functions D^{Λ,λ}_{mn,ab} have vanishing projection to F(Q). In short, the space F(Q) is spanned by the functions π^⋆_{l|r}D^{Λ,λ}_{mn,ab} with λ ≺ Λ. Note that this constitutes a horizontal counterpart of the selection rules (2.5) of the coset model [34] – when studying functions on Q, precisely those pairs (Λ, λ) are allowed labels for which λ ≺ Λ, i.e. those for which the horizontal branching space B_{Λ,λ} = C^{bΛ,λ} that appears in the decomposition

H_Λ ∼= ⨁ λ≺Λ B_{Λ,λ} ⊗ H_λ (3.9)

is non-zero.

To analyze this issue in more detail, we formulate the fact that the irreducible G-repre-sentation R^Λ decomposes as a direct sum of irreducible H-representations R^μ in terms of the representation matrices. Namely, upon suitable basis choices, for h ∈ H the representation matrix D^Λ decomposes into blocks along the diagonal,

D^Λ(h) = ⨁ λ≺Λ b_{Λ,λ}⨁

ℓ=1 D^{λ (ℓ)} (h) , (3.10)

where the summation is over all irreducible H-representations that appear in the branching of R^Λ, counting multiplicities, and where the symbol D^{λ (ℓ)} denotes the matrix block within the big matrix D^Λ that corresponds to the ℓth occurence of R^λ in R^Λ. Thus the labels λ (ℓ) enumerate the matrix blocks, while λ labels (equivalence classes of) irreducible representations. For a general choice of orthonormal bases in the representation spaces of G and H, the equality (3.10) holds up to a similarity transformation. The matrix elements are then related by

D^Λ_{mn}(h) = ∑ λ b_{Λ,λ}∑

ℓ=1 d_λ∑

a,b=1 c^{λ≺Λ; ℓ ∗} m,a c^{λ≺Λ; ℓ}_{n,b} D^λ_{ab}(h) . (3.11) 7 Since the action of a WZW sigma model, and hence the metric on the group manifold G to be used here, involves a factor of k, the volume of G scales as k^{dim(G)/2} with the level.

The numbers c^{μ≺Λ; ℓ}_{m,a} appearing here are the coefficients in the expansion

e^Λ_m = ∑ μ,ℓ,a c^{μ≺Λ; ℓ} m,a β^{(ℓ)} ⊗ e^μ_a (3.12)

of the vectors e^Λ_m in the chosen basis of H_Λ as a linear combination of vectors e^μ_a in the chosen bases of the irreducible H-modules H_μ and β^{(ℓ)} in bases of the multiplicity spaces B_{Λ,λ} (in particular, c^{μ≺Λ; ℓ}_{m,a} vanishes unless μ ≺ Λ). Being coefficients of a basis transformation between orthonormal bases, they form unitary matrices.

Using (3.11) together with the representation property and the orthogonality relations for the representation matrices, we get π^⋆_{l|r}D^{Λ,λ}_{mn,ab}(g, h) = 1 |H|^2 ∫ H×H du dv ∑ p,q, d,e D^Λ_{mp}(u)D^Λ_{pq}(g)D^Λ_{qn}(v)D^λ_{ad}(u)^∗D^λ_{de} (h)^∗D^λ_{eb}(v)^∗

= 1 d^2_λ b_{Λ,λ}∑

ℓ,ℓ^′ =1 c^{λ≺Λ; ℓ ∗} m,a c^{λ≺Λ; ℓ′}_{n,b} d_Λ∑

p,q=1 d_λ∑

c,d=1 c^{λ≺Λ; ℓ′ ∗} q,d c^{λ≺Λ; ℓ}_{p,c} D^{Λ,λ}_{pq,cd}(g, h) . (3.13)

Provided that the right hand side of (3.13) is non-zero, up to a scalar factor it does not depend on the labels m, n and a, b; hence this way each allowed pair (Λ, λ) of dominant integral G- and H-weights gives rise to b^2_{Λ,λ} functions on Q.

Let us also remark that the calculations simplify when one makes the following adapted Gelfand-Zetlin type basis choice: First select arbitrary orthonormal bases in all H_μ and then, for each Λ, a basis of H_Λ consisting of basis vectors of the H_μ, counting multiplicities according to (3.9). This corresponds to formula (3.10) holding exactly, not only up to a similarity transformation (i.e. as an equality of matrices rather than just as an equality between linear transformations). With this adapted basis choice the branching coefficients c^{μ≺Λ} are c^{μ≺Λ; ℓ}_{m,a} = δ_{a m̃ℓ} δ_{μ≺Λ}, and thus we have D^Λ_{mn}(h) = D^λ_{m̃ℓñℓ} (h) , (3.14)

where the labels m̃_ℓ and ñ_ℓ are the row and column labels of the matrix block D^{λ (ℓ)} in D^Λ that according to (3.10) correspond to the row and column labels m and n of the big matrix. The result (3.13) then reduces to π^⋆_{l|r}D^{Λ,λ}_{mn,ab}(g, h) = { d^{−2}_λ ∑ ℓ,ℓ^′ δa m̃ℓ δb ñℓ^′ ∑_{dΛ} p,q=1 D Λ,λ pq,p̃_ℓq̃_ℓ′ (g, h) for λ ≺ Λ , 0 else .

(3.15)

In particular, when the branching rule for Λ is multiplicity-free, then formula (3.13) reduces to π^⋆_{l|r}D^{Λ,λ}_{mn,ab}(g, h) = δ_{a m̃} δ_{b ñ} d^{−2}_λ ∑ p,q D^{Λ,λ}_{pq,p̃q̃}(g, h) for λ ≺ Λ. (This applies e.g. to all branching rules in the description of the unitary Virasoro minimal models as su(2)⊕su(2)/su(2)_{diag} coset models, for which the coefficients c^{μ≺Λ} are just ordinary Clebsch--Gordan coefficients.)

To summarize, each allowed pair (Λ, λ) provides us with b^2_{Λ,λ} functions on Q. Also, from the construction it is apparent that all these functions are linearly independent. It is then natural to identify the b^2_{Λ,λ}-dimensional space spanned by these functions with the tensor product

B_{Λ,λ} ⊗ B^∗_{Λ,λ} of the branching space B_{Λ,λ} = C^{bΛ,λ} with its dual space. The latter, in turn, is naturally isomorphic to the branching space B_Λ+_{,λ}+ for the dual modules. Thus we arrive at a description of F(Q) as F(Q) ∼= ⨁ Λ,λ λ≺Λ B_{Λ,λ} ⊗ B_Λ+_{,λ}+ . (3.16)

This is nothing but the analogue of the the Peter--Weyl isomorphism

F(G) ∼= ⨁ Λ H_Λ ⊗ H_Λ+ (3.17)

for the functions on the target space G of the g-WZW model.

It is tempting to think of the horizontal branching spaces B_{Λ,λ} as subspaces of the branching spaces B_{^Λ,^λ} that appear in the branching rules (2.4) of ^g-representations, and thereby to identify F(Q) with the horizontal subspace H_T of the space of bulk fields,

F(Q) ≈ H_T ⊂ H_T . (3.18)

Actually, as a consequence of field identification, a few specific states present in the B_{Λ,λ} can be absent in the B_{^Λ,^λ}. Indeed, it can happen that several different horizontally allowed pairs correspond to one and the same state in the coset model.^8 However, this appears to be a low-level effect: the number of such missing states is small, and it does not depend on the level, and hence with increasing level this mismatch becomes less and less relevant.

Simple current action on F(Q). The ‘horizontal selection rules’ just described are the closest analogue of the g/h selection rules that can reasonably be expected to hold for F(Q). It is thus tempting to seek also for a manifestation of the field identification (2.1) in the space F(Q). Since the fusion rules are (strongly) level-dependent, there cannot possibly be any nice relation between the functions D^{Λ,λ} and D^{J∗Λ,ȷ∗λ} (by a slight abuse of notation, by J∗Λ we mean the horizontal part of the affine weight J∗^Λ). However, there turns out to be another distinctive role of the identification group.

For g and h semisimple, an action of the simple currents (J, ȷ) ∈ J_g×J_h on functions on Q can be defined as follows. Let us denote by t_Λ the element of the Cartan subalgebra g_∘ of g that is dual to the weight Λ ∈ g^⋆_∘, i.e. t_Λ = (t, Λ) = ∑ i,j γ_{i,j} t^iΛ^j with γ the inverse of the symmetrized Cartan matrix. Further, for J a simple current of the g-WZW model, denote by Λ_{(J)} the corresponding [58] cominimal fundamental g-weight and set

g_{(J)} := exp ( 2πi t_{Λ(J)} ) ∈ G . (3.19)

The group elements h_{(ȷ)} := exp ( 2πi (t^′, λ_{(ȷ)}) ) ∈ G are defined analogously for the simple currents of the h-WZW model. Now via the fusion product, the set J_g = {J} of simple currents of the

8 For instance, as noted in [57], for the parafermions (see section 6 below, where also the notation used here is explained in detail), there is precisely one such state: at level k there exist k allowed fields labeled as (k, n), while the number of horizontally allowed pairs of the form (k, n) is k+1.

g-WZW model is a finite abelian group, and (see e.g. section 14.2.3 of [59]) is isomorphic as a group to the center Z(G) of G, with an isomorphism provided by the mapping J → g_{(J)}.

Likewise, the mapping ȷ → h_{(ȷ)} furnishes an isomorphism {ȷ} = J_h^{∼=}→ Z(H). For an abelian ideal of g (and analogously for h), the situation is a bit simpler. Indeed, then every primary field is a simple current, and the set of primary fields endowed with the fusion product is an abelian group that is naturally isomorphic to a subgroup of Z(G) = G, and we denote the elements of that subgroup by g_{(J)}.

We now define, for (J, ȷ) ∈ J_g×J_h, an action F_{(J,ȷ)} on F(Q) by ( F_{(J,ȷ)}f ) ([g, h]) := f([gg_{(J)}, hh_{(ȷ)}]) (3.20)

for f ∈ F((G×H)/(H_l×H_r)) and g ∈ G, h ∈ H. This can be rewritten as ( F_{(J,ȷ)}f ) ([g, h]) = f([gg_{(J)}h^{−1}_{(ȷ)} , h]) , (3.21)

thus implying in particular that the subgroup {(J, ȷ) ∈ J_g×J_h | g_{(J)} = h_{(ȷ)}} of J_g×J_h acts trivially. Now it is precisely in this way that the weight-conjugacy classes of the weights Λ_{(J)} and λ_{(ȷ)} must be related in order for (J, ȷ) to form an allowed pair. Moreover, via (J, ȷ) → (g_{(J)}, h_{(ȷ)}) this subgroup is isomorphic to Z(G,H), and hence by comparison with (3.3) we see that

{(J, ȷ) ∈ J_g×J_h | g_{(J)} = h_{(ȷ)}} ∼= J_{g/h} . (3.22)

Thus the identification group J_{g/h} of the g/h model can be characterized as the subgroup of J_g×J_h acting trivially on F(Q). This is the counterpart of field identification in a geometric analysis of the g/h model in terms of the functions on the target space Q. Since this invariance property is shared (by definition) by the space H_T of bulk fields, this observation provides further evidence for the correctness of the identification (3.18).

4 Branes at large level

The description of coset models given above together with the knowledge about D-branes in WZW models can be combined to draw conclusions about the geometry of D-branes of coset models at large level. In this paper we consider only such boundary conditions which preserve the full chiral symmetry of the coset model. For these boundary conditions, at large level the branes on G×H are concentrated on the submanifolds

C_{Λ,λ} := { (g, h) ∈ G×H, | g ∈ C^G_Λ , h ∈ C^H_λ } = C^G_Λ × C^H_λ ⊂ G×H . (4.1)

Here C^G_Λ := {g^′g_Λ g^{′−1} | g^′ ∈ G} (4.2)

is the conjugacy class in G of the group element

g_Λ := exp ( 2πi k+g^∨ t^{Λ+ρ} ) , (4.3) with ρ and g^∨ the Weyl vector and dual Coxeter number of g, respectively, and t_{Λ+ρ} = (t, Λ+ρ). Analogously, C^H_λ = {h^′h_λ h^{′−1} | h^′ ∈ H} is the conjugacy class in H of h_λ := exp ( 2πi k^′+h^∨ t^{′λ+ρ′} ) , with ρ^′ and h^∨ the Weyl vector and dual Coxeter number of h. Further, the labels Λ and λ are (the horizontal parts of) those of the primary fields of the g- and h-WZW models, i.e. dominant integral weights satisfying (Λ, θ) ≤ k and (λ, ϑ) ≤ k^′, with θ and ϑ the highest roots of g and h, respectively.

Let us remark that instead of (4.1) we may equally well use the sets

C^{(−)}_{Λ,λ} := { (g, h^{−1}) ∈ G×H, | g ∈ C^G_Λ , h ∈ C^H_λ } ⊂ G×H . (4.4)

to describe the subsets on which the G×H-branes are concentrated. Indeed, this just amounts to choosing a different labelling, owing to

C^{(−)}_{Λ,λ} = C_{Λ,λ}+ (4.5)

with λ^+ the h-weight charge conjugate to λ. The equality (4.5) holds because h ∈ C^H_λ iff h^{−1} ∈ C^H_{λ+} , which in turn follows from the fact that the map λ → −λ^+ is a Weyl transformation (namely the one corresponding to the longest element of the Weyl group of h) and that the Weyl vector is self-conjugate.

In the description (3.4) of Q, we can obtain the branes on the target space Q of the coset model as the projections π_{l|r}(C_{Λ,λ}) = { [g, h] | (g, h) ∈ C_{Λ,λ} } (4.6)

of the sets (4.1). In the alternative description (3.1), one deals instead with projections of the sets [32, 7, 34, 60] ~C_{Λ,λ} := {gh^{−1} ∈ G | g ∈ C^G_Λ , h ∈ C^H_λ ⊂ G} ⊂ G . (4.7)

These subsets are Ad(H)-invariant, i.e. satisfy u ~C_{Λ,λ} u^{−1} = ~C_{Λ,λ} for all u ∈ H, and hence they trivially project on Q, i.e.

π_{Ad}( ~C_{Λ,λ}) = { [gh^{−1}] ∈ Q | g ∈ C^G_Λ , h ∈ C^H_λ } ⊂ Q . (4.8)

It follows directly from the existence of the bijection ϖ defined after (3.4) that these descriptions of the coset branes at large level are equivalent:

π_{Ad}( ~C_{Λ,λ}) = π_{l|r}(C^{(−)}_{Λ,λ}) . (4.9)

Expressed in terms of functions on Q, the discussion above amounts to the statement that the shape of a brane is a delta function on the subset (4.9). This description is adequate in the limit of large level, whereas at any finite value of the level the shape of the brane is smeared about this subset. The extent of localization increases with the level; this will be analyzed quantitatively in the next section.

To see explicitly that in the limit one indeed deals with a delta function requires the information that in the WZW case the limit yields (a multiple of) a delta function D^G_Λ = δ^G_{CgΛ} /|C_{gΛ} | on a conjugacy class C_{gΛ} of the group, see formula (A.4) in the appendix. The corresponding function on the coset is (including a compensating factor of |H|, see the discussion after (5.6) below) D_{Λ,λ}([g, h]) = 1 |H| ∫ H×H du dv D^G_Λ (ugv) D^H_λ (uhv) . (4.10)

One of the two integrations over H is trivial, and the other can be performed with the help of the identity δ^G_{CgΛ}(vuv^{−1}h^{−1}g) = δ^G_{CgΛ}(uh^{−1}g), which for u, v, h ∈ H and g ∈ G is valid as an equality of functions on Q. The result is D_{Λ,λ}([g, h]) = |C_{gΛ} |^{−1} δ^G_{CgΛ}(h_λh^{−1}g) = |C_{gΛ} |^{−1} δ^G_{Ch−1λ gΛ}(h^{−1}g) . (4.11)

Simple current action. Let us consider the action of simple currents J of the g-WZW model on the conjugacy classes C^G_Λ ⊂ G that is obtained by mapping C^G_Λ to

C^G_Λ · g_{(J)} := {gg_{(J)} | g ∈ C^G_Λ } ⊂ G . (4.12)

Now the horizontal part of J∗^Λ can be written as (see e.g. section 14.2.2 of [59])

J∗Λ = w_{(J)}w_∘(Λ) + kΛ_{(J)} , (4.13) where w_∘ is the longest element of the Weyl group W of g and w_{(J)} the longest element of the subgroup of W that is generated by all simple Weyl reflections except the one corresponding to the simple root that is dual to Λ_{(J)}. It follows that J∗Λ + ρ = w_{(J)}w_∘(Λ+ρ) + (k + g^∨) Λ_{(J)} , (4.14) and thus the group elements (4.3) satisfy

g_{J∗Λ} = ( w_{(J)}w_∘(g_Λ) ) g_{(J)} . (4.15) Since Weyl transformations do not change the conjugacy class of a group element, this implies that C^G_Λ · g_{(J)} = C^G_{J∗Λ} . (4.16) Thus the simple current group J_g acts in a natural way via the fusion product on conjugacy classes of G. Analogously, the simple current group J_h of the h-WZW model acts via the fusion product on conjugacy classes of H, as C^H_λ → C^H_λ · h_{(ȷ)} = C^H_{ȷ∗λ}, and hence J_g×J_h acts on the submanifolds (4.1) of G×H as C_{Λ,λ} → C_{J∗Λ,ȷ∗λ} = C_{Λ,λ} · (g_{(J)}, h_{(ȷ)}) . (4.17) In particular, owing to [g, h] = [gh^{−1}, e] in (G×H)/(H_l×H_r), it follows that for g_{(J)} = h_{(ȷ)} we have π_{l|r}(C_{J∗Λ,ȷ∗λ}) = π_{l|r}(C_{Λ,λ}) (4.18) for the coset branes (4.6). That is, if the simple current (J, ȷ) ∈ J_g×J_h is an identification current,^9 then it acts trivially on the coset branes (4.6).

9 This is the only generic reason for a simple current (J, ȷ) to act trivially on branes. On some specific branes, also simple currents (J, ȷ) ∈ J_g×J_h\ J_{g/h} can act trivially, though.

5 Branes at finite level

Like in any rational conformal field theory, the symmetry preserving boundary states B^Q of the coset theory are naturally labelled by the labels of primary fields, and when expressing them in terms of the Ishibashi functionals (or boundary blocks) I^Q, which form bases of the spaces of conformal blocks for the one-point correlators on the disk, the coefficients are given by the modular S-matrix. Thus, in the absence of field identification fixed points (which we assume), the B^Q are labelled by the J_{g/h}-orbits [^Λ, ^λ], and are related to the Ishibashi states as

B^Q_{[^Λ,^λ]} = ∑ [^Λ^′,^λ^′] S_{[Λ,λ],[Λ}′_{,λ}′_] √ S_{[Λ}′_{,λ}′_{],[0,0]}

I^Q_{[^Λ′,^λ′]} . (5.1)

(Here and below we slightly abuse notation by writing Λ in place of ^Λ in the subscripts of S-matrices.) Also (again, in the absence of fixed points), the coset S-matrix is expressible through the modular S-matrices of the g- and h-WZW models as

S_{[Λ}′_{,λ}′_{],[Λ,λ]} = |J_{g/h}| S^g_{Λ,Λ}′ S^{h ∗}_{λ,λ}′ , (5.2)

where on the right hand side arbitrary representatives (^Λ, ^λ) and (^Λ^′, ^λ^′) of the orbits [^Λ, ^λ] and [^Λ^′, ^λ^′] are chosen [42, 43].

We would like to associate functions on the target space to the Ishibashi functionals I^Q, and thereby to the boundary functionals (5.1). This allows one, via the approach of [61, 26], to probe the geometry of a brane by bulk fields.^{10} For general background geometries it is a difficult task to find suitable functions. But in the case of our interest a helpful strategy is to start with a discussion of the branes on the group manifold G×H, following the lines of [26] for WZW branes. For group manifolds there is a preferred way of relating the functions on the target to the horizontal subspace H_T ⊂ H_T of the space of bulk fields, and thereby to the boundary states which live in the dual space H^∗_T: the Peter--Weyl isomorphism (3.17), which associates to a vector v ⊗ w ∈ ( H_Λ ⊗ H_Λ+ )_∗ in the dual of H_T the function

f^{g,Λ}_{PW}(v ⊗ w) := √ d_Λ/|G| ⟨v|D^Λ|w⟩ ∈ F(G) . (5.3) For any Λ, the normalization of f^{g,Λ}_{PW} is determined, up to a phase, by the requirement that the mapping associates to vectors in an orthonormal basis of ( H_Λ ⊗ H_Λ+ )_∗ functions that are orthonormal with respect to the Haar measure.

Using I^G_Λ′ (e^Λ_m ⊗ e^{Λ+}_n ) = δ_{ΛΛ}′ δ_{mn} (with e^Λ_m elements of an orthonormal basis of H_Λ, as introduced after formula (3.11) above), it follows that the function I^G_Λ associated this way to the Ishibashi state I^G_Λ is given by

I^G_Λ (g) = √ d_Λ/|G| ∑ m ⟨e^{Λ+}_m | D^Λ(g) |e^Λ_m⟩ = √ d_Λ/|G| X_Λ(g) , (5.4)

10 In the WZW case the analysis was done for bulk fields corresponding to, in string terminology, the graviton, dilaton and Kalb--Ramond field [26]. To avoid having to deal explicitly with the coset chiral algebra, here we consider the bulk fields corresponding to the tachyon instead. As observed in [26], different choices of bulk fields give the same results qualitatively.

where X_Λ is the character of the G-representation R_Λ; we will refer to this function as the shape of the Ishibashi state. Analogously, the Ishibashi states of the g⊕h-WZW model are given by

I^{G×H}_{Λ,λ} (g, h) = √ d_Λd_λ |G| |H| X^Λ(g) X^λ(h)^∗ = √ d_Λd_λ |G| |H| ∑ m,a D^{Λ,λ}_{mm,aa}(g, h) . (5.5) Here we have chosen a different convention on phases for the Peter--Weyl mapping f^{h,λ}_{PW} of the h-WZW model, in order to conform with the fact that in the algebraic description instead of the h-WZW model it is the ‘complex conjugate theory’ h that matters.

By comparison with the discussion of F(Q) in section 3, we expect that in order to obtain the shape of Ishibashi states of the coset model, we should consider the projection √ d_Λd_λ |H| |G| ∑ m,a π^⋆_{l|r}D^{Λ,λ}_{mm,aa}

= √ d_Λ |H| d^3_λ |G| b_{Λ,λ}∑

ℓ,ℓ^′=1 d_Λ∑

m,p,q=1 d_λ∑

a,b,c=1 c^{λ≺Λ; ℓ ∗} m,a c^{λ≺Λ; ℓ′}_{m,a} c^{λ≺Λ; ℓ′ ∗}_{q,c} c^{λ≺Λ; ℓ}_{p,b} D^{Λ,λ}_{pq,bc}

= √ d_Λ |H| d_λ |G| b_{Λ,λ}∑

ℓ=1 d_Λ∑

p,q=1 d_λ∑

b,c=1 c^{λ≺Λ; ℓ ∗} q,c c^{λ≺Λ; ℓ}_{p,b} D^{Λ,λ}_{pq,bc}

(5.6)

of the functions (5.5) to the coset manifold Q (in the second equality, the unitarity of the matrices c is used). However, a remark on the choice of normalization made in (5.6) is in order. In the WZW case, the prefactor in (5.4) is chosen in such a way that the integral ∫ Gdg B^G(g) is of order k^0 at large level. Now whereas the normalization of the Ishibashi states I^G is unique up to a phase, the normalization of the functions I^G (5.4) involves the one of the mappings f^g_{PW}. The latter normalization is not intrinsic. In the WZW case we have fixed it up to a phase by imposing orthonormality with respect to the Haar measure. Similarly, for the coset model we may require orthonormality of basis functions in F(Q). Since our formulation starts with functions on G × H rather than G/H, this requires a compensating factor of |H|.

Observe, however, that while the projections (5.6) are well-defined functions on Q, they are still labelled by (horizontally) allowed pairs (Λ, λ), whereas the coset Ishibashi states must be labelled by the allowed J_{g/h}-orbits [^Λ, ^λ]. Further, there is, in general, no bijection between allowed highest g⊕h-weights and J_{g/h}-orbits of highest ^g⊕^h-weights. However, the selection rules are compatible in the sense that for every allowed pair (Λ, λ) the associated pair (^Λ, ^λ) belongs to an allowed J_{g/h}-orbit. Moreover, inspection of various examples indicates that every allowed J_{g/h}-orbit contains at least one representative whose horizontal projection is a horizontally allowed pair, and that orbits with more than one such representative are rare. (We are, however, not aware of any proof that this is actually true for all coset models.) Thus the projection still yields functions on Q that closely match the properties of Ishibashi states, and accordingly we define the Ishibashi states as orbit sums of the functions (5.5), i.e. set

I^Q_{[^Λ,^λ]}([g, h]) := √ |H| |G| ∑ (J,ȷ)∈J_{g/h} √ d_{J∗Λ}d_{ȷ∗λ} ∑ m,a π^⋆_{l|r}D^{J∗Λ,ȷ∗λ} mm,aa (g, h) . (5.7)

The branes, i.e. the shapes of the boundary states, of the coset model, are then given by B^Q_{[^Λ′,^λ′]}([g, h]) = √ |H| |G| ∑ [^Λ,^λ] S_{[Λ}′_{,λ}′_{],[Λ,λ]} √ S_{[Λ,λ],[0,0]} ∑ (J,ȷ)∈J_{g/h} √ d_{J∗Λ}/d_{ȷ∗λ} ∑ ℓ ∑ p,q ∑ b,c c^{ȷ∗λ≺J∗Λ; ℓ ∗} q,c c^{ȷ∗λ≺J∗Λ; ℓ} p,b D^{J∗Λ,ȷ∗λ}_{pq,bc} (g, h)

= |J_{g/h}| √ |H| |G| ∑ ^Λ

√ d_Λ S^g_{^Λ′,^Λ} √ S^g_{^Λ,0} ∑ p,q D^Λ_{pq}(g) ∑ ^λ S^{h ∗}_{^λ′,^λ} √ d_λ S^h_{^λ,0} δ_{λ≺Λ} ∑ ℓ D^{λ ∗}_{p̃ℓq̃ℓ} (h) . (5.8)

Here in the second equality we switched to use adapted bases, and combined the summation over allowed orbits and over the identification group to a summation over pairs (^Λ, ^λ). This yields of course only allowed pairs. But indeed we can sum over all pairs, including those which are forbidden by the selection rules, because forbidden pairs are also horizontally forbidden and hence do not contribute owing to the presence of δ_{λ≺Λ}.

The formula (5.8) is our result for the shape of symmetry preserving branes in a coset model without field identification fixed points. It expresses the coset branes entirely in terms of quantities for ^g, ^h and G, H. Notice that field identification is built in through the summation over the identification group in (5.7). Still, in the formula (5.8) the only explicit remnant of field identification is the overall factor of |J_{g/h}|; such a simplification will certainly no longer arise in models with field identification fixed points.

In the limit of large level the results presented in this section reproduce those of the previous section. Indeed one can also study the precise way in which the large level description emerges, but the analysis is somewhat involved and we refrain from going into it in this paper. But anyhow it should be kept in mind that the limit of letting the level approach infinity is not unique; some pertinent aspects of the large level limit will be discussed, in the context of WZW rather than coset models, in appendix A.

There is an interesting class of coset models in which the formula (5.8) simplifies considerably – the case that H = T is a maximal torus of G, and hence h = g_∘ the Cartan subalgebra of g. These coset models are known as generalized parafermions [62]. It turns out that in this case the representation matrices appearing in the formula can be combined to characters of G.

All irreducible T-representations are one-dimensional, with representation matrices the numbers D^λ(e^{tμ} ) = e^{(λ,μ)}. (Here we use the notation for Cartan subalgebra elements that was introduced before formula (3.19).) The primary fields of the h-theory are labelled by the weight lattice of g modulo k times the root lattice, so that their number N_T is k^{rank g} times the number of weight-conjugacy classs of g, i.e. N_T = k^{rank g} |Z(G)|. The modular S-matrix of the g_∘-theory is S^{g∘}_λ′_{,λ} = N^{−1/2}_T e^{−2πi (λ,λ′)/k} , (5.9)

and the identification group J_{g/g∘} is isomorphic as an abelian group to the group J_g of simple currents of g. It follows that

B^Q_{[^Λ′,^λ′]}([g, h]) = |J_g| N^{−1/4}_T √ |T| |G| ∑ ^Λ

√ d_Λ S^g_{^Λ′,^Λ} √ S^g_{^Λ,0} ∑ λ≺Λ ∑ ℓ e^{2πi (λ,λ′)/k} D^Λ_{pp}(g) D^{λ ∗}(h)

= |J_g|^{3/4} k^{−rank g/4} √ |T| |G| ∑ ^Λ

√ d_Λ S^g_{^Λ′,^Λ} √ S^g_{^Λ,0}

X_Λ ( e^{2πi tλ′ /k} h^{−1}g ) . (5.10)

Here in the first line ℓ labels the occurences of the weight λ in Λ, and we use the short-hand p ≡ (λ; ℓ). Thus X_Λ = ∑ p D^Λ_{pp}. The second equality holds because the diagonal entries of the representation matrices D^Λ satisfy D^Λ_{pp}(gh) = D^Λ_{pp}(g) D^λ(h) for any g ∈ G and h ∈ T.

6 Parafermions

Parafermions can be realized by the su(2)_k/u(1)_k coset construction [59]. The (horizontal part of) labels of the primary fields are pairs (Λ, λ) of integers in the range 0 ≤ Λ ≤ k and −k < λ ≤ k, subject to the field identification

(Λ, λ) ∼ (k−Λ, λ+k) (6.1)

and the selection rule 2|Λ+λ, as well as λ ∼ λ+2k (stemming from the presence of an extended chiral algebra in the u(1)_k theory). The identification group is a Z_2 generated by the pair (k, k). The nontrivial su(2)_k simple current Λ = k corresponds to the element g_{(k)} = −11 ∈ G∩H = U(1) with U(1) = {e^{itσ3} | t ∈ [0, 2π)} ⊂ SU(2), while for the primary fields of u(1)_k (all of which are simple currents) we have h_{(λ)} = e^{iπλσ3/k}.

The representation matrices for H are the numbers

D^λ(e^{itσ3} ) = e^{iλt} . (6.2)

The horizontal branching spaces B_{Λ,λ}, where now Λ ∈ Z_{≥0} and λ ∈ Z, are one-dimensional if 2|Λ+λ and |λ| ≤ Λ, and are zero else. Every orbit of the identification group contains precisely one horizontally allowed pair, except for the orbit of the identity field, for which both representatives (0, 0) and (k, k) are horizontally allowed pairs.

Target space geometry. The target space of the parafermion theory can be described as follows. We parametrize, as in [31], the points on the manifold SU(2) ∼= S^3 as

g = g(ψ, θ, ϕ) = exp(iψσ_{⃗n}) = cos ψ 11 + i sin ψ σ_{⃗n} , (6.3)

where ⃗n is a point on the unit two-sphere with the standard coordinates θ and ϕ, and σ_{⃗n} := ⃗n · ⃗σ with ⃗σ = (σ_1, σ_2, σ_3) the Pauli matrices. Then the coordinate ranges are ψ ∈ [0, π], θ ∈ [0, π] and ϕ ∈ [0, 2π), and taking the radius of the three-sphere to be √ k, the metric is ds^2 = k (dψ^2 + sin^2ψ dθ^2 + sin^2ψ sin^2θ dϕ^2), so that |G| = 2π^2k^{3/2} and |H| = 2πk^{1/2}. The non-trivial simple current of the su(2) theory acts on SU(2) as g = g(ψ, θ, ϕ) → g g_{(J)} = −g = g(π−ψ, π−θ, π+ϕ) , (6.4) y x

Figure 1: The shape B^{PF}_{[^Λ,^λ]} of the parafermion brane for (Λ, λ) = (8, 0) at level k = 10.

and the simple currents λ of the u(1) theory act on the maximal torus as multiplication by e^{iπλσ3/k}, i.e. as a rigid rotation by the angle λπ/k.

The subgroup H = U(1) whose adjoint action is gauged is the maximal torus, which in the parametrization (6.3) is given by H = {e^{itσ3} | t ∈ [0, 2π)} = {g(ψ, θ, ϕ) | ϕ = 0, θ = 0, π} . (6.5) Conjugation by e^{itσ3} amounts to a shift in the ϕ-coordinate, and hence the parafermion target space Q_{PF} is parametrized by ψ ∈ [0, π] and θ ∈ [0, π]. In terms of the coordinates

x := π2 cos ψ and y := − π2 cos θ sin ψ , (6.6)

Q_{PF} is the set of points (x, y) ∈ R^2 in the range x ∈ [ − π2 , π2 ] , y ∈ [ − √ (^π_2 )^2 − x^2 , √ (^π_2 )^2 − x^2 ] , i.e. a (round) disk of diameter π/2. Embedding this disk D_{π/2} in its covering space SU(2) at ϕ = 0 describes it as the set of group elements g (x, y) ≡ g ( arccos 2xπ , arccos −2y√π_2−4x_2 , 0 ) = 2xπ 11 − 2yπ iσ_3 + 1π √ π^2−4x^2−4y^2 iσ_1 . (6.7)

Brane geometry. The parafermions constitute the simplest case G = SU(2) of the H = T situation, in which the formula (5.8) reduces to (5.10). Plugging in the data for the parafermions into (5.10), we obtain

B^{PF}_{[^Λ′,^λ′]}([g, e^{itσ3} ]) =

|J_{g/h}| √_{|H|} (k(k+2))^{1/4}

√_{|G|}^k ∑ Λ=0

√ Λ+1 sin

(_{(Λ+1)(Λ′+1) π} k+2 ) √ sin (_{(Λ+1) π} k+2 ) Λ∑ λ=−Λ 2|Λ+λ e^{iπλλ′/k}D^Λ_{λλ}(g) e^{−iλt}

= 2 √ π k (k(k+2))^{1/4} k∑ Λ=0

√ Λ+1 sin

(_{(Λ+1)(Λ′+1) π} k+2 ) √ sin (_{(Λ+1) π} k+2 ) XΛ ( e^{iσ3(−t+πλ′ /k)}g ) . (6.8)

(a)

x

y

(0,0)

(2,0)

(4,0)

(6,0) (b)

x

y

(1,1)

(3,1)

(5,1) (c)

x

y

Figure 2: The straight lines on Q_{PF} = D_{π/2} at which the parafermion branes at level k = 6 are centered: (a) The branes (Λ, 0). (b) The branes (Λ, 1). (c) All 21 branes. Note that some of the branes meet on the boundary ∂D_{π/2}, but that this is not the generic situation.

k = 4

− π2 − π4 0 π4 π2 −.5

0

.5

1

1.5 k = 22

− π2 − π4 0 π4 π2 −1

0

1

2

k = 208

− π2 − π4 0 π4 π2 −4

0

4

8 k = 2098

− π2 − π4 0 π4 π2 −10

0

10

20

Figure 3: The shape B̃^{PF} of the brane (^{k−4}_6 , 0) as a function of the coordinate x, at four different values of the level. At large level, the brane is concentrated at x =^{5π}_{12} .

While the right hand side of (6.8) is written as a function of g^′ = e^{iσ3(−t+πλ′ /k)}g, i.e. like a function on the group SU(2), it is indeed a function on Q_{PF}, since g^′(x, y) as given by (6.7) just projects to (x, y) ∈ Q. Also, as the group characters X_Λ depend only on a single variable, each brane actually depends on a definite combination of x and y. Concretely, with our choice of coordinates they are constant along some direction on the disk. This is most directly seen for branes with λ = 0; they depend only on x, but not on y. Further, the factor e^{iπλσ3/k} ∈ U(1) amounts to a rigid rotation of ∂D_{π/2} by an angle πλ/k about its center, so that the straight line for the brane labelled by (Λ, λ+λ^′) is obtained from the one for the brane (Λ, λ^′) by such a rotation (see also [60]). We illustrate this behavior in figure 1 for a brane at level 10. The same observation also shows that the branes are mapped to themselves by the action of the non-trivial identification current.

In the large level limit, according to (4.11) the shape of each brane converges to a multiple of the delta function on the projection of the product of the relevant conjugacy classes, i.e. of the class of e^{itσ3} g in SU(2) and of the point e^{iπλσ3/k} ∈ U(1). By the previous remarks, this yields just a delta function on a straight line in D_{π/2}; these lines are shown, for level k = 6, in figure 2. At finite level the branes are peaked along these straight lines, but they are smeared significantly about these subsets. As an illustration, in figure 3 we display the shape of the brane (Λ, 0) as it evolves with the level, plotted as a as a function of the coordinate x, for Λ = Λ(k) chosen such that Λ(k)+1 = (k+2)/6. Since we draw the shapes as a function of the variable along the straight line, rather than on the disk, we must account for the different extension in perpendicular direction by an approapriate measure factor; in the case at hand, this amounts to replacing B^{PF}(x) by B̃^{PF}(x) = 2(^{π2}_4 − x^2)^{1/2} B^{PF}(x).

A The large level limit

In the limit of large level the world volumes of the (symmetry preserving) coset branes – the subsets of Q on which the branes are concentrated – are lower-dimensional submanifolds of Q. When performing the limit for our result (5.8), one is led to conclude that these submanifolds have the same dimension for all branes. For a more explicit description, the particular way of taking the large level limit must be specified, however. Rather than performing this analysis for coset models, in this appendix we present the corresponding results for WZW models in some detail. The coset case can then be treated analogously, but requires more notational complexity. As already mentioned, there is no unique way of taking the limit k → ∞. That one better does not draw conclusions about the large level behavior too quickly is already apparent from the observation that naively at k → ∞ the target space is a group manifold with infinite radius, which superficially looks as flat space even though it should still be compact.

One possibility is to consider the situation that one deals with a definite conjugacy class C. This requires to let the weight Λ labelling a brane depend on the level in such a manner that the associated group elements g_Λ (4.3) belong to the desired conjugacy class C. This limit has been already described in detail in [26]. (The analogous procedure for parafermions amounts to a level dependence of the type occuring in figure 3.) In the WZW case one finds that, analogously as at any finite level, in the limit all brane world volumes are concentrated on regular conjugacy

(0,0)

(0,3)

(3,0) −→

Figure 4: The mapping (A.1) of the fundamental Weyl alcove W for su(3) at level 3. The left picture shows the alcove W, with the dots indicating the location of the integral weights, while the right picture shows its image W̃ under (A.1) inside the original region. The points on the boundary ∂W̃ are those weights Λ̃ whose associated Cartan subalgebra elements are mapped by the exponential mapping to points on exceptional conjugacy classes of SU(3).

classes, and already at small level the overlap with the exceptional lower-dimensional conjugacy classes is negligible.

An alternative limit consists in keeping instead the weight Λ fixed. It is easily seen that in this case at large levels for any Λ the position of the center of the brane is driven to the unit element of G, i.e. to an execptional conjugacy class. In other words, each brane tends to a D0-brane. On the other hand, upon closer inspection it turns out that even in this limit all branes are, in a specific sense, still well separated from the unit element. The rest of this appendix is devoted to show how one arrives at this conclusion.

First notice that the result that at finite level all branes are concentrated at regular conjugacy classes has its origin in the fact that it is not the integrable highest weights Λ that specify the locations of the conjugacy classes on the maximal torus of G, but rather there is a shift combined with a compression,

Λ → Λ̃ := kk+g_∨ (Λ + ρ) , (A.1)

which maps the fundamental Weyl alcove to its interior. Since with increasing k the shift k → k+g^∨ is more and more difficult to detect, certain semiclassical formulas ignore the modification (A.1), and hence this aspect of the branes is missed when applying such formulas directly to the finite-level situation. The absence of exceptional conjugacy classes is particularly significant at low levels, at which the fraction of dominant integral weights lying on the boundary of the fundamental alcove is large; this is illustrated with an SU(3) example in figure 4.

Let us now present for fixed Λ the large-level behavior of the boundary coefficients B^G_Λ that appear in the expansion of boundary states in terms of Ishibashi states, i.e. in the WZW analogue of the formula (5.1). We use the the fact that S_Λ′_{,Λ}/S_{Λ,0} = X_Λ′ (g^{−1}_Λ ) (see e.g. formula (13.8.9) of [63]), where g_Λ is the group element associated to the weight Λ, see (4.3), and that according to S_{0,Λ} S_{0,0} = ∏ α∈Φ sin (_{(Λ+ρ,α)} k+g^∨ π ) ∏ β∈Φ sin (_{(ρ,β)} k+g^∨ π )^{k→∞}−→ ∏ α∈Φ (Λ+ρ, α) (ρ, α) = d_Λ (A.2) with Φ the set of positive roots of g, at large level the quantum dimensions approach the ordinary dimensions. Following the arguments in [26]^{11} we then obtain

S_Λ′_{,Λ} √ S_{0,Λ}′ −→ √ S_{0,0} d_Λ √ d_Λ′

X_Λ′ (g^{−1}_Λ ) . (A.3)

It is here that the shift (A.1) enters the story.

Implementing the orthogonality and completeness of the characters, it follows that in the large level limit the shape of the branes behaves as

B^G_Λ (g) −→ d_Λ √ S_{0,0} |G| ∑ Λ^′

X_Λ′ (g^{−1}_Λ ) X_Λ′ (g) = d_Λ √ S_{0,0} |G| δ^G_{CgΛ}(g) |C_{gΛ} | , (A.4)

where C_{gΛ} ⊂ G is the conjugacy class of g_Λ and δ_C is the class delta distribution, which acts on class functions f as ∫ G du δ^G_{Cg} (u) f(u) = |C_g| f(g) for g ∈ G. Note that δ^G_{CgΛ} /|C_{gΛ} | = δ^T_{gΛ} is nothing but a delta distribution on the maximal torus of G, and that in the limit k → ∞ the product S_{0,0} |G| approaches a k-independent constant. Thus in short, for fixed Λ in the large level limit the shape of the brane labeled by Λ is a constant multiple of a delta function concentrated at g_Λ on the maximal torus.

For continuing the discussion, let us restrict our attention to G = SU(2). In the su(2)_k WZW model, the horizontal weights labelling the branes are the integers in the range 0 ≤ Λ ≤ k. Parametrizing g ∈ SU(2) as in (6.3), the branes are given by

B^{SU(2)}_{^Λ} (g) = 1 √ |SU(2)| 4 √ 2 k+2 sin^{−1}ψ k∑ Λ^′ =0 √ Λ^′+1 sin ( (Λ^′+1)ψ_Λ ) sin ( (Λ^′+1)ψ ) √ sin (_{(Λ′+1)π} k+2 ) (A.5)

with ψ_Λ :=

(Λ + 1) π k + 2

, (A.6)

compare formula (D.4) of [31]. According to (A.4) this function behaves for large k as

B^{SU(2)}_{^Λ} −→ 2^{3/4} π^{3/2} (Λ+1) δ_{CgΛ} |C_{gΛ} | = 2^{3/4} π^{3/2} (Λ+1) δ^T_{gΛ} . (A.7)

The volume of the conjugacy class is |C_{gΛ} | = 4πk sin^2ψ_Λ, and hence in particular decreases as k^{−1} at large level.

In agreement with the general remarks above, (A.7) means that for any Λ the brane B^{SU(2)}_{^Λ} approaches the D0-brane located at g = 1. To see in more detail how this happens, we need to have a closer look at formula (A.5). Since B^{SU(2)}_{^Λ} only depends on the coordinate ψ, it is natural to regard it as a function on the maximal torus, parametrized (modulo the Weyl group) by the angle ψ ∈ [0, π], rather than on SU(2). When expressing B^{SU(2)}_{^Λ} as a function of ψ, we

11 Apart form the different normalization convention for Ishibashi states, a factor of S_{0,Λ}/S_{0,Λ}′ is lacking on the right hand side of formula (2.4) of [26]. This does not effect the qualitative behavior of the branes.

must take into account the (Weyl) measure on the maximal torus, which is nothing but the volume of C_g; thus when we want to visualize the way the brane tends to a delta function, we should study B̃^{SU(2)}_{^Λ} (ψ) := |C_g| B^{SU(2)}_{^Λ} (ψ) = 4πk sin^2ψ B^{SU(2)}_{^Λ} (ψ) (A.8)

rather than B̃^{SU(2)}_{^Λ} itself. Also, when we want to account for the growing radius r = √ k of the group manifold S^3 (and hence of the torus), we must measure distances as seen by a ‘comoving’ observer on the group, i.e. use the scaled variable √ k ψ. However, as we are particularly interested in the vicinity of ψ = 0, it is indeed convenient to introduce in addition the ‘blow-up’ coordinate a := (k+2)ψ/π = ψ/ψ_0. In terms of this parameter we have

B̃^{SU(2)}_{^Λ} (ψ)|_{ψ=aψ0} = 4πk√

2π^2k^{3/2} 4 √ 2 k+2 √ k+2 π sin(aψ_0) k∑ Λ^′=0 √ ψ_Λ′ sin ψ_Λ′ sin((Λ+1)ψ^{Λ′} ) sin(aψ^{Λ′} ) .

(A.9)

In the limit k → ∞ the Λ^′-summation turns into (k/π times) an integration over t = ψ_Λ′ :

lim_{k→∞} B̃^{SU(2)}_{^Λ} (a) = 2^{7/4} √ k π a ∫_π 0 f_Λ(a; t) dt (A.10)

with f_Λ(a; t) := √ t sin t sin((Λ+1)t) sin(at) . (A.11)

For any Λ the integral F_Λ(a) := ∫_π 0 f_Λ(a; t) dt is a continuous function of a independent of k; it has its center of mass is at a = Λ+1, i.e. at ψ = ψ_Λ, the maximum being located at a slightly (< .01) smaller value of a. According to (A.10), in terms of the coordinate a, asymptotically at large level the shape grows with the level uniformly as √ k. Indeed, the shape stabilizes already at small level; this is illustrated in figure 5 for Λ = 0, i.e. for the brane closest to the exceptional conjugacy class {1}, and for Λ = 5.

In terms of the parameter √ k ψ = a/ √ k which accounts for the growing radius, the width of the peak of the function F_Λ shrinks with the level as √ k, and so does the distance from its peak to the origin, as well as the distance between the peaks for any two different branes; the area under the peak stabilizes for large k. Since the distance between the peaks for different Λ, and between peak and origin, shrinks exactly at the same rate as the width of the peaks, even at arbitrarily large level we can distinguish the individual branes and distinguish their location from the origin. It is in this sense that in the large limit the branes keep being well separated from each other, and also well separated from the exceptional conjugacy class. To put it more sloppily, even at arbitrarily large level the branes insist on being well located at ψ_Λ ≃ Λ/k rather than at zero.

Obviously these arguments generalize from SU(2) to other groups. In particular in the limit the summation over weights again reduces to a Riemann integral, which up to an over-all factor is a level-independent smooth function of (appropriately scaled) coordinates on the maximal torus. Technically the analysis is, however, quite a bit more involved.

−25 0 25 50

0 3 6 9 12 k = 10 Λ = 1

−100 0 100 200

0 3 6 9 12 k = 10 Λ = 5

−250

0

250

0 25 50 75 102 k = 100 Λ = 1

−2000

0

2000

0 25 50 75 102 k = 100 Λ = 5

−1 0 1 2

×10^4

0 3 6 9 12 k = 10 000 Λ = 1

−1

0

1

2 ×10^5

0 3 6 9 12 k = 10 000 Λ = 5

Figure 5: The brane shape (A.9) as a function of the blow-up variable a for Λ = 0 and Λ = 5 at levels k = 10, 100 and 10 000. For k = 10 and k = 100 the whole range [0, k+2] of a is shown; for k = 10 000 the range [0, 12] is displayed instead, in order to facilitate comparison with the diagrams in the first row.

Acknowledgements.

We are indebted to Christoph Schweigert for helpful comments on the manuscript.

References

[1] B. Bakalov and A.A. Kirillov, Lectures on Tensor Categories and Modular Functors (American Mathematical Society, Providence 2001) [2] E. Frenkel and D. Ben-Zvi, Vertex Algebras and Algebraic Curves, second edition (American Mathematical Society, Providence, in press) [www.math.berkeley.edu/~frenkel/BOOK] [3] Y.-Z. Huang, Vertex operator algebras, the Verlinde conjecture and modular transformations, preprint (2004) [4] J. Fuchs, I. Runkel, and C. Schweigert, Conformal correlation functions, Frobenius algebras and triangulations, Nucl. Phys. B 624 (2002) 452 [5] J. Fuchs, I. Runkel, and C. Schweigert, TFT construction of RCFT correlators IV: Structure constants and correlation functions, Nucl. Phys. B (2005) [6] K. Gawȩdzki, Lectures on conformal field theory, in: Quantum Fields and Strings: A Course for Mathematicians, P. Deligne et al., eds. (American Mathematical Society, Providence 1999), p. 727 [www.math.ias.edu/QFT/fall/index.html] [7] K. Gawȩdzki, Boundary WZW, G/H, G/G and CS theories, Ann. Inst. Poincaré 3 (2002) 847 [8] D.I. Olive, E. Rabinovici, and A. Schwimmer, A class of string backgrounds as a semiclassical limit of WZW models, Phys. Lett. B 321 (1994) 361 [9] H. Awata, M. Fukuma, Y. Matsuo, and S. Odake, Representation theory of the W_{1+∞} algebra, Progr. Theor. Phys. Suppl. 118 (1995) 343 [10] M.B. Halpern and N.A. Obers, Semi-classical blocks and correlators in rational and irrational conformal field theory, Int. J. Mod. Phys. A 11 (1996) 4837 [11] J. Fuchs and C. Schweigert, WZW fusion rings in the limit of infinite level, Commun. Math. Phys.

185 (1997) 641 [12] D. Roggenkamp and K. Wendland, Limits and degenerations of unitary conformal field theories, Commun. Math. Phys. 251 (2004) 589 [13] E. Frenkel and D. Ben-Zvi, Vertex Algebras and Algebraic Curves, second edition (American Mathematical Society, Providence in press) [14] J. Fröhlich and K. Gawȩdzki, Conformal field theory and geometry of strings, in: Mathematical Quantum Theory I: Field Theory and Many Body Theory, J. Feldman et al., eds. (American Mathematical Society, Providence 1994), p. 57 [15] N. Seiberg and E. Witten, String theory and non-commutative geometry, J. High Energy Phys.

9909 (1999) 032 [16] R.J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rep. 378 (2003) 207 [17] J. Polchinski, Dirichlet-branes and Ramond--Ramond charges, Phys. Rev. Lett. 75 (1995) 4724 [18] K. Gawȩdzki, Abelian and non-Abelian branes in WZW models and gerbes, preprint hepth/0406072 [19] V. Schomerus, D-branes and deformation quantization, J. High Energy Phys. 9906 (1999) 030 [20] H. García-Compeán and J.F. Plebański, D-branes on group manifolds and deformation quantization, Nucl. Phys. B 618 (2001) 81 [21] A.Yu. Alekseev, A. Recknagel, and V. Schomerus, Noncommutative world volume geometries:

branes on su(2) and fuzzy spheres, J. High Energy Phys. 9909 (1999) 023

[22] J. Pawełczyk and H. Steinacker, A quantum algebraic description of D-branes on group manifolds, Nucl. Phys. B 638 (2002) 433 [23] A.Yu. Alekseev, S. Fredenhagen, T. Quella, and V. Schomerus, Non-commutative gauge theory of twisted D-branes, Nucl. Phys. B 646 (2002) 127 [24] A.Yu. Alekseev and V. Schomerus, D-branes in the WZW model, Phys. Rev. D 60 (1999) 1901 [25] K. Gawȩdzki, Conformal field theory: a case study, preprint hep-th/9904145 [26] G. Felder, J. Fröhlich, J. Fuchs, and C. Schweigert, The geometry of WZW branes, J. Geom.

and Phys. 34 (2000) 162 [27] S. Stanciu, D-branes in group manifolds, J. High Energy Phys. 0001 (2000) 025 [28] T. Quella, On the hierarchy of symmetry breaking D-branes in group manifolds, J. High Energy Phys. 0212 (2002) 009 [29] S. Mohrdieck and R. Wendt, Twisted conjugacy classes, coadjoint orbits of loop groups and D-branes in the WZW-model, Manuscripta math. 114 (2004) 531 [30] S. Stanciu, D-branes in Kazama--Suzuki models, Nucl. Phys. B 526 (1998) 295 [31] J.M. Maldacena, G. Moore, and N. Seiberg, Geometrical interpretation of D-branes in gauged WZW models, J. High Energy Phys. 0107 (2001) 046 [32] S. Elitzur and G. Sarkissian, D-branes on a gauged WZW model, Nucl. Phys. B 625 (2002) 166 [33] H. Ishikawa, Boundary states in coset conformal field theories, Nucl. Phys. B 629 (2002) 209 [34] S. Fredenhagen, and V. Schomerus, D-branes in coset models, J. High Energy Phys. 0202 (2002) 005 [35] T. Kubota, J. Rasmussen, M. Walton, and J.-G. Zhou, Maximally symmetric D-branes in gauged WZW models, Phys. Lett. B 544 (2002) 192 [36] M. Nozaki, Comments on D-branes in Kazama--Suzuki models and Landau--Ginzburg theories, J. High Energy Phys. 0203 (2002) 027 [37] M.R. Gaberdiel, T. Gannon, and D. Roggenkamp, The coset D-branes of SU(n), J. High Energy Phys. 0410 (2004) 047 [38] S. Hwang and H. Rhedin, The BRST formulation of G/H WZNW models, Nucl. Phys. B 406 (1993) 165 [39] J. Fröhlich, J. Fuchs, I. Runkel, and C. Schweigert, Algebras in tensor categories and coset conformal field theories, Fortschritte d. Phys. 52 (2004) 672 [40] A.N. Schellekens and S. Yankielowicz, Extended chiral algebras and modular invariant partition functions, Nucl. Phys. B 327 (1989) 673 [41] G. Moore and N. Seiberg, Taming the conformal zoo, Phys. Lett. B 220 (1989) 422 [42] D. Gepner, Field identification in coset conformal field theories, Phys. Lett. B 222 (1989) 207 [43] A.N. Schellekens and S. Yankielowicz, Field identification fixed points in the coset construction, Nucl. Phys. B 334 (1990) 67 [44] J. Fuchs, A.N. Schellekens, and C. Schweigert, The resolution of field identification fixed points in diagonal coset theories, Nucl. Phys. B 461 (1996) 371 [45] J. Fuchs, I. Runkel, and C. Schweigert, TFT construction of RCFT correlators III: Simple currents, Nucl. Phys. B 694 (2004) 277 [46] J. Fuchs and C. Schweigert, Symmetry breaking boundaries I. General theory, Nucl. Phys. B 558 (1999) 419

[47] A.N. Schellekens and S. Yankielowicz, Modular invariants from simple currents: an explicit proof , Phys. Lett. B 227 (1989) 387 [48] W. Lerche, C. Vafa, and N.P. Warner, Chiral rings in N = 2 superconformal theories, Nucl. Phys.

B 324 (1989) 427 [49] A.N. Schellekens, Field identification fixed points in N = 2 coset theories, Nucl. Phys. B 366 (1991) 27 [50] J. Fuchs and C. Schweigert, Non-hermitian symmetric N = 2 coset models, Poincaré polynomials, and string compactification, Nucl. Phys. B 411 (1994) 181 [51] K. Bardakçi, E. Rabinovici, and B. Säring, String models with c < 1 components, Nucl. Phys. B 299 (1988) 157 [52] K. Gawȩdzki and A. Kupiainen, G/H conformal field theory from gauged WZW model, Phys.

Lett. B 215 (1988) 119 [53] D. Karabali, Q-H. Park, H.J. Schnitzer, and Z. Yang, A GKO construction based on a path integral formulation of gauged Wess--Zumino--Witten actions, Phys. Lett. B 216 (1989) 307 [54] E. Witten, The N matrix model and gauged WZW models, Nucl. Phys. B 371 (1992) 191 [55] K. Hori, Global aspects of gauged Wess--Zumino--Witten models, Commun. Math. Phys. 182 (1996) 1 [56] C. Schweigert, On moduli spaces of flat connections with non-simply connected structure group, Nucl. Phys. B 492 (1997) 743 [57] P. Bordalo and A. Wurtz, D-branes in lens spaces, Phys. Lett. B 568 (2003) 270 [58] J. Fuchs and D. Gepner, On the connection between WZW and free field theories, Nucl. Phys. B 294 (1987) 30 [59] P. di Francesco, P. Mathieu, and D. Senechal, Conformal Field Theory (Springer Verlag, New York 1996) [60] S. Fredenhagen, Dynamics of D-branes in curved backgrounds, Ph.D. thesis (Berlin 2002) [61] P. Di Vecchia, M. Frau, I. Pesando, S. Sciuto, A. Lerda, and R. Russo, Classical p-branes from boundary states, Nucl. Phys. B 507 (1997) 259 [62] D. Gepner, New conformal field theories associated with Lie algebras and their partition functions, Nucl. Phys. B 290 (1987) 10 [63] V.G. Kac, Infinite-dimensional Lie Algebras, third edition (Cambridge University Press, Cambridge 1990)