arXiv:hep-th/0505136 v3 17 Mar 2006

TIT/HEP–537

hep-th/0505136

May, 2005

Moduli Space of BPS Walls in Supersymmetric Gauge Theories

Norisuke Sakai^{1 ∗} and Yisong Yang^{2 †}

1Department of Physics, Tokyo Institute of Technology Tokyo 152-8551, JAPAN and 2Department of Mathematics, Polytechnic University Brooklyn, New York 11201, U.S.A.

Abstract

Existence and uniqueness of the solution are proved for the ‘master equation’ derived from the BPS equation for the vector multiplet scalar in the U(1) gauge theory with N_F charged matter hypermultiplets with eight supercharges. This proof establishes that the solutions of the BPS equations are completely characterized by the moduli matrices divided by the V -equivalence relation for the gauge theory at finite gauge couplings. Therefore the moduli space at finite gauge couplings is topologically the same manifold as that at infinite gauge coupling, where the gauged linear sigma model reduces to a nonlinear sigma model. The proof is extended to the U(N_C) gauge theory with N_F hypermultiplets in the fundamental representation, provided the moduli matrix of the domain wall solution is U(1)-factorizable. Thus the dimension of the moduli space of U(N_C) gauge theory is bounded from below by the dimension of the U(1)-factorizable part of the moduli space. We also obtain sharp estimates of the asymptotic exponential decay which depend on both the gauge coupling and the hypermultiplet mass differences.

∗e-mail address: nsakai@th.phys.titech.ac.jp †e-mail address: yyang@math.poly.edu

1 Introduction

Solitons have been important in understanding nonperturbative effects in field theories [1]. They are also useful to construct models of the brane-world scenario [2]–[4]. The simplest of these solitons is the domain wall separating two domains of discretely different vacua. The supersymmetric theories are useful to obtain realistic unified theories beyond the standard model[5]. If a field configuration preserves a part of supersymmetry, it satisfies the field equation automatically [6]. Such a configuration is called the Bogomol’nyi-Prasad-Sommerfield (BPS) configuration [7]. The BPS domain walls have been much studied in supersymmetric field theories with four supercharges [8], [9], and with eight supercharges[10]-[30]. These soliton solutions often contain parameters, which are called moduli. If we promote the moduli parameters as fields on the world volume of the soliton, they give massless fields on the world volume of the soliton [31]. The metric on the moduli space gives a (nonlinear) kinetic term of the Lagrangian of the low-energy effective field theory. Therefore the determination of the moduli space is of vital importance to understand the dynamics of the solitons.

One of the most interesting classes of models possessing domain walls is the gauge theories with eight supercharges[18]-[29]. To allow domain walls, we need discrete vacua. For that purpose, we introduce Fayet-Iliopoulos (FI) terms for a U(1) factor gauge group. As a natural gauge group with the U(1) factor, we choose U(N_C) gauge theory. For simplicity, we take the matter hypermultiplets in the fundamental representation of U(N_C). To obtain more than one supersymmetric vacua, we require that the number of flavors of hypermultiplets N_F be larger than the number of colors N_C N_F > N_C (1.1)

With massless hypermultiplets^1, the vacuum manifold is a hyper-Kähler manifold, the cotangent bundle over the complex Grassmann manifold T^∗G_{NF,NC} . It reduces to T^∗CP^{NF−1} manifold in the case of the U(1) gauge theory (N_C = 1). If the nondegenerate hypermultiplet masses are turned on, a potential term is induced and most of the vacua are lifted, allowing wall solutions. In the resulting vacua of the massive U(N_C) gauge theories, each color component of the hypermultiplets chooses to have a particular flavor (color-flavor-locking) [21], [22]. Furthermore, a systematic construction of BPS wall solutions has been established [23], [24].

If we take the limit of strong gauge coupling g^2 → ∞ for the U(1) gauge theory, the vector multiplet can be eliminated to give constraints on the hypermultiplet field space, resulting in a supersymmetric massive nonlinear sigma model with the T^∗CP^{NF−1} target space [32], [33]. Equations for preserving half of supersymmetry are called the 1/2 BPS equations. As boundary conditions for the BPS equations, the field configurations are required to approach one of the discrete vacua. If the vacua at y = −∞ and +∞ happen to be different, the solution represents (multi-) walls. If the vacua at y = −∞ and +∞ happen to be identical, the solution represents one of vacua. Therefore these BPS equations admit vacua (full supersymmetry conserved) besides (multi-) walls as solutions. The physical relation between these different topological sectors are as follows. If we let the position of one of the walls to go to infinity, we obtain a topological sector with one less wall. Therefore the topological sectors with n − 1 walls appear as boundaries of the moduli space of a topological sector with n walls. Continuing this process, we eventually arrive at topological sectors with no walls, namely vacua. In this way, we naturally obtain a compactification of moduli space of various topological sectors of multi-walls. The resulting

1A common mass can be absorbed into the shift of vector multiplet scalar and is not relevant.

manifold of all the solutions of the 1/2 BPS equations is topologically CP^{NF−1} in our case of the T^∗CP^{NF−1} nonlinear sigma model [10], [13]. The massive U(N_C) gauge theory reduces to the massive nonlinear sigma model with the T^∗G_{NF,NC} target space and with a potential term in the limit of strong gauge coupling [21]. Similarly to the U(1) case, the space of all solutions of the 1/2 BPS equations for the massive T^∗G_{NF ,NC} nonlinear sigma model with the vacuum boundary condition at infinity is found to be the complex Grassmann manifold G_{NF,NC} , which is the special Lagrangian submanifold of the target space of the nonlinear sigma model [23], [24]. More generally, it has been found that there are nonlinear sigma models with a target space having several special Lagrangian submanifolds whose union gives the space of all solutions of the 1/2 BPS equations [29].

A number of exact solutions for U(1) gauge theories have been obtained for particular discrete finite values of gauge coupling [34], [20], [24]. For generic finite gauge couplings of U(1) as well as U(N_C) gauge theories, only the general behavior of domain walls have been studied qualitatively [15], [22], [30]. The systematic construction of BPS walls first solves the hypermultiplet BPS equation and yields the moduli matrix H_0 as integration constants. After taking account of an equivalence relation called the V -equivalence relation, the independent variables in the moduli matrix H_0 constitute the complex Grassmann manifold G_{NF,NC} . The remaining BPS equation for the vector multiplet scalar can be rewritten into a “master equation”, which is a nonlinear ordinary differential equation for a gauge invariant quantity Ω. In the limit g^2 → ∞, this master equation can be solved algebraically without introducing additional moduli, once the moduli matrix H_0 is given. It has been conjectured that there exists a unique solution of the master equation even at finite gauge coupling, once the moduli matrix H_0 is given. Based on this conjecture, it has been pointed out that the moduli space of the BPS equations is given by the moduli matrix H_0 divided by the V -equivalence relation even at finite gauge couplings [23], [24]. Up to now, the best supporting evidence for this proposal is given by the index theorem, although the evidence is only indirect. The index theorems are proven for U(1) gauge theories [35], [29], and for U(N_C) gauge theories[30], respectively. They state that the complex Grassmann manifold contains necessary and sufficient number of moduli parameters. However, it is much more desirable to demonstrate the existence and uniqueness of the solution of the master equation.

The purpose of this paper is to study the master equation for the gauge invariant quantity Ω. We present a proof of the existence and uniqueness of the solution for the U(1) gauge theories, and extend the proof to a class of the moduli matrix H_0 in the U(N_C) gauge theories. Our proof for the U(1) case finally establishes that solutions of the 1/2 BPS equations are completely characterized by the moduli matrices divided by the V -equivalence relation. This moduli space is topologically the same as the moduli space of the BPS equations in the nonlinear sigma model with T^∗CP^{NF−1} target space, which is obtained in the limit of g^2 → ∞. Of course the metric on the moduli space at finite gauge coupling is expected to be deformed from that of nonlinear sigma model (infinite gauge coupling). We also obtain estimates of the asymptotic exponential decay which depend on both the hypermultiplet mass differences and the gauge coupling squared multiplied by the FIparameter. These estimates agree with our previous result based on an iterative approximation scheme [20]. For the non-Abelian U(N_C) gauge theories, we show that the proof can be applied to the part of the moduli space which is described by the U(1) factorizable moduli matrix H_0. This result implies a lower bound of the dimensions of the moduli space for the U(N_C) gauge theories. We will leave for future publication to extend the proof of the existence and uniqueness of the master equation for the gauge invariant Ω to entire moduli space of the BPS walls in the

U(N_C) gauge theories.

Interestingly, our one-dimensional nonlinear equation and its variational structure resemble in many ways the two-dimensional Abelian BPS vortex equation which allows us to extend the method developed in Jaffe and Taubes [36] to our problem here. There are two major technical differences/difficulties, though, that need to be overcome. The first one is that in one dimension, the ranges of the exponents in the Gagliardo–Nirenberg inequality cannot render as strong an estimate as in two dimensions (a relevant lower bound takes the weaker, sublinear, form, ‖v‖^{2/3}_2 instead of the usual stronger, linear, form, ‖v‖_2. See (4.19)). The second one is that, unlike in the Abelian vortex situation in which the vacuum state is uniquely characterized by the asymptotic amplitude of the Higgs field, our domain wall solution needs to interpolate two different vacua at the two infinities of the real line. Hence, the behavior of the solution in a local region is less uniform and the decay rates near the two infinities are also necessarily different.

In section 2, BPS equations and their systematic solutions are introduced. We also describe implication of the existence and uniqueness of the master equation for the gauge invariant. In section 3, we extend our analysis to the U(1) factorizable case of the U(N_C) gauge theories, giving a lower bound for the dimension of the BPS wall moduli space. In section 4, we present an analytic proof of the existence and uniqueness of the master equation for the gauge invariant, and give estimates of the asymptotic behavior of the solution.

2 Moduli Space of BPS Equations in U(1) Theories

Let us take a supersymmetric U(1) gauge theory with eight supercharges in one time and four spatial dimensions^2. The U(1) vector multiplet contains gauge field W_M , gaugino λ^i, a real neutral scalar field Σ, and SU(2)_R triplet of real auxiliary fields Y^a, where M, N = 0, 1, · · · , 4 denote space-time indices, and i = 1, 2 and a = 1, 2, 3 denote SU(2)_R doublet and triplet indices, respectively. The hypermultiplet contains two complex scalar fields H^{iA}, hyperino ψ^A and complex auxiliary fields F^A_i , where A = 1, · · · , N_F stand for flavors. For simplicity, we assume that these N_F hypermultiplets have the same U(1) charge, say, unit charge. Denoting the gauge coupling g, the mass of the A-th hypermultiplet m_A, and the FI parameters ζ^a, the bosonic part of the Lagrangian reads [18]–[34]

L_{boson} = − 1 4g^2

(F_{M N} (W ))^2 + 1 2g^2

(∂_M Σ)^2 + (D_M H)^†_{iA}(D^M H^{iA}) − H^†_{iA}(Σ − m_A)^2H^{iA} + 1 2g^2

(Y^a)^2 − ζ^aY^a + H^†_{iA}(σ^aY^a)^i_j H^{jA} + F^{†i}_A F^A_i , (2.1)

where a sum over repeated indices is understood, F_{M N} (W ) = ∂_M W_N − ∂_N W_M , covariant derivative is defined as D_M = ∂_M + iW_M , and our metric is η_{M N} = (+1, −1, · · · , −1). We assume that the hypermultiplet masses are nondegenerate and are ordered as

m_1 > m_2 > · · · > m_{NF} . (2.2)

The auxiliary fields are given by their equations of motion: F^A_i = 0 and

Y^a = g^2[ζ^a − H^†_{iA}(σ^a)^i_j H^{jA}]. (2.3)

2Discrete vacua are required for wall solutions and are possible by mass terms for hypermultiplets which are available only in spacetime dimensions equal to or less than five.

By making an SU(2)_R transformation, we can choose the FI parameters to the third direction

ζ^a = (0, 0, ζ), ζ > 0. (2.4)

In this choice, we find N_F discrete SUSY vacua (A = 1, · · · , N_F) as

Σ = m_A, |H^{1A}|^2 = ζ, H^{2A} = 0, H^{1B} = 0, H^{2B} = 0, (B ≠ A). (2.5)

We assume the configuration to depend only on a single coordinate, which we denote as y ≡ x^4, and assume the four-dimensional Lorentz invariance in the world volume coordinates x^μ = (x^0, · · · , x^3). Let us examine the supersymmetry transformations of fermions: the gaugino λ^i and hyperino ψ^A transform as^3

δ_ελ^i = (1 2 γ^{M N} F_{M N} (W ) + γ^M ∂_M Σ ) ε^i + i ( Y^aσ^a )_i j ε^j , (2.6) δ_εψ^A = −i √ 2 [ γ^M D_M H^{iA} + i(Σ − m_A)H^{iA} ] ϵ_{ij} ε^j + √ 2F^A_i ε^i. (2.7)

We require the following half of supersymmetry to be preserved

P_+ε^1 = 0, P_−ε^2 = 0, (2.8)

where P_± ≡ (1 ± γ_5)/2 are the chiral projection operators. Then we obtain the^1_2 BPS equations

D_y H^{1A} = (m_A − Σ)H^{1A}, D_y H^{2A} = (−m_A + Σ)H^{2A}, A = 1, · · · , N. (2.9)

0 = Y^1 + iY^2 = −2g^2H^{2A}(H^{1A})^∗, (2.10)

∂_yΣ = Y^3 = g^2 ( ζ − H^†_{1A}H^{1A} + H^†_{2A}H^{2A} ) , (2.11)

We wish to obtain solutions of these BPS equations which interpolate two different vacua in Eq.(2.5). The boundary condition of these two vacua at y = ±∞ specifies the topological sector. By letting the outer-most wall to infinity, one can obtain topological sectors with one less wall. Therefore we are interested in the maximal topological sector which allows the maximal number of walls and possesses the maximal number of moduli parameters . The boundary conditions for the maximal topological sector are given by

Σ(−∞) = m_{NF} , Σ(∞) = m_1, (2.12) H^{1A}(−∞) = √ ζδ^A_{NF} , H^{1A}(∞) = √ ζδ^A_1 , H^{2A}(−∞) = 0, H^{2A}(∞) = 0. (2.13)

Let us define [18], [20], [23] an GL(1, C) group element S(y) that expresses the vector multiplet scalar and gauge field as a pure gauge 1 S(y) dS(y) dy = Σ(y) + iW_4(y). (2.14)

3Our gamma matrices are 4×4 matrices and are defined as : {γ^M , γ^N } = 2η^{MN} , γ^{MN} ≡^1_2 [γ^M , γ^N ] = γ^{[M} γ^{N]}, γ^5 ≡ iγ^0γ^1γ^2γ^3 = −iγ^4.

The BPS equation for hypermultiplets (2.9) can be solved in terms of this single complex function S(y) as

H^{1A}(y) = S^{−1}(y)H^A_0 e^{mAy} , (2.15)

where complex integration constants H^A_0 can be assembled into a constant complex vector H_0 = (H^1_0 , · · · , H^{NF}_0 ). This N_F component vector is nothing but the N_C = 1 case of a N_C ×N_F complex constant matrix called the moduli matrix [23]. Since Eq.(2.14) defines the function S(y) only up to a complex multiplicative constant, equivalent descriptions of physical fields (H^i and Σ) result from two complex vectors H_0 which are different by multiplication of a non-vanishing complex constant V :

H_0 → V H_0, S → V S, (2.16)

which is called the V -equivalence relation [23]. Therefore the moduli matrix H_0 in this case is topologically CP^{NF−1}. We define a U(1) local gauge invariant function Ω(y) as

Ω(y) = S(y)S^∗(y). (2.17)

Using the hypermultiplet solution (2.15), the remaining BPS equation for the vector multiplet scalar can be rewritten in terms of Ω d dy ( 1 Ω(y) dΩ(y) dy ) = g^2ζ ( 1 − Ω_0(y) Ω(y) ) , (2.18)

Ω_0(y) ≡ 1 ζ N_C∑

A=1 H^A_0 e^{2mAy}(H^A_0 )^∗ ≡ e^{2W (y)}. (2.19)

The boundary conditions in Eqs.(2.12) and (2.13) now become the following boundary conditions for the master equation

Ω(y) → Ω_0(y) → (e^{2m1y} |H^1_0 |^2/ζ, 0, · · · , 0), y → ∞ Ω(y) → Ω_0(y) → (0, · · · , 0, e^{2mNF y} |H^{NF}_0 |^2/ζ), y → −∞. (2.20)

The non-vanishing left-most element of the moduli matrix H_0 specifies the boundary condition at y = +∞, and the non-vanishing right-most element specifies the boundary condition at y = −∞. We can see that the boundary condition is encoded in the choice of the moduli matrix H_0. The moduli matrix H_0 with more than one non-vanishing elements gives a (multi-) wall solutions, whereas the moduli matrix with a single non-vanishing element gives a vacuum solution. Therefore the space of all possible moduli matrix H_0 divided by the V -equivalence relation automatically gives all possible solutions of the BPS equation including the vacuum solutions and multi-wall solutions.

Using W (y) in Eq.(2.19), we finally obtain the master equation for the U(1) gauge theory [20], [19]^4 1 ζg^2 d^2ψ dy^2 = 1 − e^{−2ψ(y)+2W (y)}, ψ(y) ≡ 1 2 log Ω(y). (2.21)

4We have changed our notation Reψ → ψ from Ref.[20].

The boundary conditions (2.20) now become the following boundary conditions for the master equation^5

ψ → m_1y + log ( |H^1_0 | √ ζ ) , y → +∞, (2.22)

ψ → m_{NF} y + log ( |H^{NF}_0 | √ ζ ) , y → −∞. (2.23)

In Ref.[23], it has been conjectured that there exists a unique solution of the master equation (2.21) given the boundary conditions (2.22) and (2.23). We shall prove the conjecture in section 4. With this proved, we can now state that the moduli space of the domain walls in the U(1) gauge theory with N_F flavors is given by CP^{NF−1} as described by the moduli matrix H_0 furnished with the equivalence relation (2.16).

3 U(1) Factorizable case of U(N_C) Gauge Theories

Let us now turn our attention to a supersymmetric U(N_C) gauge theory with N_F(> N_C) flavors of hypermultiplets in the fundamental representation. We denote gauge fields W_M and real scalar fields Σ as N_C × N_C matrix whose basis is normalized as

Tr(T_I T_J ) = 1 2 δ_{IJ} , [T_I , T_J ] = if_{IJ}^K T_K , T_0 ≡ √ 1 2N_C

(3.1)

We consider a five-dimensional spacetime and nondegenerate masses for hypermultiplets as ordered in Eq.(2.2). Hypermultiplets are denoted as N_C × N_F matrices H^i. The bosonic part of the Lagrangian of the supersymmetric U(N_C) gauge theory reads

L|_{bosonic} = Tr [ − 1 2g^2

F_{M N} (W )F^{M N} (W ) + 1 g^2

(D_M Σ)^2 + 1 g^2

(Y^a)^2

+D^M H^iD_M H^{i†} − (ΣH^i − H^iM)(ΣH^i − H^iM)^† + F^iF^{i†}

− Y^a(c_a − (σ_a)^i_j H^j H^{i†}) ] (3.2)

with the Fayet-Iliopoulos parameter c_a = (0, 0, c) with c > 0 and the hypermultiplet mass matrix M = diag(m_1, · · · , m_{NF} ). Covariant derivatives are defined as D_M Σ = ∂_M Σ + i[W_M , Σ], D_M H^{irA} = (∂_M δ^r_s + i(W_M )^r_s)H^{isA}, and the gauge field strength is F_{M N} (W ) = −i[D_M , D_N ] = ∂_M W_N − ∂_N W_M + i[W_M , W_N ].

Considering the supersymmetry transformations in Eqs.(2.6) and (2.7), and requiring the half of supersymmetry in Eq.(2.8) to be preserved, we obtain the 1/2 BPS equations for walls with

5We observe that one out of two constants log(|H^1_0 |/ √ ζ) and log(|H^{NF}_0 |/ √ ζ) can be absorbed into a shift of ψ. This freedom corresponds to the V -equivalence relation implying that only one out of these two constants in the boundary conditions is the genuine moduli parameter.

profile in y

D_y H^1 = −ΣH^1 + H^1M, (3.3) D_y H^2 = ΣH^2 − H^2M, (3.4)

D_y Σ = Y^3 = g^2 2 ( c1_{NC} − H^1H^{1†} + H^2H^{2†} ) , (3.5)

0 = Y^1 + iY^2 = −g^2H^2H^{1†}. (3.6)

The supersymmetric vacua are characterized by the vanishing of the right-hand side of all of these BPS equations. The supersymmetric vacua have been found to be color-flavor-locked and discrete [21]. For each color component r, only one flavor A_r of hypermultiplet H^{irA}, A = A_r should take a non-vanishing value,

H^{1rA} = √ c δ^{Ar}_A, H^{2rA} = 0, (3.7)

and the corresponding color component of the vector multiplet scalar Σ should be equal to the mass of that flavor of the hypermultiplets

Σ = diag.(m_{A1} , m_{A2} , · · · , m_{ANC} ). (3.8)

We denote the above SUSY vacuum as

⟨A_1 A_2 · · · A_{NC} ⟩. (3.9)

Consequently topological sector is labeled by two vacua : ⟨A_1, · · · , A_{NC} ⟩ ← ⟨B_1, · · · , B_{NC} ⟩, (3.10) where the first vacuum is at y = ∞ and the second at y = −∞. Ideally we wish to solve the BPS equations for each topological sector and we wish to obtain all possible solutions.

Let us consider the maximal topological sector, which is specified in the U(N_C) gauge theory as :

⟨1, · · · , N_C⟩ ← ⟨N_F − N_C − 1, · · · , N_F⟩. (3.11)

In this maximal topological sector, the boundary conditions for the hypermultiplet scalar H^1(y) is given by

H^1(y) → √ c 1 0 · · · 0 0 · · · 0 0 1 · · · 0 0 · · · 0 . . . . . . . . . . 0 0 · · · 1 0 · · · 0

, y → ∞ (3.12)

H^1(y) → √ c 0 · · · 0 1 0 · · · 0 0 · · · 0 0 1 · · · 0 . . . . . . . . . . 0 · · · 0 0 0 · · · 1 , y → −∞ (3.13)

To solve the BPS equations, we define the following GL(N_C, C) group element S(y)

Σ + iW_y = S^{−1}(y)∂_yS(y). (3.14)

The hypermultiplet scalar BPS equations (3.3) and (3.4) can be solved with this matrix function S(y) as

H^1 = S^{−1}(y)H_0 e^{M y}, H^2 = 0, (3.15)

with the constant matrix H_0 which is called the moduli matrix. We used the boundary conditions H^2(y) → 0 at y → ±∞ to fix H^2(y) in the above solution [24]. Since the matrix function S(y) in Eq.(3.14) is defined up to a constant GL(N_C, C) matrix V , equivalent descriptions for the hypermultiplet scalar H^i and the vector multiplet scalar Σ are obtained by two sets of moduli matrices H_0 and S that are related by GL(N_C, C) transformations V

(H_0, S) ∼ (H^′_0, S^′), H_0 → H^′_0 = V H_0, S → S^′ = V S, V ∈ GL(N_C, C). (3.16)

We call this symmetry the V -equivalence relation. The space of the moduli matrix divided by the V -equivalence relation is found [23] to be the complex Grassmann manifold G_{NF,NC} {H_0|H_0 ∼ V H_0, V ∈ GL(N_C, C)} ≃ G_{NF,NC} ≃ SU(N_F) SU(N_C) × SU(Ñ_C) × U(1)

. (3.17)

In place of the gauge variant matrix function S(y), we define a gauge invariant N_C × N_C matrix function

Ω ≡ SS^†. (3.18)

The remaining BPS equation (3.5) for the vector multiplet scalar Σ can be rewritten in terms of Ω as a master equation for the U(N_C) gauge theory [23], [24] ∂_y ( Ω^{−1}∂_yΩ ) = g^2c ( 1_C − Ω^{−1}Ω_0 ) , (3.19)

where the source term is defined in terms of the moduli matrix H_0 as

Ω_0 ≡ c^{−1}H_0 e^{2M y}H^†_0 . (3.20)

We need to specify the boundary conditions for Ω(y). For the maximal topological sector, the following quantity reduces to the unit matrix for the first N_C × N_C diagonal part in the limit of y → ∞

H^{1†}(y)H^1(y) = e^{M y}H^†_0 Ω(y)H_0 e^{M y} → c

1 0 · · · 0 0 · · · 0 0 1 · · · 0 0 · · · 0 . . . . . . . . 0 0 · · · 1 0 · · · 0 0 0 · · · 0 0 · · · 0 . . . . . . . . . . 0 0 · · · 0 0 · · · 0

, y → ∞, (3.21)

and to the unit matrix for the last N_C × N_C diagonal part in the limit of y → −∞

H^{1†}(y)H^1(y) = e^{M y}H^†_0 Ω(y)H_0 e^{M y} → c

0 · · · 0 0 0 · · · 0 . . . . . . . . . . 0 · · · 0 0 0 · · · 0 0 · · · 0 1 0 · · · 0 0 · · · 0 0 1 · · · 0 . . . . . . . . . . 0 · · · 0 0 0 · · · 1

, y → −∞. (3.22)

It has been conjectured [23] that there exists a unique solution of the master equation (3.19) given the above boundary conditions (3.21) and (3.22). If this is proved, the solutions of the BPS equations (3.3)–(3.6) in the U(N_C) gauge theory with N_F flavors are completely characterized by the moduli matrices H_0 divided by the V -equivalence relation (3.16).

For the generic moduli matrix H_0, we cannot give a proof of the existence and uniqueness of the solution Ω(y) of the master equation (3.19) at present. However, we can exploit our proof for the U(1) gauge theory if the moduli matrix H_0 is of a restricted form, as we describe now. Let us note that the master equation (3.19) transforms covariantly under the world-volume transformation (3.16), where the matrix H_0 e^{2M y}H_0^† transforms with multiplication of constant matrices V and V^† from both sides of this matrix. This V -equivalence relation V allows us to diagonalize the matrix H_0 e^{2M y}H_0^† at one point of the extra dimension, say, y = y_0. If the matrix H_0 e^{2M y}H_0^† with this gauge fixing remains diagonal at every other points in the extra dimension y ≠ y_0, we obtain

H_0 e^{2M y}H_0^† = c diag. (W_1(y), W_2(y), · · · , W_{NC} (y)) . (3.23)

If this is valid, we call that moduli matrix H_0 as U(1)-factorizable [24]. Whether a given moduli matrix is U(1) factorizable or not is an inherent characteristic of each moduli matrix H_0, and is independent of the choice of the initial coordinate y_0. Thus the U(1)-factorizability is a property attached to each point on the moduli space. If the moduli matrix is U(1)-factorizable, offdiagonal components of the matrix H_0 e^{2M y}H_0^† vanishes at any point of the extra dimension y by definition. Therefore each coefficient of e^{2mAy} in the off-diagonal components must vanish. Since we consider the case of non-degenerate masses, the condition for the U(1)-factorizability can be rewritten for each flavor A as

(H_0)^{rA} ( (H_0)^{sA} )_∗ = 0, for r ≠ s, (3.24)

where the flavor index A is not summed. Namely, (H_0)^{rA} can be non-vanishing in only one color component r for each flavor A.

To solve the master equation (3.19) for the gauge invariant matrix function Ω in the non- Abelian U(N_C) gauge theory with the U(1)-factorizable moduli, we are allowed to take an ansatz where only the diagonal components of the matrix Ω survive

Ω = diag. ( e^{2ψ1} , e^{2ψ2} , · · · , e^{2ψNC} ) , (3.25)

where ψ_r(y)’s are real functions. With this ansatz, the master equation (3.19) for the U(1)- factorizable moduli with the condition (3.23) reduces to a set of the master equations for the Abelian gauge theory [23]

d^2ψ_r dy^2 = g^2c 2 ( 1 − e^{−2ψr} W_r ) , for r = 1, 2, · · · N_C, (3.26)

where the functions W_r(y) defined in (3.23) are given by

W_r = ∑ A∈A_r e^{2mAy} |H^A_0 |^2 ζ . (3.27)

A_r is a set of flavors of the hypermultiplet scalars whose r-th color component is non-vanishing. Note that the condition (3.24) of the U(1)-factorizability can be rewritten as A_r ∩ A_s = ∅ for r ≠ s. In this case, the vector multiplet scalars Σ and the hypermultiplet scalars H^{1rA} are given by [20]

Σ = diag. (∂_y ψ_1, ∂_yψ_2, · · · , ∂_y ψ_{NC} ) , (3.28)

H^{1rA} = e^{−ψr (y)+mA y}H^A_0 , (3.29)

with a gauge choice of W_y = 0 and a phase choice of ImH^{1rA} = 0 at y = ±∞. Since the moduli parameters contained in the master equation (3.26) for each ψ_r are independent of each other, we find that our system of BPS equations for walls becomes a decoupled set of N_C systems of BPS equations of U(1) gauge theories. This fact enables us to apply our method of proof for U(1) gauge theories to this U(1)-factorizable case of the U(N_C) gauge theory.

Let us count the dimensions of the part of the moduli space with the U(1)-factorizable property. For each color component r, we denote the number of non-vanishing hypermultiplets in A_r as f_r. For the r-th color component, we obtain a U(1) gauge theory with f_r flavors. In the maximal topological sector, all the flavors should participate: ∑ r f_r = N_F. Since every color component has to appear at vacua of both infinities, we obtain the complex dimension of the U(1)-factorizable part of the moduli space in the maximal topological sector to be

dim_CM_{U (1)fact} =

N_C∑

r=1 (f_r − 1) = N_F − N_C. (3.30)

We thus obtain a rather weak lower bound for the dimension of the moduli space for the U(N_C) gauge theory:

dim_CM_{U (NC)} ≥ N_F − N_C. (3.31)

4 Proof of Existence and Uniqueness of Solution

In this section, we prove the existence and uniqueness of the BPS wall solutions to the U(1) and U(1)-factorizable models. We first state our results in suitably renormalized parameters. We then carry out the proof using the method of calculus of variations and functional analysis.

For convenience, we relabel the variables and parameters of our master equations (2.21) and (3.26) so that they are of the equivalent form^6

u^{′′} = λ(M(y)e^u − 1), (4.1)

subject to the boundary conditions u(y) → −ω_1y − r_1, y → ∞, (4.2)

u(y) → −ω_{NF} y − r_{NF} , y → −∞, (4.3) 6For the U (1) model, we denote λ ≡ 2g^2ζ, ω_A ≡ 2m_A, u(y) ≡ −2ψ(y), r_A ≡ log(|H^A_0 |^2/ζ), and M (y) ≡ e^{2W (y)} = Ω_0(y) = ∑ A e^{2mAy}|H^A_0 |^2/ζ.

where u^′ stands for du/dy and M(y) = N_F∑

A=1 e^{ωAy+rA} , (4.4) λ > 0, ω_A, r_A are real constants so that ω_A (A = 1, 2, · · · , N_F) satisfy the nondegeneracy condition ω_1 > ω_2 > · · · ω_{NF} . (4.5) For the equation (4.1) subject to the boundary conditions (4.2) and (4.3), we have Theorem 4.1. The problem (4.1)–(4.3) has a unique solution. Moreover, this solution also enjoys the estimates of the asymptotic exponential decay at y → ±∞ u(y) + (ω_1y + r_1) = O(e^{−λ1(1−ε)y}) as y → ∞, (4.6) u(y) + (ω_{NF} y + r_{NF} ) = O(e^{λ2(1−ε)y} ) as y → −∞, (4.7) where ε > 0 can be taken to be arbitrarily small and λ_1 and λ_2 are positive parameters defined by 7 λ_1 = min{ √ λ, ω_1 − ω_2}, (4.8) λ_2 = min{ √ λ, ω_{NF−1} − ω_{NF} }. (4.9) We now proceed with the proof, adapting the main ideas from [36].

Note that the conditions (4.2), (4.3), (4.5) ensure that the right-hand side of (4.1) vanishes at y = ±∞ because M(y) = e^{ω1y+r1} (1 + e^{(ω2−ω1)y+r2 −r1} + · · · + e^{(ωNF −ω1 )y+rNF −r1} ), y > 0, M(y) = e^{ωNF y+rNF} (1 + e^{(ω1−ωNF )y+r1 −rNF} + · · · + e^{(ωNF−1 −ωNF )y+rNF−1 −rNF} ), y < 0. To take into account of the boundary asymptotics, we introduce a translation, u = u_0 + v, where u_0(y) has continuous second-order derivative and satisfies u_0(y) = −ω_1y − r_1 if y > y_0, u_0(y) = −ω_{NF} y − r_{NF} if y < −y_0, (4.10) where y_0 > 0 is a suitable constant to be determined shortly. Then the equation (4.1) becomes v^{′′} = λ(Q(y)e^v − 1) + h(y), (4.11) where h(y) = −u^{′′}_0(y) is of compact support and Q(y) = e^{u0(y)}M(y) has the representations Q(y) = 1 + e^{(ω2−ω1)y+r2 −r1} + · · · + e^{(ωNF −ω1)y+rNF −r1} , y > y_0, (4.12) Q(y) = 1 + e^{(ω1−ωNF )y+r1 −rNF} + · · · + e^{(ωNF−1−ωNF )y+rNF−1 −rNF} , y < −y_0. (4.13) Of course, Q(y) > 0 everywhere, Q(±∞) = 1, and the boundary conditions (4.2) and (4.3) become the standard one, v = 0 at y = ±∞. (4.14)

7The bound agrees with the previous result of the iterative approximation [20].

Since u^′_0(y) = −ω_1 for y > y_0 and u^′_0(y) = −ω_{NF} for y < −y_0, it is clear that, when y_0 > 0 is sufficiently large, we can define u^′_0(y) for −y_0 ≤ y ≤ y_0 to make |u^{′′}_0(y)| as small as we please. In particular, we may achieve (say) |h(y)| = |u^{′′}_0(y)| < λ 2 for all y. (4.15)

This assumption will be observed in the subsequent analysis.

It is clear that (4.11) is the Euler–Lagrange equation of the action functional I(v) = ∫ { 1 2 (v^′)^2 + λQ(y)(e^v − v − 1) + λ(Q(y) − 1)v + hv } , (4.16)

where and in the sequel, we use ∫ to stand for the Lebesgue integral over the whole real line (−∞, ∞) and we omit writing out the measure dy when no risk of confusion arises.

In order to accommodate the boundary condition (4.14), we work on the standard Sobolev space W^{1,2}(R)= the completion of the set of all compactly supported real-valued smooth functions over R under the norm ‖f‖^2_W 1,2_{(R)} = ‖f‖^2 + ‖f^′‖^2, where we use ‖ · ‖_p (p ≥ 1) to denote the integral norm ‖f‖_p = ( ∫ |f(y)|^p ) 1_p . Use C(R) to denote the space of continuous functions over R vanishing at ±∞, equipped with the standard pointwise norm ‖f‖_{C(R)} = sup_{−∞<y<∞} |f(y)|. Then an immediate application of the Schwartz inequality yields the continuous embedding W^{1,2}(R) ⊂ C(R) with ‖f‖_{C(R)} ≤ ‖f‖_W 1,2_{(R)}, f ∈ W^{1,2}(R). (4.17)

Using (4.17), we see that the functional (4.16) is a well-defined, continuously differentiable, functional over W^{1,2}(R), which is also strictly convex.

In the following, we show that (4.16) has a critical point in W^{1,2}(R) by minimizing (4.16) over W^{1,2}(R).

Recall the following one-dimensional Gagliardo–Nirenberg inequality: ∫ |f|^{p+1} ≤ C(p) ( ∫ f^2

) p+3_4 ( ∫ (f^′)^2 ) p−1_4 , f ∈ W^{1,2}(R), (4.18)

where p > 1 and C(p) is a positive constant depending only on p.

Note that, in view of the Schwartz inequality and Gagliardo–Nirenberg inequality (4.18) (with p = 3), we have ( ∫ v^2

)_2

= ( ∫ |v| 1 + |v| (1 + |v|)|v| )_2

≤ ∫ v^2 (1 + |v|)^2 ∫ (1 + |v|)^2v^2 ≤ 2 ∫ v^2 (1 + |v|)^2 ∫ (v^2 + v^4) ≤ C_1 ∫ v^2 (1 + |v|)^2 ( ∫ v^2 + ( ∫ v^2

) 3_2 ( ∫ (v^′)^2

) 1_2 )

≤ 1 2 ( ∫ v^2

)_2

+ C_2 ( ∫ v^2 (1 + |v|)^2

)_2 + C_3 (( ∫ v^2 (1 + |v|)^2

)_6 + ( ∫ (v^′)^2

)_6) . Consequently, we have ‖v‖_2 ≤ C_0 ( 1 + ∫ v^2 1 + |v| + ∫ (v^′)^2 dy

) 3_2 , (4.19)

where C_0 > 0 is a suitable constant.

Define J(v) = (DI(v))(v) (the Fréchet derivative) for v ∈ W^{1,2}(R). Then

J(v) = lim_{t→0} I(v + tv) − I(v) t = (DI(v))(v) = ∫ { (v^′)^2 + λQ(y)(e^v − 1)v + q(y)v } , (4.20)

where q(y) = λ(Q(y) − 1) + h(y) vanishes at y = ±∞ exponentially fast.

Let v^+ and v^− be the positive and negative parts of v respectively. That is, v = v^+ − v^− and

v^+ = max{v, 0} = 1 2 (v + |v|), v^− = max{0, −v} = 1 2 (|v| − v). Then the functional J(v) defined in (4.20) may be rewritten as

J(v) = ‖v^′‖^2 + J_1(v) + J_2(v), (4.21)

where

J_1(v) = ∫ {λQ(y)(e^{v+} − 1)v^+ + q(y)v^+},

J_2(v) = ∫ {λQ(y)(e^{−v−} − 1)(−v^−) − q(y)v^−}.

Recall that Q(y) ≥ 1, (e^{v+} − 1)v^+ ≥ (v^+)^2, (e^{−v−} − 1)(−v^−) ≥ (v^−)^2/(1 + |v^−|). Hence

J_1(v) ≥ λ‖v^+‖^2 − ‖q‖_2‖v^+‖_2 ≥ λ 2 ‖v^+‖^2 − 1 2λ ‖q‖^2, (4.22)

J_2(v) ≥ ∫ λQ(y) (v^−)^2 1 + |v^−| − ∫ q(y) v^− 1 + |v^−| (1 + |v^−|) ≥ ∫ λQ(y) (v^−)^2 1 + |v^−| − ∫ |q(y)| − ∫ (λ(Q(y) − 1) + h(y))

(v^−)^2 1 + |v^−| ≥ ∫ (λ − |h(y)|) (v^−)^2 1 + |v^−| − ∫ |q(y)| ≥ λ 2 ∫ (v^−)^2 1 + |v^−| − ∫ |q(y)|, (4.23) where we have used (4.15). Inserting (4.22) and (4.23) into (4.21) and applying (4.19), we arrive at J(v) ≥ ‖v^′‖^2 + λ 2 ∫ v^2 1 + |v| − C_4, ≥ 1 2 ‖v^′‖^2 + min { 1 2 , λ 2 }( ‖v^′‖^2 + ∫ v^2 1 + |v| ) − C_4 ≥ 1 2 ‖v^′‖^2 + min { 1 2 , λ 2 } C^{−2/3}_0 ‖v‖^{2/3}_2 − C_5, (4.24)

where the constants C_4, C_5 > 0 depend only on λ and q(y). Note also that ‖v^′‖^{2/3}_2 ≤ (1/3)‖v^′‖^2 + (2/3). We can rewrite (4.24) more evenly as

J(v) ≥ C_6(‖v‖^{2/3}_2 + ‖v^′‖^{2/3}_2 ) − C_7 ≥ C_8‖v‖^{2/3}_{W 1,2(R)} − C_9, (4.25)

where C_6, C_7, C_8, C_9 are some positive constants.

With the above estimates, we are now ready to do minimization following a standard path. In view of (4.25), let R > 0 be such that

inf{J(v) | v ∈ W^{1,2}(R), ‖v‖_W 1,2_{(R)} = R} ≥ 1, (4.26)

and consider the minimization problem

σ = inf{I(v) | ‖v‖_W 1,2_{(R)} ≤ R}. (4.27)

Let {v_n} be a minimizing sequence of the problem (4.27). Since {v_n} is bounded in W^{1,2}(R), by extracting a subsequence if necessary, we may assume that {v_n} is also weakly convergent. Let ṽ be its weak limit in W^{1,2}(R). Since I(·) is a continuously differentiable functional over W^{1,2}(R) and convex, I(·) is weakly lower semicontinuous. Hence I(ṽ) ≤ lim_{n→∞} I(v_n) = σ. Of course, ‖ṽ‖_W 1,2_{(R)} ≤ R because the norm of W^{1,2}(R) is also weakly lower semicontinuous. Hence ṽ solves (4.27). That is, I(ṽ) = σ. To show that ṽ is a critical point of I(·), we need to show that ṽ is interior, or ‖ṽ‖_W 1,2_{(R)} < R.

Otherwise, if ‖ṽ‖_W 1,2_{(R)} = R, then, by (4.26), we have

lim_{t→0} I(ṽ − tṽ) − I(ṽ) t = −(DI(ṽ))(ṽ) = −J(ṽ) ≤ −1. In particular, when t > 0 is sufficiently small, we have I(ṽ − tṽ) < I(ṽ) = σ. On the other hand, ‖ṽ − tṽ‖_W 1,2_{(R)} = (1 − t)R < R. These two facts violate the definition of σ made in (4.27).

Therefore ṽ is interior. Consequently, it is a critical point of I(·) in W^{1,2}(R), which is a weak solution of (4.11). The standard elliptic regularity theory shows that this gives rise to a C^∞-solution of the original equation (4.1) subject to the boundary conditions (4.2) and (4.3).

The strict convexity of I(·) already implies that I(·) can have at most one critical point in W^{1,2}(R). Hence I(·) has exactly one critical point in W^{1,2}(R) and the uniqueness of a solution to (4.1)–(4.3) or (4.11) and (4.14) follows. In fact, such a uniqueness result follows from the structure of the equation in a more straightforward way: if v_1 and v_2 are two solutions of (4.11) and (4.14), then w = v_1 − v_2 satisfies w^{′′} = λQ(y)e^{ξ(y)}w where ξ(y) lies between v_1(y) and v_2(y). Since w = 0 at y = ±∞ and Q(y)e^{ξ(y)} > 0 for any y, we must have w(y) ≡ 0.

Finally, we estimate the asymptotic exponential decay rates of the solution of (4.11) and (4.14) near y = ±∞. For y > y_0, we see that (4.11) takes the form v^{′′} = λQ(y)(e^v − 1) + λ(Q(y) − 1). (4.28) Introduce a comparison function V = Ce^{−√ω(1−ε)y}, ω = min{λ, (ω_1 − ω_2)^2}, 0 < ε < 1. (4.29) Then V satisfies V^{′′} = ω(1 − ε)^2V . In view of this, (4.28), and (4.29), we have (v ± V )^{′′} = λQ(y)e^{ξ(y)}(v ± V ) + λ(Q(y) − 1) ∓ (λQ(y)e^{ξ(y)} − ω(1 − ε)^2)Ce^{−√ω(1−ε)y}, (4.30) where ξ(y) lies between 0 and v(y). Assume that the constant C in (4.29) satisfies C ≥ 1 (say). Since v(y) → 0 and Q(y) − 1 = O(e^{−(ω1−ω2 )y}) as y → ∞, we can find a sufficiently large y_1 > 0 so that λ(Q(y) − 1) − (λQ(y)e^{ξ(y)} − ω(1 − ε)^2)Ce^{−√ω(1−ε)y} < 0, y > y_1. (4.31) Combining (4.30) and (4.31), we arrive at (v + V )^{′′} < λQ(y)e^{ξ(y)}(v + V ), y > y_1. (4.32) Of course, we may choose the constant C ≥ 1 in the definition of the function V (see (4.29)) sufficiently large so that (v + V )(y_1) ≥ 0. Using this condition, the fact that v + V = 0 at y = ∞, and (4.32), we get (v + V )(y) > 0 for all y > y_1.

On the other hand, since Q(y) > 1 for y > y_0 (see (4.12)), in view of (4.29) and (4.30) again, we see that there is a sufficiently large y_2 > y_0 so that (v − V )^{′′} > λQ(y)e^{ξ(y)}(v − V ), y > y_2. (4.33) Again, we may choose the constant C ≥ 1 (say) in the definition of the function V (see (4.29)) sufficiently large so that (v − V )(y_2) ≤ 0. Using this condition, the fact that v − V = 0 at y = ∞, and (4.33), we get (v − V )(y) < 0 for all y > y_2.

In summary, we have obtained the expected asymptotic exponential decay estimate |v(y)| < V (y) = Ce^{−√ω(1−ε)y} for y → ∞. A similar argument leads to the exponential decay estimate for v(y) as y → −∞.

The proof of Theorem 4.1 is now complete.

The Acknowledgments

N.S. wishes to thank a fruitful collaboration with Minoru Eto, Youichi Isozumi, Muneto Nitta, Keisuke Ohashi, Kazutoshi Ohta, Yuji Tachikawa, and David Tong. He is also benefitted from useful communications with Jarah Evslin and David Tong on the solvability of the master equations. N.S. is supported in part by Grant-in-Aid for Scientific Research from the Ministry of Education, Culture, Sports, Science and Technology, Japan No.16028203 for the priority area “origin of mass” and No.17540237. Y.Y. was supported in part by NSF grant DMS–0406446.

References

[1] N. Seiberg and E. Witten, Nucl. Phys. B426, 19 (1994) [Erratum-ibid. B430, 485 (1994)] [arXiv:hep-th/9407087]; Nucl. Phys. B431, 484 (1994) [arXiv:hep-th/9408099]; N. Seiberg, Nucl. Phys. B435, 129 (1995) [arXiv:hep-th/9411149].

[2] P. Horava and E. Witten, Nucl. Phys. B460, 506 (1996) [arXiv:hep-th/9510209].

[3] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B429, 263 (1998) [arXiv:hep-ph/9803315]; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B436, 257 (1998) [arXiv:hep-ph/9804398].

[4] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370 [arXiv:hep-ph/9905221]; Phys.

Rev. Lett. 83 (1999) 4690 [arXiv:hep-th/9906064].

[5] S. Dimopoulos and H. Georgi, Nucl. Phys. B193, 150 (1981); N. Sakai, Z. f. Phys. C11, 153 (1981); E. Witten, Nucl. Phys. B188, 513 (1981); S. Dimopoulos, S. Raby and F. Wilczek, Phys. Rev. D24, 1681 (1981).

[6] E. Witten and D. Olive, Phys. Lett. 78B (1978) 97.

[7] E. Bogomol’nyi, Sov. J. Nucl. Phys. B24 (1976) 449; M.K. Prasad and C.H. Sommerfield, Phys. Rev. Lett. 35 (1975) 760.

[8] E. R. C. Abraham and P. K. Townsend, Phys. Lett. B291, 85 (1992); Phys. Lett. B295, 225 (1992); M. Cvetic, F. Quevedo and S. J. Rey, Phys. Rev. Lett. 67, 1836 (1991); M. Cvetic, S. Griffies and S. J. Rey, Nucl. Phys. B381, 301 (1992) [arXiv:hep-th/9201007].

[9] G. R. Dvali and M. A. Shifman, Nucl. Phys. B504, 127 (1997) [arXiv:hep-th/9611213]; Phys.

Lett. B396, 64 (1997) [Erratum-ibid. B407, 452 (1997)] [arXiv:hep-th/9612128]; A. Kovner, M. A. Shifman and A. Smilga, Phys. Rev. D56, 7978 (1997) [arXiv:hep-th/9706089]; A. Smilga and A. Veselov, Phys. Rev. Lett. 79 (1997) 4529 [arXiv:hep-th/9706217]; B. de Carlos and J. M. Moreno, Phys. Rev. Lett. 83 (1999) 2120 [aXiv:hep-th/9905165];

D. Bazeia, H. Boschi-Filho and F. A. Brito, JHEP 9904 (1999) 028 [arXiv:hep-th/9811084]; V. S. Kaplunovsky, J. Sonnenschein and S. Yankielowicz, Nucl. Phys. B552 (1999) 209 [arXiv:hep-th/9811195]; G. R. Dvali, G. Gabadadze and Z. Kakushadze, Nucl. Phys. B562 (1999) 158 [arXiv:hep-th/9901032]; K. Ito, H. Oda, M. Naganuma, and N. Sakai, Phys. Lett. B471 (1999) 140, [arXiv:hep-th.9910095]; M. Naganuma and M. Nitta, Prog. Theor. Phys. 105 (2001) 501 [arXiv:hep-th/0007184]; B. S. Acharya and C. Vafa, arXiv:hep-th/0103011; N. Maru, N. Sakai, Y. Sakamura and R. Sugisaka, Nucl. Phys. B616 (2001) 47 [arXiv:hep-th/0107204]; D. Binosi and T. ter Veldhuis, Phys. Rev. D63 (2001) 085016 [arXiv:hep-th/0011113]; A. Ritz, M. Shifman and A. Vainshtein, Phys. Rev. D66 (2002) 065015 [arXiv:hep-th/0205083]; M. Eto, N. Maru, N. Sakai and T. Sakata, Phys. Lett. B553 (2003) 87-95 [arXiv:hep-th/0208127]; M. Eto and N. Sakai, Phys. Rev. D68 (2003) 125001 [arXiv:hep-th/0307276].

[10] J. P. Gauntlett, D. Tong and P. K. Townsend, Phys. Rev. D64, 025010 (2001) [arXiv:hep-th/0012178].

[11] J. P. Gauntlett, D. Tong and P. K. Townsend, Phys. Rev. D63, 085001 (2001) [arXiv:hep-th/0007124].

[12] J. P. Gauntlett, R. Portugues, D. Tong and P. K. Townsend, Phys. Rev. D63, 085002 (2001) [arXive: hep-th/0008221].

[13] M. Arai, M. Naganuma, M. Nitta and N. Sakai, Nucl. Phys. B652, 35 (2003) [arXiv:hep-th/0211103]; Garden of Quanta - In honor of Hiroshi Ezawa, Eds. by J. Arafune et al. (World Scientific Publishing Co. Pte. Ltd. Singapore, 2003) pp 299-325, [arXiv:hep-th/0302028].

[14] M. Naganuma, M. Nitta and N. Sakai, Grav. Cosmol. 8, 129 (2002) [arXiv:hep-th/0108133];

R. Portugues and P. K. Townsend, JHEP 0204, 039 (2002) [arXiv:hep-th/0203181].

[15] M. Shifman and A. Yung, Phys. Rev. D67, 125007 (2003) [arXiv:hep-th/0212293].

[16] M. Arai, E. Ivanov and J. Niederle, Nucl. Phys. B680, 23 (2004) [arXiv:hep-th/0312037].

[17] M. Arai, S. Fujita, M. Naganuma and N. Sakai, Phys. Lett. B556, 192 (2003) [arXiv:hep-th/0212175]; to appear in the proceedings of International Seminar on Supersymmetries and Quantum Symmetries SQS 03, Dubna, Russia, 24-29 Jul 2003, [arXiv:hep-th/0311210]; to appear in the proceedings of SUSY 2003, “SUSY in the Desert” 11th Annual International Conference on Supersymmetry and the Unification of Fundamental Interactions, Tucson, Arizona, 5-10 Jun 2003. [arXiv:hep-th/0402040]; M. Eto, S. Fujita, M. Naganuma and N. Sakai, Phys. Rev. D69, 025007 (2004) [arXiv:hep-th/0306198].

[18] D. Tong, Phys. Rev. D66, 025013 (2002) [arXiv:hep-th/0202012].

[19] D. Tong, JHEP 0304, 031 (2003) [arXiv:hep-th/0303151].

[20] Y. Isozumi, K. Ohashi, and N. Sakai, JHEP 0311, 060 (2003) [arXiv:hep-th/0310189];

JHEP 0311, 061 (2003) [arXiv:hep-th/0310130].

[21] M. Arai, M. Nitta and N. Sakai, Prog. Theor. Phys. 113, 657 (2005) [arXiv:hep-th/0307274];

to appear in the Proceedings of the 3rd International Symposium on Quantum Theory and Symmetries (QTS3), September 10-14, 2003, [arXiv:hep-th/0401084]; to appear in the Proceedings of the International Conference on “Symmetry Methods in Physics (SYM- PHYS10)” held at Yerevan, Armenia, 13-19 Aug. 2003 [arXiv:hep-th/0401102]; to appear in the Proceedings of SUSY 2003 held at the University of Arizona, Tucson, AZ, June 5-10, 2003 [arXiv:hep-th/0402065].

[22] M. Shifman and A. Yung, Phys. Rev. D70, 025013 (2004) [arXiv:hep-th/0312257].

[23] Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, Phys. Rev. Lett. 93, 161601 (2004) [arXive:hep-th/0404198].

[24] Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, Phys. Rev. D70, 125014 (2004) [arXive:hep-th/0405194].

[25] Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, Phys. Rev. D71, 065018 (2005) [arXiv:hep-th/0405129].

[26] Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, the proceedings of 12th International Conference on Supersymmetry and Unification of Fundamental Interactions (SUSY 04), p.1, (KEK) Tsukuba, Japan, 17-23 Jun 2004 [arXiv:hep-th/0409110]; to appear in the proceedings of “NathFest” at PASCOS conference, Northeastern University, Boston, Ma, August 2004 [arXiv:hep-th/0410150].

[27] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi, K. Ohta and N. Sakai, Phys. Rev. D71, 125006 (2005) [arXiv:hep-th/0412024].

[28] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, arXiv:hep-th/0412048.

[29] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi, K. Ohta, N. Sakai, and Y. Tachikawa, Phys. Rev.

D71 (2005) 105009, [arXiv:hep-th/0503033].

[30] N. Sakai and D. Tong, JHEP 03, 019 (2005) [arXiv:hep-th/0501207].

[31] N. S. Manton, Phys. Lett. B110, 54 (1982).

[32] U. Lindström and M. Roček, Nucl. Phys. B222, 285 (1983).

[33] N. J. Hitchin, A. Karlhede, U. Lindström and M. Roček, Commun. Math. Phys. 108, 535 (1987).

[34] K. Kakimoto and N. Sakai, Phys. Rev. D68, 065005 (2003) [arXiv:hep-th/0306077].

[35] K. S. M. Lee, Phys. Rev. D67, 045009 (2003) [arXiv:hep-th/0211058].

[36] A. Jaffe and C. H. Taubes, Vortices and Monopoles, Birkhauser, Boston, 1980.