arXiv:hep-th/0505157 v3 20 Mar 2006

UK/05-03 hep-th/0505157

On D-Brane Boundary State Analysis

in Pure Spinor Formalism

Partha Mukhopadhyay

Department of Physics and Astronomy University of Kentucky, Lexington, KY-40506, U.S.A.

E-mail: partha@pa.uky.edu

Abstract

We explore a particular approach to study D-brane boundary states in Berkovits’ pure spinor formalism of superstring theories. In this approach one constructs the boundary states in the relevant conformal field theory by relaxing the pure spinor constraints. This enables us to write down the open string boundary conditions for non-BPS D-branes in type II string theories, generalizing our previous work in light-cone Green-Schwarz formalism. As a first step to explore how to apply these boundary states for physical computations we prescribe rules for computing disk one point functions for the supergravity modes. We also comment on the force computation between two D-branes and point out that it is hard to make the world-sheet open-closed duality manifest in this computation.

Contents

1 Introduction and Summary 2

2 The Conformal Field Theory 5

3 Boundary Conditions and Boundary States 8 3.1 BPS D-Branes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.2 Non-BPS D-Branes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

4 Computing Physical Quantities 13 4.1 Sources for Massless Closed String Modes . . . . . . . . . . . . . . . . . . . 14 4.2 Comments on Force Computation . . . . . . . . . . . . . . . . . . . . . . . 18

5 Discussion 20

A Gamma Matrices and Fiertz Identities 22

1 Introduction and Summary

Quantizing superstrings with manifest super-Poincaré covariance is a long standing problem. Several years ago an extension of Siegel’s approach [1] to Green-Schwarz (GS) superstrings [2] was proposed by Berkovits [3, 4, 5, 6, 7], where a set of bosonic ghost degrees of freedom, which are space-time spinors satisfying a pure spinor constraint, were introduced. Various intuitive rules have been suggested for necessary computations. It has been argued [4] that it gives the correct physical perturbative spectrum of string theory. Rules for computing scattering amplitudes have also been formulated [3, 5, 6] which have produced super-Poincaré covariant results more easily than the standard Nevew-Schwarz-Ramond (NSR) formalism. These striking results make it essential to study this approach deeply in order to get new insights into superstring theories^1. Certainly an important issue to be considered is the study of D-branes in this context. This has been done from various points of view in [10, 11, 12] (see also [13]). In particular, in [12] Schiappa and Wyllard studied the boundary state analysis for D-branes and disk scattering amplitudes. Due to the pure spinor constraint the construction of boundary states, which involved relating the variables of pure spinor and NSR formalisms [7], looks complicated. To avoid such complications we shall explore an alternative approach which might provide a convenient

1See [8] for other relevant works and [9] for studies on different non-trivial backgrounds.

computational tool for analysis involving boundary states. We shall discuss this below after going through some basic relevant features of pure spinor formalism.

In pure spinor formalism one starts out with a given conformal field theory (CFT) which is supposed to be the conformal gauge fixed form of a local action^2. In addition to the usual bosonic matter of the standard NSR formalism, this CFT also includes a fermionic matter and a bosonic ghost parts both of which contain space-time fermions. All the world-sheet fields are free except that the ghost fields are required to satisfy a covariant pure spinor constraint^3 which removes the desired number of degrees of freedom. Naturally, this constraint makes the Hilbert space structure of the theory more complicated than the one corresponding to the unconstrained CFT. The physical states are given by the states of certain ghost number in the cohomology of a proposed BRST operator [3]. As usual, there exists linearized gauge transformation provided by the BRST exact states. Although it is understood how the massless closed string states arise in this formalism, arbitrarily high massive states are difficult to describe. This is because of the pure spinor constraint and the fact that, to begin with, the vertex operators are arbitrary functions on the d = 9 + 1, N = 1 superspace (for open strings). Although the latter may be expected for a manifestly super-Poincaré covariant formalism, it results in a lot of redundant fields [17, 18, 19] which need to be removed by gauge fixation, a procedure that has to be done separately at every level. In NSR formalism the associated gauge symmetry is fixed by a set of well known simple conditions. Moreover, in this gauge the quadratic part of the space-time action simplifies in a certain manner so that the propagator gets an interpretation of the world-sheet time evolution [20]. This sits at the heart of the fact that world-sheet open-closed duality is manifest in NSR computations. It is not yet clear what should be the analog of this gauge choice in pure spinor formalism.

Let us now discuss D-brane boundary states in this context^4. Given a closed string Hilbert space this state is found as a solution to the open string boundary condition expressed in the closed string channel. Construction of the Hilbert space covariantly in pure spinor formalism is not very easy as the CFT is actually interacting because of the pure spinor constraint. Nevertheless, since the interaction is introduced only through the constraint, one might expect that this Hilbert space can be embedded in the bigger Hilbert space of the unconstrained theory which is completely free. Our approach will

2Attempts have been made in [14] to understand the origin of this approach. 3Extensions of the present framework by relaxing this constraint have been considered in [15, 16]. 4See, for example, [21] for reviews on this subject in NSR formalism.

be to construct boundary states in the unconstrained theory and to prescribe rules for computing physical quantities using them. Computationally, this may prove favorable provided all such rules can be consistently set up. This approach makes it easy to write down the open string boundary conditions and boundary states for BPS D-branes. The same for non-BPS D-branes in light-cone GS formalism were recently found in [22]. The open string boundary conditions turned out to relate bi-local operators that are quadratic in space-time fermions. We shall see that it has a simple generalization to the present case.

To explore exactly how these boundary states should be used for physical computations we first consider computing the strength of the closed string sources that D-branes produce. Here we demonstrate that indeed a consistent set of rules can be prescribed at least for the supergravity modes, leaving its generalization to higher massive modes and to arbitrary disk scattering amplitudes for future work. Another interesting computation to be understood is the so-called cylinder diagram which gives the force between two Dbranes and demonstrates the world-sheet open-closed duality. Because of the problem of gauge fixation mentioned earlier, this computation is not straightforward in pure spinor formalism. Moreover, in NSR formalism ghosts produce a background independent contribution which cancels two (light-cone) coordinates worth of contribution from the matter part. We emphasize that it is difficult to get such background independent contribution in pure spinor formalism. We demonstrate this with the simplest computation, namely the long range NS-NS force between two parallel D-branes where only the massless NS-NS states are involved. The relevant ghost contribution in NSR formalism comes from the ghost-dilaton which does not have any analog in pure spinor formalism. This does not necessarily imply any inconsistency as the whole computation can be performed in supergravity where one is only required to evaluate a tree-level Feynman diagram between two sources [23]. The only role played by the boundary states in this computation is to provide the correct strength for the sources^5. Obviously the world-sheet open-closed duality will not be manifest in such a computation. Extending this argument to higher massive levels we suggest that the present boundary state should actually be compared with the NSR boundary states in old covariant quantization. Computation of the R-R amplitude is complicated even in the NSR formalism because of the superghost zero modes [24]. Its

5This statement is true even at the full string theoretic level as long as there is a space-time field theoretic way of computing the force.

study in the pure spinor formalism may require special attention which we leave for future work.

The rest of the paper is organized as follows. We review the basic CFT structure of the pure spinor formalism in sec.2. The BPS and non-BPS boundary conditions and boundary states have been discussed in sec.3. Sec.4 concentrates on physical computations where we demonstrate how to compute disk one point functions for the supergravity modes and comment on the force computation. Sec.5 discusses some future directions. Our convention for the gamma matrices and relevant identities are given in the appendix.

2 The Conformal Field Theory

In pure spinor formalism one begins with a CFT which has the following three parts for type II string theories [3]:

S = S_B + S_F + S_G , (2.1)

where S_B is same as the bosonic matter conformal field theory in the usual NSR formalism and therefore has central charge c_B = c̃_B = 10. The left moving part of S_F is the direct sum of 16 fermionic (b, c) theories, namely (p_α(z), θ^α(z)) where α = 1, 2, · · · , 16 is a space-time spinor index that has been explained in appendix A. Conformal dimensions of the fields are as follows: h_{pα} = 1, h_{θα} = 0. For type IIB string theory the right moving part is same as the left moving part whereas for type IIA the space-time chirality of the fields are just opposite, i.e. (p^α(z̄), θ_α(z̄)). Therefore the central charges for S_F are c_F = c̃_F = −32. The bosonic ghost part S_G is the most difficult part. The left moving part of it is given by the direct sum of 16 bosonic (β, γ) systems: (w_α(z), λ^α(z)) with conformal dimensions h_{wα} = 1, h_{λα} = 0 and with a pure spinor constraint on λ^α. Just like the case of S_F the right moving part of S_G is same as the left moving part for type IIB and the fields take opposite space-time chirality for type IIA. For definiteness we shall hereafter consider only type IIB string theory. The pure spinor constraints are given by,

λ^α(z)γ̄^μ_{αβ}λ^β (z) = λ̃^α(z̄)γ̄^μ_{αβ}λ̃^β (z̄) = 0 . (2.2)

Our notation for the gamma matrices can be found in appendix A. Because of these pure spinor constraints there are actually 11 independent fields instead of 16 and therefore S_G has central charges c_G = c̃_G = 22 (see [25] for a recent covariant computation of this central charge), instead of 32. This makes the total central charge of S zero. The local gauge transformations corresponding to the above constraints are given by,

δλ^α(z) = 0 , δλ̃^α(z̄) = 0 , δw_α(z) = Λ_μ(z)γ̄^μ_{αβ} λ^β (z) , δw̃_α(z̄) = Λ̃_μ(z̄)γ̄^μ_{αβ}λ̃^β (z̄) , (2.3)

which reduce the degrees of freedom of w_α and w̃_α. As a result only the gauge invariant operators λ^α(z)w_α(z) and λ^α(z)γ̄^{μν β}_α w_β(z) (and similarly for the right moving sector) can appear in the construction of physical states. Space-time supersymmetry and BRST currents are given by (α^′ = 2),

q_α = p_α + 1 2 (γ̄^μθ)_α∂X_μ + 1 24 (γ̄^μθ)_α(θγ̄∂θ) , j_B = λ^αd_α , d_α = p_α − 1 2 (γ̄^μθ)_α∂X_μ − 1 8 (γ̄^μθ)_α(θγ̄_μ∂θ) , (2.4)

and similarly for the right moving components.

Covariant quantization of the above CFT is not straightforward due to the pure spinor constraint. Nevertheless all the allowed states should form a subspace of the unconstrained Hilbert space which corresponds to the completely free theory. Performing the usual mode expansion with periodic boundary conditions for the world-sheet fields and quantizing the free theory one gets the following nontrivial commutation relations, [λ^α_m, w_{β,n}] = δ^α_βδ_{m+n} , {θ^α_m, p_{β,n}} = δ^α_β δ_{m+n} , m, n ∈ Z , (2.5) and similarly for the right moving sector. The full Hilbert space is obtained by applying the negative modes freely on the ground states. Defining the states |0⟩ and |^0⟩ in the following way, λ^α_n θ^α_n |0⟩ = 0 , ∀α, n > 0 , w_{α,n} p_{α,n} |0⟩ = 0 , ∀α, n ≥ 0 ,

λ^α_n θ^α_n |^0⟩ = 0 , ∀α, n ≥ 0 , w_{α,n} p_{α,n} |^0⟩ = 0 , ∀α, n > 0 , (2.6)

all the ground states having the same L_0 eigenvalue can be obtained by either applying λ^α_0 and θ^α_0 repeatedly on |0⟩ or applying w_{α,0} and p_{α,0} repeatedly on |^0⟩. Since the ghost sector is bosonic the number of ground states corresponding to this sector is actually infinite. The ground states of the (p_α, θ^α) system, along with those of the bosonic matter, construct the d = 9 + 1, N = 1 superspace.

Assigning the ghost numbers (g, g̃) to various fields in the following way: λ^α → (1, 0), w_α → (−1, 0), λ̃^α → (0, 1), w̃_α → (0, −1) and others → (0, 0), a physical on-shell vertex operator V (z, z̄) is defined to be a (1, 1) operator such that,

Q_B|V ⟩ = 0 , Q̃_B|V ⟩ = 0 , (2.7)

where Q_B = ∮ dz 2πi j_B (z) (similarly for Q̃_B) and |V ⟩ = V (0, 0)|0⟩ ⊗ ~|0⟩. Clearly the linearized gauge transformation is given by, |δV ⟩ = Q_B|Φ⟩ + Q̃_B|Φ̃⟩ for any ghost number (0, 1) and (1, 0) operators Φ and Φ̃ respectively. In particular, the massless vertex operators are given by,

NS-NS : a^{(μ}(z)ã^{ν)}(z̄)e^{ik.X} (z, z̄) , NS-R : a^μ(z)χ̃_α(z̄)e^{ik.X} (z, z̄) , R-NS : χ_α(z)ã^μ(z̄)e^{ik.X} (z, z̄) , R-R (field strength) : χ_α(z)χ̃_β(z̄)e^{ik.X} (z, z̄) , (2.8)

where, to the lowest order in the θ-expansion [5]^6,

a^μ(z) = λ(z)γ̄^μθ(z) , χ_α(z) = (λ(z)γ̄^μθ(z))(γ̄_μθ(z))_α , (2.9)

and similarly for the right moving operators. The zero modes saturation rule suggested by Berkovits [3] can be obtained by choosing a particular out-going ground state in the unconstrained theory [26],

⟨(λ_0γ̄^μθ_0)(λ_0γ̄^ν θ_0)(λ_0γ̄^ρθ_0)(θ_0γ̄_{μνρ} θ_0)⟩_{Berkovits} = ⟨Ω|(λ_0γ̄^μθ_0)(λ_0γ̄^ν θ_0)(λ_0γ̄^ρθ_0)(θ_0γ̄_{μνρ}θ_0)|0⟩ = 1 , (2.10)

where, |Ω⟩ = 1 c (w_0γ^μp_0)(w_0γ^ν p_0)(w_0γ^ρp_0)(p_0γ_{μνρ}p_0)|^0⟩ , (2.11)

c being a numerical constant chosen properly to satisfy the second line of eq.(2.10). Here we adopt the following notation: ⟨· · ·⟩_{Berkovits} refers to a correlation function computed in

6Although the vertex operators are BRST invariant only when the full θ-expansions are considered, the leading order terms will suffice for our computations.

the actual constrained CFT. Any other inner product will be computed in the free CFT. Notice that according to the convention of Chesterman [26], the ghost numbers for the states |0⟩ and |^0⟩ are 8 and −8 respectively. Following the same convention we can find the ghost number of any given state in this CFT.

3 Boundary Conditions and Boundary States

Here we concentrate only on the combined fermionic matter and bosonic ghost part of the CFT as the bosonic matter part is well understood. As has been discussed before, we shall study the open string boundary conditions and the corresponding boundary states in the unconstrained CFT^7. The traditional method of finding these boundary conditions is to take variation of the world-sheet action with respect to the basic fields and then set the boundary term to zero. In our case these conditions give the following equations on the upper half plane (UHP),

w_α(z)δλ^α(z) = w̃_α(z̄)δλ̃^α(z̄) ,

p_α(z)δθ^α(z) = p̃_α(z̄)δθ̃^α(z̄) , at z = z̄ . (3.1)

As was pointed out in [22], although the BPS boundary conditions can be easily obtained from the above conditions, the ones corresponding to non-BPS D-branes are not straightforward. We shall discuss both the cases below.

3.1 BPS D-Branes

Let us consider a type IIB BPS Dp-brane (p = odd) aligned along x^0, x^1, · · · , x^p. Introducing the column vectors,

U^α(z) = ( λ^α(z) θ^α(z) ) , V_α(z) = ( w_α(z) p_α(z) ) , (3.2)

and similarly for the right moving sector, the open string boundary conditions which satisfy eqs. (3.1) can be written as,

U^α(z) = η(M^S )^α_βŨ^β (z̄) , V_α(z) = −η(M̄^S )^β_α Ṽ_β (z̄) , at z = z̄ , (3.3)

7Although the unconstrained CFT is not relevant to any string theory and therefore there does not exist any open string interpretation, we shall still continue to use this terminology by the abuse of language.

where η = ±1 which correspond to brane and anti-brane respectively. The spinor matrices represent a set of reflections along the Neumann directions in the following way, M^S = γ^{01···p} , M̄^S = γ̄^{01···p} . (3.4) The multi-indexed gamma matrices are defined in appendix A. For the lorentzian Dbranes that we are considering here, M̄^S (M^S )^T = (M̄^S )^T M^S = − 1l_{16} . (3.5) These matrices also satisfy the following relations, M^S γ^μ(M^S )^T = −(M^V )^μ_ν γ^ν , (M^S )^T γ̄^μM^S = −(M^V )^μ_νγ̄^ν , (M̄^S )^T γ^μM̄^S = −(M^V )^μ_ν γ^ν , M̄^Sγ̄^μ(M̄^S )^T = −(M^V )^μ_νγ̄^ν , (3.6) where M^V is the vector representation of the set of reflections along the Neumann directions, (M^V )^μ_ν = ϵ_{(μ)}δ^μ_ν , ϵ_{(μ)} = { −1 μ = 0, 1, · · · , p, +1 μ = p + 1, · · · , 9 ,

(3.7) The boundary conditions for the supersymmetry and BRST currents turn out to be, q_α(z) = −η(M̄^S )^β_α q̃_β(z̄) , j_B(z) = j̃_B (z̄) , at z = z̄ . (3.8) The boundary state for such a D-brane situated at the origin of the transverse directions is given by, |BPS, p, η⟩ = N_p ∫ ⃗dk_⊥ exp ∑ n≥1 1 n α_{μ,−n}(M^V )^μ_να̃^ν_{−n} |⃗k_⊥⟩ ⊗ |F, p, η⟩ , (3.9) where N_p is a normalization constant proportional to the D-brane tension, |⃗k_⊥⟩ is the bosonic Foch vacuum with momentum ⃗k_⊥ along the transverse directions, the exponential factor is the usual bosonic oscillator part [21] and |F, p, η⟩ is the combined fermionic matter and ghost part which satisfies the following closed string gluing conditions obtained from the boundary conditions (3.3), U^α_n − η(M^S )^α_βŨ^β_{−n} V_{α,n} − η(M̄^S )^β_α Ṽ_{β,−n} |F, p, η⟩ = 0 , ∀n ∈ Z . (3.10)

The solution is given by, |F, p, η⟩ = exp −η ∑ n≥1 ( U^{αT}_{−n} (M̄^S )^β_α σ_3Ṽ_{β,−n} − Ũ^{αT}_{−n} (M^{ST} )^β_α σ_3V_{β,−n} ) |F, p, η⟩_0 , (3.11)

where σ_3 = diag(1, −1) is the third Pauli matrix and the zero modes part |F, p, η⟩_0 can be given the following two different forms: |F, p, η⟩_0 = exp ( −ηU^{αT}_0 (M̄^S )^β_α σ_3Ṽ_{β,0} ) |0⟩ ⊗ ~|^0⟩ , I , = exp ( ηŨ^{αT}_0 (M^{ST} )^β_α σ_3V_{β,0} ) |^0⟩ ⊗ ~|0⟩ , II . (3.12)

We shall see in section 4.1 that both the above two forms can be used to compute one-point functions of the supergravity modes.

3.2 Non-BPS D-Branes

Non-BPS D-branes in light-cone Green-Schwarz formalism have been studied in [27, 28, 22]. In particular, the covariant open string boundary conditions were found in [22]. Generalizing this work to any manifestly supersymmetric formalism we may write down the following general rules for finding the non-BPS boundary conditions on UHP,

1. Given a set of all the left moving world-sheet fields that are in space-time spinor representation, pair them up in all possible ways to form bi-local operators such as A^α(z)B^β(w), A^α(z)B_β(w), A_α(z)B^β(w) or A_α(z)B_β(w).

2. Expand them using Fiertz identities summarized in eqs.(A.8). These expansions will contain bi-local operators in tensor representations only^8.

3. Equate the left and right moving bi-local operators in tensor representations on the real line by twisting them by the reflection matrix in vector representation.

8As pointed out in [22], there is a subtlety involving the self-dual tensor operator in this expansion which needs to be taken care of. We shall do this explicitly below.

In the present case we use the above rules to obtain the following open string boundary conditions in the unconstrained CFT: U^α(z)U^{βT} (w) = M^{αβ}_{γδ} Ũ^γ (z̄)Ũ^{δT} (w̄) ,

U^α(z)V^T_β (w) = M^{α δ}_{βγ} Ũ^γ (z̄)Ṽ^T_δ (w̄) ,

V_α(z)V^T_β (w) = M^{γδ}_{αβ}Ṽ_γ (z̄)Ṽ^T_δ (w̄) , at z = z̄, w = w̄ , (3.13)

where the coupling matrices are given by (the relevant Fiertz identities are listed in appendix A), M^{αβ}_{γδ} = − [ 1 16 γ^{αβ}_μ (M^V )^μ_νγ̄^ν_{γδ} + 1 16 × 3! γ^{αβ}_{μ1 ···μ3} (M^V )^{μ1}_{ν1} · · · (M^V )^{μ3}_{ν3}γ̄^{ν1 ···ν3}_{γδ} + 1 16 × 5! ∑ μ_1 ,···,μ_5∈K γ^{αβ}_{μ1 ···μ5} (M^V )^{μ1}_{ν1} · · · (M^V )^{μ5}_{ν5}γ̄^{ν1 ···ν5}_{γδ} , M^{α δ}_{βγ} = 1 16 δ^α_β δ^δ_γ + 1 16 × 2!

γ^α_{μ1 μ2 β} (M^V )^{μ1}_{ν1} (M^V )^{μ2}_{ν2}γ̄^{ν1ν2 δ}_γ + 1 16 × 4! γ^α μ_1 ···μ_4 β(M V )^{μ1}_{ν1} · · · (M^V )^{μ4}_{ν4}γ̄^{ν1···ν4 δ}_γ . (3.14)

The summation convention for the repeated indices has been followed for all the terms in the above two equations except for the last term of the first equation. The sum over the five vector indices μ_1 · · · μ_5 has been explicitly restricted to a set K which is defined as follows. We divide the set of all possible sets of five indices {{μ_1, · · · , μ_5}|μ_i = 0, · · · , 9} into two subsets of equal order, namely K and K_D such that for every element {μ_1, · · · , μ_5} ∈ K there exists a dual element {μ_1, · · · , μ_5}_D = {ν_1, · · · , ν_5} ∈ K_D such that, ϵ^{μ1···μ5 ν1···ν5} ≠ 0. A similar restriction is intimately related to the basis construction in light-cone Green- Schwarz formalism [22]. Using the properties (A.5) one can argue that replacing the restricted summation by a free summation would lead to zero for that particular term when M^V corresponds to a non-BPS D-brane. In that case eqs.(3.13) will not be invertible. As argued in [22], since the boundary conditions (3.13) are bi-local, one can take variation of fields independently at the two points. Using this one can easily show that eqs.(3.1) are satisfied. The supersymmetry current in eq.(2.4), being space-time fermionic, do not satisfy a linear boundary condition. By using covariance one can argue that it satisfies the same boundary condition as p_α which can be read out from the last equation in (3.13). Absence of a linear boundary condition such as in eq.(3.8) implies that all the supersymmetries are broken. But the BRST current does satisfy the same condition as in eq.(3.8).

It may seem difficult to obtain the boundary states corresponding to the above boundary conditions. But we follow a trick discussed in [22] to achieve this. By a ”bosonization and refermionization” method we first define a new set of right moving fields Ū^α(z̄) and V̄_α(z̄) in the following way,

Ū^α(z̄)γ̄^μ_{αβ}Ū^{βT} (w̄) = −(M^V )^μ_νŨ^α(z̄)γ̄^ν_{αβ}Ũ^{βT} (w̄) ,

Ū^α(z̄)γ̄^{μ1 ···μ3}_{αβ} Ū^{βT} (w̄) = −(M^V )^μ1_{ν1} · · · (M^V )^μ3_{ν3}Ũ^α(z̄)γ̄^ν1^{···ν}3_{αβ} Ũ^{βT} (w̄) ,

Ū^α(z̄)γ̄^{μ1 ···μ5}_{αβ} Ū^{βT} (w̄) = − (M^V )^{μ1}_{ν1} · · · (M^V )^{μ5}_{ν5}Ũ^α(z̄)γ̄^{ν1···ν5}_{αβ} Ũ^{βT} (w̄) , μ_1, · · · , μ_5 ∈ K ,

−(M^V )^{μ1}_{ν1} · · · (M^V )^{μ5}_{ν5}Ũ^α(z̄)γ̄^{ν1···ν5}_{αβ} Ũ^{βT} (w̄) , μ_1, · · · , μ_5 ∈ K_D , (3.15)

V̄_α(z̄)γ^{μαβ}V̄^T_β (w̄) = −(M^V )^μ_νṼ_α(z̄)γ^{ναβ}Ṽ^T_β (w̄) ,

V̄_α(z̄)γ^μ1^{···μ}3^{αβ}V̄^T_β (w̄) = −(M^V )^μ1_{ν1} · · · (M^V )^μ3_{ν3}Ṽ_α(z̄)γ̄^ν1^{···ν}3^{αβ}Ṽ^T_β (w̄) ,

V̄_α(z̄)γ^μ1^{···μ}5^{αβ}V̄^T_β (w̄) = −

(M^V )^{μ1}_{ν1} · · · (M^V )^{μ5}_{ν5}Ṽ_α(z̄)γ^{ν1···ν5αβ}Ṽ^T_β (w̄) , μ_1, · · · , μ_5 ∈ K ,

−(M^V )^{μ1}_{ν1} · · · (M^V )^{μ5}_{ν5}Ṽ_α(z̄)γ^{ν1···ν5αβ}Ṽ^T_β (w̄) , μ_1, · · · , μ_5 ∈ K_D , (3.16)

Ū^α(z̄)V̄^T_α (w̄) = Ũ^α(z̄)Ṽ^T_α (w̄) , Ū^α(z̄)γ̄^μ1^μ2^β_α V̄^T_β (w̄) = (M^V )^μ1_{ν1} (M^V )^μ2_{ν2}Ũ^α(z̄)γ̄^ν1^ν2^β_α Ṽ^T_β (w̄) , Ū^α(z̄)γ̄^μ1^{···μ}4^β_α V̄^T_β (w̄) = (M^V )^μ1_{ν1} · · · (M^V )^μ4_{ν4}Ũ^α(z̄)γ̄^ν1^{···ν}4^β_α Ṽ^T_β (w̄) . (3.17)

Notice the definitions of the anti-self-dual and self-dual operators Ū^α(z̄)γ̄^{μ1 ···μ5}_{αβ} Ū^{βT} (w̄) and V̄_α(z̄)γ^{μ1 ···μ5 αβ}V̄^T_β (w̄) in eqs.(3.15) and (3.16) respectively. There is a sign difference between the cases when the set of indices belong to K and K_D. This is because for a non- BPS D-brane M^V represents a set of odd number of reflections under which a self-dual tensor transforms to an anti-self-dual tensor and vice-versa. In terms of these new fields the boundary conditions in (3.13) take the following simpler form,

U^α(z)U^{βT} (w) = Ū^α(z̄)Ū^{βT} (w̄) ,

U^α(z)V^T_β (w) = Ū^α(z̄)V̄^T_β (w̄) ,

V_α(z)V^T_β (w) = V̄_α(z̄)V̄^T_β (w̄) , at z = z̄, w = w̄ . (3.18)

The closed string gluing conditions obtained from these boundary conditions are given by, (U^α_mU^{βT}_n − Ū^α_{−m}Ū^{βT}_{−n} ) (U^α_mV^T_{β,n} + Ū^α_{−m}V̄^T_{β,−n}) (V_{α,m}V^T_{β,n} − V̄_{α,−m}V̄^T_{β,−n}) |F, p⟩ = 0 , ∀m, n ∈ Z . (3.19)

One can show that this is precisely the gluing conditions satisfied by the NS-NS part of the D9 boundary state, which is given by eqs.(3.11, 3.12) for M^S = 1l_{16} and M̄^S = − 1l_{16}, with the right moving oscillators replaced by the corresponding barred oscillators. Notice that there is no replacement for the right moving ground state in either |0⟩⊗ ~|^0⟩ or |^0⟩⊗ ~|0⟩. This is because ~|0⟩ and ~|^0⟩ are the two ground states that satisfy the same equations as (2.6) with all the oscillators replaced by the corresponding barred oscillators. Since it is the NS-NS part of the state in (3.11, 3.12) that is relevant, any term in the expansion of the non-BPS boundary state (written in terms of the barred variables) can easily be translated back in terms of the original right moving variables using the relations (3.15), (3.16) and (3.17). Changing the definition of the barred variables suitably the non-BPS boundary state can be given the form of the NS-NS part of any BPS boundary state discussed in the previous subsection [22].

4 Computing Physical Quantities

Given the boundary states in the previous section one would obviously wonder how to use them to compute physical quantities. It is not a priori clear how to do such computations. Hoping that the present method of dealing with boundary states really works, our approach will be to find prescriptions for such computations. Below we shall discuss two such issues namely, the closed string sources and D-brane interaction.

4.1 Sources for Massless Closed String Modes

A D-brane acts like a source for various closed string modes. The strength of these sources can be computed either by using the boundary state or the boundary conformal field theory. Without going into much technical details the NSR computation can be described as follows: Given a closed string state |ψ⟩ there exists a corresponding conjugate state ⟨ψ^{(C)}| such that the strength is given by saturating the conjugate state with the boundary state. The same result is obtained in the BCFT by computing the disk one-point function of ψ^{(C)} where the vertex operator is inserted at the origin of the unit disk. Given a closed string state the correct conjugate operator has to be found by properly satisfying the ghost and superghost zero mode saturation rules. Although the details of the computation should look different in pure spinor formalism, the same general features are expected to be realized. Here we suggest the conjugate vertex operators for the massless closed string states and show how the computation goes through in the present situation. We begin with the boundary state computation and at the end indicate how to compute the disk one-point functions. We focus only on the combined fermionic matter and bosonic ghost part as it is known how to deal with the rest of the CFT. Let us first define the following operators,

a^μ = λ_0γ̄^μθ_0 , χ_α = (λ_0γ̄^μθ_0)(γ̄_μθ_0)_α , (4.1)

and similarly for the right moving sector, so that the relevant parts of the supergravity states are given by (to the lowest order in θ-expansion), NS-NS: |V^{μν} ⟩ = a^μã^ν |0⟩ ⊗ ~|0⟩ , NS-R: |Ψ^μ_α⟩ = a^μχ̃_α|0⟩ ⊗ ~|0⟩ , R-NS: |Ψ̄^μ_α⟩ = χ_αã^μ|0⟩ ⊗ ~|0⟩ , R-R (field strength): |F_{αβ}⟩ = χ_αχ̃_β |0⟩ ⊗ ~|0⟩ .

(4.2)

Then we define,

a^{(C)}_μ ∝ (λ_0γ̄^ν θ_0)(λ_0γ̄^ρθ_0)(θ_0γ̄_{μνρ}θ_0) , χ^{(C)α} ∝ (λ_0γ̄^μθ_0)(λ_0γ̄^ν θ_0)(θ_0γ̄_{μν} )^α . (4.3)

The proportionality constants are determined by demanding that the above operators are conjugate to the operators in eqs.(4.1) in the following sense, ⟨a^{(C)}_μ a^ν ⟩_{Berkovits} = ⟨Ω|a^{(C)}_μ a^ν |0⟩ = δ^ν_μ , ⟨χ^{(C)α}χ_β⟩_{Berkovits} = ⟨Ω|χ^{(C)α}χ_β|0⟩ = δ^α_β . (4.4)

The operators defined in eqs.(4.3) appear at the lowest orders in θ-expansions of the two elements of BRST cohomology at ghost number two. The higher order terms are irrelevant for the present purpose as they do not contribute to the above inner products. These BRST elements correspond to what are called antifields associated to gluon (a^μ) and gluino (χ_α) respectively[29]. Defining the conjugate states corresponding to the NS-NS sector in the following way, I ⟨V^{(C)}_{μν} | = ~⟨0|ã_μ ⊗ ⟨Ω|a^{(C)}_ν , (4.5) we get using form I in eq. (3.12)^9,

I ⟨V^{(C)}_{μν} |F, p, η⟩_0 = −η_{μρ}(M^V )^ρ_ν , (4.6)

which is a desired result. Notice that the right-moving part of the dual state, namely ~⟨0|ã_μ couples with the term in the expansion of the boundary state that is linear in both w̃ and p̃ whose left moving part is also linear in both λ and θ. This particular combination is properly saturated by the left moving part in the definition (4.5). The overall constant in the result (4.6) is not important as it can always be absorbed in the definition (4.5). Notice that we could also define the dual state by interchanging left and right moving objects in eq.(4.5), namely, II ⟨V^{(C)}_{μν} | = −~⟨Ω|ã^{(C)}_μ ⊗ ⟨0|a_ν . (4.7) In that case we need to use form II in eq.(3.12) in order to get the correct result as in eq.(4.6).

Let us now turn to the R-R states |F_{αβ}⟩. One would expect for the corresponding conjugate states to have an index structure: ⟨F^{(C)αβ}|. But since each of the left and right moving parts of |F_{αβ}⟩ contributes a spinor index, the conjugate states, obtained by following the above procedure, have spinor indices of opposite chirality. I ⟨C^{(C)α}_{1 β} | = ~⟨0|χ̃_β ⊗ ⟨Ω|χ^{(C)α} . (4.8) We would like to interpret these conjugate states to correspond to R-R potential rather than R-R field strength. Using form I of the boundary state one can show that the above state produces the following result which is consistent with this interpretation,

I ⟨C^{(C)α}_{1 β} |F, p, η⟩_0 = η(M^S )^α_β . (4.9)

9We follow a convention where θ̃^α and p̃_α pick up a minus sign while passing through the spin field corresponding to the state |0⟩.

The subscript 1 in the above notation will now be explained. The R-R potential has been suggested in the literature to be given by the following state [30, 19], |C^β_α ⟩ = ( χ_αλ̃^β_0 + λ^β_0 χ̃_α ) |0⟩ ⊗ ~|0⟩ . (4.10) Given this one may wonder why the conjugate state in eq.(4.8) is entirely constructed out of χ and its conjugate. To answer this question one may consider the following state, I ⟨C^{(C)α}_{2 β} | = ~⟨0|λ̃^α_0 ⊗ ⟨Ω|λ^{(C)}_β , (4.11) where

λ^{(C)}_α ∝ (λ_0γ̄^μθ_0)(λ_0γ̄^ν θ_0)(γ̄^ρθ_0)_α(θ_0γ̄_{μνρ}θ_0) , such that ⟨λ^{(C)}_α λ^β ⟩_{Berkovits} = δ^β_α . (4.12) This gives the similar result, I ⟨C^{(C)α}_{2 β} |F, p, η⟩_0 = −η(M̄^{ST} )^α_β = η(M^{S −1})^α_β . (4.13) We may take the conjugate of the R-R potential in form I to be a linear combination of I ⟨C^{(C)α}_{1 β} | and_I ⟨C^{(C)α}_{2 β}|. There are alternative expressions for the dual states as well which are suitable for computing inner products with form II of the boundary state. These are given by, II ⟨C^{(C)α}_{1 β} | = ~⟨Ω|χ̃^{(C)α} ⊗ ⟨0|χ_β ,_{II} ⟨C^{(C)α}_{1 β} |F, p, η⟩_0 = η(M^{S −1})^α_β , II ⟨C^{(C)α}_{2 β} | = ~⟨Ω|λ̃^{(C)}_β ⊗ ⟨0|λ^α_0 ,_{II} ⟨C^{(C)α}_{2 β} |F, p, η⟩_0 = η(M^S )^α_β . (4.14) Because of the particular index structure of the R-NS and NS-R states |Ψ̄^μ_α⟩ and |Ψ^μ_α⟩ respectively, it turns out that for each one of them a conjugate state corresponding to only one form can be constructed, namely, I ⟨Ψ̄^{(C)α}_μ | = ~⟨0|ã_μ ⊗ ⟨Ω|χ^{(C)α} ,_{II} ⟨Ψ^{(C)α}_μ | = ~⟨Ω|χ̃^{(C)α} ⊗ ⟨0|a_μ . (4.15) They can be shown to give zero inner product with the correct form of the boundary state, I ⟨Ψ̄^{(C)α}_μ |F, p, η⟩_0 = 0 ,_{II} ⟨Ψ^{(C)α}_μ |F, p, η⟩_0 = 0 , (4.16) which are also expected results.

Vertex operator Form I Form II

V^{(C)}_{μν} (ζ, ζ̄) a^{(C)}_ν (ζ)ã_μ(ζ̄) a_ν (ζ)ã^{(C)}_μ (ζ̄)

Ψ^{(C)α}_μ (ζ, ζ̄) - −a_μ(ζ)χ̃^{(C)α}(ζ̄)

Ψ̄^{(C)α}_μ (ζ, ζ̄) χ^{(C)α}(ζ)ã_μ(ζ̄) -

C^{(C)α}_{1 β}(ζ, ζ̄) χ^{(C)α}(ζ)χ̃_β(ζ̄) χ_β(ζ)χ̃^{(C)α}(ζ̄)

C^{(C)α}_{2 β}(ζ, ζ̄) λ^{(C)}_β (ζ)λ̃^α(ζ̄) λ^α(ζ)λ̃^{(C)}_β (ζ̄) Table 1: Massless closed string vertex operators to be used in the computation of disk one-point functions. (ζ, ζ̄) denote the complex coordinates on a unit disk.

The dual states used in the boundary state computation should directly give the vertex operators that need to be used in the disk one point functions. A list of those operators for the massless modes is given in table 1. To compute the disk one-point functions one may first use the conformal transformation: z = i(1 + ζ)/(1 − ζ) to go from the unit disk to UHP. ⟨ψ^{(C)}(0, 0)⟩^{Disk}_{Berkovits} = ⟨ψ^{(C)}(i, −i)⟩^{U HP}_{Berkovits} , (4.17) where ψ^{(C)} is a vertex operator in table 1. Notice that all these operators have conformal dimension zero. Given a form I vertex operator one can compute the right hand side of eq.(4.17) in the following way: First define the following operators on the doubled surface,

U^α(u) = U^α(z)|_{z=u} , η(M^S )^α_βŨ^β (z̄)|_{z̄=u} ,

V_α(u) = V_α(z)|_{z=u} , ℑu ≥ 0 , −η(M̄^S )^β_α Ṽ_β (z̄)|_{z̄=u} , ℑu ≤ 0 ,

(4.18)

then use them to convert the right hand side of eq.(4.17) to a holomorphic correlation function on the full plane^{10}. For dealing with the form II vertex operators one follows the same procedure except that now instead of using the operators in eqs.(4.18) one uses the

10Notice that although the doubling trick (4.18) corresponds to boundary conditions (3.3) in the free CFT, it is being used to compute the correlator (4.17) in the constrained theory. This can be justified by the fact that due to covariance (4.18) gives the correct doubling for any physical operator in the constrained CFT that appears in (4.17).

following operators,

Ũ^α(ū) = Ũ α(z̄)|_{z̄=ū} , −η(M̄^{ST} )^α_βU^β (z)|_{z=ū} ,

Ṽ_α(ū) = Ṽ_α(z̄)|_{z̄=ū} , ℑu ≥ 0 , η(M^{sT} )^β_α V_β (z)|_{z=ū} , ℑu ≤ 0 .

(4.19)

to convert the right hand side of (4.17) to an anti-holomorphic correlation function. Following this procedure one establishes the following relation in any relevant form, ⟨ψ^{(C)}|F, p, η⟩_0 = ⟨ψ^{(C)}(0, 0)⟩^{Disk}_{Berkovits} . (4.20) 4.2 Comments on Force Computation

Interaction between D-branes using boundary states is an important computation to be understood in pure spinor formalism. This is also related to the understanding of openclosed duality. In NRS formalism we are aware of a simple gauge choice (Siegel gauge) in which the closed string propagator can be written in terms of the world-sheet hamiltonian so that the boundary state when evolved by this propagator forms the cylinder diagram. In the present case the similar gauge choice is not known and therefore it is not a priory clear how to go through this computation. But here we shall try to emphasize yet another feature of the pure spinor computation. In NSR formalism the associated ghost degrees of freedom give a certain background independent contribution which cancels two coordinates (light-cone) worth of contribution from the matter part to give the correct physical result. From the boundary states discussed in the previous section it seems difficult to obtain such a background independent contribution. Below we shall demonstrate this feature by focusing on the simplest computation of this type namely, the long range NS-NS force between two parallel BPS D-branes.

Let us first review how the computation goes through in NSR formalism. The relevant part of the boundary state is the NS-NS part of a BPS Dp-brane situated at ⃗y_⊥ along the transverse directions [21], |NSNS, p, ⃗y_⊥⟩^{massless}_{N SR} ∝ ∫ d⃗k_⊥e^{−i⃗k⊥ .⃗y⊥} [ η_{μρ}(M^V )^ρ_ν ψ^μ_{−1/2}ψ̃^ν_{−1/2} −(γ_{−1/2}β̃_{−1/2} − β_{−1/2}γ̃_{−1/2}) ] |⃗k_⊥, k_{||} = 0⟩_{N SR} , (4.21) where the proportionality constant is linear in the tension of the D-brane, ψ^μ_{−1/2}, ψ̃^μ_{−1/2}, β_{−1/2}, β̃_{−1/2}, γ_{−1/2}, γ̃_{−1/2} are the usual left and right moving fermionic matter and bosonic superghosts in NS sector and |⃗k_⊥, k_{||} = 0⟩_{N SR} is the ghost number 3, picture number (−1, −1) Foch vacuum with the indicated momenta,

|⃗k_⊥, k_{||} = 0⟩_{N SR} = (c_0 + c̃_0)c_1c̃_1e^{−(ϕ+ϕ̃)}(0, 0)e^{i⃗k⊥ . ⃗X} (0, 0)|0⟩ . (4.22)

Notice that the superghost oscillator part in eq.(4.21) is the ghost-dilaton which, combined with the trace of ψ^μ_{−1/2}ψ̃^ν_{−1/2}, constructs the dilaton state. We shall see how ghost-dilaton plays its role in producing the correct physical result for the long distance force. The long distance NS-NS force between two parallel D-branes Dp^′ and Dp situated at ⃗y^′_⊥ and ⃗y_⊥ is obtained from the following amplitude, A_{N SN S} = ∫_∞ 0 dt^{massless}_{N SR}⟨NSNS, p^′, ⃗y^′_⊥|e^{−πt(L0+L̃0 )}|NSNS, p, ⃗y_⊥⟩^{massless}_{N SR} , (4.23) where L_0 and L̃_0 are, as usual, the Virasoro zero modes. The result turns out to be,

A_{N S−N S} = f(⃗y^′_⊥, ⃗y_⊥) [(10 − 2ν) − 2] , (4.24)

where f(⃗y^′_⊥, ⃗y_⊥) is a function whose details are not needed for our purpose. We are interested only in the numerical factor kept in the square bracket. ν is the number of Neumann-Dirichlet directions involved in this configuration. The background dependent part (10 − 2ν) comes from Tr(M^{′V} M^{V T} ) contributed by the fermionic matter part of the state in eq.(4.21) whereas the background independent contribution −2 is provided by the ghost-dilaton state. Because of this contribution the force is zero for a supersymmetric configuration in which ν = 4.

Let us now try to see how the same result might be reproduced in pure spinor formalism using the boundary state (3.9). The relevant part of the boundary state is, |NSNS, p, ⃗y_⊥⟩^{massless}_{P S} ∝ 1 2 ∫ d⃗k_⊥e^{−i⃗k⊥ .⃗y⊥} [ exp ( −U^{αT}_0 (M̄^S )^β_α σ_3Ṽ_{β,0} ) + exp ( U^{αT}_0 (M̄^S )^β_α σ_3Ṽ_{β,0} )] |⃗k_⊥, k_{||} = 0⟩ ⊗ |0⟩ ⊗ ~|^0⟩ , (4.25)

Recall that only a finite number of states (which are in one-to-one correspondence with the physical states) appeared in eq.(4.21) for each momentum. But eq.(4.25) contains an infinite number of states. There are two basic sources for having lots of extra states in pure spinor formalism. The first one is due to the fact that the boundary state has been constructed in the gauge unfixed theory where the d = 9 + 1, N = 2 superspace structure for the target space is manifest. This results in a lot of auxiliary fields, which in addition to the physical ones, appear in the boundary state in (4.25). Secondly, this boundary state has been constructed in the bigger Hilbert space of the unconstrained CFT. For the relevant computation one could suggest a prescription of first projecting the boundary state onto the ones corresponding to the physical states, |NSNS, p, ⃗y_⊥⟩^{massless}_{P S} → ∫ d⃗k_⊥ e^{−i⃗k⊥.⃗y⊥} η_{μρ}(M^V )^ρ_ν (λ_0γ̄^μθ_0) (w̃_0γ^νp̃_0) |⃗k_⊥, k_{||} = 0⟩ ⊗ |0⟩ ⊗ ~|^0⟩ . (4.26)

and then evolving that by world-sheet time evolution. But because of the absence of an analog of ghost-dilaton in this formalism one does not get the background independent contribution of −2 in the square bracket of eq.(4.24). Absence of the ghost-dilaton in pure spinor formalism does not necessarily imply any inconsistency as far as the present computation is concerned. This is because we may think of this force computation simply as a problem in the space-time theory whose spectrum is correctly reproduced in pure spinor formalism. In this computation one is simply required to evaluate the tree-level Feynman diagram where all the NS-NS massless modes propagate between two sources representing the D-branes. The role of the boundary states is only to provide the strength of these sources. Extending this observation to higher levels one may suggest that the projected boundary state should actually be thought of as the NSR boundary state in old covariant quantization which gives correct sources for the space-time fields but is insufficient to organize the force computation keeping the open-closed duality manifest.

5 Discussion

We end by mentioning several interesting questions worth exploring in future work.

1. In this paper we constructed D-brane boundary states in the unconstrained CFT by relaxing the pure spinor constraint. This simply enables us to work in a larger Hilbert space so that all the inner product computations relevant to the pure spinor CFT can also be done here. Therefore these boundary states produce the correct results for all the closed string sources once the correct prescription is followed. Despite this advantage these boundary states are not suitable for computing the cylinder diagram with manifest open-closed duality. The problem, as explained in the previous section, can not be solved only by imposing the pure spinor constraint, but the theory has also to be gauge fixed at all mass levels. In order to compute the cylinder diagram with manifest open-closed duality one needs to project the boundary states constructed here onto a smaller Hilbert space such that both the pure spinor constraint and the removal of the gauge degrees of freedom is implemented. This has been explicitly done in [31] by constructing the physical Hilbert space through the DDF construction. Although this enables us to compute the cylinder diagram in pure spinor formalism, the projected boundary states are covariant only under the transverse SO(8) part. Construction of the boundary states suitable for computing the cylinder diagram with full SO(9, 1) covariance is still an open question. Computation of the R-R force between two D-branes is not straightforward even in NSR formalism. Certain regularization method is involved in this computation to control the zero modes contribution coming from the bosonic superghosts [24]. A complete understanding of the covariant boundary states in pure spinor formalism has to solve all these subtle issues.

2. We have also discussed open string boundary conditions in the unconstrained CFT.

Because of the manifest covariance these boundary conditions produce correct reflection property between the left and right moving parts of any closed string vertex operator that is allowed in the pure spinor superstrings. Therefore it should be possible to use these boundary conditions to compute disk scattering amplitudes. Here we have prescribed rules for computing disk one point functions for massless closed strings only. This needs to be extended to all possible disk amplitudes with arbitrary number of bulk and boundary insertions.

3. The open string boundary conditions for non-BPS D-branes have been suggested here by generalizing the previous work on light-cone GS formalism in [22]. It should be further investigated if this generalization gives sensible results. In particular, it would be interesting to see if the rules for computing disk amplitudes with arbitrary bulk insertions, as suggested in [22], also have sensible generalization to the present case.

4. In [22] it was shown that the bi-local boundary conditions on space-time fermions for a non-BPS D-brane give rise to two sectors in the open string spectrum. One is given by periodic boundary condition resulting in a Bose-Fermi degenerate spectrum same as that for a BPS D-brane. The other is given by anti-periodic boundary condition. This sector includes the tachyon and is responsible for the fermion doubling at the massless level. Following the same analysis in the pure spinor case also one gets the similar two sectors. Analysis for the periodic sector goes just like that for a BPS D-brane. The anti-periodic sector has recently been analyzed in [31] and all the physical open string states have been explicitly constructed through DDF construction. Despite this progress it is still unknown how to construct the tachyon vertex operator. This is because the spin fields of the pure spinor ghosts with antiperiodic boundary condition are not understood. The same problem also exists for multiple D-brane configurations at various angles. In this case the open strings going from one brane to another will have more general boundary conditions.

Acknowledgement I wish to thank N. Berkovits for helpful communications and comments on the manuscript. I am also thankful to S. R. Das, G. Mandal, H. Ooguri, J. Polchinski and A. Shapere for encouraging conversations. This work was supported by DOE grant DE-FG01-00ER45832.

A Gamma Matrices and Fiertz Identities

We denote a 32-component SO(9, 1)-spinor in the Weyl basis as (χ^α, ξ_α), where α = 1, · · · , 16. The 32-dimensional gamma matrices are given by,

Γ^μ = ( 0 γ^{μαβ} γ̄^μ_{αβ} 0 ) , μ = 0, 1, · · · , 9 , (A.1)

such that,

(γ^μγ̄^ν + γ^νγ̄^μ)^α_β = 2η^{μν} δ^α_β , (γ̄^μγ^ν + γ̄^ν γ^μ)^β_α = 2η^{μν} δ^β_α . (A.2)

The 16-dimensional gamma matrices are symmetric and give the following chirality matrix:

Γ = Γ^0Γ^1 · · · Γ^9 = ( γ^{01···9} 0 0 γ̄^{01···9} ) = ( 1l_{16} 0 0 − 1l_{16} ) , (A.3)

The multi-indexed gamma matrices are defined to be,

γ^{μ1···μ2nα}_β = (γ^{[μ1}γ̄^{μ2} · · · γ̄^{μ2n ]})^α_β , γ̄^{μ1 ···μ2n β}_α = (γ̄^{[μ1} γ^{μ2} · · · γ^{μ2n ]})^β_α , γ^{μ1 ···μ2n+1 αβ} = (γ^{[μ1}γ̄^{μ2} · · · γ^{μ2n+1 ]})^{αβ} , γ̄^{μ1 ···μ2n+1}_{αβ} = (γ̄^{[μ1} γ^{μ2} · · · γ̄^{μ2n+1 ]})_{αβ} , (A.4)

The Poincaré duality properties are given by, γ^{μ1···μn} = − 1 (10 − n)! ϵ^{μ1···μ10} γ_{μn+1 ···μ10} { (−1)^n2 , n = even , (−1)^{n+12} , n = odd , γ̄^{μ1···μn} = 1 (10 − n)! ϵ^{μ1···μ10}γ̄_{μn+1 ···μ10} { (−1)^{n2} , n = even , (−1)^{n+1}2 , n = odd ,

(A.5)

Various trace formulas are, Tr(γ^{μ1···μn} ) = 0 , Tr(γ^{μ1···μ2n} γ^{ν1 ···νm} ) = 0 , m ≠ 2n , Tr(γ^{μ1 ···μ2n+1}γ̄^{ν1 ···νm} ) = 0 , m ≠ 2n + 1 , Tr(γ^{μ1 ···μ2n} γ^{ν1 ···ν2n} ) = (−1)^n16Δ^{[μ1 ···μ2n],[ν1···ν2n ]} , n = 1, 2 , Tr(γ^{μ1 ···μ2n+1} γ̄^{ν1···ν2n+1} ) = (−1)^n16Δ^{[μ1 ···μ2n+1 ],[ν1···ν2n+1 ]} + 16δ_{n,2}ϵ^{μ1···μ5 ν1 ···ν5} , n = 0, 1, 2 , (A.6)

where, Δ^{[μ1···μn ],[ν1···νn ]} ≡ ∑ P signP η^{{μ1···μn},P{ν1···νn}} , η^{{μ1···μn},{ν1···νn}} ≡ η^{μ1ν1} · · · η^{μn νn} . (A.7) The sum in the first line goes over n! terms. {μ_1 · · · μ_n} is an ordered set and P{μ_1 · · · μ_n} is another ordered set obtained by applying the permutation P on {μ_1 · · · μ_n}. Relations obtained by interchanging γ and γ̄ matrices in eqs.(A.6) also hold. Using these above traces one can prove the following Fiertz identities,

χ^αξ^β = 1 16 (χγ̄^μξ)γ^{αβ}_μ + 1 16 × 3! (χγ̄^{μ1···μ3} ξ)γ^{αβ}_{μ1 ···μ3} + 1 16 × 5! × 2 (χγ̄^{μ1···μ5} ξ)γ^{αβ}_{μ1 ···μ5} , χ_αξ_β = 1 16 (χγ_μξ)γ̄^μ_{αβ} + 1 16 × 3! (χγ_{μ1···μ3} ξ)γ̄^{μ1 ···μ3}_{αβ} + 1 16 × 5! × 2 (χγ_{μ1···μ5} ξ)γ̄^{μ1 ···μ5}_{αβ} , χ^αξ_β = 1 16 (χξ)δ^α_β + 1 16 × 2!

(χγ̄^{μ1μ2} ξ)γ^α_{μ1 μ2 β} + 1 16 × 4! (χγ̄^{μ1···μ4} ξ)γ^α_{μ1 ···μ4 β} , χ_αξ^β = 1 16 (χξ)δ^β_α + 1 16 × 2!

(χγ^{μ1μ2} ξ)γ̄^β_{μ1 μ2α} + 1 16 × 4! (χγ^{μ1···μ4} ξ)γ̄^β μ_1 ···μ_4α . (A.8)

References

[1] W. Siegel, Nucl. Phys. B 263, 93 (1986).

[2] M. B. Green and J. H. Schwarz, Phys. Lett. B 136, 367 (1984). [3] N. Berkovits, JHEP 0004, 018 (2000) [arXiv:hep-th/0001035]. N. Berkovits, Int.

J. Mod. Phys. A 16, 801 (2001) [arXiv:hep-th/0008145]. N. Berkovits, arXiv:hepth/0209059.

[4] N. Berkovits, JHEP 0009, 046 (2000) [arXiv:hep-th/0006003]. N. Berkovits and O. Chandia, Phys. Lett. B 514, 394 (2001) [arXiv:hep-th/0105149].

[5] N. Berkovits and B. C. Vallilo, JHEP 0007, 015 (2000) [arXiv:hep-th/0004171]. [6] N. Berkovits, JHEP 0409, 047 (2004) [arXiv:hep-th/0406055]. N. Berkovits, arXiv:hep-th/0410079. N. Berkovits, arXiv:hep-th/0503197.

[7] N. Berkovits, JHEP 0108, 026 (2001) [arXiv:hep-th/0104247]. N. Berkovits and D. Z. Marchioro, arXiv:hep-th/0412198.

[8] I. Oda and M. Tonin, Phys. Lett. B 520, 398 (2001) [arXiv:hep-th/0109051].

G. Trivedi, Mod. Phys. Lett. A 17, 2239 (2002) [arXiv:hep-th/0205217]. I. Oda and M. Tonin, Phys. Lett. B 606, 218 (2005) [arXiv:hep-th/0409052].

[9] N. Berkovits, JHEP 0204, 037 (2002) [arXiv:hep-th/0203248]. B. C. Vallilo, JHEP 0212, 042 (2002) [arXiv:hep-th/0210064]. N. Berkovits and N. Seiberg, JHEP 0307, 010 (2003) [arXiv:hep-th/0306226]. B. C. Vallilo, JHEP 0403, 037 (2004) [arXiv:hepth/0307018]. O. Chandia and B. C. Vallilo, JHEP 0404, 041 (2004) [arXiv:hepth/0401226]. N. Berkovits, arXiv:hep-th/0411170.

[10] N. Berkovits and V. Pershin, JHEP 0301, 023 (2003) [arXiv:hep-th/0205154]. [11] L. Anguelova and P. A. Grassi, JHEP 0311, 010 (2003) [arXiv:hep-th/0307260]. [12] R. Schiappa and N. Wyllard, arXiv:hep-th/0503123. [13] P. S. Howe, U. Lindstrom and L. Wulff, arXiv:hep-th/0505067. [14] M. Matone, L. Mazzucato, I. Oda, D. Sorokin and M. Tonin, Nucl. Phys. B 639, 182 (2002) [arXiv:hep-th/0206104]. Y. Aisaka and Y. Kazama, arXiv:hep-th/0502208.

[15] P. A. Grassi, G. Policastro, M. Porrati and P. Van Nieuwenhuizen, JHEP 0210, 054 (2002) [arXiv:hep-th/0112162]. P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, JHEP 0211, 001 (2002) [arXiv:hep-th/0202123]. P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, Adv. Theor. Math. Phys. 7, 499 (2003) [arXiv:hepth/0206216]. P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, Phys. Lett. B 553, 96 (2003) [arXiv:hep-th/0209026]. P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, Class. Quant. Grav. 20, S395 (2003) [arXiv:hep-th/0302147]. P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, Nucl. Phys. B 676, 43 (2004) [arXiv:hep-th/0307056]. P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, arXiv:hep-th/0402122. P. A. Grassi and P. van Nieuwenhuizen, arXiv:hepth/0408007.

[16] Y. Aisaka and Y. Kazama, JHEP 0302, 017 (2003) [arXiv:hep-th/0212316]. Y. Aisaka and Y. Kazama, JHEP 0308, 047 (2003) [arXiv:hep-th/0305221]. Y. Aisaka and Y. Kazama, JHEP 0404, 070 (2004) [arXiv:hep-th/0404141].

[17] N. Berkovits and P. S. Howe, Nucl. Phys. B 635, 75 (2002) [arXiv:hep-th/0112160].

[18] N. Berkovits and O. Chandia, JHEP 0208, 040 (2002) [arXiv:hep-th/0204121].

[19] P. A. Grassi and L. Tamassia, JHEP 0407, 071 (2004) [arXiv:hep-th/0405072].

[20] E. Witten, Nucl. Phys. B 276, 291 (1986).

[21] P. Di Vecchia and A. Liccardo, NATO Adv. Study Inst. Ser. C. Math. Phys. Sci.

556, 1 (2000) [arXiv:hep-th/9912161]. P. Di Vecchia and A. Liccardo, arXiv:hepth/9912275.

[22] P. Mukhopadhyay, JHEP 0501, 059 (2005) [arXiv:hep-th/0411103].

[23] See for a review:

J. Polchinski, “String theory. Vol. 1: An introduction to the bosonic string,” http://www.slac.stanford.edu/spires/find/hep/www?irn=4634799

[24] S. A. Yost, Nucl. Phys. B 321, 629 (1989). M. Billo, P. Di Vecchia, M. Frau, A. Lerda, I. Pesando, R. Russo and S. Sciuto, Nucl. Phys. B 526, 199 (1998) [arXiv:hepth/9802088].

[25] N. Berkovits and N. Nekrasov, arXiv:hep-th/0503075. [26] M. Chesterman, Nucl. Phys. B 703, 400 (2004) [arXiv:hep-th/0404021]. [27] P. Mukhopadhyay, Nucl. Phys. B 600, 285 (2001) [arXiv:hep-th/0011047]. [28] N. Suryanarayana, unpublished.

[29] N. Berkovits, JHEP 0109, 016 (2001) [arXiv:hep-th/0105050]. [30] L. Cornalba, M. S. Costa and R. Schiappa, arXiv:hep-th/0209164. [31] P. Mukhopadhyay, arXiv:hep-th/0512161.