arXiv:hep-th/0505210 v1 23 May 2005

Thermal String Vacuum in Black-Hole AdS Spacetime

E. L. Graça^{ab∗}and I. V. Vancea^{c†}

May 10, 2005

aDepartamento de Física, Universidade Federal Rural do Rio de Janeiro, BR 465-07-Seropédica, RJ, Brasil bCentro Brasileiro de Pesquisas Físicas, Rua Dr. Xavier Sigaud 150, 22290-180 Rio de Janeiro, RJ, Brasil cDepartamento de Física Matemática Faculdade de Filosofia, Ciências e Letras de Ribeirão Preto Universidade de São Paulo, Av. Bandeirantes 3900 Ribeirão Preto 14040-901, SP, Brasil

Abstract

In this letter we propose a new ansatz for the thermal string in the TFD formulation. From it, we derive the thermal vacuum for the closed bosonic string and calculate the thermal partition function in the blackhole AdS background in the first order of the perturbative quantization.

∗egraca@ufrrj.br †ion@dfm.ffclrp.usp.br

1 Introduction

In previous papers, we started to formulate the microscopic properties of bosonic strings and D-branes in the perturbative limit of string theory in the Thermo Field Dynamics (TFD) formalism [1, 2, 3, 4, 5, 6, 7]. The main advantage of employing TFD is the possibility of explicitely constructing string and boundary states at finite temperature. In particular, one can obtain a description of thermal D-branes as states in the Hilbert space of closed thermal strings similar to the D-branes at zero temperature. However, most of the results obtained in these works only apply to bosonic strings in flat space-time and in the presence of the constant Kalb-Ramond field. The first extention of the formalism to GS superstrings and a different (pp-wave) background was done in [8](see also [9, 10, 11, 12, 13] for general SU(1, 1) formulation of TFD applied to string theory). In [10] the bridge between the TFD and the Imaginary Time Formalism for the case of closed bosonic string was made. However, the study of string physics in more general backgrounds represents an imporatant task for phenomenological applications as well as for the development of string theory.

String theory in the balck-hole AdS background [14] was perturbatively quantized for the first time in [15] and various properties of this system were analyzed in [16, 17, 18, 19, 20]. The perturbative method employed in the study of the string dynamics in general curved spacetime was developed in [21, 22]. This method is particularly suitable to the construction of the thermal string in the TFD approach since in the first order approximation it provides the required canonical structure. The aim of this paper is to construct the perturbative string thermal vacuum in the presence of a black-hole AdS spacetime. Also, we are going to clarify some aspects of the thermal string vacuum in TFD left open by the previous investigations. The thermal vacuum is crucial for the implementation of TFD and the construction of thermal states, since it contains the information about the Bogoliubov operators that map the theory to finite temperature and determination of the entropy operator. Therefore, our results are important for the development of a systematic study of the microscopic properties of the boundary states of string theory in the blackhole AdS background.

The paper is organized as follows. In the following section we briefly review the perturbative canonical quantization of string theory in the blackhole AdS background. In section 3 we construct the thermal vacuum and compute the partition function at finite temperature. The last section is devoted to discussions.

2 Zero Temperature Model

The bosonic string in the blackhole AdS background was quantized for the first time in [15]. The canonical quantization was performed perturbatively with respect the natural dimensionless expansion parameter ϵ which is related to the string tension and the inverse of the Hubble constant ϵ = α^′H^2. The dynamics of the bosonic string in curved background is described by the following equations of motion [21, 22] ẍ^a − x^{′′a} + Γ^a_{bc} ( ẋ^bẋ^c − x^{′b}x^{′c} ) = 0, (1)

where Γ^μ_{ρσ} are the Christofell symbols and a, b, c, . . . = 1, 2, . . . , D + 1. The conformal symmetry of the worldsheet theory leads to the following set of constraints g_{ab}ẋ^ax^{′b} = g_{ab} ( ẋ^aẋ^b + x^{′a}x^{′b} ) = 0. (2)

In [15, 16] has been shown that the bosonic string in an arbitrary curved spacetime can be quantized perturbatively by expanding arround the exact solution of the equation of motion of its center of mass (the geodesic) x^a(τ, σ) = ∞∑ n=0 ϵ^nη^a_n(τ, σ), (3) where η^a_0 (τ ) is a solution of geodezic equations and of the constraints

η̈^a_0 + Γ^a_{bc}(η_0)η̇^b_0η̇^c_0 = 0, (4) g_{ab}(η_0)η̇^a_0η̇^b_0 = −m^2α^{′ 2}. (5)

In order to quantize the string, one has to decompose the string coordinates in terms of transverse oscillations to the geodesics characterized by the following normal vectors n^a_μ

g_{ab}(η_0)n^a_μṅ^b_0 = 0, (6) g_{ab}(η_0)n^a_μn^b_0 = δ_{ab}. (7)

In first order, the co-moving perturbations are given by the following relation

η^a_1 = δx^μn^a_μ, (8)

where μ = 1, 2, . . . , D − 1. The equations of motion and the constraints can be easily solved for δx^μ in the blackhole AdS background and the solution has the following Fourier expansion δx^μ(τ, σ) = ∑ n≠0 √ 2nΩ_n α^′ [ α^μ_ne^{−in(Ωn τ −σ)} + β^μ_n e^{−in(Ωn τ +σ)} ] + √ l 2m [ α^μ_0 e^{−i mα′l τ} + β^μ_0 e^{i mα′l τ} ] . (9) Upon quantization, the Fourier coefficients become operators on the Hilbert space that satisfy the oscillator canonical commutation relations. The oscillator frequencies are ω_n = nΩ_n, n = 1, 2, . . ., where we have used the following notation

Ω_n = √ 1 + m^2α^{′2} n^2l^2

, (10) where l = 1/H. The constraints in the blackhole AdS spacetime take the form

(L^α_0 − 2πα^′) |Ψ_{phys}⟩ = 0, (11) (L^α_0 − 2πα^′) |Ψ_{phys}⟩ = 0, (12)

where zero mode generators of the Virasoro algebra are given by the following relations

L^α_0 = πα^′ ∑ n>0 ω^2_n + n^2 2ω_n D−1∑ μ=1 ( α^{μ†}_n α^μ_n + β^{μ†}_n β^μ_n − 2 ) + πα^′ ∑ n>0 ( β^{μ†}_n β^μ_n − α^{μ†}_n α^μ_n ) − π 2 m^2α^{′2},

L^β_0 = πα^′ ∑ n>0 ω^2_n + n^2 2ω_n D−1∑ μ=1 ( α^{μ†}_n α^μ_n + β^{μ†}_n β^μ_n − 2 ) + πα^′ ∑ n>0 ( α^{μ†}_n α^μ_n − β^{μ†}_n β^μ_n ) − π 2 m^2α^{′2}.

Here, the superscript indices α and β indicate the left- and right-moving quantities, respectively. As in the flat spacetime, one can construct the Hamiltonian of string oscillations Ĥ_{osc} = Lα_0 + L^β_0 and the momentum P̂ = Lα_0 − L^β_0 . To obtain the full string Hamiltonian, one has to add the Hamiltonian of center of mass in the presence of the gravitational field H_{cm} to H_{osc}. The level matching condition should be imposed on the Hilbert space of the closed string in order to project the dynamics in the physical subspace πα^′ ∑ n>0 n D−1∑ μ=1 ( β^{μ†}_n β^μ_n − α^{μ†}_n α^μ_n ) |Ψ_{phys}⟩ = 0. (13) As in the flat spacetime, the physical states can be organized as eigenstates of the mass operator which is obtained from the constraints (11) and (12). For more details on this construction we refer the reader to [15].

3 Thermal String Vacuum

Let us construct the thermal vacuum of the bosonic closed string. According to the previous section, the total Hilbert space H_{tot} in the first order perturbative quantization is the tensor product of the Hilbert spaces of transverse string oscillators. However, the physical Hilbert space H_{phys} is the subspace of H_{tot} defined by the constraints (11), (12) and (13). In particular, this suggests that the trace in the TFD ansatz be modified in order to incorporate the level matching condition. The simplest way to implement the constraint (13) in to the ansatz that defines the thermal vacuum is to introduce it through a delta function. Therefore, we modify the TFD ansatz [24, 25] to the following one

⟨Ô⟩ = Z^{−1}(β_T )Tr [ δ(P̂ = 0)e^{−βT Ĥ}Ô ] ≡ ⟨⟨0(β_T )|Ô|0(β_T )⟩⟩, (14) where β_T = (k_BT )^{−1}, k_B is the Boltzmann’s constant and T is the temperature. The last equality in (14) defines the thermal vacuum by an expectation value relation. Note that the trace from (14) is taken over the full Hilbert space H_{tot} but due to the constraint, the calculated value take into account only the contribution of the physical states. Following [24] one can expand the thermal vacuum in the basis of the Hilbert space of closed string |0(β_T )⟩⟩_{osc} = ∑ w ∑ z f_{w,z} (β_T ) |w⟩ |z⟩ , (15) where w and z are multi-indices that stand for all left- and right-moving oscillator indices, respectively. The explicit form of the undetermined coefficients f_{w,z} (β_T ) is obtained by computing explicitely the trace and the vacuum expectation value from equation (14). Let us introduce the following notations for the left- and right-moving number operators of the nth oscillator N^α_n = n D−1∑ μ=1 k^μ_n and N^β_n = n D−1∑ μ=1 s^μ_n, (16)

where k^μ_n and σ^μ_n are natural number that denote the number of string excitations of the nth oscillator in the μth spacetime direction in the corresponding string sector. By using the following analytic formula for the delta function

δ(P̂ = 0) ≡ δ(N̂^α − N̂^β) =

∫_{+1/2} −1/2 dse^{2πis}(^{N̂ α−N̂ β} ), (17) one can prove that the coefficients f_{w,z} (β_T ) must satisfy the following consistency relation

f^∗_w′_{,z}′ (β_T )f_{w,z} (β_T ) = Z^{−1}(β_T )δ̄(w^′, w)δ̄(z^′, z)e^{βT [2(D−1)−πm2α′2]} ∫_{+1/2} −1/2 dse^{πα′ ∑n>0} (^{λβnN βn −λαn N αn} ), (18) where δ̄ is a short hand notation for the product of delta functions for each pair of indices in the multi-indez and λ^α_n and λ^β_n are functions of s and β_T given by the following relations λ^α_n = 2πis + β_T ω^2 + n^2 ω_n , λ^β_n = 2πis − β_T ω^2 + n^2 ω_n . (19)

In computing the r. h. s. of (18) we have used a ket thermal vacuum which is just the hermitian conjugate of the bra vector (15). With this choice, the coefficients f_{w,z} (β_T ) should be identified with vectors from a copy of the Hilbert space [24]. However, the presence of the constraint implies that these vectors be tensored with Columbeau functionals [26]. Had the thermal vacuum been expanded in the basis of H_{phys} instead of H_{tot}, this problem would have been avoided. Indeed, in this case the constraint did not appear in the trace explicitely. This suggest that in order to avoid complications that arise from the presence of the delta function such as delta function square root, one should balance it and compute the vacuum expectation value on H_{phys} instead of H_{tot}. However, identifying the physical subspace without a delta function for constraints can be a nasty task. To circumvent arround this problem one can try to introduce the constraint in all vacuum expectation value computations. One way to do that is to redefine the ket thermal vacuum such that the delta function be included. Thus, we are lead to the following proposal for the ket thermal vacuum vector |0(β_T )⟩⟩ = Z^{−1/2}(β_T )e^{βT [πα′(D−1)− πα′ 2m22 ]} × ∞∑ k^1 =1 · · · ∞∑ s^{D−1}_∞ =1 e^{− βT πα} ′ 2 ∑_∞ n=1 ∑_{D−1} μ=1 γ_nn(k^μ_n +s^μ_n ) |k1 1 · · · s^{D−1}_∞ ⟩ ~ |k^1 · · · s^{D−1}_∞ ⟩, (20)

and for the bra thermal vacumm ⟨⟨0(β_T )| = Z^{−1/2}(β_T )e^{βT [πα′(D−1)− πα′2 m22 ]} × ∫_{+1/2} −1/2 ds ∞∑ k^1 =1 · · · ∞∑ s^{D−1}_∞ =1 e^{∑∞n=1 ∑D−1μ=1 ωβTn kμn} e^{− ∑∞n=1 ∑D−1μ=1 ωβTn sμn} ⟨ k^1 · · · s^{D−1}_∞ | | ~ ⟨k^1 · · · s^{D−1}_∞ |. (21)

Here, we have introduced the following short hand notations

γ_n = ω^2_n + n^2 ω_n (22)

ω^α_n (s; β_T ) = (2πis + β_T πα^′ 2 γ_n)n , ω^β_n (s; β_T ) = (2πis − β_T πα^′ 2 γ_n)n (23)

In (21) and (20) we have explicitely written the multi-indices and the multi-indices sums. The tilde denotes the vectors from the identical copy of H_{phys}. By computing the vacuum expectation value of any observable of string in the thermal vacuum given by (21) and (20) we automatically do the calculation on the physical subspace only, which is the tensor product H(β_T ) = H_{phys} ⊗ ~H_{phys}. (24) The partition function can be calculated by imposing the normalization condition on the thermal vacuum. By using (20) and (21) one obtains the following result

Z(β_T ) =

∫ 1_2

−^1_2 ds ∞∏ n=1 e^{2βT πα′[(D−1)−} α′m2 2 − (_{ω2} n +n 2 ωn ) ] 2 + 2e^{−2βT πα′} (_{ω2} n +n2 ωn ) − e^{−2βT πα′} (_{ω2} n +n2 ωn ) sinh(2πisn)

D−1 . (25)

The exact form of the integral in s can be calculated but the result is not illuminating. The relations (20), (21) and (25) determine completely the thermal vacuum state as a state from the tensor product of the physical Hilbert space its (identical) tilde copy. Note that if the computation is performed in the physical subspace the formula (25) must be replaced by one which does not depend on the integration. Nevertheless, the partition function as a function of temperature is the same.

4 Discussion

The relations (20) and (21) show that the effective frequencies of the string oscillation modes are given by the following relation σ_n = πα^′ ( ω^2_n + n^2 ω_n ) . (26)

Thus, in the physical subspace, the partition function is given by the product of an infinite number of left- and right-moving oscillators which obey the Einstein-Bose statistics. This shows that one can construct the Bogoliubov operators for strings in blackhole AdS background in the same way as in the flat spacetime in the first order in perturbation quantization. With the help of Bogoliubov operators we can investigate the algebraic structure of the theory at finite temperature, in particular the constructruction of the thermal string states, the boundary states and the calculation of their entropy [27].

To conclude, in this paper we have proposed a modification of the ansatz for the calculation of the trace in TFD formulation of string theory which takes into account the constraints explicitely. A similar proposal was made in [10] for the calculation of the one loop partition function. By using this new ansatz, we have constructed the thermal vacuum which has a delta function in the bra vector. This allows to compute the vacum expectation value from contributions of the vectors from the same physical subspace of the Hilbert space as the vectors that enter into the calculation of the trace. In particular, we have calculated the thermal partition function. The next step is to construct the thermal string states and boundary states and to derive their microscopic properties. We hope to report on this subject elsewhere [27]

Acknowledgments I. V. V. would like to thank to S. Alves and J. A. Helay¨’el-Neto for hospitality at CBPF where part of this paper was done. This work was supported by the FAPESP Grant 02/05327-3.

References

[1] I. V. Vancea, Phys. Lett. B 487, 175 (2000) [arXiv:hep-th/0006228].

[2] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, Phys. Rev. D 64, 086005 (2001) [arXiv:hep-th/0104068].

[3] M. C. B. Abdalla, E. L. Graca and I. V. Vancea, Phys. Lett. B 536, 114 (2002) [arXiv:hep-th/0201243].

[4] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, Phys. Rev. D 66, 065005 (2002) [arXiv:hep-th/0203222].

[5] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, Int. J. Mod. Phys. A 18, 2109 (2003) [arXiv:hep-th/0301249].

[6] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, arXiv:hep-th/0308114. [7] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, Nucl. Phys. Proc. Suppl. 127 (2004) 92.

[8] D. L. Nedel, M. C. B. Abdalla and A. L. Gadelha, Phys. Lett. B 598, 121 (2004) [arXiv:hep-th/0405258].

[9] M. C. B. Abdalla and A. L. Gadelha, Phys. Lett. A 322, 31 (2004) [arXiv:hepth/0309254].

[10] M. C. B. Abdalla, A. L. Gadelha and D. L. Nedel, arXiv:hep-th/0410068. [11] M. C. B. Abdalla, A. L. Gadelha and D. L. Nedel, Proc. Sci. WC2004, 032 (2004) [arXiv:hep-th/0412128].

[12] M. C. B. Abdalla, A. L. Gadelha and D. L. Nedel, Proc. Sci. WC2004, 020 (2004) [arXiv:hep-th/0412134].

[13] M. C. B. Abdalla, A. L. Gadelha and D. L. Nedel, Phys. Lett. A 334, 123 (2005) [arXiv:hep-th/0409116].

[14] M. Banados, M. Henneaux, C. Teitelboim and J. Zanelli, Phys. Rev. D 48, 1506 (1993) [arXiv:gr-qc/9302012].

[15] A. L. Larsen and N. Sanchez, Phys. Rev. D 50, 7493 (1994) [arXiv:hep-th/9405026]. [16] H. J. de Vega and N. Sanchez, Nucl. Phys. B 309, 552 (1988). [17] H. J. de Vega and N. Sanchez, Nucl. Phys. B 309, 577 (1988). [18] C. O. Lousto and N. Sanchez, Phys. Rev. D 47, 4498 (1993) [arXiv:gr-qc/9212016]. [19] F. Combes, H. J. de Vega, A. V. Mikhailov and N. Sanchez, Phys. Rev. D 50, 2754 (1994) [arXiv:hep-th/9310073].

[20] H. J. de Vega and I. L. Egusquiza, PRD49(1994)763 [21] H. J. de Vega and N. Sanchez, Phys. Lett. B 197, 320 (1987). [22] H. J. de Vega and N. Sanchez, Nucl. Phys. B 299, 818 (1988). [23] A. L. Larsen and N. Sanchez, Phys. Rev. D 52, 1051 (1995) [arXiv:hep-th/9410132].

[24] Y. Takahashi and H. Umezawa, Collective Phenom. 2, 55 (1975). [25] H. Umezawa, Advanced Field Theory: Micro, Macro and Thermal Field (American Institute of Physics, 1993).

[26] J. F. Columbeau, Elementary Introduction to New Generalized Functions, North Holland, 1985.

[27] E. Graca and I. V. Vancea, in preparation.