arXiv:hep-th/0505264 v4 18 Jan 2006

hep-th/0505264 LPTENS-05/14 ZMP-HH/05-07 Imperial/TP/050401

Hitchin Functionals in N = 2 Supergravity

Mariana Graña^{a,b}, Jan Louis^{c,d} and Daniel Waldram^{e,f}

aLaboratoire de Physique Théorique de l’Ecole Normale Supérieure 24 rue Lhomond, 75231 Paris Cedex, France

mariana@lpt.ens.fr

bCentre de Physique Théorique, Ecole Polytechnique 91128 Palaiseau Cedex, France

cII. Institut für Theoretische Physik der Universität Hamburg Luruper Chaussee 149, D-22761 Hamburg, Germany

jan.louis@desy.de

dZentrum für Mathematische Physik, Universität Hamburg, Bundesstrasse 55, D-20146 Hamburg

eBlackett Laboratory, Imperial College London, SW7 2AZ, U.K.

d.waldram@imperial.ac.uk

f The Institute for Mathematical Sciences, Imperial College London, SW7 2AZ, U.K.

ABSTRACT

We consider type II string theory in space-time backgrounds which admit eight supercharges. Such backgrounds are characterized by the existence of a (generically nonintegrable) generalized SU (3)×SU (3) structure. We demonstrate how the corresponding ten-dimensional supergravity theories can in part be rewritten using generalised O(6, 6)- covariant fields, in a form that strongly resembles that of four-dimensional N = 2 supergravity, and precisely coincides with such after an appropriate Kaluza–Klein reduction. Specifically we demonstrate that the NS sector admits a special Kähler geometry with Kähler potentials given by the Hitchin functionals. Furthermore we explicitly compute the N = 2 version of the superpotential from the transformation law of the gravitinos, and find its N = 1 counterpart. May 2005

Contents

1 Introduction 2

2 Type II supergravity with SU (3) × SU (3) structure 6 2.1 N = 2 and SU (3) × SU (3) structures . . . . . . . . . . . . . . . . . . . . 6 2.1.1 Effective theories and G-structures . . . . . . . . . . . . . . . . . 6 2.1.2 A d = 10 reformulation and generalized structures . . . . . . . . . 8 2.2 Field decompositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.3 Scalar action: kinetic terms . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.3.1 Geometry of SU (3) structures . . . . . . . . . . . . . . . . . . . . 12 2.3.2 Kinetic terms for NS deformations . . . . . . . . . . . . . . . . . 13 2.4 Special Kähler manifolds and stable forms . . . . . . . . . . . . . . . . . 16 2.4.1 Review of special Kähler geometry . . . . . . . . . . . . . . . . . 16 2.4.2 O(6, 6) spinors and SU (3) × SU (3) structures . . . . . . . . . . . 17 2.4.3 Special Kähler structure for stable Spin(6, 6) spinors . . . . . . . 20 2.4.4 Special Kähler structure for stable J . . . . . . . . . . . . . . . . 25 2.4.5 Special Kähler structure for stable ρ . . . . . . . . . . . . . . . . 26 2.4.6 Special Kähler structure for metric SU (3) × SU (3)-structures . . 28 2.5 Supersymmetry transformation of the gravitinos . . . . . . . . . . . . . . 31 2.6 N = 1 superpotentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3 The N = 2 effective theory in four dimensions 40 3.1 Defining the truncation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 3.2 Reducing the Neveu-Schwarz sector . . . . . . . . . . . . . . . . . . . . . 44 3.3 The reduction of the type IIA RR-sector . . . . . . . . . . . . . . . . . . 46 3.4 The reduction of the type IIB RR-sector . . . . . . . . . . . . . . . . . . 49 3.5 Relation to gauged supergravity . . . . . . . . . . . . . . . . . . . . . . . 51 3.6 Mirror symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4 Conclusions 54

1 Introduction

The interplay between supersymmetry and geometry has been very fruitful in the past. For example, compactifications of ten-dimensional type II supergravities on Calabi–Yau threefolds Y preserve eight supercharges and yield four-dimensional N = 2 (ungauged) supergravities as effective low energy field theories [1, 2, 3, 4]. The spectrum and couplings of these N = 2 supergravities are in turn determined by geometrical (and topological) properties of the Calabi–Yau manifolds. Supersymmetry strongly constrains the couplings and thus also constrains the Calabi–Yau geometry. For example, it implies that the moduli space of metric deformations of a Calabi–Yau manifold is the product of two special Kähler manifold characterized by two holomorphic prepotentials [1, 5, 6, 7]. The Calabi–Yau moduli space indeed satisfies this property and furthermore one can use geometrical methods together with mirror symmetry to compute both prepotentials exactly [8, 9].

Expanding on earlier work in refs. [10, 11, 12], there has recently been much interest in a generalized class of backgrounds where the Calabi–Yau manifold is replaced by a manifold Y which is no longer Ricci-flat [13]–[44]. One way such generalized compactifications arise is when localized sources (D-branes, orientifold planes) and/or background fluxes are present and the solution of the equations of motion forces the geometry to back-react to the additional background energy density. A certain class of manifolds, called ‘half-flat manifolds’ [45], also appeared as mirror symmetric backgrounds of type II Calabi–Yau compactifications with background fluxes [15, 18, 23].

Within this generalized set-up one is particularly interested in backgrounds which continue to preserve some of the supercharges or more generally where a number of supercurrents exist but the associated supercharges are spontaneously broken. The latter case includes examples which do not satisfy the equations of motion, such as the classical example of a Calabi–Yau manifold with generic background fluxes. In either case, the existence of the supercurrents requires that a set of spinors are globally well defined on the manifold Y which in turn implies that the structure group has to be reduced. In the mathematical literature manifolds with a reduced structure group G are called manifolds with G-structure [46, 47]. Generically G does not coincide with the holonomy group since the spinors are not necessarily covariantly constant with respect to the Levi-Civita connection. The degree to which they fail to be covariantly constant is measured by a quantity known as the intrinsic torsion and can be used to classify the G-structure.

From a particle physics point of view preserving the minimal amount of supersymmetry is the most interesting case. On a six-manifold the existence of a single globally defined spinor η requires the reduction of the structure group from Spin(6) to SU (3) and therefore manifolds with SU (3) structure play a special role. They can be characterized by the invariant spinor on the manifold or, more conveniently, by a real two-form J and a complex three-form Ω. Since η is not covariantly constant neither J nor Ω are closed. Instead dJ and dΩ decompose into SU(3) representations. These define the intrinsic torsion and can be used to classify the different SU(3) structures [45]. For Calabi–Yau threefolds J and Ω are closed, η is covariantly constant and the holonomy group is SU (3).

Here, we will focus on type II supergravities which have N = 2 supersymmetry in ten space-time dimensions. Decomposing the spinor representation in ten dimensions under

Spin(1, 3) × Spin(6) and requiring N = 2 supersymmetry in four dimensions implies that there are two non-vanishing spinors on Y , one for each of the original ten-dimensional spinors. Each defines an SU (3) structure. Locally, the two SU(3) structures define an SU(2) structure, which survives globally as an SU(2) structure if the spinors never become parallel. If the spinors are always parallel we just have a single SU (3) structure.

One way to characterize this structure mathematically is in terms of “generalised geometry”, first introduced by Hitchin [48]. One considers the sum of the tangent and cotangent bundle of Y , T Y ⊕ T^∗Y on which there is a natural O(6, 6) structure. The two six-dimensional spinors transform under a Spin(6) × Spin(6) subgroup defined by the metric and NS B-field, and being globally defined, imply that the structure group of T Y ⊕ T^∗Y actually reduces to SU (3) × SU (3) [34] (see [49] for the original, related discussion of U(n) × U(n) structures). In this formulation, the SU (3) × SU (3) structure can be defined by a sum of odd forms Φ^− and a sum of even forms Φ^+, each built out of spinor bilinears [28, 34] (see also [50] for the construction in the case of G_2 × G_2 structures). From the point of view of the T Y ⊕ T^∗Y bundle these forms correspond to a pair of Spin(6, 6) spinors [51, 52, 48].

Since we are interested in backgrounds with supercurrents but, in general, spontaneously broken supersymmetry, we do not require the SU (3) structures to be integrable. Enforcing preserved supersymmetry (and the equations of motion) would impose integrability constrains [28, 34, 44]. The geometric structures used throughout this paper are therefore “almost” (or not necessarily integrable) structures. However, in order to avoid cumbersome wording, we will typically drop the “almost” when referring to them.

The description of backgrounds in terms of SU (3) structures and the generalization to SU (3) × SU (3) structures has also recently played an important role in topological string theories. In particular, it has been argued [53, 54, 55] that the target space theory of the A and B model topological strings can be defined in terms of a functional of the structures J or Ω first considered by Hitchin [51, 52, 48]. More generally [56] one must consider the corresponding functional for the Spin(6, 6) spinors Φ^±. Similarly it has been possible [29, 32] to generalize the notion of topological strings away from backgrounds with SU (3)-structure (such as Calabi–Yau manifolds) to more general spaces with SU (3) × SU (3) structure, again using the spinors Φ^±.

Returning to the physical string, for Calabi–Yau compactifications the N = 2 low energy effective action in four space-time dimensions can be derived by a standard Kaluza– Klein reduction where only the massless modes corresponding to harmonic forms on Y are kept [1, 2, 3, 4]. This procedure is valid whenever Y is large and the supergravity approximation can be used reliably. In the presence of background fluxes the same method has been applied for example in refs. [57]-[68]. One chooses the fluxes to be small, the compactification manifold to be large and hence consistently neglects the back-reaction of the geometry. One finds that the kinetic terms are unaltered and the flux parameters appear as gauge couplings and/or mass parameters which turn the supergravity into a gauged or massive supergravity. However, when dealing with manifolds with non-integrable SU(3) structure, this procedure is a bit more tricky since generically it is harder to specify in what sense one is making a small deformation. For instance, turning on H-flux on a Calabi–Yau manifold can map to a change in topology of the mirror manifold. Thus one cannot treat the intrinsic torsion easily as a simple deformation of the supergravity as was done for the fluxes.

The goal of this paper is to study type II supergravity in generic backgrounds with SU (3) (the case where the two spinors are always parallel) or, more generally, SU (3) × SU (3) structure. Our motivation is to define a ‘rule’ for deriving the low-energy fourdimensional effective theory and to uncover the role of the torsion in supergravity. As in Calabi–Yau compactifications this might lead to interesting insights into the interplay of geometry and supersymmetry of the effective theory. However, we begin with a more general set-up. We do not immediately confine our interest to the low energy effective action or performing a Kaluza–Klein reduction. This leads us to a reformulation of the full ten-dimensional theory, abandoning manifest ten-dimensional Lorentz invariance, but with bosonic fields transforming in Spin(1, 3) × O(6, 6) multiplets. This is similar to and inspired by the approach pioneered in ref. [69], which considered a related reformulation of eleven-dimensional supergravity. Although we provide no direct evidence, we expect the reformulation has a local Spin(1, 3) × SU (3) × SU (3) symmetry. More specifically, we first demand that the tangent space of the ten-dimensional background is a direct sum T^{1,3} ⊕ F where T^{1,3} is a Spin(1, 3) bundle while F is a Spin(6) bundle. Then we further require that structure group of F reduces admitting an SU (3) structure. In fact we also consider the more general situation where the sum of the tangent plus the cotangent bundle admits SU (3) × SU (3) structure. In both cases eight of the original 32 supercharges are singled out and we can rewrite the ten-dimensional supergravity with 32 supercharges in a form as if it had only eight supercharges.

In this framework, the supermultiplet structure and action follow the form of fourdimensional N = 2 supergravity although the theory remains fully ten-dimensional. In particular, concentrating on the bosonic fields which are scalars under Spin(1, 3), we define a space of (not necessarily integrable) SU (3)×SU (3) structures and show, following refs. [51, 52, 48], that it admits a special Kähler geometry with a Kähler potential given by a Hitchin functional. Restricting to the particular case of a single SU (3) structure, we furthermore rewrite the supersymmetry transformation law of the eight gravitinos in a form analogous to the transformation law of the four-dimensional N = 2 gravitinos. This allows us to read off the three ‘Killing prepotentials’ or momentum maps P^x, x = 1, 2, 3 which are the N = 2 equivalent of the superpotential and the D-term. In this tendimensional theory they turn out to be determined by the background fluxes and the intrinsic torsion.

In the same spirit we can continue the decomposition keeping only four supercharges. In this way we find the most general N = 1 superpotential induced by the fluxes and torsion. We find that this generalized superpotential contains all previously known cases in appropriate limits when either torsion, NS or RR fluxes are set to zero. For example, in the torsionless case we recover the Gukov-Taylor-Vafa-Witten superpotential [70, 71, 59].

After having rewritten the ten-dimensional theory in an ‘N = 2 form’ it is straightforward to perform a KK-reduction. We choose the background to be a product M^{1,3} × Y where M^{1,3} is a four-dimensional manifold with Minkowskian signature while Y is a compact manifold with SU(3) structure. (The more general case of compactifications with SU (3) × SU (3) structure will be discussed elsewhere.) In the KK-reduction one conventionally keeps the light modes and integrates out the heavy ones. However, backgrounds with a generic Y do not necessarily have a flat Minkowskian ground state and the distinction between heavy and light is not straightforward. Therefore we do not specify the precise form of the truncation, which would depend on the particular choice of background, but instead leave it generic, extracting the set of conditions that such a reduction must satisfy to be self-consistent. The truncation is defined by extracting from the infinite tower of KK-modes only a finite subset. However, we impose one further condition in that we only keep the two gravitini in the gravitational multiplet but project out all gravitini which reside in their own (massive) spin-^3_2 multiplets. This ensures that the resulting low effective action contains apart form the gravitational multiplet only N = 2 vector, tensor and hypermultiplets.

Once the ten-dimensional spectrum is truncated the gauge invariance of the original ten-dimensional theory is no longer automatically maintained. Instead, as we will see, gauge invariance imposes additional constraints on the truncation which also have been observed in [72]. Imposing these constraints, the N = 2 action takes a standard form [73, 74] – possibly with massive tensor multiplets [64, 75, 76]. This enables us to discuss in detail the supergravity/geometry correspondence. We find, as expected, that the torsion (as well as the fluxes) deform the N = 2 supergravity and turn it into a gauged or massive supergravity. The gauge charges and mass parameters are directly related to the fluxes and torsion and we derive the precise relationship by computing the supersymmetry transformations of the gravitino.

This paper is organized into two main sections. In section 2 we discuss the reformulation of the ten-dimensional type II supergravity theory in terms of N = 2–like structures while in section 3 we perform the Kaluza–Klein reduction and compute some of the couplings in the low energy effective theory. More specifically in 2.1 we first show that eight linearly realized supercharges require that the theory has a Spin(1, 3) × SU (3) × SU (3) structure. In section 2.2 we then show how the ten-dimensional fields decompose into N = 2 multiplets for the case of a single SU(3) structure. After reviewing a few facts about SU (3) structures, we give the part of the action for the deformations of the NS fields in section 2.3. In section 2.4 we show that their kinetic terms form a product of two special Kähler geometries in exact analogy with the moduli space of Calabi–Yau compactifications. Furthermore the Kähler potential is determined by the sum of two Hitchin functionals both of which can be derived from a universal expression given in terms of a pure Spin(6, 6) spinor [51, 48]. In section 2.5 we compute the scalar part of the supersymmetry transformations of the gravitinos and determine the ten-dimensional analog of the Killing prepotential P^x. By an appropriate further reduction we compute the N = 1 superpotential in section 2.6. In section 3 we perform the KK-truncation. We first define the ‘rules’ for the reduction in 3.1. We project out all 3⊕¯3 representations and then impose local p-form gauge invariance on the remaining spectrum. In 3.2 we discuss the reduction of the common NS-sector and show that the resulting Kähler potentials precisely coincide with the analogous Kähler potentials of Calabi–Yau manifolds. In 3.3 and 3.4 we perform the reduction of the RR-sector for type IIA and type IIB. In 3.5 we check that the ‘proper’ N = 2 Killing prepotential P^x obtained by truncation from its higher-dimensional ‘father’ agrees with the generic form dictated by N = 2 gauged supergravity. Finally in 3.6 we briefly discuss mirror symmetry for these generalized compactifications and 4 contains our conclusions.

2 Type II supergravity with SU (3) × SU (3) structure

The goal in this section is to understand some of the details of how we can reformulate the ten-dimensional type II supergravity theory in terms structures analogous to N = 2 four-dimensional supergravity. In doing so we lose manifest Spin(1, 9) Lorentz symmetry, and instead arrange the fields in Spin(1, 3) × O(6, 6) multiplets. We will concentrate on the scalar field part of the theory, that is multiplets which contain fields which are singlets under Spin(1, 3). In an N = 2 language these are the vector, tensor and hypermultiplets. In particular, we will show that there are special Kähler geometries on the spaces of scalar fields describing their kinetic terms. Furthermore, we will show how the tendimensional theory gauges a set of isometries on these spaces, described by a set of Killing prepotentials again just as in four-dimensional N = 2 supergravity. We find that all these objects can be written in a simple way in terms of generalised geometrical structures, invariant under O(6, 6) transformations. In particular, the Kähler potential of the special Kähler geometry is given by the Hitchin functional.

Let us start by discussing the relation between rewriting the theory in terms of eight linearly realized supercharges (N = 2) and the existence of generalised SU (3) × SU (3) structures.

2.1 N = 2 and SU (3) × SU (3) structures

2.1.1 Effective theories and G-structures

One motivation for this paper is to consider the general low-energy gauged supergravity theory that arises when type II string theory (or rather type II supergravity) is compactified on the space-time background

M^{1,9} = M^{1,3} × Y . (2.1)

Here M^{1,3} is the four-dimensional, physical space-time while Y is a six-dimensional compact manifold.^1 The product structure of the space-time background (2.1) implies a decomposition of the Lorentz group Spin(1, 9) ⊃ Spin(1, 3) × Spin(6) and an associated decomposition of the spinor representation 16 ∈ Spin(1, 9) according to 16 → (2, 4)⊕(¯2, ¯4).

We are interested in the situation where the effective theory on M^{1,3} has the minimal N = 2 supersymmetry. In other words, we need to single out eight particular type II supersymmetries which descend to the effective theory. For type IIA we start with two supersymmetry parameters of opposite ten-dimensional chirality. Using a standard decomposition of the ten-dimensional gamma matrices Γ^M = (Γ^μ, Γ^m) as

Γ^μ = γ^μ ⊗ 1 , μ = 0, 1, 2, 3 , Γ^m = γ_5 ⊗ γ^m , m = 1, . . . , 6 , (2.2)

where γ_5 = iγ^0γ^1γ^2γ^3, we can write

ε^1_{IIA} = ε^1_+ ⊗ η^1_+ + ε^1_− ⊗ η^1_− ,

ε^2_{IIA} = ε^2_+ ⊗ η^2_− + ε^2_− ⊗ η^2_+ ,

(2.3)

1In this paper we do not consider the possibility of a warped background but leave the study of this class of compactification to a separate publication.

where ε^{1,2}_− = (ε^{1,2}_+ )^c and η^{1,2}_− = (η^{1,2}_+ )^c. (Here as usual η^c = Dη^∗, where D is the intertwiner giving −γ^{m∗} = D^{−1}γ^mD. We also have η̄ = η^†A, where γ^{m†} = Aγ^mA^{−1}. By a slight abuse of notation we use plus and minus to indicate both four-dimensional and sixdimensional chiralities.) For type IIB both spinors have negative chirality resulting in the decomposition

ε^A_{IIB} = ε^A_+ ⊗ η^A_− + ε^A_− ⊗ η^A_+ , A = 1, 2 . (2.4)

In each case we have a pair of spinors ε^A_+ in M^{1,3} parameterizing the N = 2 supersymmetries. In addition, we have two spinors η^A_+ of Y fixing precisely which of the tendimensional supersymmetries descend to four dimensions. Note that generically these can be different for the two ten-dimensional supersymmetry parameters ε^A.

For such a reduction to work, the spinors η^A_+ must be globally defined and nowhere vanishing on Y and hence the structure group of the tangent space of Y has to reduce. Consider one such global spinor. It has to transform as a singlet under the structure group. Decomposing under SU (3) ⊂ Spin(6), the complex spinor representation splits as 4 = 3 ⊕ 1. Thus if the structure group is contained in SU (3) we indeed get a spinor singlet. Manifolds with this property are known as ‘manifolds with SU (3) structure’ in the mathematical literature [45]. Since we do not require the background to be supersymmetric, only that the four-dimensional effective action has a set of N = 2 supercurrents, there are generically no differential conditions on the spinors η^A_+ . In the mathematical literature this means we have an “almost” or not necessarily integrable SU (3) structure.

From eqs. (2.3) and (2.4) we see that in general we have a pair η^A_+ of such spinors, each of which defines an SU (3) structure. In summary

d = 4, N = 2 effective theory ⇔ Y admits a pair of SU (3) structures . (2.5)

Locally the two spinors η^1_+ and η^2_+ span a two-dimensional subspace of the four-dimensional space of positive chirality Spin(6) ∼= SU (4) spinors. This space is invariant under SU (2) ⊂ SU (4) rotations, under which both spinors are singlets. Thus locally the presence of two SU (3) structures actually implies that we have an SU (2) structure. However, globally there can be points where the spinors become parallel, and hence at these points no SU (2) structure is defined. The extreme case where the two spinors are parallel everywhere is allowed, and in this case the two SU(3) structures coincide, leading to a single SU(3) structure.

As we discuss in more detail below, a special case of a supersymmetric compactification is where Y is a Calabi–Yau manifold and η^1_+ = η^2_+. In this case, in deriving the low-energy effective theory, one keeps only the massless modes and disregards all heavy Kaluza–Klein modes (together with all heavy string states). However, for compactifications on generic manifolds with a pair of SU (3) structures the distinction between heavy and light modes is not straightforward. It appears that we have to define a ‘rule’ for the reduction to decide which modes we keep in the four-dimensional effective action and which modes we truncate away. In fact, as we now discuss, we can actually start by doing something more general, where we do not truncate the theory at all.

2.1.2 A d = 10 reformulation and generalized structures

The previous discussion was based on the assumption that we had a product manifold (2.1). However it is not really necessary to make such an assumption. In general, if we break the local Spin(1, 9)-invariance one can always rewrite the full d = 10 type II supergravity theory as though it were a theory with only eight supercharges. The structure of the theory is then analogous to N = 2 in four dimensions, but no Kaluza–Klein expansion is made and instead we work in ten space-time dimensions keeping all the degrees of freedom. A similar reorganization of eleven-dimensional supergravity was done in ref. [69] in order to understand the origin of hidden symmetries in lower dimensional supergravities.

More precisely, we require only that the ten-dimensional manifold M^{1,9} admits a pair of SU (3) structures. This means that the tangent space T M^{1,9} splits as

T M^{1,9} = T^{1,3} ⊕ F , (2.6)

where T^{1,3} is a real SO(1, 3) vector bundle and F is a SO(6) vector bundle which admits a pair of SU (3) structures. In other words we have two different decompositions of the complex vector bundle F_C = F ⊗ C , that is

F_C = E^1 ⊕ Ē^1 = E^2 ⊕ Ē^2 , (2.7)

where each E^A is a complex SU (3) vector bundle corresponding to the SU (3) structure defined by η^A_+. Equivalently, recall that the original type II theory is formulated on a supermanifold M^{1,9|16+16} of bosonic dimension (1, 9), with a manifest local SO(1, 9) invariance and with the Grassmann variables transforming as a pair of 16-dimensional spinor representations. The requirement that we have a pair of SU (3) structures means there is a sub-supermanifold

N^{1,9|4+4} ⊂ M^{1,9|16+16} (2.8)

still with bosonic dimension (1, 9), but now with only eight Grassmann variables transforming as spinors of Spin(1, 3) and singlets of one or the other of the SU (3) groups. It is natural to reformulate the d = 10 supergravity in this sub-superspace. As such, although the theory is still defined in ten-dimensions (though without manifest SO(1, 9) invariance), it will have structures analogous to those of d = 4, N = 2 supergravity, such as special Kähler moduli spaces and Killing prepotentials.

Let us now turn to a second key point. The pair of SU (3) structures are actually most naturally described as a single “generalized structure”, a notion first introduced by Hitchin [48]. One starts by considering the sum of the tangent and cotangent bundles T Y ⊕ T^∗Y , or more generally F ⊕ F^∗. If v ∈ F and ξ ∈ F^∗, one can see that there is a natural O(6, 6) metric on this space, defined by

(v + ξ, v + ξ) = ξ(v) ≡ ξ_mv^m , (2.9)

which makes no reference to any additional structure (such as a metric) on F . Note that the metric is invariant under the diffeomorphism group GL(6, R) ⊂ O(6, 6) acting on F and F^∗. The choice of metric g and NS two-form B can be shown to correspond to fixing an O(6) × O(6) substructure. Given this substructure, the two spinors η^A_+ transform separately under the two different Spin(6) groups and the pair of SU (3) structures is actually equivalent to a (not necessarily integrable) SU (3) × SU (3) structure on F ⊕ F^∗, as discussed in ref. [34, 50]. In summary, we have argued that

N = 2-like reformulation of

type II

⇔ F ⊕ F^∗ admits a (not necessarily integrable) SU (3) × SU (3) structure

(2.10)

We expect that this SU (3) × SU (3) structure is actually promoted to a local symmetry of the reformulated theory, in analogy with [69]. Suppose, for instance we had compactified on a torus Y = T^6. It is then a familiar result that the low-energy theory has a local O(6) × O(6) symmetry and a global O(6, 6) symmetry, concomitant with the fact that the string theory has a T-duality symmetry [77]. For instance the scalar degrees of freedom coming from the internal metric and B-field arrange themselves into a O(6, 6)/O(6) × O(6) coset. The two Spin(6) groups act separately on each spinor η^A_+ . On T^6 any pair of constant spinors (η^1_+, η^2_+) parameterizes a pair of preserved supersymmetries in four dimensions and hence compactification gives an N = 8 effective theory. If we isolate a single pair, this can be reformulated as an N = 2 theory. The local O(6) × O(6) symmetry should then reduce to those symmetries that leave the pair invariant, namely a local SU (3) × SU (3) symmetry. Thus, generically we expect that the effective theory on N^{1,9|4+4} will have a local Spin(1, 3) × SU (3) × SU (3) symmetry. In what follows we will however concentrate on the analog of the scalar sector of the theory and do not provide any direct evidence for this local symmetry.

In order to simplify the discussion we will frequently specialize to the case where the SU (3) × SU (3) structure defines a global SU (3) structure (rather than some local SU (2) structure). In other words we assume η^1_+ = η^2_+. This is mostly for convenience and it also allows us to connect with the existing literature on compactifications on spaces with SU (3)-structure. We stress nonetheless that from a supergravity perspective the natural framework for N = 2 theories and truncations is actually a generic SU (3)×SU (3) structure.

2.2 Field decompositions

Let us first look at the decomposition of the fields of type II supergravities in the subsupermanifold N^{1,9|4+4}. Let us use the same notion as the previous section even though we no longer necessarily have a product manifold. A μ, ν, . . . index denotes the representation of a field as a tensor of T^{1,3} while a m, n, . . . index denotes the representation as a tensor of F . In addition, we specialize to the case of a global SU (3) structure. This means we can futher decompose the F -tensors into into SU (3) representations.

The common NS sector contains the metric g_{M N} , an antisymmetric tensor B_{M N} and the dilaton ϕ. Their decomposition into SU (3) representation is displayed in table 2.1. The notation a_b denotes a field in the SU (3) representation a and with four-dimensional spin b, with T denoting an antisymmetric tensor or pseudo-scalar. The representations are real except for 6 and 3 and their conjugates.

The RR sector of type IIA supergravity features a vector C_M and a three-form C_{M N P} ; their decompositions are given in table 2.2.

g_{M N} g_{μν} 1_2

g_{μm} (3 + ¯3)_1

g_{mn} 1_0 + (6 + ¯6)_0 + 8_0

B_{M N} B_{μν} 1_T

B_{μm} (3 + ¯3)_1

B_{mn} 1_0 + (3 + ¯3)_0 + 8_0

ϕ 1_0

Table 2.1: Decomposition of the NS sector in SU(3) representations

C_M C_μ 1_1

C_m (3 + ¯3)_0

C_{M N P} C_{μνp} (3 + ¯3)_T

C_{μnp} 1_1 + (3 + ¯3)_1 + 8_1

C_{mnp} (1 + 1)_0 + (3 + ¯3)_0 + (6 + ¯6)_0

Table 2.2: Type IIA decomposition of the RR sector in SU(3) representations

In type IIB one has a scalar C_0, a two-form C_2 and a four-form C_4 with a self-dual field strength F_5. Their decompositions are recorded in table 2.3. The self-duality of F_5 relates C_{μνmn} to C_{mnpq} , and leaves only half of the representations in C_{μnpq} as independent fields.

Finally let us turn to the fermionic sector which contains two gravitinos Ψ_M and two dilatinos λ. In type IIA they have opposite ten-dimensional chirality while in IIB they have the same chirality. The 16-dimensional spinor representation decomposes according to 16 → (2, 1) ⊕ (2, 3) ⊕ (¯2, 1) ⊕ (¯2, ¯3) . (2.11)

This in turn leads to the decompositions displayed in table 2.4. (Here all the representations are assumed to be complex.)

Altogether these fields can be assembled into N = 2 multiplets. In both theories one finds a gravitational multiplet, six spin-^3_2 multiplets, 15 vector multiplets, nine hypermultiplets and one tensor multiplet. (Of course, altogether these N = 2 multiplets precisely fit into a single N = 8 gravitational multiplet.) The distribution of the fields into N = 2 multiplets is not uniquely determined by their SU(3) representation. However, we are mostly interested in the case where only the two gravitinos in the gravitational multiplet are kept while the six extra spin-^3_2 multiplets are projected out or become massive.^2 In

2Recall that a massless N = 2 spin-^3_2 multiplet contains a spin-^3_2 gravitino, two vectors and a Weyl

C^{(0)} 1_0

C_{M N} C_{μν} 1_T

C_{μm} (3 + ¯3)_1

C_{mn} 1_0 + (3 + ¯3)_0 + 8_0

C_{M N P Q} C_{μnpq}^1_2 [(1 + 1)_1 + (3 + ¯3)_1 + (6 + ¯6)_1]

C_{mnpq}/C_{μνmn} 1_0 + (3 + ¯3)_0 + 8_0

Table 2.3: Type IIB decomposition of the RR sector in SU(3) representations

Ψ_M

Ψ_μ 1_{3/2} + 3_{3/2}

Ψ_m 1_{1/2} + 3_{1/2} + 2 ¯3_{1/2} + 6_{1/2} + 8_{1/2}

λ 1_{1/2} + 3_{1/2}

Table 2.4: Decomposition of the fermions in SU(3) representations

this case one has a ‘standard’ N = 2 theory in that only vector, tensor and hypermultiplets coupled to the gravitational multiplet with known couplings occur. This situation can be arranged if one removes all triplets from the spectrum. In this case the distribution of the fields into N = 2 multiplets is uniquely determined by their SU (3) quantum numbers.

For type IIA we display the multiplets in table 2.5 while the type IIB multiplets are given in table 2.6. We see that the SU(3) representations are permuted between type IIA and type IIB which expresses the fact vector- and hypermultiplets are exchanged under mirror symmetry.^3

2.3 Scalar action: kinetic terms

From now on, we will concentrate on the scalar part of the generalized action. As we have seen in the previous section, the relevant NS components are ϕ, B_{μν} , g_{mn} and B_{mn}. Note that g_{mn} enters both the vector multiplets and hypermultiplets. To distinguish the two contributions we first need to understand the geometry on the space of metrics on manifolds with SU (3) × SU (3) structure. As before we will actually specialize to the SU (3) case. Thus as a prerequisite it is useful to recall some facts about SU (3) structures. In what follows we will consider the analog of the four-dimensional kinetic

fermion, while a massive spin-^3_2 multiplet contains a spin-^3_2 gravitino, four vectors, six Weyl fermions and four scalars.

3Strictly speaking in type IIB one has the choice to assemble the spectrum either in tensor or hypermultiplets. If they are massless one can always dualize the tensor to a hypermultiplet. However for massive multiplets such a procedure is not straightforward and it often more convenient to keep the tensors in the spectrum [64, 75].

multiplet SU(3) rep. field content gravity multiplet 1 (g_{μν} , C_μ, Ψ_μ) tensor multiplet 1 (B_{μν} , ϕ, C_{mnp}, λ) vector multiplets 8 + 1 (C_{μnp}, g_{mn}, B_{mn}, Ψ_m) hypermultiplets 6 (g_{mn}, C_{mnp}, Ψ_m)

Table 2.5: N=2 multiplets in type IIA

multiplet SU(3) rep. field content gravity multiplet 1 (g_{μν} , C_{μnpq}, Ψ_μ) double tensor multiplet 1 (B_{μν} , C_{μν} , ϕ, C^{(0)}, λ) vector multiplets 6 (C_{μnpq}, g_{mn}, Ψ_m) hypermultiplets 8 + 1 (g_{mn}, B_{mn}, C_{mn}, C_{mnpq}, Ψ_m)

Table 2.6: N=2 multiplets in type IIB

terms for these scalar degrees of freedom. The analog of the potential term will be discussed in section 2.5.

2.3.1 Geometry of SU (3) structures

One way to define manifolds with G-structure is to demand the existence of a G-invariant tensor or spinor on the manifold [46, 47]. We have argued that an invariant spinor η_+ corresponds to picking out a particular supersymmetry in the type II theory. Given η_+ defining an SU (3)-structure we can also build a set of SU (3)-invariant forms. These are constructed as follows. Using the six-dimensional gamma-matrices γ^m defined in (2.2) we can construct a globally defined two-form J and a complex three-form Ω_η given by η̄_±γ^{mn}η_± = ±^1_2 i J^{mn} , η̄_−γ^{mnp}η_+ =^1_2 i Ω^{mnp}_η , η̄_+γ^{mnp}η_− =^1_2 i Ω̄^{mnp}_η . (2.12)

Here η_± are normalized so that η̄_±η_± =^1_2 and γ^{m1 ...mp} = γ^{[m1} γ^{m2} . . . γ^{mp ]} are antisymmetrized products of six-dimensional γ-matrices.^4 Using appropriate Fierz identities one shows that with this normalization for the spinors, J and Ω_η are not independent but satisfy J ∧ J ∧ J =^3_4 i Ω_η ∧ Ω̄_η , J ∧ Ω_η = 0 . (2.13) Furthermore, raising an index on J defines an almost complex structure I in that it satisfies I^2 = −1. With respect to this almost complex structure J is a (1, 1)-form while Ω_η is a (3, 0)-form.

4By Ω_η we denote the three-form defined in (2.12) which is built from normalized spinors η. Later on in this paper we will also introduce the three-form Ω which obeys a different normalization.

It is helpful in what follows to note that one can actually define the SU (3) structure in terms of a pair of real forms (J, ρ) where ρ = Re Ω_η. The forms cannot be arbitrary but must be stable [52]. This means that they live in an open orbit under the action of general transformations GL(6, R) in the tangent space at each point. A stable twoform J then defines a Sp(6, R) structure while a stable real form ρ defines a SL(3, C ) structure. Together they define an SU (3) structure provided the embeddings of Sp(6, R) and SL(3, C ) in GL(6, R) are compatible. This requires

J ∧ J ∧ J =^3_2 ρ ∧ ρ̂ , J ∧ ρ = 0 , (2.14)

where ρ̂ = Im Ω_η = ∗ρ. As we will discuss in section 2.4.5 ρ̂ is actually determined by ρ, independent of J. Note that since SU (3) ⊂ SO(6) the pair (J, ρ) satisfying (2.14) also defines an SO(6) structure and hence a metric.

Returning to the spinor η_+, if the corresponding supercharge is conserved in a spacetime background where all fields vanish other than the metric, then the Killing spinor equations imply that η_+ is covariantly constant with respect to the Levi-Civita connection. Geometrically this says that the holonomy of M^{1,9} is in SU (3). This means we have a metric product of the form (2.1) where M^{1,3} is flat R^{1,3} and Y is a Calabi–Yau manifold.

However, if one also allows for the possibility of spontaneously broken supercharges, while we still have an SU (3) structure, η_+ is no longer required to be covariantly constant. Nonetheless, for any η_+, one can always find a torsionful connection ∇^{(T )} on the sixdimensional vector bundle F , which is compatible with the metric to g_{mn} and which obeys ∇^{(T )}η = 0. Calabi–Yau manifolds are thus special cases of manifolds with SU(3) structure for which the torsion vanishes. The part of the torsion which is independent of the choice of ∇^{(T )} is known as the “intrinsic torsion” and can be used to classify the types of SU (3) structure. Since η is no longer covariantly constant both J and Ω_η are no longer closed but instead they obey [45]

dJ =^3_4 i ( W_1Ω̄_η − W̄_1Ω_η ) + W_4 ∧ J + W_3 ,

dΩ_η = W_1J^2 + W_2 ∧ J + W̄_5 ∧ Ω_η ,

(2.15)

with W_3 ∧ J = W_3 ∧ Ω_η = W_2 ∧ J^2 = 0 . (2.16) One finds that the five different W ’s completely determine the intrinsic torsion. Note that W_1 is a zero-form, W_4, W_5 are one-forms, W_2 is a two-form and W_3 is a three-form and each can be characterized by its SU (3) transformation properties. Calabi–Yau manifolds are manifolds of SU (3) structure where all five torsion classes vanish. Any subset of vanishing torsion classes on the other hand define specific classes of SU (3) structure manifolds.

Now we turn to the effective action for the metric degrees of freedom or, as we will see, the effective action for J and ρ.

2.3.2 Kinetic terms for NS deformations

In order to separate the vector multiplet and hypermultiplet degrees of freedom it is better to work in terms of the SU (3)-structure (J, ρ) rather than the metric g_{mn}. Decomposing deformations of the structure into SU (3)-representations, given the constraints (2.14), one can write δJ = λJ + i_vρ + K , δρ =^3_2 λρ + γρ̂ − v ∧ J + M . (2.17)

where λ and γ are scalars, v is a real vector, transforming as 3 + ¯3, K a is real two-form transforming as 8 and M is a (primitive) three-form transforming as 6 + ¯6. This implies that ρ ∧ K = J ∧ J ∧ K = 0 , J ∧ M = ρ ∧ M = ρ̂ ∧ M = 0 . (2.18)

Recalling that the SU (3) structure defines the metric g_{mn}, it is easy to show that the two sets of deformations are related by

δg_{mn} = λg_{mn} − J_m^pK_{pn} −^1_2 ρ_m^{pq}M_{pqn} . (2.19)

Here we see explicitly that δg_{mn} contains scalar, 8 and 6 + ¯6 deformations as we already noted in table 2.1. (By definition J_m^pK_{pn} and ρ_m^{pq}M_{npq} are symmetric on m and n.)

Clearly, there are more degrees of freedom in the SU (3)-structure than in the metric. This is not surprising since the metric parameterizes the coset GL(6, R)/ SO(6) which is 21-dimensional, while the pair (J, ρ) parameterizes GL(6, R)/ SU (3) which is 28-dimensional. The vector v and scalar γ represent the extra seven parameters: deformations which change the SU (3)-structure but leave the metric invariant. It is natural, since we have local SU (3) symmetry, to formulate the theory in terms of J and ρ. However, we expect to find a local symmetry removing the non-metric degrees of freedom represented by v and γ. This is the remnant of the local Spin(6) ⊂ Spin(9, 1) rotational symmetry of the vierbein formulation of gravity.

Note, in addition, that the vector deformation v transforms as 3 + ¯3 as do the additional spin-^3_2 degrees of freedom coming form Ψ_μ discussed in section 2.2. If we want to consistently restrict to a ‘standard’ N = 2 theory and ignore these additional spin-^3_2 fields we must drop all such triplet representations and hence set v to zero. We will often do this in what follows and only in section 2.4.6 discuss some properties of the more general case.

Now let us finally turn to the kinetic terms for g_{mn}, B_{mn} and ϕ. The point is that, given the split (2.6), we can always decompose the derivative operator ∂_M into a part on T^{1,3} and a part on F labeled ∂_μ and ∂_m respectively,

∂_M = (∂_μ, ∂_m). (2.20)

Any term in the ten-dimensional theory with two ∂_μ operators we denote as kinetic, while any scalar field term with no such operators we denote as contributing to the potential.

As when conpactifying, we need to rescale the four-dimensional part of the metric g_{μν} and also define a new “four-dimensional” dilaton in order to diagonalize the kinetic terms and get a conventional Einstein term. In analogy with the case of compactification on a Calabi–Yau manifolds we write

g^{(4)}_{μν} = e^{−2ϕ(4)} g_{μν} , ϕ^{(4)} = ϕ −^1_4 ln det g_{mn} , (2.21) where g_{mn} is not rescaled but taken in the ten-dimensional string frame. Note that these definitions imply that e^{−2ϕ(4)} ∈ det F^∗ = Λ^6F^∗ ,

g^{(4)}_{μν} ∈ T^{1,3 ∗} ⊗ T^{1,3 ∗} ⊗ Λ^6F^∗ .

(2.22)

This means for instance that the exponential of the four-dimensional dilaton transforms as a six-form under GL(6, R) transformations on F .

The bosonic NS part of the ten-dimensional type II action reads

S_{NS} = ∫ d^{10}x √ g e^{−2ϕ} [ R + 4(∂ϕ)^2 −^1_{12} H^2 ] . (2.23)

Keeping only terms with ∂_μ and also only Spin(1, 3)-scalar fields we find, given the redefinitions (2.21),

S_{NS} = ∫ d^{10}x √ g^{(4)} [ R^{(4)} − 2(∂ϕ^{(4)})^2 −^1_{12} e^{−4ϕ(4)} H^2_{(4)}

−^1_4 g^{mp}g^{nq} (∂_μg_{mn}∂^μg_{pq} + ∂_μB_{mn}∂^μB_{pq}) + . . . ] , (2.24)

where H^{(4)}μνρ = 3∂_{[μ}B_{νρ]} and all contractions are with g^{(4)}μν . Note that, for instance, √ g^{(4)}R^{(4)} ∈ det T^{1,3 ∗} ⊗ det F^∗ and hence (2.24) does transform properly as a tendimensional generally covariant expression. The first three terms give the usual kinetic terms of the four-dimensional metric g^{(4)} and the B_{μν} –ϕ part of the tensor or double tensor multiplet. The last two terms in (2.24) define a metric of the space of metric and B-field deformations [7]. We write, given the expansions (2.17)

ds^2 =^1_8 g^{mp}g^{nq} (δg_{mn}δg_{pq} + δB_{mn}δB_{pq}) = [_3 4 δλδλ +^1_8 g^{mp}g^{nq}δK_{mn}δK_{pq} +^1_8 g^{mp}g^{nq} δB_{mn}δB_{pq} ] +^1_{24} g^{mr}g^{ns}g^{pt}δM_{mnp}δM_{rst} ≡ ds^2(J, B) + ds^2(ρ).

(2.25)

Note that without any truncation this metric is precisely the metric on the Narain coset O(6, 6)/O(6) × O(6) [77]. The vector δv_m and scalar δγ deformations of J and ρ do not enter (2.25) because they represent non-metric degrees of freedom, that is deformations which change the SU (3) structure but leave the metric unchanged.

The derivation of (2.24) and (2.25) is completely analogous to the derivation given for example in refs. [3, 7] for Calabi–Yau compactifications. The difference here is that we do not assume any compactification and keep the dependence on all ten space-time coordinates. Furthermore, the background is not a Calabi–Yau but only constrained to have SU (3) or SU (3) × SU (3) structure.

The exact same decomposition of the ten-dimensional action can be done for the RR-part of the respective actions for type IIA and type IIB. Again this is in complete analogy with the derivation of the four-dimensional action for Calabi–Yau compactifications performed in [3, 4]. This results in the kinetic terms for the gauge bosons and the kinetic terms for the RR scalars and tensors. We will not do this explicitly here since the couplings to the SU (3) structure J and ρ is exactly the same as for Calabi–Yau compactifications and thus we can borrow the results from the literature [3, 4].

Instead in the following sections we will show that ds^2(J, B) and ds^2(ρ) correspond to special Kähler metrics on the moduli space of B + iJ and ρ respectively, and, in addition, how these structures are intimately related to Spin(6, 6) spinors and Hitchin functionals.

2.4 Special Kähler manifolds and stable forms

In this section we review, essentially following Hitchin [52], how the spaces of forms J and ρ defining the SU (3) structure each separately admit a natural special Kähler metric. We then discuss the corresponding structure on the space of SU (3) metrics g_{mn} (that is metrics which are compatible with some SU (3) structure). This is done by first noting that both e^{iJ} and ρ + iρ̂ are pure Spin(6, 6) spinors and using Hitchin’s result that there is a natural special Kähler metric on the space of (stable) real Spin(6, 6) spinors. The special Kähler metrics on the spaces of J and ρ then arise as special cases. In each case they agree with the metrics (2.25) we found directly from rewriting the type II supergravity theory.

Concretely this section is organized as follows. We first briefly review the notion of special Kähler geometry in 2.4.1. Then in section 2.4.2 we discuss in more detail the properties of SU (3) × SU (3) structures and in particular show that they can be conveniently expressed in terms of pure Spin(6, 6) spinors. In 2.4.3 we review (in a slightly different language) Hitchin’s result that there is a natural special Kähler metric on the space of (stable) real Spin(6, 6) spinors. The special Kähler metrics for ρ and J will then arise as special cases in sections 2.4.4 and 2.4.5. Finally in 2.4.6 we discuss the geometry of the corresponding constrained space of SU (3) metrics.

2.4.1 Review of special Kähler geometry

First let us briefly recall the structure of special Kähler geometry [73, 5, 78, 79, 74]. There are two types of special Kähler structures which we will now summarize.

In globally supersymmetric N = 2 theories the scalar fields in the vector multiplets can be viewed as coordinates of a rigid special Kähler manifold. This implies one has (2n)-dimensional Kähler manifold U with a flat holomorphic Sp(2n, R) bundle G with a holomorphic section Φ such that the Kähler potential is given by

K_{rigid} = iω ( Φ, Φ̄ ) , ω(∂Φ, ∂Φ) = 0 . (2.26)

where ω(·, ·) is the symplectic product on G and ∂ is the holomorphic derivative on U. One can typically introduce holomorphic coordinates Z^I on U and holomorphic functions F_I (Z) such that ω ( Φ, Φ̄ ) = Z̄^I F_I − Z^IF̄_I , (2.27)

with I = 1, . . . , n. The second condition in (2.26) implies that locally we can write F_I = ∂F/∂Z^I where the holomorphic function F (Z) is known as the prepotential.

In N = 2 supergravity the same scalar fields in the vector multiplets are coordinates of a local special Kähler manifold. The latter is a Hodge–Kähler manifold M of real dimension 2n together with a line bundle L and a holomorphic Sp(2n + 2, R) vector bundle H over M. One requires that L embeds holomorphically in H. In addition there exists a holomorphic section Φ of L such that the Kähler potential is given by

K = − ln iω ( Φ, Φ̄ ) , ω(Φ, ∂Φ) = 0 , (2.28)

where now ω(·, ·) is the symplectic product on H and ∂ is the holomorphic derivative on M. The section Φ is not unique but can be shifted by a holomorphic gauge transformation on L corresponding to a Kähler transformation. Just as in the rigid case one can introduce holomorphic coordinates Z^I on H together with a set of holomorphic functions F_I (Z) such that (2.27) holds, though now with I = 0, 1, . . . , n. Again, the second condition in (2.28) implies F_I = ∂F/∂Z^I . However, the prepotential F (Z) is now homogeneous of degree two. Locally one can introduce special holomorphic coordinates z^i = Z^i/Z^0, i = 1, . . . , n on M. In these coordinates the prepotential has the form

F (Z) = (Z^0)^2 f(z^i) , (2.29)

where f(z^i) is a function of the z^i.

2.4.2 O(6, 6) spinors and SU (3) × SU (3) structures

We argued in section 2.1 that in general N = 2 supersymmetry (or eight linearly realized supercharges) leads to a theory with SU (3) × SU (3) structure, by which we mean a pair of SU (3) structures. From one perspective this simply says that we have a pair of spinors η^A_+, A = 1, 2, or equivalently a pair of structures (J^A, ρ^A) which are given in terms of the η^A_+ exactly as in section 2.3.1. However, it turns out that it is convenient to reformulate these structures in terms of Spin(6, 6) spinors [49, 48] since it makes the local SU (3) × SU (3) symmetry of the theory manifest [34, 50]. In this section we briefly review this reformulation as it will be essential for showing the special Kähler structure of the metric (2.25).

Let X = v + ξ be an element of F ⊕ F^∗ where v ∈ F and ξ ∈ F^∗. Recall that there is a natural O(6, 6) metric on F ⊕ F^∗ given by (2.9). The basic Spin(6, 6) spinor representations are Majorana–Weyl. In fact, the two chiral spinor bundles S^+ and S^− are isomorphic to the space of even and odd forms respectively

S^+ ≃ Λ^{even}F^∗, S^− ≃ Λ^{odd}F^∗. (2.30)

Under this isomorphism, the Clifford action is realized by

(v + ξ) · χ^± = i_vχ^± + ξ ∧ χ^± (2.31)

for χ^± ∈ Λ^{even/odd}F^∗ and where i_v denotes contraction with the vector v. More explicitly, let f_m with m = 1, . . . , 6 be a basis on F and let e^m be the dual basis on F^∗ (that is e^m(f_n) = δ^m_n). We can write the O(6, 6) gamma matrices Γ^Σ where Σ = 1, . . . , 12 as

X_ΣΓ^Σ = v^mΓ_m + ξ_mΓ^m with Γ_m = i_m , Γ^m = e^m∧ , (2.32)

where we use the shorthand i_m for i_{fm} .

The isomorphism between spinors and forms is not canonical. If one considers carefully how the spinors transform under the GL(6, R) subgroup one finds^5

S^± ≃ Λ^{even/odd}F^∗ ⊗ | det F |^{1/2} . (2.33)

To specify the isomorphism one needs to choose an element of | det F |^{1/2}. Since one takes the absolute value this bundle is trivial. If the manifold is orientable (as will be the case for us) the isomorphism can equivalently be fixed by choosing a particular volume form ϵ ∈ Λ^6F^∗ = det F^∗. Specifically we define the isomorphism

f_ϵ : S^± → Λ^{even/odd}F^∗, u^± → χ^± = u^± √ ϵ. (2.34)

In what follows we will actually be interested in forms χ^± ∈ Λ^{even/odd}F^∗. We will use

χ_ϵ = f^{−1}_ϵ (χ^±) (2.35)

to denote the corresponding element in S^±. We will also often refer to the forms χ^± as “spinors” assuming that the isomorphism (2.34) is understood.

As usual, the intertwiner C between Γ^Σ and its transpose representation −(Γ^Σ)^T = C^{−1}Γ^ΣC defines a bilinear form on S^±. Explicitly if α, β are Spin(6, 6) spinor indices and u, v ∈ S^± then the inner product is given by

ū^±v^± ≡ (C^{−1})_{αβ} u^{± α}v^{± β} . (2.36)

The inner prduct between spinors in S^+ and S^− vanishes because the spinors have different chirality. Since here C^T = −C the bilinear form actually defines a symplectic structure on S^±. Thus we will also often write it as ω ( u^±, v^± ) ≡ ū^±v^±, (2.37)

so that in components ω_{αβ} = C^{−1}_{αβ} .

Given the isomorphism between S^± and Λ^{even/odd} there is a corresponding inner product ⟨ψ^±, χ^±⟩ on the space of forms known as the Mukai pairing. If the isomorphism is defined by the volume form ϵ one defines ⟨ ψ^+, χ^+ ⟩ ≡ ω ( ψ^+_ϵ , χ^+_ϵ ) ϵ = ψ^+_0 ∧ χ^+_6 − ψ^+_2 ∧ χ^+_4 + ψ^+_4 ∧ χ^+_2 − ψ^+_6 ∧ χ^+_0 , ⟨ ψ^−, χ^− ⟩ ≡ ω ( ψ^−_ϵ , χ^−_ϵ ) ϵ = −ψ^−_1 ∧ χ^−_5 + ψ^−_3 ∧ χ^−_3 − ψ^−_5 ∧ χ^−_1 ,

(2.38)

where the subscripts denote the degree of the component forms in Λ^{even/odd}F^∗. Note that the Mukai pairing is independent of the particular choice of volume form ϵ. However it is also not quite a symplectic structure on Λ^{even/odd}F^∗ since it is a map to Λ^6F^∗ and not to R.

From the metric g_{mn} one identifies the subgroup of diffeomorphisms which preserves g_{mn} as O(6) ⊂ GL(6, R) ⊂ Spin(6, 6). Given a spin structure, we can then decompose u^+ ∈ S^+ into representations of the corresponding Spin(6) group according to

u^+ = ζ_+ ⊗ ζ̄^′_+ + ζ_− ⊗ ζ̄^′_− , (2.39)

5Note that there is actually always a second spin structure, twisted not by | det F |^{1/2} but by det F | det F |^{−1/2}. These differ by a sign in the action of elements of GL(6, R) with negative determinant.

where ζ_+ and ζ^′_+ are positive chirality (complex) spinors of Spin(6). For u^− ∈ S^− one finds u^− = ζ_+ ⊗ ζ̄^′_− + ζ_− ⊗ ζ̄^′_+ . (2.40)

In both cases the Spin(6) acts on both the left and the right.

The volume form ϵ_g defined by the metric and spin structure, provides a natural isomorphism with Λ^{even/odd}F^∗. This can be seen directly by taking Fierz identities. In particular, if γ^m are the gamma matrices for the Spin(6), one has

ζ_+ ⊗ ζ̄^′_± = 1 4 6∑ k=0 1 k! (¯ ζ^′_±γ_{m1...mk} ζ_+ ) γ^{mk ...m1} , (2.41) showing that any given Spin(6, 6) spinor is equivalent to a set of k-forms ζ̄^′_±γ_{m1 ...mk} ζ_+. Explicitly we have the isomorphism

ζ_+ ⊗ ζ̄^′_± √ ϵ_g = 1 4 6⨁ k=0 1 k! (¯ ζ^′_±γ_{m1...mk} ζ_+ ) e^{mk} ∧ · · · ∧ e^{m1} . (2.42)

Let us now rewrite a given SU (3) structure in this formalism. Recall the SU (3) structure was defined by a spinor η_+ with η_− = η^c_+. This allows us to define two complex Spin(6, 6) spinors as [28]

η_+ ⊗ η̄_+ √ ϵ_g =^1_8 e^{−iJ} ∈ Λ^{even}F^∗_C ,

η_+ ⊗ η̄_− √ ϵ_g = −^1_8 iΩ_η ∈ Λ^{odd}F^∗_C .

(2.43)

e^{−iJ} and Ω_η are known as “pure spinors” [49] since their annihilator is a maximal isotropic subspace (for the case at hand, the annihilators of e^{−iJ} and Ω_η are six-dimensional, and are given in [23, 28]). In terms of the O(6, 6) structure group on F ⊕ F^∗ each complex pure spinor defines a SU (3, 3) sub-bundle. Together the common sub-bundle of the two SU (3, 3) structures defined by e^{iJ} and Ω_η is a SU (3) × SU (3) bundle. Within this there is an SU (3) subgroup of diffeomorphisms GL(6, R) ⊂ SO (6, 6) which leave J and ρ invariant and defines the original SU (3) structure. From this perspective, the SU (3) structure is defined by the pair of pure spinors e^{iJ} and Ω_η .

Now consider the case of a pair of SU (3) structures, given by η^A_+ . As discussed above, this is the generic situation for the reformulated supergravity theory. Again one can construct two pairs of pure complex spinors η^A_+ ⊗ η̄^A_+ √ϵ_g = e^{iJ A} and η^A_+ ⊗ η̄^A_− √ϵ_g = Ω^A_η with A = 1, 2. It is actually more natural (and equivalent) to define, following [34, 50], the pure spinors Φ^+ = η^1_+ ⊗ η̄^2_+ √ ϵ_g ∈ Λ^{even}F^∗_C ,

Φ^− = η^1_+ ⊗ η̄^2_− √ ϵ_g ∈ Λ^{odd}F^∗_C .

(2.44)

Their expression in terms of the local SU(2) structure is given in [34, 44]. Again here each pure spinor given in (2.44) defines a SU (3, 3) structure. Since as Spin(6) spinors η̄^A_±γ_mη^A_+ = 0, it is easy to show that Φ̄^−_{ϵg} Γ^ΣΦ^+_{ϵg} = 0. This implies that together they define an SU (3)×SU (3) structure on F ⊕F^∗. (This is discussed in more detail in section 2.4.6.) Writing the structure in terms of Φ^± the SU (3) × SU (3) action is immediately apparent:

it corresponds to two independent SU (3) ⊂ Spin(6) groups acting separately on η^1_± and η^2_±. In the generic case, globally there is no common subgroup of SU (3) × SU (3) and we simply have a pair of SU (3) structures. Locally there is a common SU (2) group, but this does not, generically, survive globally (this is the case when the spinors η^1 and η^2 become parallel at one or more points on the manifold.) Nonetheless, globally, the pair of SU (3) structures is equivalent to the pair of complex pure spinors given in eq. (2.44). In the special case where η^1_+ = η^2_+ = η_+, we have a single SU (3) structure with

Φ^+ =^1_8 e^{−iJ} , Φ^− = −^1_8 iΩ_η . (2.45)

This is the case with which we will be most concerned. However let us continue a little further in the more general setting of SU (3) × SU (3) structures and show that stable Spin(6, 6) spinors define a special Kähler geometry following [51].

2.4.3 Special Kähler structure for stable Spin(6, 6) spinors

Consider a general odd or even form χ, that is a section either of Λ^{even}F^∗ or Λ^{odd}F^∗. Let χ_ϵ ∈ S^± be the corresponding spinor defined using the volume form ϵ. Following Hitchin [48, 51] we will show, first, that there is a natural special Kähler structure on the space of so called “stable” spinors χ_ϵ, and, second, how this also gives a special Kähler structure on the space of stable forms χ.

Just as a nowhere vanishing Spin(6) spinor defines an SU (3) structure, a nowhere vanishing Spin(6, 6) spinor χ_ϵ defines an SU (3, 3) structure. That is to say a generic χ_ϵ is invariant under SU (3, 3) ⊂ Spin(6, 6) rotations. As shown in [48], not quite all spinors define an SU (3, 3) structure, but rather only an open subset of S^± corresponding to so-called “stable spinors”. To see how the stable spinors are defined it is useful to start by noting that, in analogy to the SU (3) case discussed in section 2.3.1, one can construct SU (3, 3)-invariant forms out of the spinor bilinears. In particular, one can define a fundamental two-form J ∈ Λ^2(F ⊕ F^∗) given by

J_{ΠΣ} = χ̄_ϵ Γ_{ΠΣ} χ_ϵ , Π, Σ = 1, . . . , 12 , (2.46)

where Γ_{ΠΣ} is the antisymmetrized product of two SO(6, 6) Γ-matrices. Using the O(6, 6) metric one can raise one index forming J^Π_Σ which generically defines an almost complex structure. The only caveat is that J_{ΠΣ} will not be properly normalized to be compatible with the SO(6, 6) metric, that is J^Π_ΩJ^Ω_Σ = −k^2δ^Π_Σ but k ≠ 1. This is because the normalization of χ_ϵ is not fixed, and there is no simple way to fix it, since χ̄_ϵχ_ϵ = 0 identically as can be seen, for example, from (2.36) or (2.38). Following Hitchin [51], one can instead introduce a quartic function of χ_ϵ, given by the square of J_{ΠΣ}. One defines

q_ϵ(χ_ϵ) = −^1_4 (χ̄_ϵΓ_{ΠΣ}χ_ϵ)(χ̄_ϵΓ^{ΠΣ}χ_ϵ) , (2.47)

together with the homogeneous Hitchin function of degree two

H_ϵ(χ_ϵ) = √ −^1_3 q_ϵ(χ_ϵ) =

√_1 12 J^2 (2.48)

Note that when J is correctly normalized, H_ϵ(χ_ϵ) = 1.

With the help of these functions one can define the notion of stable spinors. If J does define an almost complex structure then clearly q_ϵ(χ_ϵ) < 0. In fact this is also sufficient for there to be an SU (3, 3) structure. Hitchin defines the set of stable real Spin(6, 6) spinors U_ϵ = { χ_ϵ ∈ S^± : q_ϵ(χ_ϵ) < 0 } . (2.49)

By definition q_ϵ(χ_ϵ) ≤ 0, and hence one can see that U_ϵ is an open subset of S^±, consisting of all spinors such that J ≠ 0, and so is 32-dimensional. This is the statement that a generic spinor χ_ϵ defines a SU (3, 3) structure. Clearly kχ^±, for any non-zero k ∈ R−{0}, defines the same structure. Hence the set of stable forms U_ϵ is a homogeneous space given by the set of SU (3, 3) structures compatible with the O(6, 6) metric together with an overall scale [48] U_ϵ ≃ O(6, 6) ⊗ R^+/ SU (3, 3). (2.50)

In what follows it is useful to note that since S^± is a vector space and U_ϵ is an open subset of S^±, there is a natural isomorphism between T_{χϵ} U_ϵ at any point χ_ϵ ∈ U_ϵ and S^±. (For instance χ_ϵ can be viewed either as a coordinate on U_ϵ or the “position vector field” in T U_ϵ.)

On manifolds with SU (3) structure there is a pair of real invariant spinors, or equivalently a complex invariant spinor (and its complex conjugate). The same is true for SU (3, 3) structures. The second real spinor χ̂_ϵ can be written in terms of χ_ϵ by acting with the correctly normalized operator J^{ΠΣ}Γ_{ΠΣ}. Explicitly one has

χ̂_ϵ = − 1 6 √ J^2/12

J^{ΠΣ}Γ_{ΠΣ} χ_ϵ . (2.51)

This second spinor can also be defined in terms of the function H_ϵ(χ_ϵ). Recall that the spinor inner product defined a symplectic structure ω(ξ, η) = ξ̄η. The function H_ϵ(χ_ϵ) defines a Hamiltonian vector field χ̂_ϵ ∈ T U_ϵ ≃ S^±

i_{χ̂ϵ} ω = −dH_ϵ , (2.52)

where d is the exterior derivative on U_ϵ, so dH_ϵ ∈ T^∗U_ϵ. In components we have

χ̂^α_ϵ = −(ω^{−1})^{αβ}∂_βH_ϵ(χ_ϵ), (2.53)

where ∂_α = ∂/∂χ^α_ϵ . Using (2.48) and (2.46) it is straightforward to see that (2.53) coincides with (2.51).

The corresponding complex spinor is

Φ_ϵ =^1_2 (χ_ϵ + iχ̂_ϵ) , (2.54)

which was shown to be a pure spinor in ref. [48]. In what follows it will be one of the two pure spinors defining the SU (3) × SU (3) structure. As a vector field χ̂_ϵ ∈ T U_ϵ generates the U(1) action Φ_ϵ → e^{iθ}Φ_ϵ where we view the real and imaginary parts of Φ_ϵ as coordinates in U. Furthermore due to the homogeneity of H_ϵ together with the definition of χ̂_ϵ given in (2.52) and (2.53) one infers

H_ϵ(χ_ϵ) =^1_2 ω(χ_ϵ, χ̂_ϵ) = iω ( Φ_ϵ, Φ̄_ϵ ) . (2.55)

Now one can show that there is a natural rigid special Kähler structure on U. There is already a symplectic structure given by the spinor inner product. Since the matrix ω is constant, independent of χ_ϵ, we clearly have

dω = 0. (2.56)

Actually we have more. A constant ω gives a flat symplectic structure and implies that we can introduce Darboux coordinates χ^α_ϵ = (x^K , y_L) on U_ϵ with K, L = 1, . . . , 16 such that ω = dx^K ∧ dy_K . (2.57) These will be useful in what follows.

Next one shows that the complex structure J on F ⊕ F^∗ also induces a complex structure I on T U_ϵ. Specifically, viewing χ̂_ϵ as an element of T U_ϵ, one defines I ∈ T U ⊗ T^∗U by I^α_β = −∂_βχ̂^α_ϵ = (ω^{−1})^{αγ} ∂_γ ∂_βH_ϵ , (2.58) where the second equation follows from (2.53) since ω^{−1} = C is constant. In order to see that I^2 = −1 we first note, from the definition (2.51), that ^̄χ_ϵΓ_{ΠΣ}χ̂_ϵ = χ̄_ϵΓ_{ΠΣ} χ_ϵ and hence H_ϵ(χ̂_ϵ) = H_ϵ(χ_ϵ). Together with (2.55) this implies ω(χ_ϵ, χ̂_ϵ) = ω(χ̂_ϵ, χ̂_ϵ) and hence

χ̂_ϵ = −χ_ϵ . (2.59)

Taking a small variation of (2.53) and using (2.58) we find δχ̂^α_ϵ = −I^α_β δχ^β_ϵ . Using this and (2.59) we find δχ^α_ϵ = −δχ̂^α_ϵ = I^α_β δχ̂^β_ϵ = −I^α_β I^β_γ δχ^γ_ϵ which indeed implies I^2 = −1.

To show that I is also integrable one identifies explicit complex coordinates. In the Darboux coordinates (2.57) the complex spinor Φ_ϵ of (2.54) can be written as a complex vector on U_ϵ

Φ_ϵ =^1_2 (χ_ϵ + iχ̂_ϵ) = 1 2 ( χ^α_ϵ − i(ω^{−1})^{αβ}∂_βH_ϵ ) ∂ ∂χ^α_ϵ = 1 2 ( x^K + i ∂H_ϵ ∂y_K ) ∂ ∂x^K + 1 2 ( y_K − i ∂H_ϵ ∂x^K ) ∂ ∂y_K ≡ Z^K ∂ ∂x^K − F_K ∂ ∂y_K ,

(2.60)

where the last line defines the complex functions Z^K and F_K on U_ϵ. By definition the components Φ^α_ϵ = (Z^K , −F_K ) satisfy dΦ^α_ϵ =^1_2 dχ^α_ϵ −^1_2 iI^α_β dχ^β_ϵ . Hence −i(IdΦ_ϵ)^α = dΦ^α_ϵ and the one-forms dΦ^α_ϵ = (dZ^K , −dF_K) are all of type (1, 0) with respect to I. This implies that Z^K and F_K are each separately complex coordinates on U. (They are known as conjugate coordinate systems.)

We have shown that on U_ϵ there exists a closed symplectic form ω and an integrable complex structure I. Furthermore, from (2.58), one sees that ω_{αγ} I^γ_β = ∂_α∂_β H_ϵ is symmetric. This implies ω and I are compatible (that is, ω is a (1, 1)-form) and hence together they define a Kähler metric. The metric is given by

G_{rigid} = (ω_{αγ} I^γ_β ) dχ^α_ϵ ⊗ dχ^β_ϵ = ∂_α∂_β H_ϵ dχ^α_ϵ ⊗ dχ^β_ϵ . (2.61)

If we change to complex coordinates Z^K , since G_{rigid} is by definition Hermitian, one has

G_{rigid} = ∂_K ¯∂_LH_ϵ dZ^K ⊗ dZ̄^L , (2.62)

where ∂_K = ∂/∂Z^K and hence one can identify H_ϵ as the Kähler potential. Note that dx^K = dZ^K + dZ̄^K and dy_K = dF_K + dF̄_K . It is then easy to see that the Hermitian condition (or equivalently the condition that ω is a (1, 1)-form) implies that ∂_{[K} F_{L]} = 0. This implies that locally we can find a complex function F such that F_K = ∂_K F .

In summary, one sees, using (2.55) and (2.60), that the Kähler potential is given by

K_{rigid} ≡ H_ϵ = iω ( Φ_ϵ, Φ̄_ϵ ) = i (¯ Z^K F_K − Z^KF̄_K ) , (2.63)

where F_K = ∂_K F . Comparing with (2.26) and (2.27) we see that this is the standard form for a rigid special Kähler geometry.^6 One can further show that this is actually a pseudo-Kähler geometry: the signature of the metric G_{rigid} is (30, 2) [51].

Since we are interested in gravitational theories we really want to have a local special Kähler geometry. Fortunately there is a straightforward way of obtaining such a structure given the rigid geometry just described. Recall that χ̂_ϵ generated a U(1) action on U_ϵ corresponding to Φ_ϵ → e^{iθ}Φ_ϵ. The position vector field χ_ϵ generates a scaling Φ_ϵ → λΦ_ϵ. Together they define a C^∗ action compatible with the complex structure (since it is generated by the holomorphic vector field Φ_ϵ). Thus one can define the 30-dimensional quotient moduli space M_ϵ = U_ϵ/C^∗ . (2.64)

Under the C^∗ action the tangent space T U_ϵ descends to a holomorphic Sp(32, R) vector bundle H with symplectic structure ω. It is a standard result (see for instance [79]) that there is then a local special Kähler structure on M with Kähler potential

K = − ln H_ϵ = − ln iω ( Φ_ϵ, Φ̄_ϵ ) = − ln i (¯ Z^K F_K − Z^KF̄_K ) , (2.65)

for some Φ_ϵ defined up to a Kähler transformation Φ_ϵ → λΦ_ϵ where λ ∈ C^∗ . (In [79] local special Kähler manifolds are defined as such quotients.) The corresponding metric is Euclidean. The Z^K (z) are complex sections of H where z are complex coordinates on M_ϵ. The moduli space corresponds to a space of U(3, 3) structures compatible with the O(6, 6) metric, so we can identify

M_ϵ ≃ O(6, 6)/U(3, 3), (2.66)

as the space of complex structures compatible with the O(6, 6)-metric. That M_ϵ admits a Hermitian metric is well known (see for instance [46]). Hitchin’s result [48] is to show that it has a natural special Kähler geometry.

Thus far the discussion has been in terms of the spinor χ_ϵ. As such, it appears that the special Kähler structures depend on the choice of volume form ϵ defining the isomorphism between forms and spinors. In fact, the final local special Kähler structure is actually independent of the choice of ϵ. All of the preceding discussion can be repeated

6Anticipating the result we already denoted the holomorphic section of special Kähler geometry in section 2.4.1 by Φ.

in terms of the form χ ∈ Λ^{even/odd}F^∗. Explicitly, one defines the analog of q_ϵ(χ_ϵ), using the Mukai pairing (2.38) rather than the symplectic form ω,

q(χ) = −^1_4 ⟨χ, Γ_{ΠΣ}χ⟩ ⟨ χ, Γ^{ΠΣ}χ ⟩ ∈ Λ^6F^∗ ⊗ Λ^6F^∗ , (2.67)

which is now formally the square of a volume form rather than a scalar. The open set of stable forms, which is isomorphic to U_ϵ, is then given by U = { χ ∈ Λ^{even/odd}F^∗ : q(χ) < 0 } ≃ U_ϵ . (2.68)

One has the analog of H_ϵ(χ_ϵ), H(χ) = √ −^1_3 q(χ) ∈ Λ^6F^∗

= H_ϵ(χ_ϵ) ϵ

(2.69)

which is now a volume form.

The functional H(χ) defines a complex structure on U in complete analogy with the spinor case. One defines the Hamiltonian vector field χ̂ on T U ≃ Λ^{even/odd}F^∗ by the action on T U ⟨χ̂, ·⟩ = −dH(·) , (2.70) and the corresponding complex vector field

Φ =^1_2 (χ + iχ̂) . (2.71)

The complex structure is then defined as a derivative of Φ as before.

The difference arises in the symplectic structure. We can define a map Λ^{even/odd}F^∗ ⊗ Λ^{even/odd}F^∗ → R by (χ, ψ) → ω(χ_ϵ, ψ_ϵ) but this depends on the choice of ϵ. This means that there is no canonical rigid special Kähler metric on U, but only a family of metrics depending on ϵ with Kähler potentials K_{rigid} = H_ϵ(χ_ϵ). However, we can again form the quotient moduli space M = U/C^∗ ≃ M_ϵ . (2.72) The corresponding local special Kähler potential given by K = − ln H_ϵ is independent of the particular choice of ϵ in defining the symplectic structure, since rescaling ϵ simply shifts K by a constant and corresponds to a Kähler transformation. From this perspective we can introduce the volume form

e^{−K} = H = i ⟨ Φ, Φ̄ ⟩ = i(Z̄^K F_K − Z^KF̄_K) ∈ Λ^6F^∗, (2.73)

where we have introduced complex homogeneous coordinates Z^K (z) as above and z^a are complex coordinates on M . The special Kähler metric is then given by

ds^2 = ( ∂_a ¯∂_bH H − ∂_aH H ¯∂_aH H ) δz^aδz̄^b, (2.74)

where ∂_a = ∂/∂z^a and the powers of Λ^6F^∗ cancel so that the metric G really is a map G : Λ^{even/odd}F^∗ ⊗ Λ^{even/odd}F^∗ → R.

In summary, there is a unique special Kähler structure on the (quotient) space M = U/C^∗ of stable forms χ ∈ Λ^{even/odd}F^∗ where the exponentiated Kähler potential e^{−K} is naturally a six-form given by the Hitchin function H(χ). From now on we will consider only this structure on the space of forms and not consider the corresponding spinors.

2.4.4 Special Kähler structure for stable J

Having discussed the general case, let us now turn to the specific special Kähler structures that arise from ρ and J. Let us start with the symplectic two-form J. From Calabi–Yau compactifications we know that it is naturally paired with the NS two-form B. To match with the discussion of the previous section, we introduce the Spin(6, 6) spinor

χ^+ = 2 Re(c e^{−B−iJ} ) ∈ Λ^{even}F^∗ (2.75)

where c ∈ C − {0}. Note that for general J, B and c the spinor χ^+ is completely generic.

Using Hitchin’s construction we find by inserting (2.75) into (2.69) using (2.32)

H(χ^+) =^4_3 |c|^2J ∧ J ∧ J . (2.76)

(One way to see this is to note that the phase of c and the entire B dependence can be removed by a O(6, 6) rotation and hence both drop out of H(χ).) The space of stable χ^+ is then given by

U_J = { Re(c e^{−B−iJ} ) ∈ Λ^{even}F^∗ : J ∧ J ∧ J ≠ 0 } . (2.77)

This is equivalent to the usual condition that J is non-degenerate. The second spinor χ̂ is found from (2.51) to be 2 Im(c e^{−B−iJ} ) and thus the pure complex spinor reads

Φ^+ = c e^{−B−iJ} . (2.78)

From (2.38) we see that Λ^0F^∗ ⊕Λ^2F^∗ forms a maximal null subspace of Λ^{even}F^∗ under the inner product ⟨·, ·⟩. Thus we can choose symplectic Darboux coordinates such that the x^A span Λ^0F^∗ ⊕ Λ^2F^∗. In order to distinguish from the special Kähler structure for ρ which we will discuss in the next section let us denote the complex coordinates on U_J by X^A and F_A (instead of Z^K and F_K ). Expanding Φ^+ we determine the X^A to be

X^0 = c, X^a = −c(B + iJ)^a (2.79)

where a = [mn] running from 1 to 15 denotes the pair of antisymmetric indices on the two forms. Finally, the C^∗ action generated by Φ^+ acts by rescaling c, that is c → λc with λ ∈ C^∗ .

From Hitchin’s construction we immediately obtain a special Kähler manifold on the quotient space M_J = U_J /C^∗ , (2.80) with the Kähler potential K_J given by

e^{−KJ} = H =^4_3 |c|^2 J ∧ J ∧ J , (2.81)

and we see e^{−K} is naturally a six-form as discussed above. On M_J one can introduce special coordinates defined in section 2.4.1

t^a = −X^a/X^0 = (B + iJ)^a . (2.82)

(Note we have introduced an extra sign to match the conventional definition of t^a.) In these coordinates the prepotential f(t^a) introduced in (2.29) then takes the form

F(X^A) = (X^0)^2 f(t^a) , f(t^a) ϵ = t ∧ t ∧ t . (2.83)

Note that these expressions are exactly analogous to the expressions for the special Kähler geometry on the space of Kähler deformations on a Calabi–Yau manifold except that here J and B are functions of all ten spacetime coordinates and we do not necessarily have a Calabi–Yau manifold.

Finally we must show that the metric defined by K_J corresponds to the metric for the supergravity kinetic terms ds^2(J, B) given in (2.25). Starting from the Kähler potential (2.81) we find the Kähler metric

ds^2_J = − 3 2 [ δt ∧ δt̄ ∧ J J^3 − 3 2 δt ∧ J^2 J^3 δt̄ ∧ J^2 J^3 ] . (2.84)

Note that here we see explicitly that both numerator and denominator are proportional to the volume form which therefore cancels in the ratio. Rewriting this expression in terms of contractions with the metric g_{mn} we have

ds^2_J =^3_4 δλδλ +^1_2 g^{mn}δv_mδv_n +^1_8 g^{mp}g^{nq}δK_{mn}δK_{pq} +^1_8 g^{mp}g^{nq}δB_{mn}δB_{pq}, (2.85)

which precisely matches the metric (2.25) (up to the terms involving the vector deformation δv). Again this is similar to the situation in Calabi–Yau manifolds where the analogous computation can be found in refs. [5, 7]. Recall that the δv terms do not correspond to physical deformations but are associated with different SU (3) structures which define the same metric. In the full theory we expect them not to be present. We discuss this in some more detail in section 2.4.6. In the limit where we drop additional spin-^3_2 multiplets and hence all fields in the 3 + ¯3 representation of SU (3), we set δv = 0 and the agreement is exact.

2.4.5 Special Kähler structure for stable ρ

We now turn to the almost complex structure on F defined by ρ ∈ Λ^3F^∗. Unlike the previous case this is not a generic Spin(6, 6) spinor since it does not contain one-form or five-form pieces. Nonetheless an analogous construction of the special Kähler moduli space exists. (This was also first given by Hitchin in [51].)

One starts by noting that the pairing ⟨·, ·⟩ defined in (2.38) still defines a symplectic structure on the subspace Λ^3F^∗ ∈ Λ^{odd}F^∗. Then one introduces the (restricted) spinor

χ^− = 2n ρ ∈ Λ^3F^∗ ⊂ Λ^{odd}F^∗ , (2.86)

where the factor of two is for later convenience and n ∈ R − {0} is an arbitrary normalization constant analogous to the c introduced in (2.75). For this restricted spinor one can still define the forms q(χ^−) and H(χ^−) as in (2.67) and (2.71). Explicitly one finds, using (2.32),

q(χ^−) = 8 n^4 (e^m ∧ i_nρ ∧ ρ)(e^n ∧ i_mρ ∧ ρ) ∈ Λ^6F^∗ ⊗ Λ^6F^∗ . (2.87)

The space of stable three-forms is

U_ρ = { ρ ∈ Λ^3F^∗ : q(ρ) < 0 } . (2.88)

The key here is that only the GL(6, R) ⊂ Spin(6, 6) generators in Γ^{ΠΣ} give a non-zero contribution to q(ρ). From this perspective, rather than defining a SU (3, 3) substructure of Spin(6, 6), the three-form ρ defines a SL(3, C ) substructure of GL(6, R). The spinor stability then reduces to a notion of three-form stability, that is U_ρ defines an open orbit under GL(6, R). Correspondingly U_ρ is isomorphic to the homogeneous space

U_ρ ≃ GL^+(6, R)/ SL(3, C ), (2.89)

where GL^+(6, R) is the space of real matrices with positive determinant. Note if we had considered the generic case of SU(3)×SU(3) structures, rather than restricting to SU (3) structures, χ^− as defined (2.44) would be a generic element of Λ^{odd}F^∗ and we would be back to the general Hitchin construction.

Given H(χ^−) the construction continues just as above. One defines χ̂^− ∈ Λ^3F^∗, by ⟨ χ̂^−, · ⟩ = −dH(·) (2.90)

so χ̂^− = 2nρ̂ and then the complex spinor

Ω = χ^− + iχ̂^− = nΩ_η ∈ Λ^3F^∗_C , (2.91)

which is the (3, 0)-form usually used to define a SU (3) structure. (Recall that Ω_η was defined in (2.12) in terms of normalized spinors η̄η = 1 and Ω differs from Ω_η by the arbitrary normalization n.)

The C^∗ action generated by Ω acts as Ω → λΩ with λ ∈ C^∗ . One then constructs the quotient space M_ρ = U_ρ/C^∗ , (2.92)

with the Kähler potential K_ρ is defined via the six-form

e^{−Kρ} = H = iΩ ∧ Ω̄ . (2.93)

Note that modding out by the C^∗ action means that points in M_ρ do not distinguish the phase of Ω. Thus M_ρ is the moduli space of almost complex structures rather than SL(3, C ) structures on F and we can identify

M_ρ ≃ GL^+(6, R)/ GL^+(3, C ). (2.94)

Choosing a symplectic basis of Λ^3F^∗ one can introduce complex coordinates Z^K . Crucially, as above, Ω is a holomorphic section, that is it depends only on the holomorphic coordinates z^k on M_ρ.

As for the case with J, one notes that the special Kähler geometry is governed by expressions which are exactly analogous to the corresponding expressions for the special Kähler geometry of complex structure deformations on a Calabi–Yau manifold [7]. The difference here is again that Ω is a function of all ten spacetime coordinates and we do not necessarily have a Calabi–Yau manifold.

Finally we must show that the metric defined by K_ρ indeed coincides with the scalar kinetic term metric ds^2(ρ) given in (2.25). To do so it is convenient to note that, using the Mukai pairing, any complex three-form can be decomposed into a part along Ω and an orthogonal piece. In particular, for the derivative ∂Ω/∂z^k where z^k are holomorphic coordinates on M, we can always write ∂Ω ∂z^k = K_k Ω + ψ_k (2.95)

where ψ_k is defined by ⟨ ψ_k, Ω̄ ⟩ = 0. The metric on M then takes the form

ds^2_ρ = − iψ_kδz^k ∧ ψ̄_k δz̄^k iΩ ∧ Ω̄

. (2.96)

Given the expansion of ρ in (2.17) we can identify

K_k δz^k =^3_2 δλ − iδγ, ψ_kδz^k = (δM − δv ∧ J) + i ∗ (δM + δv ∧ J) . (2.97)

Substituting into (2.96) and rewriting in terms of contractions with g_{mn} one finds

ds^2_ρ =^1_{24} g^{mr}g^{ns}g^{pt}δM_{mnp}δM_{rst} +^1_2 g^{mn}δv_mδv_n , (2.98)

which exactly matches the scalar kinetic term metric of (2.25) (up to terms in the vector deformation δv). Again this is analogous to the Calabi–Yau computation which can be found in ref. [7]. As before the δv deformation is dropped when we remove the extra spin-^3_2 multiplets by ignoring all fields in the 3 + ¯3 representation of SU (3).

2.4.6 Special Kähler structure for metric SU (3) × SU (3)-structures

In the previous two sections we have seen that there are natural special Kähler structures on the space of two forms B + iJ and three-forms ρ respectively, each of which agrees with the corresponding metric in the type II supergravity theory. However rather than general J and ρ the actual supergravity degrees of freedom are the metric g. In this section, we discuss some of the issues involved in removing the redundant degrees of freedom. However a full analysis of the structures which arise will depend on including the couplings of the additional spin-^3_2 multiplets and hence our discussion will not be complete.

To go from J and ρ to g involves two steps. First one imposes the conditions

J ∧ ρ = 0, J^3 =^3_2 ρ ∧ ρ̂. (2.99)

These imply that together J and ρ define an SU (3)-structure. Secondly we need to mod out by those degrees of freedom that are not physical, that is take equivalence classes of (J, ρ) which describe the same metric g on F . In terms of deformations these are the degrees of freedom parameterized by v and γ in (2.17). Given any stable ρ we can always rescale ρ so as to satisfy the second condition in (2.99). However modding out by the scale of ρ together with the γ deformation corresponds precisely to the C^∗ action on U_ρ used to define the moduli space M_ρ. Similarly the C^∗ action on U_J removes the non-physical degree of freedom c in (2.75). Thus the actual problem on M_J × M_ρ is to impose the first condition in (2.99) and mod out by the vector v degrees of freedom.

Crucially, one notes that both the constraint J ∧ ρ = 0 and v transform in the 3 + ¯3 representation under SU (3). In the approximation where we are dropping the additional spin-^3_2 multiplets we drop all triplet representations. Thus, in this case, the condition is necessarily satisfied, there are no v deformations and (J, ρ) define a unique metric. This is precisely what happens for Calabi–Yau manifolds and also will be our assumption in section 3 where we will consider truncations of the general theory. Here we will discuss something of what form the general theory may take.

Let us start with the constraint. In fact, it is straightforward to consider the general case of SU (3) × SU (3) structures. Recall that a generic stable form χ^± ∈ Λ^{even/odd} defines an SU (3, 3) structure. Let U^± denote the corresponding spaces of stable χ^±, and M^± = U^±/C^∗ . We must identify those pairs of spinors (χ^+, χ^−) which determine an SU (3) × SU (3) structure, as defined in ref. [34]. (In the case where the structure is integrable, this should presumably be equivalent to what Gualtieri [49] calls a “generalized Calabi–Yau metric”.) This condition implies that the spinors define a metric g and Bfield. Taking a generic pair is not sufficient: we must impose a condition. This is the generalization of the conditions (2.99) that J and ρ together define a metric g. It defines a subspace V → U^+ × U^−, (2.100)

which can be identified with the 52-dimensional homogeneous space

V ≃ O(6, 6) ⊗ R^+ ⊗ R^+/(SU (3) ⊗ SU (3)). (2.101)

The two factors of R^+ here correspond to the fact that rescaling either χ^± by a non-zero real number defines the same SU (3) × SU (3) structure.

The condition can be expressed in a number of ways. Let J^{± Π}_Σ be the pair of almost complex structures (2.46) on F ⊕ F^∗ defined by χ^±_ϵ . Two equivalent formulations of the condition are [J^+, J^−] = 0 ⇔ ⟨ χ^+, Γ^Πχ^− ⟩ = 0. (2.102)

The first form was first given in [49].^7 To see that the second form is a necessary condition one simply notes that there are no scalars in the decomposition of the vector representation of O(6, 6) under SU (3) × SU (3). From it we learn that V is a 52-dimensional subspace of U^+ × U^−. To see explicitly how that metric and B-field arise, one defines a metric G on F ⊕ F^∗ as G = J^+J^− √ H_ϵ(χ^+_ϵ )H_ϵ(χ^−_ϵ ) = J^−J^+ √ H_ϵ(χ^+_ϵ )H_ϵ(χ^−_ϵ )

. (2.103)

The factors of H_ϵ(χ^±_ϵ ) normalize the almost complex structures, and also ensure that G is independent of ϵ. The metric can be written in terms of g and B as [49]

G^Π_Σ = ( −g^{−1}B g^{−1} g − Bg^{−1}B Bg^{−1} ) , (2.104)

a form familiar from discussions of T-duality [77]. If we restrict to the special case of SU (3) structures, the condition (2.102) is equivalent to

J ∧ ρ = B ∧ ρ = 0 (2.105)

7We thank Marco Gualtieri for discussions confirming the second form of the condition.

implying that when restricting to SU (3) structures it is natural to restrict B as well.

The condition (2.102) can also be written in terms of the complex (pure) spinors Φ^± as ⟨ Φ^+, Γ^ΠΦ^− ⟩ = 0. (2.106)

(For SU (3) structures the corresponding condition is (B + iJ) ∧ Ω = 0.) This form is manifestly invariant under the C^∗ actions on U^± used to define the moduli spaces M^±. Thus we can also view the condition as defining a subspace of M^+ × M^−

N → M^+ × M^−. (2.107)

Equivalently we can think of N as the quotient of V by the two C^∗ actions. Again this gives a homogeneous space, now 48-dimensional,

N ≃ O(6, 6)/(U(3) × U(3)). (2.108)

Since Φ^± are holomorphic functions on M^± the condition (2.106) represents a complex submanifold N . This means that the special Kähler structure on the total space M^+ × M^− induces a special Kähler structure on N . Crucially however N is no longer a product manifold where the χ^+ and χ^− structures separate into one special Kähler manifold for the vector multiplet scalars and one for (part of) the hypermultiplet scalars. This is contrary to the usual d = 4, N = 2 form of supergravity.

Even on the constrained manifold N we are over-counting the degrees of freedom since many SU (3) × SU (3) structures define the same metric and B-field. As we already observed in (2.25) the actual 36-dimensional space of g and B is isomorphic to the homogeneous Narain moduli space [77]

Q = O(6, 6)/(O(6) × O(6)). (2.109)

This can be obtained from N by modding out by those elements of O(6) × O(6) not in SU (3)×SU (3). In the SU (3) case this corresponds to modding out by the v deformations. This implies that N is a fibration over Q C P^3 × C P^3 −−−→ N

Q (2.110)

with fibers O(6)/U(3) × O(6)/U(3) ≃ C P^3 × C P^3 . (2.111)

Although the fibers admit a complex structure, it appears that with respect to the special Kähler metric on N this is not a complex fibration, and so there is no natural complex structure or Kähler metric on Q. Note that in the restricted case of SU (3) structures the corresponding fibration is by a single C P^3 factor.

We see that in the full theory reducing to the physical degrees of freedom in g and B takes us away from the usual form of N = 2 supergravity: first since N is not a product, and second in that there is no natural special Kähler structure on Q. Of course this is related to the fact that keeping the SU(3) triplets correspond to additional spin-^3_2 gravitinos and additional vectors and scalars which enlarge the N = 2 multiplets to multiplets of higher N. More precisely, if we also include all scalar fields from the RR-sector the combined field space would be the N = 8 coset E_{7(7)}/SU(8). Here we concentrated only on the metric and B-field deformations and hence only discovered the NS-subspace Q given in (2.109).

In summary, we have seen from Hitchin’s results that there are natural special Kähler metrics on the spaces of SU (3, 3) structures given by spinors η^±. In the special case of SU (3) structures (J, ρ) together with the two-form field B, we have the Kähler potentials

e^{−KJ} =^4_3 |c|^2J ∧ J ∧ J ,

e^{−Kρ} = iΩ ∧ Ω̄ .

(2.112)

These are the obvious generalizations of the corresponding Calabi–Yau Kähler potentials and correspond to the Hitchin functionals H(χ^±) where χ^+ = Re(2c e^{−B−iJ} ) and χ^− = nρ. The construction generalizes to SU (3) × SU (3) structures simply by taking χ^− to be a generic (stable) odd-form, this is, with one-form and five-form pieces in addition to ρ. If we ignore all triplet representations these Kähler potentials give the metrics calculated directly from supergravity. In addition all the degrees of freedom in J and ρ are physical. If we drop this condition we must impose the SU (3) structure constraints (2.105) and mod out by the non-physical deformation v. The resulting structures are not naturally special Kähler manifolds but this is not surprising since in this case we must include additional multiplets which modify the scalar field sector.

2.5 Supersymmetry transformation of the gravitinos

So far we concentrated on the moduli space M of metric deformations and showed that it can be universally determined independently of the specific class of SU(3) structure under consideration. We have seen that the “kinetic terms” in the type II supergravity are realized in terms of a special Kähler sigma model metric on M with a Kähler potential given in terms of the corresponding Hitchin functionals. Let us now turn to the contributions of the “potential terms” that is terms without derivatives in the T^{1.3} bundle.

In supersymmetric theories the potential is given generically by the sum of the squares of the scalar part of the supersymmetry tranformations of the fermion fields. Furthermore for the fermions in the vector, tensor and hypermultiplets this scalar part of the variations is determined by derivatives of the scalar part of the gravitino variation [74]. Or in other words the transformation of the gravitino is the fundamental quantity from which one obtains all terms in the potential by appropriate derivatives.

In four-dimensional N = 2 supergravity the transformation of the gravitinos has the generic form δψ_{A μ} = D_με_A + iγ_μS_{AB} ε^B , (2.113)

where ε_A with A = 1, 2 are the two supersymmetry parameters of N = 2, while ε^A are the conjugate spinors . In terms of the ten-dimensional decomposition (2.3), we have ε_A = ε^A_+ and ε^A = ε^A_−. S_{AB} is an SU(2) matrix^8 which can equivalently be expressed in

8The four-dimensional N = 2 theory has a local SU (2)_R symmetry which rotates the two (complex)

terms of three Killing prepotentials P^x, x = 1, 2, 3 via S_{AB} = i 2 e^12^{KV} σ^x_{AB}P^x, σ^x_{AB} = ( δ^{x1} − iδ^{x2} −δ^{x3} −δ^{x3} −δ^{x1} − iδ^{x2} ) , (2.114)

where K_V is the Kähler potential of the vector multiplets. The three P^x can be viewed as the N = 2 equivalent of the N = 1 superpotential and the N = 1 D-term. Together with its derivatives, S (or P^x) determines the scalar potential.

In the spirit of this section we now want to ‘lift’ this discussion to the full tendimensional theory in a background with SU(3) structure. To do so we simply compute the supersymmetry transformation of the gravitinos which reside in the gravitational multiplet and write it in a form analogous to (2.113). From the result we then read off the ten-dimensional analogue of S_{AB} or P^x.

In tables 2.4, 2.5 and 2.6 we determined that the gravitinos in the gravitational multiplet can be easily identified as the SU (3)-singlet of Ψ_μ. However, the supersymmetry transformation (2.113) in addition requires that its kinetic term is diagonal and no mixed terms with the spin-^1_2 fermions occur. This determines the gravitino as a particular linear combination among the fermions which now determine.

We start from the canonical ten-dimensional kinetic term for Ψ_M . Here it is actually most convenient to start in the ten-dimensional Einstein frame with metric g_E related to the string frame metric g by g_E = e^{−ϕ/2}g, since the conventional gravitino field in this frame has no derivative coupling to the dilatino field. The kinetic term then takes the form

S_{gravitino} = − 1 κ^2_{10} ∫ d^{10}x √ −g_E Ψ̄_M Γ^{M N P} D_N Ψ_P , M, N, . . . = 0, . . . , 9 . (2.115)

One can immediately see that the simple split Ψ_M = (Ψ_μ, Ψ_m) does not lead to diagonal kinetic terms. Instead we have to redefine the gravitino according to

Ψ̂_μ ≡ Ψ_μ +^1_2 Γ_μ^mΨ_m , (2.116)

where Γ_μ^m = g^{mn}_E Γ_{[μm]}. When inserted into (2.115) one easily checks that Ψ̂_μ now has a diagonal kinetic term and therefore should be identified as the field which transforms as in (2.113).

Using (2.11) and the fact that we need to focus on the singlet part of Ψ̂_μ we can express Ψ̂_μ in terms of the SU (3) singlet spinors η_±. For type IIA we thus have

Ψ̂^{IIA}_{1 μ} = ψ_{1 μ+} ⊗ η_+ + ψ_{1 μ−} ⊗ η_− + . . . ,

Ψ̂^{IIA}_{2 μ} = ψ_{2 μ−} ⊗ η_+ + ψ_{2 μ+} ⊗ η_− + . . . ,

(2.117)

where we omitted the triplets. The indices 1 and 2 distinguish the two gravitinos which have opposite chirality in IIA. By slight abuse of notation we use plus and minus to

gravitinos ψ_{A μ} into each other. In ten dimensions it arises from the O(2) rotation of the two tendimensional Majorana-Weyl fermions into each other together with additional generators which, as we will see, arise in the decomposition (2.117), (2.118). This SU (2)_R is unrelated to the SU (3) or SU (3) × SU (3) discussed so far in this section.

indicate both four-dimensonal and six-dimensional chiralities, respectively. In type IIB both gravitinos have the same chirality (which we take to be negative) and thus the appropriate decomposition reads

Ψ̂^{IIB}_{A μ} = ψ_{A μ+} ⊗ η_− + ψ_{A μ−} ⊗ η_+ + . . . , A = 1, 2 . (2.118)

Recall that there is a similar decomposition of the supersymmetry parameters given in eqs. (2.3) and (2.4). For simplicitly let us consider in the follwing the special case where we have a SU (3) structure rather than a SU (3) × SU (3) structure and thus take η^1_+ = η^2_+ = η_+. (The computation for a more general SU (3) × SU (3) structure will be presented elsewhere.)

In type II supergravity the supersymmetry transformation of the gravitinos in the Einstein frame is

δΨ_M = D_M ϵ − 1 96 e^{−ϕ/2} ( Γ_M^{P QR}H_{P QR} − 9Γ^{P Q}H_{M P Q} ) P ϵ − ∑ n e^{(5−n)ϕ/4} 64 n! [ (n − 1)Γ_M^{N1 ...Nn} − n(9 − n)δ_M^{N1} Γ^{N2 ...Nn} ] F_{N1...Nn} P_n ϵ , (2.119) We are using the democratic formulation of [80], for which the sum is over n = 0, 2, 4, 6, 8, P = Γ_{11} and P_n = −(Γ_{11})^{n/2}σ^1 for IIA. For IIB we have instead sum over n = 1, 3, 5, 7, 9, P = −σ^3 and P_n = iσ^2 for n = 1, 5, 9 and P_n = σ^1 for n = 3, 7. Furthermore,

F_n = dC_{n−1} − H ∧ C_{n−3} (2.120)

are the modified RR field strengths with non standard Bianchi identities.

Turning on only fluxes that preserve Poincare invariance, and using the duality relation F_n = (−1)^{Int[n/2]} ∗ F_{10−n}, we can write the supersymmetry transformation in terms of only internal fluxes F_n, n = 0, . . . , 6. For instance a non-zero F_4 with only μ-type indices is traded for a “internal” F_6 with m-type indices. In (2.119) this gives twice the contribution for each flux but now n only takes the values n = 0, . . . , 6.

To extract the supersymmetry transformation of ψ^A_μ we need to project onto the SU (3)-singlet part of the variation of the shifted gravitino Ψ̂^A_μ . Given the normalizations of η_± the relevant projection operators are

Π_± = 1 ⊗ 2 (η_± ⊗ η̄_±) . (2.121)

In order to extract the supersymmetry transformation of ψ_{μ+}, we should use Π_+ (or Π_−) when dealing with a 10-dimensional positive (or negative) chirality spinor. To match our definitions in the previous section, we will also rewrite the variation in terms of the string frame metric g = e^{ϕ/2}g_E in the following. This introduces additional factors of the dilaton into the expressions in (2.119).

Let us first focus on type IIB for which we evaluate, in the string frame,

Π_− δΨ̂_μ = D_με_+ ⊗ η_− − 1 48 (η̄_−γ^{mnp}η_+H_{mnp}) γ_μσ^3ϵ_− ⊗ η_− − 1 48 ( e^ϕ η̄_−γ^{mnp}η_+F_{mnp} ) γ_μσ^1ϵ_− ⊗ η_−

= D_με_+ ⊗ η_− − i 96 (Ω_η^{mnp}H_{mnp}) γ_μσ^3ϵ_− ⊗ η_− − i 96 ( e^ϕ Ω_η^{mnp}F_{mnp} ) γ_μσ^1ϵ_− ⊗ η_− ,

(2.122)

where the second equation used (2.12) and the decomposition of the ten-dimensional gamma-matrices given in (2.2). Similarly we compute 1 2 Π_− Γ_μ^mδΨ̂_m = − (η̄_−γ^mD_mη_+) γ_με_− ⊗ η_− + 1 16 (η̄_−γ^{mnp}η_+H_{mnp}) γ_μσ^3ε_− ⊗ η_− + 1 16 ( e^ϕ η̄_−γ^{mnp}η_+F_{mnp} ) γ_μσ^1ε_− ⊗ η_− = − 3i 4 W_1γ_με_− ⊗ η_− + i 32 (Ω_η^{mnp}H_{mnp}) γ_μσ^3ε_− ⊗ η_− + i 32 ( e^ϕ Ω_η^{mnp}F_{mnp} ) γ_μσ^1ε_− ⊗ η_− .

(2.123)

In the second equality we used D_mη_+ =^i_4 W_1g_{mn}γ^nη_− + . . . (see [23]), which follows from (2.12) and (2.15). We omitted terms involving the other torsion classes that vanish when inserted in the bilinear expression η̄_−γ^mD_mη_+. From (2.15) we read off W_1 to be

W_1 = −^i_{36} (dJ)_{mnp} Ω_η^{mnp} . (2.124)

Inserting (2.122) and (2.123) into (2.116) and comparing to (2.113) we arrive at

S_{11} = 1 48 (i dJ + H)_{mnp} Ω_η^{mnp} ,

S_{22} = 1 48 (i dJ − H)_{mnp} Ω_η^{mnp} , S_{12} = S^{21} = 1 48 e^ϕ F_{mnp} Ω_η^{mnp} . (2.125)

We can write the matrix S in a compact form, which uses the Mukai pairing defined in (2.38): S_{AB} (IIB) = i 8 ( W + P Q_B Q_B W − P ) (2.126)

where W ϵ_g ≡ ⟨ Ω_η, de^{iJ} ⟩ , P ϵ_g ≡ ⟨Ω_η, H_3⟩ , Q_B ϵ_g ≡ e^ϕ ⟨Ω_η, F_B⟩ .

(2.127)

Here we have used ϵ_g =^1_6 J ∧ J ∧ J =^i_8 Ω_η ∧ Ω̄_η (2.128)

denoting the volume form defined by the (string frame) metric g_{mn}, and F_B = F_1 +F_3 +F_5 is the sum of all IIB RR field strengths defined in (2.120) (out of which only F_3 contributes to the superpotential).

A similar calculation can be done for type IIA, where we need to use both Π_+ and Π_− since the two ten-dimensional gravitinos have opposite chiralities. For the RR piece, we get the following terms in the supersymmetry transformation ∑ n even (−1)^{n/2} n! e^ϕF_{p1...pn}η̄_+γ^{p1...pn} η_+ = ∑ n even 1 n! e^ϕF_{p1...pn}η̄_−γ^{p1...pn} η_− =^1_2 e^ϕ ( F_0 −^i_2 F_{ab}J^{ab} −^1_8 F_{abcd}J^{ab} J^{cd} +^i_{48} F_{abcdef} J^{ab} J^{cd} J^{ef} ) . (2.129)

This term can also be written using the Mukai pairing defined in (2.38) as^9 ( F_0 −^i_2 F_{ab}J^{ab} −^1_8 F_{abcd}J^{ab} J^{cd} +^i_{48} F_{abcdef} J^{ab} J^{cd} J^{ef} ) ϵ_g = ⟨ e^{−iJ} , F_A ⟩ . (2.130)

where F_A = F_0 + F_2 + F_4 + F_6.

To see explicitly the complexification of e^{−iJ} into e^{−t}, where t = B+iJ as in (2.82), one transforms the RR terms into another field basis defined by C = e^BA. This transforms the field strength defined in (2.120) according to

F_{2n} = dC_{2n−1} − H ∧ C_{2n−3}

= (e^BG_A)_{2n} = G_{2n} + B ∧ G_{2n−2} + · · · + B^n ∧ G_0 ,

(2.131)

where we defined G_{2n} = dA_{2n−1} and G_A = G_0 + G_2 + G_4 + G_6. In this basis the expression (2.130) is replaced by ⟨ e^{−iJ} , F_A ⟩ = ⟨ e^{−(B+iJ)}, G_A ⟩ . Collecting all the pieces together, we get for type IIA the following matrix S:

S_{AB}(IIA) = i 8 (¯ W − P̄ −Q̄_A −Q̄_A W + P ) , (2.132)

where P and W are defined as in IIB (P̄ , W̄ are their complex conjugates), and

Q̄_A ϵ_g = e^ϕ ⟨e^{−(B+iJ)}, G_A⟩ . (2.133)

Using the constraints (2.105) J ∧ Ω_η = B ∧ Ω_η = 0 we can rewrite the W and P terms as W ϵ_g ≡ ⟨ e^{iJ} , dΩ_η ⟩ , P ϵ_g ≡ ⟨ e^B, dΩ_η ⟩ . (2.134)

To complete the analysis we would like to write the expressions for S_{AB} in terms of the Kähler potentials K_J and K_ρ and the unnormalized pure spinor fields 2c e^{−B−iJ} and

9Note that ⟨ e^{−iJ} , F_A ⟩ = [F ∧ e^{iJ} ]_6, where the subscript 6 indicates the top form component, and the change in the sign of the exponent accounts for the alternating sign in the definition of the pairing, eq. (2.38).

Ω. First we recall that the natural metric (2.21) on T^{1,3} is g^{(4)}μν = e^{−2ϕ(4)} g_{μν} . Since there is a γ_μ term multiplying S_{AB} in the gravitino variation (2.113), the correctly normalized S_{AB} matrices should be multiplied by a factor of e^{ϕ(4)} . Given the definitions (2.112) of K_J and K_ρ and the definition (2.21) of the four-dimensional dilaton ϕ^{(4)}, we note that the different six-forms are related by

ϵ_g = 1 8|c|^2 e^{−KJ} = 1 8n^2 e^{−Kρ} = e^{−2ϕ(4)+2ϕ} . (2.135)

Thus the correctly normalized IIA and IIB matrices S can be written as

S^{(4)}_{AB}(IIA) = i e^{12 KJ}

−e^{12 Kρ+ϕ(4)} ⟨ Φ^+, dΦ̄^− ⟩ −^1_2^√_2 e^{2ϕ(4)} ⟨ Φ^+, G_A ⟩ −^1_2^√_2 e^{2ϕ(4)} ⟨ Φ^+, G_A ⟩ e^{12 Kρ+ϕ(4)} ⟨ Φ^+, dΦ^− ⟩ , (2.136)

S^{(4)}_{AB}(IIB) = i e^{12 Kρ}

−e^{12 KJ +ϕ(4)} ⟨ Φ^−, dΦ^+

⟩_1 2 √ 2 e^{2ϕ(4)} ⟨ Φ^−, G_B ⟩ 1 2 √ 2 e^{2ϕ(4)} ⟨ Φ^−, G_B ⟩ e^{12 KJ +ϕ(4)} ⟨ Φ^−, dΦ̄^+ ⟩ , (2.137)

where Φ^+ = c e^{−B−iJ} , Φ^− = Ω. (2.138)

In deriving the expressions (2.136) and (2.137) we have used the fact that the constraints B ∧ Ω = J ∧ Ω = 0 imply that there are no contributions from terms with dc or dc̄. We have also made a U(1)_R ⊗ SU (2)_R R-symmetry transformation to remove explicit dependence on the phase of c. These constraints also ensure the invariance of S^{(4)}_{AB} under rescalings of c and Ω. Finally, we have also used the fact that B ∧ Ω = 0 to replace F_B with G_B, defined in exact analogy to G_A in (2.131).^{10} Recalling that e^{−KJ} , e^{−Kρ} and e^{−2ϕ(4)} are all six-forms, overall, S^{(4)}_{AB} transforms as a section of (Λ^6F^∗)^{−1/2}. This dependence arises because of the rescaling by e^{ϕ(4)} .

Comparing (2.136) and (2.137) with (2.114), and recalling that for IIA K_V = K_J while for IIB K_V = K_ρ, we can read off the Killing prepotentials P^x. For type IIA we obtain P^1 = −2e^{12 Kρ+ϕ(4)} ⟨ Φ^+, d Re Φ^− ⟩ , P^2 = −2e^{12 Kρ+ϕ(4)} ⟨ Φ^+, d Im Φ^− ⟩ , P^3 = 1 √ 2 e^{2ϕ(4)} ⟨ Φ^+, G_A ⟩ , (2.139)

while for type IIB we find

P^1 = −2 e^{12 KJ +ϕ(4)} ⟨ Φ^−, d Re Φ^+ ⟩ , P^2 = 2 e^{12 KJ +ϕ(4)} ⟨ Φ^−, d Im Φ^+ ⟩ , P^3 = − 1 √ 2 e^{2ϕ(4)} ⟨ Φ^−, G_B ⟩ . (2.140)

10Later in section 3 we will split the field strengths into an exact piece, plus a flux piece (see, for example, (3.32)).

Note that in both cases that P^x transform as scalars since though the Mukai pairing is an element of Λ^6F^∗, this dependence is canceled by the Kähler potential and ϕ^{(4)} factors.

If we turn off the RR fluxes we see that in both cases only P^1 and P^2 are nonzero. Since the P^x are SU (3) singlets only singlet terms can contribute. In particular, from (2.15) and (2.16) we see they only depend on the singlet torsion class W_1 ∼ dJ ∧ Ω as we also already observed in (2.124). Furthermore W_1 is complexified by H ∧ Ω, the singlet part of the NS flux. The RR fluxes, which in both cases enter P^3, appear only in the singlet representation.

Eqs. (2.139) and (2.140) are quite generic. The only restriction was that we assumed there is a single SU (3) structure and not the more general situation of an SU (3) × SU (3) structure. The key difference between these cases is that Φ^− is not generic but contains only the holomorphic three-form piece Ω. More generally it would include one- and five-form pieces. The precise details of the corresponding derivation of the prepotentials P^x are beyond the scope of this paper and will be presented elsewhere. Nonetheless, given the simple form the final expressions in terms of Φ^± we conjecture that (2.139) and (2.140) actually continue to hold also when Φ^± are generic SU (3) × SU (3) pure spinors.

Let us also briefly discuss mirror symmetry which states that type IIA and type IIB are equivalent when considered in mirror symmetric backgrounds. For a pair of mirror Calabi–Yau manifolds even and odd cohomologies are interchanged H^{even} ↔ H^{odd}. It has been suggested that on manifolds with SU(3) structure this operation is replaced by an exchange of the two pure spinors Ω ↔ e^{−B−iJ} and the exchange of Λ^{even}F^∗ ↔ Λ^{odd}F^∗ [23]. More generally we expect the exchange of SU (3) × SU (3) pure spinors and fluxes

Φ^+ ↔ Φ^−, G_A ↔ G_B. (2.141)

In the generic SU (3) × SU (3) case, we see that (2.139) and (2.140) indeed have this symmetry (provided we also exchange K_J and K_ρ).^{11} However, recall that the expressions were derived assuming only an SU (3)-structure where Φ^− is restricted to be the threeform Ω while Φ^+ = c e^{−B−iJ} is generic. In this case Ω and e^{−B−iJ} enter asymmetrically into (2.139) and (2.140). As we already observed in P^1 and P^2 only d(B+iJ)∧Ω appears. Thus the three-form Ω fully contributes while out of e^{−B−iJ} only the two-form B + iJ but not its square (B + iJ)^2 appears. This is precisely the issue of the missing mirror of the magnetic fluxes. In [13, 15] it was observed that dΩ can be interpreted as a NS four-form which is the mirror dual of the NS three-form H. However in order to have full mirror symmetry a NS two-form is also necessary. The four-form can be viewed as giving rise to electric fluxes while the (missing) two-form would lead to magnetic fluxes. Within the framework followed here the NS two-form and thus the magnetic fluxes are still missing. From the structure of (2.139) and (2.140) it is clear the NS two-form should be identified with the exterior derivative of the one-form part of Φ^− which exists in backgrounds with generic SU (3) × SU (3) structure.^{12} This is also in accord with similar recent suggestions for example in ref. [81, 82]. We will return to this issue again in section 3.6.

11For the expressions given we also have to map (P^2, P^3) → (−P^2, −P^3) in going from IIA to IIB, but this is just an element of the SU (2)_R symmetry and is simply an artifact of our conventions.

12This has also been noticed by T. Grimm and we thank him for discussions on this point.

2.6 N = 1 superpotentials

In the spirit followed so far in this section we can further constrain the space-time background to only realize four supercharges linearly. This results in a further split of the N = 2 multiplets which we discussed in section 2.2. In particular, the N = 2 gravitational multiplet decomposes into a N = 1 gravitational multiplet containing the metric and one gravitino (g_{μν} , ψ_μ), and a N = 1 spin-^3_2 multiplet containing the second gravitino and the graviphoton (ψ^′_μ, C_μ). Exactly as in N = 2, the appearance of a standard N = 1-type action requires that we project out the N = 1 spin-^3_2 multiplet leaving only the gravitational multiplet together with vector, tensor and chiral multiplets in the spectrum.^{13} From a supergravity point of view such a truncation has been discussed in refs. [84] while the truncation occurring in orientifold compactifications of type II has been studied in ref. [85, 86].

We compute the N = 1 superpotential W from the supersymmetry transformation of the linear combination of the two N = 2 gravitinos which resides in the N = 1 gravitational multiplet. Exactly which linear combination is kept depends on the specific theory under consideration. As a consequence W will depend on two angles which parameterize the choices of embedding an N = 1 inside N = 2.

We proceed by choosing the N = 1 supersymmetry transformation parameter ε to be any linear combination of the pair of N = 2 parameters ε^1 and ε^2. We parameterize this freedom by writing

ε_A = εn_A, n_A = ( a b ) , |a|^2 + |b|^2 = 1 , (2.142)

where ε is the N = 1 supersymmetry parameter and n_A is a vector normalized to one so n̄^An_A = 1 with a and b complex. Choosing such a linear combination breaks the SU (2)_R symmetry of N = 2 down to a U(1)_R of N = 1, corresponding to those rotations preserving n^A. The conjugated spinors ε^A can be written as ε^A = ε^cn^{∗A} where ε^c is the conjugate N = 1 spinor, and n^{∗ A} = (_{ā̄} b ) . We can similarly decompose the gravitinos ψ_{A μ}. If ψ_μ is the N = 1 gravitino, the superpotential W can be extracted from the supersymmetry variation which has the generic form

δψ_μ = D_με + ie^{K/2}Wγ_με^c , (2.143) where K is the total N = 1 Kähler potential. We can use the projector Π_A^B = n_An̄^B to pick out the N = 1 gravitino and supersymmetry parameter. Projecting the N = 2 variation (2.113) we find

δψ_μ = D_με + in̄^AS_{AB} n^{∗ B}γ_με^c , (2.144)

Comparing (2.144) with (2.143) using (2.114) we arrive at

e^{K/2}W = i 2 e^{KV /2} [ ( cos^2 α e^{iβ} − sin^2 α e^{−iβ} ) P^1 − i ( cos^2 α e^{iβ} + sin^2 α e^{−iβ} ) P^2 − sin 2αP^3 ] , (2.145)

13Alternatively one can integrate out the spin-^3_2 multiplet and consider an effective action below the scale set by the mass of that multiplet [83].

To get this expression, we have used the fact that the superpotential depends on the sum of the arguments of a and b only by an overall phase, which can be removed by a U(1)_R transformation. We can therefore parameterize a and b using only two angles, α, β as

a = cos α e^{− i2 β} , b = sin α e^{i2 β} . (2.146)

From (2.145) we see that in both cases, type IIA and type IIB, the N = 1 superpotential depends on the fluxes and the torsion class W_1 via P^x. In addition it also depends on the two angles α, β which fix a U(1)_R subgroup inside the SU(2)_R of N = 2. The fact that a classification of backgrounds with SU (3) structure in type II needs only two angles was indeed anticipated in [26].

In order to give the N = 1 Kähler potential in terms of chiral multiplets one first needs to determine the complex structure on the field space which in general is an involved procedure [62, 85, 86]. However, here we do not need K in any explicit form but instead it is sufficient to give it in terms of N = 2 quantities. By inspecting the appropriately normalized (i.e. Weyl rescaled) gravitino mass term one determines the generic relation

K = K_J + K_ρ + 2ϕ^{(4)} . (2.147)

Let us stress once more that (2.147) does not express K in proper N = 1 chiral coordinates but in terms of N = 2 coordinates. However this is all we need in order to insert (2.147) into (2.145) and using (2.139), (2.140) we arrive at

iW_{IIA} = cos^2 α e^{iβ}⟨Φ^+, dΦ̄^−⟩−sin^2 α e^{−iβ} ⟨Φ^+, dΦ^−⟩+|n| sin 2α e^ϕ ⟨ Φ^+, G_A ⟩ , (2.148) and iW_{IIB} = cos^2 α e^{iβ} ⟨ Φ^−, dΦ^+ ⟩ −sin^2 α e^{−iβ} ⟨ Φ^−, dΦ̄^+ ⟩ −|c| sin 2α e^ϕ ⟨ Φ^−, G_B ⟩ . (2.149)

Note that we have written these expressions in terms of the ten-dimensional dilaton ϕ.

For specific choices of α, β we can reproduce the N = 1 superpotentials discussed so far in the literature. If we choose 2α = −β = π/2 and undo the change of variables from G_3 to F_3 in (2.149) we obtain the Gukov–Taylor–Vafa–Witten superpotential [70, 59]^{14}

W_{GTVW} = i |c| e^ϕ ⟨(F_3 − τ H_3), Ω⟩ , (2.150)

where τ = C_0 + ie^{−ϕ}.

On the type IIA side the mirror symmetric superpotential for only RR-fluxes as suggested in [71] is obtained from (2.148) for α = π/4 and dΦ^− = 0

W_{IIA,RR} = −i |c|n e^ϕ ⟨ e^{−(B+iJ)}, G_A ⟩ . (2.151)

The type IIA mirror superpotential of the NS-fluxes was proposed in [15] and it can be recovered from (2.148) with the choice α = π/2 and β = −π/2

W_{half-flat} = |c| ⟨ e^{−(B+iJ)}, dΩ ⟩ . (2.152)

14The NS contribution to this superpotential was verified in the heterotic theory using the supersymmetry transformation of the gravitino by a calculation similar to the one we do to obtain the N = 2 prepotential in [65]. This “GVW choice” corresponds to the relation a = −ib, which gives precisely the N = 1 conserved spinor in compactifications on (conformal) CY with fluxes [87].

Finally, the superpotential proposed in ref. [42] is expressed in terms of the periods of a mirror pair of Calabi-Yau threefolds. The resulting structure is similar to the superpotentials (2.148), (2.149) and it would be interesting to establish a precise relationship.

Having obtained the most general N = 1 superpotential, let us go back to N = 2 and discuss the truncation to four space-time dimensions.

3 The N = 2 effective theory in four dimensions

In the previous sections we studied the ten-dimensional type II supergravities in spacetimes M^{1,9} where it is possible to single out eight of the original 32 supercharges. However so far we simply rewrote the ten-dimensional theory keeping all of the modes in the theory. In other words we did not yet perform any Kaluza–Klein reduction. In fact, we have not even assumed that M^{1,9} is a product. Generically it only required that M^{1,9} admitted an SU (3) × SU (3) structure, or, in the special case we considered in detail, simply an SU (3)-structure.

In this section we turn to a more restricted situation. First we will assume that we have topologically a product manifold

M^{1,9} = M^{1,3} × Y . (3.1)

Comparing with the generic case (2.6), we identify

T^{1,3} = T M^{1,3} , F = T Y . (3.2)

We then truncate the general ten-dimensional eight-supercharge theory, keeping only a finite number of “light” modes in the spectrum. This in turn will lead to a fourdimensional effective theory with N = 2 supersymmetry. For simplicity, we will not discuss the general situation where there is an SU(3) × SU(3) structure but instead confine our attention to backgrounds Y with only SU(3) structure. In addition we define the truncation in such a way that apart from the gravitational multiplet only vector-, tensor- and hypermultiplets are present in the effective theory. In particular we project out all possible spin-^3_2 multiplets and in this way end up with a “standard” N = 2 effective action.

3.1 Defining the truncation

Generically the distinction between heavy and light modes in a Kaluza–Klein expansion on the product (3.1) is not straightforward. This is in contrast to the situation when Y is a Calabi–Yau manifold. In this case one keeps all the field deformations which from a four-dimensional point of view are massless modes. For each supergravity field these correspond to harmonic forms, and hence the light (massless) modes are finite in number. For instance, of the metric deformations given in section 2.3.2, the massless modes are in one-to-one correspondence with harmonic deformations of the Kähler-form J and the three-form ρ. These give the h^{1,1} Kähler moduli and h^{2,1} complex structure moduli, where h^{1,1}, h^{2,1} are the appropriate Hodge numbers. Similarly massless deformation of B_{mn} and the RR-potentials C_p are in one-to-one correspondence with harmonic twoand p-forms respectively. The result is that, for a Calabi–Yau compactification, rather than considering J, ρ, B and C_p to be forms on Y we truncate to the finite dimensional sub-space of harmonic forms.

This suggests that we should take a similar truncation in the generic case – not to harmonic forms but some other finite-dimensional subspace of Λ^∗F^∗. Identifying the subspace however is not a simple task. If we start with a background (like a Calabi– Yau manifold) which satisfies the equations of motion, we can truncate to the massless fluctuations. However generically the background is not a solution. An example of this is a Calabi–Yau compactification with non-zero H or RR flux. Typically in this case one still keeps the harmonic deformations even though some of them become massive. This can be justified in the limit of large manifolds and small fluxes by the fact that there is a hierarchy between these masses and those of the Kaluza–Klein modes. Similar arguments can be made for mirror half-flat manifolds in the large complex structure limit [15]. Here, for now, we will simply assume that a suitable limit can be found where it is consistent to keep only a finite number of “light” modes and not specify how this subset is defined.

Let us be more specific. We wish to restrict to a set of finite-dimensional subspaces of Λ^pF^∗. We write these as Λ^p_{finite} ⊂ Λ^pF^∗ (3.3)

and assume that all the fields g, B, ϕ and C_p take values in these subspaces. In particular, to describe the metric degrees of freedom, we assume that we have O(6, 6) spinors χ^+ = 2 Re(c e^{−B−iJ} ) ∈ Λ^{even}_{finite} and χ^− = 2nρ ∈ Λ^3_{finite}. We then define the spaces of stable forms

U^{finite}_J = U_J ∩ Λ^{even}_{finite},

U^{finite}_ρ = U_ρ ∩ Λ^3_{finite}

(3.4)

where U_J and U_ρ are the spaces of stable forms defined in (2.77) and (2.88). We assume that U^{finite}_J and U^{finite}_ρ are open subsets of Λ^{even}_{finite} and Λ^3_{finite}, which is generically the case.

Crucially the truncation should not break supersymmetry. This means that the special Kähler metrics on the spaces U_J and U_ρ give special Kähler metrics on U^{finite}_J and U^{finite}_ρ . This is equivalent to requiring

1. the Mukai pairing ⟨·, ·⟩ is non-degenerate on Λ^{even/odd}_{finite} ,

2. if χ^± ∈ U^{finite}_J or U^{finite}_ρ then χ̂^± ∈ U^{finite}_J or U^{finite}_ρ ,

where the Mukai pairing is defined in (2.38) and χ̂^± are defined in (2.52) and (2.90). The first condition implies we have symplectic structures on U^{finite}_J and U^{finite}_ρ , the second that we have complex structures. Note that the second condition is equivalently to

2.^′ if χ^± ∈ U^{finite}_J or U^{finite}_ρ then ∗χ^± ∈ U^{finite}_J or U^{finite}_ρ ,

where ∗ is the Hodge-star operator defined by the metric g (which is in turn defined by the particular χ^+ and χ^−).

As in the Calabi–Yau case we can define Λ^p_{finite} in terms of sets of basis forms. For instance for Λ^{2p}_{finite} ⊂ Λ^{2p}F^∗ we write

Λ^0F^∗ ⊃ Λ^0_{finite} = { constant functions on Y } Λ^2F^∗ ⊃ Λ^2_{finite} = {A^aω_a, a = 1, . . . , b_J }

Λ^4F^∗ ⊃ Λ^4_{finite} = {B_aω̃^a, a = 1, . . . , b_J }

Λ^6F^∗ ⊃ Λ^6_{finite} = {Cϵ}

(3.5)

where ω_a are a set of basis two-forms, ω̃^a a set of basis four-forms, ϵ is a volume form and A^a, B_a and C are constant functions on Y . The condition that the Mukai pairing is non-degenerate on Λ^{even}_{finite} is reflected in the fact that Λ^2_{finite} and Λ^4_{finite} have the same dimension b_J . Specifically we choose the basis (1, ω_a, ω̃^b, ϵ) such that ⟨ ω_a, ω̃^b ⟩ = −δ_a^bϵ , a, b = 1, . . . , b_J , (3.6) (Recall all other products vanish identically, except for ⟨1, ϵ⟩ which equals ϵ by definition.) Note that this expansion is not quite general in that we have assumed that Λ^0_{finite} is spanned by constant functions on Y . The reason for this will be explained below. Finally, in order to impose the second condition 2.^′ above, in analogy with the Calabi–Yau case where ω_a and ω̃^a are harmonic, we allow the basis vectors in general to depend on the metric g_{mn} so that

∗1 ∈ Λ^6_{finite} , ∗ω_a ∈ Λ^4_{finite} , ∗ω̃^a ∈ Λ^2_{finite} , (3.7)

for all a.

For the odd forms we choose a more restricted truncation. First for the three-forms we define, as above,

Λ^3F^∗ ⊃ Λ^3_{finite} = { D^K α_K + E_Lβ^L, K, L = 0, . . . , b_ρ } (3.8)

where D^K and E_L are constant functions on Y and α_K , β^L ∈ Λ^3F^∗ are a symplectic set of basis forms satisfying ⟨ α_K , β^L ⟩ = δ_K^Lϵ , K, L = 1, . . . , b_ρ , (3.9) while ⟨α_K , α_L⟩ = ⟨ β^K , β^L ⟩ = 0. In addition we require

∗α_K , ∗β^L ∈ Λ^3_{finite} (3.10)

for all K and L.

At this point we further simplify the truncation by imposing an additional condition. For the one- and five-forms we choose to truncate the spectrum completely, keeping no light modes, so Λ^1_{finite} = Λ^5_{finite} = 0. (3.11)

We make this choice because we want to truncate in such a way that a ‘standard’ N = 2 gauged supergravity appears which only contains one gravitational multiplet together with vector, tensor and hypermultiplets. In particular we do not allow the presence of any spin-^3_2 multiplets. In terms of the gravitinos this amounts to keeping only the two gravitinos in the gravitational multiplet but projecting out all other gravitinos which may reside in spin-^3_2 multiplets.

From the decomposition of the ten-dimensional spinors given in (2.11) and tables 2.1 and 2.4 we see that the SU (3) singlets correspond to the gravitinos in the N = 2 gravitational multiplet while the SU (3) triplets lead to gravitinos which reside in their own spin-^3_2 multiplets. Of course the triplets are nothing but (1, 0)-forms on Y with respect to the given complex structure. Therefore excluding spin-^3_2 multiplets in the truncation we are led to project out all modes arising from one-forms (or triplets) on Y . In this case one is left with the multiplets given in tables 2.5 and 2.6. For consistency it also implies that we should not be able to construct any 3-representations from the bases (α_K , β^L) and (1, ω_a, ω̃^a, ϵ). This means that any five-form wedge products must vanish, so

ω_a ∧ α_K = 0 = ω_a ∧ β^K , ∀ a, K . (3.12)

Thus J ∧ ρ = 0 holds identically for all J ∈ Λ^2_{finite} and ρ ∈ Λ^3_{finite}.^{15}

Our assumption is that, in the truncation, all fields will be expanded in terms of elements of Λ^∗_{finite}. As we have seen in section 2.5, the supergravity action also depends on the intrinsic torsion dΩ and dJ through the superpotential terms. Similarly the field strengths H and F_p are written in terms of exterior derivatives. In order for the truncation to make sense all such terms also need to be in the truncated set Λ^∗_{finite}. In other words we require Λ^∗_{finite} to be closed under d, that is

d : Λ^p_{finite} → Λ^{p+1}_{finite} . (3.13)

Since Λ^1_{finite} = 0 this means that Λ^0_{finite} must contain only constant functions, as, in fact, we have already assumed. Since Λ^5_{finite} = 0, the condition (3.13) implies that the rest of the forms in the basis of Λ^{even}_{finite} satisfy

dω_a = m^K_a α_K + e_{aL} β^L ,

dω̃^a = 0 ,

(3.14)

where m^K_a and e_{aL} are constant matrices. Since the basis defined by (3.9) is only specified up to symplectic transformations the matrices m^K_a and e_{aL} also carry a representation of the symplectic group Sp(2b_ρ + 2) and naturally combine into the symplectic vectors V_a := (e_{aK} , m^K_a ).

Similarly expanding dα_K and dβ^K , and using (3.12), have

⟨ω_a, dα_K ⟩ = −ω_a ∧ dα_K = dω_a ∧ α_K = − ⟨α_K , dω_a⟩ . (3.15)

Together with (3.14) and a similar expression with dβ^K , this implies

dα_K = e_{aK}ω̃^a ,

dβ^K = −m^K_a ω̃^a .

(3.16)

15This also removes the subtleties involved in the fact that generically multiple SU (3)-structures (J, ρ) on Y determine the same metrics g_{mn}: here, up to an overall rescaling of Ω_η = ρ + iρ̂ by e^{iα}, each metric corresponds to a unique pair (J, ρ) ∈ Λ^2_{finite} ⊕ Λ^3_{finite}.

Using d^2 = 0 yields the consistency condition

m^K_a e_{bK} − e_{aK} m^K_b = V_a · V_b = 0 , (3.17)

or, in other words, the symplectic vectors V_a have to be null with respect to the symplectic inner product. The conditions (3.14), (3.16) and (3.17) have also been obtained in ref. [72] using consistency considerations of N = 2 gauged supergravity. We are also going to see their necessity from the requirement of four-dimensional gauge invariance in sections 3.3 and 3.4.

Finally, let us note that when Y is compact we have a natural map from Λ^6_{finite} to R given simply by integrating the six-form over Y . In particular, the Mukai pairing leads to a natural symplectic structure on Λ^{even/odd}_{finite} given by ω ( ψ^±, χ^± ) = ∫ Y ⟨ ψ^±, χ^± ⟩ . (3.18)

If we fix the volume form ϵ such that ∫ Y ϵ = 1 this coincides with the symplectic inner product ω(ψ^±_ϵ , χ^±_ϵ ) on the corresponding Spin(6, 6) spinors. This is the symplectic structure which naturally appears in a Calabi–Yau truncation. Note that one then also has a natural definition of the Hitchin scalar functional

H_Y (χ^±) = ∫ Y H(χ^±), (3.19)

for forms χ^± ∈ Λ^{even/odd}.

3.2 Reducing the Neveu-Schwarz sector

Let us first discuss the truncation of the Neveu-Schwarz sector since it is common to both type II theories. This sector contains the metric, the two-form B and the dilaton ϕ. Since we defined the truncation in such a way that all triplets are projected out we see from table 2.1 that only g_{μν} , g_{mn}, B_{μν} , B_{mn}, and ϕ survive in the NS-sector. The Spin(1, 3) singlets g_{μν} , B_{μν} and ϕ trivially descend to the four-dimensional theory. In complete analogy to the generic relations (2.21), we define four-dimensional Einstein frame metric g^{(4)}μν and the dilaton ϕ^{(4)} which together with B_{μν} becomes a member of a tensor multiplet in both type II theories as seen from tables 2.5 and 2.6. The difference now is that these fields depend only on the four space-time coordinates of M^{1,3}.

We already argued that instead of g_{mn} we can discuss the theory more conveniently in terms of J and ρ. Our definition of the truncation assumed that J (and B_{mn}) and ρ have an expansion in terms of a basis of Λ^2_{finite} and Λ^3_{finite} respectively. The conditions on the spaces Λ^p_{finite} arose because we wanted the special Kähler metrics on U_J and U_ρ to descend to U^{finite}_J and U^{finite}_ρ . As a consequence we can take the results of section 2.4 to give expressions for the corresponding Kähler potentials.

Consider first the metric on U^{finite}_J . In the truncated space the complex O(6, 6) spinor Φ^+ has the expansion

Φ^+ = c e^{−B−iJ} = X^0 + X^aω_a − F_aω̃^a − F_0ϵ (3.20) where if we expand B + iJ = t^aω_a (3.21)

then we have complex coordinates on U^{finite}_J

X^A = (X^0, X^a) = (c, −ct^a). (3.22)

The Hitchin functional H_Y (Φ^+) is given by

H_Y = i (¯ X^AF_A − X^AF̄_A )

=^4_3 |c|^2 ∫ Y J ∧ J ∧ J =^1_6 i|X^0|^2κ_{abc}(t − t̄)^a(t − t̄)^b(t − t̄)^c ,

(3.23)

where κ_{abc} ≡ ∫ Y ω_a ∧ ω_b ∧ ω_c and F_A = (F_0, F_a).

For U^{finite}_ρ , the complex three-form Φ^− has the expansion

Φ^− = Ω = Z^K α_K − F_L β^L , (3.24)

now defining complex coordinates Z^K on U^{finite}_ρ . The corresponding Hitchin functional is H_Y = i (¯ Z^K F_K − Z^KF̄_K ) = −i ∫ Y Ω ∧ Ω̄ . (3.25)

Since we have truncated in such a way to remove the triplet degrees of freedom, we necessarily satisfy the SU (3) conditions J ∧ ρ = B ∧ ρ = 0, as a result of eqn. (3.12). Furthermore, the extra deformations which modify the SU (3) structure but leave g invariant are also projected out. Thus none of the subtleties discussed in section 2.4.6 is of any concern here. Instead the moduli space of metric deformations is simply

M^{finite} = M^{finite}_J × M^{finite}_ρ (3.26)

where M^{finite}_J and M^{finite}_ρ are the spaces U^{finite}_J and U^{finite}_ρ modulo rescalings of c in Φ^+ and the magnitude and phase of Ω in Φ^−, that is

M^{finite}_J = U^{finite}_J /C^∗ , M^{finite}_ρ = U^{finite}_ρ /C^∗ . (3.27)

These spaces can be parametrized by the local “special” coordinates t^a = X^a/X^0 and z^k = Z^K /Z^0. In the latter case we isolate one (labeled α_0) of the α_K , and assume that we can consistently scale its coefficient to unity when expanding Ω. The corresponding Kähler potentials are

K_J = − ln H_Y = − ln ∫ Y 4 3 |c|^2J ∧ J ∧ J = − ln i (¯ X^AF_A − X^AF̄_A ) , K_ρ = − ln H_Y = − ln i ∫ Y Ω ∧ Ω̄ = − ln i (¯ Z^K F_K − Z^KF̄_K ) . (3.28)

Note the natural scalar Hitchin functionals (3.19), allow us to define scalar Kähler potentials, as should appear in a four-dimensional theory, rather than the six-forms e^{−KJ} and e^{−Kρ} that appear in the general ten-dimensional theory of sec. 2.4.

These expressions coincide with the Kähler potentials for the moduli space of Calabi– Yau manifolds. This is a consequence of the fact that the presence of torsion does not affect the kinetic terms for the fields but only the superpotential as we already argued in section 2.4.

Using (3.21), (3.24), (3.14) and (3.16) we see that both J and Ω are not closed but obey dΩ = ( Z^K e_{aK} + F_K m^K_a ) ω̃^a , dJ = Im t^a ( m^K_a α_K + e_{aL}β^L ) , d(J ∧ J) = 0 ,

(3.29)

where the last equation is a direct consequence of the fact that there are no one- or five-forms in the truncated subspace. Comparing (3.29) with (2.15) we infer that the torsion classes W_1, W_2 and W_3 can be non-trivial while W_4 = W_5 = 0. Of course, this is precisely due to the fact that we are dropping all 3 and ¯3 representations and both W_4 and W_5 are triplets.

From (3.29) we see that the non-zero torsion is parameterized by the (constant) matrices e_{aK} and m^K_a . They can be chosen arbitrarily and only have to satisfy (3.17). Ref. [15] considered the special case m^K_a = 0 = e_{ak} or in other words kept only e_{a0} ≠ 0. From (3.29) we learn that this implies dΩ = Z^0e_{a0}ω̃^a. Put differently, for m^K_a = 0 = e_{ak}, Ω satisfies additionally d Im Ω = 0. This in turn implies that the torsion class W_1 ⊕ W_2 is real and such SU(3) manifolds are called half-flat [45].

Let us now turn to the Ramond–Ramond sector and discuss the truncation of the ten-dimensional fields. As we will see local gauge invariance gives a separate argument for the relations (3.14) and (3.16). Since the Ramond sector differs for type IIA and type IIB we discuss both case in turn. Let us start with type IIA.

3.3 The reduction of the type IIA RR-sector

The RR-sector of the ten-dimensional type IIA supergravity contains a one-form A_1 and a three-form A_3.^{16} Since we are projecting out the triplets we see from table 2.2 that A_1 only contains a singlet which again trivially decends to the four-dimensional theory. This four-dimensional vector field is commonly denotes by A^0_1 since it is related to the graviphoton in the gravitational multiplet.^{17}

The three-form gauge potential A_3 is expanded into the basis ω_a and (α_K , β^L) introduced in (3.9) and (3.6) as

A_3 = A^a_1 ∧ ω_a + ξ^K α_K + ξ̃_L β^L . (3.30)

As before the coefficents in this expansion correspond to dynamical fields in the fourdimensional effective action. The A^a_1 denote b_J four-dimensional vectors (or one-forms)

16As we already discussed in section 2.5 there are commonly two different field basis for the p-form gauge potentials used. They are related by C_p = e^BA_p and as a consequence the definition of their field strength differs. In type IIA it is more convenient to use the A-basis.

17Once additional vector multiplets are present the graviphoton is only defined up to symplectic rotations and thus, as we will see, A^0_1 is a component in a symplectic vector.

while ξ^K , ξ̃_L are 2b_ρ + 2 scalars. Together with the fields from the NS-sector discussed in the previous section they assemble into N = 2 multiplets as shown in table 3.1. This table is the four-dimensional ‘effective’ version of table 2.5. multiplet multiplicity bosonic field content gravity multiplet 1 (g_{μν} , A^0_1) vector multiplets b_J (A^a_1, t^a) hypermultiplets b_ρ (z^k, ξ^k, ξ̃_k) tensor multiplet 1 (B^{(4)}_2 , ϕ, ξ^0, ξ̃_0) Table 3.1: N = 2 multiplets for Type IIA supergravity compactified on Y .

The spectrum looks the same as the N = 2 spectrum obtained in Calabi–Yau compactifications [3, 64]. The difference here is that the expansion (3.30) is no longer in terms of harmonic forms on Y but instead in terms of the forms which obey (3.14), (3.16). As a consequence the fields are no longer massless or in other words the forms ω^a, α_K , β^K, ω̃^a are no longer zero modes of the Laplace operator. Instead they are eigenvectors of Δ with eigenvalues given by their masses.

The field strength of the ten-dimensional gauge potentials A_1, B, A_3 are defined as G_2 = dA_1 , H = dB , G_4 = dA_3 , F_4 = G_4 + B ∧ G_2 . (3.31) Since we want to include background fluxes we split the field strengths into an exact piece plus a flux term. Explicitly we have G_2 = G^fl_2 + dA_1 , H = H^fl + dB , F_4 = G^fl_4 − H^fl ∧ A_1 + B ∧ G^fl_2 + dA_3 + B ∧ dA_1 .

(3.32)

The background fluxes can also be expanded in the truncatd basis as G^fl_2 = m^a_{RR} ω_a , G^fl_4 = e_{RR a} ω̃^a , H^fl = m^K_0 α_K + e_{0 K} β^K , (3.33) which defines the RR-flux parameter e_{RR a}, m^a_{RR} and the NS-flux parameter e_{0 K} , m^K_0 . We have choosen this notation for the NS-fluxes since, as we will see, they naturally combine with the torsion parameters e_{a K} , m^K_a to form the matrices e_{AK} = (e_{0 K} , e_{aK} ) , m^K_A = (m^K_0 , m^K_a ) , A = 0, . . . , b_J . (3.34) In analogy with (3.17) the fluxes (3.33) also have to satisfy a consistency condition. They should be choosen such that dF^fl = d^†F^fl = 0 for all fluxes. This results in the conditions m^a_{RR} m^K_a = 0 = m^a_{RR} e_{aK} , e^a_{RR} m^K_a = 0 = e^a_{RR} e_{aK} , V_0 · V_a = 0 , (3.35) where the symplectic vectors V and their symplectic inner product are defined in (3.17).

Let us come back to the field strength (3.32) and discuss their four-dimensional gauge invariance. The four-dimensional theory has a standard gauge invariance associated with the (b_J + 1) Abelian gauge bosons A^A_1 = (A^0_1, A^a_1) and a two-form gauge invariance associated with the four-dimensional NS two-form B^{(4)}_2

A^A_1 → A^A_1 + dΘ^A , B^{(4)}_2 → B^{(4)}_2 + dΘ_1 , (3.36)

where Θ^A are scalar gauge parameters while Θ_1 is an independent one-form gauge parameter. From (3.32) we see that both G_2 and H are gauge invariant but, at first sight, F_4 is not. Furthermore, also dA_3 is naively not invariant under (3.36). This can be seen by inserting the expansion (3.30) into dA_3 which yields

dA_3 = dA^a_1 ∧ ω_a + A^a_1 ∧ dω_a + dξ^K ∧ α_K + ξ^K dα_K + dξ̃_L ∧ β^L + ξ̃_Ldβ^L ,

= dA^a_1 ∧ ω_a + (dξ^K + A^a_1 m^K_a ) ∧ α_K + ξ^K dα_K

+ (dξ̃_L + A^a_1e_{aL}) ∧ β^L + ξ̃_L dβ^L ,

(3.37)

where in the second equation we inserted (3.14). The terms including A^a_1 violate the gauge invariance (3.36).

In order to recover gauge invariance we have to modify the transformation laws. The two-form gauge invariance can be maintained by assigning the transformations

A^a_1 → A^a_1 − m^a_{RR}Θ_1 (3.38)

to the vectors. This transformation implies that one linear combination of vectors is pure gauge or in other words this linear combination can be ‘eaten’ by the two-form B^{(4)}_2 . As a consequence B^{(4)}_2 becomes massive by a Stueckelberg-type mechanism as already observed in [64].

The local one-form gauge invariance of A^A_1 can be recovered by assigning Peccei-Quinn type transformations to the RR-scalars ξ^K , ξ̃_L

ξ^K → ξ^K − Θ^Am^K_A , ξ̃_L → ξ̃_L − Θ^Ae_{AL} . (3.39)

In this case an appropriate fraction of the scalars ξ^K , ξ̃_L can be eaten by the gauge bosons or in other words ξ^K and ξ̃_L are the appropriate Goldstone bosons which render some of the A^A_1 massive.

Note that gauge invariance can only be maintained if we impose (3.14) with m^K_A and e_{AL} being constant matrices. We could repeat the same argument in the dual formulation of type IIA [80] where instead of A_3 the dual gauge potential A_5 appears. In this case gauge invariance leads to the constraints (3.16) together with dω̃^a = 0 of (3.14). Thus also from this point of view one can motivate the differential relations (3.14), (3.16) which is essentially the argument given in [72].

From (3.39) we also see that the torsion and the NS-fluxes precisely play the role of Killing vectors which gauge translational isometries of the RR scalars ξ^K and ξ̃_L in the hypermultiplet sector. Via the standard relations of gauged supergravity [74] this induces a scalar potential as was worked out explicitly, for example, in refs. [64, 15].

The magnetic RR-fluxes instead render the four-dimensional antisymmetric tensor B^{(4)}_2 massive and also induce a scalar potential [64].^{18}

Before turning to the reduction of type IIB let us summarize the situation so far. We truncated the ten-dimensional spectrum by insisting that there are only two gravitinos in the gravitational multiplet and a finite number of modes in the effective action. This corresponds to expanding the ten-dimensional fields in terms of basis defined in (3.9) and (3.6). In addition we required local gauge invariance in the effective action which independently led to the conditions (3.14) and (3.16).

The same analysis can be repeated for type IIB supergravity to which we now turn.

3.4 The reduction of the type IIB RR-sector

In IIB supergravity the RR sector contains a scalar l (= C_0), a two form C_2 and a fourform C_4. Exactly as in the previous section these fields are expanded in terms of the finite basis defined in (3.9) and (3.6) as follows

C_2 = C^{(4)}_2 + c^a ω_a ,

C_4 = D^a_2 ∧ ω_a + V^K ∧ α_K − U_K ∧ β^K + ρ_a ω̃^a .

(3.40)

From a four-dimensional point of view C^{(4)}_2 , D^a_2 are two-forms, V^K , U_K are one-forms and ρ_a are scalars. The field strength F_5 of C_4 is self-dual which eliminates half of the degrees of freedom in the expansion of C_4. Conventionally one chooses to eleminate D^a_2 and U_K in favour of ρ_a and V^K . Together with the fields from the NS sector all fields assemble into the N = 2 multiplets given in table 3.2 which is the four-dimensional ‘effective’ version of 2.6.^{19}

multiplet multiplicity bosonic field content

gravity multiplet 1 (g_{μν} , V^0)

vector multiplets b_ρ (V^k, z^k)

hypermultiplets b_J (t^a, c^a, ρ_a)

double-tensor multiplet 1 (B^{(4)}_2 , C^{(4)}_2 , ϕ, l)

Table 3.2: N = 2 multiplets for Type IIB supergravity compactified on Y .

The field strengths of the ten-dimensional gauge potentials C_2, B and C_4 are defined as H = dB , F_3 = dC_2 − ldB , F_5 = dC_4 − H ∧ C_2 . (3.41)

18Although not visible form the discussion, here let us add that the electric RR-fluxes play the role of Green-Schwarz-type couplings [64].

19If we choose to eliminate the scalars ρ_a in favor of the four-dimensional tensors D^a_2 the b_J hypermultiplets are replaced by b_J tensor multiplets (t^a, c^a, D^a_2 ).

Separating again the fluxes from the exact piece we arrive at H = H^fl + dB , F_3 = G^fl_3 − lH^fl + dC_2 − ldB , F_5 = B ∧ G^fl_3 − H^fl ∧ C_2 + dC_4 − H ∧ C_2 .

(3.42)

As before the fluxes are expanded in terms of the truncated basis as G^fl_3 = m̃^K_{RR} α_K + ẽ_{RR K} β^K , H^fl = m̃^K_0 α_K + ẽ_{0K} β^K , (3.43) where we use ẽ, m̃ to denote the fluxes in type IIB. In this case consistency requires dF^fl_3 = dH^fl = 0 which translates into V_0 · V_a = 0 , V_{RR} · V_a = 0 , (3.44) where we defined the symplectic vector V_{RR} = (ẽ_{RR K} , m̃^K_{RR}).

In type IIB the four-dimensional theory has a standard one-form gauge invariance associated with the (b_ρ + 1) Abelian gauge bosons V^K and their magnetic duals U_K . In addition there are (b_J + 2) two-form gauge transformations.^{20} Together they read V^K → V^K + dΘ^K_V , U_K → U_K + dΘ^U_K , B^{(4)}_2 → B^{(4)}_2 + dΘ^{(B)}_1 , C^{(4)}_2 → C^{(4)}_2 + dΘ^0_1 , D^a_2 → D^a_2 + dΘ^a_1 .

(3.45)

From (3.42) we see that H and F_3 are invariant but F_5 is not. Exactly as in type IIA also dC_4 is not gauge invariant. Inserting (3.40) into dC_4 we arrive at

dC_4 = dD^a_2 ∧ ω_a + D^a_2 ∧ dω_a + dV^K ∧ α_K − V^K ∧ dα_K − dU_K ∧ β^K + U_K ∧ dβ^K + dρ_a ∧ ω̃^a + ρ_adω̃^a = dD^a_2 ∧ ω_a + (D^a_2m̃^K_a + dV^K ) ∧ α_K + (D^a_2ẽ_{aK} + dU_K ) ∧ β^K + (dρ_a − ẽ_{aK}V^K − m̃^K_a U_K ) ∧ ω̃^a ,

(3.46)

where in the second equation we inserted (3.14), (3.16). The terms in the last line involving V^K , U_K explicitly violate the gauge invarianve (3.45).

As in IIA, local gauge invariance necessitates (3.14) and (3.16) in which case the transformation laws (3.45) can be modified according to V^K → V^K + m̃^K_A Θ^A_1 , U_K → U_K + ẽ_{AK} Θ^A_1 , V^K → V^K + m̃^K_{RR}Θ^{(B)}_1 , U_K → U_K + ẽ_{RR K} Θ^{(B)}_1 , ρ_a → ρ_a + ẽ_{aK} Θ^K_V + m̃^L_a Θ^U_L .

(3.47)

With these transformations gauge invariance is recovered. We see that for a non-vanishing magnetic matrix m̃^K_A or a non-vanishing magnetic RR-flux m̃^K_{RR} some of the electric gauge bosons V^K become pure gauge degrees of freedom which can be absorbed (eaten) into

20The issue of gauge invariance is best discused in terms of the tensor multiplets (t^a, c^a, D^a_2 ) where the ρ_a are eliminated in favor of the four-dimensional tensors D^a_2 and thus the b_J hypermultiplets are traded for b_J tensor multiplets.

C^{(4)}_2 , B^{(4)}_2 or D^a_2 . Put differently, these antisymmetric tensors gain longitudinal degrees of freedom by a Stueckelberg mechanism or in other words they become massive. Note that on the type IIA side this only happens for magnetic RR-fluxes but not for NS-fluxes or torsion. Instead in type IIB it occurs for all magnetic fluxes and torsion. This situation is summarized in table 3.3.

For electric fluxes some of the scalars ρ_a become Goldstone bosons and are eaten by the corresponding vectors while for electric RR-fluxes a Green-Schwarz type coupling is induced [64]. We will also see these facts in the supersymmetric transformation law of the gravitinos to which we now turn.

IIA IIB

electric RR-flux e_{RR} Green–Schwarz coupling Green-Schwarz coupling

magnetic RR-flux m_{RR} massive tensor B^{(4)}_2 massive tensor B^{(4)}_2

electric NS-flux e_0 massive A^0_1 massive A^0_1

magnetic NS-flux m_0 massive A^0_1 massive tensor C^{(4)}_2

electric torsion e_{aK} massive A^a_1 massive A^K_1

magnetic torsion m^K_a massive A^a_1 massive tensors D^a_2

Table 3.3: Effect of fluxes and torsion.

3.5 Relation to gauged supergravity

In section 2.5 we computed the transformation of the gravitinos which reside in the gravitational multiplet. From this we read off the matrix S_{AB} and via (2.114) the three Killing prepotentials P^x which can be viewed as the N = 2 version of the superpotential and the D-term. The purpose of this section is to truncate these results to the finite basis (3.9) and (3.6) and then compare with the formulas of gauged N = 2 supergravity.

In section 2.5 we gave S^{(4)}_{AB} in two different forms. In (2.126) and (2.132) we used a ten-dimensional field basis while in (2.136) and (2.137) we essentially already used a four-dimensional field basis. To be more precise we performed a Weyl rescaling in the ten-dimensional action and introduced the four-dimensional dilaton ϕ^{(4)} but kept the dependence on all ten space-time coordinates. Now we merely need to truncate (2.136) and (2.137) (or equivalently (2.139) and (2.140)) to the finite-dimensional subspace of light modes and integrate over the compact manifold Y .

Using the truncation defined in 3.1–3.4 we infer from (2.139) for type IIA

(P^1 + iP^2) = −2 e^{12 Kρ+ϕ(4)} ∫ Y ⟨ Φ^+, dΦ^− ⟩ , P^3 = 1 √ 2 e^{2ϕ(4)} ∫ Y ⟨ Φ^+, G_A ⟩ , (3.48) where Φ^+ = c e^{−t}, Φ^− = Ω. Inserting the separation (3.32) of G_A into flux terms and field strength we arrive after partial integration at

(P^1 + iP^2) = −2c e^{12 Kρ+ϕ(4)} ∫ Y ( dt + H^fl ) ∧ Ω , P^3 = c √ 2 e^{2ϕ(4)} ∫ Y e^{−t} ∧ (G^fl_{2n} + dA_{2n−1} − H^fl ∧ A_{2n−3}) ,

(3.49)

where t = B + iJ and e^t ∧ G^fl_{2n} =^1_6 G^fl_0 t^3 +^1_2 G^fl_2 t^2 + G^fl_4 t + G^fl_6 . We can go one step further by inserting the expansions (3.29) and (3.33) into (3.49) and performing the integrals. This yields

(P^1 + iP^2) = −2 e^{12 Kρ+ϕ(4)} X^A(e_{AK} Z^K + m^K_A F_K ) ,

P^3 = − c √ 2 e^{2ϕ(4)} [ X^A(e_{AK} ξ^K + m^K_A ξ̃_K ) + (X^Ae_{RR A} + F_Am^A_{RR}) ] , (3.50)

where we used (3.34) and X^A = (c, −ct^a). (3.50) can be compared with the generic structure of P^x as dictated by N = 2 supergravity. In this case one has the generic expression [74, 75] P^x = X^AP^x_A + ω^x_α(e^α_AX^A − m^{αA}F_A) , (3.51)

where P^x_A are the Killing prepotentials which only depend on scalars in N = 2 hypermultiplets. The second term in (3.51) arises when tensor multiplets are present and e^α_A denotes possible Green-Schwarz-type couplings while m^{αA} are related to mass terms of antisymmetric two-tensors. (ω^x_α is an appropriate SU(2) connection on the hypermultiplet moduli space, see [75] for further details.) Comparing (3.50) and (3.51) we see that they are consist with each other and furthermore for m^A_{RR} ≠ 0 we necessarily have massive tensor fields as was already observed in section 3.3 and refs. [64, 75].

We can repeat the same analysis for type IIB supergravity starting from (2.140) and obtain

(P^1 − iP^2) = −2 e^12^{KJ +ϕ(4)} ∫ Y ⟨ Φ^−, dΦ^+ ⟩ = −2c e^12^{KJ +ϕ(4)} ∫ Y ( dt + H^fl ) ∧ Ω , = −2 e^12^{KJ +ϕ(4)} ( Z^Kẽ_{AK} X^A + F_Km̃^K_A X^A ) , P^3 = 1 √ 2 e^{2ϕ(4)} ∫ Y ⟨ Φ^−, G_B ⟩ = 1 √ 2 e^{2ϕ(4)} ∫ Y ( G^fl_3 − lH^fl + dC_2 − ldB ) ∧ Ω = 1 √ 2 e^{2ϕ(4)} ( Z^K (ẽ_{RR K} − ẽ_{AK} ξ^A) + F_K (m̃^K_{RR} − m̃^K_A ξ^A ) ) , (3.52) where we defined

ξ^A = (ξ^0, ξ^a) = (l, c^a − lb^a) , ẽ_{AK} = (ẽ_{0K} , ẽ_{aK}) , m̃^K_A = (m̃^K_0 , m̃^K_a ) . (3.53)

The comparison with N = 2 supergravity essentially uses again (3.51) but since in type IIB the scalars t^a and z^k in vector and hypermultiplets are interchanged compared to type IIA (3.51) has be replaced by

P^x = Z^K P^x_K + ω^x_α(e^α_KZ^K − m^{αK} F_K ) . (3.54)

Comparing (3.52) with (3.54) we see that for electric fluxes ẽ_{RR K} , ẽ_{AK} we have a standard gauged supergravity while for magnetic fluxes m̃^K_{RR}, m̃^K_A we have in addition massive antisymmetric tensors [64, 75, 72]. This was already observed at the end of section 3.4 and is summarized in table 3.3.

3.6 Mirror symmetry

Now that we have discussed the supersymmetry transformation in terms of fluxes and torsion let us return to the issue of mirror symmetry. For Calabi–Yau manifolds the mirror conjectures states that for a given Calabi–Yau Y there exists a mirror manifold Ỹ , with the property that the Hodge numbers and Kähler and complex structure deformations are exchanged in passing from Y to Ỹ . In particular the moduli spaces M_J for one manifold and M_ρ for the other (as well as their respective prepotentials) are identified. In string theory mirror symmetry manifests itself in the equivalence of type IIA compactified on Y and type IIB compactified on the mirror manifold Ỹ . In particular this states that the respective low energy effective Lagrangians are identical for compactifications on mirror manifolds. In the notation used in the previous section this amounts to the identification [4] X^A ↔ Z^K , F^A ↔ F^K , ξ^A ↔ ξ^K , (3.55)

on mirror pairs.

Of course it is an interesting question to see what happens to this symmetry for manifolds with SU(3) structure and in particular to what extent the exchange (3.55) also holds on a generalized pair of mirror manifolds. It was proposed in [23] that mirror symmetry for manifolds of SU(3) structure amounts to the exchange of the two pure spinors together with an exchange of even and odd RR-forms

e^{−B−iJ} ↔ Ω , G_{even} ↔ G_{odd} . (3.56)

As we already discussed at the end of section 2.5, (3.56) is a special case of the more general map (2.141) which we expect to hold if instead of a SU(3) structure one repeats the computation for a SU (3) × SU (3)-structure. Using the expansions (3.20), (3.24), (3.30), (3.40) and (3.53) one readily verifies that the map (3.56) implies (3.55) if no fluxes are turned on.

In Calabi–Yau compactifications with only electric and magnetic RR-fluxes arising in (3.33) from the IIA RR-field strength G^fl_{2n} and in (3.43) from IIB G^fl_3 , it was indeed observed in refs. [64] that at the level of the effective action mirror symmetry is straightforwardly realized as the exchange (3.55) together with an exchange of the flux parameters e_{RR} ↔ ẽ_{RR} , m_{RR} ↔ m̃_{RR} . (3.57) Furthermore for the case of RR fluxes on manifolds with SU(3) structure, it was shown in [28] that the supersymmetry equations are symmetric under the exchange (3.56). This is also reflected in the Killing prepotentials derived in this paper. From Eqs. (2.139) and (2.140) we see that the two (ten-dimensional) P^3 are symmetric under (3.56). Similarly, Eqs. (3.49) and (3.52) show that in the truncated theory the two P^3s are exchanged under the map (3.55) together with (3.57), i.e. exactly in the same way as in Calabi–Yau compactifications with RR fluxes.

The situation for NS-fluxes is more involved. On the one hand, the expressions for the Killing prepotentials P^1 and P^2 in Eqs (2.139) and (2.140), look perfectly mirror symmetric, i.e. respect the exchange (2.141). Note however that this exchange does not map H-flux (which appears in dΦ^+) to itself, but rather to torsion components in dΦ^−. Nevertheless, as we mentioned at the end of section 2.5, these expressions were obtained for the particular case of a single SU(3) structure, where Φ^− contains only a 3-form and not all odd forms. In this case, from dΦ^+, the 3-form d(B + iJ) contributes to the superpotential, while the five-form d(B + iJ)^2 does not, since there is no 1-form in Φ^−.

After performing the truncation, we can see explicitly by comparing (3.50) and (3.52) that H^fl is not mapped to itself. Indeed, the type IIA NS-fluxes e_{0K}, m^0_K arising from H^fl in (3.33) and the type IIB NS-fluxes ẽ_{0K}, m̃^0_K arising from H^fl in (3.43) are not interchanged under mirror symmetry. Instead for electric fluxes they are mapped to the torsion coefficients e_{A0}, ẽ_{A0} of half-flat manifolds [15, 18, 36]. In fact this immediately generalizes for the entire electric matrices e_{AK} , ẽ_{KA} defined in (3.34) and (3.53). We find perfect agreement under mirror symmetry if we perform the map (3.55) and simultaneously exchange the electric matrices

e_{AK} ↔ ẽ_{KA} . (3.58)

For the magnetic matrices m^K_A , m̃^K_A no mirror symmetry is observed in eqs. (3.50) and (3.52). In this case antisymmetric tensor fields become massive on the IIB side while on the IIA side this is not the case. As we already stated before we expect that such a contribution naturally arises when the backgrounds with SU(3) structure are replaced by the more general backgrounds with SU(3) × SU(3) structure. Work along these lines is in progress.

4 Conclusions

In this paper we have shown that type II supergravities in space-time backgrounds which admit an SU(3) × SU(3) structure share many features with four-dimensional N = 2 gauged supergravities. The reason for this is that in such backgrounds the ten-dimensional Lorentz symmetry SO(1, 9) can be replaced by a symmetry SO(1, 3) × SU(3) × SU(3) and one can consistently write the theory in terms of only eight out of the 32 original supercharges. Following the approach pioneered in [69], this in turn allowed us to rewrite the ten-dimensional theory in a form which strongly resembles the four-dimensional N = 2 gauged supergravities but without the need of any Kaluza–Klein truncation. For simplicity, in many parts of the paper we concentrated on the special situation where there is a single SU (3) structure (or in other words where the two SU (3) structures coincide). However, given the covariant form of the final expressions we expect that they hold for general SU (3) × SU (3) structures.

In particular we showed, using results in [48], that the metric deformations together with B can be viewed as coordinates of a product of special Kähler manifolds. The corresponding Kähler potentials can be expressed in terms of a pure spinor Φ^± of Spin(6, 6) and its complex conjugate and they coincide with the corresponding Hitchin functionals. In the SU (3) case the two pure spinors are Φ^+ = e^{−B−iJ} and Φ^− = Ω and are constructed as bispinors of the SU(3)-singlet spinors η_±.

We also computed the supersymmetry transformation of the gravitinos and determined the three Killing prepotential P^x in the case of type IIA and IIB. They are expressed (see eqns. (2.139) and (2.140)) in terms of Spin(6, 6) invariant inner products of the pure spinors Φ^± with the RR fluxes and with dΦ^∓ which encode the intrinsic torsion and H-flux.

By further breaking the SU(2)_R symmetry of the N = 2 down to a U(1)_R , we were able to find the D-term and superpotential of an N = 1 theory. They depend on two angles that parameterize the N = 2 → N = 1 reduction. In this way we obtained the most general N = 1 superpotential for manifolds admitting an SU(3) structure which contains in particular all the cases that have been studied so far. The case of the heterotic string compactified on manifolds with SU (3) structure will be presented in [88].

An important caveat to the reformulation was that we explicitly dropped the multiplets containing additional spin-^3_2 fields, present because that underlying theory really has N = 8 supersymmetry. In particular, including these multiplets should modify the scalar field moduli space. This is related to the fact that there is actually no natural special Kähler geometry on the physical scalar degrees of freedom, but only on the larger space of SU (3) × SU (3) structures. In the full formulation, it must be possible to gauge away some of the degrees of freedom in Φ^±. Equally, there should actually be an underlying N = 8 type theory, where all the supersymmetries are kept and the scalar fields parameterize a E_{7(7)}/ SU (8) coset.

In the second part of the paper we demanded that the ten-dimensional manifold had a product structure and performed a truncation of the spectrum. This reduced theory was then shown to be consistent with a four-dimensional N = 2 gauged supergravity. In particular the gauged isometries are translational isometries of the hypermultiplet and tensor multiplet moduli space with gauge charges or mass parameters given by the fluxes and the torsion. Electric fluxes (RR, NS or torsion) give masses to the vectors coming from the three- or four-form RR potential for IIA or IIB, resulting in a standard N = 2 gauged supergravity, while magnetic fluxes give mass to the antisymmetric tensors by a Stueckelberg-type mechanism.

The truncation of the spectrum done in section 3 also excluded spin-^3_2 multiplets which amounted to projecting out 3 + ¯3 representations. This sets the torsion classes W_4 and W_5 to zero. Additionally, no warp-factor was allowed. It turns out that allowing for these torsion classes or a warp factor is not straightforward. A first step in that direction was taken in refs. [89, 90], which considered KK-reductions in warped products with a conformal Calabi–Yau factor. In particular, it was claimed in [89] that the warp factor affects the N = 1 Kähler potential, but not the superpotential. It would be interesting to generalize our results allowing for such warped compactifications.

As we mentioned, for simplicity we mostly considered the case of a single SU (3) structure instead of the more general situation of a SU (3) × SU (3) structures. It should not be too difficult to generalize our results to the generic situation. The main difference is that in this case there are globally defined vectors (given by bilinears involving the two spinors with one gamma matrix) which are nowhere vanishing if there is a common SU (2) substructure. We expect that the Kähler potential (2.73) and the Killing prepotentials (2.139) and (2.140) take the same form in this generalized set-up but are now evaluated with Φ^± defining SU (3) × SU (3) structures. These formulas further suggest that in the framework of SU (3) × SU (3) structures mirror symmetry with fluxes is restored and the missing magnetic fluxes can be located. We will return to these questions elsewhere.

One important question we have not addressed directly is the connection between the formulation we have discussed here and topological string theories. The target space theories of the topological A and B models are theories of deformations of complexified Kähler structure B + iJ or complex structure ρ called Kähler and Kodaira–Spencer gravity respectively. It has recently been argued [53, 54, 55] that these are equivalent to theories based on the Hitchin functionals H(χ^+) and H(χ^−) where χ^+ = Re(c e^{−B−iJ} ) and χ^− = nρ. In ref. [56] the equivalence was shown to hold at one-loop for the B model, provided one considered the full functional (2.71) for odd forms rather than that based on (2.87) restricted to three-forms. In these cases the Hitchin functional is taken as the action of the theory. Crucially one must also assume that ρ and B + iJ are closed and one only takes variations by exact forms. Hitchin’s result [51] is that the equations of motion then imply that the relevant structure is integrable. Here, considering the effective theory of the physical string, we have seen that the Hitchin functionals naturally appear as Kähler potentials without the restrictions that the forms are closed. N = 2 supersymmetric vacua require integrability of the two structures [34], while N = 1 vacua impose integrability of only one of the two [44]. This led [44] to conjecture that there is a topological model associated to any N = 1 vacuum. It would be interesting to understand the connection between the topological and the physical theories in more detail.

Let us end by noting that the approach presented in this paper of rewriting the tendimensional supergravities in a SU (3)×SU (3) background can equally well be applied to other theories and structure groups. Of particular interest is eleven-dimensional supergravity rewritten in a SO(1, 3) × G_2 background. In this case the ten-dimensional theory should resemble a four-dimensional N = 1 theory with a Kähler potential, a superpotential and D-terms. There is also a Hitchin functional for the three-form describing the G_2 and it is natural to conjecture that this will give the exponential of the Kähler potential.

Acknowledgments

This work is supported by DFG – The German Science Foundation, the European RTN Programs HPRN-CT-2000-00148, HPRN-CT-2000-00122, HPRN-CT-2000-00131, MRTN-CT-2004-005104, MRTN-CT-2004-503369 and the DAAD – the German Academic Exchange Service. The work of M.G. is supported by European Commission Marie Curie Postdoctoral Fellowship under contract number MEIF-CT-2003-501485. D.W. is supported by a Royal Society University Research Fellowship.

We want to thank especially Ruben Minasian and Alessandro Tomasiello for collaboration in early stages of this work. We have greatly benefited from conversations and correspondence with Thomas Grimm, Marco Gualtieri, Jan Gutowski, Chris Hull, Hans Jockers, Peter Mayr, Andrei Morianu, George Papadopoulos, Michela Petrini, Sakura Schäfer-Nameki, Uwe Semmelmann, Pierre Vanhove and Silvia Vaula.

J.L. thanks E. Cremmer and the LPTENS in Paris for hospitality and financial support during the inital stages of this work.

References

[1] S. Cecotti, S. Ferrara and L. Girardello, “Geometry Of Type II Superstrings And The Moduli Of Superconformal Field Theories,” Int. J. Mod. Phys. A 4 (1989) 2475.

[2] S. Ferrara and S. Sabharwal, “Dimensional Reduction Of Type II Superstrings,” Class. Quant. Grav. 6 (1989) L77;

“Quaternionic Manifolds For Type II Superstring Vacua Of Calabi–Yau Spaces,” Nucl. Phys. B 332 (1990) 317.

[3] M. Bodner, A. C. Cadavid and S. Ferrara, “(2,2) Vacuum Configurations For Type IIA Superstrings: N=2 Supergravity Lagrangians And Algebraic Geometry,” Class. Quant. Grav. 8 (1991) 789.

[4] M. Bodner and A. C. Cadavid, “Dimensional Reduction Of Type IIB Supergravity And Exceptional Quaternionic Manifolds,” Class. Quant. Grav. 7 (1990) 829; R. Böhm, H. Günther, C. Herrmann and J. Louis, “Compactification of type IIB string theory on Calabi–Yau threefolds,” Nucl. Phys. B 569 (2000) 229 [arXiv:hep-th/9908007].

[5] A. Strominger, “Yukawa Couplings In Superstring Compactification,” Phys. Rev.

Lett. 55 (1985) 2547.

A. Strominger, “Special Geometry,” Commun. Math. Phys. 133 (1990) 163.

[6] L. J. Dixon, V. Kaplunovsky and J. Louis, “On Effective Field Theories Describing (2,2) Vacua Of The Heterotic String,” Nucl. Phys. B 329, 27 (1990).

[7] P. Candelas and X. de la Ossa, “Moduli Space Of Calabi–Yau Manifolds,” Nucl.

Phys. B 355, 455 (1991).

[8] P. Candelas, X. C. De La Ossa, P. S. Green and L. Parkes, “A Pair Of Calabi– Yau Manifolds As An Exactly Soluble Superconformal Theory,” Nucl. Phys. B 359 (1991) 21.

[9] For a review see, for example, S. Hosono, A. Klemm and S. Theisen, “Lectures on mirror symmetry,” arXiv:hep-th/9403096.

K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa, R. Vakil and E. Zaslow, Mirror symmetry (Clay Mathematics Monographs, Vol. 1).

[10] M. Rocek, “Modified Calabi–Yau manifolds with torsion,” in: Essays on Mirror Manifolds, ed. S.T. Yau (International Press, Hong Kong, 1992). S. J. Gates, C. M. Hull, and M. Rocek, “Twisted Multiplets And New Supersymmetric Nonlinear Sigma Models,” Nucl. Phys. B248 (1984) 157.

[11] A. Strominger, “Superstrings With Torsion,” Nucl. Phys. B 274 (1986) 253.

[12] C. M. Hull, “Superstring Compactifications With Torsion And Space-Time Supersymmetry,” in Turin 1985, Proceedings, Superunification and Extra Dimensions, 347-375;

“Compactifications Of The Heterotic Superstring,” Phys. Lett. B 178 (1986) 357.

[13] C. Vafa, “Superstrings and topological strings at large N,” J. Math. Phys. 42, 2798 (2001) [arXiv:hep-th/0008142].

[14] J. P. Gauntlett, N.W. Kim, D. Martelli, and D. Waldram, “Fivebranes wrapped on SLAG three-cycles and related geometry,” JHEP 0111 (2001) 018, hep-th/0110034; J. P. Gauntlett, D. Martelli, S. Pakis, and D. Waldram, “G-structures and wrapped NS5-branes,” hep-th/0205050;

J. P. Gauntlett, D. Martelli and D. Waldram, “Superstrings with intrinsic torsion,” Phys. Rev. D 69, 086002 (2004) [arXiv:hep-th/0302158].

[15] S. Gurrieri, J. Louis, A. Micu and D. Waldram, “Mirror symmetry in generalized Calabi–Yau compactifications,” Nucl. Phys. B 654 (2003) 61 [arXiv:hep-th/0211102].

[16] G. L. Cardoso, G. Curio, G. Dall’Agata, D. Lüst, P. Manousselis and G. Zoupanos, “Non-Kähler string backgrounds and their five torsion classes,” Nucl. Phys. B 652 (2003) 5 [arXiv:hep-th/0211118].

[17] S. Kachru, M. B. Schulz, P. K. Tripathy and S. P. Trivedi, “New supersymmetric string compactifications,” JHEP 0303, 061 (2003) [arXiv:hep-th/0211182].

[18] S. Gurrieri and A. Micu, “Type IIB theory on half-flat manifolds,” Class. Quant.

Grav. 20 (2003) 2181 [arXiv:hep-th/0212278].

[19] P. Kaste, R. Minasian, M. Petrini, and A. Tomasiello, “Kaluza–Klein bundles and manifolds of exceptional holonomy,” JHEP 0209, 033 (2002) [arXiv:hep-th/0206213]; “Nontrivial RR two-form field strength and SU (3)- structure,” Fortsch. Phys. 51, 764 (2003) [arXiv:hep-th/0301063].

[20] G. L. Cardoso, G. Curio, G. Dall’Agata and D. Lüst, “BPS action and superpotential for heterotic string compactifications with fluxes,” JHEP 0310 (2003) 004 [arXiv:hep-th/0306088].

[21] K. Becker, M. Becker, K. Dasgupta and P. S. Green, “Compactifications of heterotic theory on non-Kähler complex manifolds. I,” JHEP 0304 (2003) 007 [arXiv:hep-th/0301161].

K. Becker, M. Becker, P. S. Green, K. Dasgupta and E. Sharpe, “Compactifications of heterotic strings on non-Kähler complex manifolds. II,” Nucl. Phys. B 678 (2004) 19 [arXiv:hep-th/0310058].

[22] K. Behrndt and C. Jeschek, “Fluxes in M-theory on 7-manifolds and G structures,” JHEP 0304 (2003) 002 [arXiv:hep-th/0302047];

“Fluxes in M-theory on 7-manifolds: G-structures and superpotential,” Nucl. Phys. B 694 (2004) 99 [arXiv:hep-th/0311119].

[23] S. Fidanza, R. Minasian and A. Tomasiello, “Mirror symmetric SU (3)-structure manifolds with NS fluxes,” arXiv:hep-th/0311122.

[24] G. Dall’Agata, “On supersymmetric solutions of type IIB supergravity with general fluxes,” Nucl. Phys. B 695, 243 (2004) [arXiv:hep-th/0403220].

[25] M. Becker, K. Dasgupta, A. Knauf and R. Tatar, “Geometric transitions, flops and non-Kähler manifolds. I,” Nucl. Phys. B 702, 207 (2004) [arXiv:hep-th/0403288].

[26] A. R. Frey, “Notes on SU (3) structures in type IIB supergravity,” JHEP 0406, 027 (2004) [arXiv:hep-th/0404107].

[27] C. Jeschek, “Generalized Calabi–Yau structures and mirror symmetry,” arXiv:hep-th/0406046.

[28] M. Graña, R. Minasian, M. Petrini and A. Tomasiello, “Supersymmetric backgrounds from generalized Calabi–Yau manifolds,” JHEP 0408 (2004) 046 [arXiv:hep-th/0406137].

[29] A. Kapustin and Y. Li, “Topological sigma-models with H-flux and twisted generalized complex manifolds,” arXiv:hep-th/0407249.

[30] S. Gurrieri, A. Lukas and A. Micu, “Heterotic on half-flat,” Phys. Rev. D 70 (2004) 126009 [arXiv:hep-th/0408121].

[31] S. Chiantese, F. Gmeiner and C. Jeschek, “Mirror symmetry for topological sigma models with generalized Kaehler geometry,” arXiv:hep-th/0408169.

[32] R. Zucchini, “A sigma model field theoretic realization of Hitchin’s generalized complex geometry,” JHEP 0411, 045 (2004) [arXiv:hep-th/0409181]; “Generalized complex geometry, generalized branes and the Hitchin sigma model,” JHEP 0503, 022 (2005) [arXiv:hep-th/0501062].

[33] T. House and A. Micu, “M-theory compactifications on manifolds with G_2 structure,” Class. Quant. Grav. 22 (2005) 1709 [arXiv:hep-th/0412006].

[34] C. Jeschek and F. Witt, “Generalised G_2-structures and type IIB superstrings,” JHEP 0503 (2005) 053 [arXiv:hep-th/0412280].

[35] G. Dall’Agata and S. Ferrara, “Gauged supergravity algebras from twisted tori compactifications with fluxes,” Nucl. Phys. B 717 (2005) 223 [arXiv:hep-th/0502066].

[36] A. Tomasiello, “Topological mirror symmetry with fluxes,” arXiv:hep-th/0502148.

[37] K. Behrndt, M. Cvetic and P. Gao, “General type IIB fluxes with SU (3) structures,” arXiv:hep-th/0502154.

[38] G. Dall’Agata, R. D’Auria and S. Ferrara, “Compactifications on twisted tori with fluxes and free differential algebras,” arXiv:hep-th/0503122.

[39] C. M. Hull and R. A. Reid-Edwards, “Flux compactifications of string theory on twisted tori,” J. Sci. Eng. 1 (2004) 411 [arXiv:hep-th/0503114].

[40] R. D’Auria, S. Ferrara and M. Trigiante, “E_{7(7)} symmetry and dual gauge algebra of M-theory on a twisted seven-torus,” arXiv:hep-th/0504108.

[41] L. Andrianopoli, M. A. Lledo and M. Trigiante, “The Scherk-Schwarz mechanism as a flux compactification with internal torsion,” JHEP 0505, 051 (2005) [arXiv:hep-th/0502083].

[42] P. Berglund and P. Mayr, “Non-Perturbative Superpotentials in F-theory and String Duality,” arXiv:hep-th/0504058.

[43] T. House and E. Palti, “Effective action of (massive) IIA on manifolds with SU(3) structure,” arXiv:hep-th/0505177.

[44] M. Graña, R. Minasian, M. Petrini and A. Tomasiello, “Generalized structures of N=1 vacua,” arXiv:hep-th/0505212.

[45] S. Chiossi and S. Salamon, “The Intrinsic Torsion of SU(3) and G_2 Structures,” in Differential geometry, Valencia, 2001, pp. 115, arXiv: math.DG/0202282.

[46] S. Salamon, Riemannian Geometry and Holonomy Groups, Vol. 201 of Pitman Research Notes in Mathematics, Longman, Harlow, 1989.

[47] D. Joyce, “Compact Manifolds with Special Holonomy”, Oxford University Press, Oxford, 2000.

[48] N.Hitchin, “Generalized Calabi–Yau manifolds,” [arXiv: math.DG/0209099].

[49] M. Gualtieri, “Generalized Complex Geometry,” Oxford University DPhil thesis (2004) [arXiv:math.DG/0401221].

[50] F. Witt, “Generalised G_2-manifolds”, math.DG/0411642.

F. Witt, “Special metric structures and closed forms”, Oxford University DPhil thesis (2004) [arXiv:math.DG/0502443].

[51] N. Hitchin, “The geometry of three-forms in six and seven dimensions,” J. Diff.

Geom. 55 (2000), no.3 547 [arXiv: math.DG/0010054].

[52] N. Hitchin, “Stable forms and special metrics,” in “Global Differential Geometry:

The Mathematical Legacy of Alfred Gray”, M.Fernandez and J.A.Wolf (eds.), Contemporary Mathematics 288, American Mathematical Society, Providence (2001) [arXiv:math.DG/0107101].

[53] R. Dijkgraaf, S. Gukov, A. Neitzke and C. Vafa, “Topological M-theory as unification of form theories of gravity,” arXiv:hep-th/0411073.

[54] A. A. Gerasimov and S. L. Shatashvili, “Towards integrability of topological strings. I: Three-forms on Calabi–Yau manifolds,” JHEP 0411 (2004) 074 [arXiv:hep-th/0409238].

[55] N. Nekrasov, “A la recherche de la M-théorie perdue. Z theory: Chasing M/F theory,” arXiv:hep-th/0412021.

[56] V. Pestun and E. Witten, “The Hitchin functionals and the topological B-model at one loop,” arXiv:hep-th/0503083.

[57] J. Polchinski and A. Strominger, “New Vacua for Type II String Theory,” Phys.

Lett. B 388 (1996) 736 [arXiv:hep-th/9510227].

[58] J. Michelson, “Compactifications of type IIB strings to four dimensions with nontrivial classical potential,” Nucl. Phys. B 495 (1997) 127 [arXiv:hep-th/9610151].

[59] T. R. Taylor and C. Vafa, “RR flux on Calabi–Yau and partial supersymmetry breaking,” Phys. Lett. B 474 (2000) 130 [arXiv:hep-th/9912152].

[60] P. Mayr, “On supersymmetry breaking in string theory and its realization in brane worlds,” Nucl. Phys. B 593 (2001) 99 [arXiv:hep-th/0003198].

[61] G. Curio, A. Klemm, D. Lüst and S. Theisen, “On the vacuum structure of type II string compactifications on Calabi–Yau spaces with H-fluxes,” Nucl. Phys. B 609 (2001) 3 [arXiv:hep-th/0012213].

G. Curio, A. Klemm, B. Körs and D. Lüst, “Fluxes in heterotic and type II string compactifications,” Nucl. Phys. B 620 (2002) 237 [arXiv:hep-th/0106155].

[62] M. Haack and J. Louis, “M-theory compactified on Calabi–Yau fourfolds with background flux,” Phys. Lett. B 507 (2001) 296 [arXiv:hep-th/0103068].

[63] G. Dall’Agata, “Type IIB supergravity compactified on a Calabi–Yau manifold with H-fluxes,” JHEP 0111 (2001) 005 [arXiv:hep-th/0107264].

[64] J. Louis and A. Micu, “Type II theories compactified on Calabi–Yau threefolds in the presence of background fluxes,” Nucl. Phys. B 635, 395 (2002) [arXiv:hep-th/0202168].

[65] M. Becker and D. Constantin, “A note on flux induced superpotentials in string theory,” JHEP 0308, 015 (2003) [arXiv:hep-th/0210131].

[66] A. Giryavets, S. Kachru, P. K. Tripathy and S. P. Trivedi, “Flux compactifications on Calabi-Yau threefolds,” JHEP 0404, 003 (2004) [arXiv:hep-th/0312104].

[67] J. P. Derendinger, C. Kounnas, P. M. Petropoulos and F. Zwirner, “Superpotentials in IIA compactifications with general fluxes,” Nucl. Phys. B 715 (2005) 211 [arXiv:hep-th/0411276].

[68] S. Kachru and A. K. Kashani-Poor, “Moduli potentials in type IIA compactifications with RR and NS flux,” JHEP 0503, 066 (2005) [arXiv:hep-th/0411279].

[69] B. de Wit and H. Nicolai, “D = 11 Supergravity With Local SU (8) Invariance,” Nucl. Phys. B 274, 363 (1986).

[70] S. Gukov, C. Vafa and E. Witten, “CFT’s from Calabi–Yau four-folds,” Nucl. Phys.

B 584, 69 (2000) [Erratum-ibid. B 608, 477 (2001)] [arXiv:hep-th/9906070].

[71] S. Gukov, “Solitons, superpotentials and calibrations,” Nucl. Phys. B 574 (2000) 169 [arXiv:hep-th/9911011].

[72] R. D’Auria, S. Ferrara, M. Trigiante and S. Vaula, “Gauging the Heisenberg algebra of special quaternionic manifolds,” arXiv:hep-th/0410290.

[73] B. de Wit and A. Van Proeyen, “Potentials And Symmetries Of General Gauged N = 2 Supergravity-Yang–Mills Models,” Nucl. Phys. B 245 (1984) 89. B. de Wit, P. G. Lauwers and A. Van Proeyen, “Lagrangians Of N = 2 Supergravity- Matter Systems,” Nucl. Phys. B 255 (1985) 569.

[74] For a review of N = 2 supergravity see, for example, L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fre and T. Magri, “N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: Symplectic covariance, gaugings and the momentum map,” J. Geom. Phys. 23 (1997) 111 [arXiv:hep-th/9605032].

[75] G. Dall’Agata, R. D’Auria, L. Sommovigo and S. Vaula, “D = 4, N = 2 gauged supergravity in the presence of tensor multiplets,” Nucl. Phys. B 682 (2004) 243 [arXiv:hep-th/0312210];

L. Sommovigo and S. Vaula, “D = 4, N = 2 supergravity with Abelian electric and magnetic charge,” arXiv:hep-th/0407205;

R. D’Auria, L. Sommovigo and S. Vaula, “N = 2 supergravity Lagrangian coupled to tensor multiplets with electric and magnetic fluxes,” arXiv:hep-th/0409097.

[76] U. Theis, “Masses and dualities in extended Freedman-Townsend models,” Phys.

Lett. B 609, 402 (2005) [arXiv:hep-th/0412177].

S. M. Kuzenko, “On massive tensor multiplets,” JHEP 0501 (2005) 041 [arXiv:hep-th/0412190].

[77] K. S. Narain, “New Heterotic String Theories In Uncompactified Dimensions ¡ 10,” Phys. Lett. B 169, 41 (1986).

K. S. Narain, M. H. Sarmadi and E. Witten, “A Note On Toroidal Compactification Of Heterotic String Theory,” Nucl. Phys. B 279, 369 (1987).

A. Giveon, M. Porrati and E. Rabinovici, “Target space duality in string theory,” Phys. Rept. 244, 77 (1994) [arXiv:hep-th/9401139].

[78] B. Craps, F. Roose, W. Troost and A. Van Proeyen, “What is special Kaehler geometry?,” Nucl. Phys. B 503 (1997) 565 [arXiv:hep-th/9703082].

[79] D. S. Freed, “Special Kähler manifolds,” Commun. Math. Phys. 203, 31 (1999) [arXiv:hep-th/9712042].

[80] E. Bergshoeff, R. Kallosh, T. Ortin, D. Roest and A. Van Proeyen, “New formulations of D = 10 supersymmetry and D8–O8 domain walls,” Class. Quant. Grav. 18 (2001) 3359 [arXiv:hep-th/0103233].

[81] V. Mathai and J. M. Rosenberg, “On mysteriously missing T-duals, H-flux and the T-duality group,” arXiv:hep-th/0409073; “T-duality for torus bundles via noncommutative topology,” Commun. Math. Phys. 253 (2004) 705 [arXiv:hep-th/0401168].

[82] A. Dabholkar and C. Hull, “Duality twists, orbifolds, and fluxes,” JHEP 0309, 054 (2003) [arXiv:hep-th/0210209].

C. M. Hull, “A geometry for non-geometric string backgrounds,” arXiv:hep-th/0406102.

[83] J. Louis, “Aspects of spontaneous N = 2 → N = 1 breaking in supergravity,” arXiv:hep-th/0203138.

[84] L. Andrianopoli, R. D’Auria and S. Ferrara, “Supersymmetry reduction of N-extended supergravities in four dimensions,” JHEP 0203 (2002) 025 [arXiv:hep-th/0110277].

“Consistent reduction of N = 2 → N = 1 four dimensional supergravity coupled to matter,” Nucl. Phys. B 628 (2002) 387 [arXiv:hep-th/0112192]. R. D’Auria, S. Ferrara, M. Trigiante and S. Vaula, “N = 1 reductions of N = 2 supergravity in the presence of tensor multiplets,” arXiv:hep-th/0502219.

[85] K. Becker, M. Becker, M. Haack and J. Louis, “Supersymmetry breaking and alpha’-corrections to flux induced potentials,” JHEP 0206 (2002) 060 [arXiv:hep-th/0204254].

[86] T. W. Grimm and J. Louis, “The effective action of N = 1 Calabi–Yau orientifolds,” Nucl. Phys. B 699 (2004) 387 [arXiv:hep-th/0403067];

“The effective action of type IIA Calabi–Yau orientifolds,” arXiv:hep-th/0412277.

[87] M. Graña and J. Polchinski, “Supersymmetric three-form flux perturbations on AdS_5,” Phys. Rev. D 63, 026001 (2001) [arXiv:hep-th/0009211].

[88] I. Benmachiche and J. Louis, in preparation.

[89] O. DeWolfe and S. B. Giddings, “Scales and hierarchies in warped compactifications and brane worlds,” Phys. Rev. D 67, 066008 (2003) [arXiv:hep-th/0208123].

[90] S. P. de Alwis, “On potentials from fluxes,” Phys. Rev. D 68, 126001 (2003) [arXiv:hep-th/0307084].