arXiv:hep-th/0506045 v6 26 Sep 2005

hep-th/0506045

A solution to Ward-Takahashi-identity in QED_3

Yuichi Hoshino Kushiro National College of Technology, Otanoshike nishi-2-32-1,Kushiro City,084-0916,Japan (Dated:; Received textdate; Revised textdate; Accepted textdate; Published textdate)

Abstract

We discuss the properties of fermion propagator in three dimensional QED with dressed photon based on spectral representation with LSZ reduction formula.We evaluate the spectral function by the sum of infinite numbers of rainbow type diagram for intermediate states.In this method we have the solution as one derived by renormalization group in four-dimension.Massless vacuum polarization adds higher order correction for the finite mass shift and position dependent mass which we get in quenched approximation. Renormalization constant vanishes for arbitrary coupling and confining properties is not alterd by vacuum polarization.Vacuum expectation value of fermion pair condensate becomes finite above the a critical coupling constant.In the long distance the screening effect is significant to suppress mass shift in our approximation.

Contents I. Introduction 102 II. Vacuum polarization 104 III. Calculating the spectraly weighted propagator 104 A. Definition of the spectral function 105 B. Approximation to the spectral function 107

IV. Approximate solution in position space 110 A. Short range bahaviour 110 B. Long range bahaviour 114 V. In momentum space 115 A. spectraly weighted propagator 115 B. Renormalization constant and order parameter 117

VI. Coulomb-energy and self-energy 118 VII. Summary 120 VIII. References 121

I. INTRODUCTION

In the previous work we studied the mass singularity of the fermion propagator in QED_3 in the presence of massless photon in quenched approximation[7].We applied the method of spectral function with low-energy theorem which is known to reproduces the Bloch- Nordsieck approximation and renormalization group analysis near the mass shell in fourdimensional model[5,6,12].Assuming asymptotic states with physical mass and to preserve

Ward-Takahashi -identity for soft photon emission vertex we applied the LSZ reduction formula and low-energy theorem to evaluate the spectral function by its definition[6,7].We evaluate the spectral function by the sum of infinite numbers of rainbow graph for intermediate states.Each graph is infrared divergent,but it turns out to be finite by exponentiation.After that we have the solution which is similar to the ones in four-dimensional model with dimesionless coupling constant e^2/m. Since in QED_3 we have no charge renormalization our solution is not only restricted to the infrared region but also valid in the high energy region.Our solution of the propagator in position space has the finite mass shift, position dependent mass,and Coulomb energy of two charged fermions.By Fourier transformation of the propagator we see that position dependent mass corresponds to dynamically generated mass and Coulomb energy plays the role of wave function renormalization.As a result it shows a confining properties.In the present work we study the effect of vacuum polarization of massless fermion on the photon propagator in the same approximation.Although we get the analytic form of the photon propagator in position space,it’s not easy to get a Fourier transformation in momentum space.Therefore we approximate the photon propagator for short and long distance separately.In this way for the short distance part of the fermion propagator we have a perturbative correction for the fermion mass,position dependent mass,and Coulomb energy by screening effects.However high energy behaviour of the fermion propagator does not change and we get Z^{−1}_2 = 0 for arbitrary coupling.At the long distance region of the dressed photon propagator vacuum polarization is dominant and photon propagator is drastically modified from 1/r to 1/r^2.Thus fermion mass shift seems to be suppressed at low energy in our approximation.We also examine the order parameter of pair condensation ⟨ ψψ ⟩ .At sufficently large coupling short distance singularities disappear.In this case the vacuum expectation value ⟨ ψψ ⟩ becomes finite.In Section II we rewiew the vacuum polarization of the massive fermion loop and show the structure of the photon propagator.In section III spectral function of the fermion propagator are defined and we show the way to determine it based on LSZ reduction formula and low-energy theorem.In section IV short and long distance behaviour of the fermion propagator are derived.In Section V is devoted to analysis in momentum space of these solutions.In section VI we consider the origins of confinement in the modification of Coulomb potential by LSZ.

II. VACUUM POLARIZATION

Assuming parity invariance,we take 4-component fermion representation[6,8,9,10].The one-loop self-energy for photon with dimesional regularization is given

Π_{μν} (k) ≡ ie^2 ∫ d^3ptr(γ_μ 1 γ · p − m γ_ν 1 γ · (p − k) − m ) = −e^2 T_{μν} 8π [( √ k^2 +

4m^2 √ k^2

) ln(

2m + √ k^2 2m − √ k^2 ) − 4m], T_{μν} = −(g_{μν} − k_μk_ν k^2

), d^3p = d^3p (2π)^3

. (1)

Usual polarization function P (k) is expanded in terms of m(1/m) P (k) = − e^2 8π [( √ −k^2 +

4m^2 √ −k^2 ) ln(

2m + √ −k^2 2m − √ −k^2 ) − 4m], = + e^2 8 √ −k^2 − 4 m^2 √ −k^2 + 64m^3 3π(−k^2) − 512m^5 15π(−k^2)^2

+ O(m^6))(k^2 < 0), = + e^2 6πm (−k^2) − e^2 60πm^3

(−k^2)^2 + O(k^5). (2)

If the mass m is heavy expansion in terms of the inverse powers of m is a weak coupling expansion and massless limit corresponds to a strong coupling limit.Here we see that the massless limit is a correct high-energy behaviour of the vacuum polarization function P.The full propagator is D_F (k) = − T_{μν} k^2 − P (k) − d k_μk_ν k^4

. (3)

To see the screening effects easily,first we set m = 0 to neglect the threshold effects.It is equivalent to study the high-energy behaviour in momentum space.Hereafter we use the full photon propagator with N fermion flavours

D_F (k) = − T_{μν} k^2 + e^2N/8 √ k^2 + g.f. (4) and do not discuss the analyticity in Minkowski space.

III. CALCULATING THE SPECTRALY WEIGHTED PROPAGATOR

A. Definition of the spectral function

In this section we show how to evalute the fermion propagator non pertubatively by the spectral represntation[5,7].The spectral function of the fermion is defined .

S_F (s^′) = P ∫ ds γ · pρ_1(s) + ρ_2(s) s^′ − s + iπ(γ · pρ_1(s^′) + ρ_2(s^′)), ρ(p) = 1 π Im S_F (p) = γ · pρ_1(p) + ρ_2(p) (5) = (2π)^2 ∑ n δ(p − p_n) ⟨0|ψ(x)|n⟩ ⟨ n|ψ(0)|0 ⟩ . (6)

In the quenched approximation the state |n > stands for a fermion and arbitrary numbers of photons, |n >= |r; k_1, ..., k_n >, r^2 = m^2, (7) we have the solution which is written symbolically ρ(p) = ∫ md^2r r^0 ∞∑ n=0 1 n! (∫ d^3kθ(k^0)δ(k^2) ∑ ϵ ) n δ(p − r − n∑ i=1 k_i) × ⟨Ω|ψ(x)|r; k_1, ..., k_n⟩ ⟨ r; k_1, ..., k_n|ψ(0)|Ω ⟩ . (8)

Here the notations (f(k))_0 = 1, (f(k))_n = n∏ i=1 f(k_i) have been introduced to show the phase space of each photons.We consider the matrix element T_n = ⟨Ω|ψ|r; k_1, ...., k_n⟩ (9) for k^2_n ≠ 0 by LSZ reduction formula: T_n = ϵ^μ_nT_{nμ}, ϵ^μ_nT^μ_n = i √ Z_3 ∫ d^3y exp(ik_n · y)□_y ⟨Ω|T ψ(x)ϵ^μA_μ(y)|r; k_1, ..., k_{n−1}⟩ = − i √ Z_3 ∫ d^3y exp(ik_n · x) ⟨Ω|T ψ(x)ϵ^μj_μ(y)|r; k_1, ..., k_{n−1}⟩ , (10) provided □_xT (ψA_μ(x) = T ψ□_xA_μ(x) = T ψ(−j_μ(x) + d − 1 d ∂^x_μ (∂ · A(x)), (11) ∂ · A^{(+)}|phys >= 0, (12) where d is a gauge fixing parameter and T_n satisfies Ward-Takahashi-identity k_{nμ}T^n_μ (r; k_1, ..., k_n) = e exp(ik_n · x) ⟨Ω|ψ(x)|r; k_1, ...., k_{n−1}⟩ , (13) provided ∂^y_μT (ψ(x)J_μ(y)) = δψ(x)δ(x − y). (14) Neglecting position dependence which is given by ψ(x) = exp(−p · x)ψ(0) exp(ip · x), (15) we get the usual form k_{nμ} T^n_μ (r; k_1, ..., k_n) = eT_{n−1}(r; k_1, ..., k_{n−1}), r^2 = m^2, (16) which implies low-energy theorems.By the low-energy theorem the fermion pole term for the external line is dominant for the infrared singularity for fermion.Let us consider the matrix element T_{n−1}(r; k_1, ...k_{n−1}) in which there is no photon line with external fermion.We attach T_{n−1} with one photon line with external fermion.The matrix element T_n is written as T^{(pole)}_n (r; k_1, ....k_n) = T_{n−1}(r + k_n; k_1, ...k_{n−1})T_1(r; k_n), (17) here we assume T_{n−1}(r + k_n; k_1, ...k_{n−1}) is regular at k^2_n = 0.Of course only T^{(pole)} does not satisfy Ward-Takahashi-identity.In ref [5],the method to determine the matrix element T_n was discussed in the following way up to k^n_μ terms which vanishes in the limit k^μ_n = 0, T^μ_n = T^{μ(pole)}_n + T^{μ′}_n + R^μ_n, (18) k_{nμ}T^{μ′}_n = eT_{n−1} − k_{nμ}T^{μ(pole)}_n , (19) k_{nμ}R^μ_n = 0. (20) The result for T^{μ(pole)}n is T^{μ(pole)} n = T_1(r + k_n; k_n)Λ_{n−1}(r + k_n; k_1, ..., k_{n−1}). (21) Here,Λ_{n−1}(r; k_1, ..., k_{n−1}) does not contain any one-fermion line with momentum r + k_n(offshell) and coincides with T_{n−1}(r; k_1, .., k_{n−1}) continued off the r^2 mass shell(by an LSZ formula for example):

T_{n−1}(r; k_1, ..., k_{n−1}) = Λ_{n−1}(r; k_1, ..., k_{n−1})|_r2_{=m}2 . (22) For n = 1 case we have k_μT_1(r + k; k) = k_μ eγ^μ γ · (r + k) − m U(r) = e ⟨Ω|ψ|r⟩ = eU(r). (23)

From (17),(19),(23) we see that T^{μ′}_n is sufficent to satisfy k_{nμ}T^{μ′}_n (r; k_1, ..k_n) = e[T_{n−1}(r; k_1, ..., k_{n−1}) − Λ_{n−1}(r + k_n; k_1, .., k_{n−1})] = −ek^μ_n ∂ ∂k^μn [Λ_{n−1}(r + k_n; k_1, .., k_{n−1})]_{kn=k}∗_n , (24)

where k^∗ is a intermediate point for k.From the above it is sufficent to take T^{μ′}_n = −e ∂ ∂k_{nμ} Λ_{n−1}(r + k_n; k_1, .., k_{n−1})|_{kn=k}∗_n = −e ∂ ∂r^′_μ Λ_{n−1}(r^′; k_1, .., k_{n−1})|_r′_{=r+kn∗ .} (25)

T^{μ(pole)} n + T^{μ′}_n = eγ^μ γ · (r + k_n) − m T_{n−1} + e( γ^μk^ν_n γ · (r + k_n) − m − g^{μν} ) ∂ ∂r^{′ν} Λ_{n−1}|_r′_{=r+k}∗_{,r}′2_{=m}2_{+ϵ}. (26) The second term is transverse in k^μ_n and should be regular at k^μ_n = 0.It is understood as the non leading term and derived by gauge invariance.

B. Approximation to the spectral function

If there are massless particle as photons,there exists infrared divergences near the fermion mass-shell.In theses cases we cannot separate the one particle state and one particle with multiphoton intermediate states,we must sum all intermediate states with infinite numbers of photons.The spectral representation of the propagator in position space is given.

S_F (x) = ∫ d^3p exp(p · x) ∫ dsρ(s) p^2 + s

. (27)

First we derive the second-order spectral function and the propagator S_F (p) ρ(x) = −e^2 ∫ md^2r (2π)^2r^0 exp(ir · x) ∫ d^3kθ(k^0)δ(k^2) exp(ik · x) ∑ λ,s T_1T_1, (28)

where one-photon matrix element T_1 which is given in ref[7,10] T_1 = ⟨Ω|ψ(x)|r; k⟩ = ⟨ in|T (ψ_{in}(x), ie ∫ d^3yψ_{in}(y)γ_μψ_{in}(y)A^μ_{in}(y)|r; k in ⟩

= ie ∫ d^3yd^3zS_F (x − z)γ_μδ^{(3)}(y − z) exp(i(k · y + r · z))ϵ^μ(k, λ)U(r, s) = −ie 1 (r + k) · γ − m + iϵ γ_μϵ^μ(k, λ) exp(i(r + k) · x)U(r, s). (29)

∑ λ,s T_1T_1 = (r + k) · γ + m (r + k)^2 − m^2 γ^μ (γ · r + m) 2m (r + k) · γ + m (r + k)^2 − m^2 γ^ν Π_{μν} ,

r^2 = m^2, k^2 = 0 (30)

and δ(k^2) is a bare photon spectral function.Here Π_{μν} is the polarization sum

Π_{μν} = ∑ λ ϵ_μ(k, λ)ϵ_ν (k, λ) = −g_{μν} − (d − 1) k_μk_ν k^2

. (31)

In this case it is easy to find the explicit form of ρ

ρ^{(2)}(p) = ∫ d^3x exp(−ip · x)ρ(x), (32)

ρ^{(2)}(p) = −e^2 ∫ d^2r (2π)^2r^0 ∫ d^2k (2π)^22k^0 δ^{(3)}(p − k − r) × 1 2 (γ · r + m)[[ m^2 (r · k)^2 + 1 r · k ] + d − 1 k^2

]. (33)

At d = 1 gauge,ρ is evaluated in the center of mass system

(2π)^2ρ^{(2)}(p) = πe^2 2 √ p^2 ∑ λ,s T_1T_1θ(p^2 − m^2)

= πe^2 2 √ p^2 (γ · p + m)[ 4m^2 (p^2 − m^2)^2 + 2 p^2 − m^2

]θ(p^2 − m^2). (34)

In this order we have the propagator in specrtral form

S^{(2)}(p) = ∫_∞ m^2 ds ρ^{(2)}(s) p^2 − s + iϵ = e^2 4π ∫_∞ m^2 ds (γ · p + m) p^2 − s + iϵ 1 s [ 4m^2 (s − m^2)^2 + 2 s − m^2 ]. (35)

From the above equation we see that S^{(2)} has infrared divergences near p^2 = m^2.If we sum infinite number of photons in the final state as in (8),by LSZ reduction formula the method to determine the multi-photon matrix element is given in (26).In the lowest order approximation simplest solution to the spectral function is given by exponentiation of one photon matrix element T_1T_1: ⟨Ω|ψ(x)|r; k_1, ..., k_n⟩ ⟨ r; k_1, ..k_n, ψ(0)|Ω ⟩ → n∏ j=1 T_1(k_j )T_1(k_j ), (36)

ρ(x) = ∫ md^2r (2π)^2r^0 exp(ir · x) exp(F ),

F = ∑ one photon ⟨Ω|ψ(x)|r; k⟩ ⟨ r; k|ψ(0)|Ω ⟩

= ∫ d^3kδ(k^2)θ(k^0) exp(ik · x) ∑ λ,s T_1T_1. (37)

This approximation leads to an infinite sum of ladder graphs with fixed mass. And its imaginary part is simple to evaluate by the above formula.After integration,we set r^2 = m^2

S_F (x) = ∫ d^3p exp(p · x)(iγ · ∂ + m) exp(−m |x|) 2 × 4π |x| × exp(−e^2 ∫ d^3k exp(ik · x)θ(k^0)δ(k^2)[ m^2 (r · k)^2 + 1 (r · k) + d − 1 k^2

]). (38)

This formula shows that the infrared divergences of photons give the radiative correction to the free position space propagator exp(−m |x|)/ |x|.The radiative correction for the fermion propagator may be seen as the modification of the short distance behaviour or mass.Therefore we expand F S(x) = exp(−m |x|) 4π |x| exp(F (m, x)) (39)

in the power series of x and study the correction of mass.The results are shown in the previous work.Next we use the full propagator for photon in the same way

D_F (x) = ∫ ∫ d^3k exp(ik · x) ρ(s)ds k^2 − s + iϵ = ∫ ds ∫ d^3k exp(ik · x)[P ρ(s) k^2 − s − iπρ(s)δ(k^2 − s)] = ∫ d^3k exp(ik · x)[Re D_F (k) + i Im D_F (k)]. (40)

Spectral functions for free and dressed photon are given by [6,11]

ρ^{(0)}(k) = δ(k^2 − μ^2),

ρ^D(k) = 1 π Im D_F (k) = c √ k^2 k^2(k^2 + c^2)

. (41)

One photon matrix element reads

2F = −e^2 ∫ d^3k exp(ik · x)[i Im D_F (k)[ m^2 (r · k)^2 + 1 (r · k) − 1 k^2 ] + d k^4

]. (42)

It is not easy to evaluate F analytically because of the complexity of the photon propagator.Hereafter we evaluate the position space propagator D_F (x) and treat the short and long distance part of F separately.First we perform the direct fourier transform of the propagator

iD_F (x) = ∫ d^3k exp(ik · x) 1 k^2 + c √ k^2 = 1 2π^2 |x| ∫_∞ 0 dk sin( √ k^2 |x|) √ k^2 + c , c = e^2N 8 . (43)

On the other hand the spectral representation for photon is

iD_F (x) = 1 π ∫ d^3k exp(ik · x) ∫_∞ 0 dp^2 ρ(p) k^2 + p^2 = ∫_∞ 0 dp^2 exp(− √ p^2 |x|) 4π |x| ρ(p^2). (44)

Both ways lead the same answer;

iD_F (x) = 1 4π^2 |x| [π cos(c |x|) − 2 Si(c |x|) cos(c |x|) + 2 Ci(c |x|) sin(c |x|)]. (45)

These modification leads to the change of the static potential

V_B (x) = ∫ d^2k exp(ik · x) 1 k^2 + μ^2

= K_0(μ |x|), (46)

V_R(x) = ∫ d^2k exp(ik · x) 1 k^2 + ck = H_0(c |x|) − Y_0(c |x|) 8 , (47)

H_0(a) = 2 π ∫_1 0 sin(ax) √ 1 − x^2 dx, Y_0(a) = − 2 π ∫_∞ 1 cos(ax) √ x^2 − 1 dx. (48) V_R(x) has not zero on the |x| axis and decrease as 1/c |x|.On the other hand V_B(x) has zero and change its sign.

IV. APPROXIMATE SOLUTION IN POSITION SPACE

A. Short range bahaviour

To compare D_F (x) with the bare photon propagator

D_0(x) = 1 4π |x| , we expand dressed photon propagator (45) in terms of c |x| for short and long distance region e^2iD_F (x, c) ≃ 2c^2 Nπc |x| − 2c N 2c − c(γ + ln(c |x|)) π^2 + O(x)(c |x| ≪ 1), (49) e^2iD_F (x, c) ≃ 4c^2 Nπ^2 1 c^2 |x|^2

+ O( 1 x^4 ).(c |x| ≫ 1). (50)

The short distance part (c |x| ≪ 1) has a logarithmic correction from Ci(c |x|).This term can be derived by expanding the full propagator in c

D_F (x) = ∫ d^3k exp(ik · x) 1 k^2 + ck

, (51) 1 k^2 + ck = 1 k^2 − ck k^2 + ...., (52) 1 k^2 + ck = 1 ck − k^2 ck + ... (53)

The long distance behaviour (c |x| ≫ 1) changes from bare 1/ |x| to1/ |x|^2 .To evaluate the the function F ,it is helpful to use the following parameter integral with exponential cutoff(infrared cut-off)[5,7,12].Following the parameter tric 1 k · r = i lim_{ϵ→0} ∫_∞ 0 dα exp(iα(k + iϵ) · r), 1 (k · r)^2

= − lim_{ϵ→0} ∫_∞ 0 αdα exp(iα(k + iϵ) · r), (54) we obtain the formulea

F_1 = ∫ d^3k exp(ik · x)D_F (k) 1 (k · r)^2

= − lim_{μ→0} ∫_∞ 0 αdαD_F (x + αr) exp(−μαr). (55)

F_2 = ∫ d^3k exp(ik · x)D_F (k) 1 k · r = i lim_{μ→0} ∫_∞ 0 d^3kdαD_F (x + αr) exp(−μαr). (56) Soft photon divergence corresponds to the large α region and μ is an infrared cut-off.For the k_μk_ν part there remains an infrared divergence 1/k^2 which is independent of the 1/(r · k) in the same gauge in (42).It is simple to evaluate this term F_L by definition for short and long range interactions.

F_L = −ie^2 ∫ d^3k exp(ik · x)D_F (k) 1 k^2 = − 8c 2π^2N |x| ∫_∞ μ d √ k^2 sin( √ k^2 |x|) ( √ k^2 + c)k^2

, (57)

where we introduced the infrared cut-off μ.We see that F_L does not contain linear infrared divergence.Here we show the regularization dependence with bare mass and infrared cut-off in the quenched case

lim_{μ→0} ∫_∞ 0 d √ k^2 sin( √ k^2 |x|) √ k^2 |x| (k^2 + μ^2) = π 2μ − π 4 |x| , lim_{μ→0} ∫_∞ μ d √ k^2 sin(k |x|) √ k^2 |x| k^2 = 1 μ − π 4 |x| . (58)

The difference between two regularization is in the coefficent of linear divergence.Hereafter we use the latter to evaluate F_L.Using the above regularization we have

F = ie^2m^2 ∫_∞ 0 αdαD_F (x+αr)−e^2 ∫_∞ 0 dαD_F (x+αr)+ie^2 ∫ d^3k exp(ik ·x)D_F (k) 1 k^2

. (59)

In quenced case the above formulea for the evaluation of three terms in F provided the position space propagator with bare mass

D^{(0)}_F (x)_+ = exp(−μ |x|) 8πi |x| . (60)

F = e^2 8π ( exp(−μ |x|) μ + |x| Ei(μ |x|)) − e^2 8πm Ei(μ |x|) + (d − 1) e^2 8πμ exp(−μ |x|), (61) where Ei(z) = ∫_∞ 1 exp(−zt) t dt. (62)

F_1 = e^2 8π (− 1 μ + |x| (1 − ln(μ |x| − γ)) + O(μ), (63) F_2 = e^2 8πm (ln(μ |x|) + γ) + O(μ), (64)

F_g = e^2 8π ( 1 μ − |x|)(d − 1) + O(μ). (65) F = e^2 8πμ (d − 2) + γe^2 8πm + e^2 8πm ln(μ |x|) − e^2 8π |x| ln(μ |x|) − e^2 8π |x| (d − 2 + γ), (66) where γ is an Euler constant.In this case linear infrared divergence may cancells by higher order correction or away from threshold,we omitt them here with constant term[6,13].Linear term in |x| is understood as the finite mass shift from the form of the propagator in position space and |x| ln(μ |x|) term is position dependent mass

m = m_0 + e^2 8π (d − 2 + γ), m(x) = m + e^2 8π ln(μ |x|), (67) which we will discuss in section VI.The position space propagator is written as free one multiplied by quantum correction as exp(−m |x|) 4π |x| exp(F ) = exp(−m |x|) 4π |x| (μ |x|)^{D−C|x|}, D = e^2 8πm , C = e^2 8π . (68)

From the above form we see that D acts to change the power of |x| and plays the role of anomalous dimension of the propagator[7].If D ≥ 1 there is no short distance singularities as spike.For unquenched case we fix the position space propagator at short distance

D_S (x) = e^2iD_F (x, c) ≃

2c^2 Nπc |x| + 2c^2 Nπ^2 ln(c |x|). (69) Thus the parameter integral becomes ∫_∞ 0 dαD_S (x + αr) = 4c(ln(c |x|) + exp(ϵc |x|) Ei(ϵc |x|)) Nπ^2mϵ + 2c exp(ϵc |x|) Ei(ϵc |x|) Nπm + O(ϵ), (70) ∫_∞ 0 αdαD_S (x + αr) = 4(1 + ln(c |x|))

Nπ^2ϵ^2 − 4c |x| exp(ϵc |x|) Ei(ϵc |x|) Nπ^2ϵ + 2 Nπϵ − 2c |x| exp(ϵc |x|) Ei(ϵc |x|) Nπ + O(ϵ), (71)

where ϵ = μ/c.If we expand the above integral in |x| we obtain in the Landau gauge with N flavor and c = Ne^2/8 for short distance and the deviations from the bare propagator.

F_1 = −

4(γ + 1) ϵ^2Nπ^2 + 4 ln ϵ ϵ^2Nπ^2 − 2 ϵNπ − 4c |x| ϵN^2π − 2γc |x| Nπ − 2c |x| Nπ ln(ϵ) − 2c |x| Nπ ln(c |x|), (72) F_2 =

4c(γ + ln(ϵ)) ϵNπ^2m + 4c ln(c |x|) ϵNπ^2m + 2c(γ + ln(ϵ)) Nπm + 2c ln(c |x|) Nπm − 2c(2 − γ)c |x| Nπ^2m + 2c(π + c |x|) ln(c |x|) Nπ^2m , (73) F_L ≃ − 4 ln(ϵ) Nπ^2 − 4 Nπ^2 , (c |x| ≪ 1), (74) where 2c/Nπ is the coupling constant which corresponds to e^2/8π in quenched cae.We see infrared divergences of order1/ϵ, 1/ϵ^2.These infrared divergences is cancelled by the infrared divergences in the O(e^2) vertex correction,which is shown by Ward-identity

(p^′ − p)_μS_F (p^′)Γ_μ(p^′, p)S_F (p) = e(p^′ − p)_μS_F (p^′)(γ_μ + Γ^{(2)}_μ (p^′, p))S_F (p) = − ∂ ∂p_μ S_F (p^′)_{p=p}′ (p^′ − p)_μ + O((p^′ − p)^2) + .., (75)

lim_{p′→p} S_F (p^′)Γ^{(2)}_μ (p^′, p)S_F (p) = − ∂ ∂p_μ S_F (p^′)_{p=p}′ . (76)

In fact if we take into account the O(e^2) correction to T_1 (T^{(2)}_1 ) we have three kind of diagrams.Two of them are photon emission from external line and third is the vertex correction.In the sum (T_1 + T^{(2)}_1 )T_1 + T^{(2)}_1 ,1/ϵ, 1/ϵ^2 infrared divergences in T_1T_1 cancells with

2 Re T_1T^{(2)}_1 [13].But the logarithzmic infrared divergence ln(ϵ) survives.As in four dimensional analysis we consider the soft photon emission.In this case we take the minimum energy of soft photon k_{min} and the internal photon stays off-shell.In this way we may keep the finite infrared cut-off μ.Hereafter we do not take the limit ϵ = 0.Final form for short range contribution of the photon popagator to the spectral function becomes

F = F_1 + F_2 + F_L

= −[

2(γ + ln(ϵ)) Nπ + 2c(2 − γ) Nπ^2m ]c |x| + 4c ln(c |x|) Nπm − 2c |x| Nπ (1 + c πm ) ln(c |x|)(c |x| ≪ 1). (77)

exp(F ) = ϵ^{2/N π} exp(−B |x|) (c |x|)^{D−E|x|} , B = 2cγ Nπ + 2c^2(2 − γ) Nπ^2m , D = 4c Nπm , E = 2c Nπ (1 + c πm ). (78)

From the above equation we see that the dynamical mass generation occurs by vacuum polarization effect as the higher order correction of E; 2c^2/Nπ^2m.There is also a c^2 correction for finite mass shift.Taking into account the conserved current,∂_μJ_μ = 0 and demanding ∂_μA^{(+)}μ |phys >= 0,londitudinal terms in the propagator D_{μν} may be deleted.which we will discuss in section VI.

B. Long range bahaviour

The functions F are evaluated with approximate photon propagator in the long distance region e^2iD_F (x, c) ≃ 4c^2 Nπ^2 ( 1 c^2 |x|^2

) + O( 1 c^4 |x|^4 ), (c |x| ≫ 1). (79)

F_1 = −

4(γ + ln(c |x|) + ln(ϵ)) Nπ^2 , (80)

F_2 = O( 1 c |x| ), (81)

F_L ≃ − 4(1 − γ)

π^2N − 4 π^2N

(ln(c |x|) + ln(ϵ)), (c |x| ≫ 1). (82)

In the analysis of D-S equation same approximation for photon propagator is done in the infrared region for the equation of the self-energy Σ(p) to define the infrared mass Σ(0)[1].Omitting the constant term we obtain F ≃ [ 8 Nπ^2 (ln(c |x|) + ln(ϵ)], (83) exp(F ) = ϵ^8N π^2 (c |x|)^{8N π2} , (c |x| ≫ 1). (84)

Here we ignored the terms which vanishes in the limit 1/c |x| → 0.In the long distance region the spectral function F contains only wave renormalization which is proportional to ln(c |x|).

V. IN MOMENTUM SPACE

A. spectraly weighted propagator

Now we turn to the fermion propagator.The momentum space propagator is given by fourier transform

S_F (p) = ∫ d^3x exp(−ip · x)S_F (x) = − ∫ d^3x exp(−ip · x)(iγ · ∂ + m) exp(−m |x|) 4π |x| F (x). (85)

In the quenched case we have F (x) = (μ |x|)^{D−C|x|}, D = e^2 8πm . (86)

It is known that ∫ d^3x exp(−ip · x) exp(−m |x|) 4π |x| (μ |x|)^D = μ^D Γ(D + 1) sin((D + 1) arctan( √ −p^2/m) √ −p^2(p^2 + m^2)^{(D+1)/2}

. (87)

for Euclidean momentum p^2 ≤ 0.In Minkowski momentum p^2 ≥ m^2 above formula is continued to

arctan h(z) = 1 2 ln( 1 + z 1 − z ) = −i arctan(iz), (0 ≤ z^2 ≤ 1) (88)

arctan h(z) = 1 2 ln( 1 + z z − 1 ) ± iπ 2 , (89)

arccoth(z) = 1 2 ln( 1 + z z − 1 ), (1 ≤ z^2). (90)

From this definition

sinh(z) = exp(z) − exp(−z) 2 = −i sin(iz), sinh((D + 1) tanh^{−1}(z)) = −i 2 [( 1 + z z − 1 )^{(D+1)/2} − ( z − 1 1 + z

)^{(D+1)/2}], z = √ p^2/m. (91)

The spectral function is a discontinuity in the upper half-plane of z πρ(z) = − μ^D 2 Im Γ(D + 1) m |z| (m^2 − m^2z^2)^{(D+1)/2} [( 1 + z 1 − z )^{(D+1)/2} − ( 1 − z 1 + z

)^{(D+1)/2}] = − μ^DΓ(D + 1) 2mzm^{D+1} Im[( 1 1 − z )^{D+1}θ(z − 1) − ( 1 1 + z

)^{D+1}θ(−(z + 1)]. (92)

There is a problem to normalize the spectral function to δ(p^2 − m^2) in the weak coupling limit[5].Here we do not evaluate the explicit spectral function.Principal part of the propagator in Minkowski space is continued to

S_F (p) =

(γ · p + m)μ^DΓ(D + 1) sinh((D + 1)arctanh( √ p^2/m) 2m^2m^D √ p^2(m^2 − p^2)^{(D+1)/2} , ( | | | √ p^2/m | | | ≤ 1) (93) = (γ · p + m)μ^DmΓ(D + 1) sinh((D + 1)arccoth( √ p^2/m) 2m^2m^D √ p^2(p^2 − m^2)^{(D+1)/2} , ( | | | √ p^2/m | | | ≥ 1. To use above formula for C ≠ 0 case we use Laplace transform[7]

F (s) = ∫_∞ 0 d |x| exp(−s |x|) (μ |x|)^{−C|x|} (s ≥ 0). (94) This function shift the mass and we get the propagator

S_F (p) = −(γ · p + m)μ^DΓ(D + 1) ∫_∞ 0 F (s)ds sin((D + 1) arctan( √ −p^2/(m − s)) √ −p^2(p^2 + (m − s)^2)^{(D+1)/2}

. (95)

Including vacuum polarization we get the function F for short and long distance separately.For high energy region c ≪ √ −p^2 we get the fourier transform ρ(p) = 2πf(ϵ) ∫_∞ 0 ds ∫_∞ 0 x^2d |x| sin( √ −p^2 |x|) √ −p^2 |x| exp(−(m − s) |x|) 4π |x| G(s)(c |x|)^D = ic^Df(ϵ)Γ(D + 1) 4 √ −p^2 ∫_∞ 0 dsG(s)[(m − s + i √ −p^2)^{−(D+1)} − (m − s − i √ −p^2)^{−(D+1)}]

, (D = 4c Nπm ). (96)

G(s) = ∫_∞ 0 (c |x|)^{−E|x|} exp(−s |x|)d |x| (s ≥ 0). (97) Thus we obtain the propagator in the same form as the quenched case with different D

S_F (p) = −

(γ · p + m)c^DΓ(D + 1)f(ϵ) 2m √ −p^2 ∫_∞ 0 dsG(s) sin((D + 1) arctan( √ −p^2/(m − s)) √ ((m − s)^2 + p^2)^{D+1} . (98) In the low energy region 0 ≤ √ −p^2 ≪ c, E = 0,there is no mass generation we have

S_F (p) = −Γ(D^′ + 1)(μ/m)^{D′}

(γ · p + m) sin((D^′ + 1)θ) m √ p^2(m^2 + p^2)^{(D′+1)/2} , θ = arctan( √ p^2 m ), D^′ = 8 Nπ^2 . (99)

In this case the spectral function near the mass shell becomes

ρ(p^2) ≃ ( μ m )^{D′} γ · p + m 2m^2

(1 − p^2 m^2

)^{−(1+D′)}. (100)

We find a cut structure for the propagator at low energy and it behaves as a free particle at large N limit.This solution is the same with one that was derived with gauge technique by Delbourgo,Waites[6].In the quenched case we have the same wave renormalization and position dependent mass in the whole |x| region[4,7].However including vacuum polarization for the photon these effects are suppressed and we have only wave renormalization in our approximation.

B. Renormalization constant and order parameter

Hereafter we consider the renormalization constant and bare mass in our model.It is easy to evaluate the renormalization constant and bare mass by define the renormalization

ψ_0 = √ Z_2ψ_r, ψ_0 = √ Z_2ψ_r,

S^0_F = Z_2S_F ,

Z^{−1}_2 γ · p − m_0 = S_F (p), (101)

Z^{−1}_2 = ∫ ρ_1(s)ds = lim_{p→∞} 1 4p^2 tr(γ · pS_F (p)) = Γ(D + 1)c^D lim_{p→∞} ∫_∞ 0 G(s)ds √ p^2 sin((D + 1) arctan( √ p^2/(m − s)) (p^2 + (m − s)^2)^{(1+D)/2}

→ sin(

(D + 1)π 2 )c^D lim_{p→∞} 1 p^D = 0. (102) m_0Z^{−1}_2 = m ∫ ρ_2(s)ds = lim_{p→∞} 1 4 tr(p^2S_F (p)) → 0. (103)

There is no pole and it shows the confinement for D > 0.Order parameter ⟨ ψψ ⟩ is given as the integral of the scalar part of the propagator in momentum space ⟨ ψψ ⟩ = −T rS_F (x) = ⟨ ψψ ⟩ S + ⟨ ψψ ⟩ L , (104)

where we have short and long range part ⟨ ψψ ⟩ S = −2 ∫_∞ c p^2d √ p^2 2π^2

Γ(D + 1)c^Df(ϵ) 2 √ −p^2 × ∫_∞ 0 dsG(s) sin((D + 1) arctan( √ p^2/(m − s)) √ ((m − s)^2 + p^2)^{D+1} , (D = 4c/Nπm), (105)

⟨ ψψ ⟩ L = −2 ∫_c 0 Γ(D^′ + 1)

2π^2 (μ/m)^D p^2d √ p^2 √ p^2 sin((D^′ + 1)θ) (m^2 + p^2)^{(D′ +1)/2}

, (D^′ = 8/Nπ^2). (106)

For D = 4c/Nπm ≥ 1 vacuum expectation value is finite.This condition is independent of the bare mass.We cannot apriori determine the value D,since m is a physical mass.For D = 1 we have a similar solution of the propagator at short distance which is known by the analysis of D-S or operator product expansion.Momentum dependence of the mass at high energy is p^{−2} by dimensionl analysis and the scalar part of the propagator behaves as p^{−4}.In the analysis of Gap equation, zero momentum mass Σ(0) and a small critical number of flavours have been shown[1,2,3],in which same approximation was done because the vacuum polarization governs the photon propagator at low energy.The critical number of flavour N_c is a consequence of the approximation for the infrared dynamics as in quenched QED_4 where ultraviolet rigion is non trivial and is not easy to find numerically.Our solution only shows naive N dependence on mass and wave function renormalization.

VI. COULOMB-ENERGY AND SELF-ENERGY

In this section we study the origin of confinement.First we see the difference between short and long distance cases.The coefficent of ln(c |x|), c |x| ln(c |x|) in two cases of F F = 4 Nπ^2 ln(c |x|), (c |x| ≫ 1). (107)

F = −[ 2(γ + ln(ϵ)) Nπ + 2c(2 − γ) Nπ^2m ]c |x| + 4c ln(c |x|) Nπm − 2c |x| Nπ (1 + c πm ) ln(c |x|), (c |x| ≪ 1). (108) D = 4c Nπm , (c |x| ≪ 1), = 4 Nπ^2 , (c |x| ≫ 1), (109) E = 2 Nπ (1 + c πm ), (c |x| ≪ 1) = 0, (c |x| ≫ 1). (110)

are both the coefficents of the Coulomb energy and self-energy which we will see below.Our approximation to the spectral function T_1T_1 is an four particle scattering amplitude with one photon exchange.In the evaluation of F we see that D term comes from the vertex by LSZ which has an infrared singularity 1 γ · (p + k) − m + iϵ γ_μϵ^μ(k, λ)U(p, s) → γ · (p + k) + m 2p · k γ_μϵ^μ(k, λ). (111)

In this way the vertex is enhanced near the on-shell as 1/k in contrast with the usual on-shell matrix element U(p + k)γ_μU(p)ϵ^μ(k) (112) E term comes from 1/(p · k)^2 and 1/(p · k).In qenched case it comes from 1/(p · k)^2.Let us imagine the imaginary part of the fermion propagator.When p^2 ≥ m^2 parent fermion can decay into fermion and photon,this process gives a Coulomb energy.Namely ∫_∞ m ds ∫ d^3y exp(−s |y|) 4π |y| exp(−s |x − y|) 4π |x − y| F (x − y) = ∫ d^3yρ(x − y)ρ(y)(D ln(c |x − y|) − Cc |x − y| ln(c |x − y|)). (113) When p^2 ≤ m^2 parent cannot dacay,this one gives a fermion self-energy.

δ^{(3)}(0) exp(−m |x|) 4π |x| F ≃ V ( D ln(c |x|) |x| − Cc |x| ln(c |x|)). (114) Usually these are summed as leading infrared divergences.It may be clear if we consider the potential energy for two charged particle with modified Coulomb interaction and seek the corresponding terms in S_0F .At short distance wth bare photon we have V_C (|x|) = ∫ d^2k (2π)^2 exp(ik · x) 1 k^2(p · k) = 1 4π ∫_∞ 0 dαK_0(x + ap, μ) ∝ |x| ln(c |x|), (c |x| ≪ 1). (115)

At long distance with dressed photon we have V_C (|x|) = ∫ d^2k (2π)^2 exp(ik · x) m^2 ck(p · k) ∝ 1 |x| (c |x| ≫ 1). (116) In the same way we obtain the contribution from another term which is singular as 1/(p · k)^2 V_S (|x|) = ∫ d^2k (2π)^2 exp(ik · x) m^2 k^2(p · k)^2 = 1 4π ∫ αdαK_0(x + ap, μ) ∝ |x|^2 ln(c |x|)(c |x| ≪ 1),

V_S (|x|) = ∫ d^2k (2π)^2 exp(ik · x) 1 ck(p · k)^2 ∝ ln(c |x|)(c |x| ≫ 1), (117) which is not familiar to us.However this term drives confinement at long distance as in the queched case.In many cases we assume the absence of mass changing effects.Of course the non-relativistic approximation is correct in that sense.But the m^2/(p · k)^2 has also an infrared singular contribution to the self-energy.This one create the position dependent mass as M(x) = c ln(c |x|).The coefficents D,E are gauge invariant provided the photon couples to conserved currents.

VII. SUMMARY

We evaluate the fermion propagator in three dimensional QED with dressed photon by method of spectral function.Non perturbative effects are included by resummation of the infinite numbers of rainbow type diagrams with physical mass.In the evaluation of lowest order matrix element for fermion spectral function we obtain finite mass shift,Coulomb energy and position dependent mass,which is silmilar to the analysis of D-S equation excepts for the wave function renormalization.In short distance the photon propagator has a logarithmic correction to a bare one and in the long distance vacuum polarization is dominant.Thus in the long distance mass shift is suppressed for fermion spectral function.At short distance screening effects add corrections to the mass and Coulomb energy for fermion spectral function.Above some coupling constant order parameter ⟨ ψψ ⟩ is finite,which is independent of the symmetry which forbids finite bare mass.This is due to the absence of short distance singularities which is modified by the wave function renormalization D.The argument of confinement are given usually for the force between charged paricle.In our approximation these force sets the renormalization constant Z^{−1}_2 = 0 for arbitrary coupling.In D-S equation there is a boudary condintion for the infrared,where zero momentum mass is determined self-consitently and the critical numbers of flavour N_c.It depends on detailed approximations at low-energy which are the same in four-dimensional quenched QED [1,2,3].In this work spectral function is determined perturbatively but our results shows the simplest dynamics of mass shift and position dependent mass and their correction in the same order of 1/N.Recently Sauli applied the dispersion method to solve the Dyson-Schwinger equation [15].His approach is simple to get the non perturbative evaluation of the self-energy using Dyson-Schwinger equation with momentum subtraction.We think that if we know some non perturvative method to obtain one-particle irreducible self-energy,we can get the full propagator.Dyson-Schwinger equation is one of them to get the higher order effects of the truncated equation for the self-energy.In principle these solution may be obtained if we sum infinite numbers of some kinds of diagrams.In these approximation gauge covariance or Ward-Takahashi-identity is a key to keep the approximation correct in the infrared[16].

VIII. REFERENCES

[1]T.Appelquist,D.Nash,Critical Behaviour in (2+1)-Dimensional QED, Phys.Rev.Lett.60 (1988)2575.

[2]T.Appelquist,L.C.R.Wijewarhana,Critical Behaviour in (2+1)-Dimensional QCD, Phys.Rev.Lett.64,721(1990).

[3]T.Appelquist,L.C.R.Wijewarhana,Phase Structure of Non-Compact QED3 and the Abelian Higgs Model,hep-ph/0403250.

[4]Y.Hoshino,T.Matsuyama,Dynamical parity violation in QED in three-dimensions with a two component massless fermion,Phys.lett.B 222(1989)493.

[5]R.Jackiw,L.Soloviev,Low-energy theorem approach to single-particle singularities in the presence of massless bosons,Phys.Rev.137.3(1968)1485.

[6]A.B.Waites,R.Delbourgo,Non pertubative behaviour in three-dimensional QED, Int.J.Mod.Phys.A7(1992)6857.

[7]Yuichi Hoshino,Mass singularity and confining property in QED3,JHEP0409:048,2004. [8]S.Deser,R.Jackiw,S.Templeton,Topologically massive gauge theory,Ann,Phys.(NY)140 (1982)372.

[9]T.Appelquist,M.Bowick,D.Karabari and L.C.R.Wijewardhana,Spontaneous Breaking of

Parity in (2+1)-dimensional QED,Phys.Rev.D33(1986)3774. [10]K.Nishijima,Fields and Particles,W.A.BENJAMIN,INC(1969). [11]C.Itzykson,J.B.Zuber,Quantum field theory,McGRAW-HILL. [12]L.S.Brown,Quantum field theory,Cambridege University Press,1992. [13]J D.Bjorken,S D.Drell,Relativistic Quantum Mechanics,McGraw-Hill Book Company. [14]Yuichi Hoshino,in preparation.

[15]V.Sauli,Minkowski solution of Dyson-Schwinger equation in momentum subtraction scheme,JHEP0302:001,2003.

[16]A.Bashir and A.Raya,Constructing the fermion boson vertex in QED_3,Phys.Rev.D64 (2001)105001.