arXiv:hep-th/0506254 v2 31 Mar 2006

Noncommutative 6D Gauge Higgs Unification Models

J. C. López-Domínguez^∗ and O. Obregón^† Instituto de Física de la Universidad de Guanajuato, P.O. Box E-143, 37150 León Gto., México.

C. Ramírez^‡ and J. J. Toscano^§ Facultad de Ciencias Físico Matemáticas, Universidad Autónoma de Puebla, P.O. Box 1364, 72000 Puebla, México. (Dated: March 31, 2006)

Abstract

The influence of higher dimensions in noncommutative field theories is considered. For this purpose, we analyze the bosonic sector of a recently proposed 6 dimensional SU(3) orbifold model for the electroweak interactions. The corresponding noncommutative theory is constructed by means of the Seiberg-Witten map in 6D. We find in the reduced bosonic interactions in 4D theory, couplings which are new with respect to other known 4D noncommutative formulations of the Standard Model using the Seiberg-Witten map. Phenomenological implications due to the noncommutativity of extra dimensions are explored. In particular, assuming that the commutative model leads to the standard model values, a bound −5.63 × 10^{−8} GeV^{−2} < θ^{45} < 1.06 × 10^{−7} GeV^{−2} on the corresponding noncommutativity scale is derived from current experimental constraints on the S and T oblique parameters. This bound is used to predict a possibly significant impact of noncommutativity effects of extra dimensions on the rare Higgs boson decay H → γγ.

PACS numbers: 11.10.Nx, 12.10.-g, 12.60.-i

∗Electronic address: jlopez@fisica.ugto.mx †Electronic address: octavio@fisica.ugto.mx ‡Electronic address: cramirez@fcfm.buap.mx §Electronic address: jtoscano@fcfm.buap.mx

1. INTRODUCTION

A renewed interest in theories in 6D has recently emerged [1]. An anomaly free gauged supergravity in D = 6, the Salam-Sezgin model [2], has been considered. This model is compactified on a 2-sphere and in four dimensions gives a SU(2) × U(1) gauge theory [3]. In particular, it has been argued that these theories with 3-Branes could point out towards solving the cosmological constant problem [4]. Also, in [5] it is shown that chaotic inflation consistent with constraints coming from the amplitude of the cosmic microwave anisotropies can be naturally realized.

In the search for a unified theory of elementary particles, the incorporation of the Higgs field in the standard model (SM) of electroweak interactions has motivated various proposals in 6D [6]. These are 6D pure gauge theories, in which after dimensional reduction the Higgs field naturally arises. Recently new proposals have been made, considering orbifold compactifications, in [7], a U(3) × U(3) model has been considered. In this work the Higgs mass term is generated radiatively, with a finite value at one loop as the quadratic divergences are suppressed by the six dimensional gauge symmetry. Further, a SU(3) model of this type has been developed in [8, 9], with one Higgs doublet and a predicted W-boson mass of half the Higgs mass. In this case the weak angle has a non realistic value, although it can be improved by an extended gauge group as in [7], or by the introduction of an U(1) factor as done in [8].

Noncommutativity in field theories has been the subject of an important number of works in the last few years. In particular, the Seiberg-Witten construction [11] and its generalization for any gauge group [12] have been studied. This construction allows to express the noncommutative gauge fields in terms of the usual ones and their derivatives, maintaining the same degrees of freedom. It has been extended for noncommutative matter fields, which can also be generated in terms of the commutative matter fields and the gauge fields of interest [12]. By this procedure, noncommutative versions of the standard model and consequently the electroweak interaction sector have been given [13] (see also [14]). As a consequence new interactions among the fields of the theory are predicted.

In this work, we will investigate the noncommutative generalization of the bosonic sector of Gauge Higgs unification models in 6D based on the SU(3) gauge group compactified on T^2/Z_N [9]. The noncommutative extension is obtained by means of the Seiberg-Witten map.

We calculate, for the bosonic sector, the resulting first order corrections and compare them with the results obtained in other works. Assuming noncommutativity only between the extra dimensions, the phenomenological consequences are considered in the framework of the effective theories technique. First we compute the new physics effects corrections to the S and T oblique parameters. Further, from the experimental constraints we get a bound for the noncommutativity parameter θ^{45}. This bound allows us to calculate the correction to the decay width for the rare decay of the Higgs boson into two photons.

In section 2 we review the model of reference [9], in section 3 the Seiberg-Witten map and its generalization to nonabelian groups is presented in some detail. In section 4 we present the noncommutative formulation of the model [9] and show that our results differ from those calculated directly in 4D. The phenomenological consequences of the noncommutativity between extra dimensions are discussed in section 5. Section 6 is devoted to conclusions.

2. THE 6-DIMENSIONAL MODEL

2.1. Gauge Fields in a 6-Dimensional Space-Time

Let us consider a Yang-Mills theory in 6-dimensional space-time with a SU(3) gauge group, the Lagrangian of the theory is L = − 1 2 TrF_{mn}F^{mn}, the field strength tensor is defined by

F_{mn} = ∂_mA_n − ∂_nA_m − ig_6[A_m, A_n],

and g_6 is the coupling constant in 6D. This action is interpreted by a dimensional reduction on an orbifold T^2/Z_N for N = 3, 4, 6 [9], by a separation of the connection in its 4-dimensional space-time part A_μ, and the other two components, A_z and A_z which in 4D will play the role of scalars, with z =^{1√}_2 (x^4 + ix^5) and z =^{1√}_2 (x^4 − ix^5). These fields are the zero modes of Kaluza-Klein and depend only on the four space-time coordinates x^μ. The result of this reduction is given by

L = − 1 2 TrF_{μν} F^{μν} + 2TrD_μA_z D^μA_z − g^2Tr [A_z, A_z ]^2 , (1) where g = g_6 √ V is the gauge coupling of the 4-dimensional effective theory, V is the volume of the two extra dimensions and F_{μν} = ∂_μA_ν − ∂_ν A_μ − ig[A_μ, A_ν ], D_μA_z = ∂_μA_z − ig[A_μ, A_z] = F_{μz} , (2) D_μA_z = ∂_μA_z − ig[A_μ, A_z] = F_{μz} . The orbifold reduction [9] for the gauge fields A_m leads to: the 4-dimensional A_μ, that containts four electroweak bosons, W_μ ∈ SU (2) and B_μ ∈ U (1),

A_μ = W^μ 0 0 0 + 1 2 √ 3 B^μI 0 0 −2B_μ ,

and the two complex components of the scalar boson doublet (Higgs), which are contained in the A_z and A_z gauge fields,

A_z = 1 √ 2 0 ϕ 0 0 , A_z = 1√ 2 0 0 ϕ^† 0 .

Substituting these expressions in the Lagrangian (1) we find L = − 1 2 TrF_{μν} (W )F^{μν} (W ) − 1 4 F_{μν} (B)F^{μν} (B) + (D_μϕ)^† (D^μϕ) − V (ϕ) , (3)

where D_μϕ = ( ∂_μ −^1_2 igW^a_μ τ_a −^1_2 ig tan θ_W B_μ ) ϕ, tan θ_W = √ 3 and V (ϕ) =^{g2}_2 |ϕ|^4 .

Thus, this Lagrangian has a SU(2) × U(1) invariance, with a scalar massless doublet with a quartic potential. However, as shown in [10], quantum fluctuations induce corrections to the potential V (ϕ) which can trigger radiative symmetry breaking. The leading terms in the one-loop effective potential for the Higgs are,

V_{ef f} (ϕ) = −μ^2 |ϕ|^2 + λ |ϕ|^4 .

Assuming μ^2 > 0, so that electroweak symmetry breaking can occur, we have that ⟨|ϕ|⟩ = ν/ √ 2 with ν = μ/ √ λ. Note that the value of the electroweak angle in (3) is too large.

However, as mentioned in the introduction, the model can be extended in such a way that it correctly reproduces the SM value.

3. NONCOMMUTATIVE GAUGE THEORIES

3.1. Noncommutative Space-Time

Noncommutative space-time incorporates coordinates ^x^μ, given by operators that satisfy the following relations, [^x^μ, ^x^ν ] = iθ^{μν} , (4) where θ^{μν} = −θ^{νμ} are real numbers. To construct a field theory in this space, it is more convenient to consider usual fields, which are functions. This is allowed by the Weyl-Wigner- Moyal correspondence, which establishes an equivalence between the Heisenberg algebra of the operators ^x^μ and the function algebra in R^m. It has an associative and noncommutative star product, the Moyal ⋆-product, given by, f(x) ⋆ g(x) ≡ [ exp ( i 2 ∂ ∂ε^α θ^{αβ} ∂ ∂η^β ) f(x + ε)g(y + η) ] ε=η=0 (5) = fg + i 2 θ^{αβ} ∂_αf ∂_βg + O(θ^2). Under complex conjugation it satisfies ( f ⋆ g ) = g ⋆ f. Since we will work with a nonabelian gauge group, our functions are matrix valued, and the corresponding matrix Moyal product is denoted by an ∗. In this case the hermitian conjugation is given by (f ∗ g)^† = g^†∗f^†. Under the integral, for closed manifolds, this product has the cyclic property Tr ∫ f_1 ∗ f_2 ∗ · · · ∗ f_n = Tr ∫ f_n ∗ f_1 ∗ f_2 ∗ · · · ∗ f_{n−1}. In particular Tr ∫ f_1 ∗ f_2 = Tr ∫ f_1f_2. Therefore, a theory on the noncommutative space of the ^x, is equivalent to a theory of usual fields, where the function product is substituted by the Moyal ∗-product.

This suggests that any theory can be converted into a noncommutative one by replacing the ordinary function product with the ∗-product.

3.2. The Seiberg-Witten Map

In order to build noncommutative Yang-Mills theories it is necessary, first of all, that a commutative limit exists and that a perturbative study of the noncommutative theory is possible. In this case the solutions of such a theory must depend on the noncommutativity parameter θ in the form of a power series expansion.

For an ordinary Yang-Mills theory, the gauge field and the strength field tensor transformations can be written as: δ_λA_μ = ∂_μλ + iλA_μ − iA_μλ, (6) F_{μν} = ∂_μA_ν − ∂_ν A_μ − iA_μA_ν + iA_ν A_μ, δ_λF_{μν} = iλF_{μν} − iF_{μν} λ. For the noncommutative gauge theory, we use the same equations in the gauge field and strength field tensor transformations, except that the matrix multiplications are replaced by the ∗ product. Then the gauge field and the strength field tensor transformations are [11]: ^δ_{λ̂} ^A_μ = ∂_μ^λ + i^λ ∗ ^A_μ − i ^A_μ ∗ ^λ, ^F_{μν} = ∂_μ ^A_ν − ∂_ν ^A_μ − i ^A_μ ∗ ^A_ν + i ^A_ν ∗ ^A_μ, (7) ^δ_{λ̂} ^F_{μν} = i^λ ∗ ^F_{μν} − i ^F_{μν} ∗ ^λ, from which the original Yang-Mills theory (6) results in the limit θ → 0. Notice that equations (7) are valid even for abelian gauge fields. Due to the form of the Moyal product (5), the noncommutative theory has the structure of a nonlocal theory. However, if we consider it as an effective theory, its energy scale gives us a cutoff and nonlocality is not a problem. Further, as shown by Kontsevich [15], at the level of the physical degrees of freedom there is a one to one relation between the commutative and the noncommutative theories. However both theories are quite different, as noncommutativity generates new couplings.

Let us consider the noncommutative gauge transformations of an abelian theory, δ_{^λ} ^A_μ = ∂_μ^λ + i^λ ⋆ ^A_μ − i ^A_μ ⋆ ^λ, (8) we see that they look like nonabelian ones, although they continue to depend on only one generator. For nonabelian groups, things are more complicated [12], δ_{^λ} ^A_μ = ∂_μ^λ + i^λ ∗ ^A_μ − i ^A_μ ∗ ^λ = ∂_μ^λ^aΛ_a + i^λ^aΛ_a ∗ ^A^b_μΛ_b − i ^A^b_μΛ_b ∗ ^λ^aΛ_a = ∂_μ^λ^aΛ_a + i 2 { ^λ^a⋆, ^A^b_μ } [Λ_a, Λ_b] + i 2 [ ^λ^a⋆, ^A^b_μ ] {Λ_a, Λ_b} . (9)

Now the transformation algebra is generated by commutators and anticommutators, which amounts to the universal enveloping algebra of the original algebra U(g, R), where R is the corresponding representation. The generators of this algebra satisfy, [Λ_A, Λ_B] = if_{ABC} Λ_C , {Λ_A, Λ_B} = d_{ABC} Λ_C , (10) where f_{ABC} = −f_{BAC} and d_{ABC} = d_{BAC} are the structure constants. These transformations are satisfied order by order on θ, and all coefficients of the higher terms can be used to fix the gauge degrees of freedom of ^A_μ. In such a gauge fixing, the only remaining freedom of the transformation parameters ^λ are the ones of the commutative theory, so they should depend only on λ^a and their derivatives. In this case consistency implies that an infinitesimal commutative gauge transformation δ_λA_μ = ∂_μλ + iλA_μ − iA_μλ, will induce the noncommutative one, ^A_μ(A + δ_λA) = ^A_μ(A) + ^δ_{λ̂} ^A_μ(A). (11)

This is the so called Seiberg-Witten map.

The solution to (11) can be obtained by setting ^A_μ = A_μ + A^′_μ(A) and ^λ = λ + λ^′(λ, A), where A^′_μ and λ^′ are local functions of λ and A_μ of first order in θ. Then substituting in (11) and expanding to first order, A^′_μ(A + δ_λA) − A^′_μ(A) − ∂_μλ^′ − i[λ^′, A_μ] − i[λ, A^′_μ] = − 1 2 θ^{αβ}(∂_αλ∂_β A_μ + ∂_βA_μ∂_αλ). (12) One solution of this equation is given by [11], ^A_μ(A) = A_μ + A^′_μ(A) = A_μ − 1 4 θ^{αβ} {A_α, ∂_βA_μ + F_{βμ}} + O(θ^2), (13) ^λ(λ, A) = λ + λ^′(λ, A) = λ + 1 4 θ^{αβ} {∂_αλ, A_β } + O(θ^2), (14) from which it turns out that, ^F_{μν} = F_{μν} + 1 4 θ^{αβ} (2 {F_{μα}, F_{νβ}} − {A_α, (D_β + ∂_β ) F_{μν} }) + O(θ^2). (15) These equations (13, 14, 15) are the explicit form of the Seiberg-Witten map, which in this way can be constructed for any Lie algebra of transformations [12].

As shown the noncommutative generators ^λ take values in the enveloping algebra. In the case of the fundamental representation of unitary groups U(N), they coincide with their enveloping algebras. For the algebra of SU(N) in the fundamental representation, the enveloping algebra incorporates, through the anticommutators of the generators, the identity matrix Λ_0 =^{1√}_{2N} I_{N×N}, and is then given by U(N).

4. THE NONCOMMUTATIVE MODEL

As previously mentioned, our purpose is the construction of a noncommutative version of the 6-dimensional SU(3) gauge theory presented in Section 2. The fact that we are considering noncommutativity in 6D, means that we only need the Seiberg-Witten map for gauge fields. Thus the effects of noncommutativity on the Higgs field and its interactions will arise after dimensional reduction, in particular from the Seiberg-Witten map of the gauge fields A_z and A_z.

The noncommutative action is given by: ^S_{N C} = −1 2 Tr ∫ d^6x ^F_{mn} ^F^{mn}, (16) where ^F_{mn} = F_{mn} + 1 4 θ^{kl} (2 {F_{mk} , F_{nl}} − {A_k, (D_l + ∂_l) F_{mn}}) + O(θ^2). (17) Here the indexes m, n, k and l take the values 0, ..., 3, z and z. Thus the noncommutative parameter θ^{kl} can be: θ^{μν} (noncommutativity among the 4-dimensional space-time coordinates), θ^{μz} , θ^{μz} (noncommutativity among the 4-dimensional space-time coordinates and the extra dimensions coordinates) and θ^{zz} (noncommutativity between the extra dimensions). Therefore, after inserting the noncommutative field strength (17) into (16), the noncommutative action gets the following first order corrections, − θ^{αβ} 4 Tr { [ 2 {F_{μα}, F_{νβ}} − {A_α, (D_β + ∂_β) F_{μν} } ] F^{μν} + 2 [ 2 {F_{μα}, F_{zβ} } − {A_α, (D_β + ∂_β) F_{μz} } ] F^{μz} + 2 [ 2 {F_{μα}, F_{zβ} } − {A_α, (D_β + ∂_β) F_{μz} } ] F^{μz} + 2 [ 2 {F_{zα}, F_{zβ}} − {A_α, (D_β + ∂_β) F_{zz} } ] F^{zz} }

− θ^{αi} 4 Tr { [ 4 {F_{μα}, F_{νi}} − {A_α, (D_i + ∂_i) F_{μν} } + {A_i, (D_α + ∂_α) F_{μν} } ] F^{μν} + 2 [ 2{F_{μα}, F_{ji}} − 2{F_{jα}, F_{μi}} − {A_α, (D_i + ∂_i) F_{μj} } + {A_i, (D_α + ∂_α) F_{μj} } ] F^{μj} + 2 [ 2{F_{iα}, F_{zz} } − {A_α, (D_i + ∂_i) F_{zz} } + {A_i, (D_α + ∂_α) F_{zz} } ] F^{zz} }

− θ^{zz} 4 Tr { [ 4 {F_{μz}, F_{νz} } − {A_z, D_z F_{μν} } + {A_z, D_z F_{μν} } ] F^{μν} + 2 [ 2{F_{μz} , F_{zz} } − {A_z , D_z F_{μz} } + {A_z, D_z F_{μz} } ] F^{μz} + 2 [ 2{F_{zz} , F_{μz} } − {A_z , D_z F_{μz} } + {A_z, D_z F_{μz} } ] F^{μz} + 2 [ 2{F_{zz} , F_{zz} } − {A_z, D_z F_{zz} } + {A_z, D_z F_{zz} } ] F^{zz} } , (18) where μ, ν, α, β = 0, ..., 3, i = z, z. After somewhat cumbersome computations, we obtain the following expression for these

corrections in terms of the SU(2) and U(1) field strengths W^{μν} and B^{μν} respectively, the corresponding gauge fields W^μ and B^μ and the Higgs field ϕ, ^L_{N C} = −1 2 Tr W_{μν} W^{μν} − 1 4 B_{μν} B^{μν} + (D_μϕ)^† (D^μϕ) − g^2 2 |ϕ|^4 − 1 4 θ^{αβ} { 1 2 √ 3 Tr [ 4{W_{μα}, B_{νβ} }W^{μν} + 2{W_{μα}, W_{νβ} }B^{μν} I − {W_α, D_β W_{μν} }B^{μν} I − {B_α, D_β W_{μν} }W^{μν} ] + 1 2 √ 3 B_α∂_β B_{μν} B^{μν} − 1 2 √ 3 B_{μα}B_{νβ} B^{μν} + 2(D^μϕ)^† ( W_{μα} − 1 2 √ 3 B_{μα}I ) (D_β ϕ) + h.c. + (D^μϕ)^† ( W_α − 1 2 √ 3 B_αI )(−→ ∂_β + −→ D_β ) (D_μϕ) + (D^μϕ)^† (←− ∂_β + ←− D_β )( W_α − 1 2 √ 3 B_αI ) (D_μϕ) + ig [ ϕ^†(D_αϕ)(D_β ϕ)^†ϕ − (D_β ϕ)^†(D_αϕ)ϕ^†ϕ ] − ig^3ϕ^†ϕϕ^†W_β W_αϕ − g^2 [ ϕ^† ( W_α + 1 2 √ 3 B_αI ) ∂_β(ϕϕ^†)ϕ − 2 √ 3 B_α∂_β(ϕϕ^†)ϕ^†ϕ + ϕ^†∂_β(ϕϕ^†) ( W_α + 1 2 √ 3 B_αI ) ϕ ] }

+ i 2 θ^{zz} { − 2i(D_μϕ)^† ( W^{μν} + 1 √ 3 B^{μν} I ) (D_ν ϕ) + g 2 [ ϕ^†ϕ(D_μϕ)^†(D^μ ϕ) − (D_μϕ)^†ϕϕ^†(D^μϕ) ]

− g ϕ^† ( W_{μν} W^{μν} + 1 √ 3 W_{μν} B^{μν} − 1 4 B_{μν} B^{μν} ) ϕ } , (19)

In this equation there are new interactions with respect to the ones found in the 4D noncom-

mutative formulations of the SM [13, 16]. For instance the interactions between the weak

gauge fields and the electromagnetic field which appear in the first terms that multiply

the four dimensional noncommutativity parameter θ^{αβ}. Note that there are not corrections

linear in the noncommutativity parameter θ^{iα}, they turn out to be identically zero, as a

consequence of the orbifold symmetries. Of particular interest are the corrections corre-

sponding to noncommutativity between the extra dimensions, i.e. the terms multiplied by

θ^{zz} , given by interactions among the Higgs and the gauge bosons, and also higher order

Higgs self-interactions. Considering only these sort of corrections, we have, ^L_{N C} = − 1 2 Tr W_{μν} W^{μν} − 1 4 B_{μν} B^{μν} + (D_μϕ)^† (D^μϕ) − g^2 2 |ϕ|^4 + i 2 θ^{zz} { − 2i (D_μϕ)^† ( W^{μν} + 1 √ 3 B^{μν} I ) (D_ν ϕ) + g 2 [ ϕ^†ϕ (D_μϕ)^† (D^μϕ) − (D_μϕ)^† ϕϕ^†(D^μϕ) ]

− g ϕ^† ( W_{μν} W^{μν} + 1 √ 3 W_{μν} B^{μν} − 1 4 B_{μν} B^{μν} ) ϕ } . (20)

The noncommutative corrections in this Lagrangian are dimension-six operators, well known from the electroweak effective Lagrangian technique [17], a scheme in which the effects of these terms can be studied in a model-independent manner. It is interesting to consider the extension of the SU(3) six dimensional gauge group by an U(1) factor. Its gauge field is invariant under the orbifold symmetries [8] and as it does not mix with the SU(3) gauge field, the noncommutative corrections (17) and in (20) will not be affected.

5. PHENOMENOLOGICAL IMPLICATIONS

In this section we will analyze the phenomenological implications of noncommutativity between extra dimensions, in the case of Lagrangian (20). Thus, we fix our attention on the terms multiplied by θ^{45} (θ^{45} = iθ^{zz} ). These terms contain new interactions relative to the SM and its noncommutative versions [13, 16]. As mentioned, the model we are considering predicts a too large weak angle. However we can expect that the kind of noncommutative terms considered here will also arise from a more realistic theory, that would reproduce the SM in the limit of vanishing θ parameters. For instance, as mentioned end of the last section, in the case of an U(1) extension, the noncommutative corrections which affect the electroweak gauge fields are not modified. Accordingly, in the following we will consider these terms as representing deviations of the genuine standard electroweak Lagrangian. In order to analyze their effects, we observe that these new interactions are given by well–known dimension–six operators, which have been already studied in, by example, the electroweak effective Lagrangian approach [17], a scheme appropriate to investigate in a model–independent manner physics lying beyond the Fermi scale. For this purpose, it is convenient to divide the above operators into three sets, as follows O_{ϕW} = g 2 θ^{45}(ϕ^†W_{μν} W^{μν} ϕ), (21) O_{ϕB} = − g 8 θ^{45}(ϕ^†B_{μν} B^{μν} ϕ), (22) O_{W B} = g 2 √ 3 θ^{45}(ϕ^†W_{μν} B^{μν} ϕ), (23)

O^{(1)}_ϕ = −gθ^{45}(ϕ^†ϕ)(D_μϕ)^†(D^μϕ), (24) O^{(3)}_ϕ = gθ^{45}[(D_μϕ)^†ϕ][ϕ^†(D^μϕ)], (25)

O_{DW} = iθ^{45}(D_μϕ)^†W^{μν} (D_ν ϕ), (26) O_{DB} = i √ 3 θ^{45}(D_μϕ)^†B^{μν} (D_ν ϕ). (27)

First we observe that there are potential modifications induced by these operators on the quadratic SM Lagrangian, as they can alter some tree level relations which are experimentally constrained, such as the kinetic energy part of the W and Z bosons. In particular, they can give tree–level contributions to the S and T oblique parameters[18]. Let us focus our attention on those interactions which affect the quadratic part of the SM gauge sector.

After spontaneous symmetry breaking, all the above operators induce new nonrenormalizable interactions, as well as renormalizable ones, which modify those predicted by the dimension–four theory. In particular, the first two sets of operators induce bilinear terms that can eventually modify the SM parameters [17, 19]. On the other hand, although the last set of operators are potentially interesting from the phenomenological point of view [20], they are not important for our purposes, as they do not introduce modifications in the quadratic Lagrangian. Concerning the first set, it is easy to see that O_{ϕW} and O_{ϕB} modify the canonical form of the kinetic terms W_{μν} W^{μν} and B_{μν} B^{μν} , respectively. However, these effects are unobservable indeed, since they can be absorbed in a finite renormalization of the gauge fields and the coupling constant g. As to the O_{W B}, O^{(1)}_ϕ , and O^{(3)}_ϕ operators, they introduce nontrivial modifications in the quadratic Lagrangian. In particular, as we will see below, the first and the last of these operators are sensitive to the low–energy data, as they contribute to the S and T parameters at the tree level. Up to some surface terms, the quadratic part of the effective Lagrangian, i.e., the SM and new contributions, can conveniently be written as L_{Kinetic} = 1 2 W^{aμ} {[ □ + g^2v^2 4 ( 1 − α^{(1)}_ϕ 2 )] g_{μν} − ∂_μ∂_ν } W^{aν} + 1 2 B^μ {[ □ + g^{′2}v^2 4 ( 1 − α^{(1)}_ϕ 2 )] g_{μν} − ∂_μ∂_ν } B^ν +W^{3μ} (g2v2 16 α^{(3)}_ϕ ) g_{μν} W^{3ν} + W^{3μ} [ α_{W B} ( □g_{μν} − ∂_μ∂_ν )] B^ν , (28)

where the unobservable effects arising from the O_{ϕW} and O_{ϕB} operators were ignored. In addition, in order to identify the origin of each contribution, we have introduced the definitions: α_{W B} = gv^2θ^{45}/2 √ 3 and α^{(1)}_ϕ = α^{(3)}_ϕ = gv^2θ^{45}, with v the Fermi scale. The new ingredients in this expression with respect to the standard result, is the mixing between the field strengths W^3_{μν} and B_{μν} induced by the O_{W B} operator, as well as the presence of a quadratic term in W^3_μ generated by the O^{(3)}_ϕ operator. As we will see below, the W^3_{μν} B^{μν} mixing given by the O_{W B} operator contribute to the S parameter at the tree level, as it involves derivatives. Also, it is important to notice that while O^{(1)}_ϕ affects with the same intensity both the W and Z masses (see first and second terms in (28)), the O^{(3)}_ϕ operator modifies only the Z–mass, as it is evident from the term proportional to W^3_μ W^3_ν . This asymmetric contribution to the gauge field masses is the responsible for deviations from the SM value of the ρ–parameter ρ = αT [17, 21]. This contributions is associated with a violation of the custodial SU(2) symmetry [22], which as it is well known, guarantees the tree level value ρ = 1 in the SM. The diagonalization of the resultant kinetic energy sector and its impact on the SM parameters have been studied in the literature in the more general context of electroweak effective Lagrangians [17, 19]. The tree level contribution of the O_{W B} and O^{(3)}_ϕ operators to the S and T parameters has already been studied in this more general context by Hagiwara et al. [23]. For our purposes, it is convenient to follow the approach introduced by these authors. The oblique parameters characterize the influence of physics beyond the Fermi scale. They are given as linear combinations of the transverse components of the gauge–boson vacuum polarizations

Π^{μν}_{ij} (p) = Π_{ij} (p^2)g^{μν} + (p^μp^ν terms), (29)

where ij stands for aa, Y Y , and 3Y , where (a, Y ) are SU(2) × U_Y (1) indices. In particular, the S and T parameters are defined by[24] αS = 2e^2 m^2_Z

[Π_{3Y} (0) − Π_{3Y} (m^2_Z )], (30) αT = 2e^2 m^2_W

Re[Π_{11}(0) − Π_{33}(0)]. (31)

It is not difficult to see from (28), that O_{W B} contributes to S but not to T , whereas O^{(3)}_ϕ contributes to T but not to S. It is also evident from (28) that O^{(1)}_ϕ does not contribute to these parameters. Considering only the new physics contribution, one finds,

S_{N P} = 2c_W √ π 3α (v^2θ^{45}), (32) T_{N P} = − 1 s_W √ π α (v^2θ^{45}), (33)

where s_W and c_W stand for sinθ_W and cosθ_W , respectively. On the other hand, the current experimental data [25] give the next values of S and T which can be induced by new physics effects

S^{Exp}_{N P} = −0.13 ± 0.10(−0.08), (34) T^{Exp}_{N P} = −0.17 ± 0.12(+0.09), (35)

where the central values assume m_H = 117 GeV. The change for m_H = 300 GeV is shown in parenthesis. Assuming the first value for the Higgs mass and using the values for the SM parameters reported in [25], one finds at 95% C.L.

− 5.63 × 10^{−8} GeV^{−2} < θ^{45} < 1.91 × 10^{−7} GeV^{−2}, (36) −3.18 × 10^{−7} GeV^{−2} < θ^{45} < 1.06 × 10^{−7} GeV^{−2}, (37)

which leads to the following bound for the new physics scale

−5.63 × 10^{−8} GeV^{−2} < θ^{45} < 1.06 × 10^{−7} GeV^{−2}. (38)

To conclude this part, it is worth comparing this bound with those obtained in the literature for the noncommutativity scale of four dimensional theories. To this respect, bounds of order of one TeV have been obtained from collider physics [26]. On the other hand, more stringent bounds of order (10 T eV )^{−2} [27] or higher [28] have been derived from low–energy tests of Lorentz violation. However, as it has been recently argued [29], that these bounds are extremely model dependent and should be taken with some care.

We are now in position to discuss some phenomenological implications of these new interactions. Motivated by the fact that new physics effects would be more evident in those processes which are forbidden or strongly suppressed in the SM, we will consider the rare Higgs boson decay into two photons, which is an one–loop prediction of the model and thus is naturally suppressed [30]. Due to its phenomenological importance, this decay has been the subject of permanent interest in the literature. Apart from providing a good signature for the Higgs boson search at hadron colliders with mass in the intermediate range 120 Gev < m_H < 2m_Z [31], the decay width of this process is also of great interest because it determines the cross section for Higgs production in γγ collisions [32]. Due to the fact that the Hγγ coupling is generated by loop effects of charged particles, its sensitivity to new heavy charged particles has been studied in many well motivated extensions of the SM, as the two Higgs doublet model (THDM) [33], the minimal supersymmetric standard model (MSSM) [34], the left–right symmetric models (LRM) [35], and the Littlest Higgs model (LHM) [36]. Many of its properties have also been studied in a model–independent manner using the effective Lagrangian framework [20, 37]. In our model, the Hγγ vertex (as well as HγZ one) is induced at the tree level by the set of operators given in eqs.(21-23). The corresponding Lagrangian can be written as follows: L_{Hγγ} = α_W 4 m_W θ^{45}HF_{μν} F^{μν} , (39)

where α_W = 4s^2_W − c^2_W − 2s_{2W} / √ 3. The total decay width Γ_{N C} can be conveniently written in terms of the SM width Γ_{SM} , as follows: Γ_{N C} (H → γγ) = Γ_{SM} (H → γγ) | | |1 + A_{N C} A_{SM} | | |^2, (40)

where A_{N C} = α_W m^2_W θ^{45}, whereas A_{SM} represents the charged fermion and W boson loop contributions, which is given by A_{SM} = α^{3/2} √ 4πs_W [ ∑ f N_{Cf} Q^2_f F_f + F_W ] . (41)

In this expression, f stands for quarks or leptons, N_{Cf} is the color index, and Q_f is the electric charge of the fermion in units of the charge of the positron. In addition, F_f and F_W are the fermion and W boson loop amplitudes, respectively, which can be found in ref. [33]. Though the bound for θ^{45} was estimated for a value m_H = 117 GeV, for illustration purposes we will present results that contemplate larger values of the Higgs mass. In Fig.1,

FIG. 1: The R = Γ_{N P} (H → γγ)/Γ_{SM} (H → γγ) ratio as function of the Higgs mass.

the variation of the normalized decay width R = Γ_{N C} /Γ_{SM} is displayed as function of the Higgs mass. From this figure, it can be appreciated that R is sensitive to the sign of the θ^{45} parameter. A constructives or destructives effect corresponds to θ^{45} < 0(θ^{45} > 0), which can increase or decrease the standard model prediction Γ_{SM} up to by 27% and 35%, respectively, for m_H in the range 120 − 200 GeV.

It is interesting to compare this result with those obtained from other models. In general, theories beyond the SM require more complicated Higgs sectors, i.e. they incorporate new neutral and charged Higgs bosons. However, in most cases, it is always possible to identify in an appropriate limit a SM–like Higgs boson, that is a CP–even neutral scalar whose couplings to pairs of W and Z bosons coincide with those given in the minimal SM. Furthermore, new contributions coming from new charged scalar, fermion, and vector particles are expected. We briefly review the results for a SM–like Higgs boson decaying into two photons, for the models mentioned previously. In the THDM, the only new charged particle is the H^± Higgs boson, but its loop contribution to this decay is very small compared with the dominant W contribution. Thus, in this model, the γγ decay width is essentially the same as for the SM [33]. In the case of the MSSM, this decay gets new contributions from superpartner loops. The γγ width tends to be lower than the one of the SM due to cancelations between the W loop and the supersymmetric chargino loops. In this case, if the charginos are heavy, the decay width can be quite near to the SM width [34]. Further, it was found in ref. [35] that the contribution of a new W boson, like the one predicted by LRM, is quite suppressed, because the corresponding loop amplitude is related to the SM W boson amplitude as

F_{WR} = (m_{WL} /m_{WR} )^2F_{WL} . Taking into account the existing W_R–mass bounds [25], the γγ width can be enhanced up to 5% at best. As to the prediction of the Littlest Higgs model is concerned, in [36] it was found that the γγ width is reduced by 5 − 7% compared to the SM value. From these results, we can see that the impact of noncommutative extra dimensions on the H → γγ decay may be significantly more important than that predicted by some of the most popular SM extensions.

6. CONCLUSIONS

In this work we explore the consequences of noncommutativity in a 6-dimensional model, by means of the Seiberg-Witten map. We consider the SU(3) gauge Higgs unification model of the electroweak interactions of [10] and [9], compactified to 4D on an orbifold T^2/Z_N for N = 3, 4, 6. We analyze noncommutativity among all the 6-dimensional coordinates. As a consequence of the orbifold symmetries, it turns out that there are no corrections to the model due to noncommutativity among the 4D coordinates and the two-extra dimensions. We find that the corrections we obtain corresponding to noncommutativity among the 4D coordinates, differ from the ones of noncommutative models calculated directly in 4D, also by means of the Seiberg-Witten map [13]. On the other side, the corrections corresponding to noncommutativity of the extra dimensions have interesting phenomenological consequences, as we emphasize below.

As well as in the commutative model, the spontaneous symmetry breaking should arise dynamically, from first order quantum corrections. This step can be done in the noncommutative theory, as far as the expected Higgs mass is much less than the noncommutativity scale. Thus it would be interesting to include matter and to study the corresponding noncommutative corrections, which could be done following [12], progress in this direction will be reported elsewhere.

As mentioned in the introduction, the model we are considering here has a too high value for the weak angle. However, as noted in [9], there are various ways to solve this problem, in particular by an extension by a U(1) factor. Furthermore, the noncommutative Seiberg-Witten map of the corresponding gauge field will not mix with the already present noncommutative corrections. Thus we can expect that in a noncommutative version of this extended model, the kind of corrections presented here will still be present, in particular those corresponding to noncommutativity between extra dimensions. Under this working assumption, we have studied the corrections due to noncommutativity of the extra dimensions by means of the effective lagrangian techniques. First, by the observation that these terms are quite sensitive to the S and T oblique parameters, we could obtain the bound to θ^{45} given by (38). In four dimensional noncommutative models, there are bounds obtained e.g. from low–energy tests of Lorentz violation, which are extremely model dependent [29]. We think that, in the framework of our working assumption, our bound has a less speculative nature, as it was obtained directly from the experimental constraints on the oblique parameters, without additional assumptions. With this bound established, we have looked at the impact of our corrections on the rare Higgs decay into two photons. It turns out that the effect depends on the signature of the noncommutativity parameter, increasing or decreasing respectively the value of the SM decay width Γ_{SM} , with a net effect which could be significantly more important than that predicted by some of the most popular SM extensions [25, 34, 35, 36].

Finally, from the results of the particular noncommutative model we started with, which could be interesting on its own, we can conclude that noncommutativity in higher dimensional models can have interesting consequences and phenomenological effects beyond those of four dimensional noncommutative theories. The study of more realistic models, including matter fields, is in progress.

Acknowledgments

We thank H. García-Compeán for discussions. This work has been supported by CONA- CYT grant 47641 and Projects by PROMEP, UG and VIEP-BUAP 13/I/EXC/05.

[1] M. Cvetic, G.W. Gibbons and C.N. Pope, Nucl. Phys. B 677, 164 (2004), hep-th/0308026. [2] A. Salam and E. Sezgin, Phys. Lett. B 147, 47 (1984).

[3] S. Randjbar-Daemi, A. Salam, E. Sezgin and J. Strathdee, Phys. Lett. B 151, 351 (1985). [4] Y. Aghababaie, C.P. Burgess, S.L. Parameswaran and F. Quevedo, Nucl. Phys. B 680, 389 (2004), hep-th/0304256.

[5] Robert H. Brandenberger and S. Randjbar-Daemi, JHEP 0410:022 (2004), hep-th/0404228.

[6] D.B. Fairlie, Phys.Lett. B 82, 97 (1979), see also Y. Ne’eman, S. Sternberg and D. B. Fairlie, Phys. Rep. 406, 303 (2005).

[7] I. Antoniadis, K. Benakli, M. Quiros, New J. Phys. 3, 20 (2001) , hep-th/0108005. [8] C. A. Scrucca, M. Serone, L. Silvestrini, Nucl. Phys. B 669, 128 (2003), hep-ph/0304220. [9] C. A. Scrucca, M. Serone, L. Silvestrini, A. Wulzer, JHEP 0402:049 (2004), hep-th/0312267. [10] I. Antoniadis, K. Benakli, M. Quiros, Nucl. Phys. B 35, 583 (2000), hep-th/0004091. [11] N. Seiberg and E. Witten, JHEP 9909:032 (1999), hep-th/9908142.

[12] B. Jurco, L. Moller, S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C 21, 383 (2001), hep-th/0104153.

[13] X. Calmet, B. Jurco, P. Schupp, J. Wess and M. Wohlgenannt, Eur. Phys. J. C 23, 363 (2002), hep-ph/0111115.

[14] Paolo Aschieri, hep-th/0404054.

[15] M. Kontsevich, Lett. Math. Phys. 66, 157 (2003), q-alg/9709040.

[16] M. Chaichian, P. Prešnajder, M. M. Sheikh-Jabbari and A. Tureanu, Eur. Phys. J. C 29, 413 (2003), hep-th/0107055.

[17] W. Buchmuller and D. Wyler, Nucl. Phys. B268, 621 (1986). For a review, see J. Wudka, Int.

J. Mod. Phys. A9, 2301 (1994).

[18] M. E. Peskin and T. Takeuchi, Phys. Rev. Lett. 65, 964 (1990); Phys. Rev. D46, 381 (1992). [19] C. Arzt, M. B. Einhorn, and J. Wudka, Phys. Rev. D49, 1370 (1994). [20] M. A. Pérez and J. J. Toscano, Phys. Lett. B289, 381 (1992); K. Hagiwara, R. Szalapski, and D. Zeppenfeld, Phys, Lett. B318, 155 (1993).

[21] J. L. Díaz–Cruz, J. Hernández–Sánchez, and J. J. Toscano, Phys. Lett. B512, 339 (2001). [22] P. Sikivie, L. Susskind, M. Voloshin, and V. Zakharov, Nucl. Phys. B173, 189 (1980). [23] K. Hagiwara, S. Ishihara, R. Szalapski, D. Zeppenfeld, Phys. Lett. B283, 353 (1992); Phys.

Rev. D48, 2182 (1993).

[24] See for example, G. Degrassi, B. A. Kniehl, and A. Sirlin, Phys. Rev. D48, R3963 (1993). [25] S. Eidelman et al., Phys. Lett. B592, 1 (2004).

[26] J. L. Hewett, F. J. Petriello, and T. G. Rizzo, Phys. Rev. D64, 075012 (2001); I. Hinchliffe and N. Kersting, Phys. Rev. D64, 116007 (2001).

[27] S. M. Carroll, J. A. Harvey, V. A. Kosteleckŷ, C. D. Lane, T. Okamoto, Phys. Rev. Lett. 87, 141601 (2001).

[28] C. E. Carlson, C. D. Corone, and R. F. Lebed, Phys. Lett. B518, 201 (2001). [29] X. Calmet, Eur. Phys. J. C41, 269 (2005).

[30] A. J. Vainstein, M. B. Voloshin, V. I. Zakharov, and M. A. Shifman, Yad. Fiz. 30, 1368 (1979)[Sov. J. Nucl. Phys. 30, 711 (1979)]; J. Ellis, M. K. Gaillard, and D. V. Nanopoulos, Nucl. Phys. B106, 292 (1976); M. B. Gavela, G. Girardi, C. Malleville, and P. Sorva, Nucl. Phys. B193, 257 (1981); H. Leutwyler and M. Shifman, Phys. Lett. B221, 384 (1989).

[31] ATLAS Collaboration, Technical Proposal, Report CERN-LHCC 94-43 (December 1994). [32] H. Haber and J. Gunion, Phys. Rev. D48, 5109 (1993); I. F. Ginzburg, Novosibirsk Preprint TF-28-182 (1990).

[33] J. F. Gunion, H. E. Haber, G. Kane, and S. Dawson, The Higgs Hunter’s Guide(Frontiers in Physics, 2000).

[34] P. Kalyniak, R. Bates, and J. N. Ng, Phys. Rev. D33, 755 (1986); R. Bates, J. N. Ng, and P.

Kalyniak, Phys. Rev. D34, 172 (1986); J. F. Gunion, G. Gamberini, and S. F. Novaes, Phys. Rev. D38, 3481 (1988); J. F. Gunion, L. Roszkowski, A. Turski, H. E. Haber, G. Gamberini, B. Kayser, S. F. Novaes, F. Olness, and J. Wudka, Phys. Rev. 38, 3444 (1988).

[35] R. Martínez, M. A. Pérez, and J. J. Toscano, Phys. Rev. D40, 1722 (1989). [36] T. Han, H. E. Logan, B. McElrath, and L-T. Wang, Phys. Lett. B563, 191 (2003), Erratumibid. B603, 257 (2004).

[37] H. König, Phys. Rev. D45, 1575 (1992); J. M. Hernández, M. A. Pérez, and J. J. Toscano, Phys. Rev. D51, 2044 (1995); Phys. Lett. B375, 227 (1996); M. A. Pérez, J. J. Toscano, and J. Wudka, Phys. Rev. D52, 494 (1995).