arXiv:hep-th/0506191 v2 2 Aug 2005

MCTP-05-82

hep-th/0506191

R^4 Corrections to Heterotic M-theory

Lilia Anguelova, Diana Vaman

Michigan Center for Theoretical Physics Randall Laboratory of Physics, University of Michigan Ann Arbor, MI 48109-1120, USA

anguelov@umich.edu, dvaman@umich.edu

ABSTRACT

We study R^4 corrections in heterotic M-theory. We derive to order κ^{4/3} the induced modification to the Kähler potential of the universal moduli and its implications for the soft supersymmetry breaking terms. The soft scalar field masses still remain small for breaking in the T -modulus direction. We investigate the deformations of the background geometry due to the R^4 term. The warp-factor deformation of the background M_4 × CY (3) × S^1/Z_2 can no longer be integrated to a fully non-linear solution, unlike when neglecting higher derivative corrections. We find explicit solutions to order κ^{4/3} and, in particular, find the expected shift of the Calabi-Yau volume by a constant proportional to the Euler number. We also study the effect induced by the R^4 terms on the de Sitter vacua found previously by balancing two non-perturbative contributions to the superpotential, namely open membrane instantons and gaugino condensation. To order κ^{4/3} all induced corrections are proportional to the Euler number of the Calabi- Yau three-fold.

Contents

1 Introduction 1

2 R^4 terms and Horava-Witten theory 4

3 Soft supersymmetry breaking terms 8

4 Deformation of the background geometry 10 4.1 Warp factor deformations . . . . . . . . . . . . . . . . . . . . . . . . . 11 4.2 General case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

5 Scalar potential 18

6 Summary and outlook 26

A Derivation of the Kähler potential 28

B Generalized Hitchin flow equations 31

1 Introduction

Heterotic strings have long provided the most promising candidate for unified description of phenomenology despite persisting problems. It was realized in [1, 2] that some of these problems can be resolved if one considers their strongly coupled limit, given by M-theory on an interval [3]. The corresponding four-dimensional compactification [4], called heterotic M-theory, has received a great deal of attention. Especially interesting, in view of the astronomical observations indicating a positive cosmological constant and an exponential expansion of the early universe, are the recently found de Sitter [5] and assisted inflation [6] solutions. Heterotic M-theory has the very distinctive feature that unlike the weakly coupled case it does not allow vanishing background flux.

In string theory, nonzero fluxes play a significant role in the resolution of the moduli stabilization problem. The latter occurs in purely geometric compactifications due to the lack of a potential for the many scalar fields that originate from deformations of the internal Calabi-Yau manifold. These moduli are of two types depending on whether they parametrize the complex structure or the Kähler structure deformations. Stabilizing them is essential for predictability of the four-dimensional coupling constants and also for avoiding decompactification of the internal space. It was realized in the context of type IIB [7] that background fluxes generically lift the flat directions of the complex structure moduli by generating a superpotential for them. But this superpotential does not depend on the Kähler moduli. So in order to stabilize the latter one has to resort to quantum corrections.^1 There are two kinds of nonperturbative effects that can create a potential for the Kahler moduli: D-brane instantons and gaugino condensation. It was argued in [9] that using these and nonzero NS-NS and RR fluxes one can fix all moduli.

Another modification of the Kähler potential is due to α^′ corrections [10], which appear as higher derivative terms in the string effective action. Typically though, their contribution was expected to be suppressed in the large volume limit. However, this was shown to be too naive in [11]. That work argued that, as classically the Kähler moduli are flat directions of the potential, the perturbative, α^′, corrections are generically the leading ones even at large volume. Since they dominate the nonperturbative contributions, their presence alters qualitatively the structure of the scalar potential.

In M-theory there are also higher derivative corrections to the eleven-dimensional supergravity action.^2 When compactified on R^{1,9} × S^1/Z_2, the theory has an expansion in powers of κ^{2/3} [3] with κ being the gravitational coupling constant. Completing the effective action at orders κ^{4/3} and higher encounters technical problems that may be overcome in the approach of [15]. Our main focus in this work is the eleven-dimensional R^4 term which appears at O(κ^{4/3}). Naturally, it is expected to correct the Kähler potential for the moduli fields of the appropriate Calabi-Yau three-fold compactification to four dimensions. We compute this correction as well as its implications for the soft supersymmetry breaking terms in the four-dimensional effective theory. As in [16], the scalar soft masses still do not receive any tree level contribution for supersymmetry breaking in the T -modulus direction.

The R^4 term should also affect the geometry of the background solution. To first order in κ^{2/3}, the solution of heterotic M-theory was studied in [1, 4]. Due to the E_8 gauge fields propagating on the two boundaries, the Bianchi identity of the supergravity three-form is modified, leading to nonzero background flux and a generically non-Kähler

1In type IIA, however, all moduli can be stabilized classically [8].

2They can be deduced from duality with ten-dimensional string theory [12,13] or from superparticle scattering amplitudes in d = 11 [14].

deformation of the initial CY (3). Clearly, this is the strong-coupling description of the weakly coupled heterotic string compactifications with torsion [17].^3 Progress in the explicit construction of the latter non-Kähler backgrounds was achieved only very recently [20].^4 On the other hand, not much is known about the explicit form of their strongly coupled lift at orders higher than κ^{2/3}. One can simplify things by considering only warp factor deformations of the eleven-dimensional metric, which in particular means only conformal deformations of the Calabi-Yau.^5 In this case, a non-linear background containing corrections of all orders in κ^{2/3} was obtained in [21], without taking into account any higher derivative terms in the eleven-dimensional effective action. This solution was used in an essential way in [5, 6]. As the eleven-dimensional R^4 term appears already at second order in the κ^{2/3} expansion, a valid question is how it modifies the solution of [21]. We will see that certain relations between warp factors have to be different in the present case. Also, the presence of higher derivative terms opens up the possibility of turning on simultaneously different flux components while still preserving the only-warp-factor character of the geometric deformation, which was not possible before. We find the anticipated shift of the Calabi-Yau volume by a constant proportional to the Euler number, although it is unlikely that this would resolve the singularity of the non-linear background of [21], appearing at a point along the interval S^1/Z_2 at which the Calabi-Yau volume shrinks to zero [22].

The non-linear solution of [21] was used in [5] to find de Sitter vacua in heterotic M-theory by balancing gaugino condensation against membrane instantons. One might expect that, similarly to the string theory case [11], here too the R^4 corrections will be dominant over these non-perturbative effects. However, this does not happen essentially because the no scale structure of the Kähler potential for the T -modulus is preserved by the R^4 term. On the other hand, taking into account higher derivative corrections means that one can not integrate the solution to all orders in κ^{2/3} but instead should always work only to the appropriate level of accuracy. Therefore, it is

3Recent improvement in their understanding is due to [18], where it was shown that up to order O(α^{′2}) the supersymmetry conditions and Bianchi identities imply the field equations (recall that generically this is true only for maximally supersymmetric backgrounds), and also [19], where the role of gaugino condensation for the effective four-dimensional superpotential was clarified.

4Strictly speaking, the work of [20] gives backgrounds only for the SO(32) heterotic string. But presumably one can use similar methods for the E_8 × E_8 case. We thank Radu Tatar for a discussion on that issue.

5Of course, that implies certain restrictions on the three-form flux.

worth revisiting the considerations of [5], that led to the existence of de Sitter vacua, in the context of the R^4 corrected effective action. We will see that de Sitter vacua still exist although they appear to have a much smaller cosmological constant as a result of employing the truncated to O(κ^{4/3}) solution. The R^4 induced corrections are of the order of a small percentage and strengthen/weaken the positive value of the energy density for a positive/negative value of the CY Euler number.

The present paper is organized as follows. In Section 2 we review necessary material about the linear solution of [1,4] and write down the correction to the Kähler potential due to the R^4 term. A detailed derivation of this correction is given in Appendix A. In Section 3 we calculate the R^4 induced contributions to the soft supersymmetry breaking masses of the gravitino, gaugino and scalar fields and also to the trilinear couplings. In section 4 we consider the influence of the R^4 correction on the geometric background. In Subsection 4.1 we find solutions for the case of a metric deformation given by warp factors only. In Subsection 4.2 we address generic non-Kähler deformations of the initial Calabi-Yau. We elaborate more on that in Appendix B, where we derive the appropriate generalized Hitchin flow equations, that constitute the first steps towards finding explicit solutions for the strongly coupled limit of heterotic strings on generic non-Kähler manifolds. Finally, Section 5 is dedicated to the investigation of the minima of the scalar potential in the presence of the R^4 terms.

2 R^4 terms and Horava-Witten theory

The strongly coupled limit of the heterotic E_8 × E_8 string theory was argued in [3] to be given at low energies by eleven-dimensional supergravity on R^{1,9} × S^1/Z_2. To obtain an effective field theory on four-dimensional Minkowski space, one further compactifies on a Calabi-Yau three-fold. The eleven-dimensional action has an expansion in powers of κ^{2/3}, where κ is the gravitational coupling constant. More precisely, it is of the form^6

S_{11d} = 1 κ^2 ( S^{(0)} + κ^{2/3}S^{(1)} + κ^{4/3}S^{(2)} + ... ) (2.1)

6It has been argued in [2, 4] that the expansion in powers of κ^{2/3} is in fact an expansion in the dimensionless quantity ϵ =^{2πL}_{3V 2/3v} (^κ_{4π} )^{23} , where L is the length of the interval and V_v is the Calabi-Yau volume at the visible boundary.

with S^{(0)}/κ^2 being the well-known Cremmer-Julia-Scherk action [24]:

S_0 = − 1 2κ^2_{11} ∫ d^{11}x ( R ∧ ∗1 − 1 2 G_{(4)} ∧ ∗G_{(4)} − 1 6 C_{(3)} ∧ G_{(4)} ∧ G_{(4)} ) , (2.2)

where G_{(4)} = dC_{(3)}. The reduction to four dimensions was performed in [4] completely to order κ^{2/3}, meaning the term S^{(1)}, and partially at order κ^{4/3}, meaning that only some of the contributions to S^{(2)} were found. Since this will be important in the following, let us recall the main features of the results of [4, 1].

To start with, the presence of the two boundaries in eleven dimensions modifies the Bianchi identity of the three-form C_{(3)} and hence a vanishing C-field background is not a solution anymore. As a consequence of this, the eleven-dimensional metric acquires nontrivial warp factors. In other words, the initial direct product M_4 × CY (3) × S^1/Z_2 gets deformed to a nontrivial fibration of a (in general non-Kähler) 6d manifold over the interval S^1/Z_2. To first order the deformed metric has the form [1]:

ds^2_{11d} = g^{(0)}_{IJ} dx^I dx^J + bη_{μν} dx^μdx^ν + h_{mn}dx^mdx^n + k(dx^{11})^2 , (2.3)

where I, J = 1, ..., 11; μ, ν = 1, ..., 4 and m, n = 5, ..., 10. The universal moduli^7 (meaning those that are independent of the particular CY (3) that one is considering) of the original direct product metric g^{(0)}_{IJ} are the volume of the Calabi-Yau space and the size of the interval (orbifold) S^1/Z_2. Hence one can write

g^{(0)}_{IJ} dx^I dx^J = g_{μν} dx^μdx^ν + e^{2a}g̃_{mn}dx^mdx^n + e^{2c}(dx^{11})^2 , (2.4)

where the Calabi-Yau volume and the interval size are parametrized in terms of the scalar fields a(x^μ), c(x^μ). The deformed metric (2.3) has the same moduli, but the dependence on them is more complicated since generically: b = b(a, c) , h_{mn} = h_{mn}(a, c) , k = k(a, c) . (2.5) We will not need the explicit form of the first order solution (2.3), found in [4]. We only note that it is such that there are no order O(κ^{2/3}) corrections to the effective action that are due to the deformed metric or C-field [4]. As shown in [4], the only contribution at that order comes from the gauge multiplets propagating on the tendimensional boundaries. The contribution of the latter at order κ^{4/3} is the O(κ^{4/3}) part of the action that was found in [4]. To complete the effective action at this order

7As in [4], these are the only moduli we will concentrate on.

one has to take into account two more contributions: from higher derivative terms and from higher order deformations of the background metric. The first will be our immediate concern; the second we will address in Section 4.

The lowest order higher derivative corrections to the eleven-dimensional supergravity action are the R^4 term [12] and its superpartner C ∧ R^4 [13]:^8

S_1 = −b_1T_2 ∫ d^{11}x √ −g [ t_8 · t_8RRRR − 1 4 E_8 − 4ϵ_{11}C_{(3)} ( trR^4 − 1 4 (trR^2)^2 )] , (2.6)

where

E_8 = 1 3! ϵ_{IJKM1...M8} ϵ^{IJKN1 ...N8} R^{M1 M2}_{N1 N2} R^{M3 M4}_{N 3N4} R^{M5M6}_{N5N6} R^{M7 M8}_{N7 N8} . (2.7) The constants and parameters in the action S_1 are defined by^9

2κ^2_{11} = (2π)^5l^9_{11}, l_{11} = (2πg_s)^{1/3}α^{′1/2}, T_2 = 1 2πl^3_{11}

, b_1 = 1 (2π)^43^22^{13}

. (2.8)

For future convenience we also introduce the notation ε ≡ b_1T_2κ^2. Clearly T_2 = (2π)^{2/3}(2κ^2_{11})^{−1/3} and hence S_1 appears at order κ^{4/3} in the expansion (2.1). In the following, our goal will be to extract its contribution to the moduli space metric of the four-dimensional effective theory.

So far we have introduced only half of the universal moduli, namely a and c. The other two scalar fields, σ_S and σ_T , are axions that arise from the eleven-dimensional 3-form C via the identifications

C^{(0)}_{mn11} = 1 6 √ 2 σ_T J_{mn} , √ 2 ∗_4 dB = dσ_S with B_{μν} = 6C^{(0)}_{μν11} , (2.9)

where J_{mn} is the Kähler form of the CY (3). In the four-dimensional N = 1 theory the 4 universal moduli make up the bosonic components of two chiral superfields:

S = e^{6a} + iσ_S , T = e^ĉ + iσ_T , (2.10)

where we have redefined ĉ = c + 2a for later purposes. Due to the superfield structure and the independence of the Kähler potential K on ImS and ImT (see for example

8Actually, in Horava-Witten theory there is another contribution: Gauss-Bonnet R^2 terms localized on the two ten-dimensional boundaries [4]. However, they give rise to higher (than two) derivative terms in the four-dimensional effective action and similarly to [4] we omit such contributions in the following.

9We use the notation and conventions of [25].

[26]), in order to deduce the correction to K(S, T ) it is sufficient to only keep track of the kinetic terms for a, c. Therefore from now on we ignore the C ∧ R^4 term and concentrate on the dimensional reduction of the remaining terms in the action (2.6).

Using that t_8t_8R^4 + 1/4E_8 can be recast up to Ricci terms in the form 64(12Z − RS + 12R_{IJ} S^{IJ} ) [27], we rewrite the part of the action that we want to reduce as

S_1 = −b_1T_2 ∫ d^{11}x √ −g [ 2^6(12Z − RS + 12R_{IJ} S^{IJ} ) − 1 2 E_8 ] + . . . , (2.11)

where Z_{IJ} = R_{IKLR}R_{JM N}^R ( R^K_P^M QR^{N P LQ} − 1 2 R^{KN}_{P Q}R^{M LP Q} ) , S_{IJ} = −2R_I^{M KL}R_J^P_K^QR_{LP M Q} + 1 2 R_I^{M KL}R_{JM P Q}R_{KL}^{P Q} − R_I^K_J^LR_{KM N Q}R_L^{M N Q} , Z = Z_{IJ} g^{IJ} , S = S_{IJ} g^{IJ} . (2.12)

We will also use that, up to Ricci terms, S = 12(2π)^3Q with the Euler density defined as ∫ X d^6x √ det(g_{IJ} )Q = χ , (2.13) where χ is the Euler number of the Calabi-Yau three-fold X.

Since the action (2.11) is already of order κ^{4/3} and going to higher orders in the κ expansion of the eleven-dimensional action is beyond the scope of this paper, clearly we have to reduce (2.11) on the zeroth order solution for the eleven-dimensional metric, namely the one given in (2.4). To obtain canonical Einstein term for the fourdimensional action, we have to rescale the metric:

g_{μν} = e^{−6a−c}ḡ_{μν} . (2.14)

The details of the reduction are given in Appendix A. Here we only record the final result for the R^4 induced correction to the Kähler potential:

K = −3 ln(T + T̄ ) − ln(S + S̄) − b_2κ^{4/3}χ 6(S + S̄)

, (2.15)

where b_2 is a numerical coefficient given in (A.14).

3 Soft supersymmetry breaking terms

The low energy effective action of a four-dimensional theory with N = 1 supersymmetry is determined by the Kähler potential K̂, the superpotential W and the gauge kinetic function f. For the case of the above compactification of the strongly coupled heterotic string, these functions can be read off from the action of [4], which is complete to order κ^{2/3} but contains only some of the O(κ^{4/3}) contributions. Expanding to second order in the charged matter fields C^p, one has [16]: K̂ = κ^{−2}_4 K(S, T, S̄, T̄ ) + Z_{pq̄}(S, T, S̄, T̄ )C^pC̄^{q̄} , (3.1) where

K = − ln(S + S̄) − 3 ln(T + T̄ ) , Z_{pq̄} = ( 3 T + T̄ + β S + S̄ ) δ_{pq̄} , (3.2) and W = 1 3 Ỹ d_{pqr}C^pC^qC^r + W_{non−pert.} , f = S + βT . (3.3)

The four-dimensional gravitational constant is κ^2_4 = κ^2_{11}/V l and β ∼ O(κ^{2/3}). The superfields S and T were already introduced in the previous section.^{10} The remaining ones, C^p, are chiral superfields that arise from the ten-dimensional E_8 gauge fields and are charged under the unbroken gauge group in the visible sector. For phenomenological purposes, C^p are often taken to transform in the 27 of E_6.

Since the action of [4] is incomplete at order κ^{4/3} so are the above formulae (3.1)- (3.3). As we saw in Section 2, the additional contribution, coming from the higher derivative R^4 correction to the eleven-dimensional effective action, is: δK = − b_2κ^{4/3}χ 6(S + S̄)

. (3.4)

This correction has further implications for the soft supersymmetry breaking terms of the four-dimensional theory. Leaving aside for the moment the issue of finding (meta)stable minima of the potential, one can parametrize the supersymmetry breaking by the auxiliary components of the superfields S and T , denoted respectively by F^S ,F^T . The general form of the soft terms arising from spontaneous supersymmetry breaking due to non-perturbative effects in the hidden sector was derived in [28]. In a Kähler

10Abusing notation, we denote both a superfield and its bosonic component with the same letter.

covariant language, the tree level formulae for the masses of the gravitino, gaugino, scalar fields and Yukawa couplings are [29]:

m^2_{3/2} = 1 3 K_i¯_j F^iF^{j̄} , m_{1/2} = 1 2 F^i∂_i ln(Ref) , m^2_{pq̄} = m^2_{3/2}Z_{pq̄} − F^iF^{j̄} R_i¯_{jpq̄} , A_{pqr} = F^iD_iY_{pqr} , (3.5)

where i, j run over the fields S, T and

R_i¯_{jpq̄} = ∂_i∂¯_j Z_{pq̄} − Γ^s_{ip}Z_s¯_tΓ^{t̄}_{j̄q̄} , D_iY_{pqr} = ∂_iY_{pqr} + 1 2 K_iY_{pqr} − Γ^s_{i(p}Y_{qr)s} (3.6)

with Y_{pqr} = e^{K/2}Ỹ d_{pqr} , Γ^s_{ip} = Z^{st̄}∂_iZ¯_{tp} . (3.7) The corrections due to the terms proportional to β in Z_{pq̄} and f were computed in [16]. The new contributions coming from the R^4 induced change in the Kähler potential (3.4) are:

δm^2_{3/2} = − b̃ |F S |2 9(S + S̄)^3

, δm_{1/2} = 0 ,

δm^2_{pq̄} = − b̃ |F S|2 3(S + S̄)^3(T + T̄ ) δ_{pq̄} , δA_{pqr} = b̃ ( F^S 4(S + S̄)^2 − F^T 2(S + S̄)(T + T̄ ) ) Y_{pqr} , (3.8)

where b̃ = b_2κ^{4/3}χ. It may seem surprising that we have obtained corrections of order κ^{4/3}, whereas those of [16] were of order κ^{2/3}, since in both cases one starts with an O(κ^{4/3}) correction to the eleven-dimensional action. The resolution of this seeming puzzle is in a rescaling of the matter fields C^p, involving a power of κ [4], that was needed for the proper normalization of the chiral superfields.

The most significant difference in the patterns of supersymmetry breaking of the weak and strong coupling limits occurs for breaking in the direction of the T -modulus, i.e. when F^T ≠ 0 and F^S = 0. In that case, in the weakly coupled heterotic string description only the gravitino mass acquires a non-vanishing value at tree level. On the other hand, in the strongly coupled heterotic M-theory limit this also happens for m_{1/2} and A_{pqr} [16]. As we see from (3.8), for F^S = 0 the R^4 term induces an additional contribution to the trilinear couplings A_{pqr}, whereas the scalar field masses m_{pq̄} remain small as in the case without higher derivative corrections [16].

Another observation following from (3.8) is that the changes we have computed to the soft supersymmetry breaking terms do not spoil universality. Recall that the phenomenological requirement for suppression of flavor changing neutral interactions is satisfied if the masses of the scalar superpartners of the observable fermions (which usually differ from the fermionic components of the charged matter superfields C^p due to various mixing angles) are all almost equal to each other [30]. This condition is achieved for m^2_{pq̄} ∼ δ_{pq̄} and also for A_{pqr} ∼ Y_{pqr} with all components Y_{pqr} having the same moduli dependence. Actually, the latter criteria for universality were expected to hold, even without an explicit calculation, due to the general form of the soft terms (3.5) and the fact that in the present case Z_{pq̄} ∼ δ_{pq̄}. Let us also note that models with more than one Kähler modulus are generically non-universal and it seems clear that higher derivative corrections would only worsen that effect. An obvious remedy, proposed in [31] and used in many other references, is to consider only Calabi-Yau manifolds with h^{1,1} = 1.

4 Deformation of the background geometry

In this section we analyze the effect that the higher derivative R^4 terms have on the geometric background and G-flux of Horava-Witten theory.

Recall that the existence of a solution to linear order in κ^{2/3} was shown in [1] and its explicit form was found in [4]. In [21] a non-linear solution was obtained which contains corrections of all orders in κ^{2/3}. However, none of these works took into account higher derivative corrections to eleven-dimensional supergravity. Adding the R^4 term to the action though, clearly modifies both the equations of motion and the supersymmetry variations of the theory. The complete supersymmetry transformations are not yet known despite significant progress in that direction [32]. However, the modified gravitino transformation rule was derived on a case-by-case basis for compactifications on the following special holonomy manifolds: CY (3) [33], G_2 [34], Spin(7) [35].^{11} In each case, the Einstein equations in the presence of the R^4 term were recovered from the integrability of the proposed supersymmetry variation by using in an essential way properties particular to the special holonomy manifold under consideration. Nonetheless, the final result for the gravitino variation turned out to be the same for all cases,

11Ref. [36] also provides a detailed account of the R^4-corrected bosonic equations of motions in the Spin(7) case.

when written in purely Riemannian form, i.e. without the use of any special structures. Namely, it was found that the Killing spinor equation is δΨ_I = ( D_I + ε(∇^J R_{IKM1M2} )R_{JLM3M4} R^{KL}_{M5M6} Γ^{M1...M6} ) η = 0 , (4.1) where ε is a numerical constant times α^{′ 3} in string theory and a numerical constant times κ^{4/3} in M-theory. The derivative D_I is the appropriate extension of the covariant derivative ∇_I with flux terms, i.e. for the case of interest to us:

D_I = ∇_I + √ 2 288 (Γ_{IJKLM} − 8g_{IJ} Γ_{KLM} ) G^{JKLM} . (4.2) In the following we will analyze the solutions of (4.1). As the order of accuracy to which we work is κ^{4/3}, we do not need to perform any checks on whether this is also the correct modification for Horava-Witten theory, the reason being that due to ε ∼ O(κ^{4/3}) the three curvature tensors have to be of zeroth order, i.e. they are the curvatures for the direct product M_4 × CY (3) × S^1/Z_2. In fact, it is most convenient to use the form of (4.1) adapted to the Calabi-Yau case:

δΨ_m = (D_m + P_m)η , P_m = − i 2 εJ_{mn}∂^nQ Γ_{11} , (4.3) where m, n = 1, ..., 6 , Q is as before the Euler density in six dimensions, J_{mn} is the Kähler form of the Calabi-Yau and Γ_{11} is the Γ-matrix in the interval direction. Recall that in terms of the constants in the action (2.6) ε = b_1T_2κ^2, where we remind the reader that T_2 ∼ O(κ^{−2/3}). Since the Z_2 projection implies Γ_{11}η = η and also the non-vanishing components of the Kähler form are J_a¯_b = −J¯_{ba} = −ig_a¯_b with a = 1, 2, 3 being the holomorphic indices, we have^{12} P_a = − ε 2 ∂_aQ , P_ā = ε 2 ∂_āQ . (4.4) Now let us explore the consequences of this additional term to the gravitino variation.

4.1 Warp factor deformations

Before addressing general deformations of the initial Calabi-Yau manifold, we will start with the simpler metric ansatz:

ds^2 = e^{b(xm,x11)}η_{μν} dx^μdx^ν + e^{f (xm,x11)}g_{ln}(x^m)dx^ldx^n + e^{k(xm,x11)}(dx^{11})^2 , (4.5)

12Actually, the positive chirality projection condition Γ_{11}η = η is modified by the warp factor in front of (dx^{11})^2 in the full geometry. However, that warp factor is of O(κ^{2/3}) and higher whereas our computation is reliable to O(κ^{4/3}). So in P_m we can simply take Γ_{11}η = η.

where the deformation due to fluxes and R^4 terms is entirely encoded in three warp factors.

This is precisely the form of the non-linear background of [21] valid in the absence of R^4 corrections. Although in principle we should expand the exponentials and keep terms only up to second order in κ^{2/3}, we leave (4.5) for now as it is for easier comparison with the solution of [21]. Generically, the covariantly constant spinor of the full metric, η, is a deformation of the Calabi-Yau one, η_0, and we write

η = e^{−ψ(xm ,x11)}η_0. (4.6)

The Killing spinor equation δΨ_I = 0 implies relations between the functions b, f, k, ψ and the G-flux components, which are conveniently written in terms of the following quantities^{13}: α = G_{lmnp}J^{lm}J^{np} , β_l = G_{lmn11}J^{mn} , Θ_{lm} = G_{lmnp}J^{np} . (4.7) It is straightforward to find out how the additional P_m term in (4.3) modifies the supersymmetry conditions derived in [21]. The result for the warp factors is:

8∂_aψ = −2∂_ab = ∂_ak = i √ 2 3 e^{−k/2−f} β_a = ∂_af + 2ε∂_aQ , 4∂_{11}ψ = −∂_{11}b = ∂_{11}f = − √ 2 24 e^{k/2−2f} α . (4.8) The G-flux conditions remain the same as before:

Θ^{b̄}_ā = 0 , b̄ ≠ ā ; Θ^ā_ā = Θ^{b̄}¯_b ∀ a, b ; G^{c̄}_ā¯_{b11} = 0 , c̄ ≠ ā, b̄ . (4.9)

Equations (4.9) imply that Θ_{lm} is completely determined by α and hence there are only two flux parameters: α and β_l. This is due to the special metric ansatz (4.5) in which the deformation of the Calabi-Yau three-fold is conformally Calabi-Yau. For a generic deformation, resulting in a non-Kähler manifold, all three kinds of flux components will be independent.

13We note in passing that this parametrization of the four-form flux, first introduced in [1], is very reminiscent of the recent G-structure approach to classification of supergravity solutions in various dimensions [37, 38]. More precisely, looking at the decomposition of G as G = −^Q_3 J ∧ J + J ∧ A + v ∧ (J ∧ W + U ) in (3.10) of [39], one can identify up to numerical coefficients α with Q, β_l with the 1-form W and Θ_{lm} with the 2-form A −^2_3 QJ + 2v ∧ W (see eq. (3.12) of [39]). On the other hand, the 3-form U is given by the components G_{lmn11} such that G_{lmn11}J^{mn} = 0. The remaining terms in (3.10) of [39] vanish due to (3.13) there, which is a consequence of supersymmetry.

As is well-known, solving the supersymmetry conditions alone is not enough to ensure that the equations of motion will be satisfied unless the backgrounds of interest are maximally supersymmetric. Therefore, in our case we have to consider also the Bianchi identity and field equation of the four-form G (the Einstein equation is guaranteed to follow from these and supersymmetry [38]). From (2.2) and (2.6), the G field equation is: d ∗ G = 1 2 G ∧ G + 1152 (2π)^4 εX_8 , (4.10)

where ε is the same O(κ^{4/3}) constant as in (4.4) and X_8 is the eight-form made up of four Riemann tensors that multiplies C_{(3)} in S_1 (see (2.6)). We are looking for solutions that preserve the Poincare invariance of the four-dimensional external space and so only components of G along the seven internal directions can be non-vanishing. Therefore the eight-form G ∧ G = 0 in the backgrounds of interest. Also, to O(κ^{4/3}) X_8 consists of the curvatures for the direct product M_4 × CY (3) × S^1/Z_2. Writing this space as R^{1,2} ×Y , where Y = R×CY (3)×S^1/Z_2, we see that X_8(R^{1,2} ×Y ) = X_8(Y ) due to R^{1,2} being flat. Now, recall that up to a numerical coefficient X_8 equals p_2 −^1_4 p^2_1, where p_i is the i-th Pontryagin class.^{14} In addition, on an eight-manifold admitting a nowhere vanishing spinor the combination p_2 −^1_4 p^2_1 is proportional to the Euler class [40]. And since Y is a direct product of a six-manifold and two flat dimensions, the Euler class vanishes identically. Recapitulating, in our case X_8 = 0 too.^{15}

So we are left with the same field equation D^I G_{IJKL} = 0 and Bianchi identity, considered in [1]. Although that work studied the linearized approximation (i.e. O(κ^{2/3})), the part of its analysis that we need is still valid. More precisely, the G field equation and Bianchi identity imply that the fluxes α and β_a are constrained by

D_{11}β_a = i 4 ∂_aα, D^mβ_m = 0. (4.11)

It is worth emphasizing that the above flux relations are exact to all orders in κ as long as the eleven-dimensional action contains no higher derivative terms. However, when taking into account the R^4 term and its superpartner C ∧ X_8, they will be modified beyond O(κ^{4/3}). Note also that, for the warp factor deformation of the metric considered in this section, we have D_{11}β = ∂_{11}β in (4.11).

14Strictly speaking, topological invariants are mathematically well-defined only for compact manifolds. But since for our purposes we are only interested in their differential form representation, we can disregard that technicality.

15This conclusion will most certainly change at higher (than κ^{4/3}) orders when the X_8 term starts feeling the warped background.

Let us now turn to the analysis of the supersymmetry conditions. As in [21], we can extract from (4.8) that ψ = −b/4. However, the relation f(x^m, x^{11}) = k(x^m, x^{11}) + F (x^{11}) of [21] (see eq. (2.18) there) can not be true in the presence of the R^4 correction. Instead, we have k(x^m, x^{11}) = −2b(x^m, x^{11}) , (4.12) where we have set to zero the undetermined function of x^{11} by a reparametrization of the eleventh coordinate. At this stage one is left with two warp factors f and b. As observed in [21], the equations for them in (4.8) are generically incompatible. The compatibility conditions arise from ∂_a∂_{11}f = ∂_{11}∂_af = 0 and a similar equation for b:

∂_{11} ( e^{b−f} β_a ) = ∂_a ( e^{−b−2f} α ) = 0 . (4.13)

Without the higher derivative correction (i.e. dropping the Q term in (4.8)), nontrivial solutions exist only for α = 0, β_a ≠ 0 or for α ≠ 0, β_a = 0. This can be seen as follows. From

∂_aα = α∂_a(b + 2f) = i √ 2 2 e^{b−f} β_aα ∂_{11}β_a = −β_a∂_{11}(b − f) = √ 2 12 e^{−b−2f} β_aα , (4.14) and ∂_{11}β_a =^i_4 ∂_aα, we find i √ 2 8 β_aα ( e^{b−f} + 2 3 e^{−b−2f} ) = 0 . (4.15)

The conclusion is that either α or β_a has to vanish in order to have a warp-deformed supersymmetric solution. Notice the essential role in the above argument of the flux constraint (4.11), which is a consequence of the field equations (the latter were not considered in [21]).

Let us now reinstate the correction to the integrability conditions (4.13) due to the higher derivative terms (which also means that we have to truncate to order κ^{4/3}):

∂_{11}β_a + √ 2 12 αβ_a = 0 ∂_aα + α( i √ 2 2 β_a − 4ε∂_aQ) = 0 . (4.16)

Notice that in (4.16) the term induced by the R^4-modified supersymmetry gravitino variation is, in fact, of higher order than the accuracy that we are working at, since αε ∼ κ^{(2+4)/3}.

We proceed to investigate in turn what happens with the backgrounds found by [21], corresponding to either α = 0 or β_a = 0, in the presence of the R^4 terms.

Taking α = 0, β_a ≠ 0 we see that all x^{11}-dependence disappears and one can write

8ψ(x^m) = −2b(x^m) = k(x^m) (4.17)

as in [21]. However, the answer for f is different now. Namely, ∂_{11}f = 0 = ∂_{11}b and ∂_af = −2∂_ab − 2ε∂_aQ imply that

f = −2b − 2εQ . (4.18)

Using (4.17), (4.18) and equation −2∂_ab = i^{√2}_3 e^{k/2−f} β_a in (4.8), one finds the same relation between warp factor and flux as in [21] thus recovering the weakly coupled heterotic string result.^{16} The novelty, due to the R^4 correction, comes when one considers the volume of the Calabi-Yau manifold: V_{CY} = ∫ e^{3f} √ gd^6x . (4.19)

Using (4.18), we obtain V_{CY} = ∫ d^6x √ g e^{−6b}(1 − 6εQ + ...) = V^0_{CY} − 6εχ + ... , (4.20) where we have kept only terms up to first order in ε ∼ O(κ^{4/3}). For the same reason the term with the Calabi-Yau Euler number χ in (4.20) is not multiplied by e^{−6b} (recall that b ∼ O(κ^{2/3}) and higher).

Equation (4.20) shows explicitly that the R^4 correction to the effective action induces a shift of the Calabi-Yau volume as argued in [23] based on a field redefinition of the dilaton. It was hoped in [22] that the same phenomenon might resolved the curvature singularity which appears in their non-linear background at a point along the interval direction at which the warp factor vanishes. We will see below that things are not that straightforward with regard to the proposed singularity resolution mechanism and also that there are other implications. In particular, it will turn out that solutions exist with both α ≠ 0 and β_a ≠ 0.

Let us now consider the case α ≠ 0, β_a = 0, which is exactly the kind of flux that the strongly coupled non-linear background of [21] has. Clearly, we can make the identification 4ψ(x^{11}) = −b(x^{11}) , (4.21)

16In doing this one has to remember that we are working with accuracy to order κ^{4/3} and so should discard higher orders in −2∂_ab = i^{√2}_3 e^{k/2−f} β_a, in particular e^{2εQ}β_a ≈ β_a.

as in [21]. However, since ∂_ak = 0 whereas ∂_af ≠ 0 the relation f = k that the background considered in [21] satisfies can not be true once the higher derivative correction is taken into account. We should note though, that for the present case, i.e. β_a = 0, equations (4.8) do not imply anything about the relationship between b(x^{11}) and k(x^{11}). Actually, they leave k(x^{11}) completely arbitrary and so by a suitable redefinition of x^{11} one can set k(x^{11}) = −b(x^{11}) as in [21]. On the other hand, we find it most natural to redefine x^{11} such that e^{k(x11)} = 1. Clearly, this freedom has no bearing on the physics of the solution. Specializing the relevant equations in (4.8) to the present case, we find

f(x^m, x^{11}) = −2εQ(x^m) − b(x^{11}) . (4.22)

Hence expanding to order κ^{4/3} the equation that determines the x^{11} dependence of f,

∂_{11}f = − √ 2 24 e^{k/2−2f} α , (4.23)

we end up with

e^{2f (xm,x11)} = 1 − √ 2 12 ∫_x11 0 dz α(z) − 4εQ(x^m) + O(κ^{6/3}) . (4.24)

The above solution is consistent since when β_a = 0 the constraints (4.11) imply ∂_aα = 0. Taking the flux sources to be localized at the two ends of the interval, the Bianchi identity is solved by G_{(4)} = Θ(x^{11})S_{(4)}(x^m), where S_{(4)}(x^m) is a closed four-form. The corresponding value of the α flux is:

α = Θ(x^{11})S_{mnpq} J^{mn}J^{pq} = 4Θ(x^{11})S_a¯_{bc}¯_dJ^{ab̄}J^{cd̄} ≡ 4 √ 2 Θ(x^{11})S . (4.25)

So we find for the volume of the Calabi-Yau:

V_{CY} (x^{11}) = ∫ d^6x √ ge^{3f} = V^0_{CY} ( 1 − x^{11}Θ(x^{11})S + 1 6 (x^{11}Θ(x^{11})S)^2 ) − 6εχ . (4.26)

We see again the expected constant shift proportional to the Euler number.

Finally, let us note that we can construct to the same level of accuracy solutions which have both α ≠ 0 and β_a ≠ 0, for example by taking β = β(x^m) ∼ κ^{4/3} meaning also that α = α(x^{11}). In particular, for

β_a = iCε∂_aQ , (4.27) where C is an arbitrary real number, one can solve both the supersymmetry conditions (4.8) and the flux constraints (4.11). Indeed, writing f(x^a, x^{11}) = f_1(x^a) + f_2(x^{11}) and b(x^a, x^{11}) = b_1(x^a) + b_2(x^{11}), one finds b_1 = −2f_1, b_2 = −f_2 and:

f_1(x^a) = ( − √ 2C 3 − 2 ) εQ , e^{f2(x11 )} = e^{f2(0)} − √ 2 24 ∫_x11 0 dz α(z) , (4.28)

where we have used the relation k(x^a, x^{11}) = −2b(x^a, x^{11}), (4.12), that has to be satisfied when both α ≠ 0 and β_a ≠ 0.

4.2 General case

Let us turn now to the metric ansatz

ds^2 = e^{b(xm,x11)}η_{μν} dx^μdx^ν + [g_{ln}(x^m) + h_{ln}(x^m, x^{11})]dx^ldx^n + e^{k(xm,x11)}(dx^{11})^2 = ĝ_{M N} dx^M dx^N , (4.29)

which allows more general flux. Since generically the deformation h_{mn}(x^m, x^{11}) does not preserve the Kähler property of the Calabi-Yau metric g_{mn}(x^m), we can not describe the G-flux in terms of the same quantities as in (4.7). A convenient new parametrization is given by

G = ĝ^{ab̄}ĝ^{cd̄}G_a¯_{bc}¯_d , G_m = ĝ^{bc̄}G_{mbc̄11} , G_{mn} = ĝ^{cd̄}G_{mnc}¯_d . (4.30)

Splitting the vielbein of the internal six-dimensional space as ê^l_n(x^m, x^{11}) = e^l_n(x^m)+ f^l_n(x^m, x^{11}), where e^l_n(x^m) is the vielbein for g_{ln}, one finds for the spin-connection [21]:

Ω_{lmn}(ê) = Ω_{lmn}(e) + Ω^{(d)}_{lmn}(e, f) , Ω_{11l11}(ê) = − 1 2 ê_l^lê_{11,11}∂_lk ,

Ω_{lm11}(ê) = 1 2 ê_{11}^{11}(∂_{11}f_{ml} + ê_m^mê^l_l∂_{11}f_{lm}) , Ω_{11lm}(ê) = ê_{[l}^l∂_{|11|}f_{m]l} ,

Ω_{μνl}(ê) = 1 2 ê_l^mê_{νμ}∂_mb , Ω_{μν11}(ê) = 1 2 ê_{νμ}ê_{11}^{11}∂_{11}b . (4.31)

In the above formulae Ω_{lmn}(e) is the spin-connection of the initial CY (3) whereas f^l_m and Ω^{(d)}_{lmn}(e) measure the deviation from it.

It is easy to compute the contribution of the R^4 induced term in the gravitino variation to the supersymmetry conditions (7.93)-(7.103) of [21]. We write down only the single equation that changes:

Ω^{(d)}_{ab}^b − Ω^{(d)}_{ab̄}^{b̄} = 2 √ 2 3 e^{−k/2}G_a + 2ε∂_aQ . (4.32)

As explained in [21], one can find the x^{11} dependence of the Calabi-Yau volume by using ∂_M √ ĝ = √ ĝ Γ^N_{N M} (ĝ). Relating Γ^N_{N 11} to Ω^N_{N 11} via the vielbein postulate one finds: ∂_{11} √ ĝ_{CY} = √ ĝ_{CY} Ω^m_{m11}(ê) . (4.33)

Since the higher derivative correction appears only in the equation for Ω^{(d)}_{lmn} but not those for Ω^m_{n11} (or any of the warp factors b, k, ψ), we conclude from (4.33) that this correction does not affect the x^{11} dependence of V_{CY} . This is consistent with the constant shift of the Calabi-Yau volume that it was inducing for the special flux of the previous subsection. Unfortunately though, in the present general case one can not be more explicit than this.^{17}

The search for deformed backgrounds allowing generic flux may be significantly facilitated by the G-structures approach. So far we have not been able to find new solutions, but in Appendix B we present some preliminary considerations based on the results of [39]. More precisely, we derive generalized Hitchin flow equations for non-Kähler six-manifolds fibered over an interval.^{18}

As a last remark in the current section, we note that the change in Ω^{(d)}, implied by equation (4.32), means that the R^4 correction has an impact on the holonomy group H of the deformed (generically non-Kähler) six-dimensional manifold since H is generated by parallel transport, determined by the full spin-connection Ω(ê) = Ω(e) + Ω^{(d)}(e, f), around all closed curves in the manifold.

5 Scalar potential

Let us now combine ingredients from previous sections to address the role of the R^4 correction in shaping the scalar potential of the four-dimensional effective theory. More precisely, we will be interested in the fate of the de Sitter vacua of [5].

It may seem that such questions are out of reach if one uses only a finite number of terms in a perturbative expansion, as we have done. However, recall that the minima

17Similarly to ∂_{11} √ ĝ_{CY} , one can consider ∂_a √ ĝ_{CY} but the expression for it contains Ω^{(d)}_{ab}^b + Ω^{(d)}_{ab̄}^{b̄} instead of Ω^{(d)}_{ab}^b − Ω^{(d)}_{ab̄}^{b̄} as in (4.32) and so no definite statement can be made about the role of the ε∂_aQ term.

18These considerations assume that the internal manifold of the heterotic string compactification has SU (3) structure. However, in the presence of higher derivative corrections to the effective action the internal manifold might even be noncomplex (see the discussion in Section 4 of [18]). This case would be very difficult to analyze and we have nothing to say about it at present.

of [5] occur for ϵ =^{2πL}_{3V 2/3v} (^κ_{4π} )^23 ∼ O(1) and even ϵ < 1, which is just at the border of validity of the perturbative expansion. In addition, since higher derivative terms in Mtheory like R^4, the higher order D^4R^4 [41]^{19} etc. change the supersymmetry conditions and field equations (in particular, the constraints (4.11)), it is not a priori clear whether the better approximation is to extend to all orders a solution that neglects them, as in [21], or to keep only terms up to the appropriate order of accuracy (for us O(κ^{4/3})). The latter option merits an investigation on its own, which we now turn to.

The scalar potential in N = 1 d = 4 supergravity is given by U = e^K ( K^{AB̄} D_AW D¯_B W − 3|W |^2 ) + U_D , (5.1)

where K is the Kähler potential, W - the superpotential, K^{AB̄} - the inverse moduli space metric i.e. the inverse of K_A¯_B ≡ ∂_A∂¯_BK, the derivative D_AW ≡ ∂_AW + K_AW and U_D are D-terms for the charged matter fields C^p that originate from the gauge multiplets localized on the boundaries of the eleven-dimensional space-time. In principle, the indices A, B in (5.1) range over all scalar fields in the effective action. However, as in [5] we do not address here the stabilization of the Calabi-Yau complex structure moduli and the vector bundle moduli.^{20} Presumably this can be achieved similarly to the weakly coupled case and the novelty is in the stabilization of the orbifold length. Again as in [5], we take h^{1,1} = 1. One can show that in the present case too the matter fields C^p can be stabilized at a nonzero but strongly suppressed value and so they can be safely neglected for the purposes of minimization of the scalar potential U w.r.t. to the remaining fields, which we do from now on.

The R^4 corrections in the effective action change the Kähler potential, but not the superpotential.^{21} Recall that one expects higher derivative terms to not modify the superpotential for reasons similar to the original argument of [43] about α^′ corrections in string theory. Namely, the Peccei-Quinn symmetries of the low energy theory (the shift symmetries of the axions σ_S and σ_T in (2.9)), that are inherited from the threeform gauge transformation C → C + dω with ω being a 2-form, are broken only by non-perturbative effects, like M2-brane instantons wrapping topologically non-trivial

19The notation D^4R^4 is symbolic; the index contractions are different from those in R^4 or X_8. 20The latter have been shown to be significantly suppressed [42].

21Indeed, in our derivation of the Kähler potential in Appendix A we have only neglected terms with more than two derivatives but not terms that would contribute to the superpotential. That such do not arise from the R^4 term is clear from the fact that each curvature component in (A.3) contains two derivatives.

3-cycles [44]. Whereas, if higher derivative terms contributed S, T dependence to the superpotential, that would break perturbatively the axionic shift symmetries.

From (3.4) we see that the change in the Kähler potential, due to the R^4 corrections, induces the following change in the scalar potential to O(κ^{4/3}):

δU = b_2κ^{4/3}χ ( − 1 6(S + S̄)

U_0 + 1 6 e^{K0} (W D^0_S W + W D^0_S W ) +

(S + S̄) 3 e^{K0} D^0_S W D^0_S W ) , (5.2) where K_0 = − ln(S+S̄)−3 ln(T +T̄ ), D^0_S = ∂_S +K_{0,S} and U_0(K, W ) = U(K_0, W ). Note that, although the Kähler potential for the superfield T does not change, the potential for it does, as the superpotential is a function of both S and T : W = W (S, T ). The non-perturbative part of the superpotential W_{non−pert} is given by the sum of two contributions: from open membrane instantons, W_{OM} , and from gaugino condensation, W_{GC} . Without the charged matter sector, the perturbative contribution to the superpotential vanishes and one is left with [45, 16]: W = W_{OM} + W_{GC} = he^{−T} + ge^{−(S−γT )/CH} , (5.3) where g = −C_H (2M_{GU T} l_{11})^3 with C_H being the dual Coxeter number of the hidden gauge group. The open membrane instanton Pfaffian h is bounded by |h| ≤ (2M_{GU T} l_{11})^3. Finally, the slope γ is determined in terms of the the length of the interval L and the flux on the visible boundary S via γ = LS. For convenience and easier comparison with [5], from now on we introduce the notation:

S = V + iσ_S , T = V_{OM} + iσ_T , (5.4)

where V = V(L) is the average volume of the Calabi-Yau and V_{OM} = V_{OM} (L) is the volume of the open membrane instanton: V(L) = 1 L ∫_L 0 dx^{11}e^{k/2}V_{CY} (x^{11}) , V_{OM} (L) = LV^{1/3}(L) . (5.5)

We differ from [5] in our averaging over the orbifold direction; by introducing the measure dx^{11}e^{k/2}, and defining the orbifold length with respect to the same measure L = ∫_L 0 dx^{11}e^{k/2}, we ensure that the average volume is independent of redefinitions of the x^{11} coordinate (or equivalently, V(L) is the same irrespective of the freedom we noted in Subsection 4.1 in choosing the value of the warp factor e^{k(x11)}). We should also recall that, whereas [5] employed a “fully” non-linear background derived by ignoring all higher derivative corrections to the eleven-dimensional supergravity action, we must perform an expansion in κ. It follows from the previously derived Calabi-Yau volume dependence on x^{11} (4.26) that, to the order of accuracy we are working to, the average volume of the Calabi-Yau is: V = V_v [( 1 − 1 2 LS + 1 18 L^2S^2 ) − 6εχ ] . (5.6)

where we denoted, as before, ε = b_1T_2κ^2.

For the zeroth order (direct product CY (3) × S^1/Z_2) metric, (5.4) reduces to S = e^{6a} +iσ_S and T = e^{c+2a} +iσ_T . But the warping of the strongly coupled background introduces L-dependence of the Calabi-Yau volume V. As in [5], we take for the modulus V_v (the volume of the Calabi-Yau at the visible boundary) a value dictated by phenomenology and study the resulting minima for L.^{22} The existence of a minimum for the orbifold length L is guaranteed, as observed in [5], by the two opposing nonperturbative effects: the runaway behavior of the scalar potential, due to open membrane instantons, is being offset by the contribution coming from gaugino condensation on the hidden boundary.

The scalar potential, including the R^4 induced correction (5.2), is given by U = 1 2^4V^3_{OM} V ( 1 C^2_H

|W_{GC} |^2(4V^2 + b_2χV 3 ) + | | | | γ C_H W_{GC} − W_{OM} | | | | 2 ( 4V^2_{OM} 3 − b_2χV^2_{OM} 9V ) + |W_{OM} + W_{GC} |^2(1 − b_2χ 12V ) − 1 C_H (W_{GC} (W_{GC} + W_{OM} ) + c.c.)(−2V) + (( γ C_H W_{GC} − W_{OM} )(W_{OM} + W_{GC} ) + c.c.)(−2V_{OM} + b_2χV_{OM} 6V ) ) . (5.7)

All volumes and lengths are defined to be dimensionless by appropriately factorizing the eleven-dimensional Planck scale, l_{11}. For the same reason, we dropped the κ^{4/3} factor from δU. The scalar potential (5.7) can be written explicitly in terms of the

22The stabilization of V_v could presumably be achieved by compactification on a 6d non-Kähler manifold [20, 5].

moduli as U = 1 2^4 [ g^2e^{−2(V−γVOM )/CH} ( 4V^2 C^2_H + 4γ^2V^2_{OM} 3C^2_H + 4V C_H − 4γV_{OM} C_H + b_2χV 3 − b_2χγ^2V^2_{OM} 9C^2_H V )

+ |h|^2e^{−2VOM} ( 4V^2_{OM} 3 + 4V_{OM} − b_2χV^2_{OM} 9V )

− 2ge^{−VOM −(V−γVOM )/CH} ( Re(h) cos( σ_S C_H − ( γ C_H + 1)σ_T )

+ Im(h) sin( σ_S C_H − ( γ C_H + 1)σ_T ) )( 4γV^2_{OM} 3C_H − 2V C_H + 2γV_{OM} C_H − b_2χγV^2_{OM} 9C_H V )] 1 V^3_{OM} V , (5.8)

where we have kept only the leading and next-to-leading order terms in an expansion in powers of 1/V, 1/V_{OM} .^{23} This truncation is justified since near the minimum one must have V >> 1 and V_{OM} >> 1 for the validity of the supergravity approximation to M-theory. Due to the same condition (namely, V_{OM} >> 1), the contributions of multiply wrapped membranes, which are not well-understood, can be neglected.

From (5.8) one can see that the R^4 corrections appear at the next-to-leading order in 1/V, 1/V_{OM} compared to the leading terms (the first line in (5.7) with b_2χ = 0) that were kept in [5]. Hence, non-surprisingly their effect is only a few percentage as we will see below.^{24} The main reason for the differences we find is in the expansion of the background to order κ^{4/3}.

Extremizing with respect to the axionic scalars σ_{S,T} yields the same condition as in [5] tan( σ_S C_H − ( γ C_H + 1)σ_T ) = Im h Re h . (5.9)

Substituting the latter in (5.8), to leading order in the expansion in powers of 1/V and 1/V_{OM} , the scalar potential is a sum of squares: U= 1 2^4VV^3_{OM} [ 4V^2_{OM} 3 ( γ C_H ge^{−(V−γVOM )/CH} − (±)|h|e^{−VOM} )_2 + 4V^2 C^2_H g^2e^{−2(V−γVOM )/CH} ] +... . (5.10)

23It is perhaps worth noting that (5.7) contains all contributions in 1/V, 1/V_{OM} of the original potential, i.e. with χ = 0.

24One might have thought that, similarly to the string case [11], the R^4 corrections would be dominant if the complex structure moduli were assumed to be stabilized at a supersymmetric minimum by a classical superpotential, for example from compactifying on a 6d non-Kähler manifold. This does not happen however, due to the fact that the no-scale structure of the Kähler potential for the T - modulus is preserved in our case.

Figure 1: The average volume of the Calabi-Yau V as a function of the orbifold length L: the solid line represents the R^4-corrected volume for χ < 0, while the dotted line corresponds to χ = 0. Also on the right are depicted the volumes V, V_{OM} as a function of the orbifold length in the vicinity of the extremum.

This positivity of the vacuum energy led the authors of [5] to the conclusion that meta-stable^{25} de Sitter vacua exist in heterotic M-theory. The two sign choices in (5.10) follow from solving for the axionic scalars from the extremum condition (5.9).

Keeping the sub-leading terms of the expansion in 1/V, 1/V_{OM} as well as the R^4 induced corrections, we proceed next to extremize the scalar potential with respect to the orbifold length. The equation ∂U/∂L = 0 can not be solved analytically. We have studied its solutions numerically for the same values of the various parameters as in [5]: |h| = 10^{−8}, V_v = 800, C_H = 8 corresponding to a hidden gauge group SO(10), S = (^6_{10Vv} )^{1/3}. The R^4 induced correction is proportional to the Euler number of the Calabi-Yau manifold.

Figure 1 depicts the average Calabi-Yau volume V as a function of the orbifold length L for the κ^{4/3} expansion of the “exact” background of [21, 5]. The solid line corresponds to a negative Euler number, whereas the dotted one - to χ = 0 meaning also no R^4 correction. As it is transparent from the second plot of Figure 1, both volumes V, V_{OM} are sufficiently large near the minimum to justify the use of supergravity as an

25Clearly, the global minimum is given by U = 0 and is obtained in the decompactification limit V → ∞, V_{OM} → ∞.

effective action. At the same time, the condition V >> V_{OM} is satisfied to a reasonable degree, which justifies the use of the perturbative expansion in κ^{2/3}.

We would also like to comment on the positivity of the volume of the Calabi-Yau: from the analysis of [21], it might be construed that the volume is positive for all values of x^{11} as a consequence of using the “fully” non-linear background. With the choice of the warp factor k(x^{11}) = f(x^{11}), possible in the absence of the higher derivative corrections as discussed extensively in Section 4.1, the authors of [21] have found that the volume of the Calabi-Yau is equal to V^0_{CY} = √ e^{6f} = [ (1−x^{11}Θ(x^{11})S)^{2/3}

]_3 . Hence, V^0_{CY} = (1 − x^{11}Θ(x^{11})S)^2, and using this expression of the volume, the authors of [21] solved for the warp factors in terms of roots of a quantity that is manifestly positive, V^0_{CY} . We believe this to be misleading since the warp factors were derived first, using the Killing spinor equations: e^{3/2f} = 1 − x^{11}Θ(x^{11})S according to eq (5.47) in [21]. This implies that x^{11} cannot be defined in this coordinate system beyond x^{11}_{max} = 1/S, otherwise the warp factors will become negative. Moreover, the positivity of the volume of the CY for all values of x^{11} is a coordinate dependent statement: with k = 0, for instance, one finds V^0_{CY} = (1 − x^{11}Θ(x^{11})S)^{3/2}, which carries the same implications, namely x^{11} ≤ 1/S. On the other hand, the average volume of the Calabi-Yau (5.5), which depends only on the orbifold length L, is coordinate independent, i.e. it is the same function V(L) irrespective of the choice of the warp factor k(x^{11}).

In Figure 2, we plotted the scalar potential near its minimum as a function of the orbifold length, for both signs arising from the extremization with respect to the axionic scalars. For each choice of sign we plotted both the truncated O(κ^{4/3}) background scalar potential, and the R^4 corrected potential, assuming a negative Euler number. From Figure 2 we see that still there is a de Sitter minimum, although the value of the scalar potential at the minimum is much smaller than the one reported in [5], which was of order 10^{−58} for the same set of parameters. Leaving aside the difference in defining the average volume, this is due solely to the effect of truncating the exact background to order κ^{4/3}, i.e. performing an expansion in the background flux up to second order and ignoring terms of order O(S^3) and higher. Another consequence of this truncation is that the minimum is shifted towards bigger values of the orbifold length L. Finally, Figure 3 shows the dependence of the scalar potential on the Euler number. Clearly, the correction to the volume and that to the scalar potential have opposite signs: for negative Euler numbers, the average volume is increasing, whereas the value of the scalar potential at the minimum shifts towards zero.

Figure 2: The scalar potential, after the axionic scalar extremization with the two possible signs - (Um×10^{−91}) and + (Up×10^{−91}), for b_2χ = −100, as a function of the orbifold length L: the solid line represents the R^4 corrected potential and the dotted line corresponds to χ = 0.

Figure 3: The scalar potential, after the axionic scalar extremization with the two possible signs − (Um×10^{−91}) and + (Up×10^{−91}), at a fixed value of the orbifold length L = 10.82 near the minimum, as a function of B = b_2χ.

6 Summary and outlook

In the present paper we have studied various implications of the eleven-dimensional R^4 term for heterotic M-theory. Working to order κ^{4/3}, we derived the change in the Kähler potential of the universal moduli and the ensuing corrections to the four-dimensional soft supersymmetry breaking terms. In particular, we observed that the induced R^4 corrections do not spoil the universality of the soft terms.

Next, we performed a detailed analysis of warp-factor geometric deformations of the background metric in the presence of the R^4 term, and commented on the generic-type deformations. We used the Killing spinor equations to extract the modified differential equations obeyed by the warp factors. We have presented a few explicit solutions, depending on the nature of the background fluxes. This has enabled us to find the correction to the volume of the Calabi-Yau three-fold, which turned out to be proportional to the Calabi-Yau Euler number. Our careful averaging over the x^{11} direction also showed that the positive definitness of the Calabi-Yau volume in the solution of [21] is a coordinate dependent statement. Thus, although we have found the expected shift of the volume of the Calabi-Yau manifold, it is unlikely that this can serve as a singularity resolution mechanism as suggested in [22]. As shown in Subsection 4.1, when neglecting higher derivative corrections and considering the warp-factor metric deformations to all orders in κ, one cannot turn on simultaneously the two flux components: the boundary flux β_a, which does not introduce any x^{11} dependence in the solution, and the flux α which induces an x^{11} fibration of the Calabi-Yau. However, taking into account higher derivative terms like R^4, D^4R^4 etc. induces changes beyond the order κ^{4/3} to the supersymmetry variations and field equations. And so in principle this opens up the possibility to find solutions to higher orders which have both α ≠ 0 and β_a ≠ 0. This would be of great interest, since both components are important: the α-flux for stabilization of the orbifold length, while the β_a flux for generating a superpotential that would allow the stabilization of the complex structure moduli of the Calabi-Yau. At the same time, it is likely that having turned on both α, β_a fluxes one has to abandon the warp-factor deformations, and consider generic non-Kähler deformations of the Calabi-Yau background.

The understanding of compactifications on six-dimensional non-Kähler manifolds is necessary for the stabilization of the complex structure moduli. Therefore, one natural direction for future research would be finding explicit non-Kähler backgrounds for the weakly coupled heterotic E_8 × E_8 string with methods similar to those of [20] for the SO(32) case. Another direction would be to study their strong coupling limit by trying to solve the generalized Hitchin flow equations we derived in Appendix B together with the appropriate G-field equation and Bianchi identity.

We have also studied the effective scalar potential in the context of an expansion of the background to order κ^{4/3}. Since the no scale structure of the Kähler potential for the T -modulus is not violated by the R^4 term, the main effect is not due to the higher derivative correction, as was the case in string theory [11], but rather to the expansion of the background. We have found that de Sitter vacua still exist, although with a much smaller cosmological constant. It is worth investigating whether even higher order corrections, like D^4R^4 compactified on the zeroth order background or R^4 compactified on the deformed background etc., would violate the no scale structure of the Kähler potential, thus leading to qualitative changes along the lines of [11].

It would also be interesting to see how far one can get in building the elevendimensional action of Horava-Witten theory at higher orders, with the approach of [15]. Lastly, one could also address the issue of how a truncation to order κ^{4/3} affects the assisted inflation solution of heterotic M-theory [6].

Acknowledgements

We would like to thank K. Dasgupta, P. de Medeiros, M. Haack, A. Krause and A. Tseytlin for useful conversations. This work was supported in part by DOE grant DE-FG02-95ER40899.

A Derivation of the Kähler potential

The Christoffel symbols for the metric

ds^2 = e^{−6a−c}ḡ_{μν} dx^μdx^ν + e^{2a}g̃_{mn}dx^mdx^n + e^{2c}(dx^{11})^2 (A.1) are Γ^μ_{n p} = −e^{8a+c}g̃_{np}∂^μa , Γ^m_{n ρ} = δ^m_n ∂_ρa , Γ^μ_{11 11} = −e^{6a+3c}∂^μc ,

Γ^{11}_{11 μ} = ∂_μc , Γ^ρ_{μν} = Γ̄^ρ_{μν} − δ^ρ_{(μ} ∂_{ν)}(6a + c) + 1 2 η_{μν} ∂^ρ(6a + c) . (A.2)

Note that also Γ^{11}_{11 11} ≠ 0, but it will not be needed.^{26}

The nonzero curvature components are R^μ_{mνn} = −e^{8a+c}g̃_{mn} [ 7∂_ν a∂^μa + ∂_ν ∂^μa + 1 2 (∂_ν c∂^μa + ∂_ν a∂^μc) − 1 2 δ^μ_ν ∂^ρa ∂_ρ(6a + c) ] , R^m_{μnν} = −δ^m_n [ 7∂_μa∂_ν a + ∂_μ∂_ν a + ∂_{(μ}a ∂_{ν)}c − 1 2 η_{μν} ∂_ρa∂^ρ(6a + c) ] , R^k_{mnp} = R̃^k_{mnp} − e^{8a+c} ∂_ρa∂^ρa [g̃_{pm}δ^k_n − g̃_{mn}δ^k_p ] , R^μ_{νρσ} = R̄^μ_{νρσ} + ... , R^{11}_{μ11ν} = −2∂_μc∂_ν c − ∂_μ∂_ν c − 6∂_{(μ}c ∂_{ν)}a + 1 2 η_{μν} ∂_ρc∂^ρ(6a + c) , R^μ_{11ν11} = e^{6a+3c} [−2∂_ν c∂^μc − ∂_ν ∂^μc − 3(∂_ν c∂^μa + ∂^μc∂_ν a) + 1 2 δ^μ_ν ∂^ρc∂_ρ(6a + c) ] , R^{11}_{m11n} = −e^{8a+c}g̃_{mn}∂^ρa∂_ρc , R^m_{11n11} = −e^{6a+3c}δ^m_n ∂^ρa∂_ρc . (A.3)

26All partial derivatives in (A.2) and below are w.r.t. the metric ḡ_{μν} , i.e. they do not include the warp factor: all dependence on the moduli a and c is written down explicitly.

The expression ... in R^μ_{νρσ} is somewhat messy, so let us write down only what we need, namely its contribution to the scalar curvature: R^μ_{νρσ} δ^ρ_μe^{6a+c}ḡ^{νσ} = e^{6a+c} [ R^{(4)} + 3(6∂_μ∂^μa + ∂_μ∂^μc) − 3 2 (6∂a + ∂c)^2 ] . (A.4)

Now let us see how the action S_0 + S_1 in (2.2), (2.6) reduces to an effective fourdimensional theory of gravity and the scalars a, c. Keeping only terms that are at most quadratic in derivatives and ignoring the flux contribution, we find from S_0:^{27} ∫ d^{11}x √ −gR^{(11)} = V ol_7 ∫ d^4x √ −ḡ [ R^{(4)} − 24(∂a)^2 − 3 2 (∂c)^2 − 6∂a∂c ] , (A.5)

where V ol_7 is the volume of the 6d space times the length of the interval; we have dropped the total derivative term □(6a + c). Upon the field redefinition ĉ = c + 2a one recovers the action of [4].

Now let us consider the contribution of S_1. First, let us look at the following part of the integrand in (2.11): √ −g 2^6(12Z − RS + 12R_{IJ} S^{IJ} ) . (A.6) We can evaluate its contribution to the kinetic terms of the four-dimensional scalars a and c, using that as in [10] Z = 24(2π)^3e^{6a+c}(∂a)^2Q (A.7) and computing the Ricci tensor and scalar curvature from (A.3), (A.4).^{28} We obtain (2π)^3 √ −ḡg̃ Q 2^6(−5 · 12^2(∂a)^2 + 18(∂c)^2 − 12R^{(4)}) . (A.8) To get to the last expression, we have partially integrated terms of the form Q□a, Q□c using that ∂_μQ = −6Q∂_μa.

Finally, let us turn to the remaining term in S_1, −^1_2 E_8. The only index contractions in E_8 which give terms at most quadratic in derivatives are:

E_8 = 1 3! 4 ( 3ϵ^{μ1 μ2μ3 μ4} ϵ_{μ1 μ2ν3 ν4} R_{μ3μ4}^{ν3ν4} + 4ϵ^{μ1 μ2μ3 μ}ϵ_{μ1μ2 μ3ν} R_{μ11}^{ν11} )

ϵ^{m1m2 ...m6} ϵ_{n1n2 ...n6} R_{m1 m2}^{n1 n2} R_{m3 m4}^{n3 n4} R_{m5m6}^{n5 n6} = (−2^4)(12 · 2^3π^3)Q 1 3! 4 ( 3 · 4R_{μν}^{μν} + 4 · 6R_{μ11}^{μ11} ) , (A.9)

27For the reduction of the CJS action to fourdimensions, terms like □a, □c can be dropped as they are simply total derivatives. But later on, when considering the R^4 correction, such terms will appear multiplied by nontrivial functions and so will have to be kept.

28The term R_{IJ} S^{IJ} contributes only when the indices I, J range over the 6d manifold, i.e. I, J = m, n.

where we have used that

ϵ^{m1m2 ...m6} ϵ_{n1n2 ...n6} R_{m1 m2}^{n1 n2} R_{m3 m4}^{n3 n4} R_{m5m6}^{n5 n6} =

−2^4 ( R_{m1m2}^{m3 m4} R_{m3 m4}^{m5 m6} R_{m5 m6}^{m1m2} − 2R_{m1}^{m3}_{m2}^{m4} R_{m3}^{m5}_{m4}^{m6} R_{m5}^{m1}_{m6}^{m2} )

= −2^4(12 · 2^3π^3)Q . (A.10)

From (A.3), (A.4) we see that

R_{μν}^{μν} + 2R_{μ11}^{μ11} = e^{6a+c} [ R^{(4)} − 54(∂a)^2 − 3 2 (∂c)^2 − 6∂a∂c + 18□a + □c ] (A.11)

and hence − 1 2 √ −gE_8 = 2^6(12 · (2π)^3) √ −gQ(R_{μν}^{μν} + 2R_{μ11}^{μ11}) =

= 2^6(12 · (2π)^3) √ −ḡg̃Q [ R^{(4)} + 54(∂a)^2 − 3 2 (∂c)^2 ] , (A.12)

where we have partially integrated the terms containing Q□a and Q□c.

Now assembling (A.5), (A.8) and (A.12) we find the action

S_0 + S_1 = − V l 2κ^2_{11} ∫ d^4x √ −ḡ { R^{(4)} − [ 24 −

6 b_2 κ^{4/3}χe^{−6a} V ] (∂a)^2 − 3 2 (∂c)^2 − 6∂a∂c } , (A.13)

where b_2 = 12 · 2^6 · (2π)^3b_1T_2 · (2κ^{2/3}_{11} ) (A.14)

and the factor of e^{−6a} is due to the fact that Q in (2.13) was defined w.r.t. the metric e^{2a}g̃_{mn} whereas the volume element we were now left with was just √ g̃. Note that b_2 is a constant independent of κ_{11} since T_2 = (2π)^{2/3}(2κ^2_{11})^{−1/3}. For convenience, from now on we normalize V ≡ ∫ d^6x √ g̃ = 1. Clearly we can diagonalize the kinetic terms with the same field redefinition as before, i.e. ĉ = c + 2a. The result is:

S_0 + S_1 = − l 2κ^2_{11} ∫ d^4x √ −ḡ { R^{(4)} − 6 [3 − b_2 κ^{4/3}χe^{−6a}] (∂a)^2 − 3 2 (∂ĉ)^2 } . (A.15)

Now we are ready to read off the new Kähler potential. Recall that the fields a and c make up the real parts of two chiral superfields [4] with bosonic components

S = e^{6a} + iσ_S , T = e^ĉ + iσ_T , (A.16) where the axionic scalars σ_S , σ_T originate from the eleven-dimensional three-form field C. For convenience we will use from now on S, T to denote the full superfields. The kinetic terms of the four-dimensional N = 1 effective action for these fields are of the standard form 2K_S¯_S dSdS̄ + 2K_T¯_T dT dT̄ . (A.17)

Since the (∂ĉ)^2 term in (A.15) does not receive any correction, the corresponding part of the Kähler potential is as before:

K_{(T )} = −3 ln(T + T̄ ) . (A.18)

On the other hand, the new kinetic term for a can be reproduced from the following Kähler potential: K_{(S)} = − ln(S + S̄) − b_2κ^{4/3}χ 6(S + S̄)

. (A.19)

We also record the derivatives of the zero-th order Kähler potential

K_0 = − ln[(T + T̄ )^3(S + S̄)] ≡ − ln(2^4V^3_{OM} V) (A.20)

which are needed in the evaluation of the scalar potential K_{0,S} = − 1 2V , K_{0,T} = − 3 2V_{OM} , K_{0,S}¯_S = 1 4V^2

, K_{0,T}¯_T = 3 4V^2_{OM}

, (A.21)

where we introduced the notation S + S̄ = 2V, T + T̄ = 2V_{OM} .

B Generalized Hitchin flow equations

Dall’Agata and Prezas studied the conditions for N = 1 compactifications of M-theory on seven-dimensional manifolds with SU(3) structure [39]. Recall that requiring G_2 holonomy is too restrictive, meaning that it leads to trivial warp factors and no fluxes [46]. On the other hand G_2 structure, considered in [47], carries less information than the SU(3) structure case.

Let us summarize the relevant results of [39]. The eleven-dimensional metric is of the form:

ds^2_{11} = e^{2Δ}η_{μν} dx^μdx^ν + ds^2_7 , (B.1) where Δ depends only on the coordinates of the internal 7d space. Since we are interested in an internal metric which is a warped product of an interval and a sixdimensional non-Kähler manifold whose three torsion classes W_3, W_4, W_5 are nonvanishing^{29}, we take for ds^2_7 the form given in Section 4.2 of [39]:

ds^2_7 = e^{pϕ(y,t)}ds^2_6(y, t) + e^{2ϕ(y,t)}dt^2 , (B.2)

where p is a real number and t parametrizes the interval I. The 4-form flux G has decomposition as in footnote 10 in terms of the 1-form v, 2-form J and three-form Ψ that define an SU(3) structure in d = 7. In fact, it will be more convenient to use the 7d Hodge dual with decomposition (see (3.11) of [39]):^{30}

∗_7G = Q 3 J ∧ v + v ∧ A − 3 2 J ∧ σ + S . (B.3)

The supersymmetry conditions can be rewritten as equations relating v, J, Ψ and the G-flux components Q, A, σ, S.^{31} Recall that the six-dimensional derivatives of the three SU(3)-structure defining forms determine the non-Kähler manifold whereas their ∂_t derivatives determine its fibration along the seventh dimension. Let us now write down these generalized Hitchin flow equations for arbitrary p (unlike the case p =^1_2 in eqs. (4.37), (4.38) of [39]) so that all of the torsion classes W_i, i = 3, 4, 5, are non-vanishing. Using

v = e^ϕdt , J = e^{pϕ}Ĵ , Ψ = e^{32 pϕ}Ψ̂ , (B.4)

where^denotes a six-dimensional quantity, and also (3.20), (3.21), (4.34) of [39] we find for the six-dimensional space: d̂Ĵ = −2e^{−pϕ}S − ( p − 1 2 ) d̂ϕ ∧ Ĵ d̂Ψ̂ = −3 2 (p − 1) d̂ϕ ∧ Ψ̂ (B.5)

29Recall that 6d non-Kähler manifolds are classified by five torsion classes W_i, i = 1, ..., 5 and that in heterotic string compactifications supersymmetry requires W_{1,2} = 0, whereas generically all three W_3, W_4, W_5 can be nonzero. For more details see [48].

30As recalled in footnote 10, conditions (3.13) of [39] imply that c^′_1 = 0, c^′_2 = 0, V = 0 in (3.11) there._{31}

The notation in this appendix is the same as in [39] and should not be confused with the notation in the rest of the present paper.

and for the dependence on the interval: ∂_tĴ = −pϕ̇Ĵ + 2 3 Qe^ϕĴ − 2e^{−(p−1)ϕ}A ∂_tΨ̂ = − 3 2 pϕ̇Ψ̂ + Qe^ϕΨ̂ . (B.6)

Clearly W_4 vanishes if p =^1_2 . And also one can easily see that substituting p =^1_2 in (B.5) and (B.6), gives exactly (4.37), (4.38) of [39]. From (B.5) we can read off the torsion classes of the 6d manifold:

W_3 = −2e^{−pϕ}S , W_4 = − ( p − 1 2 ) d̂ϕ , W_5 = −3 2 (p − 1)d̂ϕ . (B.7)

If this space is to be a solution of the weakly coupled heterotic string^{32}, then supersymmetry requires W_5 = −2W_4 (see [48]) and so fixes p =^5_7 .

However, the ansatz (B.2) is not the most general one. Compatibility of the structure of the solutions in [39] and [47] requires that ϕ̃ = −2Δ, where ϕ̃ is the warp factor in front of dt^2 and Δ is the one in front of the four-dimensional space η_{μν} dx^μdx^ν . Note that this is the same condition as (4.12). On the other hand, there is no reason why the warp factor in front of ds^2_6(y, t) would be related to any of the other two. So let us consider metric of the following form:

ds^2_{11} = e^{2Δ}η_{μν} dx^μdx^ν + e^{pϕ(y,t)}ds^2_6(y, t) + e^{−4Δ}dt^2 , (B.8)

where Δ and ϕ are unrelated to each other. It is easy to check that instead of (4.34) and (4.35) of [39] we have now σ = d̂Δ, Δ̇ = −^1_3 Qe^{−2Δ}, d̂Q = 2Qd̂Δ. Therefore using v = e^{−2Δ}dt, J = e^{pϕ}Ĵ, Ψ = e^{32 pϕ}Ψ̂ and (3.20), (3.21) of [39], we derive for the generalizations of (B.5) and (B.6): d̂Ĵ = −2e^{−pϕ}S − pd̂ϕ ∧ Ĵ − d̂Δ ∧ Ĵ d̂Ψ̂ = −3 2 pd̂ϕ ∧ Ψ̂ − 3d̂Δ ∧ Ψ̂ (B.9) and ∂_tĴ = −pϕ̇Ĵ + e^{−2Δ} ( 2 3 QĴ − 2e^{−pϕ}A )

∂_tΨ̂ = − 3 2 pϕ̇Ψ̂ + e^{−2Δ}QΨ̂ . (B.10)

32Strictly speaking, this is not necessary in order to have a solution of the eleven-dimensional theory. But backgrounds that have this property are most easily interpreted as eleven-dimensional lifts of ten-dimensional heterotic string solutions.

From (B.9) we read off the following torsion classes:

W_3 = −2e^{−pϕ}S , W_4 = −pd̂ϕ − d̂Δ , W_5 = − 3 2 pd̂ϕ − 3d̂Δ . (B.11)

If one wants the 6d non-Kähler manifold to be a solution of heterotic strings, i.e. to satisfy W_5 = −2W_4, then one must impose a linear relation between d̂Δ and d̂ϕ. Taking d̂Δ = kd̂ϕ for some constant k, we find that k = −^7_{10} p. It is easy to see that this is consistent with our previous considerations: for p =^5_7 we recover the relation d̂Δ = −^1_2d̂ϕ valid for the ansatz (B.2) [39].

References

[1] E. Witten, Strong Coupling Expansion Of Calabi-Yau Compactification, Nucl.

Phys. B471 (1996) 135, hep-th/9602070.

[2] T. Banks, M. Dine, Couplings and scales in strongly coupled heterotic string theory, Nucl. Phys. B479 (1996) 173, hep-th/9605136.

[3] P. Horava, E. Witten, Heterotic and Type I String Dynamics from Eleven Dimensions, Nucl. Phys. B460 (1996) 506, hep-th/9510209; Eleven-Dimensional Supergravity on a Manifold with Boundary, Nucl. Phys. B475 (1996) 94, hep-th/9603142.

[4] A. Lukas, B. Ovrut, D. Waldram, On the Four-Dimensional Effective Action of Strongly Coupled Heterotic String Theory, Nucl. Phys. B532 (1998) 43-82, hep-th/9710208.

[5] M. Becker, G. Curio, A. Krause, De Sitter Vacua from Heterotic M-Theory, Nucl.

Phys. B693 (2004) 223, hep-th/0403027.

[6] K. Becker, M. Becker, A. Krause, M-Theory Inflation from Multi M5-Brane Dynamics, Nucl. Phys. B715 (2005) 349, hep-th/0501130.

[7] S. Giddings, S. Kachru, J. Polchisnki, Hierarchies from Fluxes in String Compactifications, Phys. Rev. D66 (2002) 106006, hep-th/0105097.

[8] O. DeWolfe, A. Giryavets, S. Kachru, W. Taylor, Type IIA Moduli Stabilization, hep-th/0505160.

[9] S. Kachru, R. Kallosh, A. Linde, S. Trivedi, de Sitter Vacua in String Theory, Phys. Rev. D68 (2003) 046005, hep-th/0301240.

[10] K. Becker, M. Becker, M. Haack, J. Louis, Supersymmetry Breaking and α^′- Corrections to Flux Induced Potentials, JHEP 0206 (2002) 060, hep-th/0204254.

[11] V. Balasubramanian, P. Berglund, Stringy corrections to Kähler potentials, SUSY breaking, and the cosmological constant problem, JHEP 0411 (2004) 085, hep-th/0408054.

[12] M. Green, P. Vanhove, D-instantons, Strings and M-theory, Phys. Lett. B408 (1997) 122, hep-th/9704145.

[13] M. Duff, J. Liu, R. Minasian, Eleven Dimensional Origin of String/String Duality: A One Loop Test, Nucl. Phys. B452 (1995) 261, hep-th/9506126.

[14] M. Green, M. Gutperle, P. Vanhove, One Loop in Eleven Dimensions, Phys.

Lett. B409 (1997) 177, hep-th/9706175; M. Green, H. Kwon, P. Vanhove, Two Loops in Eleven Dimensions, Phys. Rev. D61 (2000) 104010, hep-th/9910055; L. Anguelova, P.A. Grassi, P. Vanhove, Covariant One-Loop Amplitudes in D=11, Nucl. Phys. B702 (2004) 269, hep-th/0408171.

[15] I. Moss, Boundary terms for eleven-dimensional supergravity and M-theory, Phys.

Lett. B577 (2003) 71, hep-th/0308159; Boundary terms for supergravity and heterotic M-Theory, hep-th/0403106.

[16] A. Lukas, B. Ovrut, D. Waldram, Gaugino Condensation in M-theory on S^1/Z_2, Phys. Rev. D57 (1998) 7529, hep-th/9711197.

[17] C. Hull, Superstring compactifications with torsion and space-time supersymmetry, in Turin 1985, Proceedings, Superunification and Extra Dimensions, 347; A. Strominger, Superstrings with torsion, Nucl. Phys. B274 (1986) 253.

[18] G.L. Cardoso, G. Curio, G. Dall’Agata, D. Lust, BPS Action and Superpotential for Heterotic String Compactifications with Fluxes, JHEP 0310 (2003) 004, hep-th/0306088.

[19] G.L. Cardoso, G. Curio, G. Dall’Agata, D. Lust, Heterotic String Theory on non-Kaehler Manifolds with H-Flux and Gaugino Condensate, Fortsch. Phys. 52 (2004) 483, hep-th/0310021.

[20] K. Becker, K. Dasgupta, Heterotic Strings with Torsion, JHEP 0211 (2002) 006, hep-th/0209077; K. Becker, M. Becker, K. Dasgupta, P. Green, Compactifications of Heterotic Theory on Non-Kähler Complex Manifolds: I, JHEP 0304 (2003) 007, hep-th/0301161; K. Becker, M. Becker, K. Dasgupta, P. Green, E. Sharpe, Compactifications of Heterotic Strings on Non-Kähler Complex Manifolds: II, Nucl. Phys. B678 (2004) 19, hep-th/0310058; S. Alexander, K. Becker, M. Becker, K. Dasgupta, A. Knauf, R. Tatar, In the Realm of the Geometric Transitions, Nucl. Phys. B704 (2005) 231, hep-th/0408192.

[21] G. Curio, A. Krause, Four-Flux and Warped Heterotic M-Theory Compactifications, Nucl. Phys. B602 (2001) 172, hep-th/0012152.

[22] G. Curio, A. Krause, Enlarging the Parameter Space of Heterotic M-Theory Flux Compactifications to Phenomenological Viability, Nucl. Phys. B693 (2004) 195, hep-th/0308202.

[23] K. Behrndt, S. Gukov, Domain Walls and Superpotentials from M-theory on Calabi-Yau Threefolds, Nucl. Phys. B580 (2000) 225, hep-th/0001082.

[24] E. Cremmer, B. Julia, J. Scherk, Supergravity Theory in 11 Dimensions, Phys.

Lett. B76 (1978) 409.

[25] A. Tseytlin, R^4 terms in 11 dimensions and conformal anomaly of (2,0) theory, Nucl. Phys. B584 (2000) 233, hep-th/0005072.

[26] K. Choi, H. Kim, C. Muñoz, Four-Dimensional Effective Supergravity and Soft Terms in M-Theory, Phys. Rev. D57 (1998) 7521, hep-th/9711158.

[27] M. Freeman, C. Pope, M. Sohnius, K. Stelle, Higher Order σ-model Counterterms and the Effective Action for Superstrings, Phys. Lett. B178 (1986) 199.

[28] S. Soni, H. Weldon, Analysis of the Supersymmetry Breaking Induced by N = 1 Supergravity Theories, Phys. Lett. B126 (1983) 215; G. Giudice, A. Masiero, A Natural Solution to the μ Problem in Supergravity Theories, Phys. Lett. B206 (1988) 480.

[29] V. Kaplunovsky, J. Louis, Model-Independent Analysis of Soft Terms in Effective Supergravity and in String Theory, Phys. Lett. B306 (1993) 269.

[30] J. Ellis, D. Nanopoulos, Flavour-Changing Neutral Interactions in Broken Supersymmetric Theories, Phys. Lett. B110 (1982) 44; H. Nilles, M. Srednicki, D. Wyler, Weak Interaction Breakdown Induced by Supergravity, Phys. Lett. B120 (1983) 346.

[31] A. Lukas, B. Ovrut, D. Waldram, Five-Branes and Supersymmetry Breaking in M-Theory, JHEP 9904 (1999) 009, hep-th/9901017.

[32] K. Peeters, P. Vanhove, A. Westerberg, Supersymmetric Higher-derivative Actions in Ten and Eleven Dimensions, the Associated Superalgebras and Their Formulation in Superspace, Class. Quant. Grav. 18 (2001) 843, hep-th/0010167; Towards Complete String Effective Actions Beyond Leading Order, Fortsch. Phys. 52 (2004) 630, hep-th/0312211.

[33] P. Candelas, M. Freeman, C. Pope, M. Sohnius, K. Stelle, Higher Order Corrections to Supersymmetry and Compactifications of the Heterotic String, Phys. Lett.B177 (1986) 341.

[34] H. Lü, C. Pope, K. Stelle, P. Townsend, Supersymmetric Deformations of G_2 Manifolds from Higher-Order Corrections to String and M-theory, JHEP 0410 (2004) 019, hep-th/0312002.

[35] H. Lü, C. Pope, K. Stelle, P. Townsend, String and M-theory Deformations of Manifolds with Special Holonomy, hep-th/0410176.

[36] D. Constantin, M-Theory Vacua from Warped Compactifications on Spin(7) Manifolds, Nucl. Phys. B706 (2005) 221, hep-th/0410157.

[37] J. Gauntlett, D. Martelli, S. Pakis, D. Waldram, G-Structures and Wrapped NS5- Branes, Commun. Math. Phys. 247 (2004) 421, hep-th/0205050; J. Gauntlett, D. Martelli, D. Waldram, Superstrings with Intrinsic Torsion, Phys. Rev. D69 (2004) 086002, hep-th/0302158; G. Dall’Agata, On supersymmetric solutions of type IIB supergravity with general fluxes, Nucl. Phys. B695 (2004) 243, hep-th/0403220; K. Behrndt, M. Cvetič, General N = 1 Supersymmetric Fluxes in Massive Type IIA String Theory, Nucl. Phys. B708 (2005) 45, hep-th/0407263.

[38] J. Gauntlett, S. Pakis, The Geometry of D=11 Killing Spinors, JHEP 0304 (2003) 039, hep-th/0212008.

[39] G. Dall’Agata, N. Prezas, N = 1 Geometries for M-theory and Type IIA Strings with Fluxes, Phys. Rev. D69 (2004) 066004, hep-th/0311146.

[40] C. Isham, C. Pope, N. Warner, Nowhere vanishing spinors and triality rotations in eight manifolds, Class. Quant. Grav. 5 (1988) 1297.

[41] M. Green, H. Kwon, P. Vanhove, Two Loops in Eleven Dimensions, Phys. Rev.

D61 (2000) 104010, hep-th/9910055.

[42] E. Buhbinder, B. Ovrut, Vacuum Stability in Heterotic M-Theory, Phys. Rev.

D69 (2004) 086010, hep-th/0310112.

[43] E. Witten, New Issues in Manifolds of SU(3) Holonomy, Nucl. Phys. B268 (1986) 79.

[44] J. Harvey, G. Moore, Superpotentials and Membrane Instantons, hep-th/9907026.

[45] E. Lima, B. Ovrut, J. Park, R. Reinbacher, Nonperturbative Superpotential from Membrane Instantons in Heterotic M-Theory, Nucl. Phys. B614 (2001) 117, hep-th/0101049.

[46] K. Behrndt, C. Jeschek, Fluxes in M-theory on 7-manifolds and G-structures, JHEP 0304 (2003) 002, hep-th/0302047.

[47] P. Kaste, R. Minasian, A. Tomasiello, Supersymmetric M-theory compactifications with fluxes on seven-manifolds and G-structures, JHEP 0307 (2003) 004, hep-th/0303127.

[48] G. Cardoso, G. Curio, G. Dall’Agata, D. Lust, P. Manousselis, G. Zoupanos, Non- Kähler String Backgrounds and their Five Torsion Classes, Nucl. Phys. B652 (2003) 5, hep-th/0211118.