arXiv:hep-th/0506056 v2 1 Jul 2005

IFT-UAM/CSIC-05-26 hep-th/0506056 June 7th, 2005

All the supersymmetric configurations

of N = 4, d = 4 supergravity

Jorge Bellorín^1, and Tomás Ortín^2

Instituto de Física Teórica UAM/CSIC Facultad de Ciencias C-XVI, C.U. Cantoblanco, E-28049-Madrid, Spain

Abstract

All the supersymmetric configurations of pure, ungauged, N = 4, d = 4 supergravity are classified in a formalism that keeps manifest the S and T dualities of the theory. We also find simple equations that need to be satisfied by the configurations to be classical solutions of the theory. While the solutions associated to null Killing vectors were essentially classified by Tod (a classification that we refine), we find new configurations and solutions associated to timelike Killing vectors that do not satisfy Tod’s rigidity hypothesis (hence, they have a non-trivial U(1) connection) and whose supersymmetry projector is associated to 1-dimensional objects (strings), although they have a trivial axion field.

1E-mail: Jorge.Bellorin@uam.es
2E-mail: Tomas.Ortin@cern.ch

Contents

1 Introduction and main results 3

2 Pure, ungauged, N = 4, d = 4 supergravity 7

3 Supersymmetric configurations: general setup 10 3.1 Killing Spinor Identities (KSIs) and integrability conditions of the Killing spinor equations 11 3.2 Solving the Killing spinor equations . . . . . . . . . . . . . . . . . . . . . . 13 3.3 Killing equations for the bilinears . . . . . . . . . . . . . . . . . . . . . . . 14 3.4 First consequences and general results . . . . . . . . . . . . . . . . . . . . 15

4 The timelike case 16 4.1 Vector and scalar equations of motion . . . . . . . . . . . . . . . . . . . . . 17 4.2 Metric equations of motion . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.3 Solving the Killing spinor equations . . . . . . . . . . . . . . . . . . . . . . 22 4.4 Supersymmetric configurations and solutions . . . . . . . . . . . . . . . . . 24

5 The null case 26 5.1 Killing equations for the vector bilinears and first consequences . . . . . . . 28 5.2 Equations of motion and integrability constraints . . . . . . . . . . . . . . 29 5.3 Metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 5.4 Case A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 5.5 Case B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

A Conventions 34 A.1 Tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 A.2 Gamma matrices and spinors . . . . . . . . . . . . . . . . . . . . . . . . . 37

B Fierz identities for bilinears 38 B.1 The N = 2 case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

C Connection and curvature of the conformastationary metric 43

D Connection and curvature of a Brinkmann pp-wave metric 44

1 Introduction and main results

Classical supersymmetric solutions of supergravity theories have played a very important role in many advances in string theory for the past 15 years and are still the subject of much interest since they include, for example, backgrounds (possibly with branes and fluxes) for string model-building and supersymmetric objects such as black holes, supertubes and, as it has been discovered recently in Ref. [1], black rings.

It is, thus, a very interesting problem to try to find or at least classify and characterize the supersymmetric solutions of (ideally all) supergravity theories. There have been many interesting results in the literature on this program, starting with the work of Gibbons and Hull in N = 2, d = 4 supergravity [2], completed in the seminal paper Ref. [3] by Tod, who, starting from the Killing spinor equations (KSEs) of that theory and using all the integrability conditions and properties derived from them, assuming the existence on one Killing spinor, was able to find, for the first time, all the field configurations (metric and vector field strength) for which the KSEs could be solved. His classification included field configurations which may or may not satisfy the classical equations of motion.

It was only 12 years later that a similar task was undertaken again by Tod, who in Ref. [4] studied the supersymmetric solutions of pure, ungauged, N = 4, d = 4 supergravity, achieving a complete classification of the degenerate case (in which the Killing spinor gives rise to a null Killing vector) and only a partial classification of the non-degenerate case (in which the Killing spinor gives rise to a timelike Killing vector), since he had to assume a hypothesis of internal rigidity that he could not prove. The internally rigid cases were very interesting, though, since, as shown in Ref. [5] they included all known the supersymmetric black-hole solutions of the theory, constructed by different methods and studied in Refs. [6]-[19]. By deformation of the supersymmetric black-hole solutions, the most general non-extremal black-hole solutions of the theory were constructed in Ref. [20].

The program enjoyed a revival when a new maximally supersymmetric solution of N = 2B, d = 10 supergravity was discovered in Ref. [21], analogous maximally supersymmetric solutions of 11-dimensional and N = 2, d = 4 supergravity [22, 23] were rediscovered and additional maximally supersymmetric solutions of the same kind were found in 5 and 6 dimensions in Ref. [24]. The classification of the maximally supersymmetric vacua of the 11- and 10-dimensional theories was completed in Refs. [25, 26]. It was then realized that we still had a very incomplete knowledge of the landscape of supersymmetric solutions of even the simplest supergravity theories and that new interesting supersymmetric solutions could be found by a systematic study of the solutions of the KSEs.

This was done in Ref. [27] for the minimal 5-dimensional supergravity, using a technique different from Tod’s, who used the Newman-Penrose formalism. In this work, the KSEs were translated into a set of differential equations on all the tensors that could be constructed as bilinears of the Killing spinors, which can be managed by more standard techniques. Several of the new solutions found in this work have had a great impact: a new maximally supersymmetric solution of Gödel type and the supersymmetric black rings

[1, 28, 29]^3 and generalizations that lead, for instance, to supersymmetric 4-dimensional rotating two- and one-black-hole solutions [31, 32, 33].

This work was generalized to minimal gauged 5-dimensional supergravity in Ref. [34] and then analogous results were obtained for minimal 6-dimensional supergravity in Refs. [35, 36] and for N = 2, d = 4 U(1) gauged supergravity in Ref. [37]. There is also extensive work on the 11-dimensional and N = 2A, B, d = 10 supergravities (see e.g. Refs. [38]-[48]), although a complete classification is still lacking.

In this paper we return to the problem of finding all the supersymmetric configurations of N = 4, d = 4 supergravity, partially solved by Tod in Ref. [4]. We use tensor methods, based on the bilinears of complex chiral spinors with SU(4) indices, which allows us to keep manifest the S and T dualities of the theory at all stages in our analysis and in the field configurations, as it happens in the solutions studied in Ref. [5]. The formalism used here can be used as starting point for the study of more complicated theories such as gauged and matter-coupled N = 4, d = 4 theories and there is work in progress in these directions.

We are going to describe our main results in a moment but, before, it is worth explaining why N = 4, d = 4 supergravity is an interesting theory from the string theory point of view. The toroidal compactification of the heterotic string effective action (N = 1, d = 10 supergravity coupled to 16 vector multiplets) gives ungauged N = 4, d = 4 supergravity coupled to 22 (matter) vector multiplets [50] and a consistent truncation of the matter vector multiplets gives the pure theory that we study here. Thus, all the solutions we will find are also solutions of the heterotic string effective action. The truncation preserves some of the SO(6, 22; Z) T duality symmetry and the theory is invariant under the continuous group SO(6) ∼ SU(4) which naturally occurs as a hidden symmetry of the theory^4 [51]. The theory also has an S duality which manifest itself as a continuous SL(2, R) hidden symmetry. It was this symmetry which lead to the S duality conjectures in the corresponding superstring theory [54]-[60]. We will also keep this symmetry manifest at all stages in our analysis.

Let us now describe our results for supersymmetric solutions, leaving the more general conditions for supersymmetric configurations which may or may not be solutions of the equations of motion.

There are two types of supersymmetric solutions in N = 4, d = 4 supergravity admitting at least one Killing spinor ϵ_I , that can be characterized by the causal nature of the vector bilinear V^a = iϵ̄^I γ^aϵ_I , which is always a non-spacelike Killing vector.

Timelike V^a: Supersymmetric solutions are determined by a choice of 6 time-independent complex scalars M_{IJ} and a complex scalar τ that in general may depend on the spatial coordinates x, z, z^∗. The M_{IJ} s have to satisfy two conditions:

1. Their matrix must have vanishing Pfaffian

3More general black ring solutions have also been found in Refs. [30] 4The first N = 4, d = 4 theory, constructed in Ref. [52] had only SO(4) invariance. We will work with the SU (4) theory of Ref. [53].

ε^{IJKL}M_{IJ} M_{KL} = 0 . (1.1) 2. They must be such that the 1-form ξ defined in Eq. (4.11) takes the form

ξ = ±^i_2 (∂_z Udz − ∂_z∗ Udz^∗) +^1_2 dλ , (1.2)

for some real functions U(z, z^∗) and λ(x, z, z^∗)^5. Observe that it is the function U that makes ξ non-trivial.

τ and M_{IJ} must satisfy the 3-dimensional differential equations

∇_i(e^{2iλ}A^i) − e^{2iλ}[∂_z (e^{−2U} )A_z∗ − ∂_z∗ (e^{−2U} )A_z] = 0 , (1.3)

both for

A = dτ ℑmτ |M|^2 , and A = d[(ℑmτ )^{1/2}M^{IJ} ] ℑmτ |M|^2 , |M|^2 = M^{IJ} M_{IJ} , (1.4)

relative to the 3-dimensional metric γ_{ij} dx^idx^j = dx^2 + 2e^{2U (z,z∗)}dzdz^∗ , (1.5) whose triviality is associated to that of the connection ξ. Then, the metric is given by ds^2 = |M|^2(dt + ω)^2 − |M|^{−2}(dx^2 + 2e^{2U} dzdz^∗) , (1.6)

where ω = ω_idx^i satisfies f_{ij} = 4|M|^{−2}ϵ_{ijk} ( ξ_k − ∂_kℜeτ 4ℑmτ ) , f_{ij} ≡ 2∂_{[i}ω_{j]} . (1.7)

again relative to the above 3-dimensional metric and the vector field strengths are given by F_{IJ} = 1 2|M|^2 { V̂ ∧ dE_{IJ} −^⋆ [ V̂ ∧ ( ℜe τ ℑm τ dE_{IJ} − 1 ℑm τ dB_{IJ} )]} , (1.8)

where

5A general Ansatz that satisfies these two conditions is given in Eq. (4.62).

V̂ = √2|M|2(dt + ω) , E_{IJ} = 2 √ 2(ℑm τ )^{−1/2}(M_{IJ} + M̃_{IJ} ) ,

B_{IJ} = 2 √ 2(ℑm τ )^{−1/2}(τ M_{IJ} + τ^∗M̃_{IJ} ) ,

(1.9)

Examples of solutions corresponding to specific choices of M_{IJ} and τ are given in Section 4.4, but it is clear that there are two different kinds of solutions which differ by the triviality of the connection ξ and the 3-dimensional metric. The case in which ξ is trivial was completely solved by Tod in Ref. [4].

Null V^a This case (called degenerate by Tod) was essentially solved by Tod in Ref. [4], but we study it here again for the sake of completeness and to refine his results. There are two subcases which we call A and B and which are associated to U(1) holonomy in a null direction and in a pair of spacelike directions, respectively, and describe pp-waves and the stringy cosmic strings of Ref. [63].

Case A: Each solution in this class is determined by 5 arbitrary functions of u:

ϕ_I , τ . Given these functions, the metric and vector field strengths are given by ds^2 = 2du[dv + K(u, z, z^∗)du] − 2dzdz^∗ , F_{IJ} =^1_2 (F_{IJ} +^1_2 ε_{IJKL}F^{KL})du ∧ dz^∗ ,

(1.10)

where F_{IJ} = 8 √ 2 (ℑm τ )^{1/2} ϕ̇_{[I} ϕ_{J]} ,

2∂_z ∂_z∗ K = |τ̇|^2 (ℑm τ )^2

+^1_{16} ℑm τ F^2 .

(1.11)

Case B: These are well-known solutions determined by a choice of (in this case) antiholomorphic function τ = τ (z^∗). The vector field strengths vanish^6 and the metric takes the form

ds^2 = 2dudv − 2e^{2U} dzdz^∗ , e^{2U} = ℑm(τ ) . (1.12)

As for the unbroken supersymmetries of these solutions, they all preserve generically 1/4 of the supersymmetries. It is not easy to find generic conditions for the solutions to preserve 1/2 (although this has been studied in special cases, see Ref. [5]). As for maximally

6These solutions are given in Ref. [4] in different coordinates in which the metric functions have dependence on u, but this dependence can be eliminated.

supersymmetric solutions, we only expect Minkowski spacetime, since, otherwise, there would be another maximally supersymmetric solution of N = 1, d = 10 supergravity different from 10-dimensional Minkowski spacetime.

The rest of this paper is devoted to proof these results. In Section 2 we describe in detail pure, ungauged, N = 4, d = 4 supergravity. In Section 3 we define the problem and equations that we want to solve and find the first consistency conditions. To go on, one has to consider separately the timelike and null cases. This is done in Sections 4 and 5, respectively. Our conventions are described in Appendix A and Appendix B contains all the algebraic identities satisfied by the products of tensors constructed as bilinears of chiral spinors, derived by Fierzing.

2 Pure, ungauged, N = 4, d = 4 supergravity

The bosonic fields of N = 4, d = 4 supergravity multiplet are:

1. The Einstein metric g_{μν} .

2. The complex scalar τ that parametrizes an SL(2, R)/U(1) coset space. In terms of its real and imaginary parts (the axion a and the dilaton ϕ) it is written τ = a+ie^{−ϕ}.

3. The 6 U(1) vector fields whose complex combinations we label with an antisymmetric pair of SU(4) indices A_{IJ μ}, I, J = 1, · · · , 4 and are subject to the reality constraint

A_{IJ μ} =^1_2 ε_{IJKL}A^{KL}_μ , (2.1)

where we rise and lower all SU(4) indices by complex conjugation: A^{IJ}_μ ≡ (A_{IJ μ})^∗. Their field strengths are F_{IJ} = dA_{IJ} and are subject to the same reality constraint.

The fermionic fields of this supermultiplet, which are always 4-component (complex) Weyl spinors, are

1. The 4 dilatini χ_I , which, with lower SU(4) indices, have positive chirality.

2. The 4 gravitini ψ_{I μ} which, with lower SU(4) indices, have negative chirality.

Complex conjugation raises the SU(4) indices and reverses the chiralities. There are two global (hidden) symmetries in the ungauged theory: SU(4) ∼ SO(6), associated to stringy T dualities [56] and SL(2, R), which is associated to a stringy S duality [54]-[60] and leaves invariant the equations of motion but not the action. SU(4) acts on all the fields in the obvious way:

χ^{I ′} = U^I_J χ^J , χ_I^′ = χ_J (U^†)^J_I , (2.2)

etc. The matrix Λ = ( a b c d ) ∈ SL(2, R) acts on τ via fractional-linear transformations τ^′ = aτ + b cτ + d . (2.3)

An alternative, linear, description of the action of Λ ∈ SL(2, R) on τ can be made using the symmetric SL(2, R) matrix M ≡ 1 ℑm τ ( |τ |^2 ℜe τ ℜe τ 1 ) . (2.4)

The fractional-linear transformations of τ are equivalent to the rule

M^′ = ΛMΛ^T . (2.5) Observe that the matrix S ≡ iσ^2 is invariant under SL(2, R) transformations:

ΛSΛ^T = S . (2.6) The action of Λ ∈ SL(2, R) on the vector fields is best described by defining the SL(2, R)- dual F̃_{IJ} of the field strength by

F̃_{IJ} ≡ τ F_{IJ}^+ + τ^∗F_{IJ}^− = ℜeτ F_{IJ} − ℑmτ^⋆F_{IJ} . (2.7)

Then, the pair F̃_{IJ} , F_{IJ} transforms as an SL(2, R) doublet, i.e. ⃗F_{IJ} ≡ (~ F_{IJ} F_{IJ} ) , ⃗F^′_{IJ} = Λ ⃗F_{IJ} . (2.8)

This implies for F_{IJ}^±

F^′_{IJ}^+ = (cτ + d)F_{IJ}^+ , F^′_{IJ}^− = (cτ^∗ + d)F_{IJ}^− . (2.9) Defining the phase of cτ + d by e^{2iφ} ≡ cτ + d cτ^∗ + d , (2.10)

we find that, under SL(2, R) several fields and combinations of fields get a local U(1) phase χ^′_I = e^{−3iφ/2}χ_I , ψ^′_{I μ} = e^{iφ/2}ψ_{I μ} , ( ∂_μτ ℑm τ )_′ = e^{−2iφ} ( ∂_μτ ℑm τ ) , [ (ℑm τ )^{1/2}F_{IJ}^±_{μν} ]_′ = e^{±iφ} [ (ℑm τ )^{1/2}F_{IJ}^±_{μν} ] , (2.11) corresponding to U(1) charges −3, 1, −4 and ±2 respectively. The combination

Q_μ ≡^1_4 ∂_μℜe τ ℑm τ , (2.12) transforms as a U(1) gauge field, Q^′_μ = Q_μ +^1_2 ∂_μφ and this allows us to define a U(1)- covariant derivative

D_μ = ∇_μ − iqQ_μ , (2.13) acting on fields with U(1) charge q. Complex conjugation reverses chirality and these U(1) charges.

The action for the bosonic fields is

S = ∫ d^4x √ |g| [ R +^1_2 ∂_μτ ∂^μτ^∗ (ℑm τ )^2 −^1_{16} ℑm τ F^{IJ μν} F_{IJ μν} −^1_{16} ℜe τ F^{IJ μν ⋆}F_{IJ μν} ] . (2.14)

It is useful to introduce the following notation for the equations of motion of the bosonic fields:

E_a^μ ≡ − 1 2 √ |g| δS δe^a_μ , E ≡ − 2ℑmτ √ |g| δS δτ , E^{IJ μ} ≡ 8 √ |g| δS δA_{IJ μ} . (2.15)

Then, the equations of motion take the form

E_{μν} = G_{μν} +^1_2 (ℑm τ )^{−2}[∂_{(μ}τ ∂_{ν)}τ^∗ −^1_2 g_{μν} ∂_ρτ ∂^ρτ^∗] −^1_4 ℑm τ F_{IJ}^+_μ^ρF^{IJ−}_{νρ} , (2.16)

E = D_μ ( ∂^μτ^∗ ℑm τ ) −^i_8 ℑm τ F^{IJ + ρσ} F_{IJ}^+_{ρσ} , (2.17)

E^{IJ μ} = ∇_ν^⋆F̃^{IJ νμ} . (2.18)

The Maxwell equation E^{IJ μ} transforms as an SL(2, R) doublet together with the Bianchi identity which we denote for convenience B^{IJ μ} B^{IJ μ} ≡ ∇_ν^⋆F^{IJ νμ} . (2.19) It is easy to see that the combinations E_{IJ}^μ − τ^∗B_{IJ}^μ (ℑm τ )^{1/2} , E_{IJ}^μ − τ B_{IJ}^μ (ℑm τ )^{1/2}

, (2.20)

have U(1) charges +2 and −2, respectively. The equation of motion of the complex scalar E has U(1) charge +4 and the Einstein equation is neutral.

For vanishing fermions, the supersymmetry transformation rules of the gravitini and dilatini, generated by 4 spinors ϵ_I of negative chirality and U(1) charge +1, are δ_ϵψ_{I μ} = D_μϵ_I −^i_2^√_2 (ℑm τ )^{1/2}F_{IJ}^+_{μν} γ^ν ϵ^J , (2.21)

δ_ϵχ_I =^1_2^√_2 ̸∂τ ℑm τ ϵ_I −^1_8 (ℑm τ )^{1/2} ̸F_{IJ}^−ϵ^J . (2.22)

We also need the supersymmetry transformation rules of the bosonic bosonic fields, which take the form

δ_ϵe_μ^a = −^i_4 (ϵ̄^I γ^aψ_{I μ} + ϵ̄_I γ^aψ^I_μ) , (2.23)

δ_ϵτ = −^{i√}_2 ℑmτ ϵ̄^Iχ_I , (2.24)

δ_ϵA_{IJ μ} = √ 2 (ℑmτ )^{1/2} [ ϵ̄_{[I} ψ_{J] μ} +^{i√}_2ϵ̄_{[I} γ_μχ_{J]} +^1_2 ϵ_{IJKL} ( ϵ̄^K ψ^L_μ +^{i√}_2ϵ̄^Kγ_μχ^L )] .(2.25)

3 Supersymmetric configurations: general setup

Our goal is to find all the purely bosonic field configurations of N = 4, d = 4 supergravity {g_{μν} , A_{IJ μ}, τ, ψ_{I μ} = 0, χ_I = 0} which are supersymmetric, i.e. invariant under, at least, one supersymmetry transformation generated by a supersymmetry parameter ϵ_I (x). Since the supersymmetry variations of the bosonic fields are odd in fermion fields, these transformations will always vanish, but the supersymmetry variations of the fermions, for vanishing fermions, Eqs. (2.21), may only vanish for special supersymmetry parameters ϵ_I (x) (Killing spinors) that solve the Killing spinor equations (KSEs)

δ_ϵψ_{I μ} = D_μϵ_I −^i_2^√_2 (ℑm τ )^{1/2}F_{IJ}^+_{μν} γ^ν ϵ^J = 0 , (3.1) 2 √ 2 δ_ϵχ_I = ̸∂τ ℑm τ ϵ_I −^1_2^√_2 (ℑm τ )^{1/2} ̸F_{IJ}^−ϵ^J = 0 . (3.2)

For a known bosonic field configuration these are, respectively differential and algebraic equations for the Killing spinor, which may or may not exist. We want to find precisely for which bosonic field configurations these equations do have at least one solution ϵ_I . Our procedure will consist in assuming the existence of such a solution and derive consistency conditions for the field configurations.

We shall be talking most of the time about supersymmetric field configurations. These may or may not be solutions of the classical equations of motion. There are several conceptual and practical advantages in doing so. First of all, we would like to emphasize the fact that supersymmetry does not imply by itself that the equations of motion are solved, although in general it considerably simplifies the task of solving them. Secondly, it is sometimes useful to consider that there are external sources for the fields, out of the regions in which we are solving the equations of motion. Including those regions with sources implies staying off-shell. Finally, the off-shell equations of motion of theories with gauge symmetries obey certain gauge identities. In theories with local supersymmetry and for field configurations admitting Killing spinors, the gauge identities are known as Killing spinor identities (KSIs) [61, 62] and can be used either to reduce the number of equations to be explicitly checked or, having at hands all the off-shell equations of motion of certain field configuration as we will, they can be used as a consistency check that it is a supersymmetric field configuration.

Since these identities are the first consistency conditions that can be derived from the KSEs, we are going to derive them in the next section. We are also going to see that they are related to the integrability conditions of the KSEs. then, in Section 3.2 we are going to explain the strategy that we will follow to find all the supersymmetric configurations.

3.1 Killing Spinor Identities (KSIs) and integrability conditions of the Killing spinor equations

Using the supersymmetry transformation rules of the bosonic fields Eqs. (2.23,2.24) and (2.25) we can derive relations between the (off-shell) equations of motion of the bosonic fields that are satisfied by any field configuration {e^a_μ, A_{IJ μ}, τ } admitting Killing spinors [61, 62]. These KSIs take, for this theory, the form

iϵ̄^I γ^aE_a^μ + 1 √ 2(ℑmτ )^{1/2} ϵ̄_J E^{μJI} = 0 , (3.3)

ϵ̄^I E + 1 √ 2(ℑmτ )^{1/2} ϵ̄_J ̸E^{JI} = 0 . (3.4)

Observe that it is implicitly assumed that the Bianchi identities are identically satisfied, i.e.

B_{IJ}^μ = 0 , (3.5)

and, therefore, these identities are not SL(2, R)-covariant. We may have to take this point into account when comparing with the equations that we will actually find, but we can also find (with considerably more effort) the SL(2, R)-covariant relations between the equations of motion from the integrability conditions of the Killing spinor equations (3.1) and (3.2).

Thus, acting with D_μ on the Eq. (3.1) using both Eq. (3.1) and Eq. (3.2) and antisymmetrizing on the vector indices we get

D_{[μ}δ_ϵψ_{I ν]} =^1_8 ∂_{[μ}τ ∂_{ν]}τ^∗ (ℑm τ )^2 ϵ_I −^1_8 { R_{μν}^{ab}δ_I^K − ℑm τ F_{IJ}^+_{[μ}^aF^{KJ −}_{ν]}^b } γ_{ab}ϵ_K +^1_4^√_2 (ℑm τ )^{−1/2} { F_{IJ}^+_{ρ[ν} ∂_{μ]}τ − 2iℑm τ ∇_{[μ|}F_{IJ}^+_{|ν]} } γ^ρϵ^J = 0 .

(3.6)

To extract from this integrability condition a relation between the equations of motion we act with γ^ν from the left. We get

4γ^ν D_{[μ}δ_ϵψ_{I ν]} = (E_{μν} −^1_2 g_{μν} E_σ^σ)γ^ν ϵ_I − i 2 √ 2(ℑm τ )^{1/2}

( ̸E_{IJ} − τ^∗ B̸_{IJ} )γ_μϵ^J = 0 . (3.7)

Acting now with γ^μ and using the result to eliminate E_σ^σ we get, finally the SL(2, R)- covariantization of the KSIs Eq. (3.3) E^μ_aγ^aϵ_I − i √ 2(ℑm τ )^{1/2}

(E_{IJ}^μ − τ^∗B_{IJ}^μ)ϵ^J = 0 . (3.8)

Similarly, the SL(2, R)-covariantization of the KSIs Eq. (3.3) can be obtained by calculating 2 √ 2 ̸Dδ_ϵχ_I = 0 and takes the form E^∗ϵ_I − 1 √ 2(ℑm τ )^{1/2}

(E̸_{IJ} − τ B̸_{IJ} )ϵ^J = 0 . (3.9)

These two identities are now manifestly SL(2, R)-covariant^7. The comparison with our results will be easier if we multiply these equations by gamma matrices and conjugate spinors ϵ̄_K and ϵ̄^K from the left, to derive relations involving spinor bilinears. In the case in which the vector V^a is timelike, we get

E^{ab} −^1_2 ℑm EV^aV^b − 1 √ 2 (ℑm τ )^{1/2}ℑm (M^{IJ} B_{IJ}^a)V^b = 0 , (3.10)

E^∗V^a − i √ 2(ℑm τ )^{1/2}

M^{IJ} (E_{IJ}^a − τ B_{IJ}^a) = 0 , (3.11)

ℑm[M_{IJ} (E_{IJ}^a − τ^∗B_{IJ}^a)] = 0 . (3.12)

Observe that the first equation implies the off-shell vanishing of all the Einstein equations with one or two spacelike components. Further, the Einstein equation is automatically satisfied when the Maxwell, Bianchi and complex scalar equations are satisfied.

7See the paragraph after Eq. (2.20).

When V^a is null (we denote it by l^a), all the spinors ϵ_I are proportional and we can use the parametrization of Eq. (B.26) in Eqs. (3.8) and (3.9). Contracting with ϕ^I using the normalization Eq. (B.27) and with the conjugate spinors ϵ̄, ϵ̄^∗, η̄, η̄^∗, where η is an auxiliary spinor with normalization Eq. (B.33), we arrive at the identities

(E^μ_a −^1_2 e_a^μE^ρ_ρ) l^a = (E^μ_a −^1_2 e_a^μE^ρ_ρ) m^a = 0 , (3.13)

E = 0 , (3.14)

(E_{IJ}^μ − τ^∗B_{IJ}^μ)ϕ^J = 0 . (3.15)

where the null complex vectors are defined in Eq. (B.34). Observe that in this case supersymmetry implies that the scalar equations of motion must be automatically satisfied.

3.2 Solving the Killing spinor equations

The procedure we will follow to find the field configurations for which the KSEs admit at least one solution will be the following:

1. In Section 3.3 we are going to reexpress the KSEs as differential and algebraic equations for the bilinears (scalars, vectors and 2-forms, see Appendix B) built with the Killing spinors. Solving the equations for all the bilinears is essentially equivalent to solving the KSEs.

2. In Section 3.4 we are going to find, among the bilinears, a Killing vector V^μ and decompose the vector field strengths w.r.t. to it computing V^ρF_{IJ}^+_{μρ} or V^ρF_{IJ}^−_{μρ} in terms of the scalar bilinears and τ and then using, Eqs. (A.16) if V is timelike and Eqs. (A.19) if V is null. These two cases have to be studied separately. One of the reasons is that, in the null case, the field strength is not completely determined by its contractions with V , but there are more differences that we are going to explain shortly and require a completely separate analysis.

3. In the timelike case, studied in Section 4 we will

(a) Substitute the expressions of the field strengths in the algebraic KSEs (δ_ϵχ_I = 0) to check that it is completely solved.

(b) Substitute into the equations of motion and we will check whether the KSIs Eqs. (3.10,3.11,3.12) are indeed satisfied or there are additional conditions to be imposed. This is done in two steps: first we substitute into the equations of motion of the vector fields and the complex scalar which we have already expressed in terms of the bilinears in Section 4.1 and then, after we specify the form of the metric in terms of the bilinears, we substitute into the Einstein equations in Section 4.2. Then we check the KSIs.

(c) Substitute, finally, into the differential KSEs (δ_ϵψ_{I μ} = 0) to solve it finding additional conditions on the bilinears and the form of the Killing spinors in Section 4.3.

The timelike case will be completely solved by then and we will study some examples. In the null case, which was completely solved by Tod,

(a) As explained in Appendix B all the spinors ϵ_I are proportional ϵ_I = ϕ_I ϵ and we use first this information in the KSEs to obtain separate equations for the coefficients ϕ_I and the spinor ϵ. This requires the introduction of a U(1) connection ζ that covariantizes the equations with respect to (opposite) local changes of phase of ϕ_I and ϵ.

(b) All the vectors bilinears are also proportional to the Killing vector V^a which we rename here l^a. It is convenient to introduce an auxiliary spinor to build independent vector bilinears that constitute a null tetrad. The KSEs only give partial information about the derivatives of these vectors, except for l^a, which is built with ϵ and is always covariantly constant, the very definition of a pp-wave space [64, 65].

(c) Although the vector field strengths and the derivatives of the vector bilinears are not completely determined, it is possible to extract information constructing the equations of motion and imposing the KSI. In particular we find that the U(1) connection ζ is trivial.

(d) There are two different cases to be considered (A and B) which are essentially solved by solving first the integrability constraints.

3.3 Killing equations for the bilinears

We start with the equations δ_ϵχ_I = 0. We just have to multiply the from the right with gamma matrices and Dirac conjugates of Killing spinors. We have, in particular, from ϵ̄^K δ_ϵχ_I = 0

V^K_I · ∂τ −^i_2^√_2 (ℑm τ )^{3/2}F_{IJ}^− · Φ^{KJ} = 0 , (3.16)

and, from ϵ̄^Kγ_ρδ_ϵχ_I = 0

F_{IJ}^−_{ρσ} V^J_K^σ +^{i√}_2 (ℑm τ )^{−3/2} (M_{IK} ∂_ρτ − Φ_{IK ρ}^μ∂_μτ ) = 0 . (3.17)

It is possible to derive more Killing equations for the bilinears from the dilatini supersymmetry rule, but it will not be necessary.

Let us turn to the gravitini supersymmetry rules. Now we apply SL(2, R)-covariant derivative on the bilinears and use δ_ϵψ_{I μ} = 0 to reexpress D_μϵ_I . We get

D_μM_{IJ} =^{1√}_2 (ℑm τ )^{1/2}F_{K[I|}^+_{μν} V^K_{|J]}^ν , (3.18)

D_μV^I_{J ν} = −^1_2^√_2 (ℑm τ )^{1/2} [ M_{KJ} F^{KI −}_{μν} + M^{IK} F_{JK}^+_{μν} −Φ_{KJ (μ}^ρF^{KI −}_{ν)ρ} − Φ^{IK}_{(μ|}^ρF_{KI}^+_{|ν)ρ} ] , (3.19)

D_μΦ_{IJ μν} = −^1_2^√_2 (ℑm τ )^{1/2} [ 2g_{μ[ν|}F_{KI}^+_{|ρ]α}V^K_J^α + 2F_{KI}^+_{νρ}V^K_{J μ} −3F_{KI}^+_{[μν|}V^K_{J |ρ]} + (I ↔ J) ] . (3.20)

3.4 First consequences and general results

Contracting the free indices in Eqs. (3.19) and (3.16) it is immediate to see that V^μ ≡ V^I_I^μ is a (non-spacelike, Eq. (B.15)) Killing vector and

V^μ∂_μτ = 0 . (3.21) It is also immediate to prove that

∇_μV^I_J^μ = 0 . (3.22) Let us now consider the implications of the reality constraint of the vector field strengths on the contraction F_{KI}^+_{μν} V^K_J^ν :

F_{KI}^+_{μν} V^K_J^ν =^1_2 ε_{KIM L}(F_{M L}^−_{μν} )^∗V^K_J^ν . (3.23) Taking the SU(4) dual in both sides of this equation and taking into account the reality properties of the vectors V^K_J^ν , we get 1 2 ε^{SRIJ} F_{KI}^+_{μν} V^K_J^ν = −^1_2 [ F_{SR}^−_{μν} V^ν + 2F_{J[S|}^−_{μν} V^J_{|R]}^ν ]_∗ , (3.24) from which we get F_{SR}^−_{μν} V^ν = −2F_{J[S|}^−_{μν} V^J_{|R]}^ν − [ ε^{SRIJ} F_{KI}^+_{μν} V^K_J^ν ]_∗ . (3.25) The first and second terms in the r.h.s. of this equation can be rewritten in terms of scalars using the antisymmetric part of Eq. (3.17) and the complex conjugate of Eq. (3.18). We get, at last, F_{SR}^−_{μν} V^ν = − √ 2i (ℑm τ )^{3/2} M_{SR}∂_μτ − √ 2 (ℑm τ )^{1/2} ε_{SRIJ} D_μM^{IJ} . (3.26)

The complex conjugate of this equation gives us F^{SR +}_{μν} V^ν and, taking the SU(4)-dual we get F_{IJ}^+_{μν} V^ν etc.

From this equation, contracting the free index with V^μ and using Eq. (3.21) we get immediately

V^μ∂_μM_{IJ} = 0 . (3.27)

Now, the use that we make of this result and the subsequent analysis will depend on the causal nature if the non-spacelike vector V^μ. We must distinguish between two cases: the case in which it is timelike, which we consider in section 4 and the case in which it is null (and we rename it l^μ), which we consider in section 5.

4 The timelike case

If V^2 = 2M^{IJ} M_{IJ} ≡ 2|M|^2 ≠ 0 we can use Eq. (3.26) to express F_{IJ}^− entirely in terms of scalars, their derivatives, and V_μ using Eq. (A.16):

F_{SR}^− = − 1 √ 2|M|^2(ℑm τ )^{1/2} {[ i M_{SR} (ℑm τ ) dτ + ε_{SRIJ} DM^{IJ} ] ∧ V̂ − i^⋆[· · ·] } . (4.1)

Here we have added a hat to V to denote the differential form V̂ ≡ V_μdx^μ and distinguish its norm.

It can be seen that this form of F_{SR}^− satisfies identically all the Killing spinor equations δ_ϵχ_I = 0, that we can consider solved.

To solve the equations of motion it is convenient to have directly F_{IJ} and its SL(2, R)- dual F̃_{IJ} . Their expressions are, actually, somewhat simpler due to the following property: if dF = 0 (which is the equation satisfied by F_{IJ} and F̃_{IJ} ) and £_V F = 0 then ∇_{[μ}(F_{ν]ρ}V^ρ) = 0 and, locally, F_{νρ}V^ρ = ∇_ν E for some scalar potential E. Thus, following Tod [4], we define ∇_μE_{IJ} ≡ V^ν F_{IJ νμ} , ∇_μB_{IJ} ≡ V^νF̃_{IJ νμ} , (4.2) and, using the above form of F_{IJ}^− Eq. (4.1) we find

E_{IJ} = 2 √ 2(ℑm τ )^{−1/2}(M_{IJ} + M̃_{IJ} ) ,

B_{IJ} = 2 √ 2(ℑm τ )^{−1/2}(τ M_{IJ} + τ^∗M̃_{IJ} ) ,

(4.3)

where

F̃_{IJ} = V^{−2} { V̂ ∧ dB_{IJ} +^⋆ [ V̂ ∧ ( ℜe τ ℑm τ dB_{IJ} − |τ |^2 ℑm τ dE_{IJ} )]} , (4.4)

F_{IJ} = V^{−2} { V̂ ∧ dE_{IJ} −^⋆ [ V̂ ∧ ( ℜe τ ℑm τ dE_{IJ} − 1 ℑm τ dB_{IJ} )]} . (4.5)

It is worth spending a moment in checking the consistency of these results. By definition, B_{IJ} and E_{IJ} must transform under SL(2, R) as F̃_{IJ} and F_{IJ} , i.e. as a doublet: ⃗E_{IJ} ≡ ( B_{IJ} E_{IJ} ) , ⃗E^′_{IJ} = Λ ⃗E_{IJ} . (4.6)

We can check that this is consistent with Eqs. (4.4) and (4.5) by rewriting the last two equations in the manifestly SL(2, R)-covariant form ⃗F_{IJ} = V^{−2} { V̂ ∧ d ⃗E_{IJ} −^⋆ [ V̂ ∧ (MSd ⃗E_{IJ} ) ]} , (4.7)

on account of Eqs. (2.4,2.5) and (2.6).

On the other hand, it is easy to check that the fact that ⃗E_{IJ} transforms as a doublet is consistent with the transformations rules of τ and M_{IJ} alone and Eqs. (4.3).

4.1 Vector and scalar equations of motion

Our next step consists in finding equations for M_{IJ} and τ from the equations of motion using the decompositions of F̃_{IJ} and F_{IJ} Eqs. (4.4) and (4.5) in which these fields are written entirely in terms of those scalars and the Killing vector (1-form) V . In this process we are going to find derivatives of V , and we need to express these in terms of the scalars and V itself.

From Eq. (3.19) we find that V satisfies the equation

dV̂ = −^{1√}_2 (ℑm τ )^{1/2}[M^{IJ} F_{IJ}^+ + M_{IJ} F^{IJ −}] . (4.8)

Since

M^{IJ} F_{IJ}^+ = − √ 2M^{IJ} (ℑm τ )^{1/2}|M|^2

[DM_{IJ} ∧ V̂ + i^⋆(DM_{IJ} ∧ V̂ )] , (4.9)

we get dV̂ = 1 |M|^2 { d|M|^2 ∧ V̂ + i^⋆ [ (M^{IJ} DM_{IJ} − M_{IJ} DM^{IJ} ) ∧ V̂ ]} . (4.10)

It is also convenient to define the 1-form ξ and the 2-form Ω

ξ ≡^i_4 |M|^{−2}(M_{IJ} dM^{IJ} − M^{IJ} dM_{IJ} ) , (4.11) Ω ≡ 2|M|^{−2 ⋆} [ (Q − ξ) ∧ V̂ ] . (4.12)

ξ transforms under SL(2, R) as

ξ^′ = ξ +^1_2 dφ , (4.13) i.e. as the U(1) connection Q, which makes Ω invariant. The connection ξ is also orthogonal to V and invariant under local rescalings of the scalar matrix M_{IJ} :

ξ(Λ(x)M_{IJ} ) = ξ(M_{IJ} ) , (4.14) a property that we will exploit later on. Further, using Eq. (B.24) we can write the curvature of this connection in the form

dξ = −^i_2 d M^{IJ} |M| ∧ d M_{KL} |M| [δ_{IJ}^{KL} − J^K_{[I} J^L_{J]}] , (4.15)

that relates the triviality of ξ with the constancy of the projection J^I_J .

Finally, it is convenient to rewrite the equations of motion of the vector and scalar fields in differential-form language^8:

^⃗E_{IJ} ≡ ⃗E_{IJ μ}dx_μ = −_⋆d ⃗F_{IJ} = (^ E^{IJ} B̂^{IJ} ) , (4.16)

Ê ≡ EV̂ , (4.17)

where ⃗E^{IJ}_μ is the SL(2, R) doublet formed by the Maxwell and Bianchi identities: ⃗E^{IJ μ} ≡ ( E^{IJ μ} B^{IJ μ} ) = ( ∇_ν^⋆F̃^{IJ νμ} ∇_ν^⋆F^{IJ νμ} ) . (4.18)

Using the expressions that we have found for the Maxwell fields and their SL(2, R) duals and using the above equation for dV rewritten in the form dV̂ = d|M|^2 |M|^2 ∧ V̂ + 2|M|^2Ω , (4.19)

we find the following two equations for M_{IJ} and τ :

⋆ ^⃗E_{IJ} =_{12} d_⋆ [ MSd ⃗E_{IJ} |M|^2 ∧ V̂ ] + d ⃗E_{IJ} ∧ Ω , (4.20) ⋆Ê ∗ |M|^2 = −D^⋆ [ dτ |M|^2ℑm τ ∧ V̂ ] + 2i dτ ℑm τ ∧ Ω + 2i M̃_{IJ} |M|^2 d^⋆ ( dM^{IJ} |M|^2 ∧ V̂ ) . (4.21)

These equations can be now be combined (this is the reason behind the introduction of V into the equation for τ and the use of differential forms) and simplified. Using the new variables N_{IJ} defined by N_{IJ} = √ ℑmτM_{IJ} , |N|^2 = N^{IJ} N_{IJ} = ℑmτ |M|^2 , (4.22)

8We add hats to denote differential forms.

we construct a new combination of equations that we call â^{IJ} â^{IJ} ≡ 1 2 √ 2ℑmτ (τ B̂^{IJ} − Ê^{IJ} ) −^i_2

(N^{IJ} + Ñ^{IJ} ) |N|^2 Ê^∗ , (4.23)

and, which, after some massaging, is going to have a much simpler form. To present in compact form the equations of motion we define these two equations

n^{IJ} ≡ (∇_μ + 4iξ_μ) ( ∂^μN^{IJ} |N|^2 ) , (4.24)

e^∗ ≡ (∇_μ + 4iξ_μ) ( ∂^μτ |N|^2 ) , (4.25)

and, in terms of them, we have, switching again from differential form notation to tensor notation,

a^{IJ} = n^{IJ} − N^{IJ} + Ñ^{IJ} |N|^2 Ñ_{KL}n^{KL} , (4.26)

B^{IJ a} = √ 2V^a { N^{IJ} + Ñ^{IJ} |N|^2 ℜe E − i(a^{IJ} − ã^{IJ} ) } , (4.27)

E^{IJ a} = √ 2V^a { N^{IJ} + Ñ^{IJ} |N|^2 ℜe (τ E) − i(τ^∗a^{IJ} − τ ã^{IJ} ) } . (4.28)

E = |M|^2e + 2iÑ^{KL}n_{KL} . (4.29)

The combination |N|^{−2}dτ has U(1) charge −4 and, thus, the second equation is just a U(1)-covariant divergence, the covariant derivative being constructed with the ξ connection. The first equation has a similar form and, although^{dNIJ}_{|N |2} does not transform covariantly under SL(2, R), the equation is SL(2, R)-covariant up to terms proportional to the second equation.

4.2 Metric equations of motion

These are equations for the scalars M_{IJ} and τ and involve implicitly the spacetime metric, which is the only field not determined by them. We need to study now the Einstein equations and, to do it, it is convenient to choose coordinates adapted to the timelike Killing vector V . We define a time coordinate by V^μ∂_μ ≡ √ 2∂_t , (4.30) and the metric takes the “conformastationary” form ds^2 = |M|^2(dt + ω)^2 − |M|^{−2}γ_{ij} dx^idx^j , i, j = 1, 2, 3 , (4.31)

where ω = ω_idx^i is a time-independent 1-form and γ_{ij} is a time-independent (positivedefinite!) metric on constant t hypersurfaces^9. Since |M| is in principle determined by the above equations, we only need to find equations for ω and γ. As usual, the equation for ω can be derived by comparing Eq. (4.19) for the 1-form V̂ , with the exterior derivative of the expression for V̂ in the coordinates chosen

V̂ = √ 2|M|^2(dt + ω) . (4.32) The result is the equation

dω =^{1√}_2 Ω =^i_2^√_2 |M|^{−4 ⋆} [ (M^{IJ} DM_{IJ} − M_{IJ} DM^{IJ} ) ∧ V̂ ] . (4.33)

Using the conformastationary metric we can reduce all the equations to equations in the 3 spatial dimensions with the metric γ. To start with, the equations n^{IJ} and e defined in Eqs. (4.24) and (4.25) can be expressed in terms of

n^{IJ}_{(3)} ≡ (∇_i + 4iξ_i) ( ∂^iN^{IJ} |N|^2 ) , (4.34)

e^∗_{(3)} ≡ (∇_i + 4iξ_i) ( ∂^iτ |N|^2 ) , (4.35)

where all the objects are now 3-dimensional with metric γ, by

n^{IJ} = −|M|^2n^{IJ}_{(3)} , e = −|M|^2e_{(3)} . (4.36) The equation (4.33) for the 1-form ω that enters the conformastationary metric reduces to f_{ij} = 4|M|^{−2}ϵ_{ijk}(ξ_k − Q_k) , f_{ij} ≡ 2∂_{[i}ω_{j]} . (4.37) Then, we can express all the equations of motion in terms of these two equations plus the equation^{10} e_{ij} ≡ R_{ij} (γ) − 2∂_{(i} ( N^{IJ} |N| ) ∂_{j)} ( N_{KL} |N| ) (δ^{KL}_{IJ} − J^K_I J^L_J ) , (4.38)

as follows:

9The components of the connection and curvature of this metric can be found in Appendix C. 10This equation should be compared with Eq. (4.15) in which the antisymmetric part of the same combination appears.

E_{00} = |M|^2 [ |M|^2ℑme^∗_{(3)} − 2ℜe (N_{KL}n^{KL}_{(3)} ) +^1_2 e_k^k ] , (4.39)

E_{0i} = 0 , (4.40)

E_{ij} = |M|^2(e_{ij} −^1_2 δ_{ij} e_k^k) , (4.41) B^{IJ a} = − √ 2|M|^2V^a { N^{IJ} + Ñ^{IJ} ℑmτ ℜe e_{(3)} − i(n^{IJ}_{(3)} − ñ^{IJ}_{(3)}) } , (4.42)

E^{IJ a} = − √ 2|M|^2V^a { N^{IJ} + Ñ^{IJ} ℑmτ ℜe (τ e_{(3)}) − i(τ^∗n^{IJ}_{(3)} − τ ñ^{IJ}_{(3)}) } . (4.43) E = −|M|^2 [ |M|^2e_{(3)} + 2iN_{KL}ñ^{KL}_{(3)} ] . (4.44)

We are now ready to check whether these equations satisfy the relations expressed in Eqs. (3.10-3.12). It is immediate to see that they do if the following conditions are satisfied off-shell:

e_{ij} = 0 , (4.45)

|M|^2ℜe (e_{(3)}) − 2ℑm(N_{IJ} n^{IJ}_{(3)}) = 0 . (4.46)

The first equation determines the 3-dimensional matric γ as a function of the scalars N^{IJ} and says that γ is Ricci-flat is the projection J^I_J is constant. The second equation can be rewritten in the form ∇_i ( Q^i − ξ^i |M|^2 ) = 0 , (4.47)

and is the integrability condition of Eq. (4.37) for the 1-form ω, whose existence we have assumed throughout all this analysis. Thus, it is not so much a necessary condition for supersymmetry as it is a necessary condition for the whole problem to be well defined.

Let us summarize the results of this section: we have seen that, in the timelike case at hands, field configurations with a metric of the form Eq. (4.31), vector field strengths of the form Eq. (4.1) and any complex scalar τ , and satisfying Eqs. (4.45) and (4.46) satisfy all the integrability conditions of the Killing spinor equations.

On the other hand, all the equations of motion, including the Bianchi identities, are satisfied if the equations

e^∗_{(3)} = 0 , n^{IJ}_{(3)} = 0 , e_{ij} = 0 , (4.48)

(were e^∗_{(3)} and n^{IJ}_{(3)} are defined in Eq. (4.35) and Eq. (4.34)) are satisfied, and automatically the integrability conditions are also satisfied.

We are now ready to check whether the Killing spinor equations always admit solutions for those field configurations. Thus will help us in solving the integrability conditions Eqs. (4.45) and (4.46).

4.3 Solving the Killing spinor equations

We have already checked that the equation δ_ϵχ_I = 0 is automatically solved by our field configurations, and we only have to check that the equations δ_ϵψ_{a I} = 0 can also be solved for them.

Let us consider the timelike component first. It can be put in this form:

|M|^{−1} { ∂_tϵ_I −^1_2 M^{KL}D_iM_{KL}γ_{0i} [ ϵ_I + i √ 2γ_0 M_{IJ} |M| ϵ^J ] +^{i√}_2 |M|J̃^K_I D_iM_{KJ} γ_iϵ^J } = 0 .

(4.49) Using the time-independent projector J^I_J we can split this equation into two equations:

∂_tϵ_I −^1_2 M^{KL}D_iM_{KL}γ_{0i} [ ϵ_I + i √ 2γ_0 M_{IJ} |M| ϵ^J ] = 0 , (4.50)

J̃^K_I D_iM_{KJ} γ_iϵ^J = 0 . (4.51)

The first equation is solved by a time independent spinor because

ϵ_I + i √ 2γ_0 M_{IJ} |M| ϵ^J = 0 , (4.52)

due to the Fierz identity

M_{IJ} ϵ^J =^i_2 V^aγ_aϵ_I , (4.53)

and our choice of Vierbeins. For generic (i.e. not built from already-known Killing spinors) scalars M_{IJ} the above relation would be a constraint breaking 1/2 of the supersymmetries to be imposed on the Killing spinors whenever M^{KL}D_iM_{KL} ≠ 0. The counting of unbroken supersymmetries is, however, a bit more subtle and depends on the triviality of the U(1) connection ξ: if ξ is a total derivative the projection J^I_J is constant and a global SU(4) rotation suffices to set to zero two of the chiral Killing spinors. This is the procedure followed by Tod in Ref. [4], where he solved the constant J^I_J (internally rigid) case by setting to zero two of the spinors, breaking the explicit SU(4) covariance of the solutions. The solutions found by Tod preserve, then, generically, 1/4 of the supersymmetries^{11}. If J^I_J is not constant, ξ is non-trivial and the 4 Killing spinors cannot be related by global

11The conditions under which 1/2 of the supersymmetries are preserved were studied in Ref. [5].

SU(4) rotations, but we are now going to see that this case can also be solved introducing a new projection on the Killing spinors which also reduces the amount of generically preserved supersymmetries to 1/4.

Now, using time-independence of the Killing spinors and Eq. (4.52), the spacelike components of δ_ϵψ_{a I} = 0 take the form [ ∇_i −^1_2 M^{KL}∂_iM_{KL} |M|^2 ] ϵ_I = 0 , (4.54)

which can be rewritten in the form

(∇_i − iξ_i)(|M|^{−1/2}ϵ_I ) = 0 . (4.55) The integrability condition for this equation is

[R_{ijkl}γ^{kl} + 4i(dξ)_{ij} ]ϵ_I = 0 . (4.56) This equation can be solved in essentially one way, up to local Lorentz transformations:

R_{12}^{12} = ±2(dξ)_{12} ,^{1√}_2 (1 ∓ iγ_{12})ϵ_I = 0 , (4.57) the remaining components of the curvatures being zero. In terms of the connections we should have, in the appropriate Lorentz frame, the following relation between the 3- dimensional spin connection o^{ij} and the U(1) connection ξ:

ξ = ±^1_2 o^{12}(x^1, x^2) +^1_2 dλ(x^1, x^2, x^3) , (4.58) for some 3-dimensional 1-form ζ and some real scalar function λ. If complex scalars M^{IJ} and 3-dimensional metric γ_{ij} exist such that the above condition is met, then there are Killing spinors of the form

ϵ_I = e^{i2 λ}|M|^{1/2}ϵ_I , (ξ −^1_2 dλ)^{1√}_2 (1 ∓ iγ_{12})ϵ_I = 0 . (4.59) The relation between the spin connection and the U(1) connection is just the requirement that the 3-dimensional metric has U(1) holonomy, which implies that it is reducible to the direct product of a 2- and a 1-dimensional metric and, thus, can always be written in the form γ_{ij} dx^idx^j = dx^2 + 2e^{2U (z,z∗)}dzdz^∗ , (4.60) which, in turn, implies that ξ is given by

ξ = ±^i_2 (∂_zUdz − ∂_z∗ Udz^∗) +^1_2 dλ(x, z, z^∗) . (4.61) Let us summarize the results of this section. We have found that, to construct a supersymmetric configuration (not necessarily a solution) of pure, ungauged, N = 4, d = 4 supergravity amounts, now, to

1. Find a set of time-independent complex scalars M^{IJ} satisfying ε^{IJKL}M_{IJ} M_{KL} = 0 such that the U(1) connection ξ defined in Eq. (4.11) can be written in the form Eq. (4.61). The integrability condition Eq. (4.45) should automatically be solved by this choice.

2. Find τ by solving the integrability condition Eq. (4.47) of the defining equation of the 1-form ω (4.33).

If we want the supersymmetric configuration to be a solution of the equations of motion, we also need to impose Eqs. (4.34) and (4.35), but we do not need to check the integrability condition Eq. (4.47).

In the next section we study different solutions to these equations.

4.4 Supersymmetric configurations and solutions

According to the recipe of the previous section, our first step in finding supersymmetric configurations and solutions is to find the complex scalars M^{IJ} satisfying ε^{IJKL}M_{IJ} M_{KL} = 0 and such that ξ can be written in the form Eq. (4.61). The first condition can be easily met, for instance, by taking only M_{12}, M_{13} and M_{23} non-vanishing, but we prefer not to make any specific choice that would break SU(4( covariance. The second condition can be solved by the following Ansatz

M_{IJ} = e^{iλ(x,z,z∗)}M(x, z, z^∗)k_{IJ} (z) , M = M^∗ , λ = λ^∗ , ε^{IJKL}k_{IJ} k_{KL} = 0 , (4.62) which give a connection ξ of the form Eq. (4.61) with

U = + ln |k| , |k|^2 ≡ k^{IJ} (z^∗)k_{IJ} (z) , (4.63)

and satisfies automatically the integrability condition Eq. (4.45).

Solving the integrability condition Eq. (4.47) is considerably more difficult and considering solutions (instead of general configurations) simplifies the problem. We have found three families of solutions.

1. If the k_{IJ} are constants, then, normalizing |k|^2 = 1 for simplicity, ξ =^1_2 dλ and U = 0.

This is the case considered by Tod in Ref. [4] and studied in detail in Ref. [5]. Tod took advantage of the fact that dξ = 0 implies that J^I_J is constant and a global SU(4) rotation can be used to set to zero two of the ϵ_I s. We will not do so, as this breaks the explicit SU(4) covariance, but our results are, of course, equivalent. Eq. (4.34) takes the form

∂_i∂_iH_1 = 0 , H_1 ≡ [(ℑm τ )^{1/2}e^{−iλ}M]^{−1} , (4.64)

and is solved by any arbitrary complex harmonic function H_1.

Using the above equation, Eq. (4.35) takes the form

∂_i∂_i(H_1τ ) = 0 , (4.65)

which is solved by

τ = H_1/H_2 , ∂_iH_2 = 0 , (4.66)

another arbitrary complex harmonic function. The pair of harmonic functions and the constants determine completely the solutions. In particular

|M|^{−2} = M^{−2} = ℑm(H̄_2H_1) . (4.67)

2. If e^{iλ} = M = 1, the integrability condition Eq. (4.47) can be solved by taking τ constant. The only non-trivial equation of motion, Eq. (4.34) is solved using the holomorphicity of the k_{IJ} s. The metric takes the form ds^2 = |k|^2(dt + ω_xdx) − |k|^{−2}dx^2 − 2dzdz^∗ , (4.68) where ω_x satisfies

∂_zω_x − ∂_xω_z = ∂_z∗ |k|^{−2} , ∂_z∗ ω_x − ∂_xω_z∗ = ∂_z |k|^{−2} , ∂_z∗ ω_z − ∂_zω_z∗ = 0 . (4.69)

The metric and the supersymmetry projectors indicate that these solutions describe stationary strings lying along the coordinate x, in spite of the trivial axion field, which is the dual of the Kalb-Ramond 2-form B that couples to strings. Observe, however, that the duality relation is not simply dB =^⋆da: there are terms quadratic in the field strengths involved in the duality which must render B non-trivial. The metric the the vector fields involved depends strongly on the choice of holomorphic k_{IJ} s. It is instructive to have an example completely worked out. Let us consider the simplest case: only k_{12} =^{1√}_{2z} non-trivial. This allows us to set ω_z = ω_z∗ = 0. Then, |k|^2 = |z|^{−2} and ω_x = 2ℜe(z^2) and the full solution is given by

ds^2 = 1 |z|^2 [dt + 2ℜe(z^2)dx]^2 − |z|^2dx^2 − 2dzdz^∗ ,

F_{12} = − √ 2e^{ϕ0/2} z^2

{[dt + 2ℜe(z^2)dx] ∧ dz − i^⋆[[dt + 2ℜe(z^2)dx] ∧ dz]} = (F_{34})^∗ ,

τ = τ_0 . (4.70)

3. The only solutions that we have found with λ and the k_{IJ} (z)s simultaneously nontrivial have just λ = λ(x) and M = M(x) and are a superposition of the solutions with constant k_{IJ} and the solutions with constant λ in which these functions depend only on mutually transversal directions.

Thus, these solutions depend on holomorphic functions k_{IJ} (z) chosen with the same criteria as in the previous case, and a pair of complex functions H_1, H_2 linear in x such that ℑm τ > 0, and the metric is given by

ds^2 = (M|k|)^2(dt + ω_xdx) − (M|k|)^{−2}dx^2 − 2M^{−2}dzdz^∗ , (4.71)

where M is again given by Eq. (4.67).

5 The null case

As we have mentioned before, the null case was completely solved by Tod in Ref. [4], but we include it her for the sake of completeness.

As explained in Appendix B, in the null case all the spinors a proportional ϵ_I = ϕ_I ϵ. In the N = 4, d = 4 case at hands, ϵ_I has a U(1) charge under SL(2, R) transformations that has to be distributed between ϕ_I and ϵ. We choose to have the ϕ_I uncharged. Had we chosen to have ϕ_I is charged with charge q_ϕ ≠ 0, then the real 1-form ζ ≡ iϕ_I dϕ^I , (5.1) would transform as a U(1) connection under SL(2, R) transformations as well and would play a role analogous to that of the connection ξ in the timelike case. With our choice, ζ is just a U(1) connection under the transformations Eq. (B.28) and covariantizes with respect to them the expressions that involve ϵ.

We are now going to substitute ϵ_I = ϕ_I ϵ into the KSEs and we are going to use the normalization condition to split the KSEs into three algebraic and one differential equation for ϵ. One of the algebraic equations for ϵ will be a differential equation for ϕ_I .

The substitution yields immediately

D_μϕ_I ϵ + ϕ_I D_μϵ −^i_2^√_2 (ℑm τ )^{1/2}F_{IJ}^+_{μν} ϕ^J γ^ν ϵ^∗ = 0 , (5.2) ϕ_I ̸∂τ ℑm τ ϵ −^1_2^√_2 (ℑm τ )^{1/2} F̸_{IJ}^−ϕ^J ϵ^∗ = 0 . (5.3)

Acting on Eq. (5.2) with ϕ^I leads to

D_μϵ = −ϕ^I D_μϕ_I ϵ , (5.4)

which takes the form

D̃_μϵ ≡ (D_μ + iζ_μ)ϵ = 0 , (5.5)

and becomes the only differential equation for ϵ. We have defined the derivative D̃ covariant with respect to SL(2, R) and U(1) local rotations under which ϵ and ϕ_I have charges +1 and −1, respectively. Using Eq. (5.5) into Eq. (5.2) to eliminate D_μϵ we obtain

D̃ϕ_I ϵ −^i_{2√2} (ℑm τ )^{1/2}F_{IJ}^+_{μν} ϕ^J γ^ν ϵ^∗ = 0 , (5.6)

which is one of the algebraic constraints for ϵ and is a differential equation for ϕ_I .

Acting with ϕ^I on Eq. (5.3) we see that it splits into two algebraic constraints for ϵ:

̸∂τ ϵ = 0 , (5.7)

F̸_{IJ}^−ϕ^J ϵ^∗ = 0 . (5.8)

Finally, we add to the system an auxiliary spinor η, introduced in Appendix B, with charges opposite to those of ϵ. The normalization condition Eq. (B.27) will be preserved if and only if η satisfies a differential equation of the form

D̃_μη + a_μϵ = 0 , (5.9)

where a_μ is, in principle, an arbitrary vector with the right charges that transforms under the redefinitions Eqs. (B.36) and (B.37) as a connection

a^′_μ = a_μ + ∂_μδ . (5.10)

In practice, however, a_μ cannot be completely arbitrary since the integrability conditions of the differential equation of η have to be compatible with those of the differential equation for ϵ and this requirement will determine a_μ.

Before we start a systematic analysis of these equations, it is worth comparing Eq. (5.5) to Eq. (4.55) and their integrability conditions which have the same structure except for the important detail of the dimensionality and signature. Therefore, we expect two main types of solutions: configurations with U(1) holonomy on a 2-dimensional (spacelike) subspace and configurations with U(1) holonomy in a null direction, which is the new possibility allowed by the Lorentzian signature. These expectations are also supported by the Fierz identities

̸mϵ = −iϵ , (5.11) ̸lϵ^∗ = 0 , (5.12)

which are satisfied automatically here, but will be interpreted as projections.

We will call these two possibilities B and A respectively.

5.1 Killing equations for the vector bilinears and first consequences

We are now ready to derive equations involving the bilinears, in particular the vector bilinears which we construct with ϵ and the auxiliary spinor η introduced in Appendix B. First we deal with the equations that do not involve derivative of the spinors. Acting with ϵ̄ on Eq. (5.6) and with ϵ̄^∗γ^μ on the complex conjugate of Eq. (5.8) we get

ϕ^I F_{IJ}^+_{μν} l^ν = 0 , (5.13) ϵ^{IJKL}ϕ_J F_{KL}^+_{μν} l^ν = 0 . (5.14) Acting with ϵ̄^∗ and η̄^∗ on Eq. (5.7) we get^{12}

l · ∂τ = 0 , (5.15) m^∗ · ∂τ = 0 . (5.16) Now, from Eqs. (5.5) and (5.9) we find

∇_μl_ν = 0 , (5.17) D̃_μn_ν = −a^∗_μm_ν − a_μm^∗_ν , (5.18) D̃_μm_ν = −a_μl_ν . (5.19) Let us now find the simplest implications of these equations. To start with,Eqs. (5.13) and (5.14), together, imply for nonvanishing ϕ_I^{13} F_{IJ}^+_{μν} l^ν = 0 . (5.20) Using Eq. (A.19), we see that the vector field strengths must take the form

F_{IJ}^+ =^1_2 F_{IJ} l ∧ m^∗ , (5.21) F_{IJ}^− =^1_2F̃_{IJ} l ∧ m , (5.22)

12The first of these equations had already been obtained in the general case Eq. (3.21). 13This equation also follows from the general result Eq. (4.1) for vanishing scalars M_{IJ} .

where F_{IJ} is a skew-symmetric SU(4) matrix of scalars to be determined and F̃_{IJ} is its SU(4) dual.

This solves completely Eq. (5.8), as can be seen using the Fierz identity

l_μγ^{μν} ϵ^∗ = 3l^ν ϵ^∗ , (5.23) and we can substitute Eq. (5.21) into Eq. (5.6) the only remaining equation in which vector field strengths occur. Using the Fierz identities

̸lϵ^∗ = 0 , (5.24)

̸m^∗ϵ^∗ = −iϵ , (5.25)

it takes the form

D̃_μϕ_I −^1_{4√2} (ℑm τ )^{1/2}F_{IJ} ϕ^J l_μ = 0 , (5.26)

from which we find

F_{IJ} ϕ^J = 4 √ 2 (ℑm τ )^{1/2} n^μD̃_μϕ_I . (5.27)

On the other hand, from Eqs. (5.15) and (5.16) we find that

dτ = Al̂ + Bm̂^∗ . (5.28) There are two cases to be considered here: case A (B = 0) and case B (B ≠ 0). In case B, we can write dτ = B ( m̂^∗ + A B l̂ ) = Bm̂^{∗ ′} , (5.29)

after a redefinition of the type Eqs. (B.36) and (B.37). All the equations that we have written so far are covariant with respect to this kind of transformations and we just have to add primes (which we suppress immediately afterwards) everywhere. Thus, the case B is equivalent to A = 0 and we can always assume that either A or B is always zero. Since the connection Q depends on τ , the holonomy is different in these two cases. These are the two cases we mentioned at the end of the previous section and we will deal with them separately afterwards.

5.2 Equations of motion and integrability constraints

Although we have not yet discussed the form of the metric, we already have enough information to study the equations of motion and check whether they satisfy the integrability conditions Eqs. (3.13)-(3.15).

Using the results of the previous section, we can write the equations of motion in the form^{14}

E_{μν} −^1_2 g_{μν} E^ρ_ρ = R_{μν} + [ |A|^2 2(ℑm τ )^2

+^1_{16} ℑm τ F^2 ] l_μl_ν + |B|^2 2(ℑm τ )^2 m_{(μ}m^∗_{ν)} , (5.30)

E = 1 ℑm τ [ l^μ∂_μA^∗ − B^∗l^μa_μ + m^μ∂_μB^∗ +^i_4 |B|^2 ℑm τ ] , (5.31)

Ê_{IJ} − τ^∗B̂_{IJ} = −i(ℑm τ ) d(F_{IJ}l̂ ∧ m̂^∗) . (5.32)

Substituting into Eqs. (3.13)-(3.15) and operating, we get

R_{μν} l^ν = 0 , (5.33)

R_{μν} m^ν − |B|^2 4(ℑm τ )^2 m_μ = 0 , (5.34)

l^μ∂_μA^∗ − B^∗l^μa_μ + m^μD̃_μB^∗ +^i_4 |B|^2 ℑm τ = 0 , (5.35)

B^∗F_{IJ} ϕ^J = 0 . (5.36)

We do not have a metric yet, but we can find R_{μν} l^ν and R_{μν} m^ν from the integrability conditions of Eqs. (5.5) and (5.9). Commuting the derivative and projecting with gamma matrices and spinors in the usual way, it is easy to find from Eq. (5.5)

R_{μν} l^ν = −2i(dζ)_{μν} l^ν , (5.37) R_{μν} m^ν = +2i(dζ)_{μν} m^ν − 2i(dQ)_{μν} m^ν

= +2i(dζ)_{μν} m^ν + |B|^2 4(ℑm τ )^2 m_μ , (5.38)

and from Eq. (5.9)

R_{μν} m^ν = 2i(dζ)_{μν} m^ν − 2i(dQ)_{μν} m^ν + 2(da)_{μν} l^ν 14We have ignored all the terms that contain products AB etc.

= +2i(dζ)_{μν} m^ν + |B|^2 4(ℑm τ )^2 m_μ + 2(da)_{μν} l^ν , (5.39) R_{μν} n^ν = 2i(dζ)_{μν} n^ν − 2i(dQ)_{μν} n^ν + 2(da)_{μν} m^{∗ ν} = 2i(dζ)_{μν} n^ν + 2(da)_{μν} m^{∗ ν} . (5.40) Comparing now these three sets of equations, we get

(dζ)_{μν} l^ν = (dζ)_{μν} m^ν = 0 , ⇒ dζ = 0 , ⇒ ζ = dα , (5.41) locally, and, eliminating ζ by a local phase redefinition,

(da)_{μν} l^ν = 0 , (5.42)

(da)_{μν} m^{∗ ν} = −^1_2 R_{μν} n^ν , (5.43) which tell us that

da = −^1_2 R_z∗_um̂ ∧ m̂^∗ +^1_2 R_{uu}l̂ ∧ m̂ + Cl̂ ∧ m̂^∗ , (5.44) where C is a function to be chosen so as to make this equation (and, hence, Eq. (5.9)) integrable.

Once ζ has been eliminated, we can solve Eq. (5.27) of F_{IJ} as follows: F_{IJ} = 8 √ 2 (ℑm τ )^{1/2} n^μ(∂_μϕ_{[I} )ϕ_{J]} . (5.45)

5.3 Metric

At this point we need information about the exact form of the metric. The most important piece of information comes from the covariant constancy of the null vector l^μ. Metrics admitting a covariantly constant null vector are known as pp-wave metrics and were first described by Brinkmann in Refs. [64, 65]. Since l^μ is a Killing vector and dl̂ = 0 we can introduce the coordinates u and v

l_μdx^μ ≡ du , (5.46) l^μ∂_μ ≡ ∂ ∂v . (5.47)

The previous results imply that all the objects we are dealing with (τ, ϕ_I , F_{IJ} ) are independent of v.

Using these coordinates, a 4-dimensional pp-wave metric takes the form^{15} ds^2 = 2du(dv + Kdu + ω) − 2e^{2U} dzdz^∗ , ω = ω_z dz + ω_z∗ dz^∗ , (5.48) where all the functions in the metric are independent of v and where either K or the 1-form ω could, in principle, be removed by a coordinate transformation. In this case, however, we have to be very careful because we have already used part of the freedom we had to redefine the spinors, and, therefore, the null tetrad, and we have to check that the tetrad integrability equations (5.17)-(5.19) are satisfied by our choices of e^U , K and ω.

We are now ready to study and solve each case separately.

5.4 Case A

This is the B = 0 case. dτ = Al̂ implies that τ = τ (u) and A = τ̇ . The connection Q can be integrated

Q = dβ(u) , (5.49) and can be eliminated from all the equations by absorbing a phase into the spinors:

e^{−iβ} ϵ = ϵ^′ , e^{iβ}η = η^′ , (5.50) and similarly on the null tetrad.

To fix the form of the metric, we study the antisymmetric part of Eq. (5.19)

dm̂ + â ∧ l̂ = dU ∧ m̂ + â ∧ l̂ = 0 , (5.51) which implies that U only depends on u and

â = U̇ m̂ + Cl̂ , (5.52) where D is a function to be found. Substituting into the antisymmetric part of Eq. (5.18) we find

dn̂ + â^∗ ∧ m̂ + â ∧ m̂^∗ = dn̂ + C^∗l̂ ∧ m̂ + Cl̂ ∧ m̂^∗ = 0 , (5.53) which is solved by n = dv + Kdu , C^∗ = −e^{−U} ∂_z K . (5.54) Now, comparing Eq. (5.52) with Eq. (5.44) we find that R_{uz} = 0 which implies (since ω = 0) that U̇ = 0.

Finally, to ensure supersymmetry, the integrability conditions Eqs. (5.33)-(5.36) have to be satisfied, and, with constant U all of them are automatically satisfied.

15The components of the connection and the Ricci tensor of this metric can be found in Appendix D.

It also follows form the previous equations that the ϕ_I s can only depend on u and F_{IJ} is given by F_{IJ} = 8 √ 2 (ℑm τ )^{1/2} ϕ̇_{[I} ϕ_{J]} . (5.55)

Now, let us consider the equations of motion. The scalar, Maxwell and Bianchi equations are automatically satisfied and the Einstein equation can be solved by a K satisfying

2∂_z ∂_z∗ K = |τ̇|^2 (ℑm τ )^2

+^1_{16} ℑm τ F^2 . (5.56) These solutions preserve generically 1/4 of the supersymmetries.

5.5 Case B

This is the A = 0 case. If we choose m^∗ = e^U dz^∗, then dτ = Bm^∗ implies τ = τ (z^∗) and Be^U = ∂_z∗ τ . Substituting the corresponding connection 1-form Q into Eq. (5.19) one finds

B^∗ = g(z, u) (ℑm τ )^{1/2}

, (5.57)

â = −∂_u ln g m̂ + Dl̂ , (5.58) where g is a holomorphic function of z and D is a function to be determined. The first of these relations tells us that

∂_z τ^∗ = e^U (ℑm τ )^{1/2} g(z, u) , (5.59) is a holomorphic function of z, independent of u, and taking the derivative of both sides with respect to z^∗ we get e^U (ℑm τ )^{1/2} = f(u) , g(z, u) = h(z) f(u) , (5.60) where f(u) is a real function of u.

Substituting now â into the antisymmetric part of Eq. (5.18) we find that n̂ is given by

n̂ = dv + ω , (5.61) (so K = 0 in the metric Eq. (5.48)) where the 1-form ω satisfies

f_{zz}∗ = e^{2U} ∂_u ln (B/B^∗) = 0 , (5.62) and D is given by

D^∗ = −ω̇_z e^{−U} . (5.63)

Now that we have determined â we have to check that it satisfies the integrability condition Eq. (5.44). This requires the following equations to be satisfied:

R_{uz}∗ +^i_2 ∂_u ln fB ℑm τ = 0 , (5.64)

R_{uu} − [∂^2_u ln f + ∂_u ln f∂_u ln f] − 2e^{−U} ∂_zD = 0 , (5.65)

C − e^{−U} ∂_z∗ D = 0 . (5.66)

Comparing with the integrability conditions Eqs. (5.33)-(5.36), we conclude that f must be a constant that we normalize f = 1 and that ω must be exact, and we can eliminate it. Further, the ϕ_I s must be constant and the vector field strengths must vanish.

All the equations of motion are automatically satisfied in these conditions, and the solutions are the stringy cosmic strings of Ref. [63].

Our result differs from Tod’s, who used τ and τ^∗ as coordinates and found very similar solutions with nontrivial ω that depend in a very complicated way on a function g(τ, u) an its complex conjugate. This function could be eliminated by a coordinate change in which all the u dependence and the 1-form ω disappear, recovering the stringy cosmic string solutions.

Acknowledgements

The authors would like to thank P. Meessen for interesting and insightful conversations and A. Fernández del Río for her help in the early stages of this work. T.O. is indebted to M.M. Fernández for her support. This work has been supported in part by the Spanish grant BFM2003-01090.

A Conventions

A.1 Tensors

We use Greek letters μ, ν, ρ, . . . as (curved) tensor indices in a coordinate basis and Latin letters a, b, c . . . as (flat) tensor indices in a tetrad basis. Underlined indices are always curved indices. We symmetrize () and antisymmetrize [] with weight one (i.e. dividing by n!). We use mostly minus signature (+ − −−). η is the Minkowski metric and a general metric is denoted by g. Flat and curved indices are related by tetrads e_a^μ and their inverses e^a_μ, satisfying e_a^μe_b^ν g_{μν} = η_{ab} , e^a_μe^b_ν η_{ab} = g_{μν} . (A.1) ∇ is the total (general- and Lorentz-) covariant derivative, whose action on tensors and spinors (ψ) is given by ∇_μξ^ν = ∂_μξ^ν + Γ_{μρ}^ν ξ^ρ , ∇_μξ^a = ∂_μξ^a + ω_{μb}^aξ^b , ∇_μψ = ∂_μψ −^1_4 ω_μ^{ab}γ_{ab}ψ ,

(A.2)

where γ_{ab} is the antisymmetric product of two gamma matrices (see next section), ω_{μb}^a is the spin connection and Γ_{μρ}^ν is the affine connection. The respective curvatures are defined through the Ricci identities [∇_μ, ∇_ν ] ξ^ρ = R_{μνσ}^ρ(Γ) ξ^σ + T_{μν}^σ∇_σξ^ρ , [∇_μ, ∇_ν ] ξ^a = R_{μνb}^a(ω)ξ^b , [∇_μ, ∇_ν ] ψ = −^1_4 R_{μν}^{ab}(ω)γ_{ab}ψ .

(A.3)

and given in terms of the connections by R_{μνρ}^σ(Γ) = 2∂_{[μ}Γ_{ν]ρ}^σ + 2Γ_{[μ|λ}^σΓ_{ν]ρ}^λ , R_{μνa}^b(ω) = 2∂_{[μ} ω_{ν]a}^b − 2ω_{[μ|a}^c ω_{|ν]c}^b . (A.4) These two connections are related by the tetrad postulate ∇_μe_a^μ = 0 , (A.5) by ω_{μa}^b = Γ_{μa}^b + e_a^ν ∂_μe_ν^b , (A.6) which implies that the curvatures are, in turn, related by R_{μνρ}^σ (Γ) = e_ρ^ae^σ_bR_{μνa}^b(ω) . (A.7) Finally, metric compatibility and torsionlessness fully determine the connections to be of the form Γ_{μν}^ρ =^1_2 g^{ρσ} {∂_μg_{νσ} + ∂_ν g_{μσ} − ∂_σg_{μν} } , ω_{abc} = −Ω_{abc} + Ω_{bca} − Ω_{cab} , Ω_{ab}^c = e_a^μe_b^ν ∂_{[μ}e^c_{ν]} .

(A.8)

The 4-dimensional fully antisymmetric tensor is defined in flat indices by tangent space by ϵ^{0123} = +1 , ⇒ ϵ_{013} = −1 , (A.9) and in curved indices by ϵ^{μ1 ···μ3} = √ |g| e^{μ1}_{a1} · · · e^{μ3}_{a3} ϵ^{a3···a3} , (A.10) so, with upper indices, is independent of the metric and has the same value as with flat indices.

We define the (Hodge) dual of a completely antisymmetric tensor of rank k, F_{(k)} by ⋆F_{(k)}^{μ1···μ(d−k)} =^1_{k!}√_{|g|} ϵ^{μ1···μ(d−k) μ(d−k+1)···μd} F_{(k)μ(d−k+1)···μd} . (A.11) Differential forms of rank k are normalized as follows:

F_{(k)} ≡^1_{k!} F_{(k)}^{μ1···μk} dx^1 ∧ · · · dx^k . (A.12) For any 4-dimensional 2-form, we define

F^± ≡^1_2 (F ± i^⋆F ) , ±i^⋆F^± = F^± . (A.13) For any two 2-forms F, G, we have

F^± · G^∓ = 0 , F^±_{[μ}^ρ · G^∓_{ν]ρ} = 0 . (A.14) Given any 2-form F =^1_2 F_{μν} dx^μ ∧ dx^ν and a non-null 1-form V̂ = V_μdx^μ, we can express F in the form

F = V^{−2}[E ∧ V̂ −^⋆(B ∧ V̂ )] , E_μ ≡ F_{μν} V^ν , B_μ ≡^⋆F_{μν} V^ν . (A.15) For the complex combinations F^± we have

F^± = V^{−2}[C^± ∧ V̂ ± i^⋆(C^± ∧ V̂ )] , C^±_μ ≡ F^±_{μν} V^ν . (A.16) If we have a (real) null vector l^μ, we can always add three more null vectors n^μ, m^μ, m^{∗ μ} to construct a complex null tetrad such that the local metric in this basis takes the form 0 1 0 0 1 0 0 0 0 0 0 −1 0 0 −1 0

(A.17)

with the ordering (l, n, m, m^∗). For the local volume element we obtain ϵ^{lnmm∗} = i. The general expansion in the dual basis of 1-forms ( l̂, n̂, m̂, m̂∗ ) of F^+ depends on three arbitrary complex functions a, b, c

F^+ = a ( l̂ ∧ n̂ + m̂ ∧ m̂^∗ ) + bl̂ ∧ m̂^∗ + cn̂ ∧ m̂ , F^− = (F^+)^∗ . (A.18) Then, in this case, F is not completely determined by its contraction with the null vector l, but

F^+ = L^± ∧ n̂ ±^⋆(L^± ∧ n̂) + bl̂ ∧ m̂ , L^±_μ ≡ F^±_{μν} l^ν = al_μ − cm_μ . (A.19)

A.2 Gamma matrices and spinors

We work with a purely imaginary representation γ^{a ∗} = −γ^a , (A.20) and our convention for their anticommutator is {γ^a, γ^b} = +2η^{ab} . (A.21) Thus, γ^0γ^aγ^0 = γ^{a †} = γ^{a −1} = γ_a . (A.22) The chirality matrix is defined by γ_5 ≡ −iγ^0γ^1γ^2γ^3 =^i_{4!} ϵ_{abcd}γ^aγ^bγ^cγ^d , (A.23) and satisfies γ_5^† = −γ_5^∗ = γ_5 , (γ_5)^2 = 1 . (A.24) With this chirality matrix, we have the identity γ^{a1···an} = (−1)^{[n/2]}i (4 − n)! ϵ^{a1···anb1···b4−n} γ_{b1 ···b4−n} γ_5 . (A.25) Our convention for Dirac conjugation is ψ̄ = iψ^†γ_0 . (A.26) Using the identity Eq. (A.25) the general d = 4 Fierz identity for commuting spinors takes the form

(λ̄Mχ)(ψ̄Nφ) =^1_4 (λ̄MNφ)(ψ̄χ) +^1_4 (λ̄Mγ^aNφ)(ψ̄γ_aχ) −^1_8 (λ̄Mγ^{ab}Nφ)(ψ̄γ_{ab}χ) −^1_4 (λ̄Mγ^aγ_5Nφ)(ψ̄γ_aγ_5χ) +^1_4 (λ̄Mγ_5Nφ)(ψ̄γ_5χ) . (A.27)

We use 4-component chiral spinors whose chirality is related to the position of the SU(4) index:

γ_5χ_I = +χ_I , γ_5ψ_{μ I} = −ψ_{μ I} , γ_5ϵ_I = −ϵ_I . (A.28) Both (chirality and position of the SU(4) index) are reversed under complex conjugation:

γ_5χ^∗_I ≡ γ_5χ^I = −χ^I , γ_5ψ^∗_{μ I} ≡ γ_5ψ_μ^I = +ψ_μ^I , γ_5ϵ^∗_I ≡ γ_5ϵ^I = +ϵ^I . (A.29) We take this fact into account when Dirac-conjugating chiral spinors:

χ̄^I ≡ i(χ_I )^†γ_0 , χ̄^I γ_5 = −χ̄^I , etc. (A.30) The sum of the two chiral spinors related by complex conjugation gives a standard (real) Majorana spinor with an SU(4) index with the complicated transformation rule of Ref. [53].

B Fierz identities for bilinears

Here we are going to work with an arbitrary number N of chiral spinors, although we are ultimately interested in the N = 4 case only. Whenever there are special results for particular values of N, we will explicitly say so. We should bear in mind that the maximal number of independent chiral spinors is 2 and, for N > 2 (in particular for N = 4) N spinors cannot be linearly independent at a given point. This trivial fact has important consequences.

Given N chiral commuting spinors ϵ_I and their complex conjugates ϵ^I we can constructed the following bilinears that are not obviously related via Eq. (A.25):

1. A complex matrix of scalars

M_{IJ} ≡ ϵ̄_I ϵ_J , M^{IJ} ≡ ϵ̄^I ϵ^J = (M_{IJ} )^∗ , (B.1) which is antisymmetric M_{IJ} = −M_{JI} .

2. A complex matrix of vectors

V^I_{J a} ≡ iϵ̄^I γ_aϵ_J , V_I^J_a ≡ iϵ̄_I γ_aϵ^J = (V^I_{J a})^∗ , (B.2) which is Hermitean:

(V^I_{J a})^∗ = V_I^J_a = V^J_{I a} = (V^I_{J a})^T . (B.3)

3. A complex matrix of 2-forms Φ_{IJ ab} ≡ ϵ̄_I γ_{ab}ϵ_J , Φ^{IJ}_{ab} ≡ ϵ̄^I γ_{ab}ϵ^J = (M_{IJ} )^∗ , (B.4) which is symmetric in the SU(N) indices Φ_{IJ ab} = Φ_{JI ab} and, further, ⋆Φ_{IJ ab} = −iΦ_{IJ ab} ⇒ Φ_{IJ ab} = Φ_{IJ}^+_{ab} . (B.5) As we are going to see, this matrix of 2-forms can be expressed entirely in terms of the scalar and vector bilinears.

It is straightforward to get identities for the products of these bilinears using the Fierz identity Eq. (A.27). First, the products of scalars:

M_{IJ} M_{KL} =^1_2 M_{IL}M_{KJ} −^1_8 Φ_{IL} · Φ_{KJ} , (B.6)

M_{IJ} M^{KL} = −^1_2 V^L_I · V^K_J . (B.7) From Eq. (B.6) immediately follows M_{I[J} M_{KL]} = 0 , (B.8) which is a particular case of the Fierz identity ϵ_{[J} M_{KL]} = 0 . (B.9) For N = 4, 8, . . ., Eq. (B.8) implies, in turn Pf M = 0 ⇒ det M = 0 . (B.10) For N = 4 we can define the SU(4)-dual of M_{IJ} M̃_{IJ} ≡^1_2 ε_{IJKL}M^{KL} , ε^{1234} = ε_{1234} = +1 , (B.11) and the vanishing of the Pfaffian implies M̃_{IJ} M^{IJ} = 0 . (B.12) From Eq. (B.7) and the antisymmetry of M immediately follows V^I_L · V^K_J = −V^I_J · V^K_L = −V^K_L · V^I_J , (B.13) which implies that all the vector bilinears V^I_{J a} are null: V^I_J · V^I_J = 0 . (B.14)

On the other hand, from Eqs. (B.13) and (B.7) follows the real SU(N)-invariant combination of vectors V_a ≡ V^I_{I a} is always non-spacelike:

V^2 = −V^I_J · V^J_I = 2M^{IJ} M_{IJ} ≥ 0 . (B.15) The products of M with the other bilinears^{16} give

M_{IJ} V^K_{L a} =^1_2 M_{IL}V^K_{J a} +^1_2 Φ_{IL ba}V^K_J^b , (B.16)

M_{IJ} Φ^{KL}_{ab} = V^L_{I [a|}V^K_{J |b]} −^i_2 ϵ_{ab}^{cd}V^L_{I c}V^K_{J d} . (B.17) Now, let us consider the product of two arbitrary vectors^{17}:

V^I_{J a}V^K_{L b} =^i_2 ϵ_{ab}^{cd}V^I_{L c}V^K_{J d} + V^I_{L (a|}V^K_{J |b)} −^1_2 g_{ab}V^I_L · V^K_J . (B.18) For V^2 this identity allows us to write the metric in the form

g_{ab} = 2V^{−2}[V_aV_b − V^I_{J a}V^J_{I b}] . (B.19) Following Tod [4], for V^2 ≠ 0 we introduce

J^I_J ≡ 2M^{IK} M_{JK} |M|^2 = 2V · V^I_J V^2

, |M|^2 ≡ M^{LM} M_{LM} =^1_2 V^2 . (B.20) Using Eq. (B.6) we can show that it is a Hermitean projector whose trace equals 2:

J^I_J J^J_K = J^I_K , J^I_I = +2 . (B.21) Further, using the general Fierz identity we find

J^I_J ϵ^J = ϵ^I , ϵ_I J^I_J = ϵ_J , (B.22) which should be understood for N > 2 of the fact that the ϵ^I are not linearly independent^{18}. As a consequence of the above identity, the contraction of J with any of the bilinears is the identity. Using this result and Eq. (B.17), we find

Φ^{KL}_{ab} = 2M^{IK} M_{IJ} |M|^2 Φ^{JL}_{ab} = 2M^{IK} |M|^2 V^L_{I [a}V_{b]} − i M^{IK} |M|^2 ϵ_{ab}^{cd}V^L_{I c}V_d . (B.23) Other useful identities are M_{IJ} M^{KL} |M|^2 = J^K_{[I} J^L_{J]} , (B.24)

16We omit the product M_{IJ} Φ_{KL ab} which will not be used. 17The product V^I_{J a}V_L^K_b gives a different identity that will not be used 18For N = 2 J^I_J = δ^I_J . See later on.

and 2M̃^{IK}M̃_{JK} |M|^2 = δ^I_J − J^I_J ≡ J̃^I_J , (B.25) which is the complementary projector.

In the null case V^2 = |M|^2 = 0 it is customary to write l_a ≡ V^I_{I a}. Since |M|^2 is a sum of positive numbers, each of them must vanish independently, i.e. M^{IJ} = 0. This implies that all spinors ϵ^I are proportional and one can write

ϵ_I = ϕ_I ϵ , (B.26) for some complex functions ϕ_I which transform as an SU(4) vector, and some negativechirality spinor ϵ. These are defined up to a rescaling by a complex function and opposite weights. Part of this freedom can be fixed by normalizing

ϕ_I ϕ^I = 1 , ϕ^I ≡ ϕ^∗_I . (B.27) Then, the only freedom that remains in the definition of ϕ^I is a change by a local phase θ(x) ϕ_I → e^{iθ}ϕ_I , ϵ → e^{−iθ} ϵ . (B.28) In this case on can construct another Hermitean projector K^I_J that plays a role analogous to that of J^I_J in the non-null case:

K^I_J ≡ ϕ^I ϕ_J , (B.29) which satisfies

K^I_J K^J_K = K^I_K , K^I_I = +1 , (B.30) and K^I_J ϵ^J = ϵ^I , ϵ_I K^I_J = ϵ_J , (B.31) which expresses the known fact that only one spinor is linearly independent in this case.

In the null case, all the vector bilinears are also proportional to the null vector l:

V^I_{J a} = K^I_J l_a . (B.32) Once ϵ is given, we may introduce an auxiliary spinor with the same chirality and opposite U(1) charge as ϵ and normalized against ϵ by ϵ̄η = 1 2 , (B.33) where ϵ̄ = iϵ^T γ_0. With both spinors we can construct a complex null tetrad with metric Eq. (A.17) as follows:

l_μ = iϵ̄^∗γ_μϵ , n_μ = iη̄^∗γ_μη , m_μ = iϵ̄^∗γ_μη = iη̄γ_μϵ^∗ , m^∗_μ = iϵ̄γ_μη^∗ = iη̄^∗γ_μϵ . (B.34) The normalization condition (B.27) does not fix completely the auxiliary spinor η and the freedom in the choice of η becomes a freedom in the null tetrad. First of all, there is a U(1) freedom Eq. (B.28) under which η^′ = e^{iθ}η and

l^′ = l , n^′ = n , m^′ = e^{2iθ}m . (B.35) Further, we can also shift η by terms proportional to ϵ preserving the normalization

η^′ = η + δϵ . (B.36) Under this redefinition of η, the null tetrad transforms as follows:

l^′ = l , n^′ = n + δ^∗m + δm^∗ + |δ|^2l , m^′ = m + δl . (B.37)

B.1 The N = 2 case

Here we describe some of the peculiarities of the N = 2 case in which the number of spinors is precisely the necessary to construct a basis at each point.

In the N = 2 case there is only one independent (complex) scalar X since

ϵ̄_I ϵ_J = Xϵ_{IJ} , (B.38) where ϵ_{IJ} is the (constant) 2-dimensional totally antisymmetric tensor. It follows that

|M|^2 = 2|X|^2 , (B.39) and, using ϵ_{IJ} ϵ^{KL} = δ_{IJ}^{KL} we can show that the projector

J^I_J = δ^I_J . (B.40) In the |M|^2 ≠ 0 case, the four vector bilinears V^I_{J μ} can be used as a null tetrad

l_μ = V^1_{1 μ} , n_μ = V^2_{2 μ} , m_μ = V^1_{2 μ} , m^∗_μ = V^2_{1 μ} , . (B.41) Alternatively. one can use the four combinations

V^a_μ ≡^{1√}_2 V^I_{J μ}(σ^a)^J_I , (B.42) with σ^0 = 1 and σ^i the three (traceless, Hermitean) Pauli matrices as an orthonormal tetrad in which V^0 is timelike and the V^i are spacelike.

C Connection and curvature of the conformastationary metric

A conformastationary metric has the general form ds^2 = |M|^2(dt + ω)^2 − |M|^{−2}γ_{ij} dx^idx^j , i, j = 1, 2, 3 , (C.1) where all components of the metric are independent of the time coordinate t. Choosing the Vielbein basis

(e_μ^a) = |M| |M|ω_i 0 |M|^{−1}v_i^j , (e_a^μ) = |M|^{−1} −|M|ω_i 0 |M|v_i^j , (C.2) where γ_{ij} = v_i^kv_j^lδ_{kl} , v_i^kv_k^j v_j , ω_i = v_i^j ω_j , (C.3) we find that the spin connection components are ω_{00i} = −∂_i|M| , ω_{0ij} =^1_2 f_{ij} , ω_{i0j} = ω_{0ij} , ω_{ijk} = −|M|o_{ijk} − 2δ_{i[j} ∂_{k]}|M| , (C.4) where o_i^{jk} is the 3-dimensional spin connection and ∂_i ≡ v_i^j ∂_j , f_{ij} = v_i^k v_j^lf_{kl} , f_{ij} ≡ 2∂_{[i}ω_{j]} . (C.5) The components of the Riemann tensor are R_{0i0j} =^1_2 ∇_i∂_j |M|^2 + ∂_i|M|∂_j |M| − δ_{ij}(∂|M|)^2 +^1_4 ∇i|M|^6f_{ik} f_{jk} , R_{0ijk} = −^1_2 ∇_i(|M|^4f_{jk} ) +^1_2 f_{i[j} ∂_{k]}|M|^4 −^1_4 δ_{i[j}f_{k]l}∂_l|M|^4 , R_{ijkl} = −|M|^2R_{ijkl} +^1_2 |M|^6(f_{ij} f_{kl} − f_{k[i}f_{j]l}) − 2δ_{ij,kl}(∂|M|)^2 + 4|M|δ_{[i}^{[k}∇_{j]}∂^{l]}|M| , (C.6) where all the objects in the right-hand sides of the equations are referred to the 3- dimensional spatial metric. The components of the Ricci tensor are

R_{00} = −|M|^2∇^2 log |M| −^1_4 |M|^6f^2 , R_{0i} =^1_2 ∇_j (|M|^4f_{ji}) , R_{ij} = |M|^2{R_{ij} + 2∂_i log |M|∂_j log |M| − δ_{ij} ∇^2 log |M| −^1_2 |M|^4f_{ik} f_{jk}} ,

(C.7) and the Ricci scalar is R = −|M|^2{R −^1_4 |M|^4f^2 − 2∇^2 log |M| + 2(∂ log |M|)^2} , (C.8)

D Connection and curvature of a Brinkmann pp-wave metric

We rewrite here for convenience the 4-dimensional form of these metrics: ds^2 = 2du(dv + Kdu + ω) − 2e^{2U} dzdz^∗ , ω = ω_z dz + ω_z∗ dz^∗ , (D.1) where all the functions in the metric are independent of v.

Using also light-cone coordinates in tangent space, a natural Vielbein basis is e^u = du = l̂ , e_u = ∂_u − K∂_v = n^μ∂_μ , e^v = dv + Kdu + ω = n̂ , e_v = ∂_v = l^μ∂_μ , e^z = e^U dz = m̂ , e_z = e^{−U} (∂_z − ω_z ∂_v) = −m^{∗ μ}∂_μ , e^{z∗} = e^U dz^∗ = m̂^∗ , e_z∗ = e^{−U} (∂_z∗ − ω_z∗ ∂_v) = −m^μ∂_μ . (D.2) The components of the spin connection are ω_{uzu} = e^{−U} (∂_zK − ω̇_z ) , ω_{uzz}∗ =^1_2 e^{−2U} f_{zz}∗ − U̇ , ω_{zz}∗_u = −^1_2 e^{−2U} f_{zz}∗ − U̇ , ω_{zzz}∗ = −e^{−U} ∂_zU , (D.3) where f_{zz}∗ = 2∂_{[z} ω_z∗_] and a dot stands for partial derivation with respect to u.

The components of the Ricci tensor are R_{zz}∗ = 2e^{−2U} ∂_z ∂_z∗ U , R_{zu} =^1_2 e^{−3U} ∂_z f_{zz}∗ + e^{−U} (∂_zU̇ + U̇ ∂_zU) , R_{uu} = −2e^{−2U} ∂_z∂_z∗ K +^1_2 (f_{zz}∗ )^2 + e^{−2U} (∂_zω̇_z∗ + ∂_z∗ω̇_z ) + 2(Ü + U̇U̇ ) ,

(D.4)

and the Ricci scalar is just R = −4e^{−2U} ∂_z ∂_z∗ U . (D.5)

References

[1] H. Elvang, R. Emparan, D. Mateos and H. S. Reall, Phys. Rev. Lett. 93 (2004) 211302 [arXiv:hep-th/0407065].

[2] G. W. Gibbons and C. M. Hull, Phys. Lett. B 109, 190 (1982). [3] K. P. Tod, Phys. Lett. B 121 (1983) 241. [4] K. P. Tod, Class. Quant. Grav. 12 (1995) 1801.

[5] E. Bergshoeff, R. Kallosh and T. Ortín, Nucl. Phys. B 478 (1996) 156 [arXiv:hep-th/9605059].

[6] G. W. Gibbons, Nucl. Phys. B 207, 337 (1982).

[7] G. W. Gibbons and K. I. Maeda, Nucl. Phys. B 298, 741 (1988). [8] D. Garfinkle, G. T. Horowitz and A. Strominger, Phys. Rev. D 43, 3140 (1991) [Erratum-ibid. D 45, 3888 (1992)].

[9] A. D. Shapere, S. Trivedi and F. Wilczek, Mod. Phys. Lett. A 6, 2677 (1991). [10] R. Kallosh, A. D. Linde, T. Ortín, A. W. Peet and A. Van Proeyen, Phys. Rev. D 46, 5278 (1992) [arXiv:hep-th/9205027].

[11] T. Ortín, Phys. Rev. D 47, 3136 (1993) [arXiv:hep-th/9208078]. [12] R. Kallosh and T. Ortín, Phys. Rev. D 48, 742 (1993) [arXiv:hep-th/9302109]. [13] T. Ortín, Phys. Rev. D 51, 790 (1995) [arXiv:hep-th/9404035]. [14] R. Kallosh, D. Kastor, T. Ortín and T. Torma, Phys. Rev. D 50, 6374 (1994) [arXiv:hep-th/9406059].

[15] M. Rogatko, Class. Quant. Grav. 11, 689 (1994).

[16] D. V. Galtsov and O. V. Kechkin, Phys. Rev. D 50, 7394 (1994) [arXiv:hep-th/9407155].

[17] D. V. Galtsov and O. V. Kechkin, Phys. Rev. D 54, 1656 (1996) [arXiv:hep-th/9507005].

[18] D. V. Gal’tsov and O. V. Kechkin, Phys. Lett. B 361, 52 (1995) [arXiv:hep-th/9507164].

[19] A. Garcia, D. Galtsov and O. Kechkin, Phys. Rev. Lett. 74, 1276 (1995).

[20] E. Lozano-Tellechea and T. Ortín, Nucl. Phys. B 569 (2000) 435 [arXiv:hep-th/9910020].

[21] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, JHEP 0201 (2002) 047 [arXiv:hep-th/0110242].

[22] J. Kowalski-Glikman, Phys. Lett. B 134 (1984) 194. [23] J. Kowalski-Glikman, Phys. Lett. B 150 (1985) 125. [24] P. Meessen, Phys. Rev. D 65 (2002) 087501 [arXiv:hep-th/0111031]. [25] J. Figueroa-O’Farrill and G. Papadopoulos, JHEP 0303 (2003) 048 [arXiv:hep-th/0211089].

[26] J. Figueroa-O’Farrill and G. Papadopoulos, arXiv:math.ag/0211170. [27] J. P. Gauntlett, J. B. Gutowski, C. M. Hull, S. Pakis and H. S. Reall, Class. Quant.

Grav. 20 (2003) 4587 [arXiv:hep-th/0209114].

[28] J. P. Gauntlett and J. B. Gutowski, Phys. Rev. D 71 (2005) 025013 [arXiv:hep-th/0408010].

[29] J. P. Gauntlett and J. B. Gutowski, Phys. Rev. D 71, 045002 (2005) [arXiv:hep-th/0408122].

[30] I. Bena and N. P. Warner, arXiv:hep-th/0408106.

[31] H. Elvang, R. Emparan, D. Mateos and H. S. Reall, arXiv:hep-th/0504125. [32] D. Gaiotto, A. Strominger and X. Yin, arXiv:hep-th/0504126. [33] I. Bena, P. Kraus and N. P. Warner, arXiv:hep-th/0504142.

[34] J. P. Gauntlett and J. B. Gutowski, Phys. Rev. D 68 (2003) 105009 [Erratum-ibid. D 70 (2004) 089901] [arXiv:hep-th/0304064].

[35] J. B. Gutowski, D. Martelli and H. S. Reall, Class. Quant. Grav. 20 (2003) 5049 [arXiv:hep-th/0306235].

[36] A. Chamseddine, J. Figueroa-O’Farrill and W. Sabra, arXiv:hep-th/0306278. [37] M. M. Caldarelli and D. Klemm, JHEP 0309 (2003) 019 [arXiv:hep-th/0307022]. [38] J. P. Gauntlett and S. Pakis, JHEP 0304 (2003) 039 [arXiv:hep-th/0212008]. [39] J. P. Gauntlett, J. B. Gutowski and S. Pakis, JHEP 0312 (2003) 049 [arXiv:hep-th/0311112].

[40] J. P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, Class. Quant. Grav. 21 (2004) 4335 [arXiv:hep-th/0402153].

[41] O. A. P. Mac Conamhna, Phys. Rev. D 70 (2004) 105024 [arXiv:hep-th/0408203]. [42] J. Gillard, U. Gran and G. Papadopoulos, Class. Quant. Grav. 22 (2005) 1033 [arXiv:hep-th/0410155].

[43] M. Cariglia and O. A. P. Mac Conamhna, arXiv:hep-th/0411079. [44] M. Cariglia and O. A. P. MacConamhna, arXiv:hep-th/0412116. [45] U. Gran, J. Gutowski and G. Papadopoulos, arXiv:hep-th/0501177. [46] U. Gran, G. Papadopoulos and D. Roest, arXiv:hep-th/0503046. [47] O. A. P. Mac Conamhna, arXiv:hep-th/0504028.

[48] U. Gran, J. Gutowski and G. Papadopoulos, arXiv:hep-th/0505074. [49] O. A. P. Mac Conamhna, arXiv:hep-th/0505230. [50] A. H. Chamseddine, Nucl. Phys. B 185 (1981) 403. [51] E. Cremmer, J. Scherk and S. Ferrara, Phys. Lett. B 68 (1977) 234. [52] A. Das, Phys. Rev. D 15, 2805 (1977).

[53] E. Cremmer, J. Scherk and S. Ferrara, Phys. Lett. B 74 (1978) 61. [54] A. Font, L. E. Ibáñez, D. Lüst and F. Quevedo, Phys. Lett. B 249, 35 (1990). [55] S. J. Rey, Phys. Rev. D 43, 526 (1991).

[56] J. Maharana and J. H. Schwarz, Nucl. Phys. B 390 (1993) 3 [arXiv:hep-th/9207016]. [57] A. Sen, Nucl. Phys. B 404 (1993) 109 [arXiv:hep-th/9207053]. [58] A. Sen, Phys. Lett. B 303 (1993) 22 [arXiv:hep-th/9209016]. [59] J. H. Schwarz and A. Sen, Phys. Lett. B 312 (1993) 105 [arXiv:hep-th/9305185]. [60] C. M. Hull and P. K. Townsend, Nucl. Phys. B 438 (1995) 109 [arXiv:hep-th/9410167]. [61] R. Kallosh and T. Ortín, arXiv:hep-th/9306085. [62] J. Bellorín and T. Ortín, arXiv:hep-th/0501246.

[63] B. R. Greene, A. D. Shapere, C. Vafa and S. T. Yau, Nucl. Phys. B 337 (1990) 1. [64] H.W. Brinkmann, Proc. Natl. Acad. Sci. U.S. 9 (1923) 1. [65] H.W. Brinkmann, Math. Annal. 94 (1925) 119.