arXiv:hep-th/0506262 v3 9 Dec 2005

Defect Structures in Lorentz and CPT Violating Scenarios

M.N. Barreto,^a D. Bazeia,^a and R. Menezes^{ab} aDepartamento de Física, Universidade Federal da Paraíba, 58051-970 João Pessoa, Paraíba, Brazil bCentro de Física e Departamento de Física, Universidade do Porto, Porto, Portugal (Dated: December 9, 2005)

We investigate models described by real scalar fields, searching for defect structures in the presence of interactions which explicitly violate Lorentz and CPT symmetries. We first deal with a single field, and we investigate a class of models which supports traveling waves that violate Lorentz invariance. This scenario is then generalized to the case of two (or more) real scalar fields. In the case of two fields, in particular, we introduce another class of models, which supports topological structures that attain a Bogomol’nyi bound, although violating both Lorentz and CPT symmetries. An example is considered, for which we construct the Bogomol’nyi bound and find some explicit solutions. We show that violation of both Lorentz and CPT symmetries induces the appearance of an asymmetry between defects and anti-defects, including the presence of linearly stable solutions with negative energy density in their outer side.

PACS numbers: 11.15.Kc, 11.27.+d

I. INTRODUCTION

The possibility of breaking Lorentz and CPT symmetries has been considered in several different contexts; see, e.g., Refs. [1–3]. In [1] the authors modify the usual Maxwell dynamics with the inclusion of a Chern-Simons-like term that violates both Lorentz and CPT symmetries. Other investigations with the addition of contributions that violate Lorentz and CPT symmetries have been done both at low energies, in the standard model [2], and at higher energies, in string-like models [3]. For models dealing with CPT and Lorentz violating extensions of the standard model, sometimes one modifies the scalar Higgs sector, and this gives room for defect structures of more general profile, which may play important role to describe phase transitions in the earlier universe, due to spontaneous symmetry breaking.

Defects like domain walls, cosmic strings, monopoles and others have been studied in several different aspects [4], with applications to Cosmology [5] and Condensed Matter [6]. In particular, kinks are topological defects which in general connect distinct isolated minima in models that develop spontaneous breaking of some discrete symmetry. They appear in two-dimensional space-time, and can be embedded in the four-dimensional spacetime, to generate bidimensional structures named domain walls. The role of such defects as seeds for the formation of non-topological structures is interesting [7] and has led to several investigations, with the change of the discrete symmetry to an approximate symmetry [8], and also when the symmetry is biased to make domains of distinct but degenerate vacua spring unequally [9]. In two-field models, topological defects may generate other interesting structures, such as defect inside defect [10], and junctions of defects [11], and may be of interest in applications concerning conformational structure of polymers and polymer-like chains [12]. They may also induce interesting effects on other fields; for instance, the behavior of fermions in the background of kink-like structures is known to have very significant results [13], and could perhaps be re-examined within the Lorentz-violating scenario.

In this work we study models which combine the two issues, that is, we investigate kink-like structures in scenarios where Lorentz and CPT symmetries may be broken. Our main motivation is related to braneworld, specifically to the Randall-Sundrum scenario [14], because we may follow the lines of [15] and use the Lorentz-violating model described in Sec. III in the context of warped geometry with a single extra dimension. Another motivation is to bring some very well-known results for defect structures in models described by real scalar fields to this new scenario, where Lorentz and CPT symmetries do not play the standard role. In a recent work [16], kinks were investigated in a model which breaks Lorentz symmetry with the explicit inclusion into the Lagrange density of Lorentz non-invariant higher-order derivative contribution. Our route is different, since we will study Lorentz and CPT breaking without introducing higher derivatives.

To do this, we follow Ref. [2], in which the new terms arise as modifications in the Higgs sector of the standard model. In the light of the recent understanding of equivalence between non-commutative field theory and Lorentzviolanting extensions involving ordinary fields [17], the present work is also of interest to non-commutative solitons [18], which has been investigated for a variety of reasons, including self-consistent deformation of the highly constrained structure of local quantum field theory, and the breaking of locality at short distances, which is of direct interest to quantum gravity. Also, the appearing of non-commutativity in field theory in a limit of string theory [19] provides fresh interest to the subject, in particular on D-branes, specially as non-commutative solitons of tachyon fields of open string theory [20].

Our investigations consider static solutions in one spatial dimension. Thus, the static solutions that we consider cannot see effects of non-commutativity. However, we can use the point of view of Ref. [21] to investigate how stability modifies the bound states of the model for non-commutative space-time. Moreover, our investigations is also of interest to the non-commutative aspects introduced in Ref. [22], which investigates kinks and domain walls for non-commutative field theory, directly connected to the tachyon action for unstable brane in open strings; see the recent revision of Ref. [23] for a variety of motivations on tachyon dynamics.

We organize our work as follows: in the next Sect. II we consider models described by one and by two real scalar fields. There we realize that two-field models lead to richer possibilities, and we show how to extend the Bogomol’nyi bound to the Lorentz and CPT breaking scenario. In Sect. III we investigate an explicit model of two real scalar fields, which can be seen as an extension of a former model, first investigated in [24], which has been used in several other contexts, for instance in Refs. [10– 12, 25], engendering broader interest. As we will show, the breaking of both Lorentz and CPT symmetries gives rise to an asymmetry between defects and anti-defects, including the presence of linearly stable solutions that support regions of negative energy density.

We end this work in Sect. IV, where we include our comments and conclusions, pointing some possible extensions of this work.

II. SCALAR FIELD MODELS

In this work we investigate defect structures described by scalar fields in models which break Lorentz and CPT symmetries explicitly.

We start with the simplest case, which describes a single real scalar field. In this case, we study models where only the Lorentz symmetry is broken. Next, we deal with two scalar fields, and there we investigate models which break both Lorentz and CPT symmetries.

A. One field

We start with the model L = 1 2 ∂_μϕ ∂^μϕ + 1 2 κ^{μν} ∂_μϕ∂_ν ϕ − V, (1) where V = V (ϕ) is the potential, which controls the way the field self-interacts. We are working in (1, 1) spacetime dimensions, and the metric is diag(g_{μν}) = (1, −1), with κ^{μν} being a constant tensor, given by κ^{μν} = ( β α α β ) , (2)

where α and β are real parameters. See Ref. [26] for other details. For simplicity, we take β = 0 for the explicit calculations that follow.

The equation of motion is ϕ̈ − ϕ^{′′} + 2αϕ̇^′ + dV dϕ = 0, (3)

where ϕ̇ = ∂ϕ/∂t and ϕ^′ = ∂ϕ/∂x, etc. For static field we get ϕ^{′′} = dV dϕ . (4)

This is the same equation one gets in the standard situation. Thus, static solutions violate neither Lorentz nor CPT symmetries. However, for time-dependent field, we search for traveling waves and now the equation of motion may have solutions which violate Lorentz and CPT symmetries.

Although our model violates Lorentz symmetry, we can still search for traveling waves in the form ϕ = ϕ(u), where u = γ(x − vt), but now γ = γ(v, α) may not have the usual form. We use this into eq. (3) to get to

d^2ϕ du^2 = dV dϕ , (5)

if one sets γ = 1/ √ 1 − v^2 + 2αv. This is a general result:

it shows that for any static field ϕ_s(x) [topological (kinklike) or nontopological (lumplike)] which solves eq. (4), there is a traveling wave of the form

ϕ(u) = ϕ_s(u), (6)

which solve eq. (5). The traveling wave has the form of a static solution, and it travels with constant velocity v, with width w = w_0/γ, for w_0 being the width of the static solution. The velocity is restricted to the interval v ∈ (− √ 1 + α^2 + α, √ 1 + α^2 + α). We notice that the limit α → 0 leads to the standard situation, with γ = γ(v, 0) = 1/ √ 1 − v^2, and v ∈ (−1, 1). We also notice that for α very small we get v ∈ (−1 + α, 1 + α), which shifts by α the standard velocity interval.

We consider the model (1) in the absence of potential; this case was recently considered in Ref. [27], with other motivations. The massless excitations now give w^2 − k^2 − 2αwk = 0, which implies that the velocities should obey v_± = ± √ 1 + α^2 + α. They travel with different velocities in the forward and backward directions, showing that the model engenders birefringence. The inclusion of the potential will make the excitations massive, with velocity bounded by the two massless values. This gives an alternative way to understand the bounds in the velocity of the traveling waves that we have just obtained.

The parameter α induces an asymmetry for traveling waves with positive and negative velocities, breaking Lorentz invariance. We also see that the time-dependent solutions violate both parity and time reversal, although they are symmetric under PT. Thus, they do not violate CPT, because the scalar field is even under charge conjugation.

We calculate θ^{μν} to get the four entries: they are densities which represent energy θ^{00}, energy flux θ^{10}, momentum θ^{01}, and pressure θ^{11}. They are given by

θ^{00} = 1 2 ϕ̇^2 + 1 2 ϕ^{′2} + V, (7a)

θ^{01} = −ϕ̇ϕ^′ − αϕ^{′2}, (7b)

θ^{10} = −ϕ̇ϕ^′ + αϕ̇^2, (7c)

θ^{11} = 1 2 ϕ̇^2 + 1 2 ϕ^{′2} − V. (7d)

We notice that both equations ∂_0θ^{00} + ∂_1θ^{10} = 0 and ∂_0θ^{01} + ∂_1θ^{11} = 0 work on shell. The fact that θ^{01} ≠ θ^{10} indicates violation of Lorentz symmetry.

The energy for traveling waves can be written in the form E_v E_0

= γ (1 + αv), (8)

where E_0 stands for the energy of the static solutions. We calculate the energy ratio for solutions with opposite velocities to get E_v E_{−v} = 1 + αv 1 − αv √ 1 − v^2 − 2αv 1 − v^2 + 2αv

, (9)

which is asymmetric, thus violating Lorentz symmetry. We notice that E_v < E_{−v} for αv > 0.

This is the general scenario for kinks and lumps in models of the form given by eq. (1). The traveling waves are even under CPT, but they violate Lorentz symmetry.

We illustrate this case with the ϕ^4 model. It is described by the potential V (ϕ) = (1/2)(1 − ϕ^2)^2, where we are using dimensionless field and coordinates. The static kink has the form ϕ_s(x) = tanh x. It has unit width, and we have chosen x = 0 as the center of the solution. The corresponding traveling wave is given by ϕ(u) = tanh γ(x − vt), which has width 1/γ.

We can widen the above investigations using some recent results on deformed defects [28]. For the model (1), if one modifies the potential according to

V (ϕ) → U (φ) = V (ϕ → f(φ))/f^{′2}(φ), (10)

where f = f(φ) is the deformation function, we can obtain static solution for the modified model in terms of static solution of the starting model. That is, if ϕ_s(x) is solution for the potential V (ϕ), then

φ_s(x) = f^{−1}(ϕ_s(x)), (11)

is solution for the modified model with potential U (φ). Evidently, the presence of the Lorentz breaking term in the model (1) does not modify this result, which shows that the deformation prescriptions introduced in Refs. [28] are very naturally extended to traveling waves in the above Lorentz violating scenario.

Before going deeper into Lorentz-violating investigations, some words of caution seem to be necessary. It is important to notice that for the model (1) with κ^{μν} given by (2), we can redefine field and coordinates in order to eliminate Lorentz violation [29]. This shows that this model is fake Lorentz-violating theory, but we have decided to make the above investigations because it illustrates with simple terms how Lorentz-violating ingredients enter the game for kinks and lumps in (1, 1) space-time dimensions. Evidently, the procedure suggested to eliminate Lorentz violation indicates that we can extend the energy-momentum tensor (7) in order to make it symmetric and conserved, thus eliminating the presence of Lorentz violation. However, this procedure to eliminate Lorentz violation may not work when we couple the model with more sophisticated fields.

Another issue concerns the need to make the classical solutions time-dependent to make them feel the presence of Lorentz violation. This fact reminds us very much of the investigations done in Ref. [21], in which noncommutativity is only seen by the fluctuations around classical static kinks in (1, 1) non-commutative spacetime. This point will be further explored in a forthcoming investigation, in which we deal with stability of the Lorentz-violating solutions that appear in this work.

B. Two fields

We now turn attention to two-field models. Firstly, we consider the class of models L = 1 2 ∂_μϕ∂^μϕ + 1 2 κ^{μν} ∂_μϕ∂_νϕ + 1 2 ∂_μχ∂^μχ + 1 2 κ^{μν} ∂_μχ∂_ν χ − V (ϕ, χ). (12) This class of models can be seen as an extension for two fields of the class introduced in the former Sect. II.A. Thus, it also suffers from the same problem of being fake Lorentz-violating theory [29], but we explore some peculiarities before introducing a genuine Lorentz-violation family of models. Our point is that these models may be seen as effective portions of some more sophisticated models, involving coupling with other more complex fields.

The equations of motion are given by ϕ̈ − ϕ^{′′} + 2αϕ̇^′ + ∂V ∂ϕ = 0, (13a)

χ̈ − χ^{′′} + 2αχ̇^′ + ∂V ∂χ = 0. (13b)

Thus, for static solutions we get ϕ^{′′} = ∂V ∂ϕ , (14a) χ^{′′} = ∂V ∂χ , (14b)

which do not depend on α, and so they correspond to standard models. The case V (ϕ, χ) = 1 2 W^2_ϕ + 1 2 W^2_χ , (15)

where W_ϕ = ∂W/∂ϕ and W_χ = ∂W/∂χ, leads to models of the form considered in Refs. [24, 25] and in other works.

We consider traveling waves in the form ϕ = ϕ(u) and χ = χ(u) with u = γ(x − vt), as before. The equations of motion change to

d^2ϕ du^2 = ∂V ∂ϕ , (16a)

d^2χ du^2 = ∂V ∂χ , (16b)

where we have set γ = 1/ √ 1 − v^2 + 2αv. For this reason, if the model supports static solutions ϕ_s(x) and χ_s(x), it also supports traveling waves in the form

ϕ = ϕ_s(u), χ = χ_s(u), (17)

which travels with constant velocity v, and with width w = w_0/γ, as before.

This class of models is similar to the former one, and it may support traveling waves which preserve CPT, although they violate Lorentz symmetry. We notice that extensions to a set of N real scalar fields works straightforwardly.

Another class of models can be considered. In this case the Lagrange density has the form L = 1 2 ∂_μϕ ∂^μϕ + 1 2 ∂_μχ∂^μχ + κ^μϕ∂_μχ − V (ϕ, χ). (18) The presence of the vector κ^μ = (a, b), a and b being real parameters, leads to both Lorentz and CPT violation; see Ref. [2] for other details. The model may support kinks and lumps, if the potential V = V (ϕ, χ) is chosen properly. This class of models may support defect structures which violate both Lorentz and CPT symmetries, leading to richer scenarios. In particular, we are now dealing with a genuine Lorentz-violating family of models, since it is not possible to remove the Lorentz-violating κ-dependent term from the theory anymore; see [2] and, in particular [30], in connection with a varying coupling.

For the model at hand, the equations of motion have the form ∂_μ∂^μϕ − κ^μ∂_μχ + ∂V ∂ϕ = 0, (19a)

∂_μ∂^μχ + κ^μ∂_μϕ + ∂V ∂χ = 0. (19b)

The energy-momentum tensor has the four entries:

θ^{00} = 1 2 (ϕ̇^2 + χ̇^2 + ϕ^{′2} + χ^{′2}) − b ϕχ^′ + V, (20a)

θ^{10} = −ϕ^′ϕ̇ − χ^′χ̇ + bϕχ̇, (20b)

θ^{01} = −ϕ^′ϕ̇ − χ^′χ̇ − aϕχ^′, (20c)

θ^{11} = 1 2 (ϕ̇^2 + χ̇^2 + ϕ^{′2} + χ^{′2}) + a ϕχ̇ − V. (20d)

We notice that the equations ∂_μθ^{μν} = 0 work on shell. Also, θ^{01} ≠ θ^{10} shows that the model volates Lorentz symmetry. In this case, it is not possible to improve the energy-momentum tensor to make it symmetric and conserved; this is a true manifestation of Lorentz violation for this family of models [2, 30].

For static fields, that is, for field configurations that only depend on the space coordinate x, the equations of motion become

ϕ^{′′} + b χ^′ = ∂V ∂ϕ , (21a) χ^{′′} − b ϕ^′ = ∂V ∂χ . (21b)

These equations do not depend on a; thus, if one chooses b equal to zero, the static solutions are not affected by Lorentz and CPT symmetries. However, they may be affected by the motion of traveling waves, as we have already shown in the former case.

For nonzero b, we see that the above equations violate both Lorentz and CPT symmetries. They do not respect parity transformation, although they are even under T and C. The absence of parity symmetry breaks the kink ↔ antikink exchange scenario, which in general appears in models that do not violate parity. However, we notice that the substitutions x → −x and b → −b do not change the equations of motion (21) for static fields, if the potential is even under b → −b. In this case, kinks for the model with b positive would become antikinks for the model with b negative.

The presence of b in the equations of motion and energy density changes the standard scenario. To attain a Bogomol’nyi bound [31] we modify the potential in Eq. (15). We consider a new class of models, identified by V_s(ϕ, χ) = 1 2 (W_ϕ + s_1χ)^2 + 1 2 (W_χ + s_2ϕ)^2, (22)

where W = W (ϕ, χ) is a smooth function of the two fields, with s_1 and s_2 being real constants, which obey s_2 − s_1 = b. This potential is an extension of the potential considered in [24]; it gets to its original form in the limit b → 0. This modification is introduced to attain a Bogomol’nyi bound [31], but it changes the way the fields interact, since the potential now depends explicitly on b, the parameter which breaks Lorentz and CPT symmetries.

This class of models can be further investigated for the presence of topological solutions. We consider static fields, ϕ = ϕ(x) and χ = χ(x). We write the energy density for static solutions in the form

θ^{00} = dW dx + 1 2 (ϕ^′ −W_ϕ −s_1χ)^2+ 1 2 (χ^′ −W_χ −s_2ϕ)^2 . (23)

The energy is minimized to the value E^{ij} = ΔW_{ij}, with ΔW_{ij} = W_i − W_j , for W_i = W (ϕ̄_i, χ̄_i), and v_i = (ϕ̄_i, χ̄_i) being a minimum of the potential, obeying V (ϕ̄_i, χ̄_i) = 0.

This bound is attained for field configurations which obey the first-order equations

ϕ^′ = W_ϕ + s_1χ, (24a) χ^′ = W_χ + s_2ϕ, (24b)

with the boundary conditions: the pair (ϕ, χ) goes to (ϕ̄_i, χ̄_i) for x → ∞, and to (ϕ̄_j , χ̄_j) for x → −∞. This is the Bogomol’nyi bound [31], now extended to the above class of models, which violate Lorentz and CPT symmetries.

We can see that solutions of the above first-order equations solve the equations of motion. Also, despite the modification in the model, the static solutions satisfy 1 2 ϕ^{′2} + 1 2 χ^{′2} = V, (25)

which shows that the gradient and potential portions of the energy contribute equally.

We remark that since b changes the energy density in eq. (20a), the form (23) is only obtained when we consider the potential in the specific form (22), with s_2 − s_1 = b. We compare this with the case which preserves Lorentz and CPT symmetries to see that the Bogomol’nyi bound requires the inclusions of new terms into the potential.

The asymmetry that appears for b ≠ 0 may contribute to destabilize the defect solutions. However, we can show that solutions to the above first-order equations are linearly stable. The calculation follows the standard route [32]. The full investigation will be done in another work, and here we show the main steps of the calculation. This investigation is important, because we will show below that there are models which support kinks of unusual profile. We introduce general fluctuations for the two fields in the form: ϕ(x, t) = ϕ(x) + η(x, t) and χ(x, t) = χ(x) + ξ(x, t). We use these fields in the equations of motion to get to the Schrödinger-like equation, HΨ_n(x) = ω^2_nΨ_n(x), where Ψ_n(x) is a two-component wave function and the Hamiltonian has the form H = − d^2 dx^2 − ibσ_2 d dx + U, (26)

where σ_2 is a Pauli matrix and U = ( ∂^2V_s/∂ϕ^2 ∂^2V_s/∂ϕ∂χ ∂^2V_s/∂χ∂ϕ ∂^2V_s/∂χ^2 ) . (27)

We use V_s as in Eq. (22) to write H = S^†S, where S is the first-order operator S = − d dx + ( W_{ϕϕ} W_{ϕχ} + s_1 W_{χϕ} + s_2 W_{χχ} ) . (28)

This shows that H is non-negative, and so the corresponding eigenvalues must obey w^2_n ≥ 0. This result is general; it extends the result of Ref. [32] to the above model, and it shows that the solutions of the first-order equations (24) are linearly stable.

III. EXAMPLE

The last class of models deserves further attention. We illustrate this case with an example. We consider s_1 = 0 and s_2 = b, and the following function [24] W (ϕ, χ) = ϕ − 1 3 ϕ^3 − rϕ χ^2, (29)

where r is a real parameter. This gives the potential V (ϕ, χ) = 1 2 (1 − ϕ^2 − rχ^2)^2 + 1 2 (2rϕχ − bϕ)^2 . (30)

The model may support several minima, depending on the values of r and b. We consider r and b positive, and b^2/4r ∈ (0, 1) to write v_{h±} = (±Q, b/2r) , v_{v±} = ( 0, ± √ 1/r ) , (31)

where Q = √ 1 − b^2/4r. There are four minima, two horizontally aligned, and two vertically aligned, as the subscripts indicate. The limit b → 0 implies Q → 1, bringing the minima v_{h±} back to (±1, 0), to the ϕ axis, as expected [24].

There are five topological sectors, for solutions that solve the first-order equations, one with energy or tension t_1 = (4/3)Q^3, and four with tensions degenerate to the value t_2 = (2/3)Q^3. As one knows, in the absence of Lorentz and CPT violation, the standard situation engenders BPS and anti-BPS solutions, which connect the minima in the two possible senses. However, parity violation breaks this symmetry, excluding one of the two possibilities. In the model under investigation, for instance, in the more energetic sector, there is only one solution, connecting v_{h−} → v_{h+}. The same for the other sectors, where there are solutions connecting v_{h−} → v_{v+}, v_{v+} → v_{h+}, v_{h−} → v_{v−}, and v_{v−} → v_{h+}. In Fig. [1] we illustrate how the orbits appear connecting the minima of the potential.

The model may admit another sector, connecting the minima v_{v±}. This sector cannot have solutions that obey the first-order equations. Although in this case we have been unable to find any explicit solution connecting the two minima asymptotically, we could verify that the straight line orbit which solves the model for b = 0 does not exist in the present case, for b ≠ 0.

It is interesting to notice that in a string theory scenario with the above realization of Lorentz and CPT violations, the asymmetry between defects and anti-defects prevent the presence of anti-defects. If this persists in the string theory, it would certainly prevent the presence of open strings ending on a pair brane–anti-brane, and this would certainly change the way tachyon condensation could appear.

For the model under investigation, the first-order equations are

ϕ^′ = 1 − ϕ^2 − rχ^2, (32a) χ^′ = bϕ − 2rχϕ. (32b)

FIG. 1: The four minima, and some possible orbits for r = 1/4 and b = 1/3. The arrows illustrate how the minima are connected for x varying from −∞ to ∞. Parity non-invariance forbids the presence on anti-defects in this case.

It is not hard to see that these equations admit the integrating factor f(χ) = 1/(χ − b/2r)^{1+1/r}. Thus, we use ~χ = χ − b/2r to write the orbits, for r ≠ 1/2 and r ≠ 1,

ϕ^2 = r 2r − 1 ~χ^2 + b r − 1 ~χ + C ~χ^{1r} + Q^2, (33)

where C is an integration constant. The limit b → 0 changes this result to the orbits first obtained in Ref. [33].

The specific cases r = 1 and r = 1/2 need particular attention. They have orbits given by, respectively,

ϕ^2 = ~χ^2 + b r ~χ ln ~χ + C ~χ + Q^2, (34a)

ϕ^2 = C ~χ^2 + ~χ^2 ln ~χ − b r ~χ + Q^2. (34b)

We have being unable to solve the first-order equations analytically for r and C arbitrary. For this reason, we have used some specific values for C: firstly, we take the limit C → ∞, to see that in this case the orbit is a straight line segment joining v_{h+} and v_{h−} with χ = b/2r. This limit reduces the first-order equations (32) to the single equation ϕ^′ = Q^2 − ϕ^2, which is solved by

ϕ(x) = Q tanh(Qx), (35)

where we are using x = 0 as the center of the solution. The corresponding energy density is given by ϵ = Q^4 sech^4(Qx).

Another interesting value for the integration constant is C = 0. This choice leads to the solutions

ϕ_±(x) = Q sinh(2rQx) ±B + cosh(2rQx) , (36a)

χ_±(x) = b 2r ± A ±B + cosh(2rQx) , (36b) where we have used A = (1 − r)Q^2K and B = bK/4, where K = √ 1 − 2r r(1 − 2r + r^2Q^2)

, (37)

with r ∈ (0, 1/2).

We notice that the limit b → 0 changes the solutions (36) to the simpler form

ϕ^0(x) = tanh(2rx), (38a)

χ^0_±(x) = ± √( 1 r − 2 ) sech(2rx), (38b)

which are solutions of the model first investigated in Ref. [24]. We recall that the above solutions were found with the elliptic orbits

ϕ^2 + r 1 − 2r χ^2 = 1, (39)

which are good orbits for r ∈ (0, 1/2). We notice that these orbits are exactly the orbits obtained in eq. (33) in the limit b → 0 for the value C = 0.

The energy density corresponding to the above solutions can be written as

θ^{00} = ϕ^{′2} + χ^{′2} − bϕχ^′, (40)

and for the non-trivial solutions with C = 0 we use Eqs. (36) and (37) to obtain

θ^{00}_± (x) =

4r^2Q^4 [B ± cosh(2rQx)]^4 [ 1 + B^2 ±

cosh(2rQx) ( 2B + bA 2rQ^2 sinh^2(2rQx) ) + ( A^2 Q^2 + bAB 2rQ^2 + B^2 ) sinh^2(2rQx) ] . (41)

The orbits and solutions for C = 0 are shown in Fig. [2] and [3], respectively, and in Fig. [4] we plot the corresponding energy densities. These figures are shown for r = 1/4 and b = 1/3. We see that the upper orbit gives standard defect structures. However, the lower orbit gives unusual defects, making the topological solution non monotonic, a fact due to the breaking of Lorentz invariance, which also responds for the presence of regions of negative energy density, as shown in Fig. [4].

To introduce specific results, we notice that in the defect solution for lower orbit, the behavior of the ϕ field, which ensures the topological profile of the solution, shows two critical points, at the values x^±_c = ±(1/2rQ)arcsech(B), for which ϕ(x^±_c ) = ±Q/ √ 1 − B^2 .

For these values, the energy density is given by

θ^{00}_− (x_c) = −rb^2

(1 − 2r)(1 − 2r + r^2Q^2) (1 − r)^4

, (42)

FIG. 2: Orbits for defect solutions in the sector connecting the minima vh± = (±Q, s) for C = 0. The upper and lower orbits are depicted with dashed and dot-dashed lines, using r = 1/4 and b = 1/3.

FIG. 3: Field profile for defect solutions corresponding to upper and lower orbits shown in Fig. [2], plotted in the upper and lower panels, respectively. We distinguish the two fields with thicker (ϕ) and thinner (χ) lines, and we use r = 1/4 and b = 1/3.

and it is always negative, for the range of values that we are considering. For r = 1/4 and b = 1/3 we get x^±_c = ±3.8575. Although the energy is positive, the energy density is negative in the two regions |x| ≥ 3.0625, which include the critical points of ϕ; see Fig. [4]. These regions of negative energy densities form the outer side of the defect, and they disappear in the limit b → 0, in the absence of Lorentz and CPT breaking. The core of the defect changes insignificantly for b small, and so it may entrap another defect in the same way it used to do in the standard situation [10]. The appearance of negative energy density is an unusual behavior, which leads us to think that such solutions are unstable, but we have already show that they are linearly stable in general. We will further investigate stability in another work, to examine how to find stable solutions for specific models which violate both Lorentz and CPT symmetries.

The value b = 1/3 is not small. Since b measures how

FIG. 4: Energy density in the case C = 0, with r = 1/4 and b = 1/3. The dashed and dot-dashed lines correspond to solutions for the upper and lower orbits, respectively, as they appear in Fig. [2].

the model deviates from the standard situation, it should be very small. Former studies on bounds in the Higgs sector for extensions of the standard model suggest the order of magnitude of b. The constraint is very tight in more realistic situations [34]. In our toy model, however, we have used b = 1/3 to highlight the effects the breaking of Lorentz and CPT symmetries may induce in the defect structures that appear in the model under consideration. Moreover, the present investigations may be of some use in applications to condensed matter – see, e.g., Refs.[6, 12] – and there violation of Lorentz invariance should have another interpretation. Indeed, in condensed matter we have found interesting investigations [35] in which one deals with very similar solutions, engendering profiles of almost the same type of the kink-like solutions that appear for a non-vanishing b, not that much small. We can also mimic Lorentz-violating models in condensed matter with materials which naturally select preferable directions in space, which can be described with continuum version of the Dzyaloshinkii-Moriya model [36].

IV. COMMENTS AND CONCLUSIONS

In this work we have investigated models described by real scalar fields, in scenarios which violate both the Lorentz and CPT symmetries. We first dealt with models described by a single real field, and there we have shown that the addition of the Lorentz breaking term changes no static sector of the model. However, traveling waves see the Lorentz breaking, and we have constructed the way the traveling waves appear. Moreover, we have extended this result to deformed defects, and to models described by two or more real scalar fields.

In the case of two fields, we have invented another class of models, and we have investigated an explicit example, which generalizes former results to the Lorentz and CPT breaking scenario. These models do not support the usual defect and anti-defect structures simultaneously, and there are solutions that engender unusual profile, making the energy density negative in the outer side of the defect. The asymmetry for defect and antidefect that we have found may perhaps be of some use to build string theory scenarios where open strings ending on a brane–anti-brane system are suppressed by CPT violation.

The present investigations will continue in another work, where we study linear stability of the solutions that we have just found in this paper. There we will show explicitly how to construct stable defect structures which violate Lorentz and CPT symmetries. We will also investigate supersymmetric extensions [37–39] of the above models, to see how the solutions of the first-order equations behave as BPS states.

We believe that the idea that the geodesic motion in moduli space can be used to describe the low energy dynamics of defect structures [40] may be extended to the present context. Eventually, it may change the scenario constructed in [41] for the standard model, which preserves both Lorentz and CPT symmetries.

The suggestion that the models here studied may mimic features of more realistic systems, can also be extended to the case of heterotic M theory, following the recent work [42], which has investigated the effects of collision of scalar field kinks with boundaries, motivated from its cousin, the five dimensional heterotic M theory. The investigation shows that kink-boundary effects appears as direct application of the moduli space evolution.

Other lines of investigations concern the presence of junctions of defects, in Lorentz and CPT violating scenarios. Work on this is now in progress, in models which follow the lines of Ref. [11]. We are also exploring similar models, with focus on tachyon kinks, motivated by ideas present in Refs. [20, 22, 23, 43]. Furthermore, the inclusion of fermions is important not only for supersymmetry, but also to allow investigations concerning the behavior of fermions [13] in the background of these Lorentz-violating kink-like structures. Another issue concerns the use of defect structures in scalar field theory to generate brane in warped geometry with a single extra dimension, as motivated by Ref. [14]. Practical possibilities have already been examined in Ref.[15], and we are now searching for brane within the present Lorentzviolating scenario. Evidently, the presence of Lorentz violation requires that we somehow modify the standard scenario, with the addition of extra terms to compensate the asymmetry of the energy-momentum tensor. Similar recent investigation was done in [44], where a Chern- Simons modification of General Relativity has been considered, which may help us enlighten the issue.

The authors would like to thank F.A. Brito, A.R. Gomes, L. Losano, J.R. Nascimento and V.M. Pereira for discussions, and CAPES, CNPq, PADCT/CNPq, PROCAD/CAPES, and PRONEX/CNPq/FAPESQ for financial support.

[1] S. Carroll, G. Field, and R. Jackiw, Phys. Rev. D 41, 1231 (1990).

[2] D. Colladay and V.A. Kostelecky, Phys. Rev. D 55, 6760 (1997); Phys. Rev. D 58, 116002 (1998).

[3] V.A. Kostelecky and S. Samuel, Phys. Rev. D 39, 683 (1989); V.A. Kostelecky and R. Potting, Nucl. Phys. B 359, 545 (1991); Phys. Rev. D 51, 3923 (1995).

[4] R. Rajaraman, Solitons and Instantons, (North-Holland, Amsterdam, 1982); S. Coleman, Aspects of Symmetry, (Cambridge, Cambridge, UK, 1985).

[5] A. Vilenkin and E.P.S. Shellard, Cosmic Strings and Other Topological Defects, (Cambridge, Cambridge, UK, 1994).

[6] D. Walgraef, Spatio-Temporal Pattern Formation (Springer-Verlag, New York, 1997); G. Bertotti, Hysteresis in Magnetism (Academic, San Diego, CA, 1998).

[7] T.D. Lee, Phys. Rev.D 35, 3637 (1977); J.A. Frieman, G.B. Gelmini, M. Gleiser, and E.W. Kolb, Phys. Rev. Lett. 60, 2101 (1998).

[8] A.L. MacPherson and B.A. Campbell, Phys. Lett. B 347, 205 (1995); J.R. Morris and D. Bazeia, Phys. Rev. D 54, 5217 (1996).

[9] D. Coulson, Z. Lalak, and B. Ovrut, Phys. Rev. D 53, 4237 (1996).

[10] J.R. Morris, Phys. Rev. D 51, 697 (1995); Phys. Rev.

D 52, 1096 (1996); D. Bazeia, R.F. Ribeiro, and M.M.

Santos, Phys. Rev. D 54, 1852 (1996); J.D. Edelstein, M.L. Trobo, F.A. Brito, and D. Bazeia, Phys Rev. D 57, 7561 (1998); J.R. Morris, Int. J. Mod. Phys. A 13, 1115 (1998); D. Bazeia, H. Boschi-Filho, and F.A. Brito, JHEP 04, 028 (1999).

[11] G.W. Gibbons and P.K. Townsend, Phys. Rev. Lett.

83, 1727 (1999); P.M. Saffin, Phys. Rev. Lett. 83, 4249 (1999); H. Oda, K. Ito, M. Naganuma, and N. Sakai, Phys. Lett. B 471, 140 (1999); D. Bazeia and F.A. Brito, Phys. Rev. Lett. 84, 1094 (2000); Phys. Rev. D 61, 105019 (2000); D. Bazeia, J. Menezes, and M.M. Santos, Phys. Lett. B 521, 418 (2001); Nucl. Phys. B 636, 132 (2002).

[12] D. Bazeia, R.F. Ribeiro, and M.M. Santos, Phys. Rev. E 54, 2943 (1996); D. Bazeia and E. Ventura, Chem. Phys. Lett. 303, 341 (1999); E. Ventura, A.M. Simas, and D. Bazeia, Chem. Phys. Lett. 320, 587 (2000); D. Bazeia, V.B.P. Leite, B.H.B. Lima, and F. Moraes, Chem. Phys. Lett. 340, 205 (2001).

[13] R. Jackiw and C. Rebbi, Phys. Rev D 13, 3398 (1976);

J. Goldstone and F. Wilczek, Phys. Rev. Lett. 47, 986 (1981); R. Jackiw and J.R. Schrieffer, Nucl. Phys. B 190, 253 (1981).

[14] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999); W.D. Goldberger and M.B. Wise, Phys. Rev. Lett. 83, 4922 (1999); O. DeWolfe, D.Z. Freedman, S.S. Gubser, and A. Karch, Phys. Rev. D 62, 046008 (2000).

[15] D. Bazeia, C. Furtado, and A.R. Gomes, JCAP 02, 002 (2004); D. Bazeia and A.R. Gomes, JHEP 05, 032 (2004).

[16] M. Lubo, Phys. Rev. D 71, 047701 (2005). [17] S.M. Carrol et al., Phys. Rev. Lett. 87, 141601 (2001). [18] R. Gopakumar, S. Minwalla, and A. Strominger, JHEP 05, 020 (2000); D.J. Gross and N. Nebrasov, JHEP 07, 034 (2000); U. Lindstrom, M. Rocek, and R. von Unge, JHEP 12, 004 (2000); J.A. Harvey, P. Kraus, and F. Larsen, JHEP 12, 024 (2000); M. Aganagic, R. Gopakumar, S. Minwalla, and A. Strominger, JHEP 04, 001(2001).

[19] A. Connes, M. Douglas, and A. Schwarz, JHEP 02, 003 (1998).

[20] K. Dasgupta, S. Mukhi, and G. Rajesh, JHEP 06, 022 (2000); J.A. Harvey, P. Kraus, F. Larsen, and E.J. Martinec, JHEP 07, 042 (2000); E. Witten, Noncommutative Tachyons and String Field Theory, hep-th/0006071; M. Mihailescu, I.Y. Park, and T.A. Tran, Phys. Rev. D 64, 046006 (2001).

[21] D.V. Vassilevich and A. Yurov, Phys. Rev. D 69, 105006 (2004).

[22] Y. Kim, O-K. Kwon, and C.O. Lee, JHEP 01, 032 (2005). [23] A. Sen, Int. J. Mod. Phys. A 20, 5513 (2005). [24] D. Bazeia, M.J. dos Santos, and R.F. Ribeiro, Phys. Lett.

A 208, 84 (1995).

[25] F.A. Brito and D. Bazeia, Phys. Rev. D 56, 7869 (1997);

D. Bazeia, J.R. Nascimento, R.F. Ribeiro, and D. Toledo, J. Phys. A 30, 8157 (1997).

[26] V.A. Kostelecky and R. Lehnert, Phys. Rev. D 63, 065008 (2001).

[27] E.M.C. Abreu, R. Menezes, and C. Wotzasek, Phys. Rev.

D 71, 065004 (2005).

[28] D. Bazeia, L. Losano, and J.M.C. Malbouisson, Phys.

Rev. D 66, 101701(R) (2002); C.A. Almeida, D. Bazeia, L. Losano, and J.M.C. Malbouisson, Phys. Rev. D 69, 067702 (2004).

[29] V.A. Kostelecky and M. Mewes, Phys. Rev. D 66, 056005 (2002); R. Lehnert, Phys. Rev. D 68, 085003 (2003).

[30] V. A. Kostelecky, R. Lehnert, and M.J. Perry, Phys. Rev.

D 68, 123511 (2003); O. Bertolami, R. Lehnert, R. Potting, and A. Ribeiro, Phys. Rev. D 69, 083513 (2004).

[31] E.B. Bogomol’nyi, Sov. J. Nucl. Phys. 24, 449 (1976);

M.K. Prasad and C.M. Sommerfield, Phys. Rev. Lett. 35, 760 (1975).

[32] D. Bazeia and M.M. Santos, Phys. Lett. A 217, 28 (1996).

[33] A. Alonzo Izquierdo, M.A. Gonzalez Leon, and J. Mateos Guilarte, Phys. Rev. D 65, 085012 (2002).

[34] D.L. Anderson, M. Sher, and I. Turan, Phys. Rev. D 70, 016001 (2004).

[35] D.V. Skryabin, Opt. Exp. 12, 4841 (2004); I.M. Merhasin and B. Malomed, Gap solitons in a model of a hollow optical fiber, nlin.PS/0410011.

[36] I. Dzyaloshinskii, J. Phys. Chem. Solids 4, 241 (1958);

T. Moriya, Phys. Ver. 120, 91 (1960); Z. Yang, Z. Wang, and H. Chen, J. Phys. Condens. Matter 14, 199 (2002).

[37] M.S. Berger and V.A. Kostelecky, Phys. Rev. D 65, 091701(R) (2002).

[38] H. Belich et al. Phys. Rev. D 68, 065030 (2003). [39] S.G. Nibbelink and M. Pospelov, Phys. Rev. Lett. 94, 081601 (2005).

[40] N. Manton, Phys. Lett. B 110, 52 (1982). [41] A. Alonso Izquierdo, M.A. Gonzalez Leon, J. Mateos Guilarte, and M.A. de la Torre Mayado, Phys. Rev. D 66, 105022 (2002); Physica D 200, 220 (2005).

[42] N.D. Antunes, E.J. Copeland, M. Hindmarsh, and A.

Lukas, Phys. Rev. D 69, 065016 (2004).

[43] D. Bazeia, R. Menezes, and J.G. Ramos, Mod. Phys.

Lett. A 20, 467 (2005).

[44] R. Jackiw and S.-Y. Pi, Phys. Rev. D 68, 104012 (2003).