arXiv:hep-th/0506061 v1 8 Jun 2005

YITP-05-27 KEK-TH-976

hep-th/0506061

Discrete Light-Cone Quantization

in PP-Wave Background

Kunihito Uzawa^{†a} and Kentaroh Yoshida^{∗b}

† Yukawa Institute for Theoretical Physics Kyoto University, Kyoto 606-8502, Japan.

∗Theory Division, High Energy Accelerator Research Organization (KEK), Tsukuba, Ibaraki 305-0801, Japan.

E-mail:^a uzawa@yukawa.kyoto-u.ac.jp
       b kyoshida@post.kek.jp

Abstract We discuss the discrete light-cone quantization (DLCQ) of a scalar field theory on the maximally supersymmetric pp-wave background in ten dimensions. It has been shown that the DLCQ can be carried out in the same way as in the two-dimensional Minkowski spacetime. Then, the vacuum energy is computed by evaluating the vacuum expectation value of the light-cone Hamiltonian. The results are consistent with the effective potential obtained in our previous work [hep-th/0402028].

Keywords: discrete light-cone quantization, effective potential, pp-wave.

1 Introduction

Recently, the discrete light-cone quantization (DLCQ) method, which has been originally developed by [1, 2](For reviews, see [3, 4]), has a renewed interest related to the M-theory formulation [5] (For a review related to the DLCQ, see [6]). The M-theory formulation [5] has been extended to the pp-wave background [8, 9, 10] by Berenstein-Maldacena-Nastase [11], and so it is also interesting to study the DLCQ method on the pp-wave background. On the other hand, for the type IIB string theory on the pp-wave [12, 13], an interesting work [14] has been done related to the DLCQ in the pp-wave background.

Scalar field theories on pp-wave backgrounds are nice laboratories for studies of the DLCQ method in the pp-wave case. Furthermore these may give interesting cosmological models (For studies of cosmological structure of pp-wave background, see [15, 16, 17, 18, 19]). In fact, scalar field theories on the maximally supersymmetric pp-wave background in ten dimensions are fairly studied. The propagator in this theory was computed in [20], and then the effective potential was discussed in [21] in the path integral formulation [22, 23].

In this letter, we discuss the DLCQ of scalar field theories in the maximally supersymmetric pp-wave background in ten dimensions. The vacuum energies of them are computed by evaluating the vacuum expectation value (VEV) of the light-cone Hamiltonian. The results completely agree with the effective potential calculated in our previous paper [21].

2 DLCQ and Vacuum Energy of a Scalar Field in PP-Wave

We shall consider a scalar field theory on the maximally supersymmetric pp-wave background:

ds^2 = −2dx^+dx^− − 8∑ i=1 μ^2(x^i)^2(dx^+)^2 + 8∑ i=1 (dx^i)^2 , (2.1)

F_{+1234} = F_{+5678} = 4μ . (2.2)

The constant five-form flux F is a field strength of Ramond-Ramond four-form. The light-cone coordinates are defined as x^± = (x^0 ± x^9)/ √ 2 . The action of a scalar field theory on this background is given by

I_s = ∫ d^{10}x √ −g [ − 1 2 g^{μν} ∂_μϕ∂_ν ϕ − V (ϕ) ]

= ∫ d^{10}x [ ∂_+ϕ∂_−ϕ − 1 2 μ^2r^2∂_−ϕ∂_−ϕ − 1 2 ∂_iϕ∂_iϕ − V (ϕ) ] , (2.3) where r^2 =

∑_8 i=1(x^i)^2 and V (ϕ) is a potential of a scalar field ϕ . We will concentrate on the case V (ϕ) = m^2ϕ^2/2 below, in order to discuss the DLCQ method for a free scalar field.

The classical equation of motion is ( □_{(pp)} + m^2 ) ϕ = 0 , □_{(pp)} ≡ 2∂_−∂_+ − 8∑ i=1 ∂^2_i − μ^2r^2∂^2_− . (2.4)

By using the identity xδ(x) = 0 , we can easily find the solution of (2.4): ϕ(x) = ∑ {n_i } ∫ dk_−dk_+ 4π δ(2k_+k_− + |k_−|E_n − m^2)χ_{{ni}}(k_− , k_+) e^{i(k+x+ +k− x−)} 8∏ i=1 ψ_{ni} (x^i) . (2.5)

Here we have introduced the following notations: E_n ≡ 8∑ i=1 E_{ni} = μ 8∑ i=1 ( n_i + 1 2 ) (i = 1, . . . , 8, n_i = 0, . . . , ∞) ,

ψ_{ni} (x^i) ≡ N_{ni} e^{− 12 μ|k−|(xi)2} H_{ni} ( √ μ|k_−|x^i) , N_{ni} ≡ ( μ|k_−| π )_{1/4} 1 √ 2^{ni} n_i! . The orthonormal and complete conditions: ∫_∞ −∞ dx ψ_m(x)ψ_n(x) = δ_{mn} , ∞∑ n=0 ψ_n(x)ψ_n(y) = δ(x − y) , (2.6)

are available to check the normalization of the Poisson bracket.

After some algebra, the classical solution (2.5) can be rewritten as ϕ(x) = 1 4π ∑ {n_i} ∫_∞ 0 dk_− k_− [ a_{{ni}}(k_−) e^{−i(k̂+ x++k− x−)} + a^∗_{{ni}}(k_−) e^{i(k̂+ x++k− x−)} ]_8 ∏ i=1 ψ_{ni} (x^i) , (2.7)

where we have defined the on-shell energy as k̂_+ ≡ (|k_−| E_n + m^2)/(2k_− ) and redefined the coefficients as follows: a_{{ni}}(k_−) ≡ χ_{{ni}}(k_−, k̂_+) , a^∗_{{ni}}(k_−) ≡ χ_{{ni}}(−k_− , −k̂_+) . (2.8) The classical Poisson bracket at the simultaneous light-cone time x^+ = y^+ is given by {ϕ(x) , π(y)}_P = 1 2 δ(x^− − y^−)δ^{(8)}(x^i − y^i) , (2.9)

where the π(y) is the light-cone canonical momentum: π ≡ ∂L ∂(∂_+ϕ)

= ∂_−ϕ . (2.10)

Here the factor 1/2 in the r. h. s. of (2.9) is determined by the Schwinger’s action principle and it depends on the convention of the light-cone coordinates^∗ (For the detail, see [4]).

In terms of the coefficients a and a^∗ , the classical Poisson bracket (2.9) is described as {a_{{ni}}(k_−) , a^∗_{{n}′_{i}}(k^′_−)}_P = −4πik_−δ(k_− − k^′_−) 8∏ i=1 δ_{nin}′_i . (2.11)

It is possible to obtain the usual commutation relation after an appropriate rescaling as we will see later.

In the next we will consider to quantize the theory in the canonical formulation.

2.1 DLCQ Method in PP-Wave Background

Now let us consider the canonical quantization of classical scalar field theories by replacing the classical Poisson bracket of scalar field ϕ(x) and the light-cone canonical momentum π(y) with the commutator at the simultaneous light-cone time x^+ = y^+ (For detail, see [4]) . However, we should be careful for the constraint conditions before the replacement of the commutator. In order to carry out the canonical quantization in the light-cone frame, we follow the DLCQ procedure as a standard manner. In this method, the physical system is enclosed in a finite volume with a periodic boundary conditions in x^− and the longitudinal momentum k_− is discretized.

At first, we compactify the light-cone coordinate x^− as −L ≤ x^− ≤ L , and impose periodic boundary condition for the field;

ϕ(x^+ , x^− = −L , x^i) = ϕ(x^+ , x^− = L , x^i) . (2.12)

The corresponding longitudinal momentum is thus discretized as k_− = πq/L (q ∈ Z) and then the Fourier expansion of the field becomes

ϕ(x) = a_0(x^+) + ∑ {n_i} ∑ q>0 1 √ 4πq { a_{{ni} q}(x^+) e^{−i πqL x−} + a^∗_{{ni} q}(x^+) e^{i πqL x−} }^8∏ i=1 ψ_{ni ,q}(x^i) . (2.13)

Here after the descritization as 1 4π ∫_∞ 0 dk_− k_− −→ 1 4π ∑ q>0 1 q , k_−δ(k_− − k^′_−) −→ qδ_{q,q}′ , the annihilation and creation operators have been redefined by rescaling as a_{{ni} q} −→ √ 4πq a_{{ni} q} , ∗If we take the light-cone coordinates as x^± = x^0 ± x^{D−1} , then the factor 1/2 is removed.

and the plane-wave with x^+ is included in the definition of a and a^∗ . We also have written the zero mode a_0 separately. Though one may think that the zero-mode naively vanish because of the normalization factors of the Hermite polynomials, the k_− = 0 implies a plane-wave expansion rather than a harmonic oscillator one. Hence we still need to treat carefully the zero-mode part. Substituting the expansion (2.13) into the Lagrangian (2.3), we obtain the following expression (discarding a total time derivative) L [ a_0 , a_{{ni} q} ] = ∑ {n_i} ∑ q>0 { −ia_{{ni} q} ȧ^∗_{{ni} q} − L 2πq (πq L E_n + m^2 ) a_{{ni} q} a^∗_{{ni} q} } − m^2L a^2_0 = −i ∑ {n_i} ∑ q>0 a_{{ni} q} ȧ^∗_{{ni} q} − H , (2.14) where the Hamiltonian H is given by

H = m^2 L a^2_0 + ∑ {n_i} ∑ q>0 L 2πq (πq L E_n + m^2 ) a_{{ni} q} a^∗_{{ni} q} , (2.15) and the symbol “·” implies the derivative with respect to “x^+”, such as ȧ_{{ni} q} ≡ da_{{ni} q}/dx^+ . From the above, the light-cone Lagrangian is linear with respect to the velocity i.e., a first order system. In this case we can determine the Poisson bracket by comparing the Euler-Lagrange equation and the canonical equation as discussed in [4].

On the one hand, the Euler-Lagrange equations are − iȧ_{{ni} q} + L 2πq (πq L E_n + m^2 ) a_{{ni} q} = 0 , (2.16) 2m^2L a_0 = 0 . (2.17)

The second equation (2.17) is non-dynamical and gives a constraint implying the absence of zero mode, i.e. a_0 = 0.

On the other hand, using the Hamiltonian (2.15), the canonical equations are ȧ_{{ni} q} = { a_{{ni} q} , H } P = ∑ {n^′_i } ∑ l>0 L 2πl ( πl L E_n + m^2 ) a_{{n}′_{i} l}{a_{{ni} q} , a^∗_{{n}′_{i} l}}_P . (2.18)

These are identical with the Euler-Lagrange equations (2.16) if we identify the canonical bracket as follows: {a_{{ni} q} , a^∗_{{n}′_{i} l}}_P = −iδ_{ql} · 8∏ i=1 δ_{ni,n}′_i . (2.19)

The constraint condition (2.17) can be also derived by differentiating the Hamiltonian as ∂H ∂a_0 = 2m^2La_0 = 0 . (2.20) The quantization of a free scalar field is now performed as usual by replacing the classical Poisson bracket with the commutator as [Â , B̂] = i {A , B}_P . As the result, the commutation relation of the creation and annihilation operators is given by [â_{{ni} q} , â^†_{{n}′_{i} l}] = δ_{ql} · 8∏ i=1 δ_{ni,n}′_i . (2.21) Finally, the Fock space expansion of the scalar field ϕ becomes ϕ ( x^+ , x^− , x^i ) = ∑ {n_i} ∑ q>0 1 √ 4πq { â_{{ni} q}(x^+) e^{−i πqL x−} + â^†_{{ni} q}(x^+) e^{i πqL x−} }^8∏ i=1 ψ_{ni ,q}(x^i) . (2.22) As one can see from the expansion (2.22), the Fock space contains only particles with positive longitudinal momentum. Operators with negative longitudinal momentum are annihilation operators. If longitudinal momentum is conserved, positive and discrete, then states with k_− = qπ/L can have at most q particles among them. Thus, in the sector with q units of momentum, the theory reduces to non-relativistic quantum mechanics including eight harmonic oscillators, with a fixed number of particles.

Finally, it should be remarked that the structure of Fock space in the case of pp-wave background is quite similar to that in two-dimensional Minkowski spacetime. Namely, it is the product of the Fock space of two-dimensional Minkowski and Hermite polynomials. From this result, one can guess that this structure may be extended to other pp-wave cases. In the standard pp-wave cases, it is only the difference that the Hermite polynomials are modified in terms of the oscillation numbers or the number of harmonic oscillators. Remarkably speaking, this structure may be expected to the pp-waves which lead to harmonic oscillators with negative mass terms. We encounter this type of background when Penrose limits of black hole geometries are taken. In these pp-waves, hyperbolic cylinder functions, which imply an instability of the system, would appear instead of Hermite polynomials. However, the hyperbolic cylinder functions do not mean instabilities as already discussed in [16]. On the other hand, our result is also compatible with this fact because the Fock vacuum structure is determined by the light-cone directions only. Namely, it is the two-dimensional Minkowski one.

In the next subsection we will evaluate the vacuum energy of a scalar field by using this operator representation.

2.2 Computation of the Vacuum Energy

Next we shall compute the vacuum energy of a free scalar field in ten-dimensional pp-wave background. In the previous subsection we have discussed the DLCQ of a scalar field and derived the operator expression of the field. We shall compute the vacuum energy density by using this quantized scalar field.

For the Fock vacuum |0⟩ of the light-cone Hamiltonian defined by a(k_−)|0⟩ = 0, the vacuum energy density E is given by^† E = 1 V_9

⟨0|P_+|0⟩ , V_9 : 9-dim. volume , (2.23)

where the light-cone Hamiltonian is

P_+ = ∫_∞ −∞ dx^− ∫_∞ −∞ d^8x { π∂_−ϕ − L[ϕ , ∂_μϕ] } . (2.24)

If we use the commutation relation (2.21) and the expression (2.22) , the light-cone Hamiltonian is rewritten by

P_+ = ∑ {n_i } ∑ q>0 L 4πq (πq L E_n + m^2 ) (2 â^†_{{ni } q} â_{{ni} q} + 1) . (2.25)

We can evaluate the vacuum energy density E as E = 1 V_9 ∞∑ n=0 n+7C_7 ∑ q>0 L 4π q {πq L |μ| (n + 4) + m^2 }

= b + 1 8πV_8 m^2 ∑ q>0 1 q , (2.26)

where we have used the V_9 = 2L · V_8 , the combination factor_{n+7}C_7 denotes the degeneracy of the sum of n_i , and the coefficient b + 1 is given by

b + 1 = 1 7! {ζ_R(−7) − 14ζ_R(−5) + 49ζ_R(−3) − 36ζ_R(−1)} =

2497 3628800

. (2.27)

Here ζ_R(s) is the Riemann’s zeta function. Since the coefficient b + 1 is computed by the zeta function regularization, there may be the ambiguity for the method of mode sum of n . When the continuum limit is considered by taking L → ∞ , we can recover the expression: E = b + 1 8πV_8 m^2 ∫_∞ 0 dk_− 1 k_− . (2.28)

†For computations of vacuum energy of light-cone Hamiltonian in some other models such as Gross-Neveu, SU (N ) Thirring, O(N ) vector models with large N limit, see [24].

This can be evaluated by introducing the cut-off for the longitudinal momentum as m^2/Λ ≤ |k_−| ≤ Λ . The resulting vacuum energy density is E = − b + 1 8πV_8 m^2 ln ( m^2 Λ^2 ) , (2.29) where the factor b + 1 denotes the quantum correction which comes from the regularization of mode sum of n . Note that the contribution of the factor b + 1 does not appear in the tree level calculation [25, 26]. This result agrees with the 1-loop effective potential with V (ϕ) = m^2ϕ^2/2 that is obtained by using the path integral method [21] .

On the other hand, we may consider the limit L → ∞ before the concrete computation, and introduce the cut-off for the longitudinal momentum as m^2/Λ ≤ |k_−| ≤ Λ . The k_− = 0 seems to have a subtlety, but this mode decouple from the theory as already discussed and so this point may have no problem. After taking the decompactification limit, we use the the expansion of scalar field (2.7) with the creation and annihilation operators whose commutation relations are [â_{{ni}}(k_−) , â^†_{{n}′_{i}}(k^′_−)] = 4πk_−δ(k_− − k^′_−) 8∏ i=1 δ_{nin}′_i . (2.30)

Thus, the light-cone Hamiltonian P_+ is given by using the expressions (2.7) and (2.30)

P_+ = 1 2 δ(0) ∑ {n_i} ∫_Λ

m^2/Λ dk_− k_− { μ k_− 8∑ i=1 ( n_i + 1 2 ) + m^2 } . (2.31)

By using the relation δ(0)/V_9 = (2π)V_1/V_9 = (2π)/V_8 , we can rederive the vacuum energy density (2.29) again.

Notably, the effective potential is independent of the parameter μ . We can see this fact by noting that the effect of μ (i.e., E_n) can be absorbed by shifting the light-cone momentum k_+ . But physically, as we discussed in [21], the vacuum energies produced by the quantum fluctuations flow from transverse space to the k_+-direction due to the flux equipped with the pp-wave geometry. As the result of the energy flow, the effect of the pp-wave background would be realized only as the numerical coefficients, and thus the vacuum energy may not explicitly depend on the parameter μ.

3 A Conclusion and Discussions

We have discussed the DLCQ of a scalar field theory in the maximally supersymmetric pp-wave background in ten dimensions. The DLCQ method in the pp-wave background has been shown to work well in the same way as in two-dimensional case, even if we consider higher dimensional theory. It is because transverse momenta are discretized and so the treatment in the pp-wave case is quite similar to the two-dimensional Minkowski case.

We also calculated the vacuum energy of a free scalar field in the pp-wave and it has been shown the resulting vacuum energy surely agrees with the effective potential obtained in our previous paper.

The DLCQ method may play an important role in the M-theory formulation [5], where the discrete light-cone quantized M-theory can be described by a matrix model. It would be an important key ingredient in studies of the pp-wave matrix model [11]. We believe that our study of DLCQ in a scalar field theory on the pp-wave background should be a clue to shed light on some features of DLCQ method in the pp-wave case.

Acknowledgments

This work of K. U. is partially supported by Yukawa fellowship. The work of K. Y. is supported in part by JSPS Research Fellowships for Young Scientists.

References

[1] T. Maskawa and K. Yamawaki, “The Problem Of P+ = 0 Mode In The Null Plane Field Theory And Dirac’s Method Of Quantization,” Prog. Theor. Phys. 56 (1976) 270.

[2] H. C. Pauli and S. J. Brodsky, “Solving Field Theory In One Space One Time Dimension,” Phys. Rev. D 32 (1985) 1993; “Discretized Light Cone Quantization: Solution To A Field Theory In One Space One Time Dimensions,” Phys. Rev. D 32 (1985) 2001.

[3] J. R. Hiller, “Calculations with DLCQ,” Nucl. Phys. Proc. Suppl. 90 (2000) 170 [arXiv:hep-ph/0007309].

[4] T. Heinzl, “Light-cone quantization: Foundations and applications,” Lect. Notes Phys.

572 (2001) 55 [arXiv:hep-th/0008096] and references therein.

[5] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, “M theory as a matrix model: A conjecture,” Phys. Rev. D 55 (1997) 5112 [arXiv:hep-th/9610043].

[6] T. Banks, “TASI lectures on matrix theory,” arXiv:hep-th/9911068.

[7] J. Kowalski-Glikman, “Vacuum States In Supersymmetric Kaluza-Klein Theory,” Phys.

Lett. B 134 (1984) 194.

[8] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, “A new maximally supersymmetric background of IIB superstring theory,” JHEP 0201 (2002) 047 [arXiv:hep-th/0110242].

[9] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, “Penrose limits and maximal supersymmetry,” Class. Quant. Grav. 19 (2002) L87 [arXiv:hep-th/0201081].

[10] M. Blau, J. Figueroa-O’Farrill and G. Papadopoulos, “Penrose limits, supergravity and brane dynamics,” Class. Quant. Grav. 19 (2002) 4753 [arXiv:hep-th/0202111].

[11] D. Berenstein, J. Maldacena and H. Nastase, “Strings in flat space an pp waves from N = 4 Super Yang Mills,” JHEP 0204 (2002) 013 [arXiv:hep-th/0202021].

[12] R. R. Metsaev, “Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond background,” Nucl. Phys. B 625 (2002) 70 [arXiv:hep-th/0112044].

[13] R. R. Metsaev and A. A. Tseytlin, “Exactly solvable model of superstring in plane wave Ramond-Ramond background,” Phys. Rev. D 65 (2002) 126004 [arXiv:hep-th/0202109].

[14] M. M. Sheikh-Jabbari, “Tiny graviton matrix theory: DLCQ of IIB plane-wave string theory, a conjecture,” JHEP 0409 (2004) 017 [arXiv:hep-th/0406214].

[15] D. Marolf and S. F. Ross, “Plane waves: To infinity and beyond!,” Class. Quant. Grav.

19 (2002) 6289 [arXiv:hep-th/0208197]; V. E. Hubeny and M. Rangamani, “No horizons in pp-waves,” JHEP 0211 (2002) 021 [arXiv:hep-th/0210234].

[16] D. Brecher, J. P. Gregory and P. M. Saffin, “String theory and the classical stability of plane waves,” Phys. Rev. D 67 (2003) 045014 [arXiv:hep-th/0210308]; D. Marolf and L. A. Pando Zayas, “On the singularity structure and stability of plane waves,” JHEP 0301 (2003) 076 [arXiv:hep-th/0210309].

[17] G. Papadopoulos, J. G. Russo and A. A. Tseytlin, “Solvable model of strings in a time-dependent plane-wave background,” Class. Quant. Grav. 20 (2003) 969 [arXiv:hep-th/0211289].

[18] M. Blau and M. O’Loughlin, “Homogeneous plane waves,” Nucl. Phys. B 654 (2003) 135 [arXiv:hep-th/0212135]; M. Blau, M. O’Loughlin, G. Papadopoulos and A. A. Tseytlin, “Solvable models of strings in homogeneous plane wave backgrounds,” Nucl. Phys. B 673 (2003) 57 [arXiv:hep-th/0304198]; M. Blau, P. Meessen and M. O’Loughlin, “Goedel, Penrose, anti-Mach: Extra supersymmetries of time-dependent plane waves,” JHEP 0309 (2003) 072 [arXiv:hep-th/0306161].

[19] M. Sakaguchi and K. Yoshida, “M-theory on a time-dependent plane-wave,” JHEP 0311 (2003) 030 [arXiv:hep-th/0309025].

[20] S. D. Mathur, A. Saxena and Y. K. Srivastava, “Scalar propagator in the pp-wave geometry obtained from AdS_5 × S^5,” Nucl. Phys. B 640 (2002) 367 [arXiv:hep-th/0205136].

[21] K. Uzawa and K. Yoshida, “Effective potential in pp-wave geometry,” Nucl. Phys. B 683 (2004) 122 [arXiv:hep-th/0402028].

[22] T. M. Yan, “Quantum Field Theories In The Infinite Momentum Frame. 4. Scattering Matrix Of Vector And Dirac Fields And Perturbation Theory,” Phys. Rev. D 7 (1973) 1780.

[23] T. Heinzl, “The light-cone effective potential,” arXiv:hep-th/0212202.

[24] S. Kojima, N. Sakai and T. Sakai, “Vacuum Energies and Effective Potential in Light-Cone Field Theories,” Prog. Theor. Phys. 95 (1996) 621 [arXiv:hep-th/9509143].

[25] D. S. Bak and M. M. Sheikh-Jabbari, “Strong evidence in favor of the existence of S-matrix for strings in plane waves,” JHEP 0302 (2003) 019 [arXiv:hep-th/0211073].

[26] D. Sadri and M. M. Sheikh-Jabbari, “The plane-wave / super Yang-Mills duality,” Rev.

Mod. Phys. 76 (2004) 853 [arXiv:hep-th/0310119].