arXiv:hep-th/0506064 v3 27 Jun 2005

UNIVERSITY OF PAVIA

Department of Nuclear and Theoretical Physics

Noncommutative Supersymmetric/Integrable Models and String Theory

Supervisor: Prof. Annalisa Marzuoli External Referee: Prof. Ulf Lindström

Doctoral Thesis of

Laura Tamassia

Dottorato di Ricerca in Fisica XVII Ciclo

Contents

Introduction v

1 An introduction to non(anti)commutative geometry and superstring theory 1 1.1 A brief introduction to noncommutative and non(anti)commutative field theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1.1 The Moyal product . . . . . . . . . . . . . . . . . . . . . . 1 1.1.2 The natural Moyal deformation of a field theory . . . . . 8 1.1.3 Other possible deformations: The free scalar field theory example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 1.1.4 The Kontsevich product . . . . . . . . . . . . . . . . . . . 16 1.1.5 Deforming superspace . . . . . . . . . . . . . . . . . . . . 18 1.1.6 Non(anti)commutative superspace . . . . . . . . . . . . . 21 1.1.7 N =^1_2 supersymmetry . . . . . . . . . . . . . . . . . . . . 31 1.2 Non(anti)commutative field theory from the (super)string . . . . 35 1.2.1 Noncommutative Yang-Mills theory from the open string 35 1.2.2 Generalization to the superstring in RNS and GS formalisms . . . . . . . . . . . . . . . . . . . . . . . . . . 43 1.2.3 Noncommutative selfdual Yang-Mills from the N = 2 string . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 1.2.4 Non(anti)commutative field theories from the covariant superstring . . . . . . . . . . . . . . . . . . . . . . . . . . 48 1.3 Generalization to non-constant backgrounds . . . . . . . . . . . . 54

2 Noncommutative deformation of integrable field theories 57 2.1 A brief introduction to selected topics concerning two-dimensional classical integrable systems . . . . . . . . . . . . . . . . . . . . . 57 2.1.1 Infinite conserved currents and the bicomplex approach . 57 2.1.2 Reductions from selfdual Yang-Mills . . . . . . . . . . . . 60 2.1.3 Properties of the S-matrix . . . . . . . . . . . . . . . . . . 62 2.1.4 Solitons . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 2.2 Deforming an integrable field theory: The sine-Gordon model (a first attempt) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 2.2.1 Noncommutative solitons . . . . . . . . . . . . . . . . . . 64

2.2.2 Noncommutative deformation of integrable field theories . 67 2.2.3 The natural noncommutative generalization of the sine-Gordon model . . . . . . . . . . . . . . . . . . . . . . 68 2.2.4 A noncommutative version of the sine-Gordon equation with an infinite number of conserved currents . . . . . . . 69 2.2.5 Solitons . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 2.2.6 Reduction from noncommutative selfdual Yang-Mills . . . 71 2.2.7 The action . . . . . . . . . . . . . . . . . . . . . . . . . . 73 2.2.8 The relation to the noncommutative Thirring model . . . 74 2.2.9 (Bad) properties of the S-matrix . . . . . . . . . . . . . . 75 2.2.10 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . 78 2.3 The noncommutative integrable sine-Gordon model . . . . . . . . 80 2.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 80 2.3.2 A noncommutative integrable sigma model in 2 + 1 dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . 81 2.3.3 Reduction to noncommutative sine-Gordon . . . . . . . . 84 2.3.4 Relation with the previous noncommutative

generalization of the sine-Gordon model . . . . . . . . . . 88 2.3.5 Solitons . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 2.3.6 (Nice) properties of the S-matrix . . . . . . . . . . . . . . 96 2.3.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . 104

3 Covariant superstring vertices and a possible nonconstant superspace deformation 105 3.1 An introduction to the pure spinor superstring . . . . . . . . . . 105 3.1.1 Motivation: Problems with RNS and GS formalisms . . . 105 3.1.2 Pure spinor superstring basics . . . . . . . . . . . . . . . . 107 3.1.3 Type II superstring vertex operators . . . . . . . . . . . . 112 3.1.4 Amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . 115 3.1.5 What we can (cannot) do with this formalism, up to now 117 3.2 An iterative procedure to compute the vertex operators . . . . . 120 3.2.1 Warm up: The open superstring case . . . . . . . . . . . . 120 3.2.2 Linearized IIA/IIB supergravity equations . . . . . . . . . 122 3.2.3 Gauge transformations and gauge fixing . . . . . . . . . . 125 3.2.4 Recursive equations and explicit solution (up to order θ^2θ̂^2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128 3.2.5 Gauge fixing for massive states . . . . . . . . . . . . . . . 131 3.3 An example: Linearly x-dependent Ramond-Ramond field strength and possible Lie-algebraic superspace deformations . . . 135 3.3.1 Motivation: Nonconstant superspace deformations . . . . 135 3.3.2 The ansatz for the RR field strength . . . . . . . . . . . . 135 3.3.3 The vertex for linearly x-dependent RR field strength . . 137 3.4 Other applications . . . . . . . . . . . . . . . . . . . . . . . . . . 138 3.4.1 Vertex operators with R-R gauge potentials . . . . . . . . 138 3.4.2 Antifields and the kinetic terms for closed superstring field theory . . . . . . . . . . . . . . . . . . . . . . . . . . 139

4 Conclusions and outlook 141 A Conventions 149 A.1 Superspace conventions in d = 4 . . . . . . . . . . . . . . . . . . 149 A.2 Superspace conventions in d = 10 . . . . . . . . . . . . . . . . . . 152 Acknowledgements 155

Introduction

Quantum field theory, i.e. quantum mechanics with the basic observables living at spacetime points, is the principle underlying our current understanding of natural phenomena. The incredibly successful Standard Model explains all the forces of nature, except gravity, in terms of local symmetry principles.

At the energies we are currently able to test, gravity is well described by general relativity. However, it is expected that at energies of the order of the Planck mass M_P ∼ 10^{19} GeV, a quantum description of gravity will be necessary. The union of gravity with quantum field theory leads to a nonrenormalizable theory. History of physics suggests that this should be interpreted as a sign that new physics will appear at higher energies, comparing for instance to the Fermi theory case.

A natural way to modify quantum mechanics to describe a “quantum spacetime” is to generalize Heisenberg commutation relations to let the space coordinates be noncommuting. In a field theory setting, in principle one could include time in noncommutativity and consider a quantum spacetime where

[X^μ, X^ν ] = iθ^{μν} (X)

This can be realized in a functional formulation by deforming the algebra of functions on spacetime, replacing the ordinary, commutative product with a noncommutative one that, when applied to coordinates themselves, gives [x^μ, x^ν]_∗ = x^μ ∗ x^ν − x^ν ∗ x^μ = iθ^{μν} . The simplest case, with a constant θ^{μν} , is related to spacetime translation invariance. The corresponding (Moyal) product can be uniquely identified by requiring that the deformed algebra of functions remains associative.

When a field theory is deformed by replacing ordinary products with Moyal products in the action, vertices in the Feynman rules are multiplied by a phase factor with a dependence on the momenta, that generically acts as a regulator. For this reason, spacetime noncommutativity was first introduced with the hope that it might reduce the degree of divergence of a given theory [1]. However, since the contributions from a certain diagram also include the case where the phase factor does not depend on loop momenta, but only on external momenta, this does not work [2].

At the moment, we only know one way to consistently cut off the divergences appearing in a quantum field theory of gravity. This is string theory [3, 4], where pointlike interactions are replaced by splitting and joining of one-dimensional objects, so that the interaction itself does not happen at a certain point in spacetime but is described by a smooth two-dimensional surface.

String theory provides a consistent quantum theory of gravity. The number of spacetime dimensions is fixed to ten, the theory is consistent only in the presence of supersymmetry, relating bosonic and fermionic degrees of freedom, and leads to gauge groups that include the Standard Model one. String theories are unique in the sense that there are no free parameters and no freedom in choosing gauge groups. There is more than one possible string theory (actually five), but they happen to be all related to each other by dualities. Therefore, a unique underlying theory is expected to exist, from which the various string theories can be obtained as limits in a certain space of parameters.

It is striking that the somehow natural proposal for a quantum spacetime where Heseinberg commutation relations are generalized to include a nontrivial coordinate algebra can be obtained from string theory. The first works in this direction showed that noncommutative tori are solutions to the problem of compactifying M(atrix) theory [5]. Noncommutative field theories were shown to emerge as low energy limits of open string dynamics in the presence of a constant Neveu-Schwarz Neveu-Schwarz (NS-NS) background and D-branes (i.e. p-dimensional manifolds where open string ends are attached) [6, 7]. Since the background selects preferred directions in spacetime, the resulting effective theory breaks Lorentz invariance [8]. Therefore, noncommutative field theory must not be thought of as a fundamental theory, but as an effective description to be used when certain backgrounds are present.

The discovery that noncommutative geometry is somehow embedded in string theory induced a growing interest in the field. Various aspects of noncommutative field theory, such as renormalization properties [9, 10], solitons (see for instance the lectures [11, 12, 13]) and instantons [14] have been investigated. Furthermore, it was shown that when time is involved in noncommutativity the resulting field theories display awkward features, such as acausality [15] and nonunitarity [16], that spoil the consistency of the theory. However, it was also shown that these ill-defined noncommutative field theories cannot be obtained as a low energy limit of string theory [16]. String corrections conspire to cancel out the inconsistencies [15, 17].

Applications that are not directly related to string theory have been considered, for instance a model to describe the quantum Hall effect was proposed in [18], based on noncommutative Chern-Simons theory. Moreover, a mechanism to drive inflation without an inflaton field was studied in [19], based on noncommutativity of spacetime. Particle physics phenomenology based on a noncommutative version of the Standard Model has been studied [20] and possible experimental tests have been proposed [21]. In these applications also noncommutative deformations that have not yet been shown to arise from string theory have been considered [22]. A natural question would be at which energy one expects to observe effects of noncommutativity. If one considers this as an effective description in the presence of a background, the energy is related to the background scale, and therefore cannot be determined a priori.

As I said, string theory is consistent only in the presence of supersymmetry. Supersymmetric theories are better described in superspace formalism [23, 24, 25], where spacetime is enlarged by adding fermionic coordinates. Superspace geometry is not flat, torsion is present. Since noncommutative geometry arises in a string theory context and strings require supersymmetry, it is compelling to study the possible deformations of supersymmetric theories. The natural way to do that is to investigate the possible consistent deformations of superspace. This I did in my first paper [26], in collaboration with D. Klemm and S. Penati. We found that consistent deformations of superspace are possible in both Minkowski and Euclidean signatures in four dimensions. In the Euclidean case more general structures are allowed because of the different spinor reality conditions.

After the appearance of my paper [26], deformed superspaces were found to emerge in superstring theory [27, 28, 29]. However, to see this effect, a particular formulation of superstring theory has to be considered, where all the symmetries of the theory are manifest. This superPoincaré covariant formulation, found in 2000 by Berkovits [30], is still “work in progress”. However, it has already proven to be superior in handling certain string backgrounds (Ramond-Ramond), that lead to the superspace deformations I found, and to prove general theorems regarding string amplitudes, like for instance a theorem stating the “finiteness” of perturbative string theory [31]. I’ve been studying this formalism for the superstring and contributed, in [32], written together with P.A. Grassi, by giving an iterative procedure to simplify the computation of superstring vertex operators, that are the main ingredient for the evaluation of superstring amplitudes. Some applications of our analysis are also discussed in the paper. For instance, the vertices associated to a R-R field stength with a linear dependence on the bosonic coordinates have been computed. These play a role in the study of superspace deformation with a Lie-algebraic structure such that bosonic coordinates of superspace are obtained as the anticommutator of the fermionic ones. This can be interpreted by saying that spacetime has a fermionic substructure [33].

Going back to noncommutative field theory, a puzzling aspect is that the noncommutative generalization of a given ordinary theory is not unique. A selection principle can be based on trying to preserve the nice properties of a model in its noncommutative deformation. The symmetry structure of a theory is its most important characteristic and actually defines the theory when the field content is given. Therefore, preserving the symmetry structure of a theory should be the first criterium to consider when constructing its deformation. This is also the guiding principle we used in studying deformations of supersymmetric theories in [26].

A very special case is given by systems endowed with an infinite number of local conserved charges. These systems, known as integrable by analogy to the case with a finite number of degrees of freedom, display very special features. The presence of such a strong symmetry structure underlying the system puts constraints on the dynamics, for instance causing the S-matrix to be factorized and preventing particle production processes to occur. Moreover, integrable systems usually display localized classical solutions, known as solitons, that do not change shape or velocity after collisions. Therefore, when constructing the noncommutative generalization of an integrable system, one would like to preserve both the symmetry structure underlying the system and the consequences that this has in ordinary geometry. The two-dimensional case is particularly problematic in noncommutative field theory, because time must be necessarily involved in noncommutativity and thus it is expected that acausality and nonunitarity will spoil the consistency of the theory. One may hope that integrability can cure these inconsistencies.

I studied the problem of constructing the generalization of two-dimensional integrable systems by focusing on a very special example, the sine-Gordon theory, describing the dynamics of a scalar field governed by an oscillating potential. Integrability is a property of the equations of motion and in most cases an action generating them is not known. The sine-Gordon model is one of the cases where an action is also known. Therefore it is possible to move on to a quantum description of the model.

The project about the noncommutative sine-Gordon was started by M.T. Grisaru and S. Penati in [34], where they constructed a noncommutative version of the sine-Gordon system by making use of a bidifferential calculus approach, so that it was guaranteed that the system possessed an infinite number of conserved currents. In the resulting noncommutative model the dynamics of a single, scalar field is described by two equations. The second equations has the form of a conservation law and becomes trivial in the noncommutative limit. This pattern is somehow unavoidable, since it is related to the necessary extension of SU (2) to U (2) in noncommutative geometry [35].

Because of the unusual structure of the equations, in [34] an action for the model was not found. This was the first goal of my paper [36], written in collaboration with M.T. Grisaru, L. Mazzanti and S. Penati. There we found an action for the model and studied its tree-level scattering amplitudes. We discovered that they are plagued by acausality and that particle production occurs. Therefore this model had to be discarded and a different one had to be constructed.

In [37], in collaboration with O. Lechtenfeld, L. Mazzanti, S. Penati and A.D. Popov, we proposed another model obtained by a two-step reduction from selfdual Yang-Mills theory, that proved to possess a well-defined, causal and factorized S-matrix. Moreover, soliton solutions of this model were constructed.

The two different noncommutative versions of the sine-Gordon model I studied differ in the generalization of the oscillating interaction term. They can both be obtained by dimensional reduction from noncommutative selfdual Yang-Mills equations, with a different parametrization of the gauge group. The second model is obtained by reducing U (2) to its U (1) × U (1) subgroup, which seems the most natural choice and indeed leads to a successful integrable theory.

This thesis contains four chapters. In the first one, I will give an introduction to Moyal deformation of bosonic spacetime. I will review the main results in noncommutative field theory and in particular I will discuss the problems arising when time is involved in noncommutativity. I will summarize Kontsevich results about coordinate-dependent noncommutativity. I will then move on to supersymmetric theories, discuss the results I obtained in [26] concerning superspace non(anti)commutative deformations in four dimensions and their relation with following works. In the rest of the chapter I will review the string theory results concerning the low energy description of D-brane dynamics in terms of non(anti)commutative field theory. In particular I will consider the bosonic, RNS, GS and N = 2 strings in the presence of constant NS-NS backgrounds, the covariant superstring compactified on a Calabi-Yau three-fold in the presence of a R-R selfdual field strength and the generalization to the uncompactified case.

Finally, I will discuss the generalization to nonconstant NS-NS backgrounds, leading to Kontsevich deformations, and I will speculate about a possible similar analysis of nonconstant R-R backgrounds.

In the second chapter, I will first give an introduction to selected topics concerning two-dimensional integrable systems, such as their derivation from zero curvature conditions for a bidifferential calculus, the possibility of obtaining them as dimensional reductions from selfdual Yang-Mills equations, the factorization of the S-matrix and the presence of solitons solutions. I will only consider the sine-Gordon model as an example. Then I will introduce the first attempt to construct an integrable noncommutative version of the sine-Gordon model. I will report my results in [36], concerning the construction of an action for the model and the computation of tree-level scattering amplitudes, that proved to be nonfactorized and acausal. Finally, I will discuss the results I obtained in [37], regarding the construction of a different noncommutative generalization of the sine-Gordon model that proved to possess all the nice properties one expects from a two-dimensional integrable theory, such as factorization of the S-matrix.

In the third chapter, I will first review the pure spinor approach to superstring theory. In particular, I will focus on the construction of open and closed superstring vertex operators in this formalism. I will then present the results I obtained in [32], where I constructed an iterative procedure to compute the vertices. I will then discuss an application of this analysis, concerning the computation of the vertex operators for nonconstant R-R field strengths, that are expected to be related to coordinate-dependent superspace deformations. In particular, I will show how to compute vertices for a R-R field strength that is linear in the bosonic spacetime coordinates and is expected to be associated to a Lie algebraic superspace deformation providing a fermionic substructure for bosonic coordinates.

In the fourth chapter I will summarize my results and discuss open problems and possible applications.

x

Chapter 1

An introduction to non(anti)commutative geometry and superstring theory

1.1 A brief introduction to noncommutative and non(anti)commutative field theory

1.1.1 The Moyal product

Weyl transform definition

Noncommutative geometry deals with manifolds whose coordinates do not commute. This kind of manifold appeared in physics much before noncommutative geometry itself was born as a branch of mathematics [38]. A well-known example is quantum phase space. This is a manifold described by 2n operator coordinates X̂_1,...,X̂_n,P̂_1,...,P̂_n, satisfying nontrivial commutation relations [ X̂_i, P̂_j ] = iℏδ_{ij} [ X̂_i, X̂_j ] = [ P̂_i, P̂_j ] = 0 (1.1)

It is expected that the geometric nature of spacetime will be modified at very short distances. The physical idea underlying modern noncommutative geometry is that a quantum spacetime will be uncovered then, where the usual trivial commutation relations among coordinates are no longer valid and noncommutativity emerges as [ X̂^μ, X̂^ν ] = iθ^{μν} ( X̂ ) (1.2) with θ^{μν} = −θ^{νμ}. In the limit θ^{μν} → 0 ordinary commutative geometry must be recovered. Coordinate algebra (1.2) gives rise to the spacetime uncertainty relations ΔX^μΔX^ν ≥ 1 2 |θ^{μν} | (1.3)

In (1.2) the possibility is left open that time may be involved in noncommutativity. In this case (1.2) would not be simply a generalization of the quantum mechanical commutation relations (1.1) and it is somehow expected that it may clash with quantum mechanics. For a while I will not worry about this, I will reconsider the case of noncommuting time later on.

The connection between noncommutative geometry and quantum mechanics is easily seen when the latter is discussed in the Weyl formalism. In this formalism an explicit map between functions f(x, p) of the phase space variables x, p and corresponding operators Ô_f (X̂, P̂ ) is constructed, where X̂, P̂ are noncommuting operators corresponding to classical variables x, p.

I will briefly discuss this formalism, in the case of two variables x^1, x^2, with corresponding operators satisfying [ X̂1, X̂2 ] = θ^{12} with constant θ. After this discussion the natural embedding of noncommutative geometry in quantum mechanics will be clear to the reader [13].

On “phase space” described by coordinates x_1, x_2 let us consider a function f(x^1, x^2). Given its Fourier transform

f̃ (α_1, α_2) = ∫ d^2x e^{i(α1x1+α2x2)} f(x^1, x^2) (1.4)

we can define an operator Ô_f (X̂^1, X̂^2) as follows

Ô_f (X̂1, X̂2) = 1 (2π)^2 ∫ d^2α U (α_1, α_2)f̃ (α_1, α_2) (1.5)

where U (α_1, α_2) = e^{−i(α1X̂1 +α2X̂2 )} (1.6)

Making use of Baker-Campbell-Hausdorff formula [39] we find

U (α_1, α_2)U (β_1, β_2) = e^{− i2 (α1β2−α2β1)θ12} U (α_1 + β_1, α_2 + β_2) (1.7)

The map f −→ Ô_f defines the Weyl-Moyal correspondence between functions on phase space and operators.

Now we would like to determine which function corresponds to the operator Ô_f Ô_g. We know that in general Ô_f Ô_g ≠ Ô_gÔ_f , so we expect some noncommutative deformation of the ordinary product to arise by the Weyl-Moyal correspondence.

Ô_f Ô_g = 1 (2π)^4 ∫ d^2α d^2β U (α_1, α_2)U (β_1, β_2)f̃ (α_1, α_2)g̃(β_1, β_2) = = 1 (2π)^4 ∫ d^2α d^2β U (α_1 + β_1, α_2 + β_2)e^{− i2 (α1β2−α2β1)θ12}f̃ (α_1, α_2)g̃(β_1, β_2)

(1.8)

By making the change of variables γ_1 = α_1 + β_1, δ_1 =^1_2 (α_1 − β_1), γ_2 = α_2 + β_2, δ_2 =^1_2 (α_2 − β_2) we obtain

Ô_f Ô_g = 1 (2π)^4 ∫ d^2γd^2δ U (γ_1, γ_2)e^{i2 θ12(γ1 δ2−δ1γ2 )}f̃ (γ_1 2 + δ_1, γ_2 2 + δ_2 ) · ·g̃ ( γ_1 2 − δ_1, γ_2 2 − δ_2 ) (1.9)

Let us define Moyal product between two functions f and g in R^{2n} as (f ∗ g) (x) = e^{i2 θij ∂i∂′j} f(x)g(x^′)|_{x=x}′ (1.10) In our simple two-dimensional case it becomes (f ∗ g)(x) = e^{i2 θ12(∂1∂′2−∂2∂′1)}f(x)g(x^′)|_{x=x}′ (1.11) In momentum space we can obtain the following formula for the Fourier transform of f ∗ g ~ f ∗ g(γ_1, γ_2) = 1 (2π)^2 ∫ d^2δ e^{i2 θ12(γ1δ2 −γ2δ1)}f̃( γ_1 2 +δ_1, γ_2 2 +δ_2)g̃( γ_1 2 −δ_1, γ_2 2 −δ_2) (1.12) From this and (1.9) it is clear that

Ô_f Ô_g = 1 (2π)^2 ∫ d^2γ U (γ_1, γ_2)~f ∗ g(γ_1, γ_2) = Ô_{f∗g} (1.13)

So Moyal product (1.10) naturally emerges in the context of quantum mechanics, when the latter is expressed in the Weyl-Moyal formalism. It is the functional product corresponding to operator product between quantum observables. Applying (1.10) to the special case f = x^i, g = x^j, we obtain the coordinate algebra

x^i ∗ x^j − x^j ∗ x^i = [x^i, x^j]_∗ = iθ^{ij} (1.14) Therefore the quantum commutation relations we began with are reproduced in the functional formalism as ∗ commutators.

Translation covariance and associativity as a definition

Moyal product (1.10) can also be obtained from a general discussion concerning the algebraic requirement of associativity and the geometric requirement of covariance with respect to translations. These two properties uniquely determine Moyal product. Before I discuss this, I will introduce the general ideas concerning a field called deformation quantization and its connections with modern noncommutative geometry.

Ordinary geometry is based on the concept of point. This is not true anymore for noncommutative geometry, since a noncommutative manifold is completely defined in terms of the properties of the algebra of functions on it [40]. In ordinary geometry many sets of points can be completely described when the algebra A of functions on them with values in R or C is known. A finite dimensional vector space V is a familiar example of this, since the space of functions f : V −→ R (or C) is the dual space V^∗, which is isomorphic to V . In this case studying the algebra of functions on the manifold or the manifold itself is the same thing.

We can consider the more general case of a C^∗ algebra A, i.e. an algebra endowed with a norm and an involution. Every C^∗ algebra is isomorphic to the algebra A^′ of complex continuos functions on a certain compact space V . When A^′ is commutative we can go back to the space V , that can be described as a set of points in ordinary geometry. When A^′ is noncommutative, instead, going back to the space V can be very complicated and in some cases impossible. However, this is irrelevant for the purpose of studying a physical theory, since all the needed information are encoded in A^′.

A recipe to obtain a theory on noncommutative space from a given one on ordinary space is the following. Consider the algebra of functions with values in R (or C), deform its product to a new, noncommutative one, that I will call ∗, defined in terms of a parameter ℏ. In the limit ℏ → 0 one must recover ordinary, commutative case. Now rewrite the old theory replacing all ordinary products with ∗ products, and think of the new theory as a deformation of the ordinary one, defined on noncommutative space. This I will call the natural deformation of a theory. It is not the only possible definition of a noncommutative generalization of an ordinary theory and I will discuss this point in more detail in section 1.1.3.

Given two functions f, g, I will denote their ordinary, commutative product as fg. I will deform it in the following way

f ∗ g ≡ fg + ℏP (f, g) + O(ℏ^2) (1.15)

where P (f, g) is a bilinear operator in the two functions f, g and ℏ is the parameter governing noncommutativity. The example of quantum phase space discussed before suggests a good candidate for the bilinear operator P . When the manifold we are considering is endowed with a Poisson structure { , }_P , we will choose P (f, g) = {f, g}_P = P^{μν} ∂_μ ∂^′_ν f(x) g(x^′)|_{x=x}′ = f ←− ∂_μ P^{μν} −→ ∂_νg (1.16)

(The last equality is just to present a different notation. It will be preferred since it is more suitable to superspace extension, where the presence of fermionic indices makes different orderings inequivalent).

In the 70’s the deformation of Poisson manifolds was studied in a completely different context. In the paper by Bayen et al. [41] a different approach to quantization was proposed. Quantization had to be understood as a deformation of the algebraic structure of functions and not as a radical change in the nature of physical observables. Moyal product ∗ was then introduced with the goal of reinterpreting quantum mechanics in the context of algebraic deformations. In particular, in [41] an analysis of the possible noncommutative but associative products that can be obtained as a perturbative series in the parameter ℏ was performed. The results obtained there are very interesting when they are reread in the light of the new ideas of noncommutative geometry.

Consider a manifold Ω endowed with a Poisson structure P , where a set of derivatives ∇_μ is defined such that ∇_μP = 0. We will also assume that this set of derivatives is torsion free and without curvature. We define a generic product ∗ on Ω by the smooth function u(z) = ∞∑ r=0 a_r ( z^r r! ) (1.17)

with a_0 = a_1 = 1, as f ∗ g = ∞∑ r=0 ℏ^r a_r r! P^r(f, g) (1.18)

where P^r(f, g) = P^{μ1ν1} .......P^{μrνr} ∇_{μ1} ...∇_{μr} f ∇_{ν1} ...∇_{νr} g (1.19) One can show that the exponential function is the only possible choice for u leading to an associative product, i. e. satisfying

(f ∗ g) ∗ h = f ∗ (g ∗ h) (1.20)

To show this one imposes (1.20), writing every ∗ product explicitly as in (1.18, 1.19). Order by order in ℏ one gets constraints on the coefficients a_r . The proof makes a strong use of the assumptions on the derivative ∇, since one needs to exchange derivatives and to pass the Poisson tensor P^{μν} through derivatives without getting extra terms from commutators. Finally one obtains that (1.20) is satisfied if and only if a_r = 1 ∀r and this uniquely identifies the function u with the exponential.

Summarizing, under the assumptions made for Ω, ∇ and P , the unique associative ∗ product has the form:

f ∗ g = e^{(ℏP )}(f, g) (1.21)

(modulo a constant overall factor and linear changes of variables). If at least one of the three hypotesis is not satisfied (P constant with respect to ∇, ∇ without torsion and curvature), then Moyal product is not associative anymore. This can be easily seen by considering second and third order terms in ℏ. Once the product ∗ is known, the commutation relations among coordinates are determined by considering the special case of two coordinates themselves as functions f and g . If Ω is flat spacetime described by coordinates {x^μ} and ordinary derivatives, we can take as a Poisson structure the one associated to a constant antisymmetric matrix P^{μν}. In this case we obtain the coordinate algebra [x^μ, x^ν]_∗ ≡ x^μ ∗ x^ν − x^ν ∗ x^μ = 2ℏP^{μν} . (1.22)

Usually in the definition of the commutator an i is factorized so that the matrix P is hermitian. Moreover, the parameter ℏ is sometimes absorbed into the definition of the matrix P .

In flat spacetime the choice of a constant P^{μν} is deeply related to translation invariance. In fact, if we want to deform a theory with this symmetry, the only deformation of the coordinate algebra that preserves it is the one associated to a constant symplectic matrix.

Consider the commutation relations [x^μ, x^ν] = iθ^{μν} (x) that we would like to implement in a certain theory originally defined in terms of commuting coordinates x^μ. Suppose the original theory to be symmetric with respect to the transformation x −→ x^′. For the symmetry to be preserved in the deformed theory the new coordinate algebra must be invariant with respect to that trasformation. When we say invariant we mean that the functional dependence on x variable must not change under the transformation, that is

[x^μ, x^ν] = iθ^{μν} (x) =⇒_{x→x}′ [x^{′μ}, x^{′ν}] = iθ^{μν} (x^′) (1.23)

Note that the matrix θ^{μν} only transforms punctually and does not become a new matrix θ^{′μν} . The matrix θ^{μν} is arbitrarily chosen, defines the noncommutative manifold and must be same for all x on the manifold.

Again, let us consider the case of flat spacetime. We would like to deform a Poincaré invariant theory. We will first consider translations x −→ x + a to see which conditions must be imposed on the matrix θ^{μν} for the deformed algebra not to break this symmetry.

[x^{′μ}, x^{′ν}] = [x^μ + a^μ, x^ν + a^ν] = [x^μ, x^ν] (1.24)

So θ must satisfy the constraint

θ^{μν} (x + a) = θ^{μν} (x) (1.25)

Since θ^{μν} must be a local function, it has to be constant. Therefore, in flat spacetime the only nontrivial deformation preserving translation invariance is the one with constant commutators.

Now we will consider Lorentz invariance [8]. Two different kinds of Lorentz transformations can be considered, the ones where the observer moves while the particle stands still (“observer” Lorentz transformations) and the ones where the particle is boosted or rotated and the observer is fixed (“particle” Lorentz transformations). In the first case it is sufficient for the physics of the system not to change that the matrix θ^{μν} transforms covariantly. In the second case instead the matrix θ^{μν} must not transform, since the coordinate algebra must remain unaltered while moving from x to x^′. Thus in this case physics changes under the transformation and the symmetry is broken.

Let us explicitly consider the “particle” Lorentz transformation x^μ −→ x^{′μ} = Λ^μ_νx^ν . It happens that [x^{′μ}, x^{′ν}] = [ Λ^μ_ρ x^ρ, Λ^ν_σ x^σ ] = Λ^μ_ρ [x^ρ, x^σ] Λ^ν_σ = Λ^μ_ρ θ^{ρσ} Λ^ν_σ ≠_{D>2} θ^{μν} (1.26)

We conclude that noncommutative theories in D > 2 dimensions cannot preserve “particle” Lorentz transformation, while “observer” Lorentz transformation are not broken by the deformation. An exception to this general rule is the twodimensional case, where every antisymmetric matrix is a number times the Ricci tensor ϵ^{μν} , which is Lorentz invariant.

In most papers concerning noncommutative field theory the following choice is made

θ^{0i} = 0, θ^{ij} ≠ 0 (1.27)

Time is “isolated” with respect to spacial directions and Lorentz symmetry is manifestly broken. As anticipated in the beginning of this section, time-space noncommutativity is likely to cause a breakdown of the usual framework of quantum mechanics. Actually, it has been shown that time-space noncommutativity is responsible for unitarity [16] and causality [15] problems in noncommutative field theory (see section 1.1.2). To avoid this, the restriction (1.27) is applied in most work concerning noncommutative field theory.

Finally I would like to point out that the discussion about symmetries I have presented here is based on the assumption that the symmetry group is undeformed (i.e. it is a classical symmetry group and not a quantum group). This means that parameters of symmetry transformations are commuting. This is not the only possible way to proceed. There is a branch of mathematics called Quantum Algebra that studies the deformation of symmetry groups. An interesting example is the κ-deformation of Minkowski space [42], where parameter and coordinate algebras have an identical structure. Since Minkowski spacetime can be defined as the quotient between Poincaré and Lorentz groups, it may seem natural to take also into consideration deformations of Minkowski space that are accompanied by an analogous deformation in the translation symmetry group.

I briefly summarize the results obtained, in the special case Ω = R^{2n} (the extension to Minkowski signature is straightforward). The only product ∗ defined as in (1.15, 1.16) that is associative and that preserves translation invariance is Moyal product (f ∗ g)(x) = e^{i2 ℏθij ∂i∂′j} f(x) g(x^′)|_{x=x}′ (1.28) that generates the coordinate algebra [ x^i, x^j ] ∗ = i ℏ θ^{ij} (1.29)

As we have seen before, Moyal product is also naturally obtained in quantum mechanics through the Weyl-Moyal correspondence defined between quantum operators and functions on “phase-space”.

Properties of Moyal product

Here I will summarize some useful properties of Moyal product ∗. Associativity and covariance with respect to translations have been already discussed.

1. The ∗ product between exponential functions reflects from the functional point of view the well-known Baker-Campbell-Hausdorff formula e^{ikx} ∗ e^{iqx} = e^{i(k+q)x}e^{− i2 (kθq)} kθq ≡ k^μq^νθ_{μν} (1.30) 2. By making use of the previous formula we can obtain the representation of ∗ in momentum space

(f ∗ g) (x) = 1 (2π)^8 ∫ d^4kd^4qf̃(k)g̃(q)e^{− i2 (kθq)}e^{i(k+q)x} (1.31)

3. Commutativity is recovered under integration ∫ (f ∗ g)(x)d^4x = ∫ (g ∗ f)(x)d^4x = ∫ (f · g)(x)d^4x (1.32)

since all the corrections in (1.28) with respect to the ordinary product are total derivatives, because of the antisymmetry of θ^{μν} .

4. A cyclicity property can be deduced from the previous relation ∫ (f_1 ∗ f_2 ∗ ... ∗ f_n)(x)d^4x = ∫ (f_n ∗ f_1 ∗ ... ∗ f_{n−1})(x)d^4x (1.33)

5. Finally, ∗ has the following behavior with respect to complex conjugation

(f ∗ g)^∗ = g^∗ ∗ f^∗ (1.34)

because of the antisymmetry of θ^{μν} . Clearly f ∗ f is real when f is real, but when both f and g are real, f ∗ g is generally complex.

1.1.2 The natural Moyal deformation of a field theory

In this section I will discuss the main properties of noncommutative field theories that are obtained from ordinary ones by replacing ordinary products with Moyal ∗ products (1.28) in the action. This is what I will call the natural deformation of a given field theory. I will first discuss the simple case of scalar field theory with Φ^4 interaction [9]. This is chosen for simplicity and most of the features we will find in this case can be easily generalized to more complicated situations. I will then move to gauge theories, to see how gauge invariance is modified in noncommutative space. In this first two subsections I will only take into consideration the restricted case (1.27). In the last subsection I will instead discuss unitarity and causality problems arising when time is involved in noncommutativity.

A simple example: The scalar Φ^4 theory

Let us consider the natural noncommutative deformation of a given ordinary field theory, for instance the scalar theory with Φ^4 interaction. We have already seen that we can obtain the deformed theory by replacing ordinary products with ∗ products everywhere in the action. We choose Moyal product because we want to preserve translation invariance in the deformed theory and we want associativity. The action for the noncommutative theory is

S [Φ] = ∫ d^4x [ 1 2 ∂_μΦ ∗ ∂^μΦ − m^2 2 Φ ∗ Φ − λ 4! Φ ∗ Φ ∗ Φ ∗ Φ ] (1.35)

Property (1.32) implies that the quadratic part of the action does not receive corrections from the star products. Only the interaction term is modified, so the free theory is the same as the ordinary one. The noncommutative theory is built on the same Fock space as the commutative one, but it has different interactions. This feature is common to all theories obtained as deformation of ordinary ones by implementing Moyal product, since it just relies on property (1.32).

We can easily deduce Feynman rules from (1.31). Introducing the Fourier components ϕ(k) of Φ(x)

Φ(x) = 1 (2π)^4 ∫ d^4ke^{ikx}ϕ(k) (1.36)

We obtain

S_{int} = λ 4! ∫ d^4x Φ ∗ Φ ∗ Φ ∗ Φ = 1 (2π)^{16} λ 3 · 4! ∫ d^4k_1...d^4k_4 ϕ(k_1)ϕ(k_2)ϕ(k_3)ϕ(k_4) · (2π)^4δ^{(4)}( 4∑ i=1 k_i) · [ cos k_1θk_2 2 cos k_3θk_4 2 + cos k_1θk_3 2 cos k_2θk_4 2 + cos k_1θk_4 2 cos k_2θk_3 2 ]

(1.37)

We conclude that the only difference between the natural deformation of a field theory and the field theory itself is a phase factor depending on momenta and noncommutativity parameter θ, appearing in front of every vertex in the Feynman rules. This procedure can be clearly generalized to other field theories.

Now I’m going to discuss how this phases modify perturbation theory, in particular ultraviolet behaviour and renormalization. Since the phases appearing in front of vertices depend on the momenta, when we compute the contribution coming from a certain diagram we have to distinguish between two different situations. If the phase is only depending on external momenta, it does not affect loop integrations and thus it does not modify the degree of divergence. This case we will call planar. Instead, when the phase factor depends on internal, loop momenta, it generally modifies the ultraviolet behavior of the diagram.

This case we will call nonplanar. So a single diagram in the ordinary theory decomposes in various planar and nonplanar contributions, depending on the ordering of momenta in the vertices.

A nice feature of natural Moyal deformations of ordinary field theories is that nonplanar graphs always display a better ultraviolet behavior with respect to the corresponding planar ones, since the phase acts as a regulator. So one can say that such deformation of a renormalizable theory will also be renormalizable. It will display the same degree of divergence in planar diagrams and a lower degree of divergence in nonplanar ones [2]. A general discussion of renormalizability properties of noncommutative field theory can be found in [10].

Now I would like to discuss a typical feature of noncommutative field theories called UV/IR mixing. To this purpose I will present the result of the 1-loop computation for the renormalized two-point function Γ^{(2)}_{ren} in the case of Φ^4 theory. I will not give any detail about the computation. The interested reader should refer to [9].

Let λ be the coupling constant of the theory, Λ the ultraviolet cutoff, M the renormalized mass, p the incoming momentum. Moreover we will define p ∘ k ≡ pθθk = p_μθ^{μρ}θ^ν_ρ k_ν , where θ^{μν} is the noncommutativity matrix characterizing the theory.

One finds that the renormalized Γ^{(2)} in the limit Λ_{eff} ≡^1 (p∘p+^1_{Λ2} )^{12}

→ 0 takes

the form

Γ^{(2)}_{ren}(p, M, Λ) = p^2+M^2+ λ 96(2π)^2(p ∘ p +^1_{Λ2} ) − λM^2 96π^2 ln 1 M^2(p ∘ p +^1_{Λ2} )

+O(λ^2)

(1.38) If we then take the limit Λ → ∞ we observe that an infrared divergence appears when we take p → 0. If we instead take the limit p → 0 first, we discover that the cutoff does not appear explicitly anymore and the two-point function diverges for Λ → ∞. So we observe an interesting connection between the UV and IR behaviors in the extra terms appearing in the two-point function because of noncommutativity. This is known in the literature as UV/IR mixing.

Finally, we will consider the limit θ → 0. In this limit we expect to obtain the standard result for the renormalized Γ^2 of ordinary Φ^4 theory. We have already discussed the fact that a diagram in the ordinary theory splits in planar and nonplanar parts in the noncommutative theory. In (1.38) the subtraction made to obtain the renormalized mass only took into consideration the divergences coming from the planar graphs. The last two terms represent the contribution coming from nonplanar diagrams. In the limit θ → 0 one may verify that by adding to the planar contributions the nonplanar ones in the computation of the renormalized mass, one obtains the well-known result for ordinary Φ^4.

Gauge theories

Up to now I have considered scalar theory for simplicity. Now I would like to discuss Yang-Mills theories. In ordinary geometry these theories are constructed by promoting a global invariance to a local one. In general the gauge group is nonabelian.

First of all a remark is needed regarding the choice of the gauge group. In noncommutative geometry described by Moyal product it is easy to show that SU (n), SO(n) and Sp(n) are not closed any more and the same is valid for the corresponding Lie algebras [35]. This is due to the fact that a nontrivial trace part appears in the product of two traceless matrices. So we will consider U (n) gauge theory as our example^1.

The ordinary gauge theory is described by an n × n hermitian matrix of vectors, A_μ. This transforms as follows under the local gauge symmetry with parameter λ (also an n × n matrix)

δ_λA_μ = ∂_μλ + i[λ, A_μ] (1.39)

The field strength F_{μν} and its transformation law are given by

F_{μν} = ∂_μA_ν − ∂_ν A_μ − i[A_μ, A_ν] δ_λF_{μν} = i[λ, F_{μν}] (1.40)

The pure gauge action is given by ∫ T r (F^{μν}F_{μν}) (1.41)

where the trace acts on gauge indices and the integral is taken over spacetime variables. The invariance of (1.41) under (1.40) follows from cyclicity of the trace.

We are going to construct the natural Moyal deformation of the theory by substituting ordinary products with ∗ products in the action. This time we have matrix-valued fields, so the product between two of them will be the tensor product between ∗ and the matrix product. We obtain the action ∫ T r (F^{μν} ∗ F_{μν}) (1.42)

If we also substitute ordinary products with Moyal products in the gauge transformation and definition of the field strength δ_λA_μ = ∂_μλ + iλ ∗ A_μ − iA_μ ∗ λ F_{μν} = ∂_μA_ν − ∂_ν A_μ − iA_μ ∗ A_ν + iA_ν ∗ A_μ δ_λF_{μν} = iλ ∗ F_{μν} − iF_{μν} ∗ λ (1.43) we find that the gauge transformation is still a symmetry of the action. In the noncommutative case the invariance of (1.42) under (1.43) is more subtle, though. Cyclicity of the trace is valid for ordinary matrix product, but not for the tensor product of the latter with ∗. However, the cyclicity property of Moyal product under integral (1.33) can be extended to the case of matrix-valued fields

1The cases SO(n), Sp(n) seem to allowed from the subtle string theory discussion in [43]

and used to prove the invariance of the action. In the limit θ → 0 one recovers the ordinary theory.

It is very important to observe that while in the ordinary case n = 1 corresponds to an abelian theory with field strength and transformation laws

δ_λA_μ = ∂_μλ F_{μν} = ∂_μA_ν − ∂_ν A_μ δ_λF_{μν} = 0 (1.44)

in the noncommutative case the commutator of two gauge transformations with parameters λ_1 and λ_2 is the gauge transformation with parameter λ_1∗λ_2−λ_2∗λ_1 [7]. This is nontrivial even in the case n = 1, so this is a nonabelian theory and its features perfectly mimic the case with n > 1.

Unitarity and causality problems

As anticipated, problems arise when time-space noncommutativity is considered. The structure of Moyal product (1.28) leads to terms in the action with an infinite number of derivatives of fields. This renders a Moyal-deformed field theory non local. In particular, when time is involved in noncommutativity, nonlocality in time appears and the usual framework of quantum mechanics breaks down.

In [16] unitarity of noncommutative field theory with time-space noncommutativity has been studied. Scalar field theory deformed with time-space noncommutativity has been considered and several one loop amplitudes have been shown not to be unitary. In particular, the two point function in noncommutative Φ^3 theory has been shown not to satisfy the usual cutting rules when θ^{0i} ≠ 0, while these rules are satisfied when only spatial noncommutativity is present. Moreover, 2 → 2 scattering in noncommutative Φ^4 has been considered and again unitarity of the S-matrix is satisfied only when θ^{0i} = 0.

Recently in a series of papers [44] a different approach to perturbative noncommutative field theories with a noncommuting time variable has been proposed. It has been argued that time-ordering is nontrivial when time is involved in noncommutativity and so a new prescription for the computation of Green functions must be given. This is different with respect to the naive Feynman rules obtained by multiplying the usual vertices by a phase factor (see (1.37)). It has been shown that in this framework unitarity is preserved when the lagrangian of the theory is hermitian.

In [15] causality of scattering processes in noncommutative field theory with time-space noncommutativity has been investigated. In particular, 2 → 2 treelevel scattering amplitudes for massless scalars with Φ^4 interaction in a twodimensional noncommutative spacetime have been computer there. The ordinary result for the 2 → 2 amplitude is iM = −ig (1.45) where g is the coupling constant of the theory. In the noncommutative case with [t, x] = iθ, because of the phases appearing in front of the vertices, one obtains instead

iM ∼ g[cos(p_1 ∧ p_2) cos(p_3 ∧ p_4) + 2 ↔ 3 + 2 ↔ 4] (1.46)

where p_1, . . . , p_4 are the two-momenta of the particles satisfying the conservation law ∑_4

i=1 p_i = 0 (all momenta are incoming) and the wedge product is defined as p ∧ q ≡ θ(p^0q^1 − p^1q^0). In the center of mass frame (1.46) becomes

iM ∼ g[cos(4p^2θ) + 2] (1.47)

Given an incoming gaussian wave packet ϕ_{in}(p) ∼ ( e^{− 1λ (p−p0 )2} + e^{− 1λ (p+p0 )2} ) (1.48)

the outgoing wave packet, in the limit p_0 ≫ λ^{12} ≫^1_{p0θ} , λθ ≫ 1, is expressed as follows Φ_{out}(x) ∼ g [ F (x; −θ, λ, p_0) + 4 √ λe^{−λ x24} e^{ip0 x} + F (x; θ, λ, p_0) ] + (p_0 → −p_0) (1.49) where F (x; θ, λ, p_0) represents a packet concentrated at x = −8p_0θ. So the incoming wave-packet, in the special high energy limit considered, splits into three parts, one concentrated at x = −8p_0θ, one at x = 0 and one at x = 8p_0θ. All three propagate towards x → ∞.

In the center of mass frame scattering can be seen as bouncing on a wall. The first packet is an advanced one, which means that it leaves the wall much before the arrival of the incoming packet. The third term instead corresponds to a delayed wave, appearing well after the arrival of the incoming packet. These two terms suggest an interpretation of the noncommutative particle as a rigid rod. Both terms originate from the phase factor due to noncommutativity. The second term is not interesting, since it is neither significantly delayed or advanced.

The advance by itself is not an indication of acausality. A nonrelativistic example of this is the reflection of a rigid rod of length L oriented along the direction of motion. The center of mass of the rod appears to reflect before reaching the wall, but the event is not acausal. However, there is a problem when both causality and Lorentz invariance are considered. In our case the advance increases with energy, therefore the rod seems to expand instead of Lorentz-contract at growing energies. This bizarre behavior is a sign of the inconsistency of a field theory with time-space noncommutativity.

When only space-space noncommutativity is considered (in a 2+1 dimensional field theory), the effect of the phase in front of the vertices is to let outgoing scattered waves originate from the diplaced position y =^1_2 θp_x. This again suggests the interpretation of the incident particles as extended rods of size θp, but orthogonally oriented with respect to their momentum. In this case there is no violation of causality.

In [17] it has been shown that in noncommutative field theories with timespace noncommutativity tachyonic particles are produced. This gives a physical interpretation of the perturbative breakdown of unitarity. Moreover, in this paper a quantitative study of various locality and causality properties of noncommutative field theories at the quantum level has been performed.

In collaboration with M.T. Grisaru, O. Lechtenfeld, L. Mazzanti, S. Penati and A. Popov I have also addressed the problem of acausality in noncommutative field theory in [36, 37]. We have conjectured that in a noncommutative twodimensional field theory that is classically integrable, i.e. it has an infinite number of conserved charges, acausality may disappear. In [37] we have shown that this is indeed the case for the noncommutative integrable sine-Gordon model, whose S-matrix is factorized, as expected for an integrable system, and causal. These results will be discussed in detail in chapter 2. The noncommutative generalization of the sine-Gordon system characterized by a well-defined S-matrix is not the natural one, though. In the next section I will begin to explore some possible noncommutative versions of the scalar theory that differ from the natural one considered in this section.

In the last part of section 1.2.1 I will discuss time-space noncommutativity from the string theory point of view. There we will see that the ill-defined field theories with time-space noncommutativity do not arise as consistent limits of string theory. However, there exists a limit where one obtains a theory of open strings living in a noncommutative spacetime (NCOS).

1.1.3 Other possible deformations: The free scalar field theory example

Up to now I have considered the natural deformation of a given field theory, obtained by simply replacing ordinary products with ∗ products everywhere in the action (and in the definitions of the field strength and gauge transformations in the Yang-Mills case). I have discussed some of the peculiar properties of noncommutative field theories obtained in such a way and noted that some of these are not welcome in a reasonable field theory.

The natural deformation is not the only way to proceed. Given an ordinary field theory we can more generally define a noncommutative deformation of it as a theory written in terms of ∗ products that reproduces the original commutative theory in the limit θ → 0. Of course the natural deformation is included in this definition, but different deformations can be constructed, just by adding new terms that vanish in the limit θ → 0.

I would like to discuss a very simple example, the two-dimensional free massless scalar field theory. We have previously noted that quadratic terms in the action are not modified by Moyal product. So the natural deformation of a free scalar field theory is trivial. There are more possible deformations, though, that are highly nontrivial and very interesting indeed.

In ordinary geometry we can consider the element g of a nonabelian group G. With this we can construct the principal chiral model action

S_{P C} = ∫ d^2x ∂_μg^{−1}∂^μg (1.50)

The corresponding equation of motion is given by ∂_μ ( g^{−1}∂^μg ) = 0 (1.51)

In the case of the abelian group G = U (1) we can parametrize g = e^{iαϕ} and see that the action reduces to the free massless scalar field action. In the nonabelian case instead the model is nontrivial.

It is possible to add to the principal chiral action a new term, called Wess- Zumino (WZ) term, that is written in terms of a commuting parameter ρ ∈ [0, 1]. The resulting theory is called Wess-Zumino-Witten (WZW) [45] model and its action in a (+, −) signature is S_{W ZW} = 1 2 ∫ d^2x ∂_μg^{−1}∂^μg − 1 3 ∫ d^2x dρ ϵ^{μνσ} ĝ^{−1}∂_μĝ ĝ^{−1}∂_νĝ ĝ^{−1}∂_σĝ (1.52)

where we have introduced the homotopy path ĝ(ρ) such that ĝ(0) = 1, ĝ(1) = g. The variation of the WZ term is a total derivative in ρ, so the equations of motion obtained from this action are truly two-dimensional and given by

¯∂ (g^{−1}∂g) = 0 (1.53)

where we have defined ∂ ≡ ∂_0 + ∂_1 and ¯∂ ≡ ∂_0 − ∂_1. For an abelian U (1) group the WZ term vanishes and the WZW model reduces to the free massless scalar theory.

We have previously observed that in noncommutative geometry the U (1) group is no longer abelian. Parametrizing the element of noncommutative U (1) as g = e^{iαϕ}_∗ (1.54)

we can define noncommutative U (1) principal chiral and WZW models [46], just substituting ∗ products everywhere in the given actions and considering g in the noncommutative U (1) group. Both models reduce to the free massless scalar theory in the commutative limit, so they are nontrivial noncommutative generalizations of it.

Since many possible noncommutative generalizations of a single ordinary field theory can be constructed, it is natural to wonder whether one of these may be “better” than the others so that it could be chosen as “the” noncommutative version of the original theory.

First of all, criteria should be given to decide whether one generalization is better than the other. There are a certain number of properties that render a field theory a “good” theory. For instance symmetries, classical integrability, causality, unitarity, renormalizability, quantum integrability, absence of anomalies, dualities are properties that, when present in the ordinary theory, we would like to preserve in its noncommutative version. So a good criteria could be to find a deformation that preserves the good properties of the ordinary theory, or some of them at least.

The case of a free scalar field theory is very simple and cannot give us any hint. However, it is possible to add a potential term to the scalar theory to obtain an interacting theory enjoying nice properties. In my papers [36, 37], in collaboration with M. Grisaru, O. Lechtenfeld, L. Mazzanti, S. Penati and A. Popov, I have studied the possible generalizations of a very special scalar theory, the sine-Gordon system, describing a scalar field autointeracting by an oscillating potential. As will be explained in detail in chapter 2, from our analysis of noncommutative sine-Gordon the WZW-like generalization of the kinetic term for scalar fields seems to be preferred. This agrees with bosonization considerations in [47, 48].

1.1.4 The Kontsevich product

In section 1.1.1 we have seen that, in a Poisson manifold with a derivative without torsion and curvature, such that ∇P = 0,the only associative product is Moyal ∗ (1.28). If one of the three assumptions is not verified, then this product is no longer associative. Moreover, we have noticed that in flat spacetime with ordinary derivatives the assumption of constant P is a restriction needed for the noncommutative deformation of a translation invariant theory to preserve this property.

In this section I would like to consider more general situations, where spacetime may be curved and translations may not be a symmetry anymore. In particular, as I will show in detail in section 1.2.1, noncommutative geometry naturally emerges in the context of string theory, that is naturally embedded in curved backgrounds. Therefore, spacetimes with torsion and curvature should be considered. Different symmetries underlying the theory may require Poisson structures P with a particular dependence on the coordinates. For this reasons it is interesting to consider the case when the Poisson structure P is not constant with respect to a certain set of derivatives. One may think about relaxing the other two constraints regarding the set of derivatives chosen. Actually, at least in some cases it is possible to rewrite a Poisson structure with nonflat derivatives and a covariantly constant Poisson tensor in terms of a nonconstant Poisson tensor and flat derivatives. The superspace case we will study in the next section is an example of this.

M. Kontsevich in [49] generalized the results of Bayen et al. to the case where derivatives ∇ are without torsion and curvature but the Poisson structure is not covariantly constant ∇P ≠ 0. In this case Moyal product (1.28) is not associative anymore. However, it is possible to modify Moyal product order by order in the deformation parameter ℏ to obtain associativity.

Let Ω be a Poisson manifold, with coordinates {x^μ} and flat derivatives {∇_μ}. Let P^{μν} = P^{μν}(x) be the Poisson structure of this manifold, written in terms of the chosen coordinates as follows

[x^μ, x^ν] = P^{μν}(x) (1.55)

First of all we recall that the definition of a Poisson structure requires associativity P^{μρ}∇_ρP^{νσ} + P^{νρ}∇_ρP^{σμ} + P^{σρ}∇_ρP^{μν} = 0 (1.56) that is completely equivalent to the validity of Jacobi identity for the coordinate algebra [[x^μ, x^ν], x^σ] + [[x^σ, x^μ], x^ν] + [[x^ν, x^σ], x^μ] = 0 (1.57) When P^{μν} is constant, this requirement is trivially satisfied and does not give any further constraint on the matrix P . When a general coordinate dependence is allowed, associativity constrains the functional dependence of the matrix. When P^{μν} is invertible, i.e. it exists P^{−1}_{μν} satisfying P^{μν}P^{−1}_{νρ} = δ^μ_ρ , (1.56) can easily be rewritten in terms of the vanishing of the three-form H

H_{μνρ} = ∇_μP_{νρ} + cycl. = 0 (1.58)

Let us now consider Moyal product (1.28), expanded up to second order in the parameter ℏ f ∗ g = fg + ℏP^{μν}(x)∇_μf ∇_νg + ℏ^2P^{μν} (x)P^{ρσ}(x)∇_μ∇_ρf ∇_ν∇_σg + O(ℏ^3) (1.59)

We then evaluate the quantity (f ∗ g) ∗ h − f ∗ (g ∗ h) up to second order in ℏ (note that associativity is trivially satisfied at first order):

(f ∗ g) ∗ h − f ∗ (g ∗ h) = −ℏ^2 (P^{σρ}∇_ρP^{μν} + P^{μρ}∇_ρP^{νσ}) ∇_μf ∇_ν g ∇_σh + O(ℏ^3) (1.60) So nonvanishing terms arise, because of the x dependence of the Poisson structure. Kontsevich observed that once the trilinear dependence on the functions f, g, h is factorized, one obtains terms with an identical structure with respect to the ones emerging in the associativity equation for P (1.56). If one could modify the definition of the product ∗ (1.59) in such a way to obtain exactly the quantity that is constrained to be zero in (1.56), one would obtain a product associative up to order ℏ^2.

We have to add new terms of order ℏ^2, since associativity is trivially satisfied at first order. Therefore let us define a new product ⋆ by adding to ∗ a new term of order ℏ^2 as follows f ⋆ g ≡ fg + ℏP^{μν} (x)∇_μf ∇_νg + ℏ^2P^{μν}(x)P^{ρσ}(x)∇_μ∇_ρf ∇_ν∇_σg +Aℏ^2P^{μρ}∇_ρP^{νσ} (∇_μ∇_νf ∇_σg − ∇_νf ∇_μ∇_σg) + O(ℏ^3) (1.61)

where A is a coefficient to be determined in such a way that (f ⋆g)⋆h−f ⋆(g ⋆h) is proportional to the constraint (1.56). One obtains A = 1 3 (1.62)

The product ⋆ that we have defined up to second order in ℏ is associative if and only if the Jacobi identity for the coordinate algebra (1.57) is satisfied. Kontsevich showed that order by order in ℏ it is always possible to modify Moyal product ∗ in order to make extra terms vanish when the Jacobi identity for the coordinates is valid. So Kontsevich ⋆ product is uniquely defined at any order in the deformation parameter ℏ by the requirement of associativity.

1.1.5 Deforming superspace

Up to now, we have only considered noncommutativity of bosonic coordinates, in the form [x^μ, x^ν] = iΘ^{μν} (x) (1.63)

where Θ^{μν} (x) is antisymmetric. Since, as it will be explained in section 2, noncommutative field theories emerge naturally in the context of string theory and string theory is only consistent in the presence of supersymmetry, it is natural to consider the problem of deforming a supersymmetric theory.

It is well-known that the natural setting for discussing supersymmetric theories is a nontrivial extension of bosonic space, known as superspace, where bosonic coordinates x are accompanied by fermionic ones, that I will generally denote with θ. So it seems natural and compelling to ask what happens if we deform also the anticommutators between fermionic coordinates of superspace. Exactly as in the bosonic case discussed before, we would like the deformation to preserve the symmetries of our original theory, described by the group of supertranslations. Moreover, we would like the deformed algebra to be associative. In the bosonic case we have seen that this two properties in flat space were identifying Moyal product.

In collaboration with D. Klemm and S. Penati, I have addressed the problem of deforming superspace in [26]. First steps had been taken in this direction before the appearance of this paper. Nonvanishing anticommutators of fermionic coordinates have been considered in [33] in the context of a possible fermionic substructure of spacetime. In [50], quantum deformations of the Poincaré supergroup were considered. In a modern noncommutative geometry context, trivial superspace deformation of supersymmetric field theories have been analysed, where only the bosonic sector of the coordinate algebra is modified [51]. In [52], a Moyal-like deformation of d = 4 N = 1 superspace was proposed involving fermionic coordinates, that is associative and covariant with respect to supersymmetry, but does not preserve the complex conjugation rules that characterize Majorana-Weyl spinors in four dimensions. In this paper it was also shown that in general the set of chiral superfields is not closed under star products that involve fermionic coordinates. I will discuss the results in [52] in detail in the second part of this section.

In [26] we were mainly concerned with the conditions imposed on the possible deformations of superspace by requirements such as covariance under classical translations and supertranslations, Jacobi identities, associativity of the star product and closure of the set of chiral superfields under the star product, but we wanted superspace conjugation relations to be still valid in the deformation. The motivation for this requirement relies in the fact that in a theory with N supersymmetries formulated in superspace, the number of fermionic degrees of freedom is N times the bosonic one. As I will show in detail, by relaxing spinor conjugation relations in the deformation, one in fact does not preserve the number of supersymmetries.

The main results in [26] are that it is possible to fulfill all the requirements in a d = 4 N = 1 Minkowski superspace, even if the contraints imposed on the supercoordinate algebra are strong and only [x, θ] and [x, x] can be turned on. Moreover, in the same paper we have shown that euclidean signature is less restrictive and allows for a nonanticommutative superspace with {θ, θ} different from zero. The results obtained in my paper will be discussed in section 1.1.6.

Since then a lot of progress has been done in understanding superspace deformations. Non(anti)commutative superspaces have been shown to emerge in a superstring theory context, in the presence of Ramond-Ramond (RR) backgrounds [27, 28, 29, 53]. I will discuss these results in section 1.2.4. Furthermore, in the paper by N. Seiberg [28], a deformed superspace that only preserves N =^1_2 supersymmetric of the original N = 1 has been introduced. I will review the properties of this deformation in section 1.1.7 and compare with the ones obtained in my paper. Many deformations of superspace field theories have been studied and their quantum properties have been discussed. I will give a brief summary of the main results obtained in the second part of section 1.1.7.

I will not give an introduction to supersymmetry and its superspace formulation. For an introduction to this topics, I suggest the books [23, 24] and the review paper [25].

The Ferrara-Lledò proposal

In [52] the authors consider the problem of generalizing Moyal product (1.28) to d = 4 N = 1 superspace. This is described by the set of superspace coordinates Z^A = (x^{αα̇}, θ^α, θ̄^{α̇}), where x^{αα̇} are four real bosonic coordinates and θ^α, θ̄^{α̇} are two–component complex Weyl fermions. The conjugation rule θ̄^{α̇} = (θ^α)^† follows from the requirement to have a four component Majorana fermion (we use conventions of Superspace [24]). In the standard (anti)commutative superspace the algebra of the coordinates is {θ^α, θ^β } = {θ̄^{α̇}, θ̄^{β̇}} = {θ^α, θ̄^{α̇}} = 0 [x^{αα̇}, θ^β] = [x^{αα̇}, θ̄^{β̇} ] = 0

[x^{αα̇}, x^{ββ̇}] = 0 (1.64)

and it is trivially covariant under the superPoincaré group. The subgroup of the classical (super)translations (spacetime translations and supersymmetry transformations)

θ^{′α} = θ^α + ϵ^α θ̄^{′α̇} = θ̄^{α̇} + ϵ̄^{α̇} x^{′αα̇} = x^{αα̇} + a^{αα̇} − i 2 ( ϵ^αθ̄^{α̇} + ϵ̄^{α̇}θ^α ) (1.65)

is generated by two complex charges Q_α (Q̄_{α̇} = Q^†_α) and the four–momentum P_{αα̇} subjected to

{Q_α, Q_β} = {Q̄_{α̇}, Q̄_{β̇}} = 0 , {Q_α, Q̄_{α̇}} = P_{αα̇} (1.66)

Representations of supersymmetry are given by superfields V (x^{αα̇}, θ^α, θ̄^{α̇}) whose components are obtained by expanding V in powers of the spinorial coordinates. The set of superfields is closed under the standard product of functions. The product of two superfields is (anti)commutative, V · W = (−1)^{deg(V )·deg(W )}W · V , and associative, (K · V ) · W = K · (V · W ). The set of superspace covariant derivatives is given by ∂_A = (∂_{αα̇}, D_α, D̄_{α̇}). In both this section and the following one (so in the papers [52] and [26]) the nonchiral representation of supersymmetry has been chosen, where

D_α = ∂_α + i 2 θ̄^{α̇}∂_{αα̇} ; D̄_{α̇} = ¯∂_{α̇} + i 2 θ^α∂_{αα̇} (1.67)

Superspace geometry is nontrivial, because of the presence of a nonvanishing torsion {D_α, D̄_{α̇}} = i∂_{αα̇} (1.68)

To extend the construction of Moyal product to superspace, one has first to introduce a superspace Poisson structure generalizing (1.16). The authors propose {Φ, Ψ} = Φ ←− ∂_{αα̇}P^{αα̇ββ̇} −→ ∂_{ββ̇} Ψ + Φ ←− D_αP^{αβ} −→ D_β Ψ (1.69)

where P^{αα̇ββ̇} and P^{αβ} are constant matrices. This Poisson structure is manifestly covariant with respect to supersymmetry. Moreover, it is associative since it involves only ∂_{αα̇} and D_α and not D̄_{α̇}. Associativity would be broken if the whole set of superspace covariant derivatives had appeared, because of the nontrivial superspace torsion (1.68). With this Poisson structure the authors construct a Moyal-like product in superspace as follows

Φ ∗ Ψ = Φ exp ( ℏ (←− ∂_{αα̇}P^{αα̇ββ̇} −→ ∂_{ββ̇} + ←− D_αP^{αβ} −→ D_β )) Ψ (1.70)

This is an associative product, as one can easily deduce by extending to superspace the discussion in section 1.1.1.

If we consider the special case when the superfields Φ and Ψ are identified with the supercoordinates themselves, we obtain the following anticommutation relations { θ^α, θ^β } = P^{αβ} { θ̄^{α̇}, θ̄^{β̇} } = 0 (1.71)

They are not consistent with the d = 4 N = 1 superspace conjugation relation

(θ^α)^† = θ̄^{α̇} (1.72)

Even if in principle a noncommutative deformation is not required to respect the complex structure present on the original space, the relation (1.72) is needed in the original space for the fermionic degrees of freedom to be equal to the bosonic ones. By relaxing it in the deformation, one modifies (doubles) the number of supersymmetries.

In the paper [52] it was also observed that the class of chiral superfields, defined by the relation D̄_{α̇}Φ = 0, is not closed under the product (1.70). Already at first order in the ℏ expansion nontrivial terms arise in D̄_{α̇} (Φ ∗ Ψ), where Φ and Ψ are both chiral, because of the nontrivial superspace torsion (1.68). Since the simplest superspace field theories are written in terms of chiral superfields, the lack of closure for the chiral class is a serious obstruction in constructing deformations of known supersymmetric theories.

1.1.6 Non(anti)commutative superspace

In this section I will discuss the results that I obtained in [26], in collaboration with D. Klemm and S. Penati, regarding supersymmetric associative deformations of d = 4 N = 1 Minkowski and N = 2 euclidean superspace.

Supersymmetric deformations of N = 1 d = 4 superpace

In [26], a more systematical approach with respect to [52] has been followed to determine the most general non(anti)commutative geometry in N = 1 four dimensional superspace, invariant under the classical supertranslation group and associative. As I have anticipated before, the deformation will be required to preserve the complex conjugation relations that are valid in ordinary superspace.

We will consider the supercoordinates Z^A, generically satisfying the non- (anti)commutative algebra [ Z^A, Z^B } = P^{AB}(Z) (1.73)

where we have introduced the (anti)commutator

[F_A, G_B} ≡ F_AG_B − (−)^{ab}G_BF_A (1.74)

that is a commutator if at least one of the two indices A, B is a vector and an anticommutator otherwise.

Let us consider the transformation Z → Z^′. This is the generic symmetry of the ordinary theory that we would like to preserve in the deformation. Exactly as in the bosonic case discussed in section 1.1.2, we will require that the functional dependence of the non(anti)commutative algebra is not modified under the transformation [ Z^{′A}, Z^{′B} } = P^{AB}(Z^′) (1.75)

Since, as discussed in section 1.1.1, bosonic noncommutative deformations break “particle” Lorentz invariance, we will not worry about this symmetry in our superspace generalization. We will only take into consideration the supertranslation group, containing ordinary bosonic translations and supersymmetry transformations. For N = 1 d = 4 superspace conventions, we refer to [24] (see summary in the previous section).

In order to define a non(anti)commutative superspace, we consider the most general structure of the algebra for a set of four bosonic real coordinates and a complex two–component Weyl spinor with (θ^α)^† = θ̄^{α̇} { θ^α, θ^β } = A^{αβ}(x, θ, θ̄) , { θ̄^{α̇}, θ̄^{β̇} } = Ā^{α̇β̇} (x, θ, θ̄) { θ^α, θ̄^{α̇} } = B^{αα̇}(x, θ, θ̄) [ x^a, θ^β ] = iC^{aβ}(x, θ, θ̄) , [ x^a, θ̄^{β̇} ] = iC̄^{aβ̇}(x, θ, θ̄) [ x^a, x^b ] = iD^{ab}(x, θ, θ̄) (1.76) Here, A, B, C, D are local functions of the superspace variables and we have defined Ā^{α̇β̇} ≡ (A^{αβ})^†, C̄^{aβ̇} ≡ (C^{aβ} )^†. From the conjugation rules for the coordinates it follows also ( B^{αα̇} )_† = B^{αα̇} and ( D^{ab} )_† = D^{ab}.

To implement (1.76) to be the algebra of the coordinates of a non(anti)commutative N = 1 superspace we require its invariance under the group of space translations and supertranslations (1.65). As before, we restrict our analysis to the case of an undeformed group where the parameters a^{αα̇}, ϵ^α and ϵ̄^{α̇} in (1.65) are kept (anti)commuting^2.

As in the bosonic case discussed in section 1.1.1, we require the functional dependence of the A, B, C, D in (1.76) to be the same at any point of the supermanifold. To work out explicitly the constraints which follow, we perform a (super)translation (1.65) on the coordinates and compute the algebra of the new coordinates in terms of the old ones. We find that the functions appearing in (1.76) are constrained by the following set of independent equations A^{αβ}(x^′, θ^′, θ̄^′) = A^{αβ} (x, θ, θ̄) , B^{αα̇}(x^′, θ^′, θ̄^′) = B^{αα̇}(x, θ, θ̄) (1.77)

C^{αα̇β}(x^′, θ^′, θ̄^′) = C^{αα̇β}(x, θ, θ̄) − 1 2 ϵ^αB^{βα̇}(x, θ, θ̄) − 1 2 ϵ̄^{α̇}A^{αβ} (x, θ, θ̄) (1.78)

D^{αα̇ββ̇} (x^′, θ^′, θ̄^′) = D^{αα̇ββ̇} (x, θ, θ) − i 2 ( ϵ^βC̄^{αα̇β̇} (x, θ, θ̄) + ϵ̄^{β̇} C^{αα̇β} (x, θ, θ̄) − ϵ^αC̄^{ββ̇α̇}(x, θ, θ̄) − ϵ̄^{α̇}C^{ββ̇α}(x, θ, θ̄) )

− i 4 ( ϵ^αĀ^{α̇β̇}(x, θ, θ̄)ϵ^β + ϵ^αB^{βα̇}(x, θ, θ̄)ϵ̄^{β̇} +ϵ̄^{α̇}B^{αβ̇}(x, θ, θ̄)ϵ^β + ϵ̄^{α̇}A^{αβ}(x, θ, θ̄)ϵ̄^{β̇} ) (1.79)

together with their hermitian conjugates.

Looking for the most general local solution brings us to the following algebra for a non(anti)commutative geometry in Minkowski superspace consistent with

2 More general constructions of non(anti)commutative geometries in grassmannian spaces have been considered, where also the algebra of the parameters is deformed [50].

(super)translations { θ^α, θ^β } = A^{αβ} , { θ̄^{α̇}, θ̄^{β̇} } = Ā^{α̇β̇} , { θ^α, θ̄^{α̇} } = B^{αα̇} [ x^{αα̇}, θ^β ] = iC^{αα̇β}(θ, θ̄) [ x^{αα̇}, θ̄^{β̇} ] = iC̄^{αα̇β̇}(θ, θ̄) [ x^{αα̇}, x^{ββ̇} ] = iD^{αα̇ββ̇}(θ, θ̄) (1.80) where C^{αα̇β}(θ, θ̄) = C^{αα̇β} − 1 2 θ^αB^{βα̇} − 1 2 θ̄^{α̇}A^{αβ} D^{αα̇ββ̇}(θ, θ̄) = D^{αα̇ββ̇} − i 2 ( θ^βC̄^{αα̇β̇} − θ̄^{α̇}C^{ββ̇α} − θ^αC̄^{ββ̇α̇} + θ̄^{β̇} C^{αα̇β} )

− i 4 ( θ^αĀ^{α̇β̇}θ^β + θ^αB^{βα̇}θ̄^{β̇} + θ̄^{α̇}B^{αβ̇} θ^β + θ̄^{α̇}A^{αβ}θ̄^{β̇} ) (1.81)

and A, B, C and D are constant functions.

We note that, while invariance under spacetime translations necessarily requires the non(anti)commutation functions to be independent of the x coordinates, as we have seen in section 1.1.1, invariance under supersymmetry is less restrictive and allows for a particular dependence on the spinorial coordinates.

On the algebra of smooth functions of superspace variables we can formally define a graded bracket which reproduces the fundamental algebra (1.80) when applied to the coordinates. In the case of bosonic Minkowski spacetime, the noncommutative algebra (1.63) can be obtained by interpreting the l.h.s. of this relation as the Poisson bracket of classical commuting variables, where, for generic functions of spacetime, the Poisson bracket is defined as {f, g}_P = iΘ^{μν} ∂_μf∂_ν g. Generalizing to Minkowski superspace, the graded bracket must be constructed as a bidifferential operator with respect to the superspace variables. Using covariant derivatives D_A ≡ (D_α, D̄_{α̇}, ∂_{αα̇}), for generic functions Φ and Ψ of the superspace coordinates we define the bidifferential operator

{Φ, Ψ}_P = Φ ←− D_A P^{AB} −→ D_B Ψ (1.82)

where P^{AB} ≡ P^{αβ} P^{αβ̇} P^{αb} P^{α̇β} P^{α̇β̇} P^{α̇b} P^{aβ} P^{aβ̇} P^{ab} = −A^{αβ} −B^{αβ̇} iC^{ββ̇α} −B^{α̇β} −Ā^{α̇β̇} iC̄^{ββ̇α̇} iC^{αα̇β} iC̄^{αα̇β̇} iD^{αα̇ββ̇} (1.83)

is a constant graded symplectic supermatrix satisfying P^{BA} = (−1)^{(a+1)(b+1)}P^{AB}, a denoting the grading of A. It is easy to verify that applying this operator to the superspace coordinates we obtain (1.80).

Alternatively, one can express the graded brackets (1.82) in terms of torsion free, noncovariant spinorial derivatives ∂_A ≡ (∂_α, ¯∂_{α̇}, ∂_{αα̇}) so obtaining a matrix P̃^{AB} explicitly dependent on (θ, θ̄). The bracket (1.82) is rewritten as follows

{Φ, Ψ}_P = Φ ←− ∂_A P̃^{AB} −→ ∂_B Ψ (1.84) where P̃^{AB}(θ, θ̄) ≡ −A^{αβ} −B^{αβ̇} iC^{ββ̇α}(θ, θ̄) −B^{α̇β} −Ā^{α̇β̇} iC̄^{ββ̇α̇}(θ, θ̄) iC^{αα̇β}(θ, θ̄) iC̄^{αα̇β̇}(θ, θ̄) iD^{αα̇ββ̇} (θ, θ̄) (1.85)

and the functions C, C̄ and D are given in (1.81).

The latter formulation of the graded bracket is not manifestly covariant, but it is however very useful, since it makes clear that Kontsevich procedure outlined in section 1.1.4 can be generalized to superspace to construct an associative deformation of the product between superfields. All the results from now on can be written in both ways. In general the covariant formulation is preferred because it naturally leads to a geometrical interpretation of the results.

Deformation of the supersymmetry algebra

It is important to note that the non(anti)commutative extension given in (1.80) in general deforms the supersymmetry algebra. In the standard case, defining Q_A ≡ (Q_α, Q̄_{α̇}, −i∂_{αα̇}), the supersymmetry algebra can be written as [Q_A, Q_B} = iT_{AB}^C Q_C , [D_A, D_B } = T_{AB}^C D_C [Q_A, D_B } = 0 (1.86)

where T_{AB}^C is the torsion of the flat superspace (T_{αβ̇}^c = T_{β̇α}^c = iδ^γ_α δ^{γ̇}_{β̇} are the only nonzero components). Turning on non(anti)commutativity in superspace leads instead to [Q_A, Q_B} = iT_{AB}^C Q_C + R_{AB}^{CD}Q_C Q_D [D_A, D_B } = T_{AB}^C D_C + R_{AB}^{CD}D_C D_D [Q_A, D_B} = R_{AB}^{CD}Q_C D_D (1.87)

where T_{AB}^C is still the torsion of the flat superspace, while R_{AB}^{CD} = − 1 8 P^{MN} T_{M[A}^C T_{B)N}^D (1.88)

([ab) means antisymmetrization when at least one of the indices is a vector index, symmetrization otherwise) is a curvature tensor whose presence is a direct consequence of the non(anti)commutation of the grassmannian coordinates. Its nonvanishing components are R_{αβ}^{cd} = 1 8 P^{γ̇δ̇}δ^γ_{(α}δ^δ_{β)} , R_{α̇β̇}^{cd} = 1 8 P^{γδ}δ^{γ̇}_{(α̇}δ^{δ̇}_{β̇)} R_{αβ̇}^{cd} = R_{β̇α}^{cd} = 1 8 ( P^{γδ̇}δ^δ_α δ^{γ̇}_{β̇} + P^{δγ̇} δ^γ_α δ^{δ̇}_{β̇} ) (1.89)

I would like to stress that the curvature terms deforming the supersymmetry algebra are quadratic in bosonic derivatives and have no effect on the supercoordinate-algebra. Therefore their presence is not in disagreement with consistency of the supercoordinate algebra with supersymmetry.

Since the terms proportional to the curvature in (1.87) are quadratic in supersymmetry charges and covariant derivatives, we can define new graded brackets

[Q_A, Q_B}_q ≡ Q_AQ_B − (−1)^{ab}[δ_B^C δ_A^D + (−1)^{ab}R_{AB}^{CD}]Q_CQ_D (1.90)

and analogous ones for [D_A, D_B }_q and [Q_A, D_B }_q, which satisfy the standard algebra (1.86). The new brackets can be interpreted as a quantum deformation associated to a q–parameter which in this case is a rank–four tensor

q_{AB}^{CD} ≡ δ_B^C δ_A^D + (−1)^{ab}R_{AB}^{CD} (1.91)

Associativity and the geometry of deformed superspace

Given the bidifferential operator (1.82) associated to the noncommutative supergeometry defined in (1.80) it is easy to prove the following identities {Φ, Ψ}_P = (−1)^{1+deg(Φ)·deg(Ψ)} {Ψ, Φ}_P {cΦ, Ψ}_P = c {Φ, Ψ}_P , {Φ, cΨ}_P = (−1)^{deg(c)·deg(Φ)} c {Φ, Ψ}_P {Φ + Ψ, Ω}_P = {Φ, Ω}_P + {Ψ, Ω}_P (1.92)

The operator { , }_P will then be promoted to a graded Poisson structure on superspace if and only if Jacobi identities hold {Φ, {Ψ, Ω}_P }_P + (−1)^{deg(Φ)·[deg(Ψ)+deg(Ω)]} {Ψ, {Φ, Ω}_P }_P +(−1)^{deg(Ω)·[deg(Φ)+deg(Ψ)]} {Ω, {Φ, Ψ}_P }_P = 0 (1.93)

for any triplet of functions of superspace variables. This property is equivalent to associativity of the fundamental algebra (1.80). Since the latter is nontrivial (coordinate-dependent commutators appear), (1.93) is not in general satisfied. Indeed, imposing (1.93) yields the nontrivial conditions P^{AR}P^{BS} T^C_{SR} (−1)^{c+b(c+a+r)} + P^{BR}P^{CS}T^A_{SR} (−1)^{a+c(a+b+r)} + P^{CR}P^{AS}T^B_{SR} (−1)^{b+a(b+c+r)} = 0 (1.94)

(−1)^{bm}P^{AM} P^{BN} R_{MN}^{CD} = 0 (1.95)

where the torsion T_{AB}^C and the curvature R_{AB}^{CD} have been introduced in (1.86) and (1.87). Equation (1.94) is the covariant superspace generalization of bosonic associativity constraint (1.56) (the analogy with (1.56) is clearer when it is rewritten in terms of the “noncovariant” Poisson structure P̃ given in (1.84)).

As in bosonic case, if P^{AB} is invertible (P_{AB}P^{BC} = δ^C_A ), equation (1.94) is equivalent to the vanishing of the contorsion tensor H_{ABC} defined by

H_{ABC} = T^D_{AB} P_{DC}(−1)^{ac} + T^D_{CA} P_{DB}(−1)^{cb} + T^D_{BC} P_{DA}(−1)^{ba} . (1.96)

This is the superspace generalization of (1.58), in terms of manifestly covariant quantities. The only nonvanishing components of H are H_{αα̇β} = −i [P_{αα̇ β} + P_{βα̇ α}] H_{αα̇β̇} = −i [ P_{αα̇ β̇} + P_{αβ̇ α̇} ] H_{αα̇b} = iP_{αα̇ b} (1.97)

We notice that its bosonic components H_{abc} vanish due to the x–independence of the noncommutation functions in (1.80). The nonvanishing of H comes entirely from the θ–dependence of the functions in (1.81). As will be explained in section 1.3, it has been shown that bosonic coordinate-dependent deformations naturally emerge in string theory in the presence of curved backgrounds. Nonassociative deformations also emerge and the parameter governing nonassociativity is a bosonic three form H. Identifying the superspace analogue of this may help characterizing the superstring background where deformed superspaces may appear.

When P is invertible, equation (1.95) might seem to imply that the curvature R is zero. This is not true in general because of the presence of the sign in front, which is dependent on the grading of the summed index M . Moreover, being puzzled by the unusual pattern of equations found, we have been trying to prove that (1.95) is algebraically implied by (1.94), but this doesn’t seem to work.

We now search for the most general solutions of the conditions (1.94, 1.95). Writing them in terms of the P^{AB} components we obtain

B^{αβ̇} A^{βγ} + A^{βα}B^{γβ̇} = 0 B^{αβ̇} B^{βγ̇} + A^{βα}Ā^{β̇γ̇} = 0 ( C̄^{ββ̇α̇}A^{αγ} + C^{ββ̇α}B^{γα̇} − C̄^{αα̇β̇}A^{βγ} − C^{αα̇β} B^{γβ̇} ) = 0 Im ( C̄^{αα̇β̇}C^{γγ̇β} + C̄^{γγ̇α̇}C^{ββ̇α} + C̄^{ββ̇γ̇} C^{αα̇γ} ) = 0 . (1.98)

The first two conditions necessarily imply the vanishing of the constants A and B. Inserting this result in the third constraint we immediately realize that it is automatically satisfied and the only nontrivial condition which survives is the last one. This equation has nontrivial solutions. For example, the matrix

C^{αα̇β} = ( ψ^β ψ^β ψ^β ψ^β ) (1.99)

for any spinor ψ^β , is a solution. It would correspond to assume the same commutations rules among any bosonic coordinate and the spinorial variables.

We conclude that the most general associative and non(anti)commutative algebra in Minkowski superspace has the form { θ^α, θ^β } = { θ̄^{α̇}, θ̄^{β̇} } = { θ^α, θ̄^{β̇} } = 0 [ x^{αα̇}, θ^β ] = iC^{αα̇β} [ x^{αα̇}, θ̄^{β̇} ] = iC̄^{αα̇β̇} (1.100) [ x^{αα̇}, x^{ββ̇} ] = iD^{αα̇ββ̇} + 1 2 ( C̄^{ββ̇α̇}θ^α − C̄^{αα̇β̇}θ^β + C^{ββ̇α}θ̄^{α̇} − C^{αα̇β}θ̄^{β̇} ) , where C is subject to the last constraint in (1.98). Setting C^{αα̇β} = 0 we recover the usual noncommutative superspace considered so far in literature [52, 54, 51].

Under conditions (1.98) the graded brackets (1.82) satisfy the Jacobi identities (1.93), as can be easily proved by expanding the functions in power series. In this case we have a well–defined super Poisson structure on superspace.

We note that a non(anti)commutative but associative geometry always mantains the standard algebra (1.86) for the covariant derivatives. In fact, in this case, from (1.89) it follows R_{AB}^{CD} = 0.

Construction of a Kontsevich-like product on superspace

We will now describe the first few steps towards the construction of a star product defined on the class of general superfields. By definition, this product must be associative, i.e. it has to satisfy the Jacobi identities (1.93) when the fundamental algebra is associative.

In section 1.1.4 we have seen that in the nonsupersymmetric case the lack of associativity of the fundamental algebra is signaled by the presence of a nonvanishing 3–form H. A product has been constructed [49] so that the terms violating the Jacobi identities are proportional to H. The product is then automatically associative when the fundamental algebra is.

In the present case we have shown that the lack of associativity in superspace is related to a nonvanishing super 3–form. This suggests the possibility to construct a super star product by suitably generalizing Kontsevich construction [49] to superspace. The supersymmetric Poisson structure we have constructed on superspace can be written in a manifestly covariant form, as in (1.82), in terms of a constant matrix and covariant derivatives that have nontrivial torsion, or as in (1.84), in terms of a coordinate-dependent matrix and torsion free derivatives. The second formulation allows for a straightforward generalization of Kontsevich construction we outlined in section 1.1.4. However, the same procedure can be performed in a manifestly covariant way, and I choose to give this second version, so that the geometric interpretation of the results will be clear.

We begin by considering Moyal–deformed product defined in the usual way

Φ ∗ Ψ ≡ Φ exp(ℏ ←− D_AP^{AB} −→ D_B )Ψ, (1.101)

where Φ and Ψ are arbitrary superfields, and ℏ denotes a deformation parameter. In general, due to the lack of (anti)commutativity among covariant derivatives

(see eq. (1.87)), it is easy to prove that the ∗–product is not associative even when the Poisson brackets are. However, inspired by Kontsevich procedure [49], we perturbatively define a modified product ⋆ with the property to be associative up to second order in ℏ when the Jacobi identities are satisfied. Precisely, we find an explicit form for the product by imposing the Jacobi identities (1.93) to be violated at this order only by terms proportional to H. To this end we define

Φ ⋆ Ψ ≡ ΦΨ + ℏΦ ←− D_AP^{AB} −→ D_BΨ + ℏ^2 2 Φ( ←− D_AP^{AB} −→ D_B )( ←− D_C P^{CD} −→ D_D)Ψ − ℏ^2 3 (−→ D_AΦ M^{ABC} −→ D_B −→ D_C Ψ − (−1)^c −→ D_C −→ D_AΦ M^{ABC} −→ D_B Ψ ) +O(ℏ^3) , (1.102)

where M^{ABC} = P^{AD}T_{DE}^C P^{EB}(−1)^{ce} + 1 2 P^{BD}T_{DE}^AP^{EC}(−1)^{ae+a+b+ab+bc} + 1 2 P^{CD}T_{DE}^BP^{EA}(−1)^{be+a+c+ac+ab}. (1.103) Since it is straightforward to show that

(Φ ⋆ Ψ) ⋆ Ω − Φ ⋆ (Ψ ⋆ Ω) = − 2 3 ℏ^2(−1)^{(c+b)(e+1)+eg+cf} −→ D_AΦ P^{AE} P^{BF} P^{CG} H_{GF E} −→ D_C Ω −→ D_B Ψ

+ O(ℏ^3) (1.104)

up to second order in ℏ the product is associative if and only if H = 0, i.e. the fundamental algebra is associative. We note that at this order only the contorsion enters the breaking of associativity, being the curvature tensor R of order ℏ.

In [26] we did not pursue the construction of the star product to all orders in ℏ but we believed that in principle there were no obstructions to the generalization of Kontsevich procedure to all orders. The extension of the superspace product we proposed to all orders in ℏ has been obtained afterwards in [55].

We now discuss the closure of the class of chiral superfields under the deformed products we have introduced. For a generic choice of the supermatrix P^{AB} the star product of two chiral superfields (satisfying D̄_{α̇}Φ = 0) is not a chiral superfield, both for associative and nonassociative products. However, in the particular case where the only nonvanishing components of the symplectic supermatrix P^{AB} are P^{αβ̇} and P^{ab}, chiral superfields are closed both under the deformed product defined in (1.101) and under Kontsevich star product (1.102) (for the latter up to terms of order O(ℏ^3)). Clearly for P^{αβ̇} ≠ 0 the above star products are no more associative. Because of this, it could be problematic to generalize for instance the Wess–Zumino model to non(anti)commutative superspace, since (Φ ⋆ Φ) ⋆ Φ ≠ Φ ⋆ (Φ ⋆ Φ). However, one may notice that for chiral superfields the above star products become commutative^3. This commutativity implies that there is no ambiguity in putting the parenthesis in the cubic interaction term of a deformed Wess–Zumino model, since, when Φ is a chiral superfield, (Φ⋆Φ)⋆Φ = Φ⋆(Φ⋆Φ) holds. Therefore, the action for the deformed Wess–Zumino model S = ∫ d^4xd^2θd^2θ̄ Φ ⋆ Φ̄ + ∫ d^4x [∫ d^2θ ( m 2 Φ ⋆ Φ + g 3 Φ ⋆ Φ ⋆ Φ ) + c. c. ] . (1.105) is well defined and can be studied. Notice that in this case the ⋆–product in the kinetic term cannot be simply substituted with the standard product as it happens in superspace geometries where grassmannian coordinates anticommute [52, 51].

Non(anti)commutative N = 2 Euclidean superspace

From the discussion of d = 4 N = 1 superspace it is clear that the superspace conjugation relations relating θ^α and θ̄^{α̇} are strong constraints on the non(anti)commutative algebra. The main difference in the description of euclidean superspace with respect to Minkowski relies on the reality conditions satisfied by the spinorial variables. So it is reasonable to hope that in an euclidean signature structures with a nonvanishing anticommutator between two fermions could appear.

As it is well known [57], in euclidean signature a reality condition on spinors is applicable only in the presence of extended supersymmetry. In [26] we concentrated on the simplest case, the N = 2 euclidean superspace, even if our analysis can be easily extended to more general cases.

In a chiral description the two–component Weyl spinors satisfy a symplectic Majorana condition

(θ^α_i )^∗ = θ^i_α ≡ C^{ij} θ^β_j C_{βα} , (θ̄^{α̇,i})^∗ = θ̄_{α̇,i} ≡ θ̄^{β̇,j} C_{β̇α̇} C_{ji} (1.106)

where C^{12} = −C_{12} = i. This implies that the most general non(anti)commutative algebra can be written as an obvious generalization of (1.76) with the functions on the rhs now being in suitable representations of the R–symmetry group. When imposing covariance under (super)translations we obtain that the most general non(anti)commutative geometry in euclidean superspace is { θ^α_i , θ^β_j } = A_1^{αβ,}_{ij} , { θ̄^{α̇,i}, θ̄^{β̇,j} } = A^{α̇β̇,ij}_2 , { θ^α_i , θ̄^{α̇,j} } = B^{αα̇, j}_i [ x^{αα̇}, θ^β_i ] = iC_1^{aβ,}_i(θ, θ̄) [ x^{αα̇}, θ̄^{β̇,i} ] = iC^{αα̇β̇,i}_2 (θ, θ̄) [ x^{αα̇}, x^{ββ̇} ] = iD^{αα̇ββ̇}(θ, θ̄) (1.107)

3Generalized star products that are commutative but nonassociative have been considered in a different context in [56].

where C_1^{αα̇β,}_i(θ, θ̄) ≡ C_1^{αα̇β,}_i + i 2 θ^α_j B^{βα̇, j}_i + i 2 θ̄^{α̇,j} A_1^{αβ,}_{ji} C^{αα̇β̇,i} 2 (θ, θ̄) ≡ C^{αα̇β̇,i}_2 + i 2 θ^α_j A^{α̇β̇,ji}_2 + i 2 θ̄^{α̇,j} B^{αβ̇, i}_j D^{αα̇ββ̇} (θ, θ̄) ≡ D^{αα̇ββ̇} + 1 2 ( θ^α_i C^{ββ̇α̇,i}_2 − θ^β_i C^{αα̇β̇,i}_2 + θ̄^{α̇,i}C_1^{ββ̇α,}_i − θ̄^{β̇,i}C_1^{αα̇β,}_i )

+ i 4 ( θ^α_i A^{α̇β̇,ij}_2 θ^β_j + θ^α_i B^{βα̇, i}_j θ̄^{β̇,j} + θ̄^{α̇,i} B^{αβ̇, j}_i θ^β_j + θ̄^{α̇,i} A_1^{αβ,}_{ij} θ̄^{β̇,j} ) (1.108)

with A_1, A_2, B, C_1, C_2 and D constant.

Following the same steps as in the Minkowski case, we can look for the most general associative algebra. The results we obtain for associative non(anti)commuting geometries in euclidean superspace are { θ^α_i , θ^β_j } = A_1^{αβ,}_{ij} , { θ̄^{α̇,i}, θ̄^{β̇,j} } = 0 , { θ^α_i , θ̄^{β̇,j} } = 0 [ x^{αα̇}, θ^β_i ] = iC_1^{αα̇β,}_i − 1 2 θ̄^{α̇,j}A_1^{αβ,}_{ji} [ x^{αα̇}, θ̄^{β̇,i} ] = 0 (1.109) [ x^{αα̇}, x^{ββ̇} ] = iD^{αα̇ββ̇} + i 2 ( θ̄^{α̇,i}C_1^{ββ̇α,}_i − θ̄^{β̇,i}C_1^{αα̇β,}_i ) − 1 4 θ̄^{α̇,i} A_1^{αβ,}_{ij} θ̄^{β̇,j} or { θ^α_i , θ^β_j } = 0 , { θ̄^{α̇,i}, θ̄^{β̇,j} } = A^{α̇β̇,ij}_2 , { θ^α_i , θ̄^{β̇,j} } = 0 [ x^{αα̇}, θ^β_i ] = 0 [ x^{αα̇}, θ̄^{β̇,i} ] = iC^{αα̇β̇,i}_2 − 1 2 θ^α_j A^{α̇β̇,ji}_2 (1.110) [ x^{αα̇}, x^{ββ̇} ] = iD^{αα̇ββ̇} + i 2 ( θ^α_i C^{ββ̇α̇,i}_2 − θ^β_i C^{αα̇β̇,i}_2 ) − 1 4 θ^α_i A^{α̇β̇,ij}_2 θ^β_j We notice that in this case associativity imposes less restrictive constraints because of the absence of conjugation relations between A_1 and A_2. As a consequence, nontrivial anticommutation relations among θ’s (or θ̄’s) are allowed. Moreover the R–symmetry group of the N = 2 euclidean superalgebra is broken only by the constant terms C_1 and C_2. Setting these terms equal to zero leads to nontrivial (anti)commutation relations preserving R–symmetry.

Again, explicit expressions for the corresponding graded brackets can be obtained as an obvious generalization of (1.82, 1.83). In this case they define a super Poisson structure on euclidean superspace. A simple example of a super Poisson structure is

{Φ, Ψ}_P = − Φ ←− D^i_α A_1^{αβ,}_{ij} −→ D^j_βΨ (1.111)

We notice that this extension is allowed only in euclidean superspace, where it is consistent with the reality conditions on the spinorial variables.

1.1.7 N =^1_2 supersymmetry

Seiberg N = 1/2 superspace

In this section I will review nonanticommutative N =^1_2 superspace introduced by Seiberg in [28] and I will explain its relation with my results in [26]. As I have discussed in detail in the last section, in [26] I obtained the most general nonanticommutative deformation of d = 4 N = 1 superspace compatible with supersymmetry and associativity. This involves nontrivial [x, θ], [x, θ̄] and [x, x], while {θ, θ}, {θ̄, θ̄} and {θ, θ̄} cannot be turned on. The situation improves in euclidean signature, where it is possible to turn on the fermionic anticommutators because of the different spinor conjugation relations. Rigorously, a superspace with euclidean signature can be defined only with extended supersymmetry, because of the impossibility to assign consistent reality conditions to θ^α and θ̄^{α̇} in N = 1 [57]. This is why I have studied the N = 2 euclidean superspace in [26]. However, one can formally define an N = 1 euclidean superspace by temporarily doubling the fermionic degrees of freedom, as it is done by Seiberg in [28].

To show how this works, I will first redefine the N = 2 euclidean spinor variables (1.106) as follows

θ^α ≡ θ^α_1 − θ^α_2 ; θ̄^α ≡ θ^α_1 + θ^α_2 θ^{α̇} ≡ θ̄^{1α̇} − θ̄^{2α̇} ; θ̄^{α̇} ≡ θ̄^{1α̇} − θ̄^{2α̇} (1.112)

These satisfy the reality conditions

(θ^α)^∗ = iθ̄_α ; (θ̄^α)^∗ = −iθ_α (θ_α)^∗ = −iθ̄^α ; (θ̄_α)^∗ = iθ^α (1.113)

and analogous for the dotted variables. Dotted and undotted variables are unrelated. I will refer to θ^α and θ^{α̇} as the left-moving sector of the theory and to θ̄^α and θ̄^{α̇} as the right-moving sector. This terminology will be clarified in section 1.2.4, where the string theory origin of deformed superspaces will be discussed. We will see in section 1.2.4 that open string boundary conditions relate left- and right-moving fermionic variables on the D-brane (θ = θ̄ on the boundary). As a result, the effective field theory on the brane is described by an N = 1 euclidean superspace with fermionic variables θ^α and θ^{α̇}. For this reason from now on I will only consider spinor coordinates in the left-moving sector.

In [26] we have used in both Minkowski and euclidean signature a nonchiral representation for superspace covariant derivatives. As a result consistency with supersymmetry transformations implied that if we turned on a nonvanishing anticommutators between two fermionic variables, also nonzero boson-boson and boson-fermion commutators appeared. This made the algebra coordinate dependent and forced us to build a complicated Kontevich-like product.

A way to obtain a simpler, constant algebra for the supercoordinates is the following [58]. In four dimensions it is possible to use a chiral representation of supersymmetry, where, for each supersymmetry, one of the two covariant derivatives coincides with the ordinary one while the other gets dressed. If we make this chiral choice in N = 2 euclidean superspace, by defining

Q_α = i(∂_α − iθ^{α̇}∂_{αα̇}) ; Q_{α̇} = i∂_{α̇} D_α = ∂_α ; D_{α̇} = ∂_{α̇} + iθ^α∂_{αα̇} (1.114)

corresponding to the supersymmetry transformations

δx^{αα̇} = −iϵ^αθ^{α̇} ; δθ^α = ϵ^α ; δθ^{α̇} = ϵ^{α̇} (1.115)

we immediately realize that the nonanticommutative algebra

{θ^α, θ^β } = 2P^{αβ} the rest = 0 (1.116)

with P^{αβ} a constant symmetric matrix, is consistent with (1.115) and trivially associative . One can easily check that, comparing to (1.87, 1.88, 1.89), the supersymmetry algebra is not modified by the deformation but the algebra of covariant derivatives becomes {D_α, D_β} = 0; {D_α, D_{α̇}} = i∂_{αα̇} {D_{α̇}, D_{β̇}} = −2P^{αβ}∂_{αα̇}∂_{ββ̇} (1.117)

This is a problem when one tries to construct chiral superfields. So, even if this algebra is very simple, it is not suitable for constructing deformations of ordinary theories in superspace.

Seiberg in [28] chose the opposite chiral representation with respect to (1.114)

Q_α = i∂_α ; Q_{α̇} = i(∂_{α̇} − iθ^α∂_{αα̇}) D_α = ∂_α + iθ^{α̇}∂_{αα̇} ; D_{α̇} = ∂_{α̇} (1.118)

corresponding to the supersymmetry transformations

δx^{αα̇} = −iϵ^{α̇}θ^α ; δθ^α = ϵ^α ; δθ^{α̇} = ϵ^{α̇} (1.119)

When we turn on a nontrivial anticommutator between the θ’s, we obtain {θ^α, θ^β} = 2P^{αβ} {θ^α, θ^{β̇}} = {θ^{α̇}, θ^{β̇} } = 0 [x^{αα̇}, θ^β ] = −2iP^{αβ}θ^{α̇} [x^{αα̇}, x^{ββ̇}] = 2θ^{α̇}P^{αβ}θ^{β̇} (1.120)

This is consistent with supersymmetry and associativity (it is just the “N = 1” version of the algebra (1.110) I gave in [26] and discussed in the previous section). This is coordinate-dependent and would require the construction of a Kontsevich-like product for the superfield algebra. However, Seiberg observed that it is possible to make the change of variables

y^{αα̇} = x^{αα̇} − iθ^αθ^{α̇} (1.121)

In terms of (y^{αα̇}, θ^α, θ^{α̇}) the superspace algebra takes the form (1.116) and this makes it possible to define a Moyal-like associative product acting on superfields Φ = Φ(y^{αα̇}, θ^α, θ^{α̇}) as follows

Φ ∗ Ψ = Φ exp(− ←− ∂_αP^{αβ} −→ ∂_β)Ψ

= ΦΨ − Φ ←− ∂_αP^{αβ} −→ ∂_β Ψ − 1 2 P^2∂^2Φ∂^2Ψ (1.122)

where P^2 ≡ P^{αβ}P_{αβ}. In contradistinction to the bosonic case, this Moyal-like product has a finite derivative expansion, because of the grassmannian nature of the variables involved in the deformation.

With the antichiral representation (1.118) the covariant derivative algebra is not deformed, while the supersymmetry algebra is deformed by curvature terms analogous to the ones we found in (1.87, 1.88, 1.89) {Q_α, Q_β} = 0; {Q_α, Q_{α̇}} = i∂_{αα̇} {Q_{α̇}, Q_{β̇}} = −2P^{αβ}∂_{αα̇}∂_{ββ̇} (1.123)

Since only the dotted sector is modified, in [28] its is argued that only N =^1_2 is preserved. Exactly as in the N = 2 case discussed in the previous section, these susy-breaking terms do not affect the supercoordinate algebra, that is consistent with supersymmetry.

In [28] chiral and vector superfields in N =^1_2 have been extensively studied. In particular, since the covariant derivatives are not modified by the deformation, it is possible to define (anti)chiral superfields whose class is closed under ∗ and to write down the action for a deformed Wess-Zumino model S = ∫ d^8zΦ̄Φ − m 2 ∫ d^6zΦ^2 − m̄ 2 ∫ d^6z̄Φ̄^2 − g 3 ∫ d^6zΦ ∗ Φ ∗ Φ − ḡ 3 ∫ d^6z̄Φ̄ ∗ Φ̄ ∗ Φ̄

= S(P = 0) + g 6 ∫ d^4xP^2F^3 (1.124)

where F is the auxiliary field in the chiral multiplet and total superspace derivatives have been neglected to obtain the last equality. Similarly, one can see that the N =^1_2 deformation of super Yang-Mills is characterized by explicitly susybreaking P-dependent component terms [28]. Moreover in [28] the antichiral ring defined by the operator relation [Q_α, Ō] = 0 has been studied and it has been shown that all its properties are preserved by the deformation, while the chiral ring cannot be defined since Q_{α̇} is not a symmetry of the theory anymore.

Results in non(anti)commutative field theories

After Seiberg’s paper [28] appeared, deformed superspaces have attracted much attention and a lot of efforts have been done to elucidate the properties of nonanticommutative field theories in superspace. This interest is mostly due to the fact that nonanticommutative superspaces have been shown to naturally emerge in superstring theory in the presence of R-R backgrounds [27, 28, 29, 53]. I will review the string theory side of the story in section 1.2.4. Here I’m going to browse the huge bibliography and discuss the main results obtained, without giving any detail. I will first discuss the progress in understanding N =^1_2 theories.

In [28] the N =^1_2 deformation of WZ and super Yang-Mills theories have been proposed. The deformation of WZ model is easy to describe, since in component formulation it corresponds to adding to the ordinary action a cubic term in the auxiliary field F . In [59, 60] some features of the deformed WZ model, such as non validity of standard nonrenormalization theorems, stability of the vacuum energy and existence of the antichiral ring have been discussed through some examples, in both component and superspace formulations. In particular, since supersymmetry plays an important role to guarantee renormalization through partial cancellation of UV divergences associated to bosonic and fermionic degrees of freedom, it is compelling to study renormalizability properties of the N =^1_2 theory where part of the supersymmetry is explicitly broken.

A systematical analysis of perturbative renormalizability of N =^1_2 WZ model has been performed in [58] by explicit calculations up to two loops. It has been shown that, even if new divergences appear, the model can be rendered renormalizable by adding ab initio F and F^2 terms to the ordinary lagrangian. It is somehow expected that these terms may accompany the F^3 deformation, since they are allowed by the symmetry of the theory. These two-loop results have been extended to all orders in perturbation theory in both component and superspace formulations [61]. The proof of renormalizability has been given on the base of dimensional arguments and global symmetries.

The study of deformations of gauge theories is more interesting than the scalar case. N =^1_2 U (n) gauge theories have been proven to be renormalizable in [62] in WZ gauge. This result have been checked up to one loop in [63] in component formulation, again in WZ gauge. The study of these gauge theories in a manifestly gauge independent superspace setup has been accomplished by generalizing the background field method to nonanticommutative case [64].

In [65, 66, 67] N =^1_2 super Yang-Mills instantons have been studied. In [68, 69] the problem of constructing a Seiberg-Witten map analogous to the one discussed in section 1.2.1 for superfields in deformed superspaces has been considered.

The case with extended supersymmetry has also been considered [70, 71] and it has been shown that, while in general N = (1, 1) supersymmetry is broken to N = (^1_2 , 0), there are particular cases where N = (^1_2 , 1) survives. Moreover, super Yang-Mills theory on extended deformed superspaces has also been studied in [68].

d = 2 N = 2 classical aspects of sigma models characterized by a general Kähler potential and arbitrary superpotential deformed by a nonanticommutative product have been studied in [72].

Finally, the connection between nonanticommutative geometry and supermatrix models have been studied in [73, 74].

1.2 Non(anti)commutative field theory from the (super)string

1.2.1 Noncommutative Yang-Mills theory from the open string

In this section I mostly refer to [7] and show that a constant Neveu-Schwarz Neveu-Schwarz (NS-NS) B-field background modifies string dynamics nontrivially when D-branes are present. The open string with extrema constrained to lay on Dp-branes sees a deformed target-space G_{μν} metric and a noncommutative target space coordinate algebra, characterized by a matrix θ^{μν} . Taking a zero slope limit α^′ → 0 in such a way to keep the above open-string parameters finite, one can obtain two different effective theory descriptions. Depending on the choice of the regularization prescription, one obtains a field theory in ordinary space where the background field appears explicitly, or a noncommutative field theory where the background field only appears implicitly in the noncommutativity matrix θ^{μν} . We are not going to give a review of the basic string theory needed in this section. For this we suggest the textbooks [3, 4].

The open string effective metric and noncommutativity parameter

Let us consider the bosonic sector of open string theory, in a 10-dimensional flat spacetime background with metric g_{μν} , in the presence of a constant NS-NS field B_{μν} and Dp-branes. Let us assume B_{0i} = 0, where i is a generic spacelike direction and 0 is timelike. This means that we are going to consider a magnetic B field. At the end of this section I will briefly discuss the electric case, to show that a zero-slope limit giving a noncommutative effective field theory on the brane is not admitted in this case [16].

It is well-known that a constant background B field can be gauged away in the bulk, but not on the boundary, on the Dp-brane, where it acts as a constant magnetic (or electric) field . If rk(B) = r, we can assume r ≤ p + 1. We will choose spacetime coordinates in such a way that B_{ij} ≠ 0 for i, j = 1, ..., r only and g_{ij} = 0 for i = 1, ..., r, j ≠ 1, ..., r. The worldsheet action is S = 1 4πα^′ ∫ Σ ( g_{μν}∂_ax^μ∂^ax^ν − 2πiα^′B_{ij} ϵ^{ab}∂_ax^i∂_bx^j ) = 1 4πα^′ ∫ Σ g_{μν} ∂_ax^μ∂^ax^ν − i 2 ∫ ∂Σ B_{ij} x^i∂_tx^j (1.125)

where the second equality shows that antisymmetry of ϵ implies that the B-term is a boundary term. Σ is the (euclidean) string worldsheet, ∂Σ is its boundary, ∂_t is the derivative tangent to the boundary ∂Σ. Because of the presence of Dp-branes, the boundary term cannot be eliminated. It modifies the boundary conditions for the open string in the directions i along the brane

g_{ij}∂_nx^j + 2πiα^′B_{ij}∂_tx^j|_{∂Σ} = 0 (1.126) where ∂_n is the derivative in the normal direction with respect to the boundary ∂Σ. In this equation both i and j are along the brane. We observe that for B = 0 we obtain Neumann boundary conditions, while for maximal B rank on the brane and B → ∞ we get Dirichlet ones. In the latter case the string extrema are constrained to a single point on the Dp-brane, since the coordinates along the brane that describe them do not move. We can thus think that string extrema are attached to a 0-brane on the p-brane.

From now on we will consider the classical approximation to string theory. Σ is a disk, that can be mapped to the upper half plane, described by complex coordinates z, z̄, because of conformal invariance. The boundary conditions (1.126) can then be rewritten as

g_{ij}(∂ − ¯∂)x^j + 2πα^′B_{ij} (∂ + ¯∂)x^j |_{z=z̄} = 0 (1.127)

where ∂ =^∂_{∂z} , ¯∂ =^∂_{∂z̄} , Im(z) ≥ 0. The propagator ⟨x^i(z)x^j(z^′)⟩ with the boundary conditions (1.127) is given by [75] ⟨x^i(z)x^j (z^′)⟩ = −α^′ [ g^{ij} log |z − z^′| − g^{ij} log |z − z̄^′| +G^{ij} log |z − z̄^′|^2 + 1 2πα^′ θ^{ij} log z − z̄^′ z̄ − z^′ + D^{ij} ] (1.128)

where G^{ij} = ( 1 g + 2πα^′B )_{ij} S = ( 1 g + 2πα^′B g 1 g − 2πα^′B )_{ij}

G_{ij} = g_{ij} − (2πα^′)^2 ( Bg^{−1}B ) ij θ^{ij} = 2πα^′ ( 1 g + 2πα^′B )_{ij} A = − (2πα^′)^2 ( 1 g + 2πα^′B B 1 g − 2πα^′B )_{ij} (1.129)

and ( )_S , ( )_A denote the symmetric and antisymmetric part of the matrix in brackets, respectively. The constant quantities D^{ij} depend on B, but not on z and z^′. They can be fixed to a certain value by making use of the fact that B is arbitrary.

We are interested in taking the limit z → τ ∈ R, z^′ → τ^′ ∈ R in (1.128). This is because in the open string case vertex operators are to be inserted on the boundary of the worldsheet. Taking the limit one obtains

⟨x^i(τ )x^j(τ^′)⟩ = −α^′G^{ij} log(τ − τ^′)^2 + i 2 θ^{ij} ϵ(τ − τ^′) (1.130)

The function ϵ(τ ) is 1 (−1) for positive (negative) τ . The discontinuity in the propagator can be expressed in terms of the function ϵ when convenient values for the constants D^{ij} are chosen.

G^{ij} is interpreted as the effective metric seen by open strings. This can be understood by comparing with the closed string case, where the propagator between two internal worldsheet points has a short distance behavior given by

⟨x^i(z)x^j (z^′)⟩ = −α^′g^{ij} log |z − z^′| (1.131)

It is clear from (1.130) that, in the commutative limit θ → 0, the metric G^{ij} is for the open string what g^{ij} is for the closed string.

By considering the second term in (1.130), we can see that the coefficient θ^{ij} can be interpreted as noncommutativity parameter for the coordinates along the Dp-brane. In conformal field theory there exists a correspondence between time ordering and operator ordering, that in this case gives [ x^i(τ ), x^j(τ ) ] = T ( x^i(τ ) x^j(τ^−) − x^i(τ ) x^j(τ^+) ) = iθ^{ij} (1.132)

The first equality says that the path integral of the time-ordered combination in the right hand side corresponds to a matrix element of the equal-time commutator between x^i and x^j. So we deduce that the coordinates x^i are noncommuting with parameter θ^{ij} .

Correlation functions, effective action and Moyal product

Let us now consider the product of two tachyon vertex operators e^{ip·x}(τ ), e^{iq·x}(τ^′), with τ > τ^′. By contracting with the two point function (1.130) we obtain the short distance behavior e^{ip·x}(τ ) · e^{iq·x}(τ^′) ∼ (τ − τ^′)^{2α′Gij pi qj} e^{− 12 iθij piqj} e^{i(p+q)·x}(τ^′) + ... (1.133) We observe that in the limit α^′ → 0 the OPE formula reduces to ∗ product e^{ip·x}(τ )e^{iq·x}(τ^′) ∼ e^{ip·x} ∗ e^{iq·x}(τ^′) (1.134) Therefore we expect that in the limit α^′ → 0 the theory should be easily described in terms of Moyal product. However, many interesting aspects emerge even without taking that limit.

We have shown that open strings in the presence of a constant B field on a Dp-brane can be described not only in terms of the two parameters g^{ij} and B^{ij} , but also in terms of two functions G^{ij}(g, B; α^′) and θ^{ij} (g, B; α^′), representing the effective metric and noncommutativity parameter seen by the open string ending on the brane.

Now we are going to show that, if we choose to work with the second couple of parameters, the dependence of the effective theory on θ is very simple. The theory with a nonvanishing θ can be obtained from the one with θ = 0 by simply substituting Moyal ∗ products characterized by the noncommutativity parameter θ to ordinary products. This is a general feature, no limit has to be taken.

It is well-known that perturbative string theory requires the evaluation of the path integral of vertex operators the generally take the form P ( ∂x, ∂^2x, ... ) e^{ip·x}, where P is a polynomial in the derivatives of x. Let us now consider the expectation value of the product of k vertex operators, with momenta p^1, ..., p^k and x along the Dp-brane. We are interested in determining the explicit dependence on the parameter θ, while we would like to keep the dependence on G implicit. The two-point function is the sum of two terms, one contains G only, the other contains θ only. When we contract terms containing derivatives of x, the part of the propagator involving θ does not contribute, because ϵ(τ − τ^′) is a constant function. So we can obtain the θ dependence by just taking into consideration the contraction between exponentials ⟨ k∏ n=1 P_n ( ∂x(τ_n), ∂^2x(τ_n), ... ) e^{ipn·x(τn )}⟩_{G,θ}

= e^{− i2 ∑n>m pni θij pmj ϵ(τn−τm )}⟨ k∏ n=1 P_n ( ∂x(τ_n), ∂^2x(τ_n), ... ) e^{ipn ·x(τn)}⟩_{G,θ=0} (1.135)

So the θ-dependence is simply given by the phase factor e^{− i2 ∑n>m pni θij pmj ϵ(τn−τm )} (1.136) Because of momentum conservation ∑ n p^n = 0 and antisymmetry of θ, (1.136) only depends on the cyclic order of the points τ_1, ..., τ_n on the worldsheet boundary.

By knowing the S-matrix of low energy massless particles, one can deduce order by order in α^′ an effective action for the theory. This will be expressed in terms of a certain number of functions Φ_i that in general may have values in the space of n × n matrices (think of the nonabelian gauge theory case). Φ_i represents the wave function of the i-th field. By looking at (1.129) one notes that B = 0 ⇔ θ = 0. So the general form of the effective action for B = 0 will be as follows ∫ d^{p+1}x √ detG T r (∂^{n1} Φ_1 ∂^{n2} Φ_2...∂^{nk} Φ_k) (1.137)

where ∂^{ni} stands for the product of n_i partial derivatives with respect to certain unspecified coordinates.

Now it is easy to move on to a theory with B ≠ 0. If the effective action is written in momentum space, then it is sufficient to insert the phase factor (1.136). In configuration space this corresponds to replacing ordinary products with Moyal ∗ products (see (1.31)). To conclude, the effective action with B ≠ 0 takes the form ∫ d^{p+1}x √ detG T r (∂^{n1} Φ_1 ∗ ∂^{n2} Φ_2 ∗ ... ∗ ∂^{nk} Φ_k) (1.138)

So we have found an easy way to describe the theory with B ≠ 0 when knowing the one with B = 0. However we must stress that both theories have an equally complicated α^′ expansion.

The description in the zero-slope limit

The formalism of noncommutative geometry becomes much more powerful when the zero-slope limit α^′ → 0 is taken. This is somehow expected from (1.134).

We would like to take the limit in such a way to keep the open string parameters G and θ finite. This can be done by choosing

α^′ ∼ ϵ^{12} → 0 g_{ij} ∼ ϵ → 0 per i, j = 1, ..., r (1.139)

when all the rest is kept fixed (also the two form B). Equation (1.129) becomes G^{ij} = { −^1_{(2πα′)2}

(_1 B g^1_B )_{ij} per i, j = 1, ..., r g^{ij} otherwise G_{ij} = { −(2πα^′)^2(Bg^{−1}B)_{ij} per i, j = 1, ..., r

g_{ij} otherwise θ^{ij} = {(_1 B )_{ij} per i, j = 1, ..., r 0 otherwise

(1.140)

The propagator for two points on the boundary becomes

⟨x^i(τ )x^j(0)⟩ = i 2 θ^{ij} ϵ(τ ) (1.141)

For two generic functions f and g we then obtain (see (1.134))

: f(x(τ )) : : g(x(0)) : = : e^{i2 ϵ(τ)θij ∂∂xi (τ) ∂∂xj (0)} f(x(τ ))g(x(0)) : (1.142)

and thus lim τ→0^+ : f(x(τ )) : : g(x(0)) : = : f(x(0)) ∗ g(x(0)) : (1.143)

where ∗ is Moyal product (1.28).

As a result, correlation functions of exponential operators on the disk boundary are given by ⟨ ∏ n e^{ipni xi(τn )}⟩ = e^{− i2 ∑n>m pni θij pmj ϵ(τn−τm )}δ (∑ p^n ) (1.144)

In the general case with n functions f_1, ..., f_n ⟨ ∏ n f_n(x(τ_n))⟩ = ∫ dxf_1(x) ∗ ... ∗ f_n(x) (1.145)

Adding gauge fields Let us now add to the action (1.125) a term representing the coupling of the string worldsheet to a gauge field A_i(x). For simplicity we will take rk(A) = 1. −i ∫ dτ A_i(x)∂_τ x^i (1.146)

Comparing with (1.125) we see that the constant field B can be replaced by a gauge field A_i = −^i_2 B_{ij} x^j, whose field strength is F = B. The bosonic string coupled to the B-field background is invariant under the gauge symmetry

δB_{μν} = ∂_{[μ}Λ_{ν]} (1.147) modulo boundary terms. These terms can be compensated by the shift

δA_μ = Λ_μ (1.148)

Therefore, physics will be described by the gauge invariant combination ω = F + B. The action (1.146) is invariant under the transformation

δA_i = ∂_iλ (1.149)

since the variation of the integrand is a total derivative.

When we consider a quantum field theory we must pay attention to the regularization procedure. Physics of course must not depend on the particular choice of regularization! If we choose a Pauli-Villars regularization, we obtain an ordinary gauge theory, symmetric under the usual gauge transformation (1.149). We can make a different choice, though. We can use a point-splitting regularization, characterized by the fact that the product of two operators at the same point never appears. Actually, one first eliminates the region |τ − τ^′| < δ and then takes the limit δ → 0. Now we are going to evaluate the variation of the path integral of the exponential of the action (1.146) under the gauge transformation (1.149), having first expanded the exponential in series with respect to A. The first term in the expansion gives − ∫ dτ A_i(x)∂_τ x^i · ∫ dτ^′∂_τ ′ λ (1.150)

Even though the integrand of the second factor is a total derivative, one gets a boundary contribution for τ − τ^′ = ±δ. In the limit δ → 0 this contribution takes the form − ∫ dτ : A_i(x(τ ))∂_τ x^i(τ ) : : ( λ(x(τ^−)) − λ(x(τ^+)) ) : = − ∫ dτ : (A_i(x) ∗ λ − λ ∗ A_i(x)) ∂_τ x^i : (1.151)

To obtain this results one makes use of the fact that there are no contractions between ∂_τ x and x with the constant propagator (1.141). Moreover, the relation (1.143) between operators and ∗ product has been taken into account.

To cancel out the term (1.151), we have to modify the transformation (1.149). So we discover that the point splitting regularized theory is not invariant under (1.149), but under the new transformation

δÂ_i = ∂_iλ̂ + iλ̂ ∗ Â_i − iÂ_i ∗ λ̂ (1.152)

We recognize the gauge invariance (1.43) of noncommutative gauge theories with n = 1. We have introduced the “hatted” notation Â for fields in a noncommutative algebra.

It is possible to show [7] that at a generic order m in the A-expansion of the exponential of the action the correct gauge invariance is the noncommutative one, when point-splitting regularization is performed.

Moreover in [7] the calculation of the expectation value of three gauge vertex operators is performed. The result of this computation could also be obtained by considering the following effective action as a starting point

S_{eff} ∝ ∫ √ detG G^{ii′} G^{jj′} T r ( F̂_{ij} ∗ F̂_{i′j′} ) (1.153)

where the field strength can be expressed in terms of Â as in (1.43).

We have shown that the same string theory in the limit α^′ → 0 can be either described by an effective action corresponding to an ordinary gauge theory or by one associated to a noncommutative gauge theory, depending on the choice of the regularization procedure. Since physics cannot depend on the way this procedure is performed, two results obtained with different regularizations must be related by a redefinition of the coupling constants. In the worldsheet action the spacetime-valued fields play the role of coupling constants, so we expect that commutative and noncommutative effective descriptions should be related by a redefinition of these fields.

A natural guess is that a local map Â = Â(A, ∂A, ∂^2A, ...; θ) among gauge fields and a corresponding map λ̂ = λ̂(λ, ∂λ, ∂^2λ, ...; θ) among the group parameters exists. In section 1.1.2 we observed that noncommutative U (1) group is nonabelian. This tells us that such a correspondence cannot exist. Actually, the existence of such a map would imply an isomorphism between the ordinary gauge group and the corresponding noncommutative one. Since an abelian group cannot be isomorphic to a non abelian one, the first proposal for the map is ruled out.

However, what is really needed for physics is that the gauge-transformed field δ_λA corresponds to the gauge-transformed field δ̂_{λ̂}Â. Therefore it is sufficient that Â(A) + δ̂_{λ̂}Â(A) = Â(A + δ_λA) (1.154)

and we can look for a correspondence Â = Â(A) λ̂ = λ̂(λ, A) (1.155)

satisfying (1.154). The A-dependence of λ̂ solves the problem of the isomorphism between the two gauge groups. A relation like (1.155) does not imply any correspondence between the two group structures. A correspondence of the required form was found in [7] (Seiberg-Witten map). It is given in terms of a set of differential equations describing how A and λ must vary with θ for the physics to remain unchanged.

The results discussed in this section concerning an open string ending on a single Dp-brane can be easily generalized to the case of a stack of n coincident D-branes. In this case one obtains a U (n) noncommutative Yang-Mills theory as an effective field theory on the brane worldvolume. In section 1.2.2 I have commented on the fact that SU (n), SO(n) and Sp(n) subgroups are not closed under Moyal product, so in principle one expects that restrictions to this subgroups should not emerge from the string. Actually, the case of SU (n) is ruled out because the U (1) degree of freedom in U (n) ceases to decouple. SO(n) and Sp(n) restrictions can instead emerge, in a very nontrivial way, by orientifold projection, as shown in [43].

Open string in the presence of an electric NS-NS background and the breakdown of unitarity and causality in time-space noncommutative field theories

In section 1.1.2 I have discussed unitarity and causality problems in noncommutative field theories with time-space noncommutativity, i.e. with θ^{0i} ≠ 0.

In principle we could expect these theories to arise in string theory in the presence of D-branes and a constant electric B_{0i} background. However, the case of an electric background field is very different with respect to the magnetic one. It can be shown that if the background electric field E exceeds the critical upper value E_c, string pairs are produced that destabilize the vacuum. So, if the electric field is along the x_1 direction and the metric is diagonal in the (x_0, x_1) plane with components given by g, the bound is given by

E ≤ E_c, where E_c = g 2πα^′ (1.156)

In [76] it has been shown that in this case the open string parameters (G, θ) are related to the electric field on the brane by the formula

α^′G^{−1} = 1 2π E E_c θ (1.157)

As before, to obtain the effective field theory on the brane we have to consider a zero-slope limit α^′ → 0. From the previous formula, it is clear that if we want to keep the open string metric G finite in the limit, when α^′ → 0 then also θ → 0. Therefore, it is possible to obtain a field theory description involving massless open string modes only, but this will be an ordinary field theory and not a noncommutative one. On the other hand, we can keep the noncommutativity parameter θ finite, but then α^′ must also be finite and we are considering a string theory and not a field theory.

Indeed, in [76], it has been shown that a limit can be taken where E E_c → 1 and g ∼ 1 1 − (_E E_c )_2 (1.158)

and all the other parameters are kept fixed, in particular the open string metric G. In this limit θ = 2πα^′G^{−1} (1.159)

is finite, so time-space noncommutativity is present. The theory obtained describes open strings in noncommutive spacetime (NCOS). Open strings decouple from closed strings, therefore also from gravity. In [77] it has been shown that NCOS theory is the S-dual description of strongly coupled, spatially noncommutative N = 4 Yang-Mills theory (other works concerning NCOS are listed in [78]).

We conclude that noncommutative field theory with time-space noncommutativity does not emerge as a consistent truncation of string theory. Moreover, string theory in the presence of an electric background on the brane is unitary and acausal effects are not present [15]. So α^′ corrections to noncommutative “electric” field theory restore unitarity and causality.

It is clear that “electric” noncommutative field theories are missing some degrees of freedom, related to the undecoupled massive string modes, that are necessary for unitarity and causality of the theory. In [17] it has been shown that tachyonic particles are produced in scattering processes of noncommutative field theory with θ^{0i} turned on. Form the string theory point of view, these particles may be viewed as a remnant of a continuous spectrum of these undecoupled closed-string modes.

1.2.2 Generalization to the superstring in RNS and GS formalisms

In this section I will generalize to the superstring the results obtained in the previous section for the bosonic string. In [7] the string with N = 1 worldsheet supersymmetry (RNS) is considered. In [54] instead the manifestly target-space supersymmetric superstring (GS) is discussed. In both cases the open superstring is coupled to a constant NS-NS background in the presence of D-branes. I’m not going to give an introduction to these two formalisms for the superstring. For this I suggest the textbooks [3, 4]

Open RNS string in the presence of a constant B-field and D-branes

In [7] the following action for the RNS string coupled to a constant magnetic NS-NS background field B^{ij} is considered S = 1 4πα^′ ∫ d^2z {¯ ∂x^μ∂x_μ + iψ^μ ¯∂ψ_μ + iψ̄^μ∂ψ̄_μ − 2πiα^′B_{ij} ϵ^{ab}∂_ax^i∂_bx^j } (1.160)

In the directions i, j along the brane the following boundary conditions are imposed

g_{ij}(∂ − ¯∂)x^j + 2πα^′B_{ij}(∂ + ¯∂)x^j|_{z=z̄} = 0 g_{ij}(ψ^j − ψ̄^j ) + 2πα^′B_{ij} (ψ^j + ψ̄^j )|_{z=z̄} = 0 (1.161)

The first condition can be naturally obtained by requiring that there are no boundary terms in the Euler-Lagrange equations of motion. The second one, involving fermions, is obtained by requiring consistency under supersymmetry of the boundary conditions, but cannot be obtained from the action (1.160). Actually, one finds an inconsistency when requiring both the vanishing of boundary terms in the variation of the action and the compatibility of boundary conditions with supersymmetry. In [79] (see also [80] for a nice summary of the methods used) it has been shown that boundary terms can be added to the action (1.160) so that the supersymmetric boundary conditions (1.161) follow as boundary contributions to the field equations. Therefore, the theory described by the action S + S_b, with

S_b = − 1 2 ∫ d^2zB_{μν} ψ̄^μρ^α∂_αψ^ν (1.162)

and by the boundary conditions (1.161) is invariant under the rigid N = 1 worldsheet supersymmetry transformations δx^i = −iη(ψ^i + ψ̄^i) δψ^i = η∂x^i δψ̄^i = η ¯∂x^i (1.163)

where the parameter η is a worldsheet spinor and a spacetime scalar.

In [7] the open string is coupled to a gauge field A by adding to (1.160) the following boundary term L_A = −i ∫ dτ ( A_i(x)∂_τ x^i − iF_{ij}Ψ^iΨ^j ) (1.164)

where F_{ij} = ∂_iA_j − ∂_j A_i is the ordinary field strength (we are considering U (1) case for simplicity) and

Ψ^i = 1 2 ( ψ^i + ψ̄^i ) (1.165)

The variation of (1.164) under the supersymmetry transformations (1.163) is a total derivative δ ∫ dτ ( A_i(x)∂_τ x^i − iF_{ij}Ψ^iΨ^j ) = −2iη ∫ dτ ∂_τ (A_iΨ^i) (1.166)

Exactly as in bosonic case, the theory is regularized by making use of a “point splitting” technique and extra boundary terms are produced. Expanding the exponential of the action to first order in A we can compute the variation of the path integral up to first order in L_A i ∫ dτ ∫ dτ^′ ( A_i∂_τ x^i(τ ) − iF_{ij}Ψ^iΨ^j(τ ) ) ( −2iη∂_τ ′ A_kΨ^k(τ^′) ) (1.167)

Extra boundary terms appear when τ^′ → τ^+ and τ^′ → τ^−. If the following interaction term is added to the action ∫ dτ A_i ∗ A_jΨ^iΨ^j(τ ) (1.168)

the extra terms are cancelled by its variation under (1.163). So we deduce that L_A must be changed into −i ∫ dτ ( A_i(x)∂_τ x^i − iF̂_{ij}Ψ^iΨ^j ) (1.169) being F̂ the noncommutative field strength. If we had performed a Pauli-Villars regularization, instead, (1.164) would have been invariant under worlsheet supersymmetry (1.163) and we would have ended up with field strength and gauge symmetry of ordinary U (1).

Summarizing, in [7] it has been shown that the RNS open string in the presence of a constant B-field and D-branes can be described, in the zero-slope limit α^′ → 0, either by ordinary gauge theory or by noncommutative gauge theory on the brane, depending on the choice of the regularization prescription. The two different descriptions are related by a Seiberg-Witten map, as in bosonic case.

In [79] a different approach to the problem of coupling a gauge field to the open string in the presence of the B field is presented. The coupling to the A field is reconsidered in a way to preserve both shift symmetry and supersymmetry. A coupling term different with respect to (1.164) is found that is not supersymmetric by itself, but only together with the rest of the action S + S_b and after making use of the corresponding boundary conditions.

Open GS superstring in the presence of a constant B-field and Dbranes

The Green-Schwarz superstring has manifest target space N = 2 supersymmetry. The target space is a ten dimensional superspace described by the coordinates (x^μ, θ^{αi}), with i = 1, 2. When the theory is coupled to a certain background and D-branes are present, in principle target space fermionic coordinates could be involved in noncommutativity. In [54], it has been shown that this is not true in the simple case of a constant NS-NS background. In this case only bosonic coordinates become noncommutative. In section 1.2.4 we will see that fermionic coordinates are indeed involved in noncommutativity when a constant R-R background is present.

The action for the GS superstring coupled to a constant NS-NS background in flat spacetime is given by S_{GS} = − 1 2πα^′ ∫ d^2ξ { Π^μ_i Π^{iν}g_{μν} + 2iϵ^{ij} ∂_ix^μ(θ̄^1Γ_μ∂_j θ^1 − θ̄^2Γ_μ∂_j θ^2)

−2ϵ^{ij}(θ̄^1Γ^μ∂_iθ^1)(θ̄^2Γ_μ∂_jθ^2) + ϵ^{ij} ∂_ix^μ∂_j x^νB_{μν} } (1.170)

where Π^μ_i = ∂_ix^μ − iθ̄Γ^μ∂_iθ (1.171)

are the supersymmetry invariant one-forms. It is clear from (1.170) that only bosonic coordinates couple to B_{μν} . However, boundary conditions along the D-brane must also be considered before we can deduce that fermions are not affected by the presence of the background.

We find that bosonic coordinates must satisfy the same boundary conditions we found in the bosonic case (1.126). The two fermionic coordinates θ^1 and θ^2 must satisfy θ^2 = Γ_Bθ^1 on the boundary, where Γ_B is a suitable B-dependent matrix satisfying Γ^2_B = 1. So the action (1.170) with these boundary conditions is invariant under the supersymmetry δx^μ = iϵ̄Γ^μθ δθ = ϵ (1.172)

only if the supersymmetry parameters ϵ^i also satisfy ϵ^2 = Γ_Bϵ^1. So the D-brane breaks half of the supersymmetry.

In [54] an explicit computation is performed to dermine the coordinate algebra on the brane. Following the method introduced by Chu and Ho [81], the authors deal with boundary conditions along the brane by treating them as constraints on phase-space. The presence of these constraints makes it necessary to consider Dirac brackets instead of Poisson brackets. Working in a light-cone gauge, in [54] it was shown that the fermionic variables surviving the gauge fixing procedure satisfy a standard anticommutative algebra and only the bosonic sector is affected by the presence of the constant NS-NS background, exactly as in [7]. So it is clear that if we want target-space fermionic variables to be deformed, we must consider a different background.

1.2.3 Noncommutative selfdual Yang-Mills from the N = 2 string

In this section I will briefly introduce the N = 2 string and its peculiar properties. Referring to [82], I will apply the analysis outlined in the previous section to the open N = 2 string in the presence of n spacefilling D3-branes and a constant B field to show that it coincides at tree level with U (n) noncommutative selfdual Yang-Mills.

The N = 2 fermionic string is characterized by an N = 2 worldsheet supersymmetry. For the string to be critical, the target space must be fourdimensional with signature (2, 2). Its propagating degrees of freedom are the embedding coordinates x^μ and the RNS Majorana spinors ψ^μ, μ = 1, 2, 3, 4. These matter fields are coupled to the N = 2 supergravity multiplet. Using symmetries of the action, one can show that all the gravitational degrees of freedom can be gauged away and in superconformal gauge the action can be written as follows S = − 1 4πα^′ ∫ Σ d^2σ η^{αβ} ( ∂_αx^μ∂_β x^ν + iψ̄^μρ_α∂_β ψ^ν ) g_{μν} (1.173)

where g_{μν} = ζdiag(+1, +1, −1, −1) (ζ > 0 scaling parameter) is the metric in R^{(2,2)}. This action has a residual symmetry given by the N = 2 superconformal group, that also contains rigid N = 2 supersymmetry corresponding to the transformations

δx^μ = ϵ̄_1ψ^μ + J^μ_ν ϵ̄_2ψ^ν δψ^μ = −iρ^α∂_αx^μϵ_1 + iJ^μ_ν ρ^α∂_αx^νϵ_2 (1.174)

where J^ν_μ is a complex structure compatible with the metric g_{μν} J^ν_λ + J^ν_μ g_{λν} = 0 (with our flat metric J^1_2 = −J^2_1 = J^3_4 = −J^4_3 = 1).

It has been shown that the open N = 2 fermionic string at tree level is identical to self-dual Yang-Mills in 2 + 2 dimensions [83]. The absence of massive states in the physical spectrum is related to the vanishing of all tree-level amplitudes beyond three-point. The vanishing of amplitudes implies the existence of symmetries and vice-versa. Since an infinite number of tree-level amplitudes vanish, we expect an infinite number of symmetries to be present. These were described in [84, 85].

The N = 2 string seems to be a master theory quantizing integrable systems. It is well-known that most integrable models in d = 2 and d = 3 can be obtained by dimensional reduction from selfdual Yang-Mills. In [83] a possible definition for integrability in d = (2, 2) has been proposed, inspired by the peculiar properties of the tree-level S-matrix of the N = 2 string. A system in d = (2, 2) would be classically integrable if the n-point tree-level amplitudes vanish beyond n = 3. This definition is reminiscent of the one that can be given in d = 2 concerning factorization of the S-matrix.

The N = 2 open fermionic string can be coupled to a two-form NS-NS background B field. In [82] it has been shown that additional boundary terms must be added to the action for the boundary conditions obtained from the Euler-Lagrange procedure to be N = 2 supersymmetric, exactly as in the case of the N = 1 string [79]. Moreover, the presence of the second supersymmetry implies a nontrivial constraint on the B field. This is the compatibility condition with respect to the complex structure B_{μν} J^μ_λ − J^ν_μ B_{λν} = 0, i.e. B must be Kähler. The consistent N = 2 gauge fixed action is then S = − 1 4πα^′ ∫ Σ d^2σ [( η^{αβ}g_{μν} + ϵ^{αβ}2πα^′B_{μν} ) ∂_αx^μ∂_β x^ν + (g_{μν} + 2πα^′B_{μν} ) iψ̄^μρ_α∂_αψ^ν ] (1.175)

This action functional cannot be obtained from a superspace formulation.

In [82] it has been shown that the open N = 2 string dynamics in the presence of n coincident D3-branes filling the target space is modified by a magnetic B field so that the open string sees an effective metric G_{μν} and a noncommutative algebra on the brane characterized by a θ^{μν} parameter. The starting point for the analysis is again the expression for the open string correlators (1.128). A particular choice of the SO(2, 2) generators allows us to write the matrices J and B in terms of the generators of the U (1) × U (1) subgroup of SO(2, 2), so that in complete generality the NS-NS field is expressed in terms of the two quantities B_1 and B_2 as

B_{12} = −B_{21} ≡ B_1 B_{34} = −B_{43} ≡ B_2 (1.176)

In this basis the open string effective metric G^{μν} , noncommutativity parameter θ^{μν} and coupling G_s can be obtained and have expressions similar to the corresponding ones for the ten-dimensional string (1.129).

Exactly as in the ten dimensional case a zero-slope limit can be taken that keeps the open string parameters finite. In this limit it has been shown that tree-level three-string amplitudes can be obtained from the noncommutative version of self-dual Yang-Mills in Leznov gauge (this depends on the choice of the Lorentz frame, one can as well obtain Yang gauge). The corresponding lagrangian is given by L = 1 2 G^{μν}tr (∂_μΦ ∗ ∂_ν Φ) + 1 3 ϵ^{α̇β̇} tr ( Φ ∗ ^∂_{0α̇}Φ ∗ ^∂_{0β̇}Φ ) (1.177)

where G^{μν} ≡ e^μ_{σ̂} e^ν_{λ̂}η^{σ̂λ̂} is the open string effective metric and ^∂ is the corresponding derivative defined by ^∂_{μ̂} ≡ e^ν_{μ̂}∂_ν . This result is deduced as in the ten-dimensional case by noting that the effect of turning on the B-field is the multiplication of any open string amplitude by a phase factor (1.136). This corresponds to replacing ordinary products with Moyal products in the worldvolume effective field theory.

As a nontrivial check, it has also been shown that the tree-level four-point function for U (n) noncommutative self-dual Yang-Mills in Leznov gauge vanishes. Therefore, the natural deformation of selfdual Yang-Mills in Leznov gauge seems to preserve the nice scattering properties of the original, commutative theory. We have seen that the vanishing of tree-amplitudes beyond three-point defines integrable systems in d = (2, 2) exactly as the factorization of the Smatrix is a definition of a an integrable system in d = 2. So the result in [82] suggests that noncommutative selfdual Yang-Mills is integrable.

This result will be important for the further developments considered in [37], where, in collaboration with O. Lechtenfeld, L. Mazzanti, S. Penati and A. Popov, I have constructed a noncommutative version of the sine-Gordon theory with a factorized S-matrix, that is obtained as a dimensional reduction of (2, 2) selfdual Yang Mills.

1.2.4 Non(anti)commutative field theories from the covariant superstring

In this section I would like to discuss the superstring origin of the non(anti)- commutative superspaces introduced in sections 1.1.5, 1.1.6, 1.1.7.

Up to now I have discussed in detail the case of the open bosonic string in flat space in the presence of a constant NS-NS background field and Dp-branes and I have shown that the presence of the background induces a noncommutativity in the brane coordinate algebra. I have generalized this result to the RNS superstring, that is characterized by an N = 1 worldsheet supersymmetry and happens to exhibit target space supersymmetry after a consistent truncation of the spectrum (GSO projection) is performed. This theory is not manifestly supersymmetric in target space. I have also shown how the bosonic results can be generalized to the manifestly target-space supersymmetric GS superstring. In this case we have seen that the presence of a constant NS-NS background does not modify the anticommutators between fermionic coordinates. Finally, I have generalized the bosonic string results to the N = 2 string, characterized by an N = 2 worldsheet supersymmetry. In all these cases a constant NS-NS two-form background has been considered.

In this section we face the problem of finding a suitable superstring background that could induce, in the presence of D-branes, a nonanticommutative deformation of target space fermionic variables, exactly as the NS-NS B-field induces a deformation of bosonic target space coordinates. So target space must be a superspace and thus we need to consider a manifestly supersymmetric version of the superstring. An example of this is the Green-Schwarz superstring [4] we considered in the previous section. It lives in a ten-dimensional superspace and its action is manifestly supersymmetric. Unfortunately, because of its complicated worldsheet symmetries, its action in a flat background is not quadratic, it cannot be quantized in a Lorentz-covariant way and this renders the formalism terribly difficult to handle.

Recently [30] a new proposal was made for an action describing the ten-di-mensional superstring, that is manifestly target-space supersymmetric and is quadratic in a flat background^4. In this formalism the R-R field strengths are all contained in a bispinor P^{αα̂} where the two indices may have opposite or same chirality depending whether we are in IIA or IIB superstring theory. It is natural to think that, as much as the B^{μν} background is related to a noncommutative deformation [x^μ, x^ν] = iθ^{μν} , the P^{αα̂} background may be related to a {θ^α, θ̂^{α̂}} = C^{αα̂} deformation.

In a series of papers [27, 28, 53, 29] it has been shown that this is indeed the case. In the first three papers the four-dimensional theory obtained from type II ten-dimensional superstring compactified on a Calabi-Yau three-fold [86, 87] has been considered, while in the last paper the full ten-dimensional superstring theory [30, 88] has been discussed. I will consider the four-dimensional case first, since, compared to the covariant quantization of the superstring in ten dimension, the formalism is much simpler in this case, because of the smaller amount of manifest supersymmetry.

The relevant part of the lagrangian density is L = 1 2 ∂x^{αα̇} ¯∂x_{αα̇} + p_α ¯∂θ^α + p_{α̇} ¯∂θ^{α̇} + p̄_α∂θ̄^α + p̄_{α̇}∂θ̄^{α̇} (1.178)

where p_α p̄_α p_{α̇} and p̄_{α̇} are conjugate momenta to the superspace fermionic variables θ^α θ̄^α θ^{α̇} and θ̄^{α̇} respectively^5. We indicate with dots target space Weyl spinor chirality and with bars worldsheet holomorphicity. The four dimensional action corresponding to (1.178) describes a free conformal field theory. The fields x, θ, θ̄, p and p̄ satisfy free equations of motion, second order for x and first order for fermionic variables. This theory exhibits an N = 2 target-space supersymmetry^6.

4An introduction to this formalism will be given in chapter 3.

5Berkovits covariant formalism is first order for fermionic variables, whose conjugate momenta are introduced as independent fields. This was first done by Siegel in his approach to the GS superstring [89]

6It is interesting to note that, if one considers the undotted fermions only, the model can be regarded as a topological B-model on euclidean four-dimensional space and the topological BRST symmetry is strictly connected to the susy transformations generated by the dotted charges Q_{α̇} and Q̄_{α̇}.

It is useful to apply to (1.178) the following change of variables

y^{αα̇} = x^{αα̇} + iθ^αθ^{α̇} + iθ̄^αθ̄^{α̇} q_α = −p_α − iθ^{α̇}∂x_{αα̇} + 1 2 θ^{β̇} θ_{β̇} ∂θ_α − 3 2 ∂(θ_αθ^{β̇} θ_{β̇} )

d_{α̇} = p_{α̇} − iθ^α∂x_{αα̇} − θ^β θ_β ∂θ_{α̇} + 1 2 ∂(θ^β θ_β ) (1.179)

and analogous for q̄_α and d̄_{α̇}. In the first line the reader will recognize the change of variables (1.121) introduced in section 1.1.7 to obtain Seiberg’s deformed superspace from my N = 2 non(anti)commutative superspace. This transformation was first introduced by Vafa and Ooguri in [27]. In the second and third lines I have written the worldsheet versions of the chiral supersymmetry charges and superspace covariant derivatives,

Q_α = ∂ ∂θ^α ; Q̄_α = ∂ ∂θ̄^α D_{α̇} = − ∂ ∂θ^{α̇} ; D̄_{α̇} = − ∂ ∂θ̄^{α̇} (1.180)

(Q_{α̇}, Q̄_{α̇}, D_α and D̄_α are dressed in this representation). So, q and d represent the conjugate momenta to θ’s at fixed y exactly as p’s represent the same conjugate momenta at fixed x.

The lagrangian (1.178) can be rewritten in terms of the new variables as follows L = 1 2 ∂y^{αα̇} ¯∂y_{αα̇} − q_α ¯∂θ^α + d_{α̇} ¯∂θ^{α̇} − q̄_α∂θ̄^α + d̄_{α̇}∂θ̄^{α̇} + total derivative (1.181)

In the presence of D-branes, one obtains the fermionic boundary conditions

θ^α = θ̄^α ; q_α = q̄_α θ^{α̇} = θ̄^{α̇} ; d_{α̇} = d̄_{α̇} (1.182)

that only preserve half of the supersymmetry, generated by the charges Q_α +Q̄_α and Q_{α̇} + Q̄_{α̇}.

It is possible to couple the action to the R-R background described by the selfdual graviphoton field strength

F^{αβ} ≠ 0; F^{α̇β̇} = 0 (1.183)

Only in euclidean signature it is possible to turn on the selfdual part of the super-two-form field strength F^{αβ} while setting the antiselfdual part F^{α̇β̇} to zero. This is the stringy counterpart of the discussion we presented in section 1.1.5 for nonanticommutative superspaces and works exactly the same way.

It is possible to show that the background (1.183) is an exact solution of the full nonlinear string equations of motion and that there is no backreaction to the metric. This can be seen from the fact that a purely selfdual field strength does not contribute to the energy momentum tensor and does not involve the dilaton field in its kinetic term.

In the action the graviphoton field strength couples to the worldsheet supersymmetry currents q_α as follows ∫ F^{αβ}q_αq̄_β (1.184)

This is actually the graviphoton integrated vertex operator^7, that in this case gives the whole dynamics since there is no backreaction.

We are interested in the effect of the background on the dynamics, so we can concentrate on the (q, q̄) sector, with the lagrangian L = 1 α^′ ( −q_α ¯∂θ^α − q̄_α∂θ̄^α + α^′F^{αβ}q_αq̄_β ) (1.185)

We can integrate out the fields q_α and q̄_α by using their equations of motion ¯∂θ^α = α^′F^{αβ}q̄_β ∂θ̄^α = −α^′F^{αβ}q_β (1.186)

and obtain the effective lagrangian

L_{eff} = ( 1 α^{′2}F ) αβ ∂θ̄^α ¯∂θ^β (1.187)

We obtain boundary conditions for both fermionic variables and their derivatives

θ^α = θ̄^α ∂θ̄^α = − ¯∂θ^α (1.188)

The first condition breaks half of the supersymmetry on the boundary. The second one corresponds to the equality of supersymmetry charges q_α = q̄_α on the boundary (see the equations of motion 1.186). The boundary conditions for derivatives of θ has first appeared in [90] for the GS superstring. In that case they were additional, unexpected conditions, required by consistency of boundary conditions under kappa-symmetry. They were shown not to overconstrain the system, because they arise as restrictions of the field equations to the boundary. In this case instead the effective action (1.185), obtained by integrating out the fermionic conjugate momenta, is second order for the fermions. A boundary condition for derivatives of θ naturally arises from requiring that there are no surface terms in the Euler-Lagrange equations of motion.

One can determine the fermionic propagators ⟨θ^α(z)θ^β (w)⟩ = α^{′2}F^{αβ} 2πi log z̄ − w z − w̄ ⟨θ̄^α(z)θ̄^β (w)⟩ = α^{′2}F^{αβ} 2πi log z̄ − w z − w̄ 7In chapter 3 I will give a detailed derivation of the corresponding vertex operator in the ten-dimensional case.

⟨θ^α(z)θ̄^β (w)⟩ = α^{′2}F^{αβ} 2πi log (z − w)(z̄ − w̄) (z − w̄)^2

(1.189)

On the boundary we get

⟨θ^α(τ )θ^β (τ^′)⟩ = α^{′2}F^{αβ} 2 ϵ(τ − τ^′) (1.190)

corresponding to the algebra

{θ^α, θ^β } = α^{′2}F^{αβ} (1.191)

Since the coordinates y and θ̄ are not affected by the background coupling, they remain commuting. This means that the algebra written in terms of the original coordinate x involves nontrivial terms in [x, x] and [x, θ], as required by consistency and first shown in my paper [26].

In [27] the deformation (1.191) was not welcome. It has been shown that when the open superstring is also coupled to a constant gluino superfield on the boundary, by adding the following term to the action ∮ W^αq_α (1.192)

the superspace deformation (1.191) is undone and supersymmetry is restored if the gluino fields satisfy the deformed algebra

{W_α, W_β} = F^{αβ} (1.193)

Instead, in [28] the supersymmetry-deforming algebra (1.191) was accepted and it was shown that in the zero-slope limit the N =^1_2 theories we discussed in section 1.1.7 naturally emerge in string theory.

The analysis pursued in [28] was further developed in [53]. In this paper it was shown that the constant selfdual background deforms the original N = 2 superPoincaré algebra into another algebra that has still eight supercharges, four of which are unaffected by the background. In the presence of a D-brane, N =^1_2 supersymmetry is realized linearly and the remaining N =^3_2 is realized nonlinearly. This interpretation of the new terms arising in the supersymmetry algebra is similar to the original one we gave in [26]. There we didn’t consider the new terms arising in the supersymmetry algebra as symmetry-breaking terms. We considered them as symmetry-deforming terms and we recast them in the known form of a q-deformation.

It is very interesting to note that if both selfdual and antiselfdual field strength are turned on, there is a backreaction that warps spacetime to euclidean AdS_2 × S^2. The string in this background has been studied in [91] and the structure of the action closely resembles the pure spinor version of the superstring in AdS_5 ×S^5 [88]. The action becomes quadratic in the limit F^{α̇β̇} → 0 resembling the Penrose limit in the ten-dimensional case. N =^1_2 super Yang- Mills on euclidean AdS_2 × S^2 has been studied in [92].

A comparison to noncommutativity in the bosonic case is due. First of all, we notice that the superspace deformation (1.191) vanishes in the zero slope limit α^′ → 0 unless we also take the limit F^{αβ} → ∞. This in principle can be done since F^{αβ} is an exact solution to the string equations. Moreover, it is interesting to note that, in contradistinction to the bosonic case, where the B_{μν} term only affects the boundary conditions, the F^{αβ} term only affects the bulk equations of motion. It would be nice to see if there is a duality transformation connecting the two cases^8.

The four-dimensional results in [27, 28] have been generalized to ten dimensions in [29]. The main difference between the compactified four dimensional case and the full ten dimensional case is that a constant R-R field strength background, represented by a bispinor P^{αα̂}, is not a solution of the ten-dimensional string equations of motion (full nonlinear type II SUGRA equations), but it is only a solution of the linearized equations. Therefore in this case there is a backreaction. Nevertheless, it is possible to compute the corresponding vertex operator to be added to the action. The resulting theory is not the complete sigma model. In [29] it was considered the general case where a NS-NS constant B^{μν} , a constant R-R field strength P^{αα̂} and constant gravitinos Ψ^α_m Ψ^{α̂}_m are turned on. The resulting algebra is characterized by the usual nontrivial bosonic commutator induced by B, a nontrivial anticommutator between θ^α and θ^{α̂} induced by the R-R field strength and nontrivial commutators between the bosonic coordinate and the two fermionic ones induced by the two gravitinos. It would be nice to perform an analogous analysis in the pure spinor version of the superstring in a p-p wave background [94]. In this case the whole sigma model action is known that involves a constant R-R field strength coupled to fermionic variables in a similar way with respect to (1.187).

After the superspace deformation of a theory is known, one can integrate out the fermionic variables to obtain the component formulation of the theory. It has been shown in [67] that the component formulation of N =^1_2 super Yang-Mills theory can be obtained from standard RNS type IIB string theory compactified of a Calabi-Yau three-fold in the presence of a constant graviphoton background with a definite duality. A graviphoton background can be obtained in euclidean space by wrapping a R-R 5-form around a 3-cycle of internal Calabi- Yau space. Even if in the general case the RNS is not suitable to deal with a R-R background, in the constant graviphoton field strength case there are simplifications that allow for the computation of tree-level scattering amplitudes on the disk with the insertion of R-R vertex operators. The method used in [67] is intrinsically perturbative, but the results are exact in the α^′ → 0 limit. So the nonanticommutative N =^1_2 super Yang-Mills action in its component formulation is recovered from RNS string computations.

8In [93] S-duality was considered in the context of noncommutative geometry in the presence of both NS-NS B-field and R-R potentials.

1.3 Generalization to non-constant backgrounds

In this section I would like to discuss some results generalizing the connection between string theory and noncommutative geometry to the case of a nonconstant B field. Let us introduce the notation ω = F + B for the gauge invariant combination in terms of which the physics of an open string in the presence of Dp-branes, gauge field A^i and background B^{ij} field is described. The latter will not be constrained to be constant from now on.

We have to consider three possible situations, of growing complexity

• constant ω

• nonconstant ω, dω ≡ H = 0

• nonconstant ω, dω ≡ H ≠ 0

We have discussed the first case, corresponding to flat D-brane and flat background, in sections 1.2.1, 1.2.2, 1.2.3 . Summarizing the results in [7], in this case the Dp-brane worldvolume is described in terms of noncommuting coordinates. ω defines an associative symplectic structure associated to the noncommutativity matrix θ. In the limit α^′ → 0 physics can be described by an effective theory which is a gauge theory deformed by the noncommutative associative Moyal product. In the limit α^′ → 0 the noncommutative parameter θ is given by the inverse of ω (see 1.140).

The second case has been studied in [95]. It describes a physical situation with curved Dp-branes in a flat background. The worldvolume deformation is decribed by Kontsevich ⋆ product, where the noncommutativity parameter is given by the inverse of ω, as before. In this case ω is not constant anymore, so neither is θ and the correct product is Kontsevich ⋆. ω^{−1} is still a Poisson structure on the manifold, that now exhibits a coordinate dependence such that associativity is satisfied. The formula (1.145), valid in the limit α^′ → 0, is generalized to ⟨ n∏ i=1 f_i (x(τ_i))⟩ = ∫ V (ω)dx f_1 ⋆ ... ⋆ f_n (1.194)

being ⋆ Kontsevich associative product.

The last case, discussed in [96], is a further generalization to the case where the background is also curved. ω is not a Poisson structure anymore, since associativity is lost. This is related to the emergence of a second geometrical object playing a role in the physics of the system. This is the 3-form H = dω, that has been shown to be the parameter governing nonassociativity. However, it is always possible to give a description of the Dp-brane worldvolume in terms of a Kontsevich-like product. Noncommutativity is still governed by ω^{−1} and nonassociativity by H.

In [96] a metric g^{μν} is considered that is a small perturbation from the flat metric of section 1.2.1. The string action in a generic curved background is still of the form (1.125), where the target space metric is g^{μν} (x), describing a curved spacetime. It is possible to expand the action around the flat spacetime metric as follows S = S_0 + S_1 + ... (1.195)

where S_0 represents the action in a flat spacetime (1.125) and S_1 is the first correction due to the presence of a small curvature.

In situations where a curved background is present, it is convenient to choose special coordinates, known as Riemann normal coordinates, defined along geodesics in target space starting from x^μ = 0 (see for instance [97], where the normal coordinate expansion of the metric is introduced in the context of sigma models and string theory). In terms of these coordinates the Taylor expansion of every tensor around x^μ = 0 is expressed in terms of covariant tensors evaluated at the origin. In particular, the expansion for the metric up to second order in x is given by g_{μν} (x) = g_{μν} − 1 3 R_{μρνσ}x^ρx^σ + O(x^3) (1.196)

where R_{μνρσ} is the curvature tensor. The analogous expansion for the B field, in radial gauge, is

B_{ij}(x) = B_{ij} + 1 3 H_{ijk}x^k + 1 4 ∇_lH_{ijk}x^kx^l + O(x^3) (1.197)

with H = dB.

In [96] a first order approximation in x is applied. The action considered is

S = S_0 + S_1 + S_B (1.198)

where S_0 + S_B is the action (1.125) for flat g and constant B, while S_1 is the first order correction in x, deriving from the B expansion (1.197)

S_1 = − i 6 ∫ Σ H_{ijk}x^kϵ^{ab}∂_ax^i∂_bx^j (1.199)

S_1 is treated as an interaction term with respect to the free theory, described by the action S_0.

The perturbative analysis with the interaction S_1 gives the following results. In the limit α^′ → 0 correlators are expressed in a form analogous to (1.194) ⟨ n∏ i=1 f_i (x(τ_i))⟩ = ∫ V (ω) d^{p+1}x (f_1 • ... • f_n) (1.200)

where • is Kontsevich-like nonassociative product, whose definition is completely analogous to (1.61, 1.62), with P (x) = ω^{−1}(x). The relation (1.56) is not valid, though, for the noncommutativity parameter P = ω^{−1} and the violation of associativity is proportional to the 3-form H as follows (f • g) • h − f • (g • h) = 1 6 P^{im}P^{jn}P^{kl}H_{mnl}∂_if∂_j g∂_kh + ... (1.201)

Note that (1.200) is problematic, because of the nonassociativity of •. It is necessary to specify the positions of the points τ_i on the boundary of the disk, so invariance under cyclic permutations is lost.

The coordinate algebra is given by

[x^i, x^j]_• = iP^{ij}(x) (1.202)

showing that the role played by the two-form ω is unchanged in the general curved case. The relations concerning the nonassociativity of the coordinate algebra are instead ( x^i • x^j ) • x^k − x^i • ( x^j • x^k ) = 1 6 P^{im}P^{jn}P^{kl}H_{mnl} (1.203)

[x^i, [x^j, x^k]_•]_• + [x^k, [x^i, x^j]_•]_• + [x^j, [x^k, x^i]_•]_• = −P^{im}P^{jn}P^{kl}H_{mnl} (1.204)

These formulas further clarify the role played by the 3-form H as the parameter governing nonassociativity.

The deep relationship between spacetime geometry and nonassociativity on the D-brane worldvolume discovered in [96] is very interesting, showing that nonassociative geometry [98] also plays a role in the new developments regarding spacetime pioneered by string theory.

It would be nice to generalize the results discussed in this section to the manifestly target space supersymmetric string (in Green-Schwarz or Berkovits formalism) to see whether a Kontsevich-like product similar to the one I proposed in [26], in collaboration with D. Klemm and S. Penati, may emerge in the presence of a nontrivial super-three-form field strength background .

It would be also interesting to consider a generalization of the discussion presented in section 1.2.4, where the R-R field strength is not constant. In particular, when the R-R field strength has a linear dependence on the bosonic coordinates, it would be nice to investigate whether Lie algebraic deformed superspaces, characterized by the fermionic anticommutators

{θ^α, θ^β } = γ^{αβ}_μ x^μ (1.205)

can appear. These kind of superspace was first studied in [33], in a different context. There, the authors considered the possibility that bosonic spacetime had a fermionic substructure, given by the relation (1.205). In [32], in collaboration with P. A. Grassi, I have started to consider this problem by computing the vertex operator for the Berkovits covariant superstring for a R-R field strength with a linear dependence on the bosonic coordinates. This will be discussed in detail in chapter 3.

Chapter 2

Noncommutative deformation of integrable field theories

2.1 A brief introduction to selected topics concerning two-dimensional classical integrable systems

Disclaimer: This section is not a thorough introduction to the vast field of integrable systems. I will only review topics needed in the two following sections, where my study of the noncommutative sine-Gordon system will be presented. In most cases I will not give details and I will just give references for the interested reader. Moreover, for any single topic in this section I will exhibit a single example, the ordinary sine-Gordon model.

2.1.1 Infinite conserved currents and the bicomplex approach

In classical mechanics a system described by n degrees of freedom is completely integrable when it is endowed with n conserved currents. In classical field theory, a system with an infinite number of local conserved currents is also said to be integrable. This is a property of the equations of motion. For some integrable system an action is also known that generates the equations by an Euler-Lagrange procedure, but this is not true in general. Indeed, it is true for the sine-Gordon model that I will consider in the rest of this chapter.

By making use of the bicomplex technique [99] it is possible to construct second order differential equations that are integrable. Moreover, with this approach it is very easy to generate the corresponding conserved currents by an iterative procedure.

In this section we use euclidean signature and complex coordinates z = 1 √ 2 (x^0 + ix^1) ; z̄ = 1 √ 2 (x^0 − ix^1) (2.1)

A bicomplex is a triple (M, d, δ) where M = ⊗_{r≥0}M^r is an N_0-graded associative (but not necessarily commutative) algebra, M^0 is the algebra of functions on R^2 and d, δ : M^r → M^{r+1} are two linear maps satisfying the conditions d^2 = δ^2 = {d, δ} = 0. M^r is therefore a space of r-forms. Let us consider the linear equation δξ = ldξ (2.2) where l is a real parameter and ξ ∈ M^s for a given “spin” s. Suppose a nontrivial solution ξ̃ exists. Expanding it in powers of the given parameter l as

ξ̃ =^∞ ∑ i=0 l^iξ^{(i)} (2.3)

one obtains the following equations relating the components ξ^{(i)} ∈ M^s

δξ^{(0)} = 0 ; δξ^{(i)} = dξ^{(i−1)} , i ≥ 1 (2.4)

Therefore we obtain the chain of δ-closed and δ-exact forms

Ξ^{(i+1)} ≡ dξ^{(i)} = δξ^{(i+1)} , i ≥ 0 (2.5)

For the chain not to be trivial ξ^{(0)} must not be δ-exact. When the two differential maps d and δ are defined in terms of ordinary derivatives in R^2, the conditions d^2 = δ^2 = {d, δ} = 0 are trivially satisfied. Therefore, the possibly infinite set of conservation laws (2.4) is not associated to any second order differential equation and it is not useful for our purpose.

However, it is possible to gauge the bicomplex by dressing the two differential maps d and δ with the connections A and B as follows

D_d = d + A ; D_δ = δ + B (2.6)

The flatness conditions D^2_d = D^2_δ = {D_d, D_δ} = 0 are now nontrivial and give the differential equations

F(A) ≡ dA + A^2 = 0 F(B) ≡ δB + B^2 = 0 G(A, B) ≡ dB + δA + {A, B} = 0 (2.7) Exactly as before we can consider the linear equation corresponding to (2.2)

Dξ ≡ (D_δ − lD_d)ξ = 0 (2.8)

The nonlinear equations (2.7) are the compatibility conditions for (2.8)

0 = D^2ξ = [ F(B) + l^2F(A) − lG(A, B) ] ξ (2.9)

Supposing that the linear equation (2.8) admits a solution ξ̃ ∈ M^s and expanding it as ξ̃ = ∑_∞ i=0 l^iξ^{(i)}, one obtains the possibly infinite chain of identities

D_δ ξ^{(0)} = 0 ; D_δ ξ^{(i)} = D_dξ^{(i−1)} , i ≥ 1 (2.10)

from which D_δ-closed and D_δ-exact forms Ξ^{(i)} can be constructed, when ξ^{(0)} is not δ-exact. Therefore, with a suitable choice of A and B, it is possible to construct interesting second order integrable differential equations from (2.7) and their conserved currents from (2.10). In general the currents ξ^{(i)}are nonlocal functions of the coordinates, since they may be expressed in terms of integrals, but it is possible to extract local currents from them that have a physical meaning.

As an example, we can derive the ordinary sine-Gordon equation from this formalism. Let M = M_0 ⊗ L, where M_0 is the space of 2 × 2 matrices with entries in the algebra of smooth functions on ordinary R^2 and L = ⊗^2_{i=0}L^i is a two-dimensional graded vector space with the L^1 basis (τ, σ) satisfying τ^2 = σ^2 = {τ, σ} = 0. If we take the differential maps δf = ¯∂fτ − Rfσ ; df = −Sfτ + ∂fσ (2.11) with commuting constant matrices R and S, then the conditions d^2 = δ^2 = {d, δ} = 0 are trivially satisfied.

To obtain nontrivial second order differential equations we can gauge the bicomplex by dressing d as follows

D_df ≡ G^{−1}d(Gf) (2.12)

with G generic invertible matrix in M_0. The condition D^2_d = 0 is trivially satisfied, while {δ, D_d} = 0 yields the nontrivial second order differential equation ¯∂ (G^{−1}∂G) = [R, G^{−1}SG] (2.13) With the choice R = S = 2 √ γ (0 0 0 1 ) (2.14)

and taking G ∈ SU (2) as follows

G = e^{i2 σ2Φ} = ( cos^Φ_2 sin^Φ_2

− sin^Φ_2 cos^Φ_2 ) (2.15)

we obtain the sine-Gordon equation from the off-diagonal part of the matrix equation (2.12) ¯∂∂Φ = 4γ sin Φ = 0 (2.16)

The diagonal part instead gives an equation which is trivially satisfied.

From this derivation it is clear that the bicomplex approach can be naturally extended to noncommutative space, by replacing ordinary products with Moyal products in the whole discussion. In particular D_d = d + A∗ and D_δ = δ + B∗ and equations (2.7) are generalized accordingly. This will be discussed for the sine-Gordon model in section 2.2.4.

Since in the noncommutative case the group SU (2) is not closed any more and must be extended to U (2), as we have seen in section 1.1.2, it is natural to expect that the noncommutative generalization of this construction for the sine-Gordon equation will be nontrivial.

2.1.2 Reductions from selfdual Yang-Mills

The self-duality equations for Yang-Mills fields in R^4 with signature (+ + ++) or (+ + −−) [117] 1 2 ϵ_{μνρσ}F^{ρσ} = F_{μν} F_{μν} = ∂_μA_ν − ∂_νA_μ + [A_μ, A_ν] (2.17)

are a famous example of nonlinear integrable equations in four dimensions. For SU (n) gauge theory the potentials A^a_μ are real. It is possible to consider an analytic continuation of A^a_μ into complex space parametrized by the complex coordinates y, ȳ, z, z̄. The selfduality equations (2.17) can be rewritten in the form F_{yz} = F_{ȳz̄} = 0 ; F_{yȳ} ± F_{zz̄} = 0 (2.18)

where the last sign is + is the euclidean case and − in the kleinian case. The first equation in (2.18) implies that the potentials A_y, A_z (A_ȳ, A_{z̄} ) are pure gauges for fixed ȳ, z̄ (y, z), therefore two n × n complex matrices B and B̄ can be found such that

A_y = B^{−1}∂_yB ; A_z = B^{−1}∂_zB A_ȳ = B̄^{−1}∂_ȳB̄ ; A_{z̄} = B̄^{−1}∂_{z̄}B̄ (2.19)

Defining J = BB̄^{−1} ∈ SL(n, C ), the last equation can be rewritten as

∂_ȳ(J^{−1}∂_yJ) ± ∂_{z̄}(J^{−1}∂_zJ) = 0 (2.20)

describing selfdual Yang-Mills in Yang formulation. This equation resembles the sum of two WZW model equations (see section 1.1.3) involving (y, ȳ) and (z, z̄) variables, respectively. Therefore Yang equation (2.20) can be obtained from the following action S = ∫ d^2yd^2z tr(∂_yJ∂_ȳJ^{−1}) − ∫ d^2yd^2z

∫_1 0 dρ tr ( Ĵ^{−1}∂_ρĴ[Ĵ^{−1}∂_ȳĴ, Ĵ^{−1}∂_yĴ] )

+ ∫ d^2yd^2z tr(∂_z J∂_{z̄}J^{−1}) − ∫ d^2yd^2z

∫_1 0 dρ tr ( Ĵ^{−1}∂_ρĴ[Ĵ^{−1}∂_{z̄}Ĵ, Ĵ^{−1}∂_zĴ] ) (2.21)

where Ĵ(y, ȳ, z, z̄, ρ) is a homotopy path satisfying Ĵ(ρ = 0) = 1 and Ĵ(ρ = 1) = J.

Ward conjectured that all integrable equations in d = 2 can be obtained as dimensional reductions of selfdual Yang-Mills equations [127], so that the latter play the role of a universal integrable system. Since then the conjecture has been tested on many integrable systems [118] whose Lax pair can also be obtained by reduction from the one associated to the selfduality equations (2.17). The kleinian case is particularly interesting because of its connections with the N = 2 string, discussed in section 1.2.2.

Reductions are obtained by requiring invariance under any arbitrary subgroup G of the group of conformal transformations of R^{(2,2)} (or R^{(4,0)}). Afterwards algebraic constraints can be applied to the arbitrary matrices involved in the equations to obtain known integrable models. In most cases invariance under translations in certain directions is required. Therefore it is clear that there are many more possibilities in reducing selfdual Yang-Mills in R^{(2,2)} with respect to the euclidean case, since, instead of requiring invariance under the usual complex coordinates √ 2y = x^1 + ix^2 ; √ 2ȳ = x^1 − ix^2 √ 2z = x^3 + ix^4 ; √ 2z̄ = x^3 − ix^4 (2.22)

(combining space with space and time with time), in the kleinian case one can also require invariance with respect to light-cone coordinates s = 1 2 ( x^2 − x^4 ) ; t = 1 2 ( x^2 + x^4 ) u = 1 2 ( x^1 − x^3 ) ; v = 1 2 ( x^1 + x^3 ) (2.23)

(combining space and time).

As an example I will show how ordinary euclidean sine-Gordon model can be obtained from selfdual Yang-Mills equations.

The euclidean version of Yang equation (2.20) gives the sine-Gordon equation if one choses B = e^{z2 σ1} e^{i Φ2 σ3} ; B̄ = e^{z̄2 σ1} (2.24) where Φ = Φ(y, ȳ). In fact one finds that the field Φ satisfies (2.16) with 4γ = −1.

It will be also useful to know that the sine-Gordon equation can be obtained from kleinian selfdual Yang-Mills equations through a two-step reduction procedure. First of all one requires independence of Yang equation (2.20) under one of the real coordinates x^i, reducing to the 2 + 1 model

(η^{μν} + V_αϵ^{αμν})∂_μ(J^{−1}∂_ν J) = 0 (2.25)

where V_α is a constant vector in spacetime. A nonzero V_α breaks Lorentz invariance but restores integrability when it is spacelike and with unit length (nonlinear sigma models in 2 + 1 dimensions can be Lorentz invariant or integrable but not both [127]). From this equation, in the case V_α = (0, 1, 0), we can make a further reduction [107] by choosing J = ( cos^Φ_2 e^{− i2 x} sin^Φ_2 −e^{i2 x} sin^Φ_2 cos^Φ_2 ) ∈ SU (2) (2.26) with Φ depending on only two coordinates with different signature. As a result, we obtain the sine Gordon equation in 1 + 1 dimensions for the field Φ.

2.1.3 Properties of the S-matrix

In section 2.1.1 we have seen how to construct nonlinear differential equations in two-dimensions with the property of having an infinite number of conserved currents. We have also said that from that construction it is possible to extract conserved currents that are local and thus have a physical meaning. In this case the corresponding equations are called integrable. Moreover, we have seen an example of two-dimensional integrable system, the ordinary sine-Gordon equation.

The S-matrix of a two-dimensional theory with an infinite set of conserved currents that are local and yield conserved charges which are components of Lorentz tensors of increasing rank enjoys several nice properties.

• The general multiparticle S-matrix is elastic, i.e. the number and set of momenta of particles of any given mass remains the same before and after the collision.

• Any multiparticle S-matrix factorizes into a product of two-particle Smatrices.

• These two-particle S-matrices satisfy a cubic equation that in most cases is sufficient to obtain exact expressions for them (unitarity must be used, though!). The sine-Gordon model is one of these cases.

These are of course very nice properties. Indeed, the task of computing the general S-matrix considerably simplifies, since it reduces to determining only the two-body S-matrix.

I’m not going to give a proof of this theorem. The interested reader can for instance refer to [100]. The key ingredient in the proof is the sufficient complexity of the conserved charges (i.e. the growing Lorentz rank). However, locality is strongly used and its is unclear whether the kind of nonlocality introduced by the ∗ product can be a problem. As we discussed in section 1.1.2, unitarity and causality problems arise in theories with noncommutating time, such as 1+1 theories, together with a general breakdown of the quantum mechanics framework.

In my paper [36], an explicit example of a noncommutative two dimensional theory with an infinite number of conserved currents that does not have a factorized S-matrix was constructed. Therefore, it seems that the theorem cannot be trivially extended to noncommutative case. However, in my paper [37], a noncommutative two-dimensional system which is integrable and has a factorized S-matrix was constructed. It might be that a nontrivial interplay between integrability and causality drives a system to exhibit or not a factorized S-matrix. These issues will be discussed in the rest of this chapter.

2.1.4 Solitons

The name soliton refers to solutions of nonlinear equations that represent a localized packet travelling without changing shape or velocity and preserving these properties after collision with other packets. In complicated equations containing nonlinear and dispersive terms, the existence of this kind of solution is a highly nontrivial property, due to a special balance between the effects of these two kinds of contributions.

A very famous example of a system displaying this kind of classical solutions is the sine-Gordon model. It can be shown that this system, described by the equation of motion (2.16), admits the following static finite-energy solution

Φ ∝ tan^{−1}[exp(x − x_0)] = Φ_{sol}(x − x_0) (2.27)

(soliton) and the corresponding one (antisoliton) obtained by the discrete transformation Φ → −Φ, which is a symmetry of the system. Moving solutions can be obtained from static ones by Lorentz transformation. A third kind of solution is present, called doublet or breather solution, which can be interpreted as a bound system made of a soliton-antisoliton pair. For a detailed derivation of these solutions the reader should refer to [100]. It can be shown by studying exact time-dependent solutions representing scattering of solitons that the colliding solitons do not change shape or velocity after collision. From direct inspection of these scattering solutions, representing two (or more) (anti)solitons far apart and approaching with a relative velocity, it is clear that the only effect of the collision in the distant future is some time delay (see [100]).

Solitons solutions are not present in any scalar field theory with a potential bounded from below in spatial dimension greater than two, as the energy of any field configuration can always be lowered by shrinking. This follows from a simple scaling argument by Derrick [101].

Let us consider a theory for a single scalar field in D+1 dimensions for simplicity (the discussion can be easily extended to a set of N interacting scalar fields), described by the standard relativistic lagrangian. The corresponding energy functional for static configurations is E = 1 g^2 ∫ d^Dx ( 1 2 (∂Φ)^2 + V (Φ) ) (2.28)

Let Φ_0(x) be an extremum of (2.28). Consider the energy of the configuration Φ_λ(x) = Φ_0(λx) E(λ) = 1 g^2 ∫ d^Dx ( 1 2 λ^{2−D}(∂Φ_0(x))^2 + λ^{−D} V (Φ_0(x)) ) (2.29)

Since we assumed that Φ_0(x) is an extremum, we require^{∂E(λ)}_{∂λ} |_{λ=1} = 0. This gives the equation 1 g^2 ∫ d^Dx ( 1 2 (D − 2)(∂Φ_0(x))^2 + DV (Φ_0(x)) ) = 0 (2.30)

If the potential V is bounded from below by zero and D ≥ 3, than kinetic and potential terms in this equation must vanish separately and thus no nontrivial space-dependent solutions are admitted. In the case D = 2 one obtains that V (Φ_0(x)) = 0. If V has only discrete minima, then also in D = 2 no timedependent solutions are allowed. However, when V has a continuos set of minima (in the case with more than one scalar field), possible space-dependent solutions are permitted.

Notice that this proof is not valid when higher derivative terms are present and when the scalar field is described by a nonrelativistic lagrangian. Moreover, only static solutions are excluded, while time-dependent ones are allowed.

2.2 Deforming an integrable field theory: The sine-Gordon model (a first attempt)

2.2.1 Noncommutative solitons

In this section I will mostly refer to the ICTP lectures by R. Gopakumar [11]. To the interested reader, I also suggest the lectures by N. Nekrasov [12] and by J. Harvey [13]. Since the literature concerning noncommutative solitons is vast, I only give a partial list of references in [102]. To this, one should add references [103, 104, 105, 106] where solitons of a specific 2+1 integrable model are studied, which are related the noncommutative sine-Gordon solitons in my work [37] that will be discussed in section 2.3.5.

A quite universal feature of noncommutative field theories is that they admit classical finite energy soliton solutions that have no counterpart in local field theories. This novel soliton solutions are more or less insensitive to the details of the specific theory considered, so in this section I will consider the scalar theory in 2+1 dimensions for simplicity, with only spatial noncommutativity.

In section 2.1.5 we have seen that ordinary scalar theory, with a standard relativistic lagrangian and a potential with a discrete set of minima, does not have any localized solution in spatial dimension greater than one [101] (see section 2.1.5). In the following we will see that spatial nonlocality induced by noncommutativity allows for the presence of novel localized solutions that vanish in the commutative limit.

Consider the energy functional for static configurations E = 1 g^2 ∫ d^2z ( ∂Φ ¯∂Φ + V (Φ)_∗ ) (2.31)

where z, z̄ are complex coordinates in the two dimensional noncommutative space and ∗ is the corresponding Moyal product. As we have seen in section 1.1.1, integrated quadratic terms are unaffected by Moyal product, so only the potential term is modified with respect to the ordinary theory. Since we know that for θ = 0 there are no solitonic solutions, we will first consider the limit θ → ∞. It is useful to rescale the complex coordinates z → z √ θ, z̄ → √ θ, so that the ∗ product does not depend explicitly on the deformation parameter and the energy functional becomes E = 1 g^2 ∫ d^2z ( ∂Φ ¯∂Φ + θV (Φ)_∗ ) (2.32)

where all the θ dependence is in front of the potential term. In the limit θ → ∞ the kinetic term is negligible with respect to the potential term, at least for localized configurations varying over a size of order one in the rescaled coordinates. Therefore, we will look for solutions of ( ∂V ∂Φ ) ∗ = 0 (2.33)

For instance, in the case of a cubic potential, one has to solve the equation

m^2Φ + b_3Φ ∗ Φ = 0 (2.34)

In the commutative case this equation would only admit the constant solutions

Φ = λ_i (2.35)

where λ_i are the extrema of the function V (Φ).

Nonlocality introduced by Moyal product allows for more interesting solutions. Recalling the Weyl-Moyal correspondence we introduced in section 1.1.1, relating functions in a noncommutative algebra to operators in a suitable Hilbert space, we see that functions Φ(z, z̄) satisfying Φ ∗ Φ = Φ exist and correspond to projectors P , P^2 = P , in the Hilbert space. Therefore it is clear that Φ̂ = λ_iP is a solution of (2.34) when P is a projection operator on some subspace of the Hilbert space and λ_i is an extremum of V . Since integration over coordinates z, z̄ corresponds through the Weyl-Moyal correspondence to trace over the Hilbert space, the energy functional in operator language is E = 2πθ g^2

V (λ_i)trP (2.36)

The most general solution to (2.34) is

Φ̂ = ∑ k a_kP_k (2.37)

where the coefficients a_k are chosen among the ordinary constant extrema λ_i of V (Φ) and P_k are mutually orthogonal projection operators.

To understand the physical meaning of the solutions we have found, we have to go back to configuration space. One finds that the solutions (2.37) are radially symmetric in space and with an r-dependence given by ∞∑ n=0 a_nϕ_n(r^2) (2.38) where

ϕ_n(r^2) = 2(−1)^ne^{−r2} L_n(2r^2) (2.39)

and L_n(x) is the n-th Laguerre polynomial. The simplest solution ϕ_0(r) is a gaussian. Moreover, non radially symmetric solutions can be generated by noting that the action in the limit θ → ∞ has the U (∞) symmetry Φ̂ → U ΦU^†, where U is a unitary operator acting on the Hilbert space. It can be easily proven that radially symmetric solutions are stable against small fluctuations when they are constructed around a local minimum configuration λ_i of the potential V and that non radially symmetric are stable too, since U (∞) rotations do not change the energy. So stable solitons are present when the potential has at least two minima.

The U (∞) symmetry is broken when^1_θ corrections are taken into account (i.e. the kinetic term is not negligible anymore). Most of the infinite solutions we found in the θ = ∞ case disappear, but it was found that an interesting finite dimensional moduli space remains.

Finally, I would like to discuss the connection between solitons in noncommutative field theory and D-branes. Actually, these solitons are the D-branes of string theory manifested in a field theory. Therefore, their study allows for probing stringy features in the more controlled context of field theory.

An example of a stringy application of our discussion of solitons in scalar noncommutative field theory is in the context of tachyon condensation. It is well-known that bosonic string theory is unstable because of the presence of a tachyonic scalar field T . The effective action for the tachyon field can be obtained by integrating out massive string fields and is expected to take the form S = C g_s ∫ d^{26}x √ g ( 1 2 f(T )g^{μν} ∂_μT ∂_ν T − V (T ) + . . . ) (2.40)

where higher derivative terms and terms involving massless modes have been neglected. V (T ) is a general potential with an unstable extremum at T = T_0 and a minimum chosen to be V (0) = 0. As we have seen in section 1.2.1, turning on a B-field is equivalent to replacing the closed string metric g^{μν} with the effective open string metric G^{μν} and ordinary products with Moyal products in (2.40). In the zero-slope limit derivative terms can be neglected. The solitons of the theory obtained in this limit are the noncommutative solitons we studied before. For instance the gaussian solution T = T_0ϕ_0(r) localized in two of the noncommutative directions is a candidate for the D23-brane. These solitons display the same instability of the corresponding D-branes, since they correspond to an extremum of V (T ) that is a maximum.

From this brief discussion it should be clear that noncommutative field theories exhibit stringy features, such as D-branes, in the simpler context of a field theory. Therefore, their study can be helpful in the understanding of many string theory issues and tachyon condensation is just one example among these.

2.2.2 Noncommutative deformation of integrable field theories

As we have seen in chapter 1, bosonic noncommutative field theories display a variety of interesting properties but also problematic features, when time is involved in noncommutativity. In this context, an interesting question is how noncommutativity could affect the dynamics of exactly solvable field theories, as for instance two–dimensional integrable theories. As we have seen in section 2.1.1, a common feature of these systems is that the existence of an infinite chain of local conserved currents is guaranteed by the fact that the equations of motion can be written as zero curvature conditions for a suitable set of covariant derivatives [108, 109]. In some cases, as for example the ordinary sine–Gordon or sigma models, an action is also known which generates the integrable equations according to an action principle.

Constructing a consistent noncommutative generalization of a two-dimen-sional theory is a particularly challenging problem though, since, when working with a Minkowski signature, time must be necessarily involved in noncommutativity.

Noncommutative versions of ordinary models are intuitively defined as models which reduce to the ordinary ones when the noncommutation parameter θ is removed. As we discussed in detail for the specific example of the free massless scalar field theory in section 1.1.3, in general noncommutative generalizations are not unique as one can construct different noncommutative equations of motion which collapse to the same expression when θ goes to zero. For two dimensional integrable systems, a general criterion to restrict the number of possible noncommutative versions is to require classical integrability to survive in noncommutative geometry. This suggests that any noncommutative generalization should be performed at the level of equations of motion by promoting the standard zero curvature techniques. This program has been worked out for a number of known integrable equations in Refs. [110, 111].

In chapter 1 we have discussed how noncommutative theories naturally arise in the context of string theory. In particular, in section 1.2.2, we have shown how the open N = 2 string in the presence of a constant NS-NS background and a stack of n D3-branes can be described, in the zero-slope limit, by U (n) noncommutative selfdual Yang-Mills theory. Tree-level S-matrix computations show that the vanishing of amplitudes beyond three point, which is characteristic of ordinary selfdual Yang-Mills, is preserved in the noncommutative theory, suggesting that noncommutative selfdual Yang-Mills, as its ordinary counterpart, is endowed with classical integrability. In section 2.1.3, we have seen that many ordinary integrable models in two and three dimensions can be obtained through a dimensional reduction procedure from selfdual Yang-Mills. From all this it is clear that dimensional reduction from noncommutative selfdual Yang-Mills could be another useful technique to generate possibly integrable noncommutative systems in 1+1 and 2+1 dimensions.

It is well known that in integrable commutative field theories there is no particle production and the S-matrix factorizes. A priori the same relation between the existence of infinite conserved charges and factorization properties of scattering processes might be lost in the noncommutative case. Nonlocality in time, responsible for acausal behavior of scattering processes and non unitarity, may interfere in a way to spoil these nice scattering properties. On the other hand, one may also hope that classical integrability would alleviate these pathologies arising when time-space noncommutativity is present. In any case it would be nice to construct a noncommutative generalization of a given ordinary integrable theory characterized by a well-defined and factorized S-matrix.

Finally, as we have seen in section 2.1.5, two-dimensional integrable field theories admit soliton solutions. In the noncommutative case, as we have seen in section 2.2.5, a new kind of soliton appears that vanishes in the commutative limit. The class of soliton solutions of the noncommutative version of an integrable field theory is expected to display both solitons that reduce to ordinary ones in the commutative limit and new solitons that vanish in the limit.

2.2.3 The natural noncommutative generalization of the sine-Gordon model

In my papers [36, 37], in collaboration with M.T. Grisaru, O. Lechtenfeld, L. Mazzanti, S. Penati and A.D. Popov, continuing the program initiated by M.T. Grisaru and S. Penati in [34], I have addressed the problem of generalizing the sine-Gordon theory to noncommutative space.

The main motivation for this work was the evidence that the natural deformation of this theory, described by the action S = 1 πλ^2 ∫ d^2z [ ∂Φ ¯∂Φ − 2γ(cos_∗ Φ − 1) ] (2.41)

with the corresponding equations of motion

∂ ¯∂Φ = γ sin_∗ Φ (2.42)

is affected by some problems both at the classical and the quantum level.

At the classical level it does not seem to be integrable since the ordinary currents promoted to noncommutative currents by replacing the products with ∗–products are not conserved [34]. Moreover, we don’t know how to find a systematic procedure to construct conserved currents since the equations of motion cannot be obtained as zero curvature conditions (a discussion about the lack of integrability for this system is also given in Ref. [112]).

Scattering properties of the natural generalization of the sine-Gordon model have been investigated in [112]. It was found that particle production occurs. The tree level 2 → 4 amplitude does not vanish.

At the quantum level the renormalizability properties of the ordinary model (2.41) defined for λ^2 < 4 seem to be destroyed by noncommutativity. The reason is quite simple and can be understood by analyzing the structure of the divergences of the NC model compared to the ordinary ones [113, 114]. In the λ^2 < 4 regime the only divergences come from multitadpole diagrams. In the ordinary case the n–loop diagram gives a contribution (log m^2a^2)^n where a and m are the UV and IR cut–offs respectively. This result is independent of the number k of external fields and of the external momenta. As a consequence the total contribution at this order can be resummed as γ(log m^2a^2)^n(cos Φ−1) and the divergence is cancelled by renormalizing the coupling γ. This holds at any order n and the model is renormalizable.

In the noncommutative case the generic vertex from the expansion of cos_∗ Φ brings nontrivial phase factors which depend on the momenta coming out of the vertex and on the noncommutativity parameter. The final configuration of phase factors associated to a given diagram depends on the order we use to contract the fields in the vertex. Therefore, in the noncommutative case the ordinary n–loop diagram splits into a planar and a certain number of nonplanar configurations, where the planar one has a trivial phase factor whereas the nonplanar diagrams differ by the configuration of the phases (for a general discussion see Refs. [2, 115]). The most general noncommutative multitadpole diagram is built up by combining planar parts with nonplanar ones where two or more tadpoles are intertwined among themselves or with external legs. Since the nonplanar subdiagrams are convergent [115, 9, 116] a generic n–loop diagram contributes to the divergences of the theory only if it contains a nontrivial planar subdiagram. However, different n–loop diagrams with different configurations of planar and nonplanar parts give divergent contributions whose coefficients depend on the number k of external fields and on the external momenta. A resummation of the divergences to produce a cosine potential is not possible anymore and the renormalization of the couplings of the model is not sufficient to make the theory finite at any order. Noncommutativity seems to deform the cosine potential at the quantum level and the theory loses the renormalizability properties of the corresponding commutative model.

Thus, the “natural” generalization of sine–Gordon is not satisfactory and one must look for a different noncommutative generalization compatible with integrability and/or renormalizability.

2.2.4 A noncommutative version of the sine-Gordon equation with an infinite number of conserved currents

In Ref. [34] M.T. Grisaru and S. Penati constructed a classically integrable noncommutative generalization of the sine-Gordon model, by implementing the bicomplex approach described in section 2.1.1 (as in that section, here we use euclidean signature and complex coordinates z =^{1√}_2 (x^0 + ix^1), z̄ =^{1√}_2 (x^0 − ix^1)).

The bicomplex (M, d, δ) is considered, where in this case M = M_0 ⊗ L, M_0 is the space of 2 × 2 matrices with entries in the algebra of smooth functions on noncommutative R^2 and L = ⊗^2_{i=0}L^i is a two-dimensional graded vector space with the L^1 basis (τ, σ) satisfying τ^2 = σ^2 = {τ, σ} = 0. The differential maps are given by δf = ¯∂fτ − Rfσ ; df = −Sfτ + ∂fσ (2.43) with commuting constant matrices R and S. The conditions d^2 = δ^2 = {d, δ} = 0 are trivially satisfied.

As we have seen in section 2.1.1, to obtain nontrivial second order differential equations the bicomplex must be gauged. In the derivation of the noncommutative sine-Gordon given in [34] the d operator is dressed as follows

D_df ≡ G^{−1} ∗ d(G ∗ f) (2.44)

with G generic invertible matrix in M_0 to be determined in a way to obtain a generalization of the sine-Gordon. While the condition D^2_d = 0 is trivially satisfied, {δ, D_d} = 0 gives rise to nontrivial second order differential equations ¯∂ (G^{−1} ∗ ∂G) = [R, G^{−1} ∗ ∂G]_∗ (2.45) With the choice

R = S = 2 √ γ (0 0 0 1 )

G = e^{i2 σ2 Φ}_∗ = ( cos_∗^Φ_2 sin_∗^Φ_2

− sin_∗^Φ_2 cos_∗^Φ_2 ) (2.46)

equation (2.44) is a matrix equation in U (2), corresponding to the system of two coupled equations of motion 2i ¯∂b ≡ ¯∂ ( e^{− i2 Φ}_∗ ∗ ∂e^{i2 Φ}_∗ − e^{i2 Φ}_∗ ∗ ∂e^{− i2 Φ}_∗ ) = iγ sin_∗ Φ 2 ¯∂a ≡ ¯∂ ( e^{i2 Φ}_∗ ∗ ∂e^{− i2 Φ}_∗ + e^{− i2 Φ}_∗ ∗ ∂e^{i2 Φ}_∗ ) = 0 (2.47)

The first equation contains the potential term which is the “natural” generalization of the ordinary sine potential, whereas the other one has the structure of a conservation law and can be seen as imposing an extra condition on the system. In the commutative limit, the first equation reduces to the ordinary sine–Gordon equation, whereas the second one becomes trivial. The equations are in general complex and possess the Z_2 symmetry of the ordinary sine–Gordon ( invariance under Φ → −Φ).

The reason why integrability seems to require two equations of motions can be traced back to the general structure of unitary groups in noncommutative geometry. In the bicomplex approach the ordinary equations are obtained as zero curvature conditions for covariant derivatives defined in terms of SU (2) gauge connections. If the same procedure is to be implemented in the noncommutative case, the group SU (2), which is known to be not closed in noncommutative geometry, has to be extended to a noncommutative U (2) group and a noncommutative U (1) factor enters necessarily into the game. The appearance of the second equation in (2.47) for this noncommutative integrable version of sine- Gordon is then a consequence of the fact that the fields develop a nontrivial trace part. We note that the pattern of equations found in [34] seems to be quite general and unavoidable if integrability is of concern. In fact, the same has been found in Ref. [112] where a different but equivalent set of equations was proposed.

In [34] classical integrability of the system described by the set of equations (2.47) was proven by extracting from the bicomplex chain a set of conserved currents that are local, in the sense that they are functions of the field Φ and its derivatives, but not of integrals of Φ. Since Moyal product has an infinite expansion in derivatives of fields, this introduces a kind of nonlocality in the theory that is intrinsic and unavoidable when working in a noncommutative space. In [34] the expansion in the noncommutativity parameter θ has been studied for the first currents to check their relation with ordinary currents and to explicitly verify their conservation up to second order in the deformation parameter.

2.2.5 Solitons

The presence of two equations of motion is in principle very restrictive and one may wonder whether the class of solutions is empty. To show that this is not the case, in Ref. [34] solitonic solutions were constructed perturbatively which reduce to the ordinary solitons when we take the commutative limit. Since a classical action was not found in [34], these solitonic solutions found are said to be localized in the sense that at order zero in the deformation parameter they reduce to the well-known euclidean solitons of the sine-Gordon theory. Since the solution at order zero determines the solution to all orders in the deformation parameter, in [34] these solitons are called localized at all orders. More generally, we observe that the second equation in (2.47) is automatically satisfied by any chiral or antichiral function. Therefore, we expect the class of solitonic solutions to be at least as large as the ordinary one. In the general case, instead, we expect the class of dynamical solutions to be smaller than the ordinary one because of the presence of the nontrivial constraint. However, since the constraint equation is one order higher with respect to the dynamical equation, order by order in the θ-expansion a solution always exists. This means that a Seiberg–Witten map between the NC and the ordinary model does not exist as a mapping between physical configurations, but it might be constructed as a mapping between equations of motion or conserved currents.

The kind of noncommutative solitons discussed in section 2.2.1 has not been studied in [34]. These solutions in principle should be present in this model. However, the model described in [34] was shown to display bad scattering properties [36], as I will show in detail in section 2.2.9. For this reason it had to be discarded and replaced with a new model described in section 2.3 [37]. Both kinds of soliton solutions were studied in detail for this model (see section 2.3.5).

2.2.6 Reduction from noncommutative selfdual Yang-Mills

The material presented in this section and the following ones, until the end of section 2.2, is mostly taken from the paper [36], written in collaboration with M.T. Grisaru, L. Mazzanti and S. Penati.

The (anti-)selfdual Yang–Mills equation is well-known to describe a completely integrable classical system in four dimensions [117]. In the ordinary case the equations of motion for many two dimensional integrable systems, including sine–Gordon, can be obtained through dimensional reduction of the (anti)selfdual Yang-Mills equations [118].

We have seen in section 2.1.3 that a convenient description of the (anti)selfdual Yang-Mills system is the so called J-formulation, given in terms of a SL(N, C ) matrix-valued J field satisfying ∂_ȳ ( J^{−1}∂_yJ ) + ∂_{z̄} ( J^{−1}∂_zJ ) = 0 (2.48)

where y, ȳ, z, z̄ are complex variables treated as formally independent.

In the ordinary case, the sine-Gordon equation can be obtained from (2.48) by taking J in SL(2, C ) to be [119]

J = J(u, z, z̄) = e^{z2 σi} e^{i2 Φσj} e^{− z̄2 σi} (2.49)

where Φ = Φ(y, ȳ) depends on y and ȳ only and σ_i are the Pauli matrices.

A noncommutative version of the (anti-)selfdual Yang–Mills system can be naturally obtained [120] by promoting the variables y, ȳ, z and z̄ to be noncommutative thus extending the ordinary products in (2.48) to ∗–products. In this case the J field lives in GL(N, C ).

As we outlined in section 1.2.3, it has been shown [82] that noncommutative selfdual Yang-Mills naturally emerges from open N = 2 strings in a B-field background. Moreover, in [120, 121, 111] examples of reductions to two-dimensional noncommutative systems were given. It was also argued that the noncommutative deformation should preserve the integrability of the systems [111, 122].

We now show that our noncommutative version of the sine-Gordon equations can be derived through dimensional reduction from the noncommutative selfdual Yang-Mills equations. For this purpose we consider the noncommutative version of equations (2.48) and choose J_∗ in GL(2, C ) as

J_∗ = J_∗(u, z, z̄) = e^{z2 σi}_∗ ∗ e^{i2 Φσj}_∗ ∗ e^{− z̄2 σi}_∗ (2.50)

This leads to the matrix equation ∂_ȳa I + i ( ∂_ȳb + 1 2 sin_∗ Φ ) σ_j = 0 (2.51)

where a and b have been defined in (2.47). Now, taking the trace we obtain ∂_ȳa = 0 which is the constraint equation in (2.47). As a consequence, the term proportional to σ_j gives rise to the dynamical equation in (2.47) for the particular choice γ = −1. Therefore we have shown that the equations of motion of the noncommutative version of sine–Gordon proposed in [34] can be obtained from a suitable reduction of the noncommutative selfdual Yang-Mills system as in the ordinary case. From this derivation the origin of the constraint appears even more clearly: it arises from setting to zero the trace part which the matrices in GL(2, C ) naturally develop under ∗–multiplication.

Solving (2.51) for the particular choice σ_j = σ_3 we obtain the alternative set of equations ¯∂ ( e^{− i2 Φ}_∗ ∗ ∂e^{i2 Φ}_∗ ) = i 2 γ sin_∗ Φ ¯∂ ( e^{i2 Φ}_∗ ∗ ∂e^{− i2 Φ}_∗ ) = − i 2 γ sin_∗ Φ (2.52)

Order by order in the θ-expansion the set of equations (2.47) and (2.52) are equivalent. Therefore, the set (2.52) is equally suitable for the description of an integrable noncommutative generalization of sine-Gordon.

Since our noncommutative generalization of sine–Gordon is integrable, the present result gives support to the arguments in favor of the integrability of noncommutative selfdual Yang-Mills system.

2.2.7 The action

We are now interested in the possibility of determining an action for the scalar field Φ satisfying the system of eqs. (2.47). We are primarily motivated by the possibility to move on to a quantum description of the system.

In general, it is not easy to find an action for the dynamical equation (the first eq. in (2.47)) since Φ is constrained by the second one. One possibility could be to implement the constraint by the use of a Lagrange multiplier. Another quite natural possibility is to try to obtain the action by a dimensional reduction procedure from (4, 0) selfdual Yang-Mills action in Yang formulation. Unfortunately, this does not work, since WZW-like terms disappear from the reduced action because of cyclicity of Moyal product in an integral. As a result one obtains a reduced action generating nonchiral equations, different from the chiral ones in eqs. (2.47) and (2.52).

We consider instead the equivalent set of equations (2.52). We rewrite them in the form

¯∂(g^{−1} ∗ ∂g) = 1 4 γ ( g^2 − g^{−2} ) ¯∂(g ∗ ∂g^{−1}) = − 1 4 γ ( g^2 − g^{−2} ) (2.53)

where we have defined g ≡ e^{i2 Φ}_∗ . Since Φ is in general complex g can be seen as an element of a noncommutative complexified U (1). The gauge group valued function ḡ ≡ (g^†)^{−1} = e^{i2 Φ†}_∗ is subject to the equations

¯∂(ḡ ∗ ∂ḡ^{−1}) = − 1 4 γ ( ḡ^2 − ḡ^{−2} ) ¯∂(ḡ^{−1} ∗ ∂ḡ) = 1 4 γ ( ḡ^2 − ḡ^{−2} ) (2.54)

obtained by taking the h.c. of (2.53).

In order to determine the action it is convenient to concentrate on the first equation in (2.53) and the second one in (2.54) as the two independent complex equations of motion which describe the dynamics of our system.

We first note that the left-hand sides of equations (2.53) and (2.54) have the chiral structure which is well known to correspond to a noncommutative version of the WZNW action [46] (see section 1.1.3). Therefore we are led to consider the action S[g, ḡ] = S[g] + S[ḡ] (2.55) where, introducing the homotopy path ĝ(t) such that ĝ(0) = 1, ĝ(1) = g (t is a commuting parameter) we have defined S[g] = ∫ d^2z [ ∂g ∗ ¯∂g^{−1} + ∫_1 0 dt ĝ^{−1} ∗ ∂_tĝ ∗ [ĝ^{−1} ∗ ∂ĝ, ĝ^{−1} ∗ ¯∂ĝ]_∗ − γ 4 (g^2 + g^{−2} − 2) ] (2.56)

and similarly for S[ḡ]. The first part of the action can be recognized as the noncommutative generalization of a complexified U (1) WZNW action [123].

To prove that this generates the correct equations, we should take the variation with respect to the Φ field (g = e^{i2 Φ}_∗ ) and deal with complications which follow from the fact that in the noncommutative case the variation of an exponential is not proportional to the exponential itself. However, since the variation δΦ is arbitrary, we can forget about its θ dependence and write^i_2 δΦ = g^{−1}δg, trading the variation with respect to Φ with the variation with respect to g. Analogously, the variation with respect to Φ^† can be traded with the variation with respect to ḡ.

It is then a simple calculation to show that δS[g] = ∫ d^2z 2g^{−1}δg [ ¯∂ (g^{−1} ∗ ∂g) − i 2 γ sin_∗ Φ ] (2.57)

from which we obtain the first equation in (2.53). Treating ḡ as an independent variable an analogous derivation gives the second equation in (2.54) from S[ḡ].

We note that, when Φ is real, g = ḡ and the action (2.55) reduces to S_{real}[g] = 2S_{W ZW} [g]−γ(cos_∗ Φ−1). In general, since the two equations (2.47) are complex it would be inconsistent to restrict ourselves to real solutions. However, it is a matter of fact that the equations of motion become real when the field is real. Perturbatively in θ this can be proved order by order by direct inspection of the equations in [34]. In particular, at a given order one can show that the imaginary part of the equations vanishes when the constraint and the equations of motion at lower orders are satisfied.

2.2.8 The relation to the noncommutative Thirring model

In the ordinary case the equivalence between the Thirring and sine–Gordon models [113] can be proven at the level of functional integrals by implementing the bosonization prescription [45, 124] on the fermions. The same procedure has been worked out in noncommutative geometry [47, 48]. Starting from the noncommutative version of Thirring described by

S_T = ∫ d^2x [ ψ̄iγ^μ∂_μψ + mψ̄ψ − λ 2 (ψ̄ ∗ γ^μψ)(ψ̄ ∗ γ_μψ) ] (2.58) the bosonization prescription gives rise to the action for the bosonized noncommutative massive Thirring model which turns out to be a noncommutative WZNW action supplemented by a cosine potential term for the noncommutative U(1) group valued field which enters the bosonization of the fermionic currents. In particular, in the most recent paper in Ref. [47] it has been shown that working in Euclidean space the massless Thirring action corresponds to the sum of two WZNW actions once a suitable choice for the regularization parameter is made. Moreover, in Ref. [48] it was proven that the bosonization of the mass term in (2.58) gives rise to a cosine potential for the scalar field with coupling constant proportional to m.

The main observation is that our action (2.55) is the sum of two noncommutative WZNW actions plus cosine potential terms for the pair of U (1)_C group valued fields g and ḡ, considered as independent. Therefore, our action can be interpreted as coming from the bosonization of the massive noncommutative Thirring model, in agreement with the results in [47, 48].

We have shown that even in the noncommutative case the sine–Gordon field can be interpreted as the scalar field which enters the bosonization of the Thirring model, so proving that the equivalence between the Thirring and sine– Gordon models can be maintained in noncommutative generalizations of these models. Moreover, the classical integrability of our noncommutative version of sine–Gordon proven in [34] should automatically guarantee the integrability of the noncommutative Thirring model.

In the particular case of zero coupling (γ = 0), the equations (2.55) and (2.52) correspond to the action and the equations of motion for a noncommutative U (1) WZNW model [46], respectively. Again, we can use the results of [34] to prove the classical integrability of the noncommutative U (1) WZNW model and construct explicitly its conserved currents.

2.2.9 (Bad) properties of the S-matrix

In section 2.1.4 we showed that in integrable commutative field theories there is no particle production and the S-matrix factorizes. In the noncommutative case properties of the S-matrix have been investigated for two specific models: The λΦ^4 theory in two dimensions [15] and the nonintegrable “natural” NC generalization the the sine–Gordon model [112]. In the first reference a very pathological acasual behavior was observed due to the space and time noncommutativity (see section 1.1.2). For an incoming wave packet the scattering produces an advanced wave which arrives at the origin before the incoming wave. In the second model investigated it was found that particle production occurs. The tree level 2 → 4 amplitude does not vanish.

It might be hoped that classical integrability would alleviate these pathologies. In the NC integrable sine-Gordon case, since we have an action, it is possible to investigate these issues. As described below we have computed the scattering amplitude for the 2 → 2 process and found that the acausality of Ref. [15] is not cured by integrability. We have also computed the production amplitudes for the processes 2 → 3 and 2 → 4 and found that they don’t vanish.

We started from our action (2.56) rewritten in terms of Minkowski space coordinates x^0, x^1 and real fields (g = e^{i2 Φ}_∗ , ĝ(t) = e^{i2 tΦ}_∗ with Φ real)

S[g] = − 1 2 ∫ d^2x g^{−1} ∗ ∂^μg ∗ g^{−1} ∗ ∂_μg + γ 4 ∫ d^2x(g^2 + g^{−2} − 2) − 1 3 ∫ d^3x ϵ^{μνρ}ĝ^{−1} ∗ ∂_μĝ ∗ ĝ^{−1} ∗ ∂_νĝ ∗ ĝ^{−1} ∗ ∂_ρĝ (2.59)

where f ∗ g = fe^{i2 θϵμν←−∂ μ−→∂ ν} g, and we derived the following Feynman’s rules

• The propagator G(q) = 4i q^2 − 2γ

(2.60)

• The vertices

v_3(k_1, . . . , k_3) = 2 2^3 · 3!

ϵ^{μν}k_{1μ}k_{2ν}F (k_1, . . . , k_3)

v_4(k_1, . . . , k_4) = i ( − 1 2^4 · 4! ( k^2_1 + 3k_1 · k_3 ) + γ 2 · 4! ) F (k_1, . . . , k_4)

v_5(k_1, . . . , k_5) = − 2ϵ^{μν} 2^5 · 5!

(k_{1μ}k_{2ν} − k_{1μ}k_{3ν} + 2k_{1μ}k_{4ν}) F (k_1, . . . , k_5)

v_6(k_1, . . . , k_6) = i [ 1 2^6 · 6! ( k^2_1 + 5k_1 · k_3 − 5k_1 · k_4 + 5k_1 · k_5 ) − γ 2 · 6! ] · ·F (k_1, . . . , k_6) (2.61)

where

F (k_1, . . . , k_n) = exp − i 2 ∑ i<j k_i × k_j (2.62)

is the phase factor coming from the ∗-products in the action (we have indicated a × b = θϵ^{μν} a_μb_ν ), k_i are all incoming momenta and we used momentum conservation.

At tree level the 2 → 2 process is described by the diagrams with the topologies in Fig. 1.

Figure 1: Tree level 2 → 2 amplitude

Including contributions from the various channels and using the three point and four point vertices of eqs. (2.61) we obtained for the scattering amplitude the expression

− i 2 E^2p^2 ( 1 2E^2 − γ − 1 2p^2 + γ ) sin^2 (pEθ) + i γ 2 cos^2 (pEθ) (2.63)

where p is the center of mass momentum and E = √ p^2 + 2γ.

For comparison with Ref. [28] this should be multiplied by an incoming wave packet

ϕ_{in}(p) ∼ ( e^{− (p−p0 )2λ} + e^{− (p+p0 )2λ} ) (2.64)

and Fourier transformed with e^{ipx}. We have not attempted to carry out the Fourier transform integration. However, we note that for p_0 very large E and p are concentrated around large values and the scattering amplitude assumes the form i γ 4 sin^2 (pEθ) + i γ 2 cos^2 (pEθ) (2.65)

which is equivalent to the result in Ref. [15], leading to the same acausal pathology^1.

We describe now the computation of the production amplitudes 2 → 3 and 2 → 4. At tree level the contributions are drawn in Figures 2 and 3, respectively.

Figure 2: Tree level 2 → 3 amplitude

1It is somewhat tantalizing that a change in the relative coefficient between the two terms would lead to a removal of the trigonometric factors which are responsible for the acasual behavior.

Figure 3: Tree level 2 → 4 amplitude

For any topology the different possible channels must be taken into account. This, as well as the complicated expressions for the vertices, has led us to use an algebraic manipulation program computer. We used Mathematica^© to symmetrize completely the vertices (2.61). This allows to take automatically into account the different diagrams obtained by exchanging momenta entering a given vertex. The contribution from each diagram was obtained as a product of the combinatorial factor, the relevant vertices and propagators. Due to the length of the program it was impossible to handle the calculation in a completely analytic way. Instead, the program was run with assigned values of the momenta and arbitrary θ and γ. For both the 2 → 3 and 2 → 4 processes the result is nonvanishing. As a check of our calculation we mention that the production amplitudes vanish when we set θ = 0, for any value of the coupling and the momenta.

2.2.10 Conclusions

In [36], in collaboration with M.T. Grisaru, L. Mazzanti and S. Penati I have investigated some properties of the integrable noncommutative sine–Gordon system proposed in [34]. We succeeded in constructing an action which turned out to be a WZNW action for a noncommutative, complexified U (1) augmented by a cosine potential. We have shown that even in the noncomutative case there is a duality relation between our integrable noncommutative sine–Gordon model and the noncommutative Thirring.

Noncommutative WZNW models have been shown to be one–loop renormalizable [125]. This suggests that the noncommutative sine–Gordon model proposed in [34] is not only integrable but it might lead to a well-defined quantized model, giving support to the existence of a possible relation between integrability and renormalizability.

Armed with our action we investigated some properties of the S–matrix for elementary excitations. However, in contradistinction to the commutative case, the S–matrix turned out to be acasual and nonfactorizable^2. The reason for the acasual behavior has been discussed in [15] where it was pointed out that noncommutativity induces a backward-in-time effect because of the presence of certain phase factors (see section 1.1.2). It appears that in our case this effect is still present in spite of integrability.

It is not clear why the presence of an infinite number of local conserved currents (local in the sense that they are not expressed as integrals of certain densities) does not guarantee factorization and absence of production in the Smatrix as it does in the commutative case. The standard proofs of factorization use, among other assumptions, the mutual commutativity of the charges - a property we have not been able to check so far because of the complicated nature of the currents. But even if the charges were to commute the possibility of defining them as powers of momenta, as required in the proofs, could be spoiled by acausal effects which prevent a clear distinction between incoming and outgoing particles.

In a series of papers [44] a different approach to quantum noncommutative field theories has been proposed when the time variable is not commuting. In those papers it has been argued that the problems associated to time-space noncommutativity are due to the fact that the time-ordering procedure does not commute with the star multiplication. Starting from the usual definition of the S-matrix in terms of the time-ordered exponential of the interaction term in the action and applying Wick theorem, one cannot combine the contraction functions of positive and negative frequency to obtain the causal Feynman propagator. Therefore, it has been suggested that, instead of the Feyman approach [2], one should use the time ordered perturbation theory extended to the noncommutative case. Moreover, it has been shown that in this framework unitarity is preserved as long as the interaction lagrangian is explicitly hermitian. It would be interesting to redo our calculations in that approach to see whether a well-defined factorized S-matrix for our model can be constructed. In this context it would be also interesting to investigate the scattering of solitons present in our model [34].

In the next section a novel noncommutative sine-Gordon system, obtained by dimensional reduction from the 2 + 1 model introduced in [104], will be constructed and studied. We will see that it exhibits nice scattering properties, consistent with the usual relation between integrability and factorization of the S-matrix.

2Other problems of the S-matrix have been discussed in [16, 126].

2.3 The noncommutative integrable sine-Gordon model

2.3.1 Introduction

In this section I will present the results I obtained, in collaboration with O. Lechtenfeld, L. Mazzanti, S. Penati and A.D. Popov, in [37]. The main goal of that work was to find a noncommutative generalization of the sine-Gordon system which, as a hallmark of integrability, possesses a well-defined causal and factorized S-matrix. Furthermore, its equations of motion should admit noncommutative multi-soliton solutions which represent deformations of the well known sine-Gordon solitons.

In sections 2.2.4 and 2.2.5 I have discussed the results obtained in [34], where a model was proposed which describes the dynamics of a complex scalar field by a couple of equations of motion. These equations were obtained as flatness conditions for a U (2) bidifferential calculus [110] and automatically guarantee the existence of an infinite number of local conserved currents. The same equations were also generated in [36] via a particular dimensional reduction of the noncommutative U (2) selfdual Yang-Mills equations in euclidean space. However, this reduction did not work at the level of the action, which turned out to be the sum of two WZW models augmented by a cosine potential. Evaluating tree-level scattering amplitudes it was discovered, furthermore, that this model suffers from acausal behavior and a non-factorized S-matrix, meaning that particle production occurs.

At this point it is important to note that the noncommutative deformation of an integrable equation is a priori not unique, because one may always add terms which vanish in the commutative limit, as we have seen in section 1.1.3. For the case at hand, for example, different inequivalent ansätze for the U (2) matrices entering the bicomplex construction [110] are possible as long as they all reproduce the ordinary sine-Gordon equation in the commutative limit. It is therefore conceivable that among these possibilities there exists an ansatz (different from the one in [34, 36]) which guarantees the classical integrability of the corresponding noncommutative model. What is already certain is the necessity to introduce two real scalar fields instead of one, since in the noncommutative realm the U (1) subgroup of U (2) fails to decouple. What has been missing is a guiding principle towards the “correct” field parametrization.

Since the sine-Gordon model can be obtained by dimensional reduction from 2+2 dimensional selfdual Yang-Mills theory via a 2+1 dimensional integrable sigma model [127], and because the latter’s noncommutative extension was shown to be integrable in [103], it seems a good idea to contruct an integrable generalization of the sine-Gordon equation by starting from the linear system of this integrable sigma model endowed with a time-space noncommutativity. This is the key strategy of this paper. The reduction is performed on the equations of motion first, but it also works at the level of the action, so giving directly the 1+1 dimensional action we are looking for. This success is an indication that the new field parametrization proposed in [37] is the proper one.

To be more precise, in [37] we proposed three different parametrizations, by pairs of fields (ϕ_+, ϕ_−), (ρ, φ) and (h_1, h_2), all related by nonlocal field redefinitions but all deriving from the compatibility conditions of the underlying linear system [103]. The first two appear in Yang formulation [117] while the third one arises in Leznov formulation [128]. For either field pair in Yang formulation, the nontrivial compatibility condition reduces to a pair of “noncommutative sine- Gordon equations” which in the commutative limit degenerates to the standard sine-Gordon equation for^1_2 (ϕ_++ϕ_−) or φ, respectively, while^1_2 (ϕ_+−ϕ_−) or ρ decouple as free bosons. The alternative Leznov formulation has the advantage of producing two polynomial (actually, quadratic) equations of motion for (h_1, h_2) but retains their coupling even in the commutative limit.

With the linear system comes a well-developed technology for generating solitonic solutions to the equations of motion. In [37] the dressing method [129, 108] was employed to explicitly outline the construction of noncommutative sine-Gordon multi-solitons, directly in 1+1 dimensions as well as by reducing plane-wave solutions of the 2+1 dimensional integrable sigma model [104]. The one-soliton sector was completely analyzed and it was found that the standard soliton solution are recovered as undeformed. Noncommutativity becomes palpable only at the multi-soliton level.

It was shown in [82] that the tree-level n-point amplitudes of noncommutative 2+2 dimensional SDYM vanish for n > 3, consistent with the vanishing theorems for the N =2 string. Therefore, we were expecting nice properties of the S-matrix to be inherited by this noncommutative sine-Gordon theory. Indeed, a direct evaluation of tree-level amplitudes revealed that, in the Yang as well as the Leznov formulation, the S-matrix is causal and no particle production occurs.

2.3.2 A noncommutative integrable sigma model in 2 + 1 dimensions

As has been known for some time, nonlinear sigma models in 2+1 dimensions may be Lorentz-invariant or integrable but not both [127]. Since the integrable variant, introduced in section 2.1.3, serves as our starting point for the derivation of the sine-Gordon model and its soliton solutions, we shall present its noncommutative extension [103] in some detail in the present section.

Conventions in noncommutative R^{2,1}

In R^{2,1} we shall use (real) coordinates (x^a) = (t, x, y) in which the Minkowskian metric reads (η_{ab}) = diag(−1, +1, +1). For later use we introduce the light-cone coordinates

u :=^1_2 (t+y) , v :=^1_2 (t−y) , ∂_u = ∂_t +∂_y , ∂_v = ∂_t−∂_y . (2.66)

In view of the future reduction to 1+1 dimensions, we choose the coordinate x to remain commutative, so that the only non-vanishing component of the noncommutativity tensor is θ^{ty} = −θ^{yt} =: θ > 0 . (2.67)

Linear system Consider on noncommutative R^{2,1} the following pair of linear differential equations [103],

(ζ∂_x − ∂_u)Ψ = A ∗ Ψ and (ζ∂_v − ∂_x)Ψ = B ∗ Ψ , (2.68) where a spectral parameter ζ ∈ C P^1 ∼= S^2 has been introduced. The auxiliary field Ψ takes values in U(n) and depends on (t, x, y, ζ) or, equivalently, on (x, u, v, ζ). The u(n) matrices A and B, in contrast, do not depend on ζ but only on (x, u, v). Given a solution Ψ, they can be reconstructed via^3 A = Ψ ∗ (∂_u − ζ∂_x)Ψ^{−1} and B = Ψ ∗ (∂_x − ζ∂_v)Ψ^{−1} . (2.69) It should be noted that the equations (2.68) are not of first order but actually of infinite order in derivatives, due to the star products involved. In addition, the matrix Ψ is subject to the following reality condition [127]: 1 = Ψ(t, x, y, ζ) ∗ [Ψ(t, x, y, ζ̄)]^† , (2.70) where ‘†’ is hermitian conjugation. The compatibility conditions for the linear system (2.68) read ∂_xB − ∂_vA = 0 , (2.71) ∂_xA − ∂_uB − A ∗ B + B ∗ A = 0 . (2.72) By detailing the behavior of Ψ at small ζ and at large ζ we shall now “solve” these equations in two different ways, each one leading to a single equation of motion for a particular field theory.

Yang-type solution We require that Ψ is regular at ζ=0 [84], Ψ(t, x, y, ζ → 0) = Φ^{−1}(t, x, y) + O(ζ) , (2.73) which defines a U(n)-valued field Φ(t, x, y), i.e. Φ^† = Φ^{−1}. Therewith, A and B are quickly reconstructed via A = Ψ∗∂_uΨ^{−1} | |_{ζ=0} = Φ^{−1}∗∂_uΦ and B = Ψ∗∂_xΨ^{−1} | |_{ζ=0} = Φ^{−1}∗∂_xΦ (2.74)

3 Inverses are understood with respect to the star product, i.e. Ψ^{−1} ∗ Ψ = 1.

It is easy to see that compatibility equation (2.72) is then automatic while the remaining equation (2.71) turns into [103]

∂_x (Φ^{−1} ∗ ∂_xΦ) − ∂_v (Φ^{−1} ∗ ∂_uΦ) = 0 . (2.75)

This Yang-type equation [117] can be rewritten as

(η^{ab} + v_c ϵ^{cab}) ∂_a(Φ^{−1} ∗ ∂_bΦ) = 0 , (2.76)

where ϵ^{abc} is the alternating tensor with ϵ^{012}=1 and (v_c) = (0, 1, 0) is a fixed spacelike vector. Clearly, this equation is not Lorentz-invariant but (deriving from a Lax pair) it is integrable.

One can recognize (2.76) as the field equation for (a noncommutative generalization of) a WZW-like modified U(n) sigma model [127, 130] with the action^4

S_Y = −^1_2 ∫ dt dx dy η^{ab} tr ( ∂_aΦ^{−1} ∗ ∂_bΦ )

−^1_3 ∫ dt dx dy ∫_1 0 dλ ~v_ρ ϵ^{ρμνσ} tr ( ~Φ^{−1} ∗ ∂_μ ~Φ ∗ ~Φ^{−1} ∗ ∂_ν ~Φ ∗ ~Φ^{−1} ∗ ∂_σ ~Φ ) (2.77) where Greek indices include the extra coordinate λ, and ϵ^{ρμνσ} denotes the totally antisymmetric tensor in R^4. The field ~Φ(t, x, y, λ) is an extension of Φ(t, x, y), interpolating between

~Φ(t, x, y, 0) = const and ~Φ(t, x, y, 1) = Φ(t, x, y) , (2.78)

and ‘tr’ implies the trace over the U(n) group space. Finally, (~v_ρ) = (v_c, 0) is a constant vector in (extended) space-time.

Leznov-type solution

Finally, we also impose the asymptotic condition that lim_{ζ→∞} Ψ = Ψ^0 with some constant unitary (normalization) matrix Ψ^0. The large ζ behavior [84] Ψ(t, x, y, ζ → ∞) = ( 1 + ζ^{−1}Υ(t, x, y) + O(ζ^{−2}) ) Ψ^0 (2.79)

then defines a u(n)-valued field Υ(t, x, y). Again this allows one to reconstruct A and B through A = − lim_{ζ→∞} ( ζ Ψ ∗ ∂_xΨ^{−1} ) = ∂_xΥ and B = − lim_{ζ→∞} ( ζ Ψ ∗ ∂_vΨ^{−1} ) = ∂_vΥ

(2.80) In this parametrization, compatibility equation (2.71) becomes an identity but the second equation (2.72) turns into [103]

∂^2_xΥ − ∂_u∂_vΥ − ∂_xΥ ∗ ∂_vΥ + ∂_vΥ ∗ ∂_xΥ = 0 . (2.81)

4which is obtainable by dimensional reduction from the Nair-Schiff action [131, 132] for SDYM in 2+2 dimensions

This Leznov-type equation [128] can also be obtained by extremizing the action

S_L = ∫ dt dx dy tr

{_1 2 η^{ab} ∂_aΥ ∗ ∂_bΥ +^1_3 Υ ∗ ( ∂_xΥ ∗ ∂_vΥ − ∂_vΥ ∗ ∂_xΥ )} , (2.82) which is merely cubic.

Obviously, the Leznov field Υ is related to the Yang field Φ through the non-local field redefinition

∂_xΥ = Φ^{−1} ∗ ∂_uΦ and ∂_vΥ = Φ^{−1} ∗ ∂_xΦ . (2.83)

For each of the two fields Φ and Υ, one equation from the pair (2.71, 2.72) represents the equation of motion, while the other one is a direct consequence of the parametrization (2.74) or (2.80).

2.3.3 Reduction to noncommutative sine-Gordon

Algebraic reduction ansatz

In section 2.1.3 we have seen that the (commutative) sine-Gordon equation can be obtained from the self-duality equations for SU(2) Yang-Mills upon appropriate reduction from 2+2 to 1+1 dimensions. In this process the integrable sigma model of the previous section appears as an intermediate step in 2+1 dimensions, and so we may take its noncommutative extension as our departure point, after enlarging the group to U(2). In order to avoid cluttering the formulae we suppress the ‘∗’ notation for noncommutative multiplication from now on: all products are assumed to be star products, and all functions are built on them, i.e. e^{f(x)} stands for e^{f(x)}_∗ and so on.

The dimensional reduction proceeds in two steps, firstly, a factorization of the coordinate dependence and, secondly, an algebraic restriction of the form of the U(2) matrices involved. In the language of the linear system (2.68) the adequate ansatz for the auxiliary field Ψ reads

Ψ(t, x, y, ζ) = V (x) ψ(u, v, ζ) V^†(x) with V (x) = E e^{i α x σ1} , (2.84)

where σ_1 = (^{0 1}_{1 0} ), E denotes some constant unitary matrix (to be specified later) and α is a constant parameter. Under this factorization, the linear system (2.68) simplifies to^5

(∂_u − i α ζ adσ_1) ψ = −a ψ and (ζ∂_v − i α adσ_1) ψ = b ψ (2.85)

with a = V^†A V and b = V^†B V . Taking into account the asymptotic behavior (2.73, 2.79), the ansatz (2.84) translates to the decompositions

Φ(t, x, y) = V (x) g(u, v) V^†(x) with g(u, v) ∈ U(2) , (2.86)

Υ(t, x, y) = V (x) χ(u, v) V^†(x) with χ(u, v) ∈ u(2) . (2.87)

5 The adjoint action means adσ_1 (ψ) = [σ_1, ψ].

To aim for the sine-Gordon equation, one imposes certain algebraic constraints on a and b (and therefore on ψ). Their precise form, however, is not needed, as we are ultimately interested only in g or χ. Therefore, we instead directly restrict g(u, v) to the form g = (g_+ 0 0 g_− ) = g_+P_+ + g_−P_− with g_+ ∈ U(1)_+ and g_− ∈ U(1)_−

(2.88) and with projectors P_+ = (^{1 0}_{0 0} ) and P_− = (^{0 0}_{0 1} ). This imbeds g into a U(1)×U(1) subgroup of U(2). Note that g_+ and g_− do not commute, due to the implicit star product. Invoking the field redefinition (2.83) we infer that the corresponding reduction for χ(u, v) should be^6

χ = i (0 h_† h 0 ) with h ∈ C , (2.89)

with the “bridge relations”

α (h − h^†) = −g^†_+∂_ug_+ = g^†_−∂_ug_− , 1 α ∂_vh = g^†_−g_+ − 1 and h.c. .

(2.90)

In this way, the u(2)-matrix χ is restricted to be off-diagonal.

We now investigate in turn the consequences of the ansätze (2.86, 2.88) and (2.87, 2.89) for the equations of motion (2.75) and (2.81), respectively.

Reduction of Yang-type equation

Let us insert the ansatz (2.86) into the Yang-type equation of motion (2.75). After stripping off the V factors one obtains

∂_v(g^†∂_ug) + α^2(σ_1g^†σ_1g − g^†σ_1gσ_1) = 0 . (2.91)

Specializing with (2.88) and employing the identities σ_1P_±σ_1 = P_∓ we arrive at Y_+P_+ + Y_−P_− = 0, with

Y_+ ≡ ∂_v(g^†_+∂_ug_+) + α^2(g^†_−g_+ − g^†_+g_−) = 0 ,

Y_− ≡ ∂_v(g^†_−∂_ug_−) + α^2(g^†_+g_− − g^†_−g_+) = 0 .

(2.92)

Since the brackets multiplying α^2 are equal and opposite, it is worthwhile to present the sum and the difference of the two equations: ∂_v ( g^†_+∂_ug_+ + g^†_−∂_ug_− ) = 0 , ∂_v ( g^†_+∂_ug_+ − g^†_−∂_ug_− ) = 2α^2 ( g^†_+g_− − g^†_−g_+ ) . (2.93)

6Complex conjugates of scalar functions are denoted with a dagger to remind the reader of their noncommutativity.

It is natural to introduce the angle fields ϕ_±(u, v) via

g = e^{i2 ϕ+P+} e^{− i2 ϕ−P−} ⇔ g_+ = e^{i2 ϕ+} and g_− = e^{− i2 ϕ−} . (2.94) In terms of these, the equations (2.93) read ∂_v ( e^{− i2 ϕ+} ∂_ue^{i2 ϕ+} + e^{i2 ϕ−} ∂_ue^{− i2 ϕ−} ) = 0 , ∂_v ( e^{− i2 ϕ+} ∂_ue^{i2 ϕ+} − e^{i2 ϕ−} ∂_ue^{− i2 ϕ−} ) = 2α^2 ( e^{− i2 ϕ+} e^{− i2 ϕ−} − e^{i2 ϕ−} e^{i2 ϕ+} ) . (2.95) We propose to call these two equations “the noncommutative sine-Gordon equations”. Besides their integrability (see later sections for consequences) their form is quite convenient for studying the commutative limit. When θ → 0, (2.95) simplifies to

∂_u∂_v(ϕ_+−ϕ_−) = 0 and ∂_u∂_v(ϕ_++ϕ_−) = −8α^2 sin^1_2 (ϕ_++ϕ_−) . (2.96) Because the equations have decoupled we may choose

ϕ_+ = ϕ_− =: ϕ ⇔ g_+ = g^†_− ⇔ g ∈ U(1)_A (2.97)

and reproduce the familiar sine-Gordon equation

(∂^2_t − ∂^2_y ) ϕ = −4α^2 sin ϕ . (2.98)

One learns that in the commutative case the reduction is SU(2)→U(1)_A since the U(1)_V degree of freedom ϕ_+−ϕ_− is not needed. The deformed situation, however, requires extending SU(2) to U(2), and so it is imperative here to keep both U(1)s and work with two scalar fields.

Inspired by the commutative decoupling, one may choose another distinguished parametrization of g, namely

g_+ = e^{i2 ρ} e^{i2 φ} and g_− = e^{i2 ρ} e^{− i2 φ} , (2.99)

which defines angles ρ(u, v) and φ(u, v) for the linear combinations U(1)_V and U(1)_A, respectively. Inserting this into (2.92) one finds ∂_v ( e^{− i2 φ} ∂_ue^{i2 φ} ) + 2 i α^2 sin φ = −∂_v [ e^{− i2 φ}e^{− i2 ρ} (∂_ue^{i2 ρ})e^{i2 φ} ] , ∂_v ( e^{i2 φ} ∂_ue^{− i2 φ} ) − 2 i α^2 sin φ = −∂_v [ e^{i2 φ}e^{− i2 ρ} (∂_ue^{i2 ρ})e^{− i2 φ} ] . (2.100)

In the commutative limit, this system is easily decoupled to

∂_u∂_vρ = 0 and ∂_u∂_vφ + 4α^2 sin φ = 0 , (2.101)

revealing that ρ →^1_2 (ϕ_+−ϕ_−) and φ →^1_2 (ϕ_++ϕ_−) = ϕ in this limit.

It is not difficult to write down an action for (2.92) (and hence for (2.95) or (2.100)). The relevant action may be computed by reducing (2.77) with the help of (2.86) and (2.88). The result takes the form

S[g_+, g_−] = S_W [g_+] + S_W [g_−] + α^2 ∫ dt dy ( g^†_+g_− + g^†_−g_+ − 2 ) , (2.102) where S_W is the abelian WZW action

S_W [f] ≡ −^1_2 ∫ dt dy ∂_vf^{−1} ∂_uf −^1_3 ∫ dt dy ∫_1 0 dλ ϵ^{μνσ} f̂^{−1}∂_μf̂ f̂^{−1}∂_νf̂ f̂^{−1}∂_σf̂

(2.103) Here f̂ (λ) is a homotopy path satisfying the conditions f̂(0) = 1 and f̂ (1) = f. Parametrizing g_± as in (2.99) and using the Polyakov-Wiegmann identity, the action for ρ and φ reads S[ρ, φ] = 2S_{P C} [ e^{i2 φ} ] + 2α^2 ∫ dt dy ( cos φ − 1 ) + 2S_W [ e^{i2 ρ} ]

− ∫ dt dy e^{− i2 ρ} ∂_ve^{i2 ρ} ( e^{− i2 φ} ∂_ue^{i2 φ} + e^{i2 φ} ∂_ue^{− i2 φ} ) , (2.104)

where

S_{P C} [f] ≡ −^1_2 ∫ dt dy ∂_vf^{−1} ∂_uf . (2.105)

In this parametrization the WZ term has apparently been shifted entirely to the ρ field while the cosine-type self-interaction remains for the φ field only. This fact has important consequences for the scattering amplitudes.

It is well known [45, 124, 133] that in ordinary commutative geometry the bosonization of N free massless fermions in the fundamental representation of SU(N ) gives rise to a WZW model for a scalar field in SU(N ) plus a free scalar field associated with the U(1) invariance of the fermionic system. In the noncommutative case the bosonization of a single massless Dirac fermion produces a noncommutative U(1) WZW model [47], which becomes free only in the commutative limit. Moreover, the U(1) subgroup of U(N ) does no longer decouple [35], so that N noncommuting free massless fermions are related to a noncommutative WZW model for a scalar in U(N ). On the other hand, giving a mass to the single Dirac fermion leads to a noncommutative cosine potential on the bosonized side [134, 48].

In contrast, the noncommutative sine-Gordon model we propose in this paper is of a more general form. The action (2.102) describes the propagation of a scalar field g taking its value in U(1)×U(1) ⊂ U(2). Therefore, we expect it to be a bosonized version of two fermions in some representation of U(1)×U(1). The absence of a WZ term for φ and the lack of a cosine-type self-interaction for ρ as well as the non-standard interaction term make the precise identification non-trivial however.

Reduction of Leznov-type equation

Alternatively, if we insert the ansatz (2.87) into the Leznov-type equation of motion (2.81) we get

∂_u∂_vχ + 2α^2(χ − σ_1χσ_1) + i α [ [σ_1, χ], ∂_vχ ] = 0 . (2.106)

Specializing with (2.89) this takes the form Zσ_− + Z^†σ_+ = 0 with σ_− = (^{0 0}_{1 0} ) and σ_+ = (^{0 1}_{0 0} ), where

Z ≡ ∂_u∂_vh + 2α^2 (h − h^†) + α { ∂_vh , h − h^† } = 0 . (2.107)

The decomposition

χ = i (h_1σ_1 + h_2σ_2) ⇔ h = h_1 + i h_2 (2.108)

then yields ∂_u∂_vh_1 − 2α { ∂_vh_2 , h_2 } = 0 ,

∂_u∂_vh_2 + 4α^2h_2 + 2α { ∂_vh_1 , h_2 } = 0 .

(2.109)

These two equations constitute an alternative description of the noncommutative sine-Gordon model; they are classically equivalent to the pair of (2.93) or, to be more specific, to the pair of (2.100). For the real fields the “bridge relations” (2.90) read

2 i α h_2 = −e^{− i2 φ}e^{− i2 ρ} ∂_u(e^{i2 ρ}e^{i2 φ}) = e^{i2 φ}e^{− i2 ρ} ∂_u(e^{i2 ρ}e^{− i2 φ}) , 1 α ∂_vh_1 = cos φ − 1 and^1_α ∂_vh_2 = sin φ .

(2.110)

One may “solve” one equation of (2.100) by an appropriate field redefinition from (2.110), which implies already one member of (2.109). The second equation from (2.100) then yields the remaining “bridge relations” in (2.110) as well as the other member of (2.109). This procedure works as well in the opposite direction, from (2.109) to (2.100). The nonlocal duality between (φ, ρ) and (h_1, h_2) is simply a consequence of the equivalence between (2.75) and (2.81) which in turn follows from our linear system (2.68).

The “h description” has the advantage of being polynomial. It is instructive to expose the action for the system (2.109). Either by inspection or by reducing the Leznov action (2.82) one obtains

S[h_1, h_2] = ∫ dt dy { ∂_uh_1∂_vh_1 + ∂_uh_2∂_vh_2 − 4α^2h^2 − 4α h^2 ∂_vh_1 } . (2.111)

2.3.4 Relation with the previous noncommutative generalization of the sine-Gordon model

The noncommutative generalizations of the sine-Gordon model presented above are expected to possess an infinite number of conservation laws, as they originate from the reduction of an integrable model [103]. It is worthwhile to point out their relation to the noncommutative sine-Gordon model I discussed in section 2.2, which also features an infinite number of local conserved currents.

In [34] an alternative noncommutative version of the sine-Gordon model was proposed. Using the bicomplex approach the equations of motion were obtained as flatness conditions of a bidifferential calculus,^7

¯∂(G^{−1} ∗ ∂G) = [R , G^{−1} ∗ R G]_∗ , (2.112)

where R = 2α (0 0 0 1 ) (2.113)

and G is a suitable matrix in U(2) or, more generally, in complexified U(2). In [34] the G matrix was chosen as

G = e^{i2 σ2Φ}_∗ = ( cos_∗^Φ_2 sin_∗^Φ_2

− sin_∗^Φ_2 cos_∗^Φ_2 ) (2.114)

with Φ being a complex scalar field. This choice produces the noncommutative equations (all the products are ∗-products)

¯∂(e^i2^Φ∂e^{− i}2^Φ + e^{− i}2^Φ∂e^i2^Φ) = 0 ,

¯∂(e^{− i}2^Φ∂e^i2^Φ − e^i2^Φ∂e^{− i}2^Φ) = 4 i α^2 sin Φ . (2.115)

As shown in [36] these equations (or a linear combination of them) can be obtained as a dimensional reduction of the equations of motion for noncommutative U(2) SDYM in 2+2 dimensions.

The equations (2.115) can also be derived from an action which consists of the sum of two WZW actions augmented by a cosine potential,

S[f, f̄ ] = S[f]+S[f̄ ] with S[f] ≡ S_W [f]−α^2 ∫ dt dy ( f^2 +f^{−2} −2 ) , (2.116) with S_W [f] given in (2.103) for f ≡ e^{i2 Φ} in complexified U(1). However, this action cannot be obtained from the SDYM action in 2+2 dimensions by performing the same field parametrization which led to (2.115).

Comparing the actions (2.102) and (2.116) and considering f and f̄ as independent U(1) group valued fields we are tempted to formally identify f ≡ g_+ and f̄ ≡ g_−. Doing this, we immediately realize that the two models differ in their interaction term which generalizes the cosine potential. While in (2.116) the fields f and f̄ show only self-interaction, the fields g_+ and g_− in (2.102) interact with each other. As we will see in section 2.3.6 this makes a big difference when evaluating the S-matrix elements.

We close this section by observing that the equations of motion (2.95) can also be obtained directly in two dimensions by using the bicomplex approach described in [34]. In fact, if instead of (2.114) we choose G = ( e^{i2 ϕ+} + e^{− i2 ϕ−} − i e^{i2 ϕ+} + i e^{− i2 ϕ−}

i e^{i2 ϕ+} − i e^{− i2 ϕ−} e^{i2 ϕ+} + e^{− i2 ϕ−} ) (2.117)

7This subsection switches to Euclidean space R^2, where ∂ and ¯∂ are derivatives with respect to complex coordinates.

it is easy to prove that (2.112) yields exactly the set of equations (2.95). Therefore, by exploiting the results in [34] it should be straightforward to construct the first nontrivial conserved currents for the present model.

2.3.5 Solitons

Dressing approach in 2+1 dimensions.

The existence of the linear system allows for powerful methods to systematically construct explicit solutions for Ψ and hence for Φ^† = Ψ|_{ζ=0} or Υ. For our purposes the so-called dressing method [129, 108] proves to be most practical, and so we shall first present it here for our linear system (2.68), before reducing the results to solitonic solutions of the noncommutative sine-Gordon equations.

The central idea is to demand analyticity in the spectral parameter ζ for the linear system (2.68), which strongly restricts the possible form of Ψ. The most elegant way to exploit this constraint starts from the observation that the left hand sides of the differential relations (D):=(2.69) as well as the reality condition (R):=(2.70) do not depend on ζ while their right hand sides are expected to be nontrivial functions of ζ (except for the trivial case Ψ = Ψ^0). More specifically, C P^1 being compact, the matrix function Ψ(ζ) cannot be holomorphic everywhere but must possess some poles, and hence the right hand sides of (D) and (R) should display these (and complex conjugate) poles as well. The resolution of this conundrum demands that the residues of the right hand sides at any would-be pole in ζ have to vanish. We are now going to evaluate these conditions.

The dressing method builds a solution Ψ_N (t, x, y, ζ) featuring N simple poles at positions μ_1, μ_2, . . . , μ_N by left-multiplying an (N −1)-pole solution Ψ_{N−1}(t, x, y, ζ) with a single-pole factor of the form ( 1 +^{μN −μ̄N} ζ−μ_N PN (t, x, y) ) , where the n×n matrix function P_N is yet to be determined. In addition, we are free to right-multiply Ψ_{N−1}(t, x, y, ζ) with some constant unitary matrix ^Ψ^0_N . Starting from Ψ_0 = 1, the iteration Ψ_0 → Ψ_1 → . . . → Ψ_N yields a multiplicative ansatz for Ψ_N which, via partial fraction decomposition, may be rewritten in an additive form (as a sum of simple pole terms). Let us trace this iterative procedure constructively.

In accord with the outline above, the one-pole ansatz must read ( ^Ψ^0_1 =: Ψ^0_1)

Ψ_1 = ( 1 + μ_1 − μ̄_1 ζ − μ_1 P_1 ) Ψ^0_1 = ( 1 + Λ_{11}S^†_1 ζ − μ_1 ) Ψ^0_1 (2.118)

with some n×r_1 matrix functions Λ_{11} and S_1 for some 1≤r_1<n. The normalization matrix Ψ^0_1 is constant and unitary. It is quickly checked that

res_{ζ=μ̄1} (R) = 0 ⇒ P^†_1 = P_1 = P^2_1 ⇒ P_1 = T_1 (T^†_1 T_1)^{−1}T^†_1 , (2.119) meaning that P_1 is a rank r_1 projector built from an n×r_1 matrix function T_1. The columns of T_1 span the image of P_1 and obey P_1T_1 = T_1. When using the second parametrization of Ψ_1 in (2.118) one finds that

res_{ζ=μ̄1} (R) = 0 ⇒ (1 − P_1) S_1Λ^†_{11} = 0 ⇒ T_1 = S_1 (2.120) modulo a freedom of normalization. Finally, the differential relations yield

res_{ζ=μ̄1} (D) = 0 ⇒ (1 − P_1) L̄^{A,B}_1 (S_1Λ^†_{11}) = 0 ⇒ L̄^{A,B}_1 S_1 = S_1 Γ^{A,B}_1 (2.121) for some r_1×r_1 matrices Γ^A_1 and Γ^B_1 , after having defined

L̄^A_i := ∂_u−μ̄_i∂_x and L̄^B_i := μ_i(∂_x−μ̄_i∂_v) for i = 1, 2, . . ., N . (2.122)

Because the L̄^{A,B}_i are linear differential operators it is easy to write down the general solution for (2.121): Introduce “co-moving coordinates”

w_i := x + μ̄_iu + μ̄^{−1}_i v ⇒ w̄_i = x + μ_iu + μ^{−1}_i v for i = 1, 2, . . ., N (2.123) so that on functions of (w_i, w̄_i) alone the L̄^{A,B}_i act as

L̄^A_i = L̄^B_i = (μ_i−μ̄_i) ∂ ∂w̄_i . (2.124)

Hence, (2.121) is solved by

S_1(t, x, y) = ^S_1(w_1) e^{w̄1Γ1/(μ1−μ̄1 )} for any w_1-holomorphic n×r_1 matrix function ^S_1 (2.125)

and Γ^A_1 = Γ^B_1 =: Γ_1. Appearing to the right of ^S_1, the exponential factor is seen to drop out in the formation of P_1 via (2.119) and (2.120). Thus, no generality is lost by taking Γ_1 = 0. We learn that any w_1-holomorphic n×r_1 matrix T_1 is admissible to build a projector P_1 which then yields a solution Ψ_1 (and thus Φ) via (2.118). Note that Λ_{11} need not be determined seperately but follows from our above result. It is not necessary to also consider the residues at ζ=μ_1 since their vanishing leads merely to the hermitian conjugated conditions.

Let us proceed to the two-pole situation. The dressing ansatz takes the form (Ψ^0_1 ^Ψ^0_2 =: Ψ^0_2)

Ψ_2 = ( 1 + μ_2 − μ̄_2 ζ − μ_2 P_2 )( 1 + μ_1 − μ̄_1 ζ − μ_1 P_1 ) Ψ^0_2 = ( 1 + Λ_{21}S^†_1 ζ − μ_1 + Λ_{22}S^†_2 ζ − μ_2 ) Ψ^0_2 ,

(2.126) where P_2 and S_2 are to be determined but P_1 and S_1 can be copied from above. Indeed, inspecting the residues of (R) and (D) at ζ = μ̄_1 simply confirms that

P_1 = T_1 (T^†_1 T_1)^{−1}T^†_1 and T_1 = S_1 with S_1 = ^S_1(w_1) (2.127) is just carried over from the one-pole solution. Relations for P_2 and S_2 arise from

res_{ζ=μ̄2} (R) = 0 ⇒ (1−P_2) P_2 = 0 ⇒ P_2 = T_2 (T^†_2 T_2)^{−1}T^†_2 , (2.128)

res_{ζ=μ̄2} (R) = 0 ⇒ Ψ_2(μ̄_2) S_2Λ^†_{22} = (1−P_2)(1 −^{μ1−μ̄1}_{μ1−μ̄2} P_1) S_2Λ^†_{22} = 0 , (2.129)

where the first equation makes use of the multiplicative form of the ansatz (2.126) while the second one exploits the additive version. We conclude that P_2 is again a hermitian projector (of some rank r_2) and thus built from an n×r_2 matrix function T_2. Furthermore, (2.129) reveals that T_2 cannot be identified with S_2 this time, but we rather have

T_2 = ( 1 − μ_1−μ̄_1 μ_1−μ̄_2

P_1 ) S_2 (2.130)

instead. Finally, we consider

res_{ζ=μ̄2} (D) = 0 ⇒ Ψ_2(μ̄_2) L̄^{A,B}_2 (S_2Λ^†_{22}) = 0 ⇒ L̄^{A,B}_2 S_2 = S_2 Γ^{A,B}_2 (2.131) which is solved by

S_2(t, x, y) = ^S_2(w_2) e^{w̄2 Γ2/(μ2−μ̄2)} (2.132)

for any w_2-holomorphic n×r_2 matrix function ^S_2 and Γ^A_2 = Γ^B_2 =: Γ_2. Once more, we are entitled to put Γ_2 = 0. Hence, the second pole factor in (2.126) is constructed in the same way as the first one, except for the small complication (2.130). Again, Λ_{21} and Λ_{22} can be read off the result if needed.

It is now clear how the iteration continues. After N steps the final result reads

Ψ_N = {_{N−1}∏ ℓ=0 ( 1 + μ_{N−ℓ} − μ̄_{N−ℓ} ζ − μ_{N−ℓ} P_{N−ℓ} )} Ψ^0_N = { 1 + N∑ i=1 Λ_{Ni}S^†_i ζ − μ_i } Ψ^0_N ,

(2.133) featuring hermitian rank r_i projectors P_i at i = 1, 2, . . ., N , via

P_i = T_i (T^†_i T_i)^{−1}T^†_i with T_i = {_{i−1}∏ ℓ=1 ( 1 − μ_{i−ℓ} − μ̄_{i−ℓ} μ_{i−ℓ} − μ̄_i P_{i−ℓ} )} S_i , (2.134) where S_i(t, x, y) = ^S_i(w_i) (2.135)

for arbitrary w_i-holomorphic n×r_i matrix functions ^S_i(w_i). The corresponding classical Yang and Leznov fields are

Φ_N = Ψ^†_N (ζ=0) = Ψ^0_N^† N∏ i=1 ( 1 − ρ_i P_i ) with ρ_i = 1 − μ_i μ̄_i , (2.136)

Υ_N = lim_{ζ→∞} ζ ( Ψ_N (ζ) Ψ^0_N^† − 1 ) = N∑ i=1 (μ_i−μ̄_i) P_i . (2.137)

The solution space constructed here is parametrized (slightly redundantly) by the set { ^S_i}^N_1 of matrix-valued holomorphic functions and the pole positions μ_i. The so-constructed classical configurations have solitonic character (meaning finite energy) when all these functions are algebraic.

The dressing technique as presented above is well known in the commutative theory; novel is only the realization that it carries over verbatim to the noncommutative situation by simply understanding all products as star products (and likewise inverses, exponentials, etc.). Of course, it may be technically difficult to ∗-invert some matrix, but one may always fall back on an expansion in powers of θ.

Solitons of the noncommutative sine-Gordon theory

We should now be able to generate N -soliton solutions to the noncommutative sine-Gordon equations, say (2.100), by applying the reduction from 2+1 to 1+1 dimensions (see previous section) to the above strategy for the group U(2), i.e. putting n=2. In order to find nontrivial solutions, we specify the constant matrix E in the ansatz (2.84) for Ψ as

E = e^{− i π4 σ2} =^{1√}_2 (1 −1 1 1 ) (2.138)

which obeys the relations Eσ_3 = σ_1 E and Eσ_1 = −σ_3 E. Pushing E beyond V we can write

Φ(t, x, y) = W (x) ~g(u, v) W^†(x) with W (x) = e^{− i α x σ3} (2.139) and ~g(u, v) = E g(u, v) E^† = E ( g_+ 0 0 g_− ) E^† =^1_2 ( g_++g_− g_+−g_− g_+−g_− g_++g_− ) . (2.140) With hindsight from the commutative case [108] we choose

^Ψ^0_i = σ_3 ∀i ⇐⇒ Ψ^0_N = σ^N_3 (2.141)

(which commutes with W ) and restrict the poles of Ψ to the imaginary axis, μ_i = i p_i with p_i ∈ R. Therewith, the co-moving coordinates (2.123) become

w_i = x − i (p_i u − p^{−1}_i v) =: x − i η_i(u, v) , (2.142) defining η_i as real linear functions of the light-cone coordinates. Consequentially, from (2.136) we get ρ_i = 2 and find that ~g_N (u, v) = σ^N_3 N∏ i=1 ( 1 − 2 ~P_i(u, v) ) with P_i = W ~P_i W^† . (2.143)

Repeating the analysis of the previous subsection, one is again led to construct hermitian projectors

~P_i = ~T_i ( ~T^†_i ~T_i)^{−1} ~T^†_i with ~T_i = i−1∏ ℓ=1 ( 1 − 2 p_{i−ℓ} p_{i−ℓ} + p_i ~P_{i−ℓ} ) ~S_i , (2.144)

where 2×1 matrix functions ~S_i(u, v) are subject to

~L̄^{A,B}_i ~S_i = ~S_i ~Γ_i for i = 1, 2, . . ., N (2.145)

and some numbers ~Γ_i (note that now rank r_i=1) which again we can put to zero. On functions of the reduced co-moving coordinates η_i alone, ~L̄^{A,B}_i = W †L̄A,B_i W = (μ_i−μ̄_i) W † ∂ ∂w̄_i W = p_i ( ∂ ∂η_i + α σ_3 ) (2.146)

so that (2.145) is solved by ~S_i(u, v) = ^~S_i(η_i) = ( γ_{i1}e^{−α ηi} i γ_{i2}e^{+α ηi} ) = e^{−α ηiσ3} ( γ_{i1} i γ_{i2} ) with γ_{i1}, γ_{i2} ∈ C .

(2.147) Furthermore, it is useful to rewrite

γ_{i1}γ_{i2} =: λ^2_i and γ_{i2}/γ_{i1} =: γ^2_i ⇐⇒ ( γ_{i1} i γ_{i2} ) = λ_i ( γ^{−1}_i i γ_i ) (2.148)

because then |γ_i| may be absorbed into η_i by shifting αη_i → αη_i + ln |γ_i|. The multipliers λ_i drop out in the computation of ~P_i. Finally, to make contact with the form (2.140) we restrict the constants γ_i to be real.

Let us check the one-soliton solution, i.e. put N =1. Suppressing the indices momentarily, absorbing γ into η and dropping λ, we infer that ~T = ( e^{−αη} i e^{αη} ) =⇒ ~P = 1 2 ch2αη ( e^{−2αη} − i i e^{+2αη} )

=⇒ ~g = ( th2αη^i_{ch2αη} i ch2αη th2αη ) (2.149)

which has det ~g = 1. Since here the entire coordinate dependence comes in the single combination η(u, v), all star products trivialize and the one-soliton configuration coincides with the commutative one. Hence, the field ρ drops out, ~g ∈ SU(2), and we find, comparing (2.149) with (2.140), that 1 2 (g_++g_−) = cos^φ_2 = th2αη and^1_{2 i} (g_+−g_−) = sin^φ_2 =^1_{ch2αη} (2.150) which implies

tan^φ_4 = e^{−2αη} =⇒ φ = 4 arctan e^{−2αη} = −2 arcsin(th2αη) , (2.151) reproducing the well known sine-Gordon soliton with mass m = 2α. Its moduli parameters are the velocity ν =^{1−p2}_{1+p2} and the center of inertia y_0 = 1 α √ 1−ν^2 ln |γ| at zero time [108]. In passing we note that in the “h description” the soliton solution takes the form

h_1 = p th2αη and h_2 =^p_{ch2αη} =⇒ h = p th(αη+^{i π}_4 ) = p e^{i2 φ} . (2.152) Noncommutativity becomes relevant for multi-solitons. At N =2, for instance, one has

~g_2 = (1 − 2 ~P_1) (1 − 2 ~P_2) with ~P_1 = ~P from (2.149)

and ~P_2 = ~T_2 ( ~T^†_2 ~T_2)^{−1} ~T^†_2

where ~T_2 = ( 1 −^{2p1}_{p1+p2} ~P_1 ) ^~ S_2 and ^~S_2 = e^{−α η2 σ3}

(_γ−1_2

i γ_2 ) with γ_2 ∈ R .

(2.153)

We refrain from writing down the lengthy explicit expression for ~g_2 in terms of the noncommuting coordinates η_1 and η_2, but one cannot expect to find a unit (star-)determinant for ~g_2 except in the commutative limit. This underscores the necessity of extending the matrices to U(2) and the inclusion of a nontrivial ρ at the multi-soliton level.

It is not surprising that the just-constructed noncommutative sine-Gordon solitons themselves descend directly from BPS solutions of the 2+1 dimensional integrable sigma model. Indeed, putting back the x dependence via (2.139), the 2+1 dimensional projectors P_i are built from 2×1 matrices

S_i = W (x) ^S_i(η_i) = ϵ^{− i α wiσ3} ( γ^{−1}_i i γ_i ) = ( 1 i γ^2_i ϵ^{2 i α wi} ) γ^{−1}_i e^{− i α wi} . (2.154) In the last expression the right factor drops out on the computation of projectors; the remaining column vector agrees with the standard conventions [127, 103, 108, 106]. Reassuringly, the coordinate dependence has combined into w_i. The ensueing 2+1 dimensional configurations Φ_N are nothing but noncommutative multi-plane-waves the simplest examples of which were already investigated in [106].

2.3.6 (Nice) properties of the S-matrix

In this section we compute tree-level amplitudes for the noncommutative generalization of the sine-Gordon model proposed in section 2.3.3, both in the Yang and the Leznov formulation. In commutative geometry the sine-Gordon S-matrix factorizes in two-particle processes and no particle production occurs, as a consequence of the existence of an infinite number of conservation laws. In the noncommutative case it is interesting to investigate whether the presence of an infinite number of conserved currents is still sufficient to guarantee the integrability of the system in the sense of having a factorized S-matrix.

The previous noncommutative version of the sine-Gordon model we introduced and studied in section 2.2 is endowed with an infinite set of conserved currents. In section 2.2.9 we have seen that, despite the existence of an infinite chain of conservation laws, particle production occurs in that model and that the S-matrix is neither factorized nor causal.^8 As already stressed in section 2.3.4, the noncommutative generalization of the sine-Gordon model we proposed in [37] and discussed in the present section 2.3 differs from the one studied in [34] in the generalization of the cosine potential. Therefore, both theories describe the dynamics of two real scalar fields, but the structure of the interaction terms between the two fields is different. We then expect the scattering amplitudes of the present theory to behave differently from those of the previous one. To this end we will compute the amplitudes corresponding to 2 → 2 processes for the fields ρ and φ in the g-model (Yang formulation) as well as for the fields h_1 and h_2 in the h-model (Leznov formulation). In the g-model we will also compute 2 → 4 and 3 → 3 amplitudes for the massive field φ. In both models the S-matrix will turn out to be factorized and causal in spite of their time-space noncommutativity.

Amplitudes in the “g-model”. Feynman rules

We parametrize the g-model with (ρ, φ) as in (2.104) since in this parametrization the mass matrix turns out to be diagonal, with zero mass for ρ and m=2α for φ. Expanding the action (2.104) up to the fourth order in the fields, we read off the following Feynman rules:

• The propagators ≡ ⟨φφ⟩ = 2 i k^2 − 4α^2

, (2.155) ≡ ⟨ρ ρ⟩ = 2 i k^2

. (2.156)

8 Acausal behaviour in noncommutative field theory was first observed in [15] and shown to be related to time-space noncommutativity.

• The vertices (including a factor of “i” from the expansion of ϵ^{i S} )

= − 1 2^3

(k^2 − k^2_1 − 2k_1 ∧ k_2)F (k_1, k_2, k_3) (2.157)

= 1 2 · 3!

k_1 ∧ k_2 F (k_1, k_2, k_3) (2.158)

= [ − i 2^3 · 4!

(k^2_1 + 3k_1 · k_3) +

2 i α^2 4! ] F (k_1, k_2, k_3, k_4)

(2.159)

= − i 2^3 · 4!

(k^2_1 + 3k_1 · k_3) F (k_1, k_2, k_3, k_4)

(2.160)

= − i 2^5

(k^2_1 − k^2 + 2k_1 · k_3 − 2k_2 · k_3 + 2k_1 ∧ k_2 + 2k_1 ∧ k_3

+2k_3 ∧ k_2) F (k_1, k_2, k_3, k_4) (2.161)

where we used the conventions of section 2 with the definitions

u · v = −η^{ab} u_av_b = u_tv_t − u_yv_y and u ∧ v = u_tv_y − u_yv_t . (2.162)

Moreover, we have defined

F (k_1, . . . , k_n) = exp { −^i_2 θ ∑_n i<jk_i ∧ k_j } . (2.163)

and use the convention that all momentum lines are entering the vertex and energy-momentum conservation has been taken into account.

We now compute the scattering amplitudes φφ → φφ, ρρ → ρρ and φρ → φρ and the production amplitude φφ → ρρ. We perform the calculations in the center-of-mass frame. We assign the convention that particles with momenta k_1 and k_2 are incoming, while those with momenta k_3 and k_4 are outgoing.

Amplitude φφ → φφ The four momenta are explicitly written as

k_1 = (E, p) , k_2 = (E, −p) , k_3 = (−E, p) , k_4 = (−E, −p) , (2.164) with the on-shell condition E^2 − p^2 = 4α^2. There are two topologies of diagrams contributing to this process. Taking into account the leg permutations corresponding to the same particle at a single vertex, the contributions read

= 2 i α^2 cos^2(θEp) , = 0 ,

= −^i_2 p^2 sin^2(θEp) , =^i_2 E^2 sin^2(θEp) .

The second diagram is actually affected by a collinear divergence since the total momentum k_1 + k_4 for the internal massless particle is on-shell vanishing. We regularize this divergence by temporarily giving a small mass to the ρ particle. It is easy to see that the amplitude is zero for any value of the small mass since the wedge products k_1 ∧ k_4 and k_2 ∧ k_3 from the two vertices always vanish. As an alternative procedure we can put one of the external particles slightly off-shell, so obtaining a finite result which vanishes in the on-shell limit.

Summing all the contributions, for the φφ → φφ amplitude we arrive at

A_{φφ→φφ} = 2 i α^2 , (2.165)

which perfectly describes a causal amplitude.

A nonvanishing φφ → φφ amplitude appears also in the noncommutative sine-Gordon proposal of [34, 36]. However, there the amplitude has a nontrivial θ-dependence which is responsible for acausal behavior. Comparing the present result with the result in [36], we observe that the same kind of diagrams contribute. The main difference is that the exchanged particle is now massless instead of massive. This crucial difference leads to the cancellation of the θ-dependent trigonometric behaviour which in the previous case gave rise to acausality.

Amplitude ρρ → ρρ

In this case the center-of-mass momenta are given by

k_1 = (E, E) , k_2 = (E, −E) , k_3 = (−E, E) , k_4 = (−E, −E) , (2.166)

where the on-shell condition E^2 − p^2 = 0 has already been taken into account. For this amplitude we have the following contributions

= 0 , = 0 ,

= −^i_2 E^2 sin^2(θE^2) , =^i_2 E^2 sin^2(θE^2) .

Again, a collinear divergence appears in the second diagram. In order to regularize the divergence we can proceed as before by assigning a small mass to the ρ particle. The main difference with respect to the previous case is that now the ρ particle also appears as an external particle, with the consequence that the on-shell momenta in (2.166) will get modified by the introduction of a regulator mass. A careful calculation shows that the amplitude is zero for any value of the regulator mass, due to the vanishing of the factors k_1 ∧ k_4 and k_2 ∧ k_3 from the vertices.

Therefore, the two nonvanishing contributions add to

A_{ρρ→ρρ} = 0 . (2.167)

Amplitude φρ → φρ

There are two possible configurations of momenta in the center-of-mass frame, describing the scattering of the massive particle with either a left-moving or a right-moving massless one. In the left-moving case the momenta are

k_1 = (E, p) , k_2 = (p, −p) , k_3 = (−E, p) , k_4 = (−p, −p) , (2.168)

while in the right-moving case we have

k_1 = (E, −p) , k_2 = (p, p) , k_3 = (−E, p) , k_4 = (−p, −p) . (2.169)

For the left-moving case (2.168) the results are

= −^i_2 Ep sin(θEp) sin(θp^2) ,

=^i_2 Ep sin(θEp) sin(θp^2) ,

= 0 , = 0 .

For the right-moving choice (2.169), we obtain instead

= 0 , = 0 ,

= 0 , = 0 .

In this second case an infrared divergence is present due to the massless propagator, but again it can be cured as described before. In both cases the scattering amplitude vanishes, A_{φρ→φρ} = 0 . (2.170)

Amplitude φφ → ρρ The momenta in the center-of-mass frame are given by

k_1 = (E, p) , k_2 = (E, −p) , k_3 = (−E, E) , k_4 = (−E, −E) . (2.171) In this case we have three kinds of diagrams contributing. The corresponding results are

=^i_2 Ep sin(θEp) sin(θE^2) ,

= −^i_2 Ep sin(θEp) sin(θE^2) ,

= 0 , = 0 .

Summing the four contributions, we obtain

A_{φφ→ρρ} = 0 (2.172)

as it should be expected for a production amplitude in an integrable model. The same is true for the time-reversed production,

A_{ρρ→φφ} = 0 . (2.173)

Summarizing, we have found that the only nonzero amplitude for tree-level 2 → 2 processes is the one describing the scattering among two of the massive excitations. The result is constant, independent of the momenta and so describes a perfectly causal process. Since the result is independent of the noncommutation parameter θ it agrees with the four-point amplitude for the ordinary sine-Gordon model. Finally, we have found that the production amplitudes φφ → ρρ and ρρ → φφ vanish, as required for ordinary integrable theories.

As a further check of our calculation and an additional test of our model we have computed the production amplitude φφ → φφφφ and the scattering amplitude φφφ → φφφ. In both cases the topologies we have to consider are

.

Due to the growing number of channels and ordering of vertices, it is no longer practical to perform the calculations by hand. We have used Mathematica^© to symmetrize the vertices and take automatically into account the different diagrams obtained by exchanging momenta entering a given vertex. The computation has been performed with assigned values of the external momenta but arbitrary values for α^2 and θ. We have found a vanishing result for both the scattering and the production amplitude. This is in agreement with the commutative sine-Gordon model results.

Amplitudes in the “h-model”

We now discuss the 2 → 2 amplitudes in the Leznov formulation. The theory is again described by two interacting fields, h_1 massless and h_2 massive. Referring to the action (2.111) we extract the following Feynman rules,

• The propagators

≡ ⟨h_1h_1⟩ = i 2k^2

, (2.174)

≡ ⟨h_2h_2⟩ = i /2 k^2 − 4α^2

. (2.175)

• The vertex

= −4α (k_{3t} − k_{3y}) F (k_1, k_2, k_3) . (2.176)

Again, we compute scattering amplitudes in the center-of-mass frame. Given the particular structure of the vertex, at tree level there is no h_1h_1 → h_1h_1 scattering. To find the h_2h_2 → h_2h_2 amplitude we assign the momenta (2.164) to the external particles. The contributions are

= −16 i α^2 cos^2(θEp) , = 16 i α^2 cos^2(θEp) ,

= 0 .

We note that a collinear divergence appears in the last diagram which can be regularized as described before. Summing the two nonvanishing contributions we obtain complete cancellation.

For the h_2h_2 → h_1h_1 amplitude the center-of-mass-momenta are given in (2.171). The only topology contributing to this production amplitude has two channels, yielding

= 0 , = 0 ,

which are both zero, so giving a vanishing result once more. The same is true for the h_1h_1 → h_2h_2 production process.

Finally, for the h_1h_2 → h_1h_2 amplitude, we refer to the center-of-mass momenta defined in (2.168) and (2.169). In both cases the contributions are

= 0 , = 0 ,

and so we find that the sum of the two channels is always equal to zero.

Since all the 2 → 2 amplitudes vanish, the S-matrix is trivially causal and factorized.

Both in the ordinary and noncommutative cases the “h-model” is dual to the “g-model”. In the commutative limit the “g-model” gives rise to a sine-Gordon model plus a free field which can be set to zero. In this limit our amplitudes exactly reproduce the sine-Gordon amplitudes. On the other hand, the amplitudes for the “h-model” all vanish. Therefore, in the commutative limit they do not reproduce anything immediately recognizable as an ordinary sine-Gordon amplitude. This can be understood by observing that, both in the ordinary and in the noncommutative case, the Leznov formulation is an alternative description of the sine-Gordon dynamics and obtained from the standard Yang formulation by the nonlocal field redefinition given in (2.110). Therefore, it is expected that the scattering amplitudes for the elementary exitations, which are different in the two formulations, do not resemble each other.

2.3.7 Conclusions

In this section 2.3 I have introduced and discussed a novel noncommutative sine-Gordon system [37] based on two scalar fields, which seems to retain all advantages of 1+1 dimensional integrable models known from the commutative limit. The rationale for introducing a second scalar field was provided by deriving the sine-Gordon equations and action through dimensional and algebraic reduction of an integrable 2+1 dimensional sigma model: In the noncommutative extension of this scheme it is natural to generalize the algebraic reduction of SU(2)→U(1) to one of U(2)→U(1)×U(1). We gave two Yang-type and one Leznov-type parametrizations of the coupled system in (2.95), (2.100) and (2.109) and provided the actions for them, including a comparison with previous proposals. It was then outlined how to explicitly construct noncommutative sine-Gordon multi-solitons via the dressing method based on the underlying linear system. We found that the one-soliton configuration agrees with the commutative one but already the two-soliton solutions gets Moyal deformed.

What is the gain of doubling the field content as compared to the standard sine-Gordon system or its straightforward star deformation? Usually, time-space noncommutativity adversely affects the causality and unitarity of the S-matrix (see, e.g. [112, 34, 36]), even in the presence of an infinite number of local conservation laws. In contrast, the model described in [37] seems to possess an S-matrix which is causal and factorized, as we checked for all tree-level 2 → 2 processes both in the Yang and Leznov formulations. Furthermore, we verified the vanishing of some 3 → 3 scattering amplitudes and 2 → 4 production amplitudes thus proving the absence of particle production.

It would be nice to understand what actually drives a system to be integrable in the noncommutative case. A hint in this direction might be that the model proposed in [34] has been constructed directly in two dimensions even if its equations of motion (but not the action) can be obtained by a suitable reduction of a four dimensional system (noncommutative self-dual Yang-Mills). The model proposed in this paper, instead, originates directly, already at the level of the action, from the reduction of noncommutative self-dual Yang-Mills theory which is known to be integrable and related to the N =2 string [82].

Several directions of future research are suggested by our results. First, one might hope that our noncommutative two-field sine-Gordon model is equivalent to some two-fermion model via noncommutative bosonization. Second, it would be illuminating to derive the exact two-soliton solution and extract its scattering properties, either directly in our model or by reducing wave-like solutions of the 2+1 dimensional sigma model [106, 105]. Third, there is no obstruction against applying the ideas and techniques of this paper to other 1+1 dimensional noncommutative integrable systems in order to cure their pathologies as well.

Chapter 3

Covariant superstring vertices and a possible nonconstant superspace deformation

3.1 An introduction to the pure spinor superstring

In this section I will mostly refer to the review paper [135].

3.1.1 Motivation: Problems with RNS and GS formalisms

In section 1.2.2 I have briefly outlined how the discussion of the stringy origin of bosonic noncommutative geometry presented in section 1.2.1 can be generalized to the superstring, in both RNS and GS formalisms. As anticipated, both of them display some awkward features, due to their target-space or worldsheet symmetry structure, respectively.

The RNS formalism is characterized by an N = 1 worldsheet supersymmetry. The field content is the set of bosonic coordinate fields x^m (worldsheet scalars and spacetime vectors) together with the worldsheet spinors (and spacetime vectors) ψ^m. The worldsheet action for the string in a flat background is quadratic, therefore the quantization in this formalism is straightforward. After a suitable consistent truncation of the spectrum (GSO projection), the theory also enjoys target space supersymmetry, but clearly this symmetry is not manifest. As a result, a series of problems arises, for instance in the computation of amplitudes with more than four external fermions and in dealing with general R-R backgrounds.

The GS formalism instead is manifestly target-space supersymmetric, but the worldsheet symmetry structure is quite complicated. Target space is a ten-dimensional superspace described by the bosonic coordinates x^m and their superpartners θ^α, θ̂^{β̂} (in type II case). For the number of physical fermionic degrees of freedom to be related to the bosonic ones as required by targetspace supersymmetry, a worldsheet fermionic local symmetry must be present (κ-symmetry, [136]). Therefore, the natural supersymmetric generalization of the bosonic string action

S_1 = ∫ d^2σ √ hh^{ij}Π_i · Π_j (3.1)

where h^{ij} is the worldsheet metric and Π^m_i is the supersymmetrized bosonic momentum, does not work, not being κ-symmetric. When N ≤ 2 a WZ term S_2 can be added, so that the resulting action S = S_1 + S_2 is κ-symmetric (for this discussion the reader can refer to [4] and references therein). S in conformal gauge and in a flat background is given by (1.170) with B = 0. It is nonquadratic and describes a complicated, interacting worldsheet field theory. This fact prevents quantization except in light-cone, where the action reduces to a quadratic form. Since light-cone gauge is not manifestly Lorentz covariant, problems in the computation of amplitudes emerge also in this formalism and only four-point tree and one-loop amplitudes have been computed. Moreover, backgrounds that do not allow for a light-cone choice cannot be dealt with at the quantum level.

An alternative approach to the GS formalism was introduced by Siegel [89]. The main problem of the GS superstring is that a set of phase-space constraints arise at the classical level whose structure do not allow for a Dirac quantization procedure. In particular, since the conjugate momenta p_α to the fermionic variables θ^α do not appear in the action, one has phase space constraints d_α = 0 together with the Virasoro constraint T = −^1_2 Π · Π = 0 related to the conformal gauge choice. The anticommutator of the d’s is proportional to the Π’s. As a result, half of the fermionic constraints are first class and half are second class [138]. The separation of the two different kinds of constraint cannot be achieved in a manifestly Lorentz covariant way. This explains why quantization of the model only works in light-cone gauge.

In [89] Siegel proposed to rewrite the GS action in a first order formalism for the fermionic variables, hoping that a set of phase space constraints that are all first class could be found. These contraints were to be constructed out of the supersymmetric objects Π^m, ∂θ^α and the GS constraint d_α, no longer constrained to vanish. The explicit form of the left-moving contribution to the GS action in conformal gauge in Siegel formalism is S = ∫ d^2z ( 1 2 ∂x_m ¯∂x^m + p_α ¯∂θ^α ) (3.2)

where the fermionic conjugate momenta p_α are independent variables. This approach was shown to work for quantizing the superparticle, but not the superstring, since its correct physical spectrum was never obtained. We should note that the action (3.2) is quadratic and therefore it is immediate to determine the OPE’s between the free fields. Quantization of this theory is as simple as the in RNS formalism.

In the next section we will see how Siegel action (3.2) is the starting point for the construction of a formalism for the superstring that allows for a covariant quantization and describes the same physics as the RNS and GS strings.

3.1.2 Pure spinor superstring basics

From now on I will use the Weyl representation of the 32 × 32 ten-dimensional Dirac matrices, where they are off-diagonal and γ^m_{αβ} and γ^m_{α̂β̂} are the real symmetric 16 × 16 off-diagonal blocks, satisfing the Fierz identities γ_{mα(β} γ^m_{γδ)} = 0.

Useful properties to keep in mind are the following. Every symmetric bispinor can be decomposed in terms of a vector and a five form as f_{αβ} = γ^m_{αβ} f_m + γ^{mnpqr}_{αβ} f_{mnpqr} (3.3) while every antisymmetric bispinor can be decomposed in terms of a three form as f̃_{αβ} = γ^{mnp}_{αβ} f̃_{mnp} (3.4) Our conventions for d = 10 N = 2 superspace covariant derivatives and supersymmetry charges are

D_α = ∂_α + 1 2 (γ^mθ)_α∂_m , Q_α = ∂_α − 1 2 (γ^mθ)_α∂_m ,

D̂_{α̂} = ∂_{α̂} + 1 2 (γ^mθ̂)_{α̂}∂_m , Q̂_{α̂} = ∂_{α̂} − 1 2 (γ^mθ)_{α̂}∂_m , (3.5)

which satisfy {D_α, D_β} = γ^m_{αβ} ∂_m , { D̂_{α̂}, D̂_{β̂} } = γ^m_{α̂β̂}∂_m , { D_α, D̂_{β̂} } = 0 {D_α, Q_β} = 0 , {D̂_{α̂}, Q̂_{β̂}} = 0 . (3.6)

Berkovits completed Siegel action (3.2) by adding some missing worldsheet ghost degrees of freedom. The evaluation of what’s missing in Siegel approach can be achieved by “counting”. Siegel action (3.2) gives the free-field OPE’s x^m(y)x^n(w) ∼ −2η^{mn} log |y − w| p_α(y)θ^β (w) ∼ δ^β_α(y − w)^{−1} (3.7)

From this, we can determine the contributions of the different fields to the conformal anomaly. Since fermionic fields contribute -32 and bosonic ones +10, the missing fields should contribute +22. Moreover, one can consider the contribution to the Lorentz current coming from fermionic degrees of freedom M_{mn} =^1_2 pγ_{mn}θ and compare to the analogous term in RNS formalism M_{mn} = ψ_mψ_n. The current-current OPE’s are similar, except for the coefficient of the double pole term, which is +4 in Siegel case and +1 in RNS case.

Therefore, the missing ghost variables should contribute to the Lorentz current in a way to produce a -3 in the double pole.

Indeed, Berkovits found that an irreducible representation of SO(9, 1) with these characteristics exists. This is a bosonic pure-spinor satisfying

λγ^m λ = 0 (3.8)

To solve this constraint and find the free ghost fields, one has to break the manifest Lorentz covariance to a U (5) subgroup of (Wick rotated) SO(10). In terms of this parametrization one can write down the ghost-field action, check that the OPE of the ghost contribution to the Lorentz current has a -3 coefficient in the double pole and that the stress tensor has central charge +22, as required. Apparently, one goes back to the old problem of the lack of manifest Lorentz covariance. However, one can formally write down an action in the form S = ∫ d^2z ( 1 2 ∂x_m ¯∂x^m + p_α ¯∂θ^α + w_α ¯∂λ^α ) + right moving (3.9)

where the independent conjugate momenta w_α of the ghost field λ^α have been introduced, and then “remember” that the λ fields are constrained by equation (3.8). Both the action and the pure spinor constraint are manifestly Lorentz covariant. The problem is how to deal with constrained fields in a path integral approach.

When there are first class constraints in a theory, a BRST quantization procedure can be applied and the BRST charge is constructed out of the constraints themselves multiplied by ghost fields. When the constraints are second class, this does not work because the BRST charge one obtains is not nilpotent. In Berkovits approach to the superstring, the (left-moving) BRST-like charge is defined as Q = ∫ dzλ^αd_α (3.10)

where d_α is the constraint of the GS superstring that in this formalism plays the role of the supersymmetric version of the fermionic conjugate momentum p_α d_α = p_α − 1 2 ∂x^m(γ_mθ)_α − 1 8 (γ^m θ)_α(θγ_m ∂θ) (3.11)

Therefore, this construction of Q could be reminiscent of some sort of BRST quantization of the GS superstring.

From the free OPE’s (3.7) one can compute the OPE’s between the composite variables d_α and find

d_α(y)d_β (w) ∼ −(y − w)^{−1}γ^m_{αβ}Π_m(w) (3.12)

Therefore the BRST charge (3.10) is nilpotent because of the pure spinor condition (3.8). Also because of the pure spinor condition, one observes that the ghost conjugate momentum w_α can only appear in combinations that are invariant under the gauge transformation

δw_α = Λ_m(γ^mλ)_α (3.13) with arbitrary Λ_m. These gauge-invariant combinations are the pure spinor contribution to the Lorentz current N_{mn} =^1_2 : (wγ_{mn}λ) : and the ghost number current J =: w_αλ^α :.

In the superparticle case, the BRST charge (3.10) and pure spinor condition (3.8) can be obtained by an honest, although unusual, gauge fixing procedure starting from the Brink-Schwarz action in semi-light-cone gauge rewritten in the Siegel formalism.

Unfortunately, no analogous procedure works for the superstring. Following the usual prescription of the BRST quantization rules, we could start from the GS superstring and define the quantum action as follows

S_0 = S_{GS} + Q ∫ d^2zw_α ¯∂θ^α (3.14)

where S_{GS} is the Green-Schwarz action in conformal gauge [4]. By moving on to a Siegel description for fermionic fields and by explicitly writing down all the contributions to (3.14), one obtains (3.9). Even if this looks like the usual BRST procedure, we have to notice that the BRST-like operator Q is nilpotent up to gauge transformations (3.13). This compensates the fact that the Green-Schwarz action is not invariant under BRST transformations. In addition, we can always add BRST invariant terms to the action. However, there is no procedure to get (3.14) from an honest gauge fixing of the Green- Schwarz action (a suggestion is given in [139]).

Now I’m going to discuss pure spinor superstring vertex operators. I will first derive the open superstring vertices for simplicity. Closed superstring vertices will be studied in much detail in section 3.1.3.

Since in the open string case vertices are to be inserted on the boundary of the worldsheet, where the boundary condition θ = θ̂|_{z=z̄} holds, they can be expressed in terms of the left-moving fermions only (or, more correctly, in terms of the linear combination θ_+ =^{1√}_2 (θ + θ̂) and the corresponding one for the fermionic momenta).

Physical states for the open superstring are defined as ghost-number one states in the cohomology of Q, defined in (3.10), with λ satisfying the pure spinor condition (3.8). Open superstring vertex operators with (mass)^2 =^n_2 are constructed out of the fields x^m, θ^α, d_α, λ^α and the gauge invariant objects N_{mn} and J containing the ghost momenta. They are obtained as the generic combinations with ghost number one and conformal weight n at zero momentum. Since the composite objects d_α, N_{mn} and J carry conformal weight one and λ^α carries ghost number one, it is clear that for instance the most general vertex operator at (mass)^2 = 0 is

V^{(1)} = λ^αA_α(x, θ) (3.15)

By requiring QV^{(1)} = 0, one obtains the equations of motion for the spinor superfield A_α(x, θ). By making use of the OPE

d_α(y)A_β (x, θ)(w) ∼ D_αA_β (w) (3.16) one finds that the superfield A_α(x, θ) must satisfy the equation λ^αλ^β D_αA_β = 0. Because of the property (3.3) and the pure spinor condition (3.8), this is equivalent to γ^{αβ}_{mnpqr} D_αA_β = 0 (3.17)

It can be shown that these are the superMaxwell equations written in terms of a spinor superfield. Equation QU = 0 is invariant under the gauge transformation δU = QΩ where Ω is a generic scalar superfield. Indeed, this implies the gauge transformation for the spinor superfield δA_α = D_αΩ, which is the expected gauge transformation of superMaxwell theory.

Going on to the next mass level, (mass)^2 =^1_2 , one finds that the most general vertex operator is

V^{(1)}_1 = ∂λ^αA_α(x, θ)+ : ∂θ^β λ^αB_{αβ}(x, θ) : + : d_βλ^αC^β_α(x, θ) :

+ : Π^mλ^αH_{mα}(x, θ) : + : Jλ^αE_α(x, θ) : + : N^{mn}λ^αF_{αmn}(x, θ) : (3.18)

Cohomology equations and gauge transformations imply that the superfields appearing in the vertex describe a spin two multiplet.

The integrated massless open superstring vertex operator ∫ dzV^{(0)} can be obtained by making use of the cohomology descent equation

[Q, V^{(0)}] = ∂V^{(1)} (3.19)

V^{(0)} is expanded in terms of the 1-forms X = ( ∂θ^α, Π^m, d_α,^1_2 N_{mn} ) as follows

V^{(0)} = ∂θ^αA_α(x, θ) + Π^mA_m(x, θ) + d_αW^α(x, θ) + 1 2 N_{mn}F^{mn} (3.20)

The descent equation (3.19) is satisfied when the superfields A_α, A_m, W^α and F_{mn} are governed by the superMaxwell equations

D_αA_β + D_βA_α − γ^m_{αβ}A_m = 0 D_αA_m − ∂_mA_α − γ_{mαβ} W^β = 0 D_αW^β − 1 4 (γ^{mn})^β_α F_{mn} λ^αλ^β (γ_{mn})^γ_β D_αF^{mn} = 0 (3.21)

The last equation is redundant, since it is implied by the previous one and by the pure spinor condition (3.8). The vertex (3.20) was first found by Siegel in [89], except for the pure spinor term, by making use of superspace arguments.

All this discussion can be easily generalized to type II closed superstrings. The field content is x^m where m = 0, . . . , 9, two Majorana-Weyl spinors θ^α, θ̂α̂ with α = α̂ = 1, . . ., 16 (with opposite or same chirality depending whether one is in IIA or IIB case), their conjugate momenta p_α, p̂_{α̂}, two ghosts λ^α, λ̂^{α̂} satisfying the pure spinor conditions λγ^mλ = 0 , λ̂γ^mλ̂ = 0 , and the corresponding conjugate momenta w_α, ŵ_{α̂}. Again, supersymmetric versions of the fermionic conjugate momenta can be introduced as follows

d_α = p_α − 1 2 ∂x^m(γ_mθ)_α − 1 8 (γ^mθ)_α(θγ_m ∂θ) , d̂_{α̂} = p̂_ᾱ − 1 2 ¯∂x^m(γ_mθ̂)_{α̂} − 1 8 (γ^mθ̂)_{α̂}(θ̂γ_m ¯∂θ̂) , (3.22)

The BRST operators are defined by

Q_L = ∮ dzλ^αd_α , Q_R = ∮ dz̄λ̂^{α̂}d̂_{α̂} . (3.23)

which satisfy

Q^2_L = − ∮ dz λγ^m λΠ_m , [Q_L, Q_R] = 0 , Q^2_R = − ∮ dz̄ λ̂γ^mλ̂Π̂_m , (3.24)

where Π^m_z and Π̂^m_{z̄} are the left- and right-moving supersymmetrized bosonic momenta

Π^m_z = ∂x^m + 1 2 θγ^m ∂θ ; Π̂^m_{z̄} = ¯∂x^m + 1 2 θ̂γ^m ¯∂θ̂ (3.25)

Due to pure spinor constraints, the BRST charges are nilpotent up to gauge transformations of w_α, ŵ_{α̂}, given by

δ_Lw_α = Λ_m(γ^m λ)_α , δ_Rŵ_α = Λ̂_m(γ^mλ̂)_α . (3.26)

with arbitrary local parameters Λ_m and Λ̂_m. Gauge invariant operators are

J_L =: w_αλ^α : , J_R =: ŵ_αλ̂^α : , N_L =^1_2 : wγ^{mn}λ : , N_R =^1_2 : ŵγ^{mn}λ̂ : ,

(3.27)

By formally following the usual prescription of the BRST quantization rules, we can define the quantum action starting from the GS superstring in Siegel formalism as follows

S_0 = S_{GS} + Q_L ∫ d^2zw_α ¯∂θ^α + Q_R ∫ d^2zŵ_{α̂}∂θ̂^{α̂} . (3.28)

By exploiting the different contributions in (3.28), we obtain

S_0 = ∫ d^2z ( 1 2 ∂x^m ¯∂x_m + p_α ¯∂θ^α + p̂_{α̂}∂θ̂^{α̂} + w_α ¯∂λ^α + ŵ_{α̂}∂λ̂^{α̂} ) , (3.29)

which is BRST invariant and invariant under the gauge transformation (3.26) if the spinors λ^α, λ̂^{α̂} are pure. The action is also invariant under the N = 2 supersymmetry transformations generated by Q_ϵ = ϵ^α ∮ dzq_α +ϵ̂^{α̂} ∮ dz̄q̂_{α̂} where the explicit expressions for the supersymmetry currents are

q_α = p_α + 1 2 ∂x^m(γ_mθ)_α + 1 24 (θγ^m ∂θ)(γ_m θ)_α , q̂_{α̂} = p̂_ᾱ + 1 2 ¯∂x^m(γ_mθ̂)_{α̂} + 1 24 (θ̂γ^m ¯∂θ̂)(γ_mθ̂)_{α̂} . (3.30)

It is interesting to note that these do not anticommute with the BRST operators Q_L and Q_R, since

[Q_L, q_α] = ∂χ_α , [Q_R, q̂_{β̂}] = ¯∂χ̂_{β̂} (3.31)

where χ_α and χ̂_{β̂} are the BRST-invariant quantities χ_α ≡ 1 3 (λγ^m θ)(γ_m θ)_α , χ̂_{β̂} = 1 3 (λ̂γ^pθ̂)(γ_pθ̂)_{β̂} (3.32)

We also introduce the Lorentz currents L^{mn} = 1 2 : ∂x^{[m}x^{n]} : + 1 2 : (pγ^{mn}θ) : + : N^{mn} : ,

L̂^{pq} = 1 2 : ¯∂x^{[p}x^{q]} : + 1 2 : (p̂γ^{pq}θ̂) : + : N̂^{pq} : , (3.33)

which satisfy the following commutation relations with the BRST charges

[Q_L, L^{mn}] = ∂G^{mn}; [Q_R, L̂^{pq}] = ¯∂Ĝ^{pq} (3.34)

where G^{mn} = 1 4 (θγ^r λ)(δ^{[m}_r x^{n]} + 1 4 (θγ_r γ^{mn}θ)); Ĝ^{pq} = 1 4 (θ̂γ^rλ̂)(δ^{[p}_r x^{q]} + 1 4 (θ̂γ_r γ^{pq} θ̂)) (3.35) are BRST invariant. By using the equations of motion from (3.29) it is easy to show that the currents q_α, q̂_{β̂}, λ^αd_α, λ̂^{β̂}d̂_β, L^{mn} and L̂^{pq} are holomophic and anti-holomorphic, respectively.

In the following section I will describe in detail type II vertex operators, their descent equations and the corresponding superfield equations of motion and gauge transformations. These closed string vertices are as usual obtained by taking the left-right product of the open superstring vertices I described in the present section.

3.1.3 Type II superstring vertex operators

In this section I will describe in detail the construction of the closed superstring ghost number (1, 1) local vertex operator V^{(1,1)} and of the integrated vertex operators ∫ dz V^{(0,1)}_z , ∫ dz̄ V^{(1,0)}_{z̄} , and ∫ dz ∧ dz̄ V^{(0,0)}_{zz̄} , related to it by the closed string descent equations.

Introducing the notation O^{(a,b)}_{c,d} for local vertex operators with ghost number a(b) in the left (right) sector and (anti)holomorphic indices c(d), we identify

O^{(1,1)}_{0,0} = V^{(1,1)} , O^{(0,1)}_{1,0} = V^{(0,1)}_z dz , O^{(1,0)}_{0,1} = V^{(1,0)}_{z̄} dz̄ ,

O^{(0,0)}_{1,1} = V^{(0,0)}_{zz̄} dz ∧ dz̄ . (3.36)

The descent equations read^1 [Q_L, O^{(a,b)}_{c,d} ] = ∂ O^{(a+1,b)}_{c−1,d} , [Q_R, O^{(a,b)}_{c,d} ] = ¯∂ O^{(a,b+1)}_{c,d−1} , (3.37) where ∂ = dz∂_z and ¯∂ = dz̄∂_{z̄} are the holomorphic and antiholomorphic differentials. Q_L and Q_R are the BRST charges for holomorphic and antiholomorphic sectors we introduced in (3.23). More explicitly, at the first level we have

[Q_L, V^{(1,1)}] = 0 , [Q_R, V^{(1,1)}] = 0 , (3.38)

while at the next level we get

[Q_L, V^{(0,1)}_z ] = ∂_zV^{(1,1)} , [Q_R, V^{(0,1)}_z ] = 0 , (3.39)

[Q_R, V^{(1,0)}_{z̄} ] = ∂_{z̄}V^{(1,1)} , [Q_L, V^{(1,0)}_{z̄} ] = 0 , (3.40)

and, finally,

[Q_L, V^{(0,0)}_{zz̄} ] = ∂_zV^{(1,0)}_{z̄} , [Q_R, V^{(0,0)}_{zz̄} ] = −∂_{z̄}V^{(0,1)}_z . (3.41)

The vertex operators O^{(a,b)}_{c,d} are to be expanded in powers of ghost fields λ^α and λ̂^{α̂} or in powers of the supersymmetric holomorphic and antiholomorphic 1-forms

X_z = ( ∂_zθ^α, Π^m_z , d_{zα}, 1 2 N^{mn}_z ) , X̂_{z̄} = ( ∂_{z̄}θ̂^{β̂} , Π̂^p_{z̄} , d̂_{z̄β̂} , 1 2 N̂^{pq}_{z̄} ) . (3.42) The explicit expressions of these 1-form operators in terms of sigma model fields are given in (3.22, 3.25, 3.27). The coefficients are superfields of the coordinates x^m, θ^α and θ̂^{α̂}. A further relation is obtained by acting from the left on the first equation of (3.41) with Q_R or on the second with Q_L. Using eqs. (3.39), one obtains [Q_R, [Q_L, V^{(0,0)}_{zz̄} ]] = ∂_z∂_{z̄}V^{(1,1)} , (3.43)

which is the closed string analogue of (3.19) and relates the integrated vertex V^{(0,0)}_{zz̄} to the unintegrated one V^{(1,1)} .

1Here we use the square brackets to denote both commutation and anti-commutation relations. The difference is established by the nature of the operators involved in the relations.

Equations (3.38, 3.39, 3.41) are invariant under the gauge transformations given by δV^{(1,1)} = [Q_L, Λ^{(0,1)}] + [Q_R, Λ^{(1,0)}] (3.44)

δV^{(1,0)}_{z̄} = [Q_L, τ^{(0,0)}_{z̄} ] + ∂_{z̄}Λ^{(1,0)} , δV^{(0,1)}_z = [Q_R, τ^{(0,0)}_z ] + ∂_zΛ^{(0,1)} (3.45)

δV^{(0,0)}_{zz̄} = ∂_z τ^{(0,0)}_{z̄} − ∂_{z̄}τ^{(0,0)}_z (3.46) where the zero forms Λ^{(0,1)} and Λ^{(1,0)} have ghost number (1, 0) and (0, 1) and are proportional to λ^α and λ̂^{α̂}, and the coefficients are superfields. The holomorphic and antiholomorphic 1-forms τ^{(0,0)}_z and τ^{(0,0)}_{z̄} are to be expanded in terms of the 1-forms X_z and X̂_{z̄} given in (3.42) and coefficients are again superfields.

In addition, the gauge parameters Λ^{(0,1)}, Λ^{(1,0)}, τ^{(0,0)}_z and τ^{(0,0)}_{z̄} must satisfy the following consistency conditions

[Q_L, Λ^{(1,0)}] = 0 [Q_R, Λ^{(0,1)}] = 0 , (3.47) and [Q_L, τ^{(0,0)}_z ] + ∂_z Λ^{(1,0)} = 0 [Q_R, τ^{(0,0)}_{z̄} ] + ∂_{z̄}Λ^{(0,1)} = 0 . (3.48)

These equations resemble the descent equations for the open string vertex operator V^{(1)} = λ^αA_α, but in that case there are boundary conditions for the fermionic fields: θ^α(z) = θ̂^{α̂}(z) at z = z̄.

Equations (3.47) and (3.48) are further invariant under the gauge transformations δΛ^{(1,0)} = [Q_L, Υ^{(0,0)}] , δΛ^{(0,1)} = [Q_R, Υ̂^{(0,0)}] , (3.49)

δτ^{(0,0)}_z = −∂_zΥ^{(0,0)} , δτ^{(0,0)}_{z̄} = −∂_{z̄}Υ̂^{(0,0)} . (3.50) where Υ^{(0,0)} and Υ̂^{(0,0)} are generic superfields. However, consistency with (3.45) imposes Υ^{(0,0)} = Υ̂^{(0,0)}. The superfield Υ^{(0,0)} will be useful to define a suitable gauge fixing procedure and to take into account the reducible gauge symmetry of the NS-NS two form of 10-dimensional supergravity.

To derive equations (3.39) we can view the vertex operators V^{(0,1)}_z and V^{(1,0)}_{z̄} as deformations of the BRST charges

Q_L → Q_L + ∮ dz̄ V^{(1,0)}_{z̄} , Q_R → Q_R + ∮ dz V^{(0,1)}_z , (3.51)

and the vertex operator V^{(0,0)}_{zz̄} as the deformation of the action S → S + ∫ dzdz̄ V^{(0,0)}_{zz̄} . (3.52)

Eqs. (3.38) are derived by requiring the nilpotency of the new charges and the vanishing of their anticommutation relation.

3.1.4 Amplitudes

Since the worldsheet ghost variables λ^α are constrained by the pure spinor condition (3.8), it is not obvious how the define a path integral in this variables and therefore how to compute superstring amplitudes. For this reason in [140] a different formulation was proposed where the pure spinor constraint is relaxed by adding more fields to the theory. Clearly this should be done without modifying the BRST cohomology, that was shown to reproduce the correct superstring physical spectrum [141, 142]. However, Berkovits recently showed [31] that multiloop superstring amplitudes can be computed in the pure spinor formalism, by introducing an analogue of the RNS “picture changing” operators.

When only tree-level amplitudes are under concern, a prescription can be given to compute them relying on properties of BRST cohomology, as shown in [143]. The prescription given there was shown to coincide with the standard RNS one in [144]. In terms of the vertex operators O^{(a,b)}_{c,d} , the amplitudes on the sphere are defined as

A_{n+3} = ⟨ V^{(1,1)}(z_1, z̄_1)V^{(1,1)}(z_2, z̄_2)V^{(1,1)}(z_3, z̄_3) ∏ n ∫ dzdz̄V^{(0,0)} ⟩ (3.53)

where the three unintegrated vertex operators are needed to fix the SL(2, C) invariance on the sphere. An unintegrated vertex V^{(1,1)}(z_1, z̄_1) can be replaced by a product of (1, 0) and (0, 1) vertices ∮ dzV^{(0,1)}_z ∮ dz̄V^{(1,0)}_{z̄} which has the same total ghost number and the same total conformal spin as the original vertex V^{(1,1)}. In [143] supersymmetry and gauge invariance were proven under the assumption that the prescription for the zero modes is the following

⟨V^{(3,3)}⟩ = 1 (3.54)

where

V^{(3,3)} = (λ_0γ^mθ_0λ_0γ^nθ_0λ_0γ^pθ_0θ_0γ_{mnp}θ_0)(λ̂_0γ^mθ̂_0λ̂_0γ^nθ̂_0λ̂_0γ^pθ̂_0θ̂_0γ_{mnp}θ̂_0) . (3.55) As anticipated, this zero-mode prescription is justified by cohomological arguments. In fact, by analogy with the RNS case, one deduces that the the expectation value for the +3 ghost-number vertex operator for the Yang-Mills antighost must be fixed to one and there is a unique state of such ghost number in the pure-spinor BRST cohomology, given by V^{(3,3)}.

In [31] Berkovits has given a general prescription for the computation of multiloop amplitudes in the pure spinor formalism for the superstring. Since in my work I didn’t compute amplitudes, I’m not going to give technical details about this. However, I will discuss the various difficulties that were overcome in [31].

As outlined in section 3.1.1, the ghost variables can appear only as λ^α (with conformal weight 0) or in the two gauge-invariant combinations N_{mn} and J (with conformal weight 1). Because of the pure spinor constraint (3.8), λ^α has only eleven free components. As a result, on a genus g surface λ^α has eleven independent zero-modes and N_{mn} and J have 11g ones. It is not obvious how to determine a Lorentz covariant prescription to integrate over these ghost zero-modes. A Lorentz-invariant measure for λ [Dλ] was constructed in [31]. Moreover, it has been noted that zero modes of N and J are related by a constraint following from the pure spinor relation (3.8), such that all these zeromodes can be expressed in terms of ten free N zero-modes. The measure for these free modes, [DN ], is also given in [31].

On a genus g surface, one integrates out all the non-ghost fields and the ghost non-zero-mode fields by making use of the given OPE’s. One is then left with an expression like A = ⟨f(λ, N_1, J_1, . . . , N_g, J_g)⟩ (3.56) that only depends on the ghost zero-modes. Then one uses the Lorentz invariant measures to define the integration over these zero-modes A = ∫ [Dλ][DN_1] . . .[DN_g ]f(λ, N_1, J_1, . . . , N_g, J_g) (3.57)

To compute the integral, as in RNS formalism [137], it is necessary to insert picture changing operators involving the delta-functions δ(C_αλ^α), δ(B_{mn}N^{mn}) and δ(J), where the constant spinor and antisymmetric tensor C_α and B_{mn} should not affect the amplitudes (that otherwise could not be Lorentz invariant!). These picture changing operators will be called Y_C , Z_B and Z_J respectively. Their insertion in loop amplitudes is necessary to absorb the ghost zero-modes. Exactly as in the RNS formulation, picture changing operators must be BRST-invariant with a BRST-trivial worldsheet derivative, this second requirement needed for the amplitudes to be independent of PCO’s positions on the worldsheet. In [31] operators with these properties were constructed and it was also shown that even if they are not supersymmetric, their variation is BRST-trivial. As a result, supersymmetry is preserved (up to surface terms). In [31] it was also shown that the computation of tree amplitudes with the Lorentz covariant measure for pure spinor zero-modes agrees with the previous prescription obtained by cohomology arguments.

To compute loop amplitudes a last ingredient is missing. In fact, in RNS formalism, in the computation of a g-loop amplitude the insertion of (3g − 3) bghosts is necessary. The b-ghost has −1 ghost number and satisfies the relation {Q, b(u)} = T (u) where T is the stress tensor. The problem is that in the pure spinor formalism the ghost conjugate momentum w_α only appears in the gauge invariant combinations N_{mn} and J that have both ghost-number zero. So apparently there is no candidate for an analogue of the b ghost in this formalism. However, in [31] it was shown that the picture raising operator Z_B , that will be present in the expression of a general multiloop amplitude, can be used to construct a nonlocal operator b̃_B, carrying ghost-number zero, such that {Q, b̃_B(u, z)} = T (u)Z_B (z). From b̃_B(u, z) it is possible to define a local b_B (u), however for the computation of the amplitudes it will be sufficient to know the nonlocal operator (about this topic, see also [145]).

With all these ingredients one can give the following super-Poincaré covariant prescription for the computation of a generic N -point g-loop closed string amplitude A = ∫ d^2τ_1 . . . d^2τ_{(3g−3)}⟨| 3g−3∏

P =1 ∫ d^2u_P μ_P (u_P )b̃_{BP} (u_P , z_P ) 10g∏ P =3g−2 Z_{BP} (z_P ) g∏ R=1 Z_J (v_R) 11∏ I=1 Y_{CI} (y_I )|^2 N∏ T =1 ∫ d^2t_T V_T (t_T )⟩

(3.58)

where | |^2 means left-right product, τ_P are the Teichmuller parameters associated to the Beltrami differentials μ_P (u_P ) and V_T (t_T ) are the dimension (1, 1) closed superstring vertex operators for the N external states. When g = 1, the general prescription (3.58) must be modified, as usual, by changing one integrated vertex operator with an unintegrated one.

Even though this formalism is quite cumbersome for computing superstring amplitudes, it makes it easy to prove some general vanishing theorems, as it is somehow expected because of the great amount of manifest symmetries. Actually, the general vanishing of certain amplitudes can be deduced by just counting zero-modes. For instance, S-duality of type IIB superstrings imply that R^4 terms in the low energy effective action do not receive perturbative corrections above one loop [146]. In RNS formalism, this was checked only up to two loops in [147]. In the pure spinor formalism for the superstring, instead, this can be easily proven for general g [31]. Furthermore, it is well-known that massless N-point superstring g-loop amplitudes vanish for N < 4. This is equivalent to perturbative finiteness of the theory, when unphysical divergences are not present in the interior of moduli space [148]. This was proven in [149] by an argument that made use of both GS and RNS formalisms. In the pure spinor formalism this can also be proven by counting zero-modes [31].

3.1.5 What we can (cannot) do with this formalism, up to now

In this section I would like to summarize the results obtained with the pure spinor formalism for the superstring.

First of all, I should say that in [141, 142] it was proven that the pure spinor BRST cohomology reproduces the correct superstring spectrum. Therefore, the pure spinor formalism describes the same physics as the RNS and the GS formalisms. In the following I will describe how the pure spinor superstring proved to be superior to analyze many aspects of string theory.

As discussed in the previous sections, the main motivation to introduce a superPoincaré covariant formulation for the superstring is the number of difficulties one encounters when trying to compute a general superstring amplitude in the RNS and GS formalisms. As we have seen in the previous section, the pure spinor formalism for the superstring in principle allows to compute arbitrary N -point multiloop amplitudes (even though, in practice, only tree-level [150] and four-point one-loop [31] amplitudes (that can be computed also in RNS or GS formalisms) have been explicitly evaluated up to now). Furthermore, we have already stressed that a big advantage of the pure spinor formulation is the possibility to prove vanishing theorems at arbitrary order in the perturbative expansion.

When I wrote my paper [32], in collaboration with P.A. Grassi, the prescription for computing a general multiloop amplitude was not known. However it was already clear that the computation of the amplitudes in the pure spinor formalism is rather involved, even in the tree-level case. One of the biggest problems is the complexity of the expression for unintegrated and integrated vertex operators, due to the manifest symmetries that render the formulation redundant. As we have seen in section 3.1.3, vertices are written in terms of superfields satisfying a set of linearized equations of motion, where the physical fields, such as the graviton, dilaton, R-R field strength and so on, do not appear explicitly. To write down the component expansion of the vertex, one has to solve the equations of motion, after having chosen a specific gauge. This procedure is quite complicated and determining the vertex for a given physical field is not an easy task. In [32], P.A. Grassi and I described an iterative procedure to compute type II vertices that eliminates auxiliary fields from the vertices and allows to determine the whole θ and θ̂ vertex expansion given the physical fields.

Another serious problem of RNS formalism is the difficulty in dealing with general R-R background. We have seen that vertices for closed superstring can be written and that the equations of motion and gauge trasformations for the superfields appearing in the vertices are the linearized supergravity equations and gauge transformations. Moreover, the pure spinor superstring can be naturally coupled to a general supergravity background. It has been shown in [151] that nilpotency and holomorphicity of the pure spinor BRST charge imply the on-shell superspace constraints of the supergravity background. Aspects of the superstring in specific R-R backgrounds, such as AdS_5 × S^5 and the pp-wave were considered in [94, 152, 153]. Furthermore, as we have seen in section 1.2.4, non(anti)commutative superspaces were shown to emerge when open superstrings in the presence of D-branes and R-R backgrounds are considered. The natural setting for this discussion was the ten-dimensional pure spinor superstring [29] and its compactification on a CY three-fold [27, 28].

In the open string case, requiring BRST invariance also implies the correct equations of motion for the background fields. Indeed, in [154] it was shown that classical BRST invariance of the open pure spinor superstring implies the supersymmetric Born-Infeld equations, that were first determined by making use of superembedding techniques [155] in [156] (for the application of the superembedding formalism to determine higher-order corrections to the effective dynamics of string/M theory branes, see also [157]). κ-symmetry in the GS string and superembedding formalism is replaced by BRST symmetry in the pure spinor formalism.To obtain the supersymmetric Born-Infeld equations from the pure spinor formalism for the superstring, one requires that the left and right pure spinor BRST currents are equal on the worldsheet boundary in the presence of the background.

I would also like to say that the pure spinor formalism has been successfully used to quantize the d = 10 superparticle [158]. Moreover, by replacing tendimensional pure spinors with eleven-dimensional pure spinors, the formalism has been extended to the d = 11 superparticle and supermembrane [159]. The covariant prescription to compute loop amplitudes in the covariant formalism for the superstring I briefly discussed in section 3.1.4 has been generalized to the eleven-dimensional superparticle in [160].

The supermembrane is a quite problematic object in string theory, since the impossibility of performing a covariant quantization has made it difficult to study its properties. However, the supermembrane is worth studying, since it is expected to be related to M-theory, which is the underlying eleven dimensional theory from which the nonpertubative symmetries of string theory are believed to come. In [159] Berkovits “replaced” κ-symmetry with BRST symmetry as he did for the superstring. However, not all the problems of the supermembrane are solved by moving on to a pure spinor description, since the pure spinor supermembrane action is not quadratic in a flat background. In [159] a conjecture is made that supermembrane amplitudes can however be computed and that they are M-theory scattering amplitudes which, after a suitable compactification that reduces to ten dimensions, reproduce Type IIA superstring scattering amplitudes. These amplitudes would contain non-perturbative information about the Type IIA superstring which might be useful for studying M-theory.

Finally, in my paper [32], P. A. Grassi and I discussed an application of pure spinor techniques to the construction of off-shell vertex operators in the asymmetric picture, that could be useful to study the coupling of R-R potentials to D-branes. We also proposed an application to closed string field theory, by studying antifields in this formalism and constructing a kinetic term for the closed string field theory action that seems to respect the correct symmetries and generate the right equations.

To conclude, I would like to stress that, even if the construction of the pure spinor formalism might seem “ad hoc” and not justified by an underlying general principle, it is the first successful covariant method to quantize the superstring. It has already proven to be useful to deal with many aspect of string theory that were unreachable by the other formalisms. It might be that in the end a more natural and elegant construction of the covariant superstring will be found. However, it is now very clear that the pure spinor approach at least goes in the right direction and is very effective and useful in string theory.

3.2 An iterative procedure to compute the vertex operators

In this section, I will present the general procedure to compute pure spinor closed string vertex operators I introduced in [32], in collaboration with P.A. Grassi.

3.2.1 Warm up: The open superstring case

Motivated by the increasing interest in the covariant techniques for computation of the amplitudes in string theory, in [32] P.A. Grassi and I provided a calculation scheme for superstring vertex operators in pure spinor approach [30, 140]. Since the amount of symmetries that are manifest in the covariant formulation increases, also the number of auxiliary fields increases and a useful technique to compute the basic ingredients is needed. In [32] we provided such a procedure and some applications (that will be discussed in section 3.3). First of all I will briefly review the open superstring case, to explain the main idea that will be applied in the next sections to the more complicated closed string case.

In the case of the open superstring, we have seen in section 3.1.2 that the massless sector is described by a vertex operator V^{(1)} = λ^αA_α at ghost number one, where λ^α is a pure spinor satisfying (3.8) and A_α(x, θ) is the spinorial component of the superconnection. The superfield A_α can be completely expressed in terms of the gauge field a_m(x) and the gluino ψ^α(x), for example as A_α(x, θ) = 1 2 (γ^m θ)_αa_m(x) + 1 3 (γ^m θ)_α(γ_mθ)_γ ψ^γ (x) + O(θ^3). (3.59)

The vertex operator V^{(1)} belongs to the cohomology of the BRST charge Q = ∫ dσλ^αd_{σα}, where d_{σα} is defined in section 3.1.2, if and only if the components of A_α satisfy the linear Maxwell and Dirac equations

∂^m(∂_ma_n − ∂_na_m) = 0 , γ^m_{αβ}∂_mψ^β = 0 . (3.60)

The contributions O(θ^3) are given in terms of the derivatives of a_m and ψ and are completely fixed by the equations of motion (3.21) given in [161], where A_m is the vectorial part of the superconnection and D_α = ∂_α +^1_2 (γ^mθ)_α∂_m is the superderivative. The lowest components of A_α in (3.59) are eliminated by a gauge fixing condition.

Even though the computation of all terms in the expansion of A_α seems a straightforward procedure, technically it is rather involved. However, there exists a powerful technique which simplifies the task. The main idea is to choose a suitable gauge fixing such as for instance

θ^αA_α(x, θ) = 0 , (3.61)

which reduces the independent components in the superfield A_α. This choice^2 fixes part of the super-gauge transformation δA_α = D_αΩ, where Ω is a scalar

2 The following gauge condition has a counterpart in bosonic string theory: x^mA_m(x) = 0.

superfield with ghost number zero. To reach the gauge (3.61), we have to impose θ^α(A_α + δA_α) = 0, which implies that θ^αD_αΩ = −θ^αA_α. Expanding Ω as Ω = ∑ n≥0 Ω_{[α1...αn]}θ^{α1} . . . θ^{αn} , all components with n ≥ 1 are fixed except the lowest component Ω_0, which corresponds to the usual bosonic gauge transformation of Maxwell theory.

Acting with D_α on (3.61) and using the equations of motion (3.21), one gets the recursive relations

(1 + D)A_α = (γ^m θ)_αA_m DA_m = (γ_mθ)_γ W^γ

DW^α = − 1 4 (γ^{mn}θ)^αF_{mn} DF_{mn} = −(γ_{[m}θ)_γ ∂_{n]}W^γ (3.62)

where D ≡ θ^α∂_α. So, given the zero-order component of A_m, we can compute the order-θ component of A_α. The same can be done for A_m, the spinorial field strength W^α and the bosonic curvature F_{mn} = ∂_{[m}A_{n]} making use of the other three equations. This renders the task of computing all components of A_α in terms of initial data A_m(x) = a_m(x) + O(θ) and W^α(x) = ψ^α(x) + O(θ) a purely algebraic problem ([162] and [163]). Moreover, one is able to compute all components of the superfields appearing in the (descent) ghost-number-zero vertex operator V^{(0)}_σ

V^{(0)}_σ = ∂_σθ^αA_α + Π^m_σ A_m + d_{σα}W^α + 1 2 N^{mn}_σ F_{mn} , (3.63)

which satisfies the descent equation [Q, V^{(0)}_σ ] = ∂_σV^{(1)}. Here σ is the boundary worldsheet coordinate and N^{mn}_σ =^1_2 w_σγ^{mn}λ is the pure spinor part of the Lorentz current. As we have seen in section 3.1.2, the operators Π^m_σ and d_{σα} are the supersymmetric line element and the fermionic constraint of the Green- Schwarz superstring [4], respectively.

In my paper [32], we applied the same technique to IIA/IIB supergravity. Starting from the vertex operators for closed superstrings, we derived the complete set of equations from the BRST cohomology and we defined all curvatures and gauge transformations. Then, we imposed a set of gauge fixing conditions to remove the lowest components of the superfields and we derived an iterative procedure to compute all components. We showed that a further gauge fixing is needed to fix the reducible gauge symmetries and we showed that all chosen gauges can indeed be reached.

The procedure for closed strings is original by itself, but, more importantly, our analysis leads to a generalization of (3.61) to all vertex operators, associated to both massless and massive states. Indeed, in [32] we showed that the gauge

This fixes the gauge invariance under δA_m = ∂_mω(x) and it coincides with the Lorentz gauge in momentum space ∂_{pμ} Ã_m = 0. The gauge fixing yields the equation (1+x^n∂_n)A_m = x^nF_{mn} which can be solved directly by inverting (1 + x^n∂_n) and obtaining A_m = ∫_x d^{26} y[(1 + y^p ∂_p)^{−1}(y^nF_{mn} (y)].

fixing (3.61) can be written in terms of a new nilpotent charge K (with negative ghost number) as follows {K, V^{(1)}} = 0 . (3.64) This imitates the Siegel gauge in string field theory. When restricted to massless states, this generalized gauge fixing condition reduces to the gauge fixing (3.61) for open superstrings and to the corresponding gauge fixing for closed strings. When applied to massive states, (3.64) also leads to a suitable gauge fixing. In our paper, we explicitly derived the gauge conditions for the first massive state for the open superstring. Again, (3.64) fixes all auxiliary fields in terms of the physical on-shell data and eliminates the lowest components.

I would like to stress that in [32] we only considered deformations (vertex operators) at first order in the coupling constant, neglecting the backreaction of background fields.

3.2.2 Linearized IIA/IIB supergravity equations

In the present section we derive the equations of motion for the massless background fields in superspace from the BRST cohomology of the superstring. Let us start from the simplest equations (3.38) for the vertex V^{(1,1)} whose general expression is V^{(1,1)} = λ^αA_{αβ̂}λ̂^{β̂} . (3.65)

The superfield A_{αβ̂}(x, θ, θ̂) satisfies the equations of motion [161] γ^{αβ}_{mnopq} D_αA_{ββ̂} = 0 , γ^{α̂β̂}_{mnopq} D_{α̂}A_{αβ̂} = 0 , (3.66) where γ^{αβ}_{mnopq} is the antisymmetrized product of five gamma matrices. The pure spinor conditions imply that only the 5-form parts of the D_αA_{ββ̂} and D_{α̂}A_{αβ̂} are indeed constrained [30, 135, 164]. By using Bianchi identities, one can show that they yield the type IIA/IIB supergravity equations of motion at the linearized level. All auxiliary fields present in the superfield A_{αβ̂} are fixed by eqs. (3.66).

As outlined before, one can use different types of vertices to simplify the computations. Integrated vertices are written in terms of a huge number of different superfields, whose components are completely fixed by the equations of motion. As a result, these vertices are quite complicated espressions.

The set of superfields needed to compute V^{(0,0)}, . . ., V^{(1,1)} can be grouped into the following matrix

A = A_{αβ̂} A_{αp} E^{β̂}_α Ω_{α,pq} A_{mβ̂} A_{mp} E^{β̂}_m Ω_{m,pq} E^α_{β̂} E^α_p P^{αβ̂} C^α_{pq} Ω_{mn,β̂} Ω_{mn,p} C^{β̂}_{mn} S_{mn,pq} (3.67)

The first components of A_{mp}, E^{β̂}_m , E^α_p and P^{αβ̂} are identified with the supergravity fields as follows

A_{mp} = g_{mp} + b_{mp} + η_{mp}ϕ + O(θ, θ̂) , (3.68)

E^{β̂}_m = ψ^{β̂}_m + O(θ, θ̂) , E^α_p = ψ^α_p + O(θ, θ̂) , (3.69)

P^{αβ̂} = f^{αβ̂} + O(θ, θ̂) . (3.70)

The fields g_{mn}, b_{mn}, ϕ, ψ^α_p, ψ^{β̂}_m and f^{αβ̂} are the graviton, the NS-NS two-form,

the dilaton, the two gravitinos (the gamma-traceless part of ψ^α_p, ψ^{β̂}_m ), the

two dilatinos (the gamma-trace part of ψ^α_p, ψ^{β̂}_m ) and the RR field strengths.

IIA and IIB differ in the chirality of the two spinorial indices α and α̂. This

changes the type of RR fields present in the spectrum. The first components

of the superfields Ω_{m,pq} (Ω_{mn,p}), C^β_{mn} (C^α_{pq} ) and S_{mn,pq} are identified with

the linearized gravitational connection Γ^t_{rs}, the curvature of the gravitinos and

the linearized Riemann tensor, respectively. The remaining superfields are the

spinorial partners of the above superfields. Those constraints are given in terms

of the spinorial components A_{αβ̂}, A_{αp}, E^{β̂}_α and Ω_{α,pq}. The structure of super-

space formulation of type IIA and IIB supergravity in the present framework is

also discussed in [151].

Given the vectors X_z and X̂_{z̄} (see (3.42)) we can explicitly write the vertex

operator V^{(0,0)}_{zz̄} = X^T_z AX̂_{z̄} as

V^{(0,0)}_{zz̄} = ∂_zθ^α A_{αβ̂} ∂_{z̄}θ̂^{β̂} + ∂_zθ^α A_{αp} Π̂^p_{z̄} + Π^m_z A_{mβ̂} ∂_{z̄}θ̂^{β̂} + Π^m_z A_{mp} Π̂^p_{z̄}

+ d_{zα} E^α_{β̂} ∂_{z̄}θ̂^{β̂} + d_{zα} E^α_p Π̂^p_{z̄} + ∂_zθ^α E^{β̂}_α d̂_{z̄β̂} + Π^m_z E^{β̂}_m d̂_{z̄β̂}

+ d_{zα} P^{αβ̂} d̂_{z̄β̂} + 1 2 N^{mn}_z Ω_{mn,β̂} ∂_{z̄}θ̂^{β̂} + 1 2 N^{mn}_z Ω_{mn,p} Π̂^p_{z̄} + 1 2 ∂_zθ^α Ω_{α,pq}N̂^{pq}_{z̄} + 1 2 Π^m_z Ω_{m,pq}N̂^{pq}_{z̄} + 1 2 N^{mn}_z C^{β̂}_{mn} d̂_{z̄β̂} + 1 2 d_{zα} C^α_{pq} N̂^{pq}_{z̄} + 1 4 N^{mn}_z S_{mn,pq} N̂^{pq}_{z̄} (3.71) From equations (3.38), (3.39), (3.41) and (3.43) in the previous section we derive

the complete set of equations for the background fields

(_1 2 ,^1_2 ,^1_2 ) D_αA_{βγ̂} + D_β A_{αγ̂} − γ^m_{αβ} A_{mγ̂} = 0 D̂_{α̂} A_{βγ̂} + D̂_{γ̂} A_{βα̂} − γ^m_{α̂γ̂} A_{βm} = 0 (_1 2 ,^1_2 , 1 ) D_αA_{mβ̂} − ∂_mA_{αβ̂} − γ_{mαγ} E^γ_{β̂} = 0 D̂_{α̂} A_{βp} − ∂_p A_{βα̂} − γ_{pα̂γ̂} E^{γ̂}_β = 0 (_1 2 ,^1_2 , 1 ) D_αA_{βp} + D_β A_{αp} − γ^m_{αβ} A_{mp} = 0 D̂_{α̂} A_{mβ̂} + D̂_{β̂} A_{mα̂} + γ^p_{α̂β̂} A_{mp} = 0 (_1 2 ,^1_2 ,^3_2 ) D_αE^β_{γ̂} −^1_4 (γ^{mn} )^β_α Ω_{mn,γ̂} = 0 D̂_{α̂} E^{γ̂}_β −^1_4 (γ^{pq} )^{γ̂}_{α̂} Ω_{β,pq} = 0 (_1 2 ,^1_2 ,^3_2 ) D_αE^{γ̂}_β + D_β E^{γ̂}_α − γ^m_{αβ} E^{γ̂}_m = 0 D̂_{α̂} E^β_{γ̂} + D̂_{γ̂} E^β_{α̂} − γ^p_{α̂γ̂} E^β_p = 0 (_1 2 , 1, 1 ) D_αA_{mp} − ∂_mA_{αp} − γ_{mαγ} E^γ_p = 0 D̂_{α̂} A_{mp} + ∂_pA_{mα̂} + γ_{pα̂β̂} E^{β̂}_m = 0 (_1 2 ,^3_2 , 1 ) D_αE^β_p −^1_4 (γ^{mn} )^β_α Ω_{mn,p} = 0 D̂_{α̂} E^{β̂}_m +^1_4 Ω_{m,pq} (γ^{pq} )^{β̂}_{α̂} = 0 (_1 2 ,^3_2 , 1 ) D_αE^{β̂}_m − ∂_mE^{β̂}_α − γ_{mαγ} P^{γβ̂} = 0 D̂_{α̂} E^β_p − ∂_pE^β_{α̂} − γ_{pα̂γ̂} P^{βγ̂} = 0 (_1 2 ,^1_2 , 2 ) D_αΩ_{β,pq} + D_β Ω_{α,pq} − γ^m_{αβ} Ω_{m,pq} = 0 D̂_{α̂} Ω_{mn,β̂} + D̂_{β̂} Ω_{mn,α̂} + γ^p_{α̂β̂} Ω_{mn,p} = 0 (_1 2 ,^3_2 ,^3_2 ) D_αP^{βγ̂} −^1_4 (γ^{mn} )^β_α C^{γ̂}_{mn} = 0 D̂_{α̂} P^{βγ̂} −^1_4 (γ^{pq} )^{γ̂}_{α̂} C^β_{pq} = 0 (_1 2 , 1, 2 ) D_αΩ_{m,pq} − ∂_m Ω_{α,pq} − γ_{mαγ} C^γ_{pq} = 0 D̂_{α̂} Ω_{mn,p} + ∂_pΩ_{mn,α̂} + γ_{pα̂β̂} C^{β̂}_{mn} = 0 (_1 2 ,^3_2 , 2 ) D_αC^β_{pq}^1_4 (γ^{mn} )^β_α S_{mn,pq} = 0 D̂_{α̂} C^{β̂}_{mn} +^1_4 (γ^{pq} )^{β̂}_{α̂} S_{mnpq} = 0

(3.72) where the labels (a, b, c) denote the scaling dimensions of the generators of the extended super-Poincaré algebra [89, 165] which the equations belong to.

Moreover, one obtains the following eight equations, which do not provide further information, since they are implied by (3.72) and pure spinor conditions

N^{mn}λ^γ D_γ Ω_{mn,β̂} = 0 λ̂^{γ̂}D̂_{γ̂} Ω_{α,mn}N̂^{mn} = 0 N^{mn}λ^γ D_γ Ω_{mn,p} = 0 λ̂^{γ̂} D̂_{γ̂} Ω_{m,pq}N̂^{pq} = 0 N^{mn}λ^γ D_γ C^{β̂}_{mn} = 0 λ̂^{γ̂}D̂_{γ̂} C^α_{mn}N̂^{mn} = 0 N^{mn}λ^γ D_γ S_{mn,pq}N̂^{pq} = 0 N^{mn}λ̂^{γ̂} D̂_{γ̂} S_{mn,pq}N̂^{pq} = 0 (3.73)

Since we assumed that the superfields Ω_{mn,p}, Ω_{m,pq}, C^{β̂}_{mn} , C^α_{pq} and S_{mn,pq} correspond to the linearized curvatures of the connections, we can derive new equations needed for the iterative procedure outlined in the introduction. By contracting equations (3.72) with respect to the bosonic derivative and antisymmetrizing the bosonic indices, one obtains

D_αΩ_{mn,β̂} = ∂_{[m}γ_{n]αγ} E^γ_{β̂} D̂_{β̂}Ω_{α,pq} = ∂_{[p}γ_{q]β̂γ̂} E^{γ̂}_α D_αΩ_{mn,p} = ∂_{[m}γ_{n]αγ} E^γ_p D̂_{β̂} Ω_{m,pq} = −∂_{[p}γ_{q]β̂γ̂} E^{γ̂}_m D_αC^{β̂}_{mn} = ∂_{[m}γ_{n]αγ} P^{γβ̂} D̂_{β̂} C^α_{pq} = ∂_{[p}γ_{q]β̂γ̂} P^{αγ̂} D_αS_{mn,pq} = ∂_{[m}γ_{n]αγ} C^γ_{pq} D̂_{β̂} S_{mn,pq} = −∂_{[p}γ_{q]β̂γ̂} C^{γ̂}_{mn} (3.74) (we define a_{[m}b_{n]} = a_mb_n − a_nb_m). The identification of the superfields Ω_{mn,p}, Ω_{m,pq} , C^{β̂}_{mn} , C^α_{pq} and S_{mn,pq} with the linearized curvatures is automatically derived in the formalism [140], and equations (3.74) are the usual Bianchi identities.

In order to show that the above equations imply the supergravity equations of motion we proceed as follows. We first consider the third line of (3.74) and the (^1_2 ,^3_2 ,^3_2 ) line of (3.72), that we recall for the reader convenience D_αP^{βγ̂} − 1 4 (γ^{mn})^β_α C^{γ̂}_{mn} = 0 D̂_{α̂}P^{βγ̂} − 1 4 (γ^{pq} )^{γ̂}_{α̂} C^β_{pq} = 0

D_αC^{β̂}_{mn} = ∂_{[m}γ_{n]αγ} P^{γβ̂} D̂_{β̂}C^α_{pq} = ∂_{[p}γ_{q]β̂γ̂} P^{αγ̂} (3.75)

Acting with γ^m_{ασ} ∂_m on P^{σβ̂} and using the commutation relations of the D’s, one gets

γ^m_{ασ} ∂_mP^{σβ̂} = (D_αD_σ + D_σ D_α)P^{σβ̂} = 1 4 (γ^{mn})^σ_α D_σC^{β̂}_{mn} , = − 1 2 (γ^{mn})^σ_α γ_{mσγ} ∂_nP^{γβ̂} = 9 2 γ^m_{ασ}∂_mP^{σβ̂} (3.76)

Here we also used the first equation of (3.75) and D_αP^{αβ̂} = 0 (which follows from (3.75)). In the second line we used the first equation in the second line on (3.75) and the identity (γ^{mn}γ_m)_{αβ} = −9γ^n_{αβ} . By performing the same manipulations on the hatted quantities we derive the equations

γ^m_{ασ} ∂_mP^{σβ̂} = 0 , γ^m_{α̂σ̂} ∂_mP^{ασ̂} = 0 . (3.77)

Decomposing P^{αβ̂} in terms of Dirac matrices, it is straightforward to show that (3.77) implies the equations of motion for the RR fields.

Acting again with γ^{αγ}_n D_α on (3.77) and using equations (3.75) one gets

0 = γ^{αγ}_n γ^m_{αβ}∂_mD_γ P^{ββ̂} = (γ_nγ^m )^γ_β(γ^{pq} )^β_γ ∂_mC^{β̂}_{pq} = ∂^mC^{β̂}_{mn} , (3.78)

and analogously for C^α_{pq}. These equations are the Maxwell equations for the curvature of the gravitinos. They are not enough to describe the dynamic of gravitinos and we have to invoke new equations coming from the second line of (3.74) and the (^1_2 ,^3_2 , 1) line of (3.74).

Applying γ^m_{ασ} ∂_m on E^σ_p and with γ^p_{α̂σ̂}∂_p on E^{σ̂}_m , the same algebraic manipulations yield γ^m_{ασ}∂_mE^σ_p = 0 , γ^p_{α̂σ̂}∂_pE^{σ̂}_m = 0 . (3.79)

which are the Dirac equations for the gravitinos. These equations are gauge invariant under the gauge transformations discussed in the next section since the gauge parameters have to satisfy a field equation. In addition, as above, we find the equations

∂^mΩ_{mn,p} = 0 , ∂^pΩ_{m,pq} = 0 , (3.80)

which are, at the lowest component of the superfield Ω_{mn,p} and Ω_{m,pq} , the equations of motion of the graviton, the dilaton and the NS-NS form

∂^m(∂_{[m}g_{n]p} + ∂_{[m}b_{n]p} + η_{p[n}∂_{m]}ϕ) = 0 , ∂^p(∂_{[p}g_{|m|q]} + ∂_{[p}b_{|m|q]} + η_{nm[q}∂_{p]}ϕ) = 0 . (3.81)

Pursuing this line of reasoning, one can derive similar equations for E^β_{α̂}, E^{β̂}_α , Ω_{mn,γ̂} and Ω^α_{pq} , which guarantee that the fields are either pure gauge or auxiliary fields. Finally, by studying the last line of (3.74) and the line (^1_2 ,^3_2 , 2) of (3.72), one derives new equations for C^β_{pq}, C^{β̂}_{mn} and S_{mn,pq}, which do not give further information since they are implied by the previous ones.

3.2.3 Gauge transformations and gauge fixing

In order to solve the equations of motion (3.72) and (3.74) it is convenient to choose a suitable gauge. Indeed, for supersymmetric theories, the large amount of auxiliary fields can be reduced by choosing the Wess-Zumino gauge. We first discuss the general structure of the gauge transformations (3.45), we then provide a gauge fixing and we finally check that this gauge can be reached. In the present framework, the gauge parameters Λ^{(0,1)}, Λ^{(1,0)}, τ^{(0,0)}_z and τ^{(0,0)}_{z̄} satisfy equations (3.47) and (3.48) and they are defined up to the gauge transformation (3.49). This additional gauge invariance is fixed by a further gauge fixing.

The general structure of the gauge parameters Λ^{(0,1)}, Λ^{(1,0)}, τ^{(0,0)}_z and τ^{(0,0)}_{z̄} is given by

Λ^{(1,0)} = λ^αΘ_α Λ^{(0,1)} = Θ̂_{α̂}λ̂^{α̂} , (3.82)

and

τ^{(0,0)}_z = ∂_zθ^αΞ_α + Π^m_z Σ_m + d_{zα}Φ^α + 1 2 N^{mn}_z Ψ_{mn} τ^{(0,0)}_{z̄} = Ξ̂_{α̂}∂_{z̄}θ̂^{α̂} + Σ̂_pΠ̂^p_{z̄} + Φ̂^{α̂}d̂_{z̄α̂} + 1 2 Ψ̂_{pq}N̂^{pq}_{z̄} . (3.83)

where Θ_α, . . . , Ψ̂_{mn} are superfields in the variables x^m, θ^α, and θ̂^{α̂}. In terms of these superfields, eq. (3.47) gives

(γ^{mnpqr} )^{αβ}D_β Θ_α = 0 (γ^{mnpqr} )^{α̂β̂}D̂_{β̂}Θ̂_{α̂} = 0 , (3.84)

while eq. (3.48) gives

Θ_α + Ξ_α = 0 Θ̂_{α̂} − Ξ̂_{α̂} = 0 D_αΘ_β − D_β Ξ_α + γ^m_{αβ} Σ_m = 0 D̂_{α̂}Θ̂_{β̂} + D̂_{β̂}Ξ̂_{α̂} + γ^p_{α̂β̂}Σ̂_p = 0 D_αΣ_m + ∂_mΘ_α − γ_{mαβ} Φ^β = 0 D̂_{α̂}Σ̂_p + ∂_pΘ̂_{α̂} + γ_{pα̂β̂}Φ̂^{β̂} = 0

D_αΦ^β − 1 4 (γ^{mn})^β_α Ψ_{mn} = 0 D̂_{α̂}Φ̂^{β̂} + 1 4 (γ^{pq} )^{β̂}_{α̂} Ψ̂_{pq} N^{mn}λ^γ D_γ Ψ_{mn} = 0 λ̂^{γ̂}D̂_{γ̂} Ψ̂_{pq}N̂^{pq} = 0 . (3.85)

These equations look like the superspace field equations for superMaxwell theory (3.21), however the superfields Θ_α, Σ_m, Φ^α and Ψ_{mn} and the corresponding hatted quantities depend on x^m, θ^α and θ̂^{α̂}. Therefore, the eqs. (3.85) are not sufficient to determine completely the components of those superfields. The free independent components are indeed the gauge parameters. We also note that the last pair of equations is trivial when the previous equations and the pure spinor conditions are imposed. Finally, because of the similarity with SYM case, it is quite natural to impose the condition that Ψ_{mn} and Ψ̂_{pq} are the linearized curvatures of Σ_m and Σ̂_p. Again, this assumption is automatic in [140]. The gauge transformations of the superfields in V^{(0,0)}_{zz̄} are given by

(_1 2 ,^1_2 ) δA_{αβ̂} = D_αΞ̂_{β̂} + D̂_{β̂}Θ_α (_1 2 , 1 ) δA_{αp} = ∂_pΘ_α + D_αΣ̂_p δA_{mβ̂} = ∂_mΘ̂_{β̂} + D̂_{β̂} Σ_m (1, 1) δA_{mp} = ∂_mΣ̂_p − ∂_pΣ_m (_3 2 ,^1_2 ) δE^α_{β̂} = −D̂_{β̂} Φ^α δE^{β̂}_α = D_αΦ̂^{β̂} (_3 2 , 1 ) δE^α_p = −∂_pΦ^α δE^{β̂}_m = ∂_mΦ̂^{β̂} (_1 2 , 2 ) δΩ_{α,pq} = D_αΨ̂_{pq} δΩ_{mn,β̂} = D̂_{β̂} Ψ_{mn} (1, 2) δΩ_{m,pq} = ∂_mΨ̂_{pq} δΩ_{mn,p} = −∂_pΨ_{mn} (_3 2 ,^3_2 ) δP^{αβ̂} = 0 (_3 2 , 2 ) δC^α_{pq} = 0 δC^{β̂}_{mn} = 0 (2, 2) δS_{mn,pq} = 0 . (3.86)

From these equations, we easily see that the superfields P^{αβ̂}, C^α_{pq}, C^{β̂}_{mn} and S_{mn,pq} are indeed gauge invariant, as expected, being linearized field strengths. At zero order in θ and θ̂ eq. (3.86) gives the gauge transformations of supergravity fields. For example, the first components of Σ̂_p = ζ_p + ξ_p + O(θ, θ̂) and Σ_m = ζ_m − ξ_m + O(θ, θ̂) are to be identified with the parameters of diffeomorphisms δg_{mp} = ∂_mξ_p + ∂_pξ_m and with the gauge transformations of the NS-NS form δb_{mp} = ∂_mζ_p − ∂_pζ_m. So, the zero-order terms of the gauge parameter superfields Θ_α, Σ_m, Φ^α and of the corresponding hatted quantities are

Θ_α = O(θ, θ̂); Θ̂_{β̂} = O(θ, θ̂) Σ_m = ζ_m − ξ_m + O(θ, θ̂); Σ̂_p = ζ_p + ξ_p + O(θ, θ̂) Φ^α = φ^α + O(θ, θ̂); Φ̂^{β̂} = φ̂^{β̂} + O(θ, θ̂) (3.87)

Furthermore, the large amount of gauge parameters allows us to choose the gauge

θ^αA_{αβ̂} = 0 A_{αβ̂} θ̂^{β̂} = 0

θ^αA_{αp} = 0 A_{mβ̂} θ̂^{β̂} = 0

θ^αE^{β̂}_α = 0 E^α_{β̂} θ̂^{β̂} = 0

θ^α Ω_{α,pq} = 0 Ω_{mn,β̂} θ̂^{β̂} = 0 . (3.88)

Indeed, we have at our disposal the parameters Θ_α, Σ_m, Φ^α and Ψ_{mn} and the corresponding hatted quantities to impose the gauge (3.88). Before showing that the gauge can be reached we have to notice that the transformations (3.86) and the equations (3.84) are invariant under the residual gauge transformations (3.49)

δΘ_α = D_αΩ δΞ̂_{β̂} = D̂_{β̂}Ω δΣ_m = −∂_mΩ δΣ̂_p = −∂_pΩ δΦ^α = 0 δΦ̂^{β̂} = 0 δΨ_{mn} = 0 δΨ̂_{pq} = 0 , (3.89)

depending on the scalar superfield Υ^{(0,0)} = Υ̂^{(0,0)} ≡ Ω. This requires an additional gauge fixing θ^αΘ_α + θ̂^{β̂}Ξ̂_{β̂} = 0 . (3.90)

To show that the gauge choice (3.88) can be reached by the gauge transformations (3.86), we have to solve, for instance, the equations

θ^α(A_{αβ̂} + δA_{αβ̂}) = 0 , (A_{αβ̂} + δA_{αβ̂})θ̂^{β̂} = 0 , (3.91)

and analogously for all other gauge conditions (3.88). By using the properties of the superderivative, gauge fixing (3.90), consistency conditions (3.85), and by defining the operators

D ≡ θ^αD_α = θ^α ∂ ∂θ^α , D̂ ≡ θ̂^{β̂} D̂_{β̂} = θ̂^{β̂} ∂ ∂θ̂^{β̂} , (3.92)

we get the following recursive equations

(1 + D + D̂)Θ_α = −A_{αβ̂} θ̂^{β̂} − (γ^m θ)_αΣ_m (1 + D + D̂)Θ̂_{β̂} = −θ^α A_{αβ̂} − (γ^pθ̂)_{β̂}Σ̂_p (D + D̂)Σ_m = A_{mβ̂} θ̂^{β̂} + (γ_mθ)_β Φ^β (D + D̂)Σ̂_p = −θ^α A_{αp} − (γ_pθ̂)_{γ̂} Φ̂^{γ̂} (D + D̂)Φ^α = E^α_{β̂} θ̂^{β̂} −^1_4 (γ^{mn} θ)^αΨ_{mn} (D + D̂)Φ̂^{β̂} = −θ^α E^{β̂}_α +^1_4 (γ^{pq}θ̂)^β Ψ̂_{pq}

(D + D̂)Ψ_{mn} = Ω_{mn,β̂} θ̂^{β̂} − (γ_{[m}θ)_γ ∂_{n]}Φ^γ (D + D̂)Ψ̂_{pq} = −θ^α Ω_{α,pq} + (γ_{[p}θ̂)_{γ̂} ∂_{q]}Φ̂^{γ̂}

(3.93)

The operator (D + D̂) acts on homogeneous polynomials in θ^α and θ̂^{α̂} by multiplication by the degree of homogeneity and it does not change its degree. Therefore, the relations (3.93) are recursive in powers of θ and θ̂. They can be solved algebraically given A_{αβ̂}, . . . , Ω_{α,pq} order by order in θ and θ̂ and this proves that the gauge can indeed be imposed. Of course, to reconstruct the gauge-parameter superfields by means of the recursive equations (3.93), we also need lowest order data for them. These are the zero order supergravity gauge parameters (3.87). To obtain the last couple of equations we used the additional condition that Ψ_{mn} and Ψ̂_{pq} are the linearized curvatures of Σ_m and Σ̂_p.

3.2.4 Recursive equations and explicit solution (up to order θ^2θ̂^2)

The next step is the derivation of the recursion equations for supergravity superfields. Acting with D_α and D̂_{β̂} on the gauge fixing conditions (3.88), and using the definition (3.92), it is straightforward to derive the recursion relations from eq. (3.72)

(1 + D)A_{αβ̂} = (γ^mθ)_αA_{mβ̂} (1 + D̂)A_{αβ̂} = (γ^pθ̂)_{β̂} A_{αp} DA_{mβ̂} = (γ_mθ)_γ E^γ_{β̂} D̂A_{αp} = (γ_pθ̂)_{γ̂} E^{γ̂}_α DE^α_{β̂} = −^1_4 (γ^{mn}θ)^αΩ_{mn,β̂} D̂E^{β̂}_α = −^1_4 (γ^{pq} θ̂)^{β̂}Ω_{α,pq} DΩ_{mn,β̂} = −(γ_{[m} θ)_γ ∂_{n]}E^γ_{β̂} D̂Ω_{α,pq} = −(γ_{[p}θ̂)_{γ̂} ∂_{q]}E^{γ̂}_α

(3.94)

(1 + D)A_{αp} = (γ^mθ)_αA_{mp} (1 + D̂)A_{mβ̂} = −(γ^pθ̂)_{β̂} A_{mp} DA_{mp} = (γ_mθ)_β E^β_p D̂A_{mp} = −(γ_pθ̂)_{β̂}E^{β̂}_m DE^α_p = −^1_4 (γ^{mn}θ)^αΩ_{mn,p} D̂E^{β̂}_m =^1_4 (γ^{pq}θ̂)^{β̂} Ω_{m,pq} DΩ_{mn,p} = −(γ_{[m} θ)_γ ∂_{n]}E^γ_p D̂Ω_{m,pq} = (γ_{[p}θ̂)_{γ̂} ∂_{q]}E^{γ̂}_m

(3.95)

(1 + D)E^{β̂}_α = (γ^mθ)_αE^{β̂}_m (1 + D̂)E^α_{β̂} = (γ^pθ̂)_{β̂} E^α_p DE^{β̂}_m = (γ_mθ)_γ P^{γβ̂} D̂E^α_p = (γ_pθ̂)_{γ̂} P^{αγ̂} DP^{αβ̂} = −^1_4 (γ^{mn}θ)^αC^{β̂}_{mn} D̂P^{αβ̂} = −^1_4 (γ^{pq}θ̂)^{β̂} C^α_{pq} DC^{β̂}_{mn} = −(γ_{[m} θ)_γ ∂_{n]}P^{γβ̂} D̂C^α_{pq} = −(γ_{[p}θ̂)_{γ̂} ∂_{q]}P^{αγ̂}

(3.96)

(1 + D)Ω_{α,pq} = (γ^m θ)_αΩ_{m,pq} (1 + D̂)Ω_{mn,β̂} = −(γ^pθ̂)_{β̂}Ω_{mn,p} DΩ_{m,pq} = (γ_m θ)_β C^β_{pq} D̂Ω_{mn,p} = −(γ_pθ̂)_{β̂} C^{β̂}_{mn} DC^α_{pq} = −^1_4 (γ^{mn}θ)^αS_{mn,pq} D̂C^{β̂}_{mn} =^1_4 (γ^{pq} θ̂)^{β̂} S_{mn,pq} DS_{mn,pq} = −(γ_{[m} θ)_γ ∂_{n]}C^γ_{pq}, D̂S_{mn,pq} = (γ_{[p}θ̂)_{γ̂} ∂_{q]}C^{γ̂}_{mn} (3.97) A given superfield appears in two groups of equations in order that both its θ and θ̂ components are fixed. Inside each group there is an iterative structure (see [162] and [163]) which allows us to solve those equations recursively given the initial conditions and there is a hierarchical structure among the different groups of equations which allows us to solve them subsequently. To provide the initial data, we identify the lowest-components of the matrix superfield A in (3.67) with supergravity fields

A = 0 0 0 0 0 g_{mp} + b_{mp} + η_{mp}ϕ ψ^{β̂}_m ω_{m,pq} 0 ψ^α_p f^{αβ̂} c^α_{pq} 0 ω_{mn,p} c^{β̂}_{mn} s_{mn,pq} + O(θ, θ̂) , (3.98)

where the linearized gravitational connection and curvatures are given by ω_{m,pq} = (∂_pg_{mq} − ∂_q g_{mp}) + (∂_pb_{mq} − ∂_qb_{mp}) + (η_{mq}∂_p − η_{mp}∂_q )ϕ , c^{β̂}_{mn} = (∂_mψ^{β̂}_n − ∂_nψ^{β̂}_m ) , s_{mn,pq} = (∂_mω_{n,pq} − ∂_nω_{m,pq} ) , (3.99) and, analogously, for ω_{mn,p} and c^α_{pq} .

In the following we give the component-expansion for the physical superfields A_{mp}, E^{β̂}_m , E^α_p and P^{αβ̂}, up to second order in both θ and θ̂. The corresponding curvatures can be easily computed from the defining equations (3.99).

A_{mp} = (g + b + ηϕ)_{mp} + (γ_mθ)_β ψ^β_p − (γ_pθ̂)_{β̂} ψ^{β̂}_m + (γ_m θ)_β (γ_pθ̂)_{γ̂} f^{βγ̂} − 1 8 (γ_mθ)_β (γ^{nr} θ)^β ω_{nr,p} − 1 8 (γ_pθ̂)_{β̂} (γ^{qr}θ̂)^{β̂} ω_{m,qr} + 1 8 (γ_mθ)_β (γ^{nr} θ)^β (γ_pθ̂)_{γ̂} c^{γ̂}_{nr} − 1 8 (γ_mθ)_γ (γ_pθ̂)_{β̂} (γ^{qr}θ̂)^{β̂} c^γ_{qr} + 1 64 (γ_mθ)_β (γ^{nr} θ)^β (γ_pθ̂)_{γ̂} (γ^{qs}θ̂)^{γ̂} s_{nr,qs} + . . . (3.100)

E^{β̂}_m = ψ^{β̂}_m + (γ_mθ)_γ f^{γβ̂} + 1 4 (γ^{pq} θ̂)^{β̂} ω_{m,pq} − 1 4 (γ_mθ)_γ (γ^{pq} θ̂)^{β̂} c^γ_{pq} − 1 8 (γ_mθ)_γ (γ^{nr} θ)^γ c^{β̂}_{nr} + 1 4 (γ^{pq}θ̂)^{β̂}(γ_pθ̂)_{γ̂} ∂_qψ^{γ̂}_m − 1 32 (γ_mθ)_γ (γ^{nr} θ)^γ (γ^{pq}θ̂)^{β̂} s_{nr,pq} + 1 4 (γ_mθ)_γ (γ^{pq} θ̂)^{β̂} (γ_pθ̂)_{γ̂} ∂_qf^{γγ̂} − 1 32 (γ_mθ)_γ (γ^{nr} θ)^γ (γ^{pq}θ̂)^{β̂} (γ_pθ̂)_{γ̂} ∂_qc^{γ̂}_{nr} + . . . (3.101)

E^α_p = ψ^α_p − 1 4 (γ^{mn}θ)^αω_{mn,p} + (γ_pθ̂)_{γ̂} f^{αγ̂} + 1 4 (γ^{mn}θ)^α(γ_pθ̂)_{β̂}c^{β̂}_{mn} + 1 4 (γ^{mn}θ)^α(γ_mθ)_γ ∂_nψ^γ_p − 1 8 (γ_pθ̂)_{γ̂} (γ^{qr} θ̂)^{γ̂} c^α_{qr} + 1 4 (γ^{mn}θ)^α(γ_mθ)_γ (γ_pθ̂)_{β̂}∂_nf^{γβ̂} + 1 32 (γ^{mn}θ)^α(γ_pθ̂)_{γ̂} (γ^{qr}θ̂)^{γ̂} s_{mn,qr} + 1 32 (γ^{mn}θ)^α(γ_mθ)_γ (γ_pθ̂)_{β̂} (γ^{qr} θ̂)^{β̂} ∂_nc^γ_{qr} + . . . (3.102)

P^{αβ̂} = f^{αβ̂} − 1 4 (γ^{mn}θ)^αc^{β̂}_{mn} − 1 4 (γ^{pq}θ̂)^{β̂} c^α_{pq} − 1 16 (γ^{mn}θ)^α(γ^{pq} θ̂)^{β̂} s_{mn,pq} + 1 4 (γ^{mn}θ)^α(γ_mθ)_γ ∂_nf^{γβ̂} + 1 4 (γ^{pq}θ̂)^{β̂}(γ_pθ̂)_{γ̂} ∂_qf^{αγ̂} + 1 16 (γ^{mn}θ)^α(γ_mθ)_γ (γ^{pq}θ̂)^{β̂}∂_nc^γ_{pq} − 1 16 (γ^{mn}θ)^α(γ^{pq}θ̂)^{β̂}(γ_pθ̂)_{γ̂} ∂_q c^{γ̂}_{mn} + 1 16 (γ^{mn}θ)^α(γ_mθ)_γ (γ^{pq}θ̂)^{β̂}(γ_pθ̂)_{γ̂} ∂_n∂_qf^{γγ̂} + . . . (3.103)

In the following we list the solution up to second order in both θ^α and θ̂^{α̂} for the auxiliary superfields A_{αβ̂}, A_{αp}, A_{mβ̂}, E^{β̂}_α and E^α_{β̂}. A_{αβ̂} = − 1 4 (γ^mθ)_α(γ^pθ̂)_{β̂} (g + b + ηϕ)_{mp} + 1 6 (γ^mθ)_α(γ_mθ)_γ (γ^pθ̂)_{β̂}ψ^γ_p + 1 6 (γ^mθ)_α(γ^pθ̂)_{β̂} (γ_pθ̂)_{γ̂} ψ^{γ̂}_m

+ 1 9 (γ^m θ)_α(γ_mθ)_β (γ^pθ̂)_{β̂} (γ_pθ̂)_{γ̂} f^{βγ̂} + . . . A_{αp} = 1 2 θ^β γ^m_{βα}(g + b + ηϕ)_{mp} − 1 2 (γ^mθ)_α(γ_pθ̂)_{γ̂} ψ^{γ̂}_m + 1 3 (γ^mθ)_α(γ_mθ)_β ψ^β_p + 1 3 (γ^m θ)_α(γ_mθ)_β (γ_pθ̂)_{γ̂} f^{βγ̂} − 1 16 (γ^mθ)_α(γ_pθ̂)_{γ̂} (γ^{qr}θ̂)^{γ̂} ω_{m,qr} − 1 24 (γ^mθ)_α(γ_mθ)_γ (γ_pθ̂)_{β̂} (γ^{qr} θ̂)^{β̂} c^γ_{qr} + . . . (3.104)

A_{mβ̂} = − 1 2 θ̂^{γ̂} γ^p_{γ̂β̂}(g + b + ηϕ)_{mp} + 1 2 (γ_mθ)_γ (γ^pθ̂)_{β̂} ψ^γ_p + 1 3 (γ^pθ̂)_{β̂}(γ_pθ̂)_{γ̂} ψ^{γ̂}_m + 1 16 (γ_mθ)_γ (γ^{nr} θ)^γ (γ^pθ̂)_{β̂} ω_{nr,p} + 1 3 (γ_mθ)_β (γ^pθ̂)_{β̂} (γ_pθ̂)_{γ̂} f^{βγ̂} − 1 24 (γ_mθ)_γ (γ^{nr} θ)^γ (γ^pθ̂)_{β̂} (γ_pθ̂)_{γ̂} c^{γ̂}_{nr} + . . . (3.105)

E^{β̂}_α = 1 2 θ^γ γ^m_{γα}ψ^{β̂}_m + 1 8 (γ^mθ)_α(γ^{pq}θ̂)^{β̂}ω_{m,pq} + 1 3 (γ^m θ)_α(γ_mθ)_γ f^{γβ̂} − 1 12 (γ^mθ)_α(γ_m θ)_γ (γ^{pq}θ̂)^{β̂}c^γ_{pq} + 1 8 (γ^mθ)_α(γ^{pq}θ̂)^{β̂}(γ_pθ̂)_{γ̂} ∂_q ψ^{γ̂}_m + 1 12 (γ^mθ)_α(γ_m θ)_γ (γ^{pq}θ̂)^{β̂}(γ_pθ̂)_{γ̂} ∂_q f^{γγ̂} + . . . (3.106)

E^α_{β̂} = 1 2 θ̂^{γ̂} γ^p_{γ̂β̂} ψ^α_p + 1 8 (γ^{mn}θ)^α(γ^pθ̂)_{β̂} ω_{mn,p} + 1 3 (γ^pθ̂)_{β̂}(γ_pθ̂)_{γ̂} f^{αγ̂} − 1 8 (γ^{mn}θ)^α(γ_mθ)_γ (γ^pθ̂)_{β̂}∂_nψ^γ_p − 1 12 (γ^{mn}θ)^α(γ^pθ̂)_{β̂} (γ_pθ̂)_{γ̂} c^{γ̂}_{mn} + 1 12 (γ^{mn}θ)^α(γ_m θ)_γ (γ^pθ̂)_{β̂} (γ_pθ̂)_{γ̂} ∂_nf^{γγ̂} + . . . (3.107)

It is easy to verify that this expansion satisfies the gauge conditions (3.88) and that all auxiliary fields have been eliminated and reexpressed in terms of derivatives of physical supergravity fields.

The next step is to insert the expansion (3.101) into the definition of the vertex operator (3.71) and recombine the worldsheet one-forms X_z and X_{z̄} in order to get a more manageable expression. However, it makes sense to provide such expression for an interesting example in section 3.3.

We have to notice that the vertex operator V^{(1,1)} contains only the superfield A_{αβ̂} which encodes all the needed information regarding the supergravity fields, which however appear at higher orders in θ’s and θ̂’s. This is sufficient for amplitudes computations, even though the measure factor on zero modes in the correlation functions has to soak up plenty of θ’s and θ̂’s ([30, 143, 166]).

3.2.5 Gauge fixing for massive states

In the previous sections, we explored the gauge fixing for the massless sector of open and closed string theory. However, the spectrum of string theory contains infinitely many massive states defined, in the closed string case, by the equations [ Q_L, V^{(1,1)}_n ] = 0 , [ Q_R, V^{(1,1)}_n ] = 0 , [ L_{0,L} +L_{0,R} −n, V^{(1,1)}_n ] = 0 , (3.108)

where L_{0,L} = ∮ dz z T_{zz} and L_{0,R} = ∮ dz̄ z̄ T̄_{z̄z̄}. The index n denotes the mass of the state. Even if these equations can be solved by expanding the vertex operators V^{(1,1)}n in terms of the building-blocks ∂θ^α, ¯∂θ̂^{α̂}, Π^m, Π̄^m,..., it is convenient to fix a gauge as in the massless case and then solve the equations by an iterative construction as shown in the previous section. However, since we cannot explore the complete set of vertices and provide a gauge fixing for each of them, we propose a definition of gauge fixing based on new anticommuting and nilpotent charges to be imposed on the physical states. This resembles the Siegel gauge (where the corresponding charges are b_{L,0} = ∮ dz z b_{zz} and b_{L,0} = ∮ dz̄ z̄ b̂_{z̄z̄} where b_{zz} and b̂_{z̄z̄} are the left- and right-moving antighosts) used in string field theory to eliminate all auxiliary fields and to define the propagator for the string field.

We introduce the following charges “dual” to the BRST operators

K_L = ∮ dz θ^αw_α , K_R = ∮ dz̄ θ̂^{β̂}ŵ_{β̂} . (3.109)

They are nilpotent and anti-commute. They are not supersymmetry invariant as can be directly seen by the presence of θ^α and θ̂^{β̂} . This in fact implies that we are choosing a non symmetric gauge which can be viewed as a generalization of the Wess-Zumino gauge condition in 10 dimensions. It eliminates the lowest non physical component of the superfields and it fixes the auxiliary fields – appearing at higher order in the superspace expansion – in terms of the physical fields and their derivatives. In addition, K_{L/R} are not invariant under the gauge transformations (3.26) , but their gauge variations are BRST invariant because of the pure spinor conditions

{Q_L, Δ_LK_L} = 0 , {Q_R, Δ_RK_R} = 0 , (3.110)

Moreover, K_{L/R} have the following commutation relations with the BRST operators {Q_L, K_L} = D + J_L , {Q_R, K_L} = 0 , {Q_R, K_R} = D̂ + J_R , {Q_L, K_R} = 0 , (3.111)

where D = ∮ dz : θ^αd_α : , J_L = ∮ dz : λ^αw_α :

D̂ = ∮ dz̄ : θ̂^{α̂}d̂_{α̂} : , J_R = ∮ dz̄ : λ^{α̂}ŵ_{α̂} : (3.112)

Acting on superfields F (x, θ, θ̂), we have that {D, F } = DF and {D̂, F } = D̂F . The ordering of fields in the operators D, D̂, J_L and J_R is needed to define the corresponding currents. The operators are gauge invariant under (3.26) because of (3.110). The main difference with respect to Siegel gauge fixing in string field theory is that in that case b_{zz} and b̂_{ẑẑ} are holomorphic and antiholomorphic anticommuting currents of spin 2.

In the case of the open superstring, denoting by Q and by K the BRST and gauge fixing operators, the gauge condition on the massless vertex operator V^{(1)} = λ^αA_α is given by {K, V^{(1)}} = ∮ dw ( θ^αw_α ) (w) ( λ^αA_α(x, θ) ) (z) = θ^αA_α = 0 . (3.113)

We notice that the field θ^α in K is harmless for massless vertices, but it will give a nontrivial contribution in the massive case. In the latter case one has to add a compensating non-gauge invariant contribution on the r.h.s. of (3.113) in order to compensate the fact that K is not gauge invariant under (3.26).

Applying Q on the left hand side of (3.113) applying K on the equation {Q, V^{(1)}} = λγ^m λA_m(x, θ) = 0 and using the commutation relations (3.111), we obtain (D + 1)V^{(1)} = λγ^m θA_m . (3.114)

Eliminating the ghost λ^α, we end up with equation (3.62) for the superfields A_α and A_m. This procedure can be clearly generalized to massive states. First, we discuss the closed string case, then we show an example for the first massive state for open superstrings and, finally, we show that the zero momentum cohomology satisfies the same equations generalized to zero modes.

For closed strings, we reproduce the gauge fixing (3.88) by the following conditions {K_L, V^{(1,1)}} = 0 , {K_R, V^{(1,1)}} = 0 (3.115)

and, for the gauge parameters Λ^{(1,0)} and Λ^{(0,1)} in eq. (3.82), by the gauge condition {K_L, Λ^{(1,0)}} + {K_R, Λ^{(0,1)}} = 0 . (3.116)

which coincides with (3.90). Applying the BRST charge on the left hand sides of (3.115), acting with K_L and K_R on equations (3.38), and finally using the commutation relations (3.111), we derive the conditions for the iterative equations given in the previous section.

Let us show that the gauge fixing (3.113) also fixes the gauge transformations in a suitable way for the first massive state of the open superstring V^{(1)}_1 , leading to a recursive procedure to compute the vertex operator in term of the initial data, a multiplet of on-shell fields containing a massive spin 2 field [4].

A general decomposition of V^{(1)}_1 in terms of fundamental building-blocks is given in (3.18) and its gauge transformation is generated by

δV^{(1)}_1 = [ Q, Ω^{(0)}_1 ] , (3.117)

with

Ω^{(0)}_1 = ∂θ^β Ω_β+ : Π^mΩ_m : + : d_βΩ^β : + : N^{mn} : Ω_{mn}+ : w_βλ^β : Ω . (3.118)

The decompositions are based on the requirement that the vertex operator should be invariant under the gauge transformation Δ given in (3.26). A further gauge transformation of Ω^{(0)}_1 would be a variation of a negative ghost number field. The only one is the antighost w_α, but there is no gauge invariant operator only with w_α without λ^α. Notice that we have to add a (BRST-invariant) compensating term of the form wγ^{mnpq} λ in order to reabsorb the non-invariance of K. Imposing (3.113), we get

A_α + θ^β B_{βα} = 0 , θ^αH_{αm} = 0 , θ^β C^α_β = 0 , θ^β F_{βmn} + 1 1440 [ (γ_{mn})^α_γ C^γ_α − (γ_{mn})^α_γ θ^γ E_α ] = 0 , 1 2 (γ^{mn}θ)^β F_{βmn} − C^α_α + 2θ^αE_α = 0 . (3.119)

This gauge fixing can be reached by adjusting the parameters Ω_α, Ω_m, Ω^α, Ω_{mn} and Ω. Using equations (3.119) and applying the operator D, we obtain the iterative relations to compute the vertex. The gauge fixing (3.119) fixes only the supergauge part of the gauge transformation. This gauge does not fix the physical gauge transformation of the massive spin 2 system [167].

Finally, we show that the measure for zero modes satisfies the gauge fixing proposed above. In fact, by restricting the attention to zero momentum cohomology, we supersede K with the differential

K_0 = θ^α_0 ∂ ∂λ^α_0 (3.120)

which acting on V^{(3)} = (λ_0γ^mθ_0)(λ_0γ^nθ_0)(λ_0γ^pθ_0)(θ_0γ_{mnp}θ_0), yields

K_0V^{(3)} = 0 . (3.121)

Similarly, for the closed superstring, the ghost number (3, 3) cohomology representative satisfies the corresponding gauge fixing.

Even if the gauge fixing is not manifestly supersymmetric, the supersymmetry of the target space theory is still a symmetry. As usual, in the Wess-Zumino gauge, a supersymmetry transformation must be accompanied by a gauge transformation to bring the vertex to the original gauge. This means that

δ_ϵ[K, V] + [K, δV] = 0 (3.122)

where δV = [Q, Ω_ϵ], δ_ϵV = [ϵ^αQ_α, V] and Q_α = ∮ dz q_α (the supersymmetry generator q_α is given in (3.30)). As an example, we show that Ω_ϵ can be indeed found for the massless sector of the open superstring and the extension is similar for the other cases. Equation (3.122) reduces to

ϵ^αA_α + θ^αϵ^βQ_βA_α + θ^αD_αΩ_ϵ = 0 , (3.123)

which yields DΩ_ϵ = 0 . (3.124) Again, this equation can be solved iteratively in powers of θ’s and it follows that Ω = Ω_0(x). (3.124) can be checked explicitly on the solutions (3.101).

3.3 An example: Linearly x-dependent Ramond- Ramond field strength and possible Lie-al-gebraic superspace deformations

In this section I will discuss in detail one application of the iterative procedure I presented in the previous section. The unintegrated and integrated vertices for a particular nonconstant R-R field-strength will be computed, that are expected to be related to a nonconstant deformation of ten-dimensional superspace. At the end of the section, other two applications will be briefly described. No details will be given for these two, since they are not related to noncommutative geometry, which is the main subject of this thesis. However, the interested reader can refer to my work [32], where the three applications are discussed.

3.3.1 Motivation: Nonconstant superspace deformations

In section 1.2.4, we have seen how non(anti)commutative superspaces, first studied in [52] and in my paper [26], arise in the context of superstring theory, when open superstrings in the presence of R-R backgrounds and D-branes are considered. Up to now, only supergeometries with constant fermion-fermion anticommutators have been derived, associated to a constant R-R background, for the superstring compactified on a CY three-fold [27, 28] and for the uncompactified ten-dimensional superstring [29]. In both cases the covariant formulation for the superstring has been used.

In section 1.3 we have discussed how, in the bosonic case, nonconstant deformations of the coordinate algebra are related to the presence of a general curved NS-NS background. Therefore, it is natural to expect that more general, nonconstant R-R backgrounds can lead to nonconstant superspace deformations. In particular, in [29] it was conjectured that from non-constant RR field strengths one can derive new equal-time commutation relations between coordinates x^m and θ^α living on the boundaries such as

{θ^α, θ^β } = γ^{αβ}_m x^m , (3.125)

generalizing the construction of Lie-algebraic non-commutative geometries to supermanifolds [33] (for a different example of a Lie-algebraic geometry in superspace see [50]).

The vertex operator for non-constant R-R fields strengths is the basic ingredient of this kind of analysis.

3.3.2 The ansatz for the RR field strength

Applying the iterative method I introduced in the previous section, I will show how to compute the vertex for linearly x-dependent RR field strengths. This is the most simple x-dependent background one can consider. Moreover, it is interesting since it is supposed to be related to the nonconstant deformation (3.125).

We will consider the following ansatz for the R-R field strength

P^{αβ̂} = f^{αβ̂} + C^{αβ̂}_m x^m (3.126)

where C^{αβ̂}_m is constant. P^{αβ̂} must satisfy equations (3.77), which become γ^m_{αβ} C^{βγ̂}_m = γ^m_{α̂β̂}C^{γα̂} = 0 for the specific ansatz (3.126). Equations (3.77) can be rewritten in terms of forms by decomposing P^{αβ̂} according to Dirac equations. For example, for type IIB we have the 1-form P_m, the 3-form P_{[mnp]} and the 5-form F_{[mnpqr]}. Solving the Bianchi identities we get P_m = ∂_mA, P_{[mnp]} = ∂_{[m}A_{np]},... and the field equations are ∂^mP_m = ∂^2A = 0, ∂^mP_{[mnp]} = ∂^m∂_{[m}A_{np]},... These can be solved in terms of quadratic polynomials A(x) = (10 a_{(mn)} − a^r_r η_{mn})x^mx^n, A_{[mn]} = (10 a_{[mn],(rs)} − a^t_{[mn,t]}η_{rs})x^r x^s,... where a_{(mn)}, a_{[mn],(rs)},... are constant background fields.

In the constant field strength case, our iterative procedure can be applied to compute the integrated and unintegrated vertex operators. One obtains

V^{(0,0)}_{zz̄} = q_αf^{αβ̂}q̂_{β̂}, (3.127)

where q_α and q̂_{β̂} are the supersymmetry currents given in (3.30). So it is easy to see that equation (3.43) is verified with

V^{(1,1)} = χ_αf^{αβ̂}χ̂_{β̂}, (3.128)

which is clearly BRST invariant (see (3.31) and (3.32)).

Since in the θ and θ̂ expansions of the physical and auxiliary superfields A_{αβ̂},...,P^{αβ̂} (see eqs. (3.101 and (3.107)) the number of bosonic derivatives acting on physical zero-order components grows with growing order in θ and θ̂, it is clear that the ansatz (3.126) will correspond to only a few non-zero terms in the expansion. Actually, the highest-order contributions are θ^4θ̂^2 and θ^2θ̂^4 terms. Here we give the explicit expressions

A_{αβ̂} = 1 9 (γ^mθ)_α(γ_mθ)_β (γ^pθ̂)_{β̂}(γ_pθ̂)_{γ̂} (f^{βγ̂} + C^{βγ̂}_n x^n) + 1 180 (γ^m θ)_α(γ_mθ)_γ (γ^pθ̂)_{β̂} (γ_pθ̂)_{γ̂} (γ^{qr}θ̂)^{γ̂} (γ_qθ̂)_{δ̂}C^{γδ̂}_r + 1 180 (γ^m θ)_α(γ_mθ)_δ (γ^{nr} θ)^δ (γ_nθ)_γ (γ_pθ̂)_{β̂} (γ^pθ̂)_{γ̂} C^{γγ̂}_r , (3.129)

A_{αp} = 1 3 (γ^mθ)_α(γ_mθ)_β (γ_pθ̂)_{γ̂} (f^{βγ̂} + C^{βγ̂}_n x^n) + 1 36 (γ^m θ)_α(γ_m θ)_γ (γ_pθ̂)_{β̂} (γ^{qr}θ̂)^{β̂}(γ_qθ̂)_{γ̂} C^{γγ̂}_r + 1 60 (γ^m θ)_α(γ_m θ)_β (γ^{nr} θ)^β (γ_nθ)_γ (γ_pθ̂)_{β̂} C^{γβ̂}_r (3.130)

A_{mβ̂} = 1 3 (γ_mθ)_β (γ^pθ̂)_{β̂} (γ_pθ̂)_{γ̂} (f^{βγ̂} + C^{βγ̂}_n x^n)

+ 1 36 (γ_mθ)_α(γ^{nr} θ)^α(γ_nθ)_γ (γ_pθ̂)_{β̂} (γ^pθ̂)_{γ̂} C^{γγ̂}_r + 1 60 (γ_mθ)_γ (γ^pθ̂)_{β̂}(γ_pθ̂)_{γ̂} (γ^{rs}θ̂)^{γ̂} (γ_rθ̂)_{δ̂}C^{γδ̂}_s (3.131)

E^{β̂}_α = 1 3 (γ^mθ)_α(γ_m θ)_γ (f^{γβ̂} + C^{γβ̂}_n x^n) + 1 12 (γ^m θ)_α(γ_mθ)_γ (γ^{pq} θ̂)^{β̂} (γ_pθ̂)_{γ̂} C^{γγ̂}_q + 1 60 (γ^m θ)_α(γ_mθ)_β (γ^{nr}θ)^β (γ_nθ)_γ C^{γβ̂}_r (3.132)

E^α_{β̂} = 1 3 (γ^pθ̂)_{β̂} (γ_pθ̂)_{γ̂} (f^{αγ̂} + C^{αγ̂}_m x^m) + 1 12 (γ^{mn}θ)^α(γ_mθ)_γ (γ^pθ̂)_{β̂}(γ_pθ̂)_{γ̂} C^{γγ̂}_n + 1 60 (γ^pθ̂)_{β̂} (γ_pθ̂)_{γ̂} (γ^{qr}θ̂)^{γ̂} (γ_qθ̂)_{δ̂}C^{αδ̂}_r (3.133)

A_{mp} = (γ_mθ)_β (γ_pθ̂)_{γ̂} (f^{βγ̂} + C^{βγ̂}_n x^n) + 1 12 (γ_mθ)_β (γ^{nr} θ)^β (γ_nθ)_γ (γ_pθ̂)_{β̂}C^{γβ̂}_r + 1 12 (γ_mθ)_γ (γ_pθ̂)_{β̂} (γ^{rs}θ̂)^{β̂} (γ_rθ̂)_{γ̂} C^{γγ̂}_s (3.134)

E^{β̂}_m = (γ_m θ)_γ (f^{γβ̂} + C^{γβ̂}_n x^n) + 1 4 (γ_mθ)_γ (γ^{pq} θ̂)^{β̂} (γ_pθ̂)_{γ̂} C^{γγ̂}_q + 1 12 (γ_mθ)_α(γ^{nr} τ )^α(γ_nθ)_γ C^{γβ̂}_r (3.135)

E^α_p = (γ_pθ̂)_{γ̂} (f^{αγ̂} + C^{αγ̂}_m x^m) + 1 4 (γ^{mn}θ)^α(γ_mθ)_γ (γ_pθ̂)_{β̂}C^{γβ̂}_n + 1 12 (γ_pθ̂)_{β̂}(γ^{qr} θ̂)^{β̂}(γ_qθ̂)_{γ̂} C^{αγ̂}_r (3.136)

P^{αβ̂} = (f^{αβ̂} + C^{αβ̂}_m x^m) + 1 4 (γ^{mn}θ)^α(γ_m θ)_γ C^{γβ̂}_n + 1 4 (γ^{pq}θ̂)^{β̂} (γ_pθ̂)_{γ̂} C^{αγ̂}_q . (3.137)

3.3.3 The vertex for linearly x-dependent RR field strength

To obtain the vertices V^{(1,1)} and V^{(0,0)}_{zz̄} for the linearly x-dependent RR field strength we have to insert (3.129) and (3.137) back into (3.65) and (3.71).

For the unintegrated vertex operator we find

V^{(1,1)} = χ_αf^{αβ̂}χ̂_{β̂} +χ_α [( x^mδ^α_γ δ^{β̂}_{γ̂} + 1 20 (γ^{qm}θ̂)^{β̂}(γ_qθ̂)_{γ̂} δ^α_γ + 1 20 (γ^{nm}θ)^α(γ_nθ)_γ δ^{β̂}_{γ̂} ) C^{γγ̂}_m ] χ̂_{β̂} (3.138)

while for the integrated vertex operator V^{(0,0)}_{zz̄} we obtain

V^{(0,0)}_{zz̄} = q_αf^{αβ̂} q_{β̂} + q_α [ x^sδ^α_γ δ^{β̂}_{γ̂} + 1 4 (γ^{rs}θ)^α(γ_r θ)_γ δ^{β̂}_{γ̂} + 1 4 (γ^{ps}θ̂)^{β̂} (γ_pθ̂)_{γ̂} δ^α_γ ] C^{γγ̂}_s q̂_{β̂} + [ − 1 6 (∂x^m + 1 10 θγ^m ∂θ)(θγ_m γ^{rs}θ) − N^{rs} ] (γ_r θ)_αC^{αβ̂}_s q̂_{β̂}

+ q_αC^{αβ̂}_s (γ_rθ̂)_{β̂} [ − 1 6 ( ¯∂x^p + 1 10 θ̂γ^p ¯∂θ̂)(θ̂γ_pγ^{rs}θ̂) − N̂^{rs} ] (3.139)

Unfortunately, the complicated structure of V^{(0,0)}_{zz̄} prevents from a simple analysis of superspace deformations as in [29]. In the future it would be nice to find a way to study superspace deformations deriving from nonconstant R-R backgrounds. The computation of this vertex is a first step, but it is clear that plenty of work is needed to understand how to use it to compute the way it deforms the supergeometry.

3.4 Other applications

3.4.1 Vertex operators with R-R gauge potentials

In the presence of D-branes, one can ask which states couple to them and which vertex operators describe such interaction. As it was discussed in [168] in the framework of RNS formalism, one has to construct the vertex operators for R-R fields in the asymmetric picture. In addition, a propagating closed string (i.e. with non vanishing momentum) emitted from a disk or a D-brane, has to be off-shell. Therefore, one needs to break the BRST invariance by allowing a non vanishing commutator with Q_{L,0}+Q_{R,0} where Q_{L/R,0} are the picture conserving parts of BRST charges in the RNS formalism. In particular in [169] the authors construct a solution of [Q_{L,1} + Q_{R,1}, W ] = 0, where W is the vertex operator in the asymmetric picture. The off-shell vertex operators directly couple the R-R potentials to the worldvolume of the D-brane.

In [32], we constructed analogous vertices for closed superstrings which do not satisfy the classical supergravity equations of motion, but modified superfield constraints. They allow for a description of the R-R gauge potentials, in contradistinction to the on-shell formalism case, where only the field strengths P^{αβ̂} appear. First of all, there are some important differences. The two BRST charges Q_L and Q_R contain a single term and therefore the decomposition used in [169] is not viable. In addition, there are no different pictures (in the usual sense) for a given vertex since there are no superghosts associated to local worldsheet supersymmetry. There is, however, the possibility of constructing two operators which resemble the picture lowering and raising operator [31], as we briefly discussed in section 3.1.4, but the implications of this new idea in the present context have not been explored yet.

Nevertheless we can construct an off-shell formalism by considering the following combination of vertices with different ghost numbers:

V^{(2)} = V^{(2,0)} + V^{(1,1)} + V^{(0,2)} , (3.140)

where the notation V^{(a,b)} stands for vertex operators with the left ghost number a and with the right ghost number b. The ghost number of the l.h.s. is just the sum of the ghost numbers. By expanding this in terms of the pure spinor ghost and by applying the modified condition

[Q_L + Q_R, V_2] = 0 (3.141)

instead of the usual two conditions for the left and right sectors, we showed that this leads to equations of motion that are deformations of the usual supergravity constraints. The way constraints are relaxed to go off-shell follows very closely the case of N = 1 super-Yang-Mills presented in [170]. By following a procedure analogous to the one described in section 3.2.4, a suitable gauge-fixing can be applied to eliminate auxiliary fields. The superfields can then be expanded in θ and θ̂ and one finds that R-R gauge-potentials explicitly appear. The construction of vertices with R-R potentials in covariant formulation has been also discussed in [93]. There the authors considered only the constant case.

3.4.2 Antifields and the kinetic terms for closed superstring field theory

The linearized form of supergravity equations written in terms of the BRST charges of the pure spinor sigma model gives us the framework to analyze some aspects of closed string field theory action. As it is well-known, the action for closed string field theory has to take into account the presence of selfdual forms (for example the five form in type IIB supergravity). This can be done either by breaking explicitly the Lorentz invariance, or by admitting an infinite number of fields in the action [171].

In [32] we showed that this action can be indeed constructed by mimicking the bosonic closed string field theory action discussed in [172] (and in references therein).

To this purpose, we derived the set of antifields for the massless sector of closed string theory, we discussed the coupling of the fields to the antifields for a closed string field theory action and we finally proposed a kinetic term which leads to the correct equations of motion. We showed that we could easily account for new fields which nevertheless do not propagate and we checked that the action had the correct symmetries leading to the complete BV action for type IIA/IIB supergravity.

Since in [32] we only dealt with linearized supergravity equations, we did not discuss generalizations of Witten string field ⋆-product for the open superstring. Similarly, it was outside the scope of [32] to construct a full-fledged closed string field theory.

Chapter 4

Conclusions and outlook

In this thesis I have presented my papers [26, 36, 37, 32], where I investigated aspects of noncommutative geometry and superstring theory.

When I started my research activity, it was already known that field theories defined on a noncommutative space arise as a low energy description of D-brane dynamics in the presence of a constant NS-NS background. This had been proven for the bosonic string, the RNS superstring and the N = 2 string. Moreover, it had been shown that extending this discussion to superstring theory in GS formalism, where spacetime fermions are present, the (anti)commutation relations involving the fermions are not modified by the constant NS-NS background. These string theory results had already induced a growing interest in noncommutative field theory and many results had been obtained. For instance, it was already known that noncommutative field theories with time-space noncommutativity display awkward features, such as acausality and nonunitarity, and that these ill-defined theories cannot be obtained as a low energy limit of string theory. Moreover, the behavior of noncommutative field theory with respect to Poincaré symmetry was well-known. Moyal noncommutative deformation breaks Lorentz-invariance but preserves translation invariance. The generalization of the string results concerning D-branes in a constant NS-NS background had been generalized to nonconstant backgrounds afterwards, to show that a Kontsevich-like product replaces Moyal product in this case. The deformation is associative when the background is a closed two-form and nonassociative otherwise. All these results are reviewed in the first chapter of my thesis, so that my work can be put into context.

In modern physics symmetries have such an importance that a theory is actually defined in terms of its symmetries and its field content. If a classical theory constructed out of the chosen fields does not contain all the interactions that are allowed by its symmetry structure, the missing terms will be generated at the quantum level when the theory is renormalized.

A unifying aspect of my contributions to the field of noncommutative geometry is the way symmetries can be implemented in noncommutative generalizations of known ordinary theories. Since the noncommutative generalization of a given theory is not unique, preserving its symmetries (or at least some of them) in its noncommutative generalization is the first criterium one should take into account in the evaluation of the various possibilities, given the importance symmetries have in the physics of our world.

In my paper [26], written in collaboration with D. Klemm and S. Penati, I have considered the very special symmetry, known as supersymmetry, relating bosonic and fermionic degrees of freedom in a theory. This symmetry has not been observed in nature yet, however there are hopes that it will make itself manifest at higher energies. For people who believe that the ultimate, fundamental theory of reality is string theory, supersymmetry is expected to be one of the characteristics of nature at sufficiently high energy, since string theory requires it for consistency.

Supersymmetric theories are better studied in a formalism known as superspace. Superspace is an extension of spacetime where bosonic coordinates are accompanied by fermionic ones. There supersymmetry is realized in the form of generalized translations. The geometry of superspace is not flat, since a nonvanishing torsion is present.

In [26] we studied the way supersymmetric theories can be deformed by implementing a non(anti)commutative geometry, without supersymmetry to be lost. We first considered four-dimensional superspace with a Minkowski metric. We wrote down the most general algebra for bosonic and fermionic coordinates of superspace and then required covariance with respect to supertraslations and associativity. We also required the reality properties of the spinors in (anti)commutative superspace to be still valid in the deformed superspace. This was the crucial difference with respect to the previous work [52]. We found that nontrivial coordinate algebras are allowed that involve fermionic coordinates. We also noted that, for consistency with respect to supersymmetry, turning on the anticommutators between the fermions implies that also terms depending on the fermionic coordinates appear in the fermion-boson and boson-boson commutators. The “trivial” superspace deformation where only bosonic coordinates are rendered noncommutative with a constant commutator is found as a special case. However, in Minkowski signature deformations involving nonzero fermionfermion anticommutators are ruled out because of spinor reality conditions together with associativity requirements. Therefore, it is clear that more general deformations are allowed if spinor conjugation relations can be relaxed. In [26] we noted that this is possible when moving to a four-dimensional superspace with Euclidean signature, that can only be defined when extended supersymmetry is present. By applying our procedure to Euclidean N = 2 superspace, we found that deformations with constant fermion-fermion anticommutators are allowed.

In [26] we also discussed how to construct a non(anti)commutative ⋆ product between superfields. Since our supergeometries involve coordinate-dependent terms in the coordinate algebra, a Moyal-like product is not associative, because of the superspace nontrivial torsion. However, we suggested that a Kontsevichlike product can be constructed, with the property of being associative if and only if the supercoordinate algebra is also associative. We gave the formula for the product up to second order in the deformation parameter and argued that there was no objection of principle to extending Kontsevich procedure to all orders. This was done later in [55].

In [26] we also noted that when superspace is rendered non(anti)commutative the supersymmetry algebra is deformed by terms quadratic in bosonic derivatives. These terms do not affect the coordinate algebra, but modify the supersymmetry transformation of a general superfield. Finally, we made some speculations on how the deformed superspaces we found could emerge from string theory, formulated in a manifestly target-space supersymmetric way (i.e. in Green-Schwarz [4] or Berkovits formalisms [30]).

Indeed, it was found that deformed superspaces similar to the ones I studied in [26] naturally arise when the open superstring in the manifestly super- Poincaré covariant formalism introduced by Berkovits [30] is compactified on a CY three-fold in the presence of D-branes and a constant R-R background [27, 28]. The nonanticommutative superspace found there is related to the one I studied in the N = 2 euclidean case by a change of variables and a reduction to N = 1 by identification of the two fermionic coordinates on the boundary of the string worldsheet. Since in this superspace only one of the two Weyl spinor supersymmetry charges are deformed by quadratic terms in bosonic derivatives, Seiberg called it N =^1_2 superspace. The constant R-R background considered in [27, 28] is allowed only in an euclidean signature. This is the stringy counterpart of the algebraic discussion in my paper [26], justifying by a geometrical argument why superspace deformations involving nonzero fermion-fermion anticommutators can only appear in an Euclidean signature. Deformed superspaces were also found to emerge in the uncompactified ten dimensional superstring when a constant R-R background and D-branes are present [29]. However, since this background is not an exact solutions to the string equations, but only to the linearized equations, it is not obvious that this deformation survives the zero-slope limit necessary to obtain the low energy D-brane dynamics.

After the discovery that non(anti)commutative superspaces can be obtained from the superstring, a lot of efforts in the study of non(anti)commutative field theories have been done and many interesting properties of N =^1_2 Wess-Zumino model and super-Yang-Mills theory have been elucidated. Different deformations of theories with extended supersymmetry have been considered. The connection between deformed superspaces and supersymmetric matrix models has been elucidated.

Up to now only constant R-R backgrounds have been considered. It would be interesting to study what happens in the more general, nonconstant case. A first step in this direction has been taken in my paper [32], written in collaboration with P.A. Grassi, where superstring vertex operators for linearly x-dependent R-R field strength have been computed. These objects are the main ingredient to generalize the string analysis presented in [29] to the nonconstant case. Linearly x-dependent R-R backgrounds are expected to be related to a special kind of superspace deformation, with a Lie algebraic structure where the anticommutator between two fermions gives the bosonic coordinate. This can be interpreted by saying that spacetime bosonic coordinates have a fermionic substructure. In these terms, this issue was investigated in [33].

Now I would like to go back to the main theme unifying my work, the implementation and implications of symmetries in noncommutative theories. Up to know I have discussed how I approached the problem of deformation of supersymmetric theories and the developments that followed my work, in both field and string theory.

In two papers of mine [36, 37], I considered instead the problem of constructing the noncommutative generalization of field theories possessing an infinite number of conserved local symmetry charges, i.e classically integrable. As it is well-known, in the commutative case the underlying symmetry structure of these theories has strong implications on their dynamics. In particular, two dimensional integrable theories have a factorized S-matrix and particle production does not occur. Most ordinary integrable theories in two and three dimensions have been shown to be related to a four dimensional theory, selfdual Yang-Mills, from which they can be obtained by dimensional reduction. The S-matrix of selfdual Yang-Mills also displays a peculiar property, all tree-level amplitudes beyond three-point being vanishing. This property has been used as a definition of integrability in four dimensions. Selfdual Yang-Mills is related to the N = 2 string, characterized by an N = 2 worldsheet supersymmetry. It has been proven that tree-level N = 2 string dynamics coincides with selfdual Yang-Mills theory.

The N = 2 string can be coupled to a constant NS-NS background. In the presence of D-branes it has been shown that the low energy limit of the brane dynamics can be described by noncommutative selfdual Yang-Mills theory. Therefore, given an ordinary integrable two-dimensional field theory, one can first try to construct a noncommutative deformation that preserves classical integrability, in the sense of having an infinite number of conserved local charges (local in the sense that they are not written in terms of integrals). Then one can check if the usual S-matrix properties are still valid after the deformation. This is not obvious, since noncommutativity introduces nonlocality in the theory and, in the two-dimensional case, this necessarily affects the time coordinate, causing in general an acausal behavior and the breakdown of unitarity. Furthermore, one can investigate whether the theory can be obtained by reduction from noncommutative selfdual Yang-Mills, or even use this method to construct the two-dimensional theory in the first place.

Another interesting issue is the study of solitons solutions. Commutative integrable theories usually display this kind of solutions. Noncommutative theories have new soliton solutions disappearing in the commutative limit, that exist thanks to the nonlocality introduced by Moyal product. Therefore, noncommutative integrable theories are an interesting setting to study both kinds of solitons. Noncommutative solitons are a field theory realization of the Dbranes that are present in the string theory from which they have emerged in the low energy limit, thus the study of noncommutative solitons can give clues on D-brane dynamics.

In [36, 37], all these issues have been studied in the special case of the sine- Gordon model. This is an integrable two-dimensional field theory, describing the dynamics of a scalar field selfinteracting through an oscillating potential. Apart from the many general nice properties related to its integrability, the sine-Gordon model also exhibits very nice renormalization properties. Moreover, the ordinary sine-Gordon model is related to the Thirring model through bosonization. The relation between these two theories is a simple example of duality relating the weak coupling limit of a theory with the strong-coupling limit of the other. Bosonization has been studied in noncommutative geometry and it has been shown that the ordinary abelian U (1) case is modified in the noncommutative setting so that a free fermion is not related to a free scalar, but to a scalar governed by a U (1) WZW model.

In [34], M.T. Grisaru and S. Penati have shown that an integrable noncommutative version of the sine-Gordon model can be constructed, where two equations govern the dynamics of a scalar (and generically complex) field. One equation reduces to the sine-Gordon equation in the commutative limit, the other vanishes in the commutative limit, has the form of a conservation law and in fact gives the first of the infinite conserved currents. This system does not seem to be overconstrained, since the class of its localized solutions is at least as large as the one in ordinary sine-Gordon. The doubling of the equations of motion is related to the fact that the U (1) factor in the noncommutative group U (n) does not decouple, in contradistinction to the ordinary case. Since commutative sine-Gordon theory is obtained from zero curvature conditions for gauge connections in SU (2) group, in the noncommutative case this has to be enlarged to U (2), which causes an additional equation of motion to appear.

In my paper [36], written in collaboration with M.T. Grisaru, L. Mazzanti and S. Penati, we showed that the equations describing this noncommutative version of the sine-Gordon model can be obtained by dimensional reduction from noncommutative selfdual Yang-Mills in Yang formulation. Unfortunately, an action cannot be obtained by an analogous reduction procedure. However, in [36], we found an action that gives the correct equations of motion. We then studied tree-level scattering amplitudes and found that acausality is present and the S-matrix is not factorized. Therefore, it seems that in general the presence of an infinite number of conserved currents is not sufficient for the S-matrix to be factorized in noncommutative case. We finally discussed the relation of our model with the noncommutative U (1) Thirring model. The fact that dimensional reduction does not work at the level of action, but only at the level of the equations of motion, is a sign that the parametrization of the degrees of freedom we considered in [36] is not the correct one.

In [37], in collaboration with O. Lechtenfeld, L. Mazzanti, S. Penati and A.D. Popov, we considered a different noncommutative generalization of the sine-Gordon model, that is also obtained by dimensional reduction from noncommutative selfdual Yang-Mills, by considering the U (1) × U (1) subgroup of U (2). While in our first attempt to construct a noncommutative integrable sine- Gordon model we had modified the kinetic term of the ordinary theory to a U (1) WZW-like term, while maintaining the usual cosine structure of the interaction term, in this new noncommutative theory we modified also the interaction term structure, in a way that two real scalars parametrizing the U (1)×U (1) subgroup of U (2) are coupled by a nontrivial term. Again, the theory is described by two equations of motion. One of the two becomes trivial in the commutative limit, while the other one gives the ordinary sine-Gordon equation.

Solitons solutions of this model have been studied by making use of the dressing method. Moreover, tree-level scattering amplitudes have been computed and proven to be factorized and causal, in spite of the presence of timespace noncommutativity. Therefore this second noncommutative version of the sine-Gordon model has inherited the nice classical properties of its ordinary counterpart. It would be interesting to move on to a quantum description of the model to study its renormalizability properties and to investigate whether integrability survives at the quantum level.

A quite striking feature of the noncommutative sine-Gordon system we constructed is that its tree-level amplitudes are completely independent of the noncommutativity parameter. It would be interesting to understand why this happens, for instance if this is a general feature of noncommutative integrable systems or a peculiar property of the sine-Gordon model. Another aspect that still needs to be investigated is the relation of this U (1) × U (1) theory with noncommutative fermions models. Somehow it would be more natural to see what happens in the bosonization of U (2) fermion models and then consider a reduction to U (1) × U (1). Another possible development would be the study of other kinds of duality in this system, for instance T-duality.

As I anticipated when discussing the superstring theory origin of the deformed superspaces I introduced in [26], the covariant formulation for the superstring has been proven to be superior in dealing with many string issues that were not treatable with the other known formalisms. In particular this was true for deformed superspaces, that were shown to arise in the presence of R-R backgrounds. These cannot be dealt with when using the RNS formalism, while they can be treated with the GS formalism, that however is quite clumsy because of the lack of manifest Lorentz covariance. Because of this connection with the work I did in the field of noncommutative geometry, I started to study this formalism. As I previously said, to generalize the results of [27, 28, 29] to a more general, nonconstant background one needs to determine the corresponding vertex operator first. This is not an easy task in the covariant formulation, since the great amount of manifest symmetry makes the formalism redundant. The vertices are written in terms of superfields that have to satisfy the linearized supergravity equations of motion.

In my paper [32], written in collaboration with P.A. Grassi, we described an iterative procedure to compute the vertex operators in terms of the physical fields only. To do this a suitable gauge fixing must be imposed that removes the auxiliary fields from the vertices. We used this technique to compute the vertices for linearly x-dependent R-R field strength that may be related to a Lie-algebraic deformation of superspace, as I already said, but we also discussed other two applications of our analysis that are a little bit out of the path, having no direct connection to noncommutative geometry. We showed how an off-shell formulation of the superstring vertices can be constructed, how the corresponding equations of motion are a deformation of the usual superfield constraints and how the gauge fixing necessary to implement our iterative procedure can be applied to this case. The motivation for this discussion relies in the fact that a propagating closed string emitted from a D-brane has to be off-shell. The off-shell vertex operators couple the R-R potential (and not the field strength) to the worldvolume of the brane. In our discussion, we showed that the vertices we obtain explicitly contain the R-R potential. Therefore our analysis could be useful in the study of D-brane dynamics in the covariant formalism. Finally, we used our framework to determine the antifield equations of motion and to make a proposal for the kinetic term of closed superstring field theory. Since this kinetic term is written in superspace formulation, the first thing one should now do to make nontrivial checks about its properties is to rewrite it in component formulation.

To conclude, in my work I have mostly investigated the way one can implement noncommutativity in theories with a special symmetry structure, such as supersymmetric and classically integrable theories. Requiring the symmetries to be preserved in the noncommutative deformation is a strong constraint that allows to make a selection between the many possibile noncommutative versions of the same theory.

In the case of integrable theories, I explicitly discussed the case of the sine- Gordon theory and eventually found its noncommutative generalization that has infinite conserved currents and also displays all the nice features that in ordinary theories are implied by the symmetry structure, such as factorization of the S-matrix. However, many issues still have to be investigated, such as for instance the connection between the noncommutative sine-Gordon system and U (2) fermion models and the reason for the complete absence of a dependence on the noncommutativity parameter in the tree-level amplitudes.

In the case of supersymmetric theories, I constructed superspace deformations that preserve supersymmetry, are associative and respect the usual spinor reality properties. The connection between the deformations I found and superstring theory in the presence of R-R backgrounds, described in the covariant formalism, has led me to deepen my knowledge of this formulation of superstring theory. Even if this might seem constructed “ad hoc”, without a strong underlying principle, it is the first superPoincaré covariant formulation of the superstring that works and it has already proven to very suitable to handle R-R backgrounds and to prove general theorems about superstring amplitudes. Since the computation of superstring vertex operators is not an easy task in the covariant formalism, I provided a recursive technique to compute the vertices in terms of physical fields only. This analysis of vertex operators has many possible applications. I discussed applications to the computation of superspace deformations in the presence of nonconstant R-R backgrounds, to the computation of vertices in the off-shell formulation, that are useful in the study of D-brane dynamics, and to the construction of kinetic terms for a closed superstring field theory. Since the covariant superstring in the presence of NS-NS backgrounds has not been studied in detail yet, it would be very interesting to perform an analysis of the string origin of noncommutative geometry in this formalism. Indeed, since NS-NS and R-R backgrounds are treated in a very “symmetric” way in this formulation of the superstring, this setting should be very useful to study S-duality.

Appendix A

Conventions

A.1 Superspace conventions in d = 4

In four dimensions, N = 1 Minkowski superspace is described by a set of coordinates Z^A ≡ ( x^{αα̇}, θ^α, θ̄^{α̇} ) , where x^{αα̇} ≡ x^a are the four bosonic real coordinates, while θ^α (and θ̄^{α̇} = (θ^α)^†) are complex two–component Weyl fermions. We use conventions of Superspace [24], with (ψ^α)^† = ψ̄^{α̇}, (ψ_α)^† = −ψ̄_{α̇}.

The supersymmetry algebra { Q_α, Q̄_{α̇} } = P_{αα̇} {Q_α, Q_β} = { Q̄_{α̇}, Q̄_{β̇} } = 0 [ P_a, P_b ] = 0 (A.1)

with Q̄_{α̇} = Q^†_α, is realized by

Q_α = i ( ∂_α − i 2 θ̄^{α̇}∂_{αα̇} )

Q̄_{α̇} = i ( ¯∂_{α̇} − i 2 θ^α∂_{αα̇} )

P_{αα̇} = i∂_{αα̇} (A.2)

Under supersymmetry transformations a generic superfield V transforms according to δV = −i ( ϵ^αQ_α + ϵ̄^{α̇}Q̄_{α̇} ) V . In particular, the action on the superspace coordinates defines supertranslations δx^b ≡ −i ( ϵ^αQ_α + ϵ̄^{α̇}Q̄_{α̇} ) x^b = − i 2 ( ϵ^βθ̄^{β̇} + ϵ̄^{β̇}θ^β ) δθ^β ≡ −i ( ϵ^αQ_α + ϵ̄^{α̇}Q̄_{α̇} ) θ^β = ϵ^β δθ̄^{β̇} ≡ −i ( ϵ^αQ_α + ϵ̄^{α̇}Q̄_{α̇} )¯ θ^{β̇} = ϵ̄^{β̇} (A.3)

Covariant derivatives with respect to (A.3) are D_A ≡ ( D_α, D̄_{α̇}, ∂_{αα̇} ) where

D_α = ∂_α + i 2 θ̄^{α̇}∂_{αα̇} , D̄_{α̇} = ¯∂_{α̇} + i 2 θ^α∂_{αα̇} ∂_{αα̇} = −i { D_α, D̄_{α̇} } (A.4)

Moreover, they satisfy {D_α, D_β} = {D̄_{α̇}, D̄_{β̇}} = 0 and anticommute with the generators of supersymmetry transformations.

We can define left and right grassmannian derivatives according to the following rules

(∂_L)_αθ^β ≡ −→ ∂_αθ^β = δ^β_α , ( ¯∂_L)_{α̇}θ̄^{β̇} ≡ ⃗¯∂_{α̇}θ̄^{β̇} = δ^{β̇}_{α̇}

(∂_R)_αθ^β ≡ θ^β ←− ∂_α = −δ^β_α , ( ¯∂_R)_{α̇}θ̄^{β̇} ≡ θ̄^{β̇} ←−¯ ∂_{α̇} = −δ^{β̇}_{α̇} (A.5)

Their action on a generic superfield is defined as ∂_LV ≡ −→ ∂ V , ∂_RV ≡ V ←− ∂ (A.6)

Notice that these definitions hold independently of the nature of the superfield V. In particular, in the case of a spinorial superfield V_β we have (∂_R)_AV_β ≡ V_β ←− ∂_A. As a consequence of the general definitions (A.5, A.6) we immediately obtain ∂_LV = ∂_RV for any tensorial superfield, whereas ∂_LV_β = −∂_RV_β for any spinorial superfield.

From the identities (−→ ∂_αθ^β )_† = −θ̄^{β̇} ←−¯ ∂_{α̇} , ( ⃗¯∂_{α̇}θ̄^˙β )_† = −θ^β ←− ∂_α (−→ ∂^αθ^β )_† = θ̄^{β̇} ←−¯ ∂^{α̇} , ( ⃗¯∂α̇θ̄^˙β )_† = θ^β ←− ∂^α (A.7)

the hermitian conjugation rules for left and right derivatives follow

((∂_L)_α)^† = −( ¯∂_R)_{α̇} , (∂^α_L)^† = ( ¯∂_R)^{α̇} (A.8)

We can also introduce left and right bosonic derivatives which are simply given by

(∂_L)_{αα̇}x^{ββ̇} ≡ ∂_{αα̇}x^{ββ̇} = δ^β_α δ^{β̇}_{α̇} , (∂_R)_{αα̇}x^{ββ̇} ≡ x^{ββ̇} ←− ∂_{αα̇} = δ^β_α δ^{β̇}_{α̇} (A.9)

Their action on a superfield V is defined as ∂_LV ≡ −→ ∂ V and ∂_RV ≡ V ←− ∂ . Therefore, from (A.9), it easily follows that (∂_L)_{αα̇}V = (∂_R)_{αα̇}V for any superfield.

As a consequence of the previous identities, left and right covariant derivatives can be equally defined. Left covariant derivatives act on a generic superfield from the left as

(D_L)_αV ≡ −→ D_αV , (D̄_L)_{α̇}V ≡ ⃗D̄_{α̇}V (A.10) where D_α and D̄_{α̇} are explicitly given in (A.4). Right covariant derivatives are defined as acting from the right (D_R)_αV ≡ V ←− D_α = V ( ←− ∂_α + i 2 ←− ∂_{αα̇}θ̄^{α̇} )

(D̄_R)_{α̇}V ≡ V ←−¯ D_{α̇} = V ( ←−¯ D_{α̇} = ←−¯ ∂_{α̇} + i 2 ←− ∂_{αα̇}θ^α ) (A.11)

It is easy to check that D_LV = D_RV on any tensorial superfield, whereas D_LV_β = −D_RV_β. Moreover, left and right derivatives are related by hermitian conjugation ((D_L)_α)^† = −(D̄_R)_{α̇} and ((D_L)^α)^† = (D̄_R)^{α̇}.

Defining the right momentum operator as (P_R)_{αα̇}V = −iV ←− ∂_{αα̇}, it is easy to show that the algebra of right derivatives is the standard one {D_R, D_R} = {D̄_R, D̄_R} = 0 and {(D_R)_α, (D̄_R)_{α̇}} = (P_R)_{αα̇}. Moreover [ D^R_α , D^L_β ] = 0 = [ D^R_{α̇} , D^L˙_β ] [ D^R_α , D^L_{α̇} ] V = (P_R)_{αα̇}V [ D^L_α , D^R_{α̇} ] V = (P_L)_{αα̇}V (A.12)

for any tensor superfield. When the commutators are applied to a spinor V_β, a minus sign appears on the r.h.s. of the last two identities due to the anticommutation of the spinorial derivatives with V_β.

Following the same procedure one can equally define left and right supersymmetry generators as (Q_L)_AV ≡ ⃗Q_AV and (Q_R)_αV ≡ V ←− Q_α = V [ −i ( ←− ∂_α − i 2 ←− ∂_{αα̇}θ̄^{α̇} )]

(Q̄_R)_{α̇}V ≡ V ←−¯ Q_{α̇} = V [ −i (←− ¯∂_{α̇} − i 2 ←− ∂_{αα̇}θ^α )] (A.13)

The algebra of right generators is again given by (A.1). The algebra of the commutators on a tensor superfield is [ Q^R_α , Q^L_β ] = 0 = [ Q^R_{α̇} , Q^L˙_β ] [ Q^R_α , Q^L_{α̇} ] V = (P_L)_{αα̇}V [ Q^L_α, Q^R_{α̇} ] V = (P_R)_{αα̇}V (A.14)

Instead, when the commutators act on spinor objects we get a change of sign on the r.h.s. of the last two equalities.

In euclidean signature a reality condition on spinors is applicable only in the presence of extended supersymmetry. In the simplest case, N = 2 euclidean superspace, the two–component Weyl spinors satisfy a symplectic Majorana condition

(θ^α_i )^∗ = θ^i_α ≡ C^{ij} θ^β_j C_{βα} , (θ̄^{α̇,i})^∗ = θ̄_{α̇,i} ≡ θ̄^{β̇,j} C_{β̇α̇} C_{ji} (A.15)

with C^{12} = −C_{12} = i. The choice of covariant derivatives and supersymmetry charges is the obvious generalization of the N = 1 Minkowski case.

A.2 Superspace conventions in d = 10

We describe Minkowski ten dimensional N = 2 superspace by the coordinates (x^m, θ^α, θ̂^{β̂} ). Depending whether one is in type IIA or IIB case, the spinors θ^α and θ̂^{β̂} have opposite or same chirality.

In ten dimensions with Minkowski signature one can use Dirac matrices Γ^m = {I ⊗ (iτ_2), σ^μ ⊗ τ_1, χ ⊗ τ_1}, where m = 0, . . . , 9 and μ = 1, . . . , 8. τ_i, i = 1, 2, 3 are the Pauli matrices, σ^μ are eight real symmetric 16 × 16 offdiagonal Dirac matrices in d = 8 with euclidean signature, while χ is the real 16 × 16 diagonal chirality matrix in d = 8. The chirality matrix in d = 10 with Minkowski signature is then I ⊗ τ_3 and the charge conjugation matrix C, satisfying CΓ^m = −(Γ^m)^T C, is numerically equal to Γ^0.

If one uses spinors Ψ^T = (α_L, β_R) with spinor indices α^α_L and β_{R,β̇} , the index structure of the Dirac matrices and the charge conjugation matrix is

Γ^m = ( 0 (σ^m)^{αβ̇} (σ̃^m)_{β̇γ} 0 ) , C = ( 0 c^{β̇}_α c^{β̇}_γ 0 ) (A.16)

where σ^m = {I, σ^μ, χ} and σ̃^m = {−I, σ^μ, χ}. The matrices c^{β̇}_α and c^{β̇}_γ are numerically equal to I_{16×16} and −I_{16×16}, respectively. The matrices γ^m used in the text are given by γ^{mα̇β̇} = c^{α̇}_β(σ^m)^{ββ̇} and γ^m_{αβ} = c^{β̇}_α (σ̃^m)_{ββ̇} . From now on and in the text dots are omitted. The spinors α_L and β_R form inequivalent representations of SO(9, 1). Spin indices cannot be raised or lowered with the charge conjugation matrix, but α^α_Lc^{β̇}_α β_{R,β̇} is Lorentz invariant.

One finds that the 16 × 16 symmetric matrices γ^m_{αβ} and γ^{mαβ} satisfy γ^m_{αβ}γ^nβγ + γ^n_{αβ}γ^{mβγ} = 2η^{mn}δ^γ_α (A.17) and γ_{m(αβ} γ^m_{γ)δ} = 0 (A.18)

which makes Fierz rearrangements very easy.

Our conventions for d = 10 N = 2 superspace covariant derivatives and supersymmetry charges are

D_α = ∂_α + 1 2 (γ^mθ)_α∂_m , Q_α = ∂_α − 1 2 (γ^m θ)_α∂_m ,

D̂_{α̂} = ∂_{α̂} + 1 2 (γ^mθ̂)_{α̂}∂_m , Q̂_{α̂} = ∂_{α̂} − 1 2 (γ^m θ)_{α̂}∂_m , (A.19) which satisfy {D_α, D_β} = γ^m_{αβ} ∂_m , { D̂_{α̂}, D̂_{β̂} } = γ^m_{α̂β̂}∂_m , { D_α, D̂_{β̂} } = 0 {D_α, Q_β} = 0 , {D̂_{α̂}, Q̂_{β̂}} = 0 . (A.20)

Acknowledgements

First of all I would like to thank Silvia Penati so much for her continuous encouragement, help and support in these many years.

I would like to thank the Department of Nuclear and Theoretical Physics in Pavia and INFN, sezione di Pavia, for financial support. In particular, I am very grateful to Annalisa Marzuoli, Mauro Carfora and Sergio Ratti for their very kind help and encouragement.

I am very grateful to the Physics Department G. Occhialini, University of Milano-Bicocca, for the very kind hospitality throughout these years and for providing funding that supported my participation into some schools and conferences. I would like to thank all the “baretto” friends in particular for the funniest lunch breaks ever.

I would like to thank the C. N. Yang Institute for Theoretical Physics at Stony Brook, U.S.A., for the very kind hospitality during my stay within the International Doctorate Programme between the State University of New York at Stony Brook and the University of Pavia. In particular, I would like to thank Martin Roček for his kind help and support during my stay there, for the many useful discussions and especially for coming to Italy and participating into my thesis defense as a member of the evaluating committee.

I would like to thank Pietro Antonio Grassi, Marc Grisaru, Dietmar Klemm, Olaf Lechtenfeld, Liuba Mazzanti, Silvia Penati and Alexander Popov for giving me the opportunity to collaborate with them and to learn so much from them.

Very special thanks go to Dietmar Klemm and Marc Grisaru for their very strong encouragement, help and support.

I am especially grateful to Ulf Lindström for kindly accepting to be the external referee for this thesis, for his very careful reading of it and for the many useful discussions, comments and suggestions.

Finally, I would like to thank my many ex officemates, Claudio Dappiaggi, Valeria Gili, Liuba Mazzanti, Marcello Musso, Alberto Romagnoni and Andrea Sartirana for tolerating my bad temper, loud voice, invasive plants, my mess and very bad habit of locking one of them in particular inside the office. Now I’m alone in my office and missing all of you.

156

Bibliography

[1] W. Heisenberg (1954), as quoted in H.P. Dürr, Werner Heisenberg und die Physik unserer Zeit, (S.299, Fr.Vieweg u. Sohn, Braunschweig, 1961) and H. Rampacher, H. Stumpf and F. Wagner, Fortsch. Phys. 13 (1965) 385; E.P. Wigner, Phys. Rev. 77 (1950) 711.

[2] T. Filk, “Divergencies in a field theory on quantum space”, Phys. Lett.B 376 (1996) 53-58.

[3] J. Polchinsky, “String Theory” vol I e II, Cambridge University Press

[4] M. B. Green, J. H. Schwarz, E. Witten, “Superstring theory”, Cambridge University Press.

[5] P.-M. Ho, Y.-Y. Wu, Y.-S. Wu,“Towards a noncommutative approach to matrix compactification”, Phys.Rev.D58:026006,1998 [hep-th/9712201]; M.R. Douglas, C.M. Hull, “D-branes and the noncommutative torus”, JHEP 9802:008,1998 [hep-th/9711165];

A. Connes, M. R. Douglas, A. Schwarz,“Noncommutative geometry and matrix theory: Compactification on tori”, JHEP 9802:003,1998 [hep-th/9711162].

[6] C.-S. Chu, P.-M. Ho, “On noncommutative open string and D-brane”, Nucl.Phys.B550:151-168,1999 [hep-th/9812219];

Y.-K. E. Cheung, M. Krogh, “Noncommutative geometry from 0-branes in a background B-field”, Nucl.Phys.B528:185-196,1998 [hep-th/9803031].

[7] N. Seiberg, E. Witten, “String theory and noncommutative geometry”, JHEP 9909 (1999) 032 [hep-th/9908142].

[8] D. Colladay, V.A. Kostelecky, “Lorentz-violating extension of the Standard Model”, Phys. Rev. D 55 (1997) 6760, Phys. Rev. D 58 (1998) 116002 [hep-ph/9809521];

S.M. Carroll, J.A. Harvey, V.A. Kostelecky, C.D. Lane, T. Okamoto, “Noncommutative field theory and Lorentz violation”, Phys. Rev. Lett. 87 (2001) 141601 [hep-th/0105082].

[9] A. Micu, M. M. Sheikh-Jabbari, “Noncommutative Φ^4 theory al two loops”, HEP 0101 (2001) 025 [hep-th/0008057].

[10] I. Chepelev, R. Roiban, “Renormalization of quantum field theories on noncommutative R^d, I. Scalars”, JHEP 0005 (2000) 037 [hep-th/9911098]; “Convergence theorem for non-commutative Feynman graphs and renormalization”, JHEP 0103 (2001) 001 [hep-th/0008090].

[11] R. Gopakumar, “Noncommutative solitons”, Apr 2001. Prepared for ICTP Spring School on Superstrings and Related Matters, Trieste, Italy, 2-10 Apr 2001. Published in *Trieste 2001, Superstrings and related matters* 275-300.

[12] N. A. Nekrasov, “Trieste lectures on solitons in noncommutative gauge theory”, hep-th/0011095.

[13] J. A. Harvey, “Komaba lectures on noncommutative solitons and Dbranes”, hep-th/0102076.

[14] N. Nekrasov, A. Schwarz, “Instantons on noncommutative R^4 and (2, 0) superconformal six-dimensional theory”, Commun.Math.Phys.198:689- 703,1998 [hep-th/9802068].

[15] N. Seiberg, L. Susskind, N. Toumbas, “Space/time non-commutativity and causality”, HEP 0006 (2000) 044 [hep-th/0005015].

[16] J. Gomis, T. Mehen, “Space-time noncommutative field theories and unitarity”, Nucl.Phys. B591 (2000) 265-276 [hep-th/0005129].

[17] L. Alvarez-Gaumé, J. L. F. Barboón, R. Zwicky, “Remarks on time-space noncommutative field theories”, JHEP 0105 (2001) 057 [hep-th/0103069].

[18] L. Susskind, “The quantum Hall fluid and noncommutative Chern-Simons theory”, hep-th/0101029.

[19] S. Alexander, R. Brandenberger, J. Magueijo, “Noncommutative inflation”, Phys.Rev.D67:081301,2003 [hep-th/0108190].

[20] M. Wohlgenannt, “Introduction to a noncommutative version of the standard model”, hep-th/0302070.

[21] T. Ohl, J. Reuter, “Testing the noncommutative standard model at a future photon collider”, hep-ph/0406098.

[22] P. Kosinski, J. Lukierski, P. Maslanka, “Local field theory on κ-Minkowski space, star products and noncommutative translations”, Czech.J.Phys. 50 (2000) 1283-1290 [hep-th/0009120].

[23] J. Wess, J. Bagger, “Supersymmetry and supergravity”, Princeton University Press.

[24] S. J. Gates, Jr, M. T. Grisaru, M. Rocek, W. Siegel, “Superspace”, The Benjamin/Cunning Publishing Company, Inc.

[25] M. F. Sohnius, “Introducing supersymmetry”, Physics reports 128, Nos. 2 e 3 (1985) 39-204.

[26] D. Klemm, S. Penati and L. Tamassia, “Non(anti)commutative superspace”, Class. Quantum Grav. 20 (2003) 2905-2916 [hep-th/0104190], nominated by the Editorial Board of Classical and Quantum Gravity for inclusion in ”Research Highlights of 2003/2004” (freely available on-line at www.iop.org/EJ/journal/-page=extra.High0304/CQG).

[27] H. Ooguri and C. Vafa, “The C-deformation of gluino and non-planar diagrams”, Adv.Theor.Math.Phys. 7 (2003) 53-85, [hep-th/0302109].

[28] N. Seiberg, “Noncommutative superspace, N =^1_2 supersymmetry, field theory and string theory”, JHEP 0306 (2003) 010 [hep-th/0305248].

[29] J. de Boer, P.A. Grassi, P. van Nieuwenhuizen, “Noncommutative superspace from string theory”, Phys.Lett.B574:98-104,2003 [hep-th/0302078].

[30] N. Berkovits, “Super-Poincaré covariant quantization of the superstring,” JHEP 0004 (2000) 018 [hep-th/0001035].

[31] N. Berkovits, “Multiloop amplitudes and vanishing theorems using the pure spinor formalism for the superstring”, hep-th/0406055.

[32] P. A. Grassi and L. Tamassia, ”Vertex operators for closed superstrings”, JHEP 0407:071,2004 [hep-th/0405072]

[33] J. H. Schwarz and P. Van Nieuwenhuizen, “Speculations Concerning A Fermionic Substructure Of Space-Time,” Lett. Nuovo Cim. 34 (1982) 21; P. Bouwknegt, J. G. McCarthy and P. van Nieuwenhuizen, “Fusing the coordinates of quantum superspace,” Phys. Lett. B 394 (1997) 82 [arXiv:hep-th/9611067].

[34] M. T. Grisaru, S. Penati, “An integrable noncommutative version of the sine–Gordon system”, Nucl.Phys. B655:250-276, 2003 [hep-th/0112246].

[35] K. Matsubara, “Restrictions on gauge groups in noncommutative field theory”, Phys. Lett. B482 (2000) 417-419 [hep-th/0003294].

[36] M. T. Grisaru, L. Mazzanti, S. Penati and L. Tamassia, “Some properties of the integrable noncommutative sine-Gordon system”, JHEP 0404:057,2004 [hep-th/0310214].

[37] O. Lechtenfeld, L. Mazzanti, S. Penati, A. D. Popov and L. Tamassia, “Integrable noncommutative sine-Gordon system”, hep-th/0406065.

[38] A. Connes, “A short survey of noncommutative geometry”, J.Math.Phys.

41 (2000) 3832-3866 [hep-th/0003006].

[39] R. M. Wilcox, “Exponential operators and parameter differentiation in quantum physics”, Journal of mathematical physics, vol.8, number 4, April 1967.

[40] L. Castellani, “Noncommutative geometry and physics: a review of selected recent results”, Class.Quant.Grav. 17 (2000) 3377-3402 [hep-th/0005210].

[41] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, D. Sternheimer, “Deformation theory and quantization. I. Deformations of symplectic structures”, Annals of Physics 111,61-110 (1978).

[42] P. Kosinski, J. Lukierski, P. Maslanka, “Local field theory on κ-Minkowski space, star products and noncommutative translations”, Czech.J.Phys. 50 (2000) 1283-1290 [hep-th/0009120].

[43] L. Bonora, M. Schnabl, M.M. Sheikh-Jabbari and A. Tomasiello, “Noncommutative SO(n) and SP(n) gauge theories”, Nucl. Phys. B589 (2000) 461-474 [hep-th/0006091].

[44] D. Bahns, S. Doplicher, K. Fredenhagen, G. Piacitelli, “On the unitarity problem in space/time noncommutative theories”, Phys.Lett. B533 (2002) 178-181 [hep-th/0201222];

Y. Liao, K. Sibold, “Time-ordered Perturbation Theory on Noncommutative Spacetime: Basic Rules”, Eur.Phys.J. C25 (2002) 469-477 [hep-th/0205269]; ”Time-ordered Perturbation Theory on Noncommutative Spacetime II: Unitarity”, Journal-ref: Eur.Phys.J. C25 (2002) 479-486, [hep-th/0206011].

[45] E. Witten, “Global aspects of current algebra”, Nucl.Phys. B223:422, 1983; “Nonabelian bosonization in two-dimensions”, Commun.Math.Phys. 92:455-472, 1984.

[46] C. Chu, “Induced Chern-Simons and WZW action in Noncommutative Spacetime”, Nucl.Phys. B580:352-362, 2000 [hep-th/0003007]; L. Dabrowski, T. Krajewski, G. Landi, “Some properties of non-linear σ-models in noncommutative geometry”, Int.J.Mod.Phys. B14:2367-2382, 2000 [hep-th/0003099];

A. M. Ghezelbash, S. Parvizi, “Gauged noncommutative Wess-Zumino- Witten models”, Nucl.Phys. B592:408-416, 2001 [hep-th/0008120]; I. Jack, D. R. T. Jones and N. Mohammedi, “Ultraviolet properties of noncommutative non-linear sigma-models in two dimensions”, Phys.Lett. B520:405-409, 2001 [hep-th/0109015].

[47] E. Moreno and F. A. Schaposnik, “The Wess-Zumino-Witten term in noncommutative two-dimensional fermion models”, JHEP 0003:032, 2000 [hep-th/0002236]; “Wess-Zumino-Witten and fermion models in noncommutative space”, Nucl.Phys. B596:439-458, 2001 [hep-th/0008118].

[48] C. Nunez, K. Olsen, R. Schiappa, “From noncommutative bosonization to S-duality”, JHEP 0007:030, 2000 [hep-th/0005059].

[49] M. Kontsevich, “Deformation quantization of Poisson manifolds, I,” Lett.Math.Phys. 66 (2003) 157-216 [q-alg/9709040].

[50] P. Kosiński, J. Lukierski, P. Maślanka and J. Sobczyk, “Quantum deformation of the Poincare supergroup and kappa deformed superspace,” J. Phys. A 27 (1994) 6827 [hep-th/9405076];

P. Kosiński, J. Lukierski and P. Maślanka, “Quantum deformations of space-time SUSY and noncommutative superfield theory,” hep-th/0011053.

[51] S. Terashima, “A note on superfields and noncommutative geometry,” Phys. Lett. B 482 (2000) 276 [hep-th/0002119];

N. Grandi, R. L. Pakman and F. A. Schaposnik, “Supersymmetric Dirac- Born-Infeld theory in noncommutative space,” Nucl. Phys. B 588 (2000) 508 [hep-th/0004104];

D. Zanon, “Noncommutative perturbation in superspace,” Phys. Lett. B 504 (2001) 101 [hep-th/0009196];

M. T. Grisaru and S. Penati, “Noncommutative supersymmetric gauge anomaly,” Phys. Lett. B 504 (2001) 89 hep-th/0010177; A. Santambrogio and D. Zanon, “One-loop four-point function in noncommutative N=4 Yang-Mills theory,” JHEP 0101 (2001) 024 [hep-th/0010275];

M. Pernici, A. Santambrogio, D. Zanon, ”One-loop four-point function in noncommutative N = 4 super Yang-Mills is gauge invariant”, Phys.Lett. B504 (2001) 131-140 [hep-th/0011140].

[52] S. Ferrara and M. A. Lledó, “Some aspects of deformations of supersymmetric field theories,” JHEP 0005 (2000) 008 [hep-th/0002084].

[53] N. Berkovits, N. Seiberg, “Superstrings in graviphoton background and N =^1_2 +^3_2 supersymmetry”, JHEP 0307 (2003) 010 [hep-th/0306226].

[54] C. Chu, F. Zamora, “Manifest supersymmetry in non-commutative geometry”, JHEP 0002 (2000) 022 [hep-th/9912153].

[55] I. Chepelev, C. Ciocarlie, “A Path Integral Approach To Noncommutative Superspace”, JHEP 0306 (2003) 031 [hep-th/0304118].

[56] T. Mehen and M. B. Wise, “Generalized *-products, Wilson lines and the solution of the Seiberg-Witten equations,” JHEP 0012 (2000) 008 [hep-th/0010204];

S. R. Das and S. P. Trivedi, “Supergravity couplings to noncommutative branes, open Wilson lines and generalized star products”, JHEP 0102 (2001) 046 [hep-th/0011131].

[57] A. Van Proeyen, “Tools for supersymmetry,” hep-th/9910030.

[58] M. T. Grisaru, S. Penati, and A. Romagnoni, “Two-loop renormalization for nonanticommutative N=1/2 supersymmetric WZ model”, JHEP 0308 (2003) 003, [hep-th/0307099]

[59] R. Britto, B. Feng, and S.J. Rey, “Deformed superspace, N=1/2 supersymmetry and (non)renormalization theorems”, JHEP 0307 (2003) 067, [hep-th/0306215]

[60] S. Terashima, and J. Yee, “Comments on noncommutative superspace”, JHEP 0312, 053 (2003), [hep-th/0306237].

[61] R. Britto, and B. Feng, “N=1/2 Wess-Zumino model is renormalizable”, Phys. Rev. Lett. 91, 201601 (2003), [hep-th/0307165];

A. Romagnoni, “Renormalizability of N=1/2 WessZumino model in superspace”, JHEP 0310, 016 (2003), [hep-th/0307209].

[62] O. Lunin, and S.J. Rey, “Renormalizability of non(anti)commutative gauge theories with N=1/2 supersymmetry”, JHEP 0309, 045 (2003), [hep-th/0307275] ;

D. Berenstein, and S.J. Rey, “Wilsonian proof for renormalizability of N=1/2 supersymmetric field theories”, Phys. Rev. D 68, 121701 (2003), [hep-th/0308049].

[63] M. Alishahiha, A. Ghodsi and N. Sadooghi, “One-loop perturbative corrections to non(anti)commutativity parameter of N = 1/2 supersymmetric U(N) gauge theory”, Nucl. Phys. B 691, 111 (2004) [hep-th/0309037].

[64] M. T. Grisaru, S. Penati and A. Romagnoni, to appear.

[65] A. Imaanpur, “On instantons and zero modes of N = 1/2 SYM theory”, JHEP 0309, 077 (2003), [hep-th/0308171]; “Comments on gluino condensates in N = 1/2 SYM theory”, JHEP 0312, 009 (2003), [hep-th/0311137].

[66] P. A. Grassi, R. Ricci and D. Robles-Llana, “Instanton calculations for N = 1/2 super Yang-Mills theory”, JHEP 0407, 065 (2004) [hep-th/0311155].

[67] M. Billo, M. Frau, I. Pesando and A. Lerda, “N = 1/2 gauge theory and its instanton moduli space from open strings in R-R background”, JHEP 0405, 023 (2004) [hep-th/0402160].

[68] C. Saemann, M. Wolf, “Constraint and Super Yang-Mills Equations on the Deformed Superspace R^{(4|16)}_ℏ ”, JHEP 0403 (2004) 048 [hep-th/0401147].

[69] D. Mikulovic, “Seiberg-Witten map for superfields on canonically deformed N = 1, d = 4 superspace”, JHEP 0401, 063 (2004) [hep-th/0310065]; “Seiberg-Witten map for superfields on N = (1/2,0) and N = (1/2,1/2) deformed superspace”, JHEP 0405, 077 (2004) [hep-th/0403290].

[70] S. Ferrara, and E. Sokatchev, “Non-anticommutative N=2 super-Yang- Mills theory with singlet deformation”, Phys. Lett. B 579, 226 (2004), [hep-th/0308021];

E. Ivanov, O. Lechtenfeld, and B. Zupnik, “Nilpotent deformations of N=2 superspace”, JHEP 0402, 012 (2004) [hep-th/0308012];

S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev and B. Zupnik, “Nonanticommutative chiral singlet deformation of N = (1,1) gauge theory” [hep-th/0405049].

[71] S. V. Ketov and S. Sasaki, “BPS-type equations in the nonanticommutative N = 2 supersymmetric U(1) gauge theory”, Phys. Lett. B 595 (2004) 530 [hep-th/0404119]; “Nonanticommutative N = 2 supersymmetric SU(2) gauge theory”, Phys. Lett. B 597, 105 (2004) [hep-th/0405278]; “SU(2) x U(1) non-anticommutative N = 2 supersymmetric gauge theory” [hep-th/0407211].

[72] B. Chandrasekhar and A. Kumar, “D = 2, N = 2 supersymmetric theories on non(anti)commutative superspace”, JHEP 0403, 013 (2004) [hep-th/0310137];

B. Chandrasekhar, “D=2, N = 2 supersymmetric σ-models on non(anti)commutative superspace”, hep-th/0408184.

[73] J. H. Park, “Superfield theories and dual supermatrix models”, JHEP 0309, 046 (2003) [hep-th/0307060].

[74] Y. Shibusa, “Path integral formulation of noncommutative superspace in IKKT matrix model”, hep-th/0404206;

Y. Shibusa and T. Tada, “Note on a fermionic solution of the matrix model and noncommutative superspace”, Phys. Lett. B 579, 211 (2004) [hep-th/0307236].

[75] E. S. Fradkin, A. A. Tseytlin, “Nonlinear electrodynamics from quantized strings”, Phys. Lett. 163B (1985) 123;

C. G. Callan, C. Lovelace, C. R. Nappi, S. A. Yost, “String loop corrections to beta functions”, Nucl. Phys. B288 (1987) 525;

A. Aboulesaood , C. G. Callan, C. R. Nappi, S. A. Yost, “Open strings in background gauge fields”, Nucl. Phys. B280 (1987) 599.

[76] N. Seiberg, L. Susskind, N. Toumbas, “Strings in background electric field, space/time noncommutativity and a new noncritical string theory”, JHEP 0006 (2000) 021 [hep-th/0005040].

[77] R. Gopakumar, J. Maldacena, S. Minwalla, A. Strominger, “S-duality and noncommutative gauge theory”, JHEP 0006 (2000) 036 [hep-th/0005048].

[78] R.-G. Cai and N. Ohta, “Noncommutative and Ordinary Super Yang-Mills on (D(p − 2), Dp) Bound States”, JHEP 0003 (2000) 009 [hep-th/0001213]; I. Klebanov, J. Maldacena, “ 1+1 dimensional NCOS and its U(N) gauge theory dual”, Int.J.Mod.Phys. A16 (2001) 922-935; Adv.Theor.Math.Phys.

4 (2000) 283-302 [hep-th/0006085];

R.-G. Cai and N. Ohta, “(F1, D1, D3) Bound States, Its Scaling Limits and SL(2, Z) Duality”, Prog. Theor. Phys. 104 (2000) 1073 [hep-th/0007106]; V. Sahakian, “The phases of 2D NCOS”, JHEP 0009 (2000) 025 [hep-th/0008073];

S. Hyun, “U-duality between NCOS theory and matrix theory”, Nucl.Phys. B598 (2001) 276-290 [hep-th/0008213];

C. P. Herzog, I. R. Klebanov, “Stable massive states in 1+1 dimensional NCOS”, Phys.Rev. D63 (2001) 046001[hep-th/0009017]; M. Gremm, “ Compactified NCOS and duality”, JHEP 0108 (2001) 052 [hep-th/0009095];

F. Kristiansson, P. Rajan, “Wound string scattering in NCOS theory”, Phys.Lett. B502 (2001) 235-238 [hep-th/0011054];

J.L.F. Barbon, E. Rabinovici, “On the nature of the Hagedorn transition in NCOS systems”, JHEP 0106 (2001) 029 [hep-th/0104169]; R.-G. Cai, I. Mitra, N. Ohta and S. Roy, “On Decoupled Theories in (5+1) Dimensions from (F, D1, NS5, D5) Supergravity Configuration”, JHEP 0112 (2001) 029 [hep-th/0111027];

S. Hyun, H. Shin, “ Dynamical aspects on duality between SYM and NCOS from D2-F1 bound state”, JHEP 0204 (2002) 044 [hep-th/0202191]; S. Hyun, S. Lee, H. Shin, “On decoupling of massless modes in NCOS theories”, Eur.Phys.J. C26 (2002) 293-297 [hep-th/0204055]; R.-G. Cai, J.-X. Lu, N. Ohta, “NCOS and D-branes in time-dependent backgrounds”, Phys.Lett. B551 (2003) 178-186 [hep-th/0210206].

[79] C. Albertsson, U. Lindström, M. Zabzine, “N = 1 supersymmetric sigma model with boundaries. 1.”, Commun.Math.Phys.233:403-421,2003 [hep-th/0111161]; “N = 1 supersymmetric sigma model with boundaries. 2.”, Nucl.Phys.B678:295-316,2004 [hep-th/0202069];

P. Haggi-Mani, U. Lindström and M. Zabzine, ”Boundary conditions, supersymmetry and A-field coupling for an open string in a B-field background”, Phys. lett. B483 (2000) 443-450 [hep-th/0004061].

[80] C. Albertsson, U. Lindström and M. Zabzine, “Superconformal boundary conditions for the WZW model”, JHEP 0305, 050 (2003). [hep-th/0304013].

[81] C. Chu, P. Ho, “Constrained quantization of open string in background B field and noncommutative D-brane”, Nucl.Phys. B568 (2000) 447-456 [hep-th/9906192].

[82] O. Lechtenfeld, A. D. Popov and B. Spendig, “Open N=2 strings in a B-field background and noncommutative self-dual Yang-Mills”, Phys.Lett. B507 (2001) 317-326 [hep-th/0012200].

[83] H. Ooguri and C. Vafa, “Geometry of N = 2 strings”, Nucl. Phys. B361 (1991) 469-518; “Self-duality and N = 2 string magic”, Mod. Phys. Lett. A5 (1990) 1389-1398.

[84] T. A. Ivanova and O. Lechtenfeld, “Hidden symmetries of the open N = 2 string”, Int.J.Mod.Phys. A16 (2001) 303-329 [hep-th/0007049].

[85] O. Lechtenfeld, A. D. Popov , “On the integrability of covariant field theory for open N = 2 string”, Phys. lett. B494,(2000) 148-154 [hep-th/0009144].

[86] N. Berkovits, C. Vafa, “N=4 topological strings”, Nucl.Phys.B433:123- 180,1995, [hep-th/9407190].

[87] N. Berkovits, “Covariant quantization of the Green-Schwarz superstring in a Calabi-Yau background”, Nucl.Phys.B431:258-272,1994, [hep-th/9404162].

[88] N. Berkovits, “Quantization of the superstring in Ramond-Ramond backgrounds”, Class.Quant.Grav.17:971-978,2000 [hep-th/9910251].

[89] W. Siegel, “Classical Superstring Mechanics”, Nucl. Phys. B263 (1986) 93;

Phys. Rev. D 50 (1994), 2799.

[90] U. Lindström, M. Rocek, P. van Nieuwenhuizen, “Consistent boundary conditions for open strings”, Nucl.Phys.B662:147-169,2003 [hep-th/0211266].

[91] N. Berkovits, M. Bershadsky, T. Hauer, S. Zhukov and B. Zwiebach, “Superstring theory on AdS_2 ×S^2 as a coset supermanifold”, Nucl. Phys. B567, 61 (2000) [hep-th/9907200].

[92] A. Imaanpur and S. Parvizi, “N = 1/2 super Yang-Mills theory on Euclidean AdS(2) x S**2”, JHEP 0407, 010 (2004) [hep-th/0403174].

[93] L. Cornalba, M. S. Costa, R. Schiappa, “D-brane dynamics in constant Ramond-Ramond potentials, S duality and noncommutative geometry, hep-th/0209164.

[94] N. Berkovits, “Conformal field theory for the superstring in a Ramond- Ramond plane-wave background”, JHEP 0204:037,2002 [hep-th/0203248].

[95] A. Cattaneo, G. Felder, “A path integral approach to the Kontsevich quantization formula”, Commun.Math.Phys. 212 (2000) 591-611 [QA/9902090].

[96] L. Cornalba and R. Schiappa, “Nonassociative star product deformations for D-brane worldvolumes in curved backgrounds,” Commun. Math. Phys. 225 (2002) 33 [hep-th/0101219].

[97] C. M. Hull, “Lectures On Nonlinear Sigma Models And Strings”, PRINT- 87-0480 (CAMBRIDGE) Lectures given at Super Field Theories Workshop, Vancouver, Canada, Jul 25 - Aug 6, 1986

[98] R. Wulkenhaar, “A tour through non-associative geometry”, hep-th/9607086

[99] A. Dimakis, F. Muller-Hoissen, “Bi-differential calculi and integrable models”, J. Phys. A33 (2000) 957-974 [math-ph/9908015]; “Bicomplexes and Integrable Models”, J.Phys. A33 (2000) 6579-6591, [nlin.SI/0006029].

[100] R. Rajaraman, “Solitons and instantons. An introduction to solitons and instantons in quantum field theory”, Elsevier.

[101] G. Derrick, “Comments on nonlinear wave equations as models for elementary particles”, J. Math. Phys. 5 1252 (1964); S. Coleman, “Aspects of symmetry”, chapters 6 and 7.

[102] R. Gopakumar, S. Minwalla, A. Strominger, “Noncommutative solitons”, JHEP 0005:020,2000 [hep-th/0003160];

J. A. Harvey, P. Kraus, F. Larsen, E. J. Martinec, “D-branes and strings as noncommutative solitons”, JHEP 0007:042,2000 [hep-th/0005031]; M. Aganagic, R. Gopakumar, S. Minwalla, A. Strominger, “Unstable solitons in noncommutative gauge theory”, JHEP 0104:001,2001 [hep-th/0009142];

J. A. Harvey, P. Kraus, F. Larsen, “Exact noncommutative solitons”, JHEP 0012:024,2000 [hep-th/0010060];

D. J. Gross, N. A. Nekrasov, “Solitons in noncommutative gauge theory”, JHEP 0103:044,2001 [hep-th/0010090];

U. Lindström, M. Rocek and R. von Unge, “Non-commutative soliton scattering,” JHEP 0012, 004 (2000) [hep-th/0008108];

L. Hadasz, U. Lindström, M. Rocek and R. von Unge, “Noncommutative multisolitons: Moduli spaces, quantization, finite Theta effects and stability,” JHEP 0106, 040 (2001) [hep-th/0104017]; “Time dependent solitons of noncommutative Chern-Simons theory coupled to scalar fields,” Phys. Rev. D 69, 105020 (2004) [hep-th/0309015].

[103] O. Lechtenfeld, A. D. Popov and B. Spendig, “Noncommutative solitons in open N=2 string theory”, JHEP 0106:011, 2001 [hep-th/0103196]; O. Lechtenfeld and A. D. Popov, “Noncommutative multi-solitons in 2+1 dimensions”, JHEP 0111:040, 2001 [hep-th/0106213].

[104] O. Lechtenfeld and A. D. Popov, “Scattering of noncommutative solitons in 2+1 dimensions”, Phys.Lett. B523:178, 2001 [hep-th/0108118].

[105] M. Wolf, “Soliton-antisoliton scattering configurations in a noncommutative sigma model in 2+1 dimensions”, JHEP 0206:055, 2002 [hep-th/0204185];

M. Ihl and S. Uhlmann, “Noncommutative extended waves and soliton-like configurations in N = 2 string theory”, Int. J. Mod. Phys. A 18 (2003) 4889 [hep-th/0211263].

[106] S. Bieling, “Interaction of noncommutative plane waves in 2+1 dimensions”, J.Phys. A35:6281-6292, 2002 [hep-th/0203269].

[107] R. Leese, “Extended wave solutions in an integrable chiral model in (2+1) dimensions”, J. Math Phys. 30 (9), 1989.

[108] L.D. Faddeev, L.A. Takhatajan, “Hamiltonian Methods in the Theory of Solitons”, Berlin: Springer.

[109] S.L. Lukyanov, V.A. Fateev, “Physics reviews: additional symmetries and exactly soluble models in two-dimensional conformal field theory”, Chur, Switzerland: Harwood (1990) (Soviet Scientific Reviews A, Physics: 15.2).

[110] A. Dimakis, F. Muller-Hoissen, “Bicomplexes, integrable models, and noncommutative geometry”, Int.J.Mod.Phys. B14:2455-2460, 2000 [hep-th/0006005];

“A noncommutative version of the nonlinear Schrodinger equation”, hep-th/0007015;

“Noncommutative Korteweg-De Vries equation”, hep-th/0007074; Lett.Math.Phys. 54:123-135, 2000 [hep-th/0007160].

[111] M. Hamanaka, K. Toda, “Noncommutative Burgers Equation”, J.Phys.

A36 (2003) 11981-11998 [hep-th/0301213].

[112] I. Cabrera-Carnero and M. Moriconi, “Noncommutative integrable field theories in 2d”, Nucl.Phys. B673 (2003) 437-454 [hep-th/0211193].

[113] S. R. Coleman, “The quantum sine-Gordon equation as the massive Thirring model”, Phys.Rev. D11:2088, 1975.

[114] D. J. Amit, Y. Y. Goldschmidt and G. Grinstein, “Renormalization group analysis of the phase transition in the 2 D coulomb gas, sine-Gordon theory and XY model”, J.Phys. A13:585, 1980.

[115] S. Minwalla, M. V. Raamsdonk, N. Seiberg, “Noncommutative perturbative dynamics”, JHEP 0002:020, 2000 [hep-th/9912072].

[116] L. Mazzanti, Laurea Thesis (2003), unpublished.

[117] C. N. Yang, “Condition of selfduality for SU(2) gauge fields on euclidean four-dimensional space”, Phys.Rev.Lett. 38:1377, 1977.

[118] R.S. Ward, “Integrable and solvable systems, and relations among them”, Phil. Trans. R. Soc. Lond. A 315 (1985) 451;

L.J. Mason and G.A.J. Sparling, “Nonlinear Schrodinger and Korteweg-De Vries are reductions of selfdual Yang-Mills”, Phys. Lett. A 137 (1989) 29; “Twistor correspondences for the soliton hierarchies”, J. Geom. Phys. 8 (1992) 243;

M.J. Ablowitz, S. Chakravarty and L.A. Takhtajan, “A selfdual Yang-Mills hierarchy and its reductions to integrable systems in (1+1)-dimensions and (2+1)-dimensions”, Math. Phys. 158 (1993), 289;

T.A. Ivanova and A.D. Popov, “Some new integrable equations from the self-dual Yang-Mills equations”, Phys. Lett. A 205 (1995) 158

[hep-th/9508129];

“Selfdual Yang-Mills fields in D = 4 and integrable systems in 1 ≤ D ≤ 3”, Theor. Math. Phys. 102 (1995) 280 [Teor. Mat. Fiz. 102 (1995) 384]; S. Chakravarty, S.L. Kent and E.T. Newman, “Some reductions of the selfdual Yang-Mills equations to integrable systems in (2+1)-dimensions”, J. Math. Phys. 36 (1995) 763;

M. Legare, “Selfdual Yang-Mills equations and integrable reductions”, Int. J. Mod. Phys. A 12 (1997) 219.

[119] Mo-Lin Ge, Lai Wang and Yong-Shi Wu, “Canonical reduction of selfdual Yang-Mills theory to sine-Gordon and Liouville theories”, Phys.Lett. B335:136-142, 1994.

[120] K. Takasaki, “Anti-self-dual Yang-Mills equations on noncommutative spacetime”, J.Geom.Phys. 37:291-306, 2001 [hep-th/0005194].

[121] M. Legaré, “Noncommutative generalized NS and super matrix KdV systems from a noncommutative version of (anti-)self-dual Yang-Mills equation”, hep-th/0012077; J.Phys. A35:5489-5497, 2002.

[122] M. Hamanaka and K. Toda, “Towards noncommutative integrable equations,” hep-th/0309265;

M. Hamanaka, “Commuting flows and conservation laws for noncommutative Lax hierarchies”, hep-th/0311206;

K.M. Lee, “Chern-Simons solitons, chiral model, and (affine) Toda model on noncommutative space”, hep-th/0405244.

[123] S. G. Naculich, H. J. Schnitzer, “Constructive methods for higher genus correlation functions of level one simply laced WZW models”, Nucl.Phys. B332:583, 1990.

[124] A.M. Polyakov and P.B. Wiegmann, “Theory Of Nonabelian Goldstone Bosons In Two Dimensions”, Phys. Lett. B 131 (1983) 121; “Goldstone Fields In Two-Dimensions With Multivalued Actions”, Phys. Lett. B 141 (1984) 223;

P. Di Vecchia and P. Rossi, “On the equivalence between the Wess-Zumino action and the free Fermi theory in two dimensions,” Phys. Lett. B 140 (1984) 344;

P. Di Vecchia, B. Durhuus and J.L. Petersen, “The Wess-Zumino action in two dimensions and nonabelian bosonization,” Phys. Lett. B 144 (1984) 245;

Y. Frishman, “Conservation laws and bosonization” Phys. Lett. B 146 (1984) 204;

P. Goddard and D. Olive, “Kac-Moody and Virasoro algebras in relation to quantum physics”, Int. Journ. Mod. Phys. A 1 (1986) 303; C.P. Burgess and F. Quevedo, “Nonabelian bosonization as duality”, Phys. Lett. B 329 (1994) 457 [hep-th/9403173].

[125] K. Furuta, T. Inami, “Ultraviolet property of noncommutative Wess-Zumino-Witten model”, Mod.Phys.Lett. A15:997-1002, 2000 [hep-th/0004024];

A. R. Lugo, “Correlation functions in the non-commutative Wess-Zumino- Witten model”, Phys.Lett. B511:101-111, 2001 [hep-th/0012268].

[126] C. Chu, J. Lukierski, W. Zakrzewski, “Hermitian analyticity, IR/UV mixing and unitarity of noncommutative field theories”, Nucl.Phys. B632:219- 239, 2002 [hep-th/0201144];

D. Bak, S. Kim, “Troubles with spacetime noncommutative theories: Tachyons or S-branes?”, JHEP 0405 (2004) 053 [hep-th/0310123].

[127] R.S. Ward, “Soliton Solutions In An Integrable Chiral Model In 2 + 1 Dimensions”, J. Math. Phys. 29 (1988) 386; “Classical solutions of the chiral model, unitons, and holomorphic vector bundles”, Commun. Math. Phys. 128 (1990) 319.

[128] A.N. Leznov, “On equivalence of four-dimensional selfduality equations to continual analog of the main chiral field problem”, Theor. Math. Phys. 73 (1987) 1233.

[129] V.E. Zakharov and A.V. Mikhailov, “Relativistically invariant twodimensional models in field theory integrable by the inverse problem technique”, Sov. Phys. JETP 47 (1978) 1017;

V.E. Zakharov and A.B. Shabat, Funct. Anal. Appl. 13 (1979) 166; P. Forgács, Z. Horváth and L. Palla, “Solution Generating Technique For Selfdual Monopoles”, Nucl. Phys. B 229 (1983) 77.

[130] T.A. Ioannidou, “Soliton Solutions and Nontrivial Scattering in an Integrable Chiral Model in (2+1) Dimensions”, J. Math. Phys. 37 (1996) 3422 [hep-th/9604126];

T.A. Ioannidou and W.J. Zakrzewski, “Solutions of the modified chiral model in (2+1) dimensions”, J. Math. Phys. 39 (1998) 2693 [hep-th/9802122].

[131] V.P. Nair and J. Schiff, “Kahler Chern-Simons theory and symmetries of antiselfdual gauge fields”, Nucl. Phys. B 371 (1992) 329.

[132] A. Losev, G.W. Moore, N. Nekrasov and S. Shatashvili,

“Four-dimensional avatars of two-dimensional RCFT” Nucl. Phys. Proc. Suppl. 46 (1996) 130 [hep-th/9509151].

[133] J.C. Le Guillou, E. Moreno, C. Nunez and F.A. Schaposnik, “Non abelian bosonization in two and three dimensions”, Nucl. Phys. B 484 (1997) 682 [hep-th/9609202].

[134] C.P. Burgess and F. Quevedo, “Bosonization as duality”, Nucl. Phys. B 421 (1994) 373 [hep-th/9401105].

[135] N. Berkovits, “ICTP lectures on covariant quantization of the superstring”, hep-th/0209059.

[136] W. Siegel, “Hidden local symmetry in the supersymmetric particle action”, Phys. Lett. 128B (1983) 397-399.

[137] D. Friedan, E. Martinec and S. Shenker, “Conformal Invariance, Supersymmetry and String Theory”, Nucl. Phys. B271 (1986) 93.

[138] I. Bengtsson, M. Cederwall, “Covariant superstrings do not admit covariant gauge fixing”, GOTEBORG-84-21-REV, GOTEBORG-84-21, unpublished.

[139] I. Oda and M. Tonin, “On the Berkovits covariant quantization of the GS superstring”, Phys. Lett. B520 (2001) 398 [hep-th/0109051]; M. Matone, L. Mazzucato, I. Oda, D. Sorokin and M. Tonin, “The superembedding origin of the Berkovits pure spinor covariant quantization of superstrings”, Nucl. Phys. B 639, 182 (2002) [hep-th/0206104].

[140] P. A. Grassi, G. Policastro, M. Porrati and P. van Nieuwenhuizen, “Covariant quantization of superstrings without pure spinor constraints”, JHEP 10 (2002) 054, “The massless spectrum of covariant superstrings”, [hep-th/0112162]; P. A. Grassi, G. Policastro, and P. van Nieuwenhuizen, JHEP 11 (2002) 004, [hep-th/0202123]; P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, “On the BRST cohomology of superstrings with/without pure spinors”, Adv. Theor. Math. Phys. 7, 499 (2003) [hep-th/0206216].

[141] N. Berkovits, “Cohomology in the pure spinor formalism for the superstring”, JHEP 0009, 046 (2000) [hep-th/0006003].

[142] N. Berkovits and O. Chandia, “Lorentz invariance of the pure spinor BRST cohomology for the superstring”, Phys.Lett.B514:394-400,2001, [hep-th/0105149].

[143] N. Berkovits and B. C. Vallilo, “Consistency of super-Poincaré covariant superstring tree amplitudes”, JHEP 0007, 015 (2000) [hep-th/0004171].

[144] N. Berkovits, “Relating the RNS and pure spinor formalisms for the superstring”, JHEP 0108 (2001) 026 [hep-th/0104247].

[145] I. Oda, M. Tonin, “On the b-antighost in the pure spinor quantization of superstrings”, hep-th/0409052.

[146] M.B. Green and M. Gutperle, “Effects of D Instantons”, Nucl. Phys. B498 (1997) 195 [hep-th/9701093];

M.B. Green and P. Vanhove, “D-instantons, Strings and M-theory”, Phys. Lett. B408 (1997) 122 [hep-th/9704145];

Z. Bern, L. Dixon, D. Dunbar, M. Perelstein and J.S. Rozowsky, “On the Relationship between Yang-Mills Theory and Gravity and its Implication for Ultraviolet Divergences”, Nucl. Phys. B530 (1998) 401 [hep-th/9802162].

[147] E. DHoker and D.H. Phong, “Two Loop Superstrings, 1. Main Formulas”, Phys. Lett. B529 (2002) 241 [hep-th/0110247];

E. DHoker and D.H. Phong, “Two Loop Superstrings, 2. The Chiral Measure on Moduli Space”, Nucl. Phys. B636 (2002) 3 [hep-th/0110283]; E. DHoker and D.H. Phong, “Two Loop Superstrings, 3. Slice Independence and Absence of Ambiguities”, Nucl. Phys. B636 (2002) 61 [hep-th/0111016]; E. DHoker and D.H. Phong, “Two Loop Superstrings, 4. The Cosmological Constant and Modular Forms”, Nucl. Phys. B639 (2002) 129 [hep-th/0111040];

R. Iengo and C.-J. Zhu, “Two Loop Computation of the Four-Particle Amplitude in the Heterotic String”, Phys. Lett. B212 (1988) 313; R. Iengo and C.-J. Zhu, “Explicit Modular Invariant Two-Loop Superstring Amplitude Relevant for R^4”, JHEP 06 (1999) 011 [hep-th/9905050]; R. Iengo, “Computing the R^4 Term at Two Superstring Loops”, JHEP 0202 (2002) 035 [hep-th/0202058];

Z.-J. Zheng, J.-B. Wu and C.-J. Zhu, “Two-Loop Superstrings in Hyperelliptic Language I: the Main Results”, Phys. Lett. B559 (2003) 89 [hep-th/0212191];

Z.-J. Zheng, J.-B. Wu and C.-J. Zhu, “Two-Loop Superstrings in Hyperelliptic Language II: the Vanishing of the Cosmological Constant and the Non-Renormalization Theorem”, Nucl. Phys. B663 (2003) 79 [hep-th/0212198];

Z.-J. Zheng, J.-B. Wu and C.-J. Zhu, “Two-Loop Superstrings in Hyperelliptic Language III: the Four-Particle Amplitude”, Nucl. Phys. B663 (2003) 95 [hep-th/0212219];

W.-J. Bao and C.-J. Zhu, “Comments on Two-Loop Four-Particle Amplitude in Superstring Theory”, JHEP 0305 (2003) 056 [hep-th/0303152].

[148] J. Atick, G. Moore, and A. Sen, “Some Global Issues in String Perturbation Theory”, Nucl. Phys. B308 (1988) 1;

J. Atick, G. Moore and A. Sen, “Catoptric Tadpoles”, Nucl. Phys. B307 (1988) 221;

J. Atick, J. Rabin and A. Sen, “An Ambiguity in Fermionic String Perturbation Theory”, Nucl. Phys. B299 (1988) 279;

E. Martinec, “Nonrenormalization Theorems and Fermionic String Finiteness”, Phys. Lett. B171 (1986) 189.

[149] S. Mandelstam, “The n Loop String Amplitude: Explicit Formulas, Finiteness and Absence of Ambiguities”, Phys. Lett. B277 (1992) 82.

[150] G. Trivedi, “Correlation functions in Berkovits’ pure spinor formulation”, Mod.Phys.Lett. A17 (2002) 2239-2248 [hep-th/0205217].

[151] N. Berkovits and P. S. Howe, “Ten-dimensional supergravity constraints from the pure spinor formalism for the superstring’,’ Nucl. Phys. B 635, 75 (2002) [hep-th/0112160].

[152] N. Berkovits and O. Chandia, “Superstring vertex operators in an AdS(5) x S(5) background”, Nucl. Phys. B 596, 185 (2001) [hep-th/0009168].

[153] B.C. Vallilo, “Flat Currents in the Classical AdS_5xS^5 Pure Spinor Superstring”, JHEP 0403 (2004) 037 [hep-th/0307018].

[154] N. Berkovits, V. Pershin, “Supersymmetric Born-Infeld from the Pure Spinor Formalism of the Open Superstring”, JHEP 0301 (2003) 023 [hep-th/0205154].

[155] C.S. Chu, P.S. Howe, E. Sezgin, “Strings and D-Branes with Boundaries”, Phys.Lett. B428 (1998) 59-67 [hep-th/9801202].

[156] S. Kerstan, “Supersymmetric Born-Infeld from the D9-brane”, Class.Quant.Grav. 19 (2002) 4525-4536, [hep-th/0204225].

[157] P.S. Howe, U. Lindström, “Kappa-symmetric higher derivative terms in brane actions”, Class.Quant.Grav. 19 (2002) 2813-2824 [hep-th/0111036]; P.S. Howe, S.F. Kerstan, U. Lindström, D. Tsimpis, “The deformed M2- brane”, JHEP 0309:013,2003 [hep-th/0307072];

J.M. Drummond, S.F. Kerstan, “Kappa-symmetric higher derivative corrections to D-brane dynamics”, hep-th/0407145.

[158] N. Berkovits, “Covariant quantization of the superparticle using pure spinors”, JHEP 0109:016,2001 [hep-th/0105050].

[159] N. Berkovits, “Towards covariant quantization of the supermembrane”, JHEP 0209:051,2002 [hep-th/0201151].

[160] Lilia Anguelova, P. A. Grassi, P. Vanhove, “Covariant one-lopp amplitudes in D=11”, hep-th/0408171.

[161] P.S. Howe, “Pure spinor lines in superspace and ten-dimensional supersymmetric theories”, Phys. Lett. B258 (1991) 141, Addendum-ibid.B259 (1991) 511;

P.S. Howe, “Pure spinors, function superspaces and supergravity theories in ten dimensions and eleven dimensions”, Phys. Lett. B273 (1991) 90.

[162] J. P. Harnad and S. Shnider, “Constraints and field equations for tendimensional superYang-Mills theory”, Commun. Math. Phys. 106, 183 (1986).

[163] H. Ooguri, J. Rahmfeld, H. Robins and J. Tannenhauser, “Holography in superspace”, JHEP 0007, 045 (2000) [hep-th/0007104].

[164] N. Berkovits, “Covariant quantization of the superstring”, Int. J. Mod.

Phys. A 16, 801 (2001) [hep-th/0008145].

[165] M. B. Green, “Supertranslations, Superstrings And Chern-Simons Forms”, Phys. Lett. B 223, 157 (1989).

[166] P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, “The quantum superstring as a WZNW model with N=2 superconformal symmetry”, Nucl.Phys. B676 (2004) 43-63 [hep-th/0307056]; “Superstrings and WZNW models”, hep-th/0402122.

[167] N. Berkovits and O. Chandia, “Massive superstring vertex operator in D=10 superspace”, JHEP 0208, 040 (2002) [hep-th/0204121].

[168] M. Bianchi, G. Pradisi and A. Sagnotti, “Toroidal compactification and symmetry breaking in open string theories”, Nucl. Phys. B 376, 365 (1992).

[169] P. Di Vecchia, M. Frau, I. Pesando, S. Sciuto, A. Lerda and R. Russo, “Classical p-branes from boundary state”, Nucl. Phys. B 507, 259 (1997) [hep-th/9707068];

M. Billo, P. Di Vecchia, M. Frau, A. Lerda, I. Pesando, R. Russo and S. Sciuto, “Microscopic string analysis of the D0-D8 brane system and dual R-R states”, Nucl. Phys. B 526, 199 (1998) [hep-th/9802088].

[170] M. Cederwall, B. E. W. Nilsson and D. Tsimpis, “Spinorial cohomology and maximally supersymmetric theories”, JHEP 0202, 009 (2002) [hep-th/0110069];

M. Cederwall, B. E. W. Nilsson and D. Tsimpis, “Spinorial cohomology of abelian d=10 super-Yang-Mills at α^{′3}”, JHEP 0211, 023 (2002) [hep-th/0205165].

[171] N. Marcus and J. H. Schwarz, “Field Theories That Have No Manifestly Lorentz Invariant Formulation”, Phys. Lett. B 115, 111 (1982); B. McClain, F. Yu and Y. S. Wu, “Covariant Quantization Of Chiral Bosons And Osp(1,1|2) Symmetry” Nucl. Phys. B 343, 689 (1990); C. Wotzasek, “The Wess-Zumino Term For Chiral Bosons”, Phys. Rev. Lett. 66, 129 (1991);

J. H. Schwarz and A. Sen, “Duality symmetric actions”, Nucl. Phys. B 411, 35 (1994) [hep-th/9304154];

P. Pasti, D. P. Sorokin and M. Tonin, “Duality symmetric actions with manifest space-time symmetries”, Phys. Rev. D 52, 4277 (1995) [hep-th/9506109];

F. P. Devecchi and M. Henneaux, “Covariant path integral for chiral pforms”, Phys. Rev. D 54, 1606 (1996) [hep-th/9603031]; N. Berkovits, “Manifest electromagnetic duality in closed superstring field theory”, Phys. Lett. B 388, 743 (1996) [hep-th/9607070]; N. Berkovits and C. M. Hull, “Manifestly covariant actions for D = 4 selfdual Yang-Mills and D = 10 super-Yang-Mills”, JHEP 9802, 012 (1998) [hep-th/9712007].

[172] B. Zwiebach, “Closed string field theory: Quantum action and the BV master equation”, Nucl. Phys. B 390, 33 (1993) [hep-th/9206084].