arXiv:hep-th/0506052 v2 8 Nov 2005

Abelian Higgs Model Effective Potential in the Presence of Vortices

Rudnei O. Ramos,^{1, ∗} J. F. Medeiros Neto,^{1, 2, †} Daniel G. Barci,^{1, ‡} and Cesar A. Linhares^{1, §} 1Departamento de Física Teórica, Universidade do Estado do Rio de Janeiro, 20550-013 Rio de Janeiro, RJ, Brazil 2Instituto de Física, Universidade Federal do Pará, 66075-110 Belem, Pará, Brazil

We determine the contribution of nontrivial vacuum (topological) excitations, more specifically vortex–strings of the Abelian Higgs model in 3 + 1 dimensions, to the functional partition function. By expressing the original action in terms of dual transformed fields we make explicit in the equivalent action the contribution of the vortex–strings excitations of the model. The effective potential of an appropriately defined local vacuum expectation value of the vortex–string field in the dual transformed action is then evaluated both at zero and finite temperatures and its properties discussed in the context of the finite temperature phase transition.

PACS numbers: 98.80.Cq, 11.10.Wx

I. INTRODUCTION

The study of phase transitions in quantum field theory has a long history, since the first works on the subject [1, 2, 3] (see also the Refs. [4, 5]) and it is still a highly active area of research motivated by several open problems in QCD phase transitions, grand-unified theory phase transitions and many other subject areas including also condensed matter physics problems [6]. One basic mechanism we are usually interested in these studies is how the variation of an external quantity like temperature, density or external fields may act and change different physical quantities in a given system or the study, for instance, of how symmetries may change under the variation of temperature, like in symmetry breaking phase transitions. One very common and extremely useful tool in the latter problem is the use of effective potentials for appropriate order parameters characterizing the possible phases of the system (at equilibrium), like the vacuum expectation value of a Higgs field in gauge field theories, determined as some constant (in space and time) solution of the effective field equations.

Around the same time of these studies on symmetry breaking/restoring phase transitions on gauge field theories, it was also realized that symmetry breaking in gauge field theories could give rise to nontrivial and nonperturbative stable solutions of the field equations of motion. This is the case, for example, of the magnetic vortex solutions in a U (1) symmetry broken Abelian gauge field theory [7] or magnetic monopoles in O(3) or SU (2) symmetry broken non-Abelian gauge field theories [8, 9], which are only a few examples among several other topological-like nontrivial vacuum field solutions that have been exhaustively studied to date (for reviews, see for instance Refs. [10, 11]). Extra interest on these field solutions is also due to the fact that, since these nonlocal vacuum structures are expected to emerge in most of the grand unified phase transitions in the early universe, they may have important cosmological consequences (for a detailed account see e.g. Ref. [12]).

In the present paper we consider the case of phase transition in the Abelian Higgs model from the viewpoint in which the phase transition at finite temperatures is driven by a condensation of magnetic vortices. This is not an entirely novelty in the sense that there are a lot of examples in which phase transitions are driven by topological defects in quantum field theory as well as in condensed-matter physics [13]. In fact, it has long been believed that, close to the critical point, the condensation of inhomogeneous configurations, solutions of the field equations, is able to provide a much better description of the phase transition as compared to mean field methods, e.g., using the sole contribution of constant, homogeneous field configurations in the partition function, as it is the case of the standard derivations of the finite-temperature effective potential in field theories. For instance, topological configurations, like strings in the Abelian Higgs model, have previously been studied in this context of phase transitions by computing the free energy associated to these configurations, e.g., by semiclassically expanding the quantum fields around the vortex-string classical solution [14, 15]. The problem with this approach of considering the contribution of topological configurations to the effective action in a semiclassical way is the intrinsic difficulty of computing the effective action,

∗Electronic address: rudnei@uerj.br †Electronic address: jfmn@ufpa.br ‡Regular Associate of the Abdus Salam International Centre for Theoretical Physics (ICTP), Trieste, Italy; Electronic address: barci@uerj.br §Electronic address: linhares@dft.if.uerj.br

which becomes highly nonlocal, so only the first order loop terms can be computed analytically and to go beyond numerical methods have to be employed. An alternative approach to the semiclassical one that also has been used is directly quantizing the topological excitations and representing them as (nonlocal) quantum fields (see for instance the approach of Refs. [16] and references therein). But this is also problematic since we are only able to compute lowest-order correlation functions of the quantal topological field and even so, the still nonlocal character of these functions besets a simple derivation. To circumvent these problems, in this paper we adopt an alternative intermediate derivation between the latter two, which make use of the concept of duality [17]. Using this technique it is possible to conveniently rewrite the original action for the Goldstone modes of the broken symmetry, in terms of a dual action describing the topological defect currents and its interactions mediated by a dual antisymmetric tensor field.

We here consider the finite-temperature version of the Abelian Higgs model, which is then treated along a formalism developed long ago by the authors of Refs. [18, 19, 20]. In this formalism, a dual transformation is applied to the Higgs model partition function in order to show the contributions from topological excitations in a more explicit manner. An antisymmetric tensor auxiliary field is introduced and, after functional integration of the original electromagnetic vector field, the action of this dual model assumes the form of a relativistic hydrodynamics in the sense of Kalb– Ramond [21] and Nambu [22, 23]. The formalism may be generalized to non-Abelian gauge fields [24]. In more recent years this formalism has been generalized to extended objects in higher dimensions (D-branes) in string theory [25]. Also, in another kind of application, this duality approach has been used in the study of vortices in superfluidity models [26].

The next step in this mechanism, is to rewrite the sum over all possible distributions of the topological number density which appears in the partition function as a functional integration over some functional fields. This procedure was introduced previously in U (1) lattice gauge theory [27] and later used in the Abelian Higgs model by several authors [20, 28]. In this paper we use these techniques to calculate the contribution of the topological defects in the Abelian Higgs model to the one-loop effective potential, which can now be expressed directly in terms of the expectation value of a quantum vortex field. From this effective potential we have calculated the vortex condensation temperature obtaining a result compatible with previous estimations based on the statistical distribution of classical strings [15]. We have also checked that this temperature is different than the usual mean field critical temperature of the model when the inhomogeneous topological field configurations are neglected. This then makes possible to access in an analytical way the importance of these topological configurations during a phase transition.

The remaining of this paper is organized as follows. In Sec. II we introduce the model. In Sec. III we calculate the dual action showing how the topological defects explicitly show up in this formalism. We discuss the issue of gauge invariance and the equivalence between the original and the dual model at the effective potential level. In Sec. IV we calculate the contribution of the topological defects to the effective potential and evaluate the condensation temperature. Our final considerations and conclusions are given in Sec. V. An appendix is included to review and show some of the technical details of the formalism we have used here.

II. THE MODEL

The model we consider is the Abelian Higgs model with Lagrangian density for a complex scalar field ϕ and gauge field A_μ,

L = − 1 4 F_{μν} F^{μν} + |D_μϕ|^2 − V (ϕ) , (2.1)

where, in the usual notation, F_{μν} = ∂_μA_ν − ∂_νA_μ, D_μ = ∂_μ − ieA_μ and V (ϕ) is a symmetry breaking potential given by

V (ϕ) = −m^2_ϕ |ϕ|^2 + λ 3! ( |ϕ|^2 )_2 . (2.2)

The symmetry breaking U (1) → 1 with homotopy group π_1 ≠ 1 indicates the existence of string-like topological excitations in the system (for an extended introduction and review see e.g. Ref. [12]). For example, for a unit winding string solution along the z axis, the classical field equations of motion obtained from the Lagrangian density (2.1) admit a stable finite energy configuration describing the string and given by (using the cylindrical coordinates r, θ, z)

ϕ_{string} = ρ(r) √ 2 e^{iθ} , (2.3)

A_{μ,string} = 1 e A(r) ∂_μθ , (2.4)

where the functions ρ(r) and A(r) vanish at the origin and have the asymptotic behavior ϕ(r → ∞) → ρ_v ≡ √ 6m^2_ϕ/λ and A(r → ∞) → 1. The functions ρ(r) and A(r) are obtained (numerically) by solving the classical field equations. If we write the field ϕ as ϕ = ρ exp(iχ)/ √ 2, then from (2.3) and (2.4) for the string, at spatial infinity ρ goes to the vacuum ρ_v and A_μ becomes a pure gauge. This also gives, in order to get a finite energy for the string configuration, that ∂_μχ = eA_μ at r → ∞, so D_μϕ = 0. This leads then that, by taking some contour C surrounding the symmetry axis, and using Stokes’ theorem, to the nonvanishing magnetic flux

Φ = ∮ A_μdx^μ = ∮ ∂_μχdx^μ = 2π/e . (2.5) Since ϕ must be single-valued, the Eq. (2.5) implies that on the string χ must be singular. Therefore, the phase χ can be separated into two parts: in a regular part and in a singular one, due to the string configuration. We will use this latter fact in the next section when describing the topological vortex string contributions to the partition function, which are then characterized by multivalued (or singular) phases of the scalar field.

III. THE DUAL-TRANSFORMED ACTION

Let us start by writing the partition function for the Abelian Higgs model (2.1), which, in Euclidean space-time is given by

Z[β] = ∫ DADϕDϕ^∗ exp {−S [A_μ, ϕ, ϕ^∗] − S_{GF} } , (3.1) where in the above expression S denotes the Euclidean action,

S [A_μ, ϕ, ϕ^∗] = ∫_β 0 dτ ∫ d^3x [ 1 4 F_{μν} F_{μν} + |D_μϕ|^2 + V (ϕ) ] , (3.2)

where β = 1/T is the inverse of the temperature and S_{GF} in (3.1) is some appropriate gauge-fixing and ghost term that must be added to the action to perform the functional integral over the relevant degrees of freedom. We will come back later to this term and explicitly fix it within the formalism described below. Note also that the functional integral in Eq. (3.1) is to be performed over the bosonic scalar and gauge fields satisfying the usual periodic boundary conditions in imaginary time with period β = 1/T [4, 5].

By writing the complex Higgs field ϕ in the polar parameterization form ϕ = ρe^{iχ}/ √ 2, the functional integration measure in Eq. (3.1) is changed to

DϕDϕ^∗ → DρDχ ( ∏ x ρ ) , (3.3)

and the quantum partition function becomes

Z = ∫ DA_μDρDχ ( ∏ x ρ ) exp {−S [A_μ, ρ, χ] − S_{GF} } , (3.4) with

S [A_μ, ρ, χ] = ∫ dτ d^3x [ 1 4 F_{μν} F_{μν} + 1 2 (∂_μρ)^2 + 1 2 ρ^2 (∂_μχ + eA_μ)^2 − m^2_ϕ 2 ρ^2 + λ 4! ρ^4 ] . (3.5)

In order to make explicit the contribution of the nontrivial topological field configuration in the partition function (3.4), it is more convenient to work with the dual version of Eq. (3.5). To achieve this equivalent dual action we start by splitting the scalar phase field χ in its regular and singular terms, χ = χ_{reg} + χ_{sing}. Lets for now, for convenience, omit the gauge fixing term S_{GF} in Eq. (3.4) and re-introduce it again in the final transformed action. Following e.g. the procedure of Refs. [29, 30, 31, 32, 33], the functional integral over χ in Eq. (3.4) can then be rewritten as ∫ Dχ exp [ − ∫ d^4x 1 2 ρ^2 (∂_μχ + eA_μ)^2 ]

= ∫ Dχ_{sing} Dχ_{reg}DC_μ ( ∏ x ρ^{−4} ) exp { − ∫ d^4x [ 1 2ρ^2

C^2_μ − iC_μ (∂_μχ_{reg}) − iC_μ (∂_μχ_{sing} + eA_μ) ]}

= ∫ Dχ_{sing} ( ∏ x ρ^{−4} ) DW_{μν} exp { − ∫ d^4x [ κ^2 2ρ^2 V^2_μ + eκA_μV_μ + iπκW_{μν} ω_{μν} ]} , (3.6)

where we have performed the functional integral over χ_{reg} in the second line of Eq. (3.6). This gives a constraint on the functional integral measure, δ(∂_μC_μ), which can be represented in a unique way by expressing the C_μ in terms of an antisymmetric field, C_μ = −i^κ_2 ϵ_{μνλρ}∂_ν W_{λρ} ≡ κV_μ, which then leads to the last expression in Eq. (3.6). κ is some arbitrary parameter with mass dimension and ω_{μν} is the vorticity given only in terms of the singular phase part of χ,

ω_{μν} ≡ 1 4π ϵ_{μνλρ} (∂_μ∂_ν − ∂_ν∂_μ) χ(x) . (3.7)

Next, in order to linearize the dependence on the gauge field in the action we introduce a new antisymmetric tensor field G_{μν} through the identity

exp ( − 1 4 ∫ d^4xF^2_{μν} ) = ∫ DG_{μν} exp [∫ d^4x ( − μ^2_W 4 G^2_{μν} − μ_W 2 G̃_{μν} F_{μν} )] , (3.8)

with G̃_{μν} ≡ 1 2 ϵ_{μνλρ}G_{λρ} . (3.9) Substituting Eqs. (3.6) and (3.8) back into Eq. (3.4), we can immediately perform the functional integral over the A_μ field. Taking also for convenience eκ = μ_W , we then obtain for Eq. (3.4) the result

Z = ∫ DW_{μν} Dχ_{sing}DG_{μν} δ [ ϵ_{μναβ}∂_μ ( G_{αβ} − 1 2 W_{αβ} )] Dρ ( ∏ x ρ^{−3} )

× exp { − ∫ d^4x [ μ^2_W 4 G^2_{μν} + μ^2_W 2e^2ρ^2

V^2_μ + 1 2 (∂_μρ)^2 − m^2_ϕ 2 ρ^2 + λ 4! ρ^4 + iπ μ_W e W_{μν} ω_{μν} ]} . (3.10)

The constraint ϵ_{μναβ}∂_μ (G_{αβ} − W_{αβ}) = 0 can be solved by setting

G_{μν} = W_{μν} − 1 μ_W (∂_μB_ν − ∂_ν B_μ) , (3.11)

where B_μ is an arbitrary gauge field, thus obtaining for the partition function the expression (and re-introducing the gauge fixing term)

Z = ∫ DW_{μν} Dχ_{sing} DB_μ Dρ ( ∏ x ρ^{−3} ) exp {−S_{dual} [W_{μν} , B_μ, ρ, χ_{sing}] − S_{GF} } , (3.12)

with

S_{dual} = ∫ d^4x [ μ^2_W 2e^2ρ^2

V^2_μ + 1 4 (μ_W W_{μν} − ∂_μB_ν + ∂_ν B_μ)^2 + 1 2 (∂_μρ)^2 − m^2_ϕ 2 ρ^2 + λ 4! ρ^4 + iπ μ_W e W_{μν} ω_{μν} ] . (3.13)

This dual model is completely equivalent to the original Abelian Higgs model in the polar representation given by Eqs. (3.4) and (3.5) and so, any calculations done using (3.12) must lead to the same results as those done with the original action. For example, if we compute the effective potential for a constant scalar field configuration ρ_c from the latter should be the same as the one obtained by the former. This we will check explicitly shortly. The advantage of the dual version is that it explicitly exhibits the dependence on the singular configuration of the Higgs field, making it appropriate to study phase transitions driven by topological defects. However, we need to be careful with gauge invariance, in special in the dual model (3.13), since it has more gauge freedom than the original model. Now we come to the part concerning the gauge fixing term S_{GF} in (3.12). From Eq. (3.13) we see that the dual action exhibits invariance under the double gauge transformation: the hypergauge transformation

δW_{μν} (x) = ∂_μξ_ν (x) − ∂_ν ξ_μ(x) , δB_μ = μ_W ξ_μ(x) , (3.14)

and the usual gauge transformation

δB_μ = ∂_μθ(x) , (3.15)

where ξ_μ(x) and θ(x) are arbitrary vector and scalar functions, respectively. Choosing ξ_μ = B_μ in the first transformation is equivalent to fix the gauge through the condition B_μ = 0 [30] and this is equivalent to choose the unitary gauge in Eq. (3.12).

At this point, it would be interesting to analyze the gauge fixing procedures for this model and to show that the resulting effective potential does not depend on the gauge fixing parameters within our parametrization choice for the complex scalar field. For simplicity, we neglect at this time the last term in the exponential in Eq. (3.13) due to the vorticity. In order to evaluate the effective potential we need to specify the gauge fixing term S_{GF} . To fix the gauge for the antisymmetric tensor field, associated to the first gauge transformation in Eq. (3.14), we need to introduce a vector ghost field. We here do this in the same way the gauge is fixed and corresponding ghost terms appear in the analogous case of choosing gauge terms for two-form gauge field models [34]. As we see below, this vector ghost also exhibits a gauge invariance which, therefore, need to be fixed. This leads to one more ghost field associated to this subsidiary gauge invariance. Next, we also need to fix the second gauge invariance associated to the transformation (3.15) and to add its corresponding ghost field. Therefore, three constants are needed to completely fix the gauge freedom [34]. This process leads to the following relevant additional terms that define the gauge-fixing term in the partition function,

S_{GF} = ∫ d^4x { − 1 2θ (∂^μW_{μν} + ∂_ν ψ + uμ_W B_ν )^2 + iζ^ν [( ∂^2 + uμ^2_W ) ζ_ν − ∂_ν ∂^μζ_μ + ∂_ν ϑ + uμ_W ∂_ν c ]

+ iζ^ν ( ∂_νϑ − μ_W ∂_ν c ) + σ∂^2σ − ic∂^2c + 1 2ξ (∂_μB^μ)^2 } , (3.16)

where ψ, c, c, σ, σ, ϑ, ϑ are the ghost fields and θ, u and ξ are the gauge parameters.

We can easily perform the functional integrals over the ghost fields appearing in Eq. (3.16). Besides an overall normalization factor independent of the action fields (and the background Higgs field) we get for the quantum partition function

Z = N ∫ DW_{μν} Dρ DB_μ Dη Dη exp { − ∫ d^4x [ μ_W^2 2e^2ρ^2

V^2_μ + 1 4 (μ_W W_{μν} − ∂_μB_ν + ∂_ν B_μ)^2 + 1 2 (∂_μρ)^2 − m^2_ϕ 2 ρ^2 + λ 4! ρ^4 − ηρ^{−3}η − 1 2θ (∂^μW_{μν} )^2 + u 2θ μ_W W_{μν} (∂^μB^ν − ∂^ν B^μ) + 1 2ξ (∂_μB^μ)^2 ]} . (3.17)

where η, η are the ghost fields used to exponentiate the Jacobian ρ^{−3} in the functional integration measure in Eq. (3.12).

Let us now compute, for instance, the effective potential for a constant background field ρ_c from (3.17). The effective potential for ρ_c is defined as usual, by writing ρ in terms of the constant background field plus the quantum fluctuations around this constant field configuration, ρ = ρ_c + ρ^′, and performing the functional integration over ρ^′ and remaining fields. In the usual derivation [2], the effective potential for interacting field theories is evaluated perturbatively as an expansion in loops, which is equivalent to an expansion in powers of h̄ [35]. The one-loop approximation for V_{eff} (ρ_c) is then equivalent to incorporating the first quantum corrections to the classical potential V (ρ_c). For a general case of N -particle species interacting with the Higgs field, its one-loop effective potential can be written in the generic form (in Minkowski spacetime)

V^{1−loop} eff (ρ_c) = V (ρ_c) ∓ 1 2 i N∑ j=1 g_j ∫ d^4k (2π)^4 ln [ k^2 − M^2_j (ρ_c) ] , (3.18)

where the negative sign in Eq. (3.18) stands for boson fields, while the positive one is for fermion (and ghost) fields. g_j labels the number of degrees of freedom for the particle species coupled to the scalar Higgs field and M_j (ρ_c) their mass spectrum. The momentum integrals in Eq. (3.18), when working in the Matsubara formalism of finite temperature field theory (see e.g. [2, 4, 5]), are expressed as ∫ d^4k (2π)^4 = i 1 β ∑ ω_n ∫ d^3k (2π)^3 , and the four-momentum k_μ = (k, iω_n), where ω_n = 2πnT , n = 0, ±1, . . ., represent the Matsubara frequencies for bosons, while for fermions we have ω_n = (2n + 1)πT .

Using Eq. (3.18) and from Eq. (3.17), we obtain quantum correction coming from the ρ^′, W_{μν}, B_μ, η̄, η fields. At the one-loop level, we then obtain the effective potential for the dual Abelian Higgs model,

V_{eff} (ρ_c) = m^2_ϕ 2 ρ^2_c + λ 4! ρ^4_c − 1 2 i ∫ d^4k (2π)^4 ln det [ iD^{−1}(k) ] ρ^′ − 1 2 i ∫ d^4k (2π)^4 ln det [ iD^{−1}(k) ] B_μ,W_{μν} − 3i ∫ d^4k (2π)^4 ln ρ_c + (terms independent of ρ_c) , (3.19)

where [iD^{−1}(k)]_ρ′ comes from the quadratic term in ρ^′ of the Lagrangian density, given in momentum space by [ iD^{−1}(k) ] ρ^′ = k

2 + m^2_ϕ − λρ^2_c /2 , (3.20)

while [ iD^{−1}(k) ] B_μ,W_{μν} is the matrix of quadratic terms in the gauge field Bμ and antisymmetric field Wμν , [ iD^{−1}(k) ] B_μ,W_{αβ} = ( −g^{μν} k^2 + (1 − 1/ξ)k^μk^ν −i ( μ_W −^u_θ ) k^λg^{μρ} i ( μ_W −^u_θ ) k^αg^{βν} μ^2_W (_{k2} e^2ρ^2_c − 1 ) G^{αλβρ} + (_1 θ −^{μ2W}_{e2ρ2c} ) K^{αλβρ} ) . (3.21)

where we have used the notation

G^{αλβρ} = 1 4 ( g^{αλ}g^{βρ} − g^{αρ}g^{βλ} ) , (3.22) and

K^{αλβρ} = 1 2 ( k^αk^λg^{βρ} − k^αk^ρg^{βλ} ) . (3.23)

The explicit computation of (3.19) is a tedious one, but it can be shown that all gauge dependence factorize from (3.19) as terms independent of the background field and consequently can be dropped out. For the generating function (3.17) this has been shown by the authors of the first reference in [34]. For the computation of the effective potential this is most easily shown in the case of the original model. As we have emphasized before, the model described by Eq.

(3.17) is just the dual of the Abelian Higgs model in the covariant gauge in the polar representation for the complex Higgs field. As such, they are physically equivalent and the effective potential for the shifted action in (3.17) must lead to the same effective potential as that obtained from the original Abelian Higgs model in the covariant gauge. This is easily seen from Eq. (3.5), where, by taking a covariant gauge fixing term, one has the Lagrangian density

L = − 1 4 F_{μν} F^{μν} + 1 2 (∂_μρ)^2 + 1 2 ρ^2 (∂_μχ − eA_μ)^2 + m^2_ϕ 2 ρ^2 − λ 4! ρ^4 − 1 2ξ (∂_μA^μ)^2 + η̄ρη + c̄∂^2c , (3.24)

where η̄, η are the ghost fields for the Jacobian factor in Eq. (3.4) and c̄, c are the ghosts due to the gauge-fixing term. The effective potential for a constant field background ρ_c is defined in the usual way, as said above. We obtain, for instance, the one-loop effective potential,

V_{eff} (ρ_c) = m^2_ϕ 2 ρ^2_c + λ 4! ρ^4_c − 1 2 i ∫ d^4k (2π)^4 ln det [ iD^{−1}(k) ] ρ^′ − 1 2 i ∫ d^4k (2π)^4 ln det [ iD^{−1}(k) ] χ,A_μ + i ∫ d^4k (2π)^4 ln ρ_c + i ∫ d^4k (2π)^4 ln k^2 , (3.25)

where the last two terms in (3.25) come from the functional integration over the ghost terms of (3.24). [iD^{−1}(k)]_ρ′ is the same as before, given by Eq. (3.20), while [iD^{−1}(k)]_{χ,Aμ} is the matrix of quadratic terms (in momentum space) for the χ and A_μ fields, [ iD^{−1}(k) ] χ,A_μ = ( ρ^2_c k^2 ieρ^2_c k^ν −ieρ^2_c k^μ −g^{μν} (k^2 − e^2ρ^2_c ) + (1 − 1/ξ)k^μk^ν ) . (3.26)

Substituting (3.20) and (3.26) in (3.25), we obtain the result

V_{eff} (ρ_c) = m^2_ϕ 2 ρ^2_c + λ 4! ρ^4_c − 1 2 i ∫ d^4k (2π)^4 ln(k^2 − M^2_H ) − 1 2 i ∫ d^4k (2π)^4 ln [ − 1 ξ (k^2 − M^2_A)^{3/2}k^4ρ^2_c ]

+ i ∫ d^4k (2π)^4 ln ρ_c + i ∫ d^4k (2π)^4 ln k^2 , (3.27)

where M^2_H = −m^2_ϕ + λρ^2_c /2 and M^2_A = e^2ρ^2_c are the Higgs and gauge field (squared) masses as usual. From Eq. (3.27) we readily see that the contributions from the ghost fields, including the divergent contribution due to the Jacobian coming from the radial parametrization for the scalar field ϕ, cancel with identical terms coming from the gauge and scalar phase field matrix quadratic term, Eq. (3.26). These same cancellations happens when working with the analogous expression for the effective potential, Eq. (3.19), in terms of the dual B_μ and W_{μν} fields, including again the cancellation of the divergent Jacobian due to an analogous contribution appearing in the W_{μν} field quadratic term, as seen from the matrix of quadratic terms, Eq. (3.21). All gauge dependence (on ξ) can be separated from (3.27) as a background independent term that can be dropped out. The emerging result is identical to the effective potential obtained, e.g., in Ref. [36].

Once the equivalence of the original and the dual model is checked and the gauge-fixing peculiarities of the dual model can be dealt with conveniently, we can move on to consider the contribution of singular field-configurations with non-trivial vorticity to the effective potential.

IV. THE EFFECTIVE POTENTIAL IN THE PRESENCE OF VORTEX–STRING VACUUM CONFIGURATIONS

Let us now reinstate the contribution due to nontrivial singular structures of the Higgs phase in the calculations of the one-loop effective potential. This is given by the last term in Eq. (3.13), for the coupling of the antisymmetric field W_{μν} with the vorticity term due to the singular phase of the Higgs field. As we saw, it is associated to the existence of vortex-like solutions for the equations of motion of the action (3.2) [7]. These can be associated to stringlike topological defect configurations that are either infinite in length or forming finite-size closed loops. By open configurations we mean the existence of magnetic monopoles at the end points [12] and we will not consider these kind of structures here since we restrict our study only to the Abelian theory. Also, we will only consider here field configurations which generate closed magnetic vortex lines in the three spatial Euclidean dimensions, since these are more suitable to the field theoretical analysis we will adopt in the following and are also expected to be the dominant topology for strings close to the transition point [12].

The coupling term of the antisymmetric field with the vorticity source ω_{μν}, defined in Eq. (3.7), is non-vanishing for the singular term χ_{sing} of the Higgs field phase and hence this interaction term will contribute to the action, along with the world sheet of the string. In the zero temperature case, the source ω_{μν} is associated to the surface element of a (tube-like) world sheet of a closed vortex-string [19, 29, 30]. Following the Dirac construction [37], it is given by

ω_{μν} (x) = n ∫ S dσ_{μν}(x)δ^4[x − y(ξ)] , (4.1)

where n is a topological quantum number, the winding number, which we here restrict to the lowest values, n = ±1, corresponding to the energetically dominant configurations. The element of area on the world sheet swept by the string is given by

dσ_{μν} (x) = ( ∂x_μ ∂ξ^0 ∂x_ν ∂ξ^1 − ∂x_μ ∂ξ^1 ∂x_ν ∂ξ^0 ) d^2ξ (4.2)

and y_μ(ξ) represents a point on the world sheet S of the vortex-string, with internal coordinates ξ^0 and ξ^1. As usual, we consider that ξ^1 is a periodic variable, since we work with closed strings, whereas ξ^0 will be proportional to the time variable (at zero temperature), in such a way that ξ^1 parameterizes a closed string at a given instant ξ^0. Using (4.1), the interaction of the string with the antisymmetric field in the action becomes ∫ d^4x iπ μ_W e W_{μν} (x)ω_{μν} (x) = i 2 ∫ S dσ^{μν} (y) 2πμ_W e W_{μν} (y). (4.3)

To proceed further with the evaluation of the string contribution to the partition function we will now introduce a (nonlocal) field associated to the string. For this we take the standard Marshall–Ramond procedure [38, 39] of quantizing the vortex–strings as nonlocal objects and associate to them a wave function Ψ[C], a functional field, where C is the closed vortex–string curve in Euclidean space-time. In the second-quantized form this means that the quanta associated to the field Ψ are the vortex–strings in the system. In introducing the vortex–string field, we first note that the interaction term Eq. (4.3) is in the form of a current coupled to the antisymmetric field. Second, the coupling of the field Ψ[C] with W_{μν} should respect the gauge symmetries of the model, in particular the hypergauge one, Eq. (3.14). This is fulfilled by defining the following covariant derivative term, as proposed by Nambu [38],

D_σμν (x) = δ δσ^{μν} (x) − i 2πμ_W e W_{μν} (x) . (4.4)

Here δσ^{μν} (x) is to be considered as an infinitesimal rectangular deformation of area δA of the original curve A at a point x and so the functional derivative of the string field can be defined as the difference between Ψ[C + δσ] and the original configuration Ψ[C], divided by the infinitesimal area, taking the limit δA → 0 (see for instance, Refs. [20, 40, 41]). The hypergauge transformation (3.14) is now supplemented by the vortex–string field transformation

Ψ[C] → exp [ −i 2πμ_W e ∮ dx^μξ_μ(x) ] Ψ[C] . (4.5)

This gives sense to Eq. (4.4) as a covariant derivative, since it commutes with the above phase change of Ψ[C].

From the definition of the covariant derivative (4.4) the invariant action for the string under the combined transformations (3.14) and (4.5) becomes (see the Appendix for more details)

S_{string}(Ψ[C], W_{μν}) = ∮ C dx_ν [ |D_σμν Ψ[C]|^2 − M^2_0 |Ψ[C]|^2 ] , (4.6)

whose explicit form and derivation has been given originally by the authors of Refs. [19, 20] when considering the existence of N connected vortex world surfaces in Euclidean space-time. The mass term for the string field in (4.6) is given by Eq. (4.9) below. It is also possible to write an action over local fields by defining a functional ψ̂_C ≡ 4 ( 2π e )_2 ∑ C_{x,t} 1 a^3l

|Ψ[C]|^2 , (4.7)

where l is the length of a curve C, and C_{x,t} represents a curve passing through a point x in a fixed direction t; also, the parameter a is to be considered as a small quantity (the lattice spacing in Ref. [19]), which we choose to be proportional to Λ^{−1}. The vacuum expectation value of ψ̂_C is denoted by ψ_C , which represents the sum of existence probabilities of vortices in C_{x,t}. In terms of ψ̂_C , it can be shown that the contribution of the vortices to the quantum partition function, indicated by the last term in Eq. (3.13) and involved with the integration over χ_{sing}, can be written as [19] ∫ DΨ[C]DΨ^∗[C] exp { − ∫ d^4x [ 1 4 ( e 2π )_2

M^4_0 ψ̂_C + μ^2_W 4 W^2_{μν}ψ̂_C ]} , (4.8)

where

M^4_0 ≡ 1 a^4 ( e^{τs a2} − 6 ) (4.9)

and τ_s is the string tension (the total energy per unit length of the vortex-string) [20, 41]. In terms of the parameters of the Abelian Higgs model the string tension is given by [42] τ_s = πρ^2_c ϵ(λ/e^2), where ϵ(λ/e^2) is a function that increases monotonically with the ratio of coupling constants. We should also note that the factor a^4 in Eq. (4.9) does not have a direct relation with a four-dimensional space-time. Thus, the relation between M_0 and Λ (∼ a^{−1}) is still expected at finite temperature.

Eq. (4.8) implies, together with Eq. (3.13), that an immediate consequence of ψ_C ≠ 0 is the increase of the W_{μν} mass. This is directly associated with a shift in the mass of the original gauge field in the broken phase, M_A = eρ_c, as

M^2_A → M^2_A(1 + ψ_C ). (4.10)

Since the field ψ_C , defined by Eq. (4.7), works just like a local field for the vortex-strings, we are allowed to define an effective potential for its vacuum expectation value ψ_C in just the same way as we do for a constant Higgs field. Since this vortex-string field only couples directly to W_{μν} , at the one-loop level the effective potential for ψ_C will only involve internal propagators of the antisymmetric tensor field. This effective potential, at one-loop order and at T = 0, was actually computed in Ref. [19] in the Landau gauge for the antisymmetric tensor field propagator and it is given by (in Euclidean momentum space and at finite temperatures)

V^{1-loop} eff (ψ_C ) = ( e 2π )_2 M^4_0 ψ_C + 3 2 1 β +∞∑ n=−∞ ∫ d^3k (2π)^3 ln [ ω^2_n + k^2 + M^2_A(1 + ψ_C ) ω^2_n + k^2 + M^2_A ] . (4.11)

By performing the sum over the Matsubara frequencies in (4.11), we obtain the finite-temperature expression for V^{1−loop} eff (ψ_C ). This is a standard calculation that gives

V^{(β)}_{eff} (ψ_C ) = ( e 2π )_2

M^4_0 ψ_C + 3 2 ∫ d^3k (2π)^3 ω_{ψC} (k) + 3 1 β ∫ d^3k (2π)^3 ln {1 − exp [−βω_{ψC} (k)]} , (4.12)

where

ω^2_{ψC} (k) = k^2 + M^2_A (1 + ψ_C ) , (4.13)

and in Eq. (4.12) we have neglected the terms independent of ψ_C . Eq. (4.12) can now be used to estimate the critical temperature for which vortex-strings condense exactly like when we take the effective potential for a constant scalar field to determine the critical temperature of phase transition [2]. By expanding V^{(β)}_{eff} in the high-temperature limit

M_A √ 1 + ψ_C /T ≪ 1 (this entails expanding the temperature-dependent term in (4.12) just the same way we expand the corresponding term in the usual effective potential for a constant scalar field [2, 4]), we obtain

V^{(β)}_{eff,string}(ψ_C ) = ( e 2π )_2 M^4_0 ψ_C + 3 2 ∫ d^3k (2π)^3 ω_{ψC} (k) − π^2 30β^4 + M^2_A(1 + ψ_C )

8β^2 − 1 4πβ M^3_A(1 + ψ_C )^{3/2} − 3M^4_A(1 + ψ_C )^2 64π^2 ln [ β^2M^2_A(1 + ψ_C ) ] + 3c 64π^2

M^4_A(1 + ψ_C )^2 + O [ M^6_A(1 + ψ_C )^3β^2 ] , (4.14)

where c ≃ 5.4076. The momentum integral appearing in the right-hand side of Eq. (4.14) represents the temperatureindependent part of the effective potential, and it can be done directly. Using the cutoff Λ we obtain for that term result 3 2 ∫ d^3k (2π)^3 ω_{ψC} (k) = 3Λ 16π^2 [ Λ^2 + M^2_A(1 + ψ_C ) ]_{3/2} − 3Λ 32π^2

M^2_A(1 + ψ_C ) [ Λ^2 + M^2_A(1 + ψ_C ) ]_{1/2}

− 3M^4_A 32π^2

(1 + ψ_C )^2 ln { Λ + [ Λ^2 + M^2_A(1 + ψ_C ) ]_{1/2} M_A(1 + ψ_C )^{1/2} } . (4.15)

Before entering in the analysis of Eq. (4.14) it is useful to recall that the Abelian Higgs model can support either second order or first order phase transitions. The ratio of the coupling constants α = e^2/λ, that measure the relative intensity of the gauge coupling e and the fourth power of the Higgs potential λ, controls these two regimes. Thus, for α ≪ 1 the gauge coupling is quite small and the phase diagram is dominated by the second order phase transition of the pure Higgs model. On the other hand, as α gets bigger, the gauge field fluctuations are more relevant opening the possibility of inducing a first order transition. This is evident from the result (4.14), where the gauge field contribution to the effective potential generates already at one-loop order a cubic term in the Higgs background field, which in the usual effective potential for the Higgs field is the term that leads to a first order phase transition in the model.

The discussion above is also in parallel with the phenomenology of the Laundau-Ginzburg theory for superconductors, where the parameter κ ∼ 1/α^{1/2} (also called the Ginzburg parameter), measuring the ratio of the penetration depth and the coherent length, controls the regimes called Type II and Type I superconductors. In the former α ≪ 1 (or κ > 1), the metal-superconductor transition is second order and the gauge fluctuations are not important, while in the latter α >∼ 1 , the gauge fluctuations could turn the transition first order via a Coleman-Weinberg mechanism [35]. In our case, the coherent length is governed by a ∼ 1/M_H , where M_H is here the temperature dependent Higgs mass, while the penetration depth is proportional to 1/M_A, where M_A is the (temperature dependent) gauge field mass. Although this effect, of the emergence of a first order phase transition, is so weak that it is not observable in superconductors, it could play an important role in relativistic quantum field theory (for a pedagogic discussion of this issues see, for instance the first volume of Kleinert’s books in Ref. [13]).

We turn back now to the analysis of Eq. (4.14). The lattice spacing a = 1/Λ can be taken as the distance between strings [43]. Therefore, we can consider that close to the critical point for condensation, determined by some temperature T_s, a can approximately be given by the string typical radius. Then, since we are interested in the determination of a critical point, we can write (see for example also Ref. [15])

1/a ∼ m_ϕ ( 1 − T^2 T^2_c )_{1/2} . (4.16)

If we also use that ρ_c (the Higgs vacuum expectation value) can be expressed as

ρ_c ≃ √ 6m^2_ϕ λ ( 1 − T^2 T_c^2 )_{1/2} , (4.17)

we see that, in the deep second order regime, where α = e^2/λ ≪ 1, we have Λ^2 ≫ M^2_A(1 + ψ_C ) and we can expand Eq. (4.15) accordingly. Substituting this expansion back in Eq. (4.14) and using Eq. (4.9), we obtain the result (neglecting ψ_C -independent terms and higher order terms)

V^{(β)}_{eff,string}(ψ_C ) ≃ [ e^2 4π^2a^4 ( e^{τsa2} − 6 ) + 3e^2ρ^2_c 16π^2a^2 + e^2ρ^2_c 8 T^2 ] ψ_C − e^3ρ^3_c 4π (1 + ψ_C )^{3/2} T −

3e^4ρ^4_c ln (2Λ/T ) 32π^2 ψ^2_C , (4.18)

With a and ρ_c given by Eqs. (4.16) and (4.17), we can then see that the quantum and thermal corrections in the effective potential for strings, Eq. (4.18), are naturally ordered in powers of α. Therefore, in the regime α ≪ 1 the leading order correction to the tree-level potential in Eq. (4.18) is linear in ψ_C , while the second and the third correction terms are O(α^{3/2}) and O(α^2), respectively. Thus, the linear term in ψ_C controls the transition in the deep second order regime since the other terms are all subleading in α. Thus, near criticality, determined by some temperature T_s where the linear term in Eq. (4.18) vanishes, V^{(β)}_{eff,string}(ψ_C ) ∼ 0 in the α ≪ 1 regime.

The phase transition temperature T_s, which is interpreted as the temperature of transition from the normal vacuum to the state of condensed strings, is then determined by the temperature where the linear term in ψ_C in Eq. (4.18) vanishes and it is found to be

T_s = √ 2 πa^2ρ_c ( 6 − e^{τs a2} − 3a^2ρ^2_c 4 )_{1/2} , (4.19)

where the rhs of Eq. (4.19) is evaluated at T = T_s. We can now compare the result obtained for T_s, given by the solution of Eq. (4.19), with the usual mean-field critical temperature T_c = √ 12m^2_ϕ/(3e^2 + 2λ/3) [2], for which the

effective mass term of the Higgs field, obtained from V^{(β)}_{eff} (ρ_c), vanishes. Using again Eqs. (4.16) and (4.17), with the result τ_sa^2 ∼ O(1/λ) and in the perturbative regime e^2 ≪ λ ≪ 1, it follows from Eq. (4.19) that T_c − T_s T_c ∼ O ( e^{−1/λ} λ^2 ) [1 + O(α)] , (4.20)

with next order corrections to the critical temperatures difference being of order O(α). This result for T_s allows us to identify it with the Ginzburg temperature T_G for which the contribution of the gauge field fluctuations become important. These results are also found to be in agreement with the calculations done by the authors in Ref. [15], who analyzed an analogous problem using the partition function for strings configurations, in the same regime of deep second order transition.

Also, in the regime where gauge fluctuations are stronger, α = e^2/λ >∼ 1, the second term in Eq. (4.18) of order α^{3/2}, induces a cubic term ρ^3_c to the effective potential, favoring the appearance of a first order phase transition instead of a second order one. This mechanism of changing a second order phase transition into a first order one by means of gauge fluctuations is usually referred to as the Coleman-Weinberg mechanism [35]. Coleman and Weinberg analyzed this effect in the context of a fourth dimensional Ginzburg-Landau theory, while a similar effect in a three dimensional theory was subsequently studied in Ref. [44].

In our context, we see that the non-trivial vacuum ψ_c ≠ 0 above the critical temperature T_s enhance the first order phase transition by an amount (1 + ψ_c)^{3/2}. Here, since T_s ∼ T_c, we see that the driven mechanism of the first order transition is a melting of topological defects. This mechanism is very well known in condensed matter physics (see for instance the first reference in [13]) and always leads to a first order phase transition (except in two dimensions).

V. CONCLUSIONS

In this paper we have considered the evaluation of the partition function for the finite temperature Abelian Higgs model in the context of a dualized model realization. The advantage of adopting this procedure is that in the dual version of the model we explicitly identify the contribution of topological defects in the action. This way we can identify the coupling of a topological current with the matter fields, which in the dual field model, refers to a twoform, antisymmetric gauge field that emerges form the dualization procedure. We also have discussed the issue of gauge invariance in the context of the dual model and computed all gauge fixing and required ghost terms.

The importance of the procedure we here have adopted is that now we can take into account in the functional path integration the contribution of not only constant vacuum field fluctuations but also those nontrivial, inhomogeneous vacuum excitations that must emerge whenever in a theory that exhibits spontaneous symmetry breaking the associated homotopy group differs from the identity, which then points out to the existence (in the broken phase) of stable topological excitations. In this paper we have considered the case of vortex-string topological excitations of the U (1) complex Higgs field gauged model.

By considering closed magnetic fluxes in 3 + 1 dimensions, we have been able to define a local order parameter associated to the quantal vortex-string field, making then possible to define and calculate the effective potential associated to this vortex-string field order parameter. Evaluating the effective potential at one-loop order and at finite temperatures we have presented an explicit formula for the condensation temperature for vortex-strings in the system, which then characterizes a transition point that we have shown to lie below the mean-field critical temperature obtained just from the contributions of the constant scalar Higgs field vacuum expectation value to the partition function.

We have shown that in the deep second order regime e^2/λ ≪ 1, the critical temperature for vortex condensation can be associated with the Ginzburg temperature where the gauge fluctuations become important, in agreement with similar results, but obtained by a different method, by the authors in Ref. [15]. Further, we have been able to show a manifestation of the Coleman-Weinberg mechanism, by means of which the second order phase transition can turn into a first order one through the effect due to gauge field fluctuation contributions in the effective potential. The vortex condensation above T_s is seen to enhance the transition. Usually, it is possible to estimate the latent heat from the cubic term in the effective potential . However, in the high α ≡ e^2/λ regime, where this term is important it is not simple to calculate a reliable value for the vortex condensation |ψ_C| since we have disregarded in our model vortex interactions.

The fact that T_s < T_c tempts us to interpret this transition in two steps. As we reach the temperature T_s from below, we have a vortex condensation, but without completely restoring the broken symmetry, obtaining in this way an intermediate phase at temperatures T < T_c, since we still have a nonvanishing value for the Higgs background field ρ_c. As we continue rising the temperature, we have the final melting at T_c. This is usually known in the condensed matter community as a premelting process. The possibility of having this type of mechanism is very interesting in the context of relativistic quantum field theory, specially related with inflationary scenarios. However, we need to be very careful with this interpretation. The actual window T_s < T < T_c is very difficult to estimate, and is certainly very tiny in the regime α ≪ 1 as discussed above and seen from the result Eq. (4.20). A better interpretation of the problem may be possible if both ψ_C and ρ_c, the vortex-string expectation value and the Higgs vacuum expectation value, respectively, are considered as two independent variables in the complete effective potential V^{(β)}_{eff} (ρ_c, ψ_C) and study the problem as a coupled two-field system. However, for greater α, where this mechanism is more suitable to be realized, it is not possible to disregard higher order terms in the effective potential. In particular, we have not considered in our model vortex interactions and they could be very important in this regime, possibly changing this scenario. Nevertheless, this premelting mechanism is a very interesting possibility signaled by our one-loop calculation and we believe it should deserved further attention in future works.

We also hope that the method we have employed in this paper will be useful for further investigations, in an analytical way, of the importance of topological excitations to phase transitions in general, not only in the case of the Abelian gauge Higgs model studied here, but also for non-Abelian gauge Higgs models as well, where, e.g. magnetic monopole like excitations can also be studied in the same context.

Acknowledgments

The authors would like to thank Profs. H. Kleinert and M. Chernodub for useful comments and also for bringing to our attention additional previous references related to the subjected of this paper. We also thank Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq-Brazil), Fundação de Amparo à Pesquisa do Estado do Rio de Janeiro (FAPERJ), CAPES and SR2-UERJ for the financial support. D. G. Barci would like to acknowledge the Abdus Salam International Center for Theoretical Physics (ICTP), where part of this work was realized, for the kind hospitality.

APPENDIX A: THE DUAL FORMALISM FOR TOPOLOGICAL FIELD CONFIGURATIONS

In the formalism developed in Refs. [19, 20, 41], the torus-like world sheets of a closed string contribute to the partition function as a sum over the number and shapes of such world sheets. The formalism is easier to understand when one considers first the corresponding monopole problem, which involves a topological object of one dimension less than the string problem, and one may proceed by analogy.

In the monopole case, one deals with a sum over the number and shapes of closed loops. The monopole is taken as a relativistic particle in interaction with an electromagnetic potential, for which we write the action

S[x_μ(τ )] = mn^2 ∫ ds 4πn e ∮ A_μ(x) dx^μ dτ dτ, (A1) where m, e are the mass and charge of the monopole and n its topological number. For N monopoles, each with its own topological number, we have the functional integration

∞∑ N=0 1 N ! ∫_N∏ i=1 Dy^{(i)}_μ ∑ {n^{(i)} } exp { i N∑ i=1 [ −M ( n^{(i)} )_2 ∮ ds + 4πn e ∮ dy^{(i)}_μ A^μ(y^{(i)}) ]}

= exp [∫ Dy ∑ n e^i (_{−Mn2} ∮_{ds+ 4πne} ∮_{dyμAμ(y)})] , (A2)

and because of this exponentiation one needs to consider only the action of a single monopole. From now on, we put n = 1 for the most favorable case. The functional integral measure is defined through the introduction of a hypercubic space-time lattice, with lattice spacing a. In this way, the integral measure is reduced to the sum over all closed paths C. The first term in the action is just the total length of a path; if there are L steps of size a on the lattice for the entire path, then its total length is aL. The second term, the line integral of the field potential, is a Wilson loop over the closed path. Defining as usual a link variable A_ℓ for each step ℓ on the path, we may write a lattice partition function ∑ C e^{−MaL(C)+i} ∑ ℓ∈C 4π Aℓ = ∞∑ L=0 1 L ∑ n K(n, n; L), (A3) where we have introduced the kernel

K(n, m; L) = ∑ C(n→m;L) e^{−MaL+i} ∑ ℓ∈C 4π e aA_ℓ , (A4)

for which it is understood that the sum is carried out over all paths that go from site n to site m in L steps. The 1/L factor on the right-hand side of (A3) is included in order to avoid double counting.

In an analogous manner, one may construct an expression for the sum over the number and shapes of the closed world sheets in the string problem [19, 20, 41]. One starts with the Nambu–Goto action, together with an interaction of the string with an antisymmetric (Kalb–Ramond) field,

S [ x^μ(ξ^0, ξ^1) ] = −τ_s ∮ d^2ξ √ −g + i π e mn ∮ d^2ξ √ −gϵ^{ab}∂_ax^μ∂_bx^νW_{μν} (x). (A5) Here x^μ is a point on the world sheet described by the string as it propagates through space-time and g is the determinant of the sheet metric tensor, given by g_{ab} =^{∂xμ}_{∂ξa}^{∂xμ}_{∂ξb} , a, b = 0, 1, with ξ^0 a time-like coordinate variable on the world sheet and ξ^1 a space-like one. The factor τ_s in Eq. (A5) is identified with the string tension. We follow Kawai [20], differently from Seo and Sugamoto [19], and keep the string dynamics term in our computations.

As in the monopole case, the sum over all numbers of world sheets also exponentiate, so that we may write

e^Z = exp {∫ Dx e^{iS[xμ(ξ)]} } . (A6)

In the present case, the integration measure is again defined through the use of a space-time lattice of spacing a in all directions. The partition function on the lattice then reads

Z = ∑ all closed torus−like surfaces S e^{−τs a2A(S)+i 2πme} ∑ p∈S a^2 W_{p,n} , (A7)

where a^2 is the area of an elementary lattice plaquette and A(S) is the number of plaquettes on the surface S; W_{p,n} is the gauge (Kalb–Ramond) field relative to the plaquette p at site n.

Proceeding with the analogy with the monopole case, we now have a kernel relative to the tube-like surface of A plaquettes, with the curves C_1 and C_2 as boundaries of S,

K(C_1, C_2; A) = ∑ S(C_1,C_2;A) e^{−τsa2 A+i 2πme} ∑ p∈S a^2 W_p , (A8)

so that

Z = ∞∑ A=0 1 A ∑ C K(C, C; A). (A9) Both the monopole and string kernels satisfy a recurrence equation, as they should be seen respectively as the transition probability for the monopole at site m to go to site n in L steps or the string to evolve from curve C_1 to curve C_2 sweeping a surface with A plaquettes. In the monopole case, the recurrence is established by stating that the probability for the monopole to arrive at site n in L steps is in fact the product of the probability for it to arrive at some nearest-neighbor site of n in L − 1 steps and the probability of the last step. Therefore, K(n, m; L) = ∑ ±μ K(n − aμ̂, m; L − 1)e^{−Ma+i 4πe aAn−aμ̂,μ} , (A10) where ℓ = (n − aμ̂, μ) is the last link, on which we have the gauge field A_{n−aμ̂,μ}. Likewise, in the string case,

K(C_1, C_2; A) = ∑ ±μ, μ≠t K(C_{1,n,μ}, C_2; A − 1)e^{−τsa2 +i 2πme a2 Wn−aμ̂,tμ} , (A11)

where C_{1,n,μ} is a deformation of the curve C_1 in which one eliminates the link n, n + at̂ for inclusion or deletion of a plaquette of area a^2. Also, the sum is taken over all directions μ perpendicular to the curve (t is a variable on the curve).

By going to the continuum limit (a → 0), both kernels satisfy a diffusion-like equation similar to that found by Stone and Thomas [27], ∂ ∂L̄ K(x, y; L̄) = [( ∂^x_μ + i 4π e A_μ(x) )_2 − m^2 ] K(x, y; L̄), (A12) with L̄ = a^2Le^{−Ma} , m^2 =^1_{a2} (e^{Ma} − 8), and [19] ∂ ∂Ā K(C_1, C_2; Ā) = [( δ δσ_{μt} + i 2πm e W_{μt}(x) )_2

− M^2 ] K(C_1, C_2; Ā), (A13)

where Ā = a^4Ae^{−τs a2} and M^2 =^1_{a4} (e^{τs a2} − 6). In fact, the differential operators on the right-hand side of both Eqs. (A12) and (A13) have the form of a squared covariant derivative. In the first case the operator is

D_μ = ∂_μ + i 4π e A_μ(x). (A14)

On the lattice, acting on a scalar field ϕ(x), it is written as [45]

D_μϕ(x) = 1 a ( U^{−1}_{x,x+aμ̂}ϕ(x + aμ̂) − ϕ(x) ) , (A15)

with U_{x,x+aμ̂} = exp [ ia^{4π}_e A_μ(x) ] being the gauge field link variable. Its square then reads

D_μD_μϕ(x) = 1 a^2 [ ∑ μ ( U_{x,x+aμ̂}ϕ(x + aμ̂) + U^{−1}_{x,x−aμ̂}ϕ(x − aμ̂) ) − 8ϕ(x) ] , (A16)

so that when acting on the first argument of the kernel, we have ( D_μD_μϕ(x) + 8 a^2 ) K(x, y; L − 1) = 1 a^2 ∑ ±μ K(x − aμ̂, y; L − 1)e^{ia 4πe Aμ(x−aμ̂)} , (A17) and, therefore, K(n, m, L) − K(n, m, L − 1) e^{−Ma}a^2 = [ D_μD_μ − 1 a^2 ( e^{Ma} − 8 ) ] K(n, m; L − 1), (A18) from which follows the given continuum equation ∂ ∂L̄ K(n, m; L̄) = ( D^2_μ − m^2 ) K(n, m; L̄), (A19) for L̄ = e^{−Ma}a^2L and m^2 =^1_{a2} (e^{Ma} − 8), as stated.

A similar reasoning in one dimension less shows the string recurrence relation (A11) appearing as a discretized form of the second diffusion equation (A13).

[1] D. A. Kirzhnits and A. D. Linde, Phys. Lett. 42B, 471 (1972). [2] L. Dolan and R. Jackiw, Phys. Rev. D 9, 2904 (1974). [3] S. Weinberg, Phys. Rev. D 9, 3357 (1974).

[4] J. I. Kapusta, Finite-Temperature Field Theory (Cambridge University Press, 1989). [5] M. Le Bellac, Thermal Field Theory (Cambridge University Press, 1996).

[6] P. M. Chaikin and T. C. Lubensky, Principles of Condensed Matter Physics (Cambridge University Press, 1995). [7] H. B. Nielsen and P. Olesen, Nuc. Phys. B 61, 45 (1973). [8] G. ’t Hooft, Nucl. Phys. B 79, 276 (1974).

[9] A. M. Polyakov, JETP Lett. 20, 194 (1974); Soviet Phys. JETP 41, 988 (1976). [10] S. Coleman, Aspects of Symmetry (Cambridge University Press, Cambridge, 1985). [11] R. Rajaraman, Solitons and Instantons (North Holland, Amsterdam, 1989).

[12] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and Other Topological Defects (Cambridge University Press, Cambridge, 2000).

[13] H. Kleinert, Gauge fields in Condensed Matter, Vol I: Superflow and Vortex lines (World Scientific, Singapore, 1989);

Gauge fields in Condensed Matter, Vol II: Stresses and Defects, Differential geometry, Crystal defects (World Scientific, Singapore, 1989).

[14] C. A. de Carvalho, D. Bazeia, O. J. P. Eboli and G. C. Marques, Phys. Rev. D 32, 3256 (1985); J. M. Guerra Jr., G. C.

Marques and S. J. Rodrigues, Phys. Rev. D 42, 2022 (1990). [15] E. Copeland, D. Haws and R. Rivers, Nuc. Phys. B319, 687 (1989).

[16] E. C. Marino, G. C. Marques, R. O. Ramos and J. S. Ruiz, Phys. Rev. D 45, 3690 (1992); E. C. Marino and R. O. Ramos, Phys. Rev. D 49, 1093 (1994).

[17] M. P. A. Fisher and D. H. Lee, Phys. Rev. B39 2756 (1989). [18] A. Sugamoto, Phys. Rev. D 19, 1820 (1979). [19] K. Seo and A. Sugamoto, Phys. Rev. D 24, 1630 (1981). [20] H. Kawai, Progr. Theor. Phys. 65, 351 (1981). [21] M. Kalb and P. Ramond, Phys. Rev. D 9 , 2273 (1974). [22] Y. Nambu, Phys. Rev. D 10, 4262 (1974).

[23] Y. Nambu, in Quark Confinement and Field Theory, proceedings of the Rochester Conference of 1976 (Wiley, New York, 1977).

[24] K. Seo, M. Okawa and A. Sugamoto, Phys. Rev. D 19, 3744 (1979); K. Seo and M. Okawa, Phys. Rev. D 21, 1614 (1980). [25] A. Sugamoto, arxiv: hep-th/9611051; R. Endo, K. Seo and A. Sugamoto, Grav. Cosmol. 8, 56 (2002). [26] M. Hatsuda, S. Yahikosawa, P. Ao and D. J. Thouless, Phys. Rev. B 49, 15870 (1994); M. Sato and S. Yahikosawa, Nucl.

Phys. B 436, 100 (1995).

[27] M. Stone and P. R. Thomas, Phys. Rev. Lett. 41, 351 (1978). [28] K. Bardacki and S. Samuel, Phys. Rev. D 18, 2849 (1978). [29] K. Lee, Phys. Rev. D 48, 2493 (1993). [30] P. Orland, Nuc. Phys. B 428, 221 (1994).

[31] E. T. Akhmedov, M. N. Chernodub, M. I. Polikarpov and M. A. Zubkov, Phys. Rev. D 53, 2087 (1996). [32] D. Antonov and D. Ebert, Eur. Phys. J. C 12, 349 (2000); D. Antonov, Int. J. Mod. Phys. A 14, 4347 (1999). [33] H. Kleinert, Lett. Nuovo Cimento 35, 405 (1982); Phys. Lett. B 293, 168 (1992); see also, Chapter 13 in the second volume of Ref. [13].

[34] S. Deguchi and Y. Kokubo, Mod. Phys. Lett. A 17, 503 (2002); S. Deguchi, T. Mukai and T. Nagajima, Phys. Rev. D 59, 065003 (1999); N. Maggiore and S.P. Sorella, Int. J. Mod. Phys. A 8, 929 (1993); E. Guadagnini, N. Maggiore and S. P. Sorella, Phys. Lett. B 255, 65 (1991).

[35] S. Coleman and S. Weinberg, Phys. Rev. D 7, 1888 (1973).

[36] S. H. Henry Tye and Y. V. Karevsky, Int. J. Mod. Phys. A 13, 95 (1998). [37] P. A. M. Dirac, Phys. Rev. D 74, 817 (1948).

[38] Y. Nambu, in Broken Symmetry (World Scientific, Hong Kong, 1995). [39] C. Marshall and P. Ramond, Nuc. Phys. B 85, 375 (1975). [40] S.-J. Rey, Phys. Rev. D 40, 3396 (1989).

[41] K. Seo, Dual Transformation in Gauge Theories and a Possible Confinement Mechanism in the Abelian Higgs Model, Ph.D.

Thesis, University of Tokyo, UT-355 (1981).

[42] M. B. Hindmarsh and T. W. B. Kibble, Rept. Progr. Phys. 48, 477 (1995). [43] R. J. Rivers, Zeit. für Phys. C 22, 137 (1984).

[44] B. I. Halperin, T. C. Lubensky and S. K. Ma, Phys. Rev. Lett. 32, 292 (1974). [45] H. J. Rothe, Lattice Gauge Theories, 2nd edition (World Scientific, Singapore, 1998).