arXiv:hep-th/0506086 v2 22 Oct 2005

Massive Relativistic Particle Models with Bosonic Counterpart

of Supersymmetry

Sergey Fedoruk^∗ and Jerzy Lukierski^† Institute for Theoretical Physics, University of Wrocław, pl. Maxa Borna 9, 50-204 Wrocław, Poland

Abstract

We consider the massive relativistic particle models on fourdimensional Minkowski space extended by N commuting Weyl spinors for N = 1 and N = 2. The N = 1 model is invariant under the most general form of bosonic counterpart of simple D = 4 supersymmetry, and provides after quantization the bosonic counterpart of chiral superfields, satisfying Klein–Gordon equation. In massless case these fields do satisfy the Fierz-Pauli equations. For N = 2 we obtain after quantization the free massive higher spin fields for arbitrary spin satisfying linear Bargman–Wigner equations. Finally the problem of statistics in presented framework for half–integer classical spin fields is discussed. Keywords: higher spins; supersymmetry.

∗On leave of absence from Ukrainian Engineering–Pedagogical Academy, Kharkov, Ukraine. †Supported by KBN grant 1P03B01828.

1 Introduction

Important extensions of the relativistic symmetries were considered in the following two directions:

1. Supersymmetric extension, relating by supersymmetry (SUSY) transformations integer and half–integer spin fields (see e. g. [1, 2]). The geometric way of describing supersymmetric multiplets is realized in terms of superfields – the functions on superspace Y_A = (x_μ, θ^i_α, θ̄^i_{α̇}) where θ^i_α are anticommuting Grassmann spinors.

2. Introduction of higher spin (HS) algebras, which act on infinite spin multiplets or if m = 0 on infinite helicity multiplets (see e. g. [3]-[5]). The representation spaces of HS algebras are described by the functions on ‘bosonic’ superspace Z_A = (x_μ, λ^i_α, λ̄^i_{α̇}) with additional commuting spinor variables λ^i_α. The bosonic counterparts of superfields one can call the spinorial Kaluza–Klein (KK) fields, with spinorial additional dimensions. We obtain

Φ_A(Z_A) = ∞∑ n,k=0 ∑ (α1...αn ) (β̇1...β̇k ) ∑ (i1...in) (j1...jk ) φ^{α1...αnβ̇1...β̇k} A;i_1...i_n j_1...j_k (x)λ i_1 α_1 . . . λ i_n α_nλ̄ j_1 β̇_1 . . . λ̄ j_k β̇_k . (1)

The auxiliary commuting spinorial variables (λ^i_α, λ̄^i_{α̇}) occurs in several geometric frameworks, for example in twistor approach to the space–time geometry [6]-[8] or in the models with double (target and world volume) supersymmetry [9]-[11].

In this note we would like to study the group-theoretic and dynamical consequences of introducing bosonic counterpart of supersymmetry, obtained by supplementing the Poincaré algebra by bosonic spinorial charges. We recall the general N = 1 SUSY relation with tensorial charges [12, 13] {Q_a, Q_b} = 2(γ^μC)_{ab}P_μ + (σ^{μν} C)_{ab}Z_{μν} (2)

where in Majorana representation C = γ_0 and

– Q_a is a four–component Majorana spinor of supercharges

– Z_{μν} = −Z_{νμ} describe six Abelian tensorial charges.

The bosonic counterpart of general N = 1 SUSY takes the form

[R_a, R_b] = 2(γ^μγ_5C)_{ab}P_μ + 2C_{ab}Z^{(1)} + 2(γ_5C)_{ab}Z^{(2)} (3)

where

– R_a is a four–component spinor of bosonic charges

– Z^{(1)} (Z^{(2)}) are scalar (pseudoscalar) central charges.

In order to obtain in (3) the standard inversion properties of the fourmomentum generator one should assume suitable transformation properties of the spinor R_a.^1

1Spinorial supercharges transform under space–time inversions in standard way (Q^′_a = (γ_0Q)_a for the space inversion P , Q^′_a = (γ_0γ_5Q)_a for the time inversion T ). The bosonic spinorial charges R_a are so–called pseudospinor [14, 15]) transforming under inversion in alternative way (R^′_a = (γ_0γ_5R)_a under P , R^′_a = (γ_0R)_a under T ).

Our aim is to study the massive relativistic particle models invariant under bosonic counterpart of SUSY and perform their quantization. Contrary to the case of simple SUSY the N = 1 relation (3) contains scalar and pseudoscalar central charges, which can be related with the mass parameter. In Sect. 2 we describe (using two–component Weyl notation) the particle model describing the trajectory in the spinorial KK space M^{4,4} with the coordinates Z_A = (x_μ, λ_α, λ̄_{α̇}). After calculating the complete set of constraints we perform the quantization using either Heisenberg picture or the Gupta–Bleuler method (Schrödinger picture).^2 We shall obtain the wave function Ψ(Z_A) satisfying the KG equation and the bosonic counterpart of the chirality condition. In Sect. 3 we analyze the massless limit of our model, with massless fields with arbitrary helicity satisfying Fierz-Pauli equations. In Sect. 4 we consider the relativistic particle in N = 2 spinorial KK space M^{4,8} with the coordinates (x_μ, λ_{αi}, λ̄_{α̇i}) (i = 1, 2). It appears that for the particular choice of bosonic counterpart of N = 2 SUSY, with internal symmetry O(1, 1), one can obtain the linear Bargman–Wigner equations for D = 4 massive higher spin fields [18, 15]. In Sect. 5 we shall discuss the problem of nonstandard relation between spin and statistics for the field components of spinorial KK fields.

2 Massive particle model with N = 1 bosonic counterpart of SUSY.

2.1 Classical model

We consider the following action^3 S = ∫ dτ L , (4) L = −m(ω̇_μω̇^μ)^{1/2} − i(zλ̇^αλ_α − z̄λ̄_{α̇} ˙λ̄^{α̇}) (5)

where dω^μ = ω̇^μdτ = dx^μ − idλ^ασ^μ_{αβ̇}λ̄^{β̇} + iλ^ασ^μ_{αβ̇}dλ̄^{β̇} . (6) The action (4)-(6) describes the particle trajectory in Minkowski space extended by two commuting complex Weyl spinor coordinates λ^α(τ ), λ̄^{α̇} = (λ^α) and invariant under the following spinorial bosonic transformation

δx^μ = iλ^ασ^μ_{αβ̇}ε̄^{β̇} − iε^ασ^μ_{αβ̇}λ̄^{β̇} , δλ^α = ε^α , δλ̄^{α̇} = ε̄^{α̇} (7)

where ε^α is a constant commuting Weyl spinor. The constant m is the mass of particle whereas z is an arbitrary complex parameter with the dimension of mass. It is easy to see that performing the suitable phase transformation λ^′_α = e^{ia}λ_α, λ̄^′_{α̇} = e^{−ia}λ̄_{α̇}, where a =^1_2 arg z one gets the real parameter z.

2Gupta–Bleuler method has been applied to massive relativistic superparticle e. g. in [16, 17]. 3We use following notations. The metric has mostly minus η_{μν} = diag(+ − −−). The Weyl two–spinor indices are risen and lowered by φ^α = ϵ^{αβ}φ_β , φ_α = φ^βϵ_{βα}, φ̄^{α̇} = ϵ^{α̇β̇}φ̄_{β̇}, φ̄_{α̇} = φ̄^{β̇} ϵ_{β̇α̇} where ϵ^{αβ}ϵ_{βγ} = −δ^α_γ , ϵ^{α̇β̇} ϵ_{β̇γ̇} = −δ^{α̇}_{γ̇} . Algebra σ–matrices σ^μ_{αβ̇} = (σ^μ_{βα̇}) and σ^{α̇α}_μ = ϵ^{αβ}ϵ^{α̇β̇}σ_{μββ̇} is σ_{μαγ̇} σ^{γ̇β}_ν + σ_{ναγ̇}σ^{γ̇β}_μ = 2η_{μν}δ^β_α. Also we define p_{αβ̇} = p_μσ^μ_{αβ̇}, p^{α̇β} = p^μσ^{α̇β}_μ for any vector p_μ.

Conserved Noether spinorial charges corresponding to the transformations (7) are R_α ≡ π_α − ip_α˙_βλ̄^{β̇} − izλ_α , (8) R̄_{α̇} ≡ π̄_{α̇} + iλ^β p_{βα̇} + iz̄λ̄_{α̇} (9) where the canonical momenta are defined by

p_μ = ∂L ∂ẋ^μ = −m(ω̇_νω̇^ν )^{−1/2}ω̇_μ , (10)

π_α = ∂L ∂λ̇^α = −ip_α˙_βλ̄^{β̇} − izλ_α , (11)

π̄_{α̇} = ∂L ∂ ˙λ̄^{α̇} = iλ^βp_{βα̇} + iz̄λ̄_{α̇} . (12) Using the canonical Poisson brackets {x^μ, p_ν } = δ^μ_ν , {λ^α, π_β} = δ^α_β , {λ̄^{α̇}, π̄˙_β} = δ^{α̇}_{β̇} (13) we obtain the algebra {R_α, R̄˙_β } = −2ip_α˙_β , (14) {R_α, R_β} = 2izϵ_{αβ} , {R̄_{α̇}, R̄˙_β } = −2iz̄ϵ_{α̇}˙_β (15) which is equivalent to the algebra (3) with Z = Z^{(1)} + iZ^{(2)} = z.

From (10)–(12) follow the mass shell constraint and the set of four spinorial constraints T ≡ p^2 − m^2 ≈ 0 , (16) D_α ≡ π_α + ip_α˙_βλ̄^{β̇} + izλ_α ≈ 0 , (17) D̄_{α̇} ≡ π̄_{α̇} − iλ^β p_{βα̇} − iz̄λ̄_{α̇} ≈ 0 (18) Using the formulae (10)-(12) we confirm that the canonical Hamiltonian vanishes^4 H = ẋ^μp_μ + λ̇^απ_α + π̄_{α̇} ˙λ̄^{α̇} − L = 0 .

and the total Hamiltonian is the linear combination of first class constraints multiplied by Lagrange multipliers.

The constraints (16)-(18) satisfy the following Poisson brackets {D_α, D̄˙_β } = 2ip_α˙_β , (19) {D_α, D_β} = −2izϵ_{αβ} , {D̄_{α̇}, D̄˙_β } = 2iz̄ϵ_{α̇}˙_β . (20) The scalar constraint T ≈ 0 is first class and all the spinorial constraints (17), (18) are second class. Indeed we find that the determinant of the matrix C = ( {D_α, D_β } {D_α, D̄˙_β } {D̄_{α̇}, D_β } {D̄_{α̇}, D̄˙_β } ) = ( −2izϵ_{αβ} 2ip_α˙_β −2ip_{βα̇} 2iz̄ϵ_{α̇}˙_β ) . (21)

4The vanishing of Hamiltonian follows from the invariance of the action (4–6) under the arbitrary local rescaling τ → τ^′ = τ^′(τ ).

is equal to^5 det C = 16(p^2 + |z|^2)^2. (22)

We see from (22) that the matrix C (see (21)) is invertible for any z, and the constraints (17–18) are second class.

2.2 Quantization

The first quantization of the model can be performed using one of two methods:

i) Following the technique of quantization of systems with second class constraints one can introduce Dirac brackets (DB) for the independent phase space degrees of freedom Z_M = (x^μ, p_μ, λ_α, λ̄_{α̇}) {Z_M , Z_N }^∗ = {Z_M , Z_N } − {Z_M , D_r }(C^{−1})_{rs}{D_s, Z_N } (23) where D_r = (D_α, D̄_{α̇}). In particular for suitably normalized spinor coordinates^6

η_α = [2(p^2 + |z|^2)]^{1/2}λ_α , η̄_{α̇} = [2(p^2 + |z|^2)]^{1/2}λ̄_{α̇} (24)

one obtains the relations

{η_α, η_β }^∗ = −iz̄ϵ_{αβ} , {η̄_{α̇}, η̄˙_β}^∗ = izϵ_{α̇}˙_β , {η_α, η̄˙_β }^∗ = ip_α˙_β (25)

leading after quantization to noncommutative Weyl spinor coordinates. Similarly one can calculate {x_μ, x_ν }^∗ =^i_{2(p2+|z|2 )} S_{μν} , S^{μν} = λ^α [ (σ^{μν} )_α^β p_{βγ̇} + p_α˙_β (σ̄^{μν} )^{β̇}_{γ̇} ] λ̄^{γ̇} + zλ^α(σ^{μν} )_α^βλ_β + z̄λ̄_{α̇}(σ̄^{μν} )^{α̇}_{β̇}λ̄^{β̇} ,

(σ^{μν} )_α^β ≡^1_2 (σ^μ_{αγ̇} σ^{νγ̇β} − σ^ν_{αγ̇} σ^{μγ̇β}) , (σ̄^{μν} )^{α̇}˙_β ≡^1_2 (σ^{μα̇γ} σ^ν_{γβ̇} − σ^{να̇γ} σ^μ_{γβ̇} ) ,

i.e. we see that the coordinates are becoming also noncommutative.

One can note that after the linear transformation of the form

η^′_α = η_α + cp_α˙_β η̄^{β̇} , η̄^′_α = η̄_{α̇} + c̄η^β p_{βα̇} , (26)

we can obtain from the algebra (25) for certain choice of c the DB relations {η^′_α, η^′_β}^∗ ∼ ϵ_{αβ}, {η^′_α, η̄^′_{β̇}}^∗ = 0. The algebra of such type is used for description of massless fields with arbitrary helicities in [3,4]. For other choice of c we obtain alternatively {η^′_α, η^′_β}^∗ = 0, {η^′_α, η̄^′_{β̇} }^∗ ∼ p_α˙_β. In such a case η^′_α and η̄^′_{α̇} can be treated as of suitably rescaled creation and annihilation operators.

ii) Other way is the Gupta–Bleuler quantization method. Such a technique implies the split of the second class constraints into complex–conjugated pairs, with holomorphic and antiholomorphic parts forming separately the subalgebras of first class constraints. The algebra (19–20)

5In calculation it is convenient to use that det C = det D det(A − BD^{−1}C) for matrix C = ( A B C D ) = ( 1 B 0 D ) ( A − BD^{−1}C 0 D^{−1}C 1 ) . 6On the mass shell T ≈ 0 and at z = m we get η_α = 2mλ_α and η̄_{α̇} = 2mλ̄_{α̇}.

of the constraints (17), (18) does not satisfy these requirements. Let us introduce, however, new constraints as follows D_α = D_α +^b_{z̄} p_{αβ̇}D̄^{β̇} , D̄_{α̇} = D̄_{α̇} +^{b̄}_z D^β p_{βα̇} , (27)

D̄_{α̇} = (D_α). If b satisfies the equation (b2 − 2b)^{m2}_{|z|2} − 1 = 0 (i.e. b = (1 ± √ 1 +^{|z|2}_{m2} )) the algebra of the constraints (27) takes the form {D_α, D_β } =^{2i}_{z̄} ϵ_{αβ}T , {D̄_{α̇}, D̄˙_β } = −^{2i}_z ϵ_{α̇}˙_β T , {D_α, D̄˙_β } = −4b(1 +^{m2}_{|z|2} )ip_α˙_β −^{2b2i}_{|z|2} p_α˙_β T . We see that the constraints (27) are suitable for application of Gupta–Bleuler quantization method. It should be mentioned that the transformation from constraints (D_α, D̄_{α̇}) to constraints (D_α, D̄_{α̇}) is invertible.

We shall assume that the wave function satisfies the Klein–Gordon equation, what follows from the constraint (16). On the mass shell (16) the constraints (27) have the form D_α = π^′_α − 2b(1 +^{m2}_{|z|2} )ip_{αβ̇}λ̄^{′β̇} ≈ 0 , D̄_{α̇} = π̄^′_{α̇} + 2b(1 +^{m2}_{|z|2} )iλ^{′β}p_{βα̇} ≈ 0 (28) where we introduced new spinor variables via the following canonical transformation π^′_α ≡ π_α +^b_{z̄} p_α˙_βπ̄^{β̇} , π̄^′_{α̇} ≡ π̄_{α̇} +^b_z π^βp_{βα̇} , (29) λ^{′α} ≡^{|z|2}_{|z|2 +b2 p2} (λ^α −^b_z λ̄˙_β p^{β̇α}) , λ̄^{′α̇} ≡^{|z|2}_{|z|2 +b2p2} (λ̄^{α̇} −^b_{z̄} p^{α̇β} λ_β ) (30) i.e. we obtain the standard canonical commutation relations (compare with (13)) {λ^{′α}, π^′_β} = δ^α_β , {λ̄^{′α̇}, π̄^′_{β̇}} = δ^{α̇}_{β̇} , {λ^{′α}, π̄^′_{β̇}} = {λ̄^{′α̇}, π^′_β} = 0 . (31) For the quantization of our model we consider the Schrödinger representation of the CCR (31) π^′_α = −i∂/∂λ^{′α} , π̄^′_{α̇} = −i∂/∂λ̄^{′α̇} (32) and use the wave function Ψ in the momentum representation, i.e. Ψ = Ψ(p_μ, λ^{′α}, λ̄^{′α̇}). The spinorial wave equation D̄_{α̇}Ψ = 0 takes the following form^7 (−∂/∂λ̄^{′α̇} + 2b(1 +^{m2}_{|z|2} )λ^{′β} p_{βα̇})Ψ = 0 . (33) The solution of (33) is given by

Ψ(p_μ, λ^{′α}, λ̄^{′α̇}) = e^{2b(1+}

m^2 |z|^2 )λ^{′β} p^{βα̇} λ̄′α̇~ Ψ(p_μ, λ^{′α}) (34) where the field Ψ̃(p_μ, λ^{′α}) depends only on one Weyl spinor λ^{′α} and provides the bosonic counterpart of D = 4 N = 1 chiral superfield.

Due to the bosonic nature of λ^{′α} in expansion of Ψ̃(p_μ, λ^{′α}) there is an infinite number of space–time fields ψ_{α1···αn} (p) = ψ_{(α1···αn)}(p), n = 0, 1, . . . , ∞. The mass–shell condition (16) after

7The choice of D_α in place D̄_{α̇} is equally well possible.

the transition by Fourier transformation to the space–time picture, leads to the Klein–Gordon (KG) equation (□ ≡ ∂_μ∂^μ)

(□ + m^2)Ψ(x; λ, λ̄) = 0 ⇔ (□ + m^2)ψ_{α1···αn} (x) = 0 (n = 0, 1, 2, . . .) . (35) Here we should observe that

i) The half-integer spin fields (n odd) satisfy KG equation, however in massless case the half-integer helicity fields do satisfy linear equations (see Sect. 3),

ii) The spin–statistic theorem is not valid – both integer and half–integer spin fields are bosonic. We shall come back to the question of statistics in Sect. 4.

3 Massless particle model with N = 1 bosonic counterpart of SUSY

The model (4), (5) can be described equivalently by the Lagrangian L = −^1_{2e} (ω̇_μω̇^μ + e^2m^2) − i(zλ̇^αλ_α − z̄λ̄_{α̇} ˙λ̄^{α̇}) . (36) After eliminating the einbein e by means of its equation of motion, from (36) one obtains the Lagrangian (5). The massless limit of (36) looks as follows L = −^1_{2e}ω̇_μω̇^μ − i(zλ̇^αλ_α − z̄λ̄_{α̇} ˙λ̄^{α̇}) . (37) Besides the constraint p_e ≈ 0 which implies pure gauge character of the einbein e, from (37) one gets the following constraints T = p^2 ≈ 0 , (38) D_α = π_α + ip_α˙_βλ̄^{β̇} + izλ_α ≈ 0 , D̄_{α̇} = π̄_{α̇} − iλ^β p_{βα̇} − iz̄λ̄_{α̇} ≈ 0 . (39) The nonvanishing Poisson brackets are {D_α, D̄˙_β } = 2ip_α˙_β , {D_α, D_β} = −2izϵ_{αβ} , {D̄_{α̇}, D̄˙_β } = 2iz̄ϵ_{α̇}˙_β . (40) The mass constraint (38) is of the first class. The determinant of the Poisson brackets matrix (21) characterizing the spinorial constraints (39) is the following det C = 16(p^2 + |z|^2)^2 ≈ 16|z|^4. (41) If z ≠ 0 all spinorial constraints (39) are second class. In the case of vanishing central charges z = 0 the four spinorial constraints (39) contain two second class constraints and two first class. Below we analyze massless particle at z = 0 with spinorial first class constraints, defined as follows:

F^{α̇} = p^{α̇β}D_β ≈ 0 , F̄^α = D̄˙_β p^{β̇α} ≈ 0 (42) with the following Poisson brackets {F^{α̇}, D̄˙_β } = 2iδ^{α̇}_{β̇} T ≈ 0 , {F̄^α, D_β } = −2iδ^α_β T ≈ 0

But the first class constraints (42) are reducible: p_α˙_β F^{β̇} ≈ 0, F̄^βp_{βα̇} ≈ 0. The irreducible separation of first and second class constraints is obtained by projecting of the spinorial constraints (39) along spinors λ^α and λ̄_{α̇}p^{α̇α}.^8 The constraints G ≡ λ^αD_α ≈ 0 , Ḡ ≡ D̄_{α̇}λ̄^{α̇} ≈ 0 (43) are second class whereas the constraints F ≡ λ̄_{α̇}p^{α̇α}D_α ≈ 0 , F̄ ≡ D̄_{α̇}p^{α̇α}λ_α ≈ 0 (44) are of first class. Their Poisson brackets look as follows: {G, Ḡ} = 2iλ^αp_{αα̇}λ̄^{α̇} ≉ 0 , {F, F̄ } = −(λ^απ_α − π̄_{α̇}λ̄^{α̇}) T , {G, F } = −{Ḡ, F } = F , {G, F̄ } = −{Ḡ, F̄ } = −F̄ . We carry out quantization of massless particle with N = 1 bosonic counterpart of SUSY by Gupta–Bleuler method. The wave equations are imposed by the first class constraints (38), (44) T ≈ 0, F ≈ 0, F̄ ≈ 0 and either Ḡ ≈ 0 or G ≈ 0. But the pair of constraints G ≈ 0 and F ≈ 0 are equivalent to the constraints D_α ≈ 0; similarly the constraints Ḡ ≈ 0 and F̄ ≈ 0 are equivalent to the constraints D̄_{α̇} ≈ 0. Thus we have two possible quantizations: – ‘bosonic chiral’ quantization with the wave equations T |Ψ⟩ = 0 , F |Ψ⟩ = 0 , D̄_{α̇}|Ψ⟩ = 0 (45) – ‘bosonic antichiral’ quantization with wave function subjected to the conditions T |Ψ⟩ = 0 , F̄ |Ψ⟩ = 0 , D_α|Ψ⟩ = 0 . (46) Let us consider the chiral case. In the representation p_μ = −i∂/∂x^μ ≡ −i∂_μ , π_α = −i∂/∂λ^α ≡ −i∂_α , π̄_{α̇} = −i∂/∂λ̄^{α̇} ≡ −i ¯∂_{α̇} the wave function Ψ(x, λ, λ̄) satisfies the equations □ Ψ = 0 , (47) D̄_{α̇} Ψ = (−i ¯∂_{α̇} − λ^β ∂_{βα̇}) Ψ = 0 (48) − iλ̄_{α̇}∂^{α̇α}D_α Ψ = −λ̄_{α̇}∂^{α̇α}∂_α Ψ = 0 (49) In the variables x^μ_L = x^μ + iλσ^μλ̄, λ^α, λ̄^{α̇} bosonic SUSY-covariant derivatives take the form D_α = −i∂_α + 2∂_{Lαα̇}λ̄^{α̇} , D̄_{α̇} = −i ¯∂_{α̇} . (50)

8This procedure is corrected since spinors λ^α and λ̄_{α̇}p^{α̇α} are not proportional in considered task. Otherwise, when λ^αp_{αα̇}λ̄^{α̇} = 0, we have p_{αα̇} ∼ λ_αλ̄_{α̇}. Then the spinorial constraints (39), taking the form π_α ≈ 0, π̄_{α̇} ≈ 0, exclude completely the dependence on λ, λ̄. As result we obtain the system describing only by the variables x^μ, p_μ and the constraint (38) i. e. the massless particle of zero helicity.

Thus due to the chirality condition (48) the wave function does not depend on λ̄^{α̇}. It depends only on the left chiral variables z_L = (x^μ_L, λ^α), and commuting spinor λ. One can write the following expansion

Ψ(x_L, λ) = ∞∑ n=0 λ^{α1} . . . λ^{αn} ϕ_{α1...αn} (x_L) (51) where the multispinor fields are totally symmetric in spinor indices, i.e. ϕ_{α1...αn} = ϕ_{(α1...αn)}. The usual fields depending on real space–time coordinates x^μ are obtained by ϕ_{α1...αn} (x) = e^{−iλσμλ̄∂μ} ϕ_{α1...αn} (x_L) . The equation (49) gives Fierz–Pauli equations for the component fields ∂^{β̇β} ϕ_{βα2...αn} = 0 . (52) The Klein–Gordon equation □ ϕ_{α1...αn} = 0, resulting from (47), follows also from (52). We see therefore that the expansion of the wave function (51) describes an infinite set of massless particles with helicities n/2.

The Gupta-Bleuler quantization procedure presented here is analogous to the one used for the quantization of massless Brink-Schwarz superparticle, but due to the bosonic character of spinorial variable λ_α we get infinite helicity spectrum. We recall that the infinite set of integer and half–integer helicities describes also the spectrum of supersymmetric massless particles propagating in tensorial superspace [13].

4 Massive relativistic particles with N = 2 bosonic counterpart of SUSY.

4.1 N = 2 action and the constraints

Let us introduce two commuting Weyl spinors λ^α_i , λ̄^{α̇}_i = (λ^α_i ) (i = 1, 2). The natural generalization of the Lagrangian (5) is

L = −m(ω̇_μω̇^μ)^{1/2} − i(z_{ij}λ̇^α_i λ_{αj} − z̄_{ij}λ̄_{α̇j} ˙λ̄^{α̇}_i ) . (53)

Here the constant matrix z_{ij} is symmetric, z_{ij} = z_{ji}; the last terms in (53) are total derivatives, e.g. z_{ij}λ̇^α_i λ_{αj} =^1_2 (z_{ij}λ^α_i λ_{αj} ) if z_{ij} = −z_{ji}.

The ω–form can be written in general case as follow

ω̇^μ = ẋ^μ − iκ_{ij} (λ̇^α_i σ^μ_{αβ̇}λ̄^{β̇}_j − λ^α_j σ^μ_{αβ̇} ˙λ̄^{β̇}_i ) (54)

where κ_{ij} = κ_{ji} is the 2 × 2 Hermitean metric in N = 2 unitary space. If we consider possible linear definitions of spinors λ^α_i in N = 2 internal space one can choose κ_{ij} = ( 1 0 0 κ ) (55) where κ is real.

From expressions for the canonical momenta

p_μ = ∂L ∂ẋ^μ = −m(ω̇_νω̇^ν )^{−1/2}ω̇_μ , (56) π_{αi} = ∂L ∂λ̇^α_i = −iκ_{ij} p_α˙_βλ̄^{β̇}_j − iz_{ij}λ_{αj} , (57) π̄_{α̇i} = ∂L ∂ ˙λ̄^{α̇}_i = iκ_{ij} λ^β_j p_{βα̇} + iz̄_{ij}λ̄_{α̇j} (58)

we obtain the following constraints

T ≡ p^2 − m^2 ≈ 0 , (59)

D_{αi} ≡ π_{αi} + iκ_{ij} p_α˙_βλ̄^{β̇}_j + iz_{ij} λ_{αj} ≈ 0 , (60) D̄_{α̇i} ≡ π̄_{α̇i} − iκ_{ij} λ^β_j p_{βα̇} − iz̄_{ij}λ̄_{α̇j} ≈ 0 . (61) Using the canonical Poisson brackets {x^μ, p_ν } = δ^μ_ν , {λ^α_i , π_{βj}} = δ^α_β δ_{ij} , {λ̄^{α̇}_i , π̄˙_{βj} } = δ^{α̇}_{β̇} δ_{ij} ({λ_{αi}, π_{βj}} = {π_{αi}, λ_{βj} } = −ϵ_{αβ}δ_{ij} , {λ̄_{α̇i}, π̄˙_{βj} } = {π̄_{α̇i}, λ̄˙_{βj} } = −ϵ_{α̇}˙_β δ_{ij} ) we obtain nonzero Poisson brackets of the constraints (59)-(61)

{D_{αi}, D̄˙_{βj} } = 2iκ_{ij} p_α˙_β , (62) {D_{αi}, D_{βj} } = −2iz_{ij} ϵ_{αβ} , {D̄_{α̇i}, D̄˙_{βj} } = 2iz̄_{ij} ϵ_{α̇}˙_β . (63) It should be pointed out that the relations (62), (63) with changed sign on the rhs describe the bosonic counterpart of the generalized N = 2 superalgebra with the Hermitean metric κ_{ij} in internal N = 2 space.

The constraint (59) T ≈ 0 is the first class constraint. From the spinor constraints (60), (61) one gets the following 4 × 4 matrix of PB C = ( {D_{αi}, D_{βj} } {D_{αi}, D̄˙_{βj} } {D̄_{α̇i}, D_{βj} } {D̄_{α̇i}, D̄˙_{βj} } ) = ( −2iz_{ij} ϵ_{αβ} 2iκ_{ij} p_α˙_β −2iκ_{ij} p_{βα̇} 2iz̄_{ij} ϵ_{α̇}˙_β ) . (64)

We obtain that det C = 2^8[det(ẑ^̄z + p^2κ̂^̄z^{−1}κ̂^̄z)]^2 where ‘hats’ denote the corresponding matrices, i.e. ẑ = (z_{ij} ), ^̄z = (z̄_{ij}) and κ̂ = (κ_{ij} ) is given by (55). One can consider two cases:

i) If matrix ẑ = (z_{ij} ) is diagonal, (z_{ij} ) = ( z_1 0 0 z_2 ) , we obtain that det(ẑ^̄z + p^2κ̂^̄z^{−1}κ̂^̄z) = (|z_1|^2 + p^2)(|z_2|^2 + p^2κ^2), i.e. it is always nonvanishing. We see therefore that for arbitrary values of κ and z_1, z_2 all the constraints (60), (61) are second class.

ii) In case of antidiagonal matrix (z_{ij}) = ( 0 z z 0 ) (we remind that matrix z_{ij} is symmetric),

we obtain that det(ẑ^̄z +p^2κ̂^̄z^{−1}κ̂^̄z) = (|z|^2 +p^2κ)^2. One gets that the matrix of Poisson brackets of the constraints (64) has vanishing determinant if κ = −^{|z|2}_{m2} < 0 and we conclude that in such a case the first class constraints are present in the model. Putting z = m, i.e. κ = −1, it is easy to check that the unitary metric tensor κ_{ij} implies the invariance of the form ω_μ (see (54)) under U(1, 1) symmetry. The presence of the central charge reduces however this symmetry to the invariance group O(1, 1) = U(1, 1) ∩ O(2; c), and only in this case the first class constraints are present in the model (53).^9

In case ii) we will consider a simple choice z = m, i.e. κ = −^{|z|2}_{m2} = −1. Introducing the notations λ^α_1 ≡ λ^α and λ^α_2 ≡ η^α the Lagrangian (53) and ω–form (54) are

L = −m(ω̇_μω̇^μ)^{1/2} − im(λ̇^αη_α + η̇^αλ_α − λ̄_{α̇} ˙η̄^{α̇} − η̄_{α̇} ˙λ̄^{α̇}) , (65)

ω̇^μ = ẋ^μ − i(λ̇^ασ^μ_{αβ̇}λ̄^{β̇} − λ^ασ^μ_{αβ̇} ˙λ̄^{β̇} ) + i(η̇^ασ^μ_{αβ̇}η̄^{β̇} − η^ασ^μ_{αβ̇} ˙η̄^{β̇}) . (66)

4.2 Description of the model in terms of Dirac spinors

The formulation (65) has an attractive interpretation if we pass to the commuting four– component Dirac spinor ψ_a = ( λ_α η̄^{α̇} )

where a = 1, 2, 3, 4. The Dirac matrices (γ_μ)_a^b in Weyl representation are as follows

(γ_μ)_a^b = ( 0 σ^μ_{αβ̇} σ^{μα̇β} 0 ) , {γ_μ, γ_ν } = 2η_{μν} where σ^0_{αβ̇} = σ^{0α̇β} = 1_2 and σ^i_{αβ̇} = −σ^{iα̇β} (i = 1, 2, 3) are the Pauli matrices. Then

ψ̄^a = (ψ^+γ_0)^a = (η^α, λ̄_{α̇})

and we obtain ˙ψ̄ψ − ψ̄ψ̇ = λ̇αη_α + η̇αλ_α − λ̄_{α̇} ˙η̄α̇ − η̄_{α̇} ˙λ̄α̇ , ˙ψ̄γμψ − ψ̄γμψ̇ = η̇ασμ_{αβ̇}η̄^˙β − λ̇ασμ_{αβ̇}λ̄^˙β − (ηασμ_{αβ̇} ˙η̄^{β̇} − λασμ_{αβ̇} ˙λ̄^{β̇} ) . Thus the Lagrangian (65) takes in the notation using Dirac spinor ψ the following simple form

L = −m(ω̇_μω̇^μ)^{1/2} − im( ˙ψ̄ψ − ψ̄ψ̇) , (67)

9We recall that in case of standard N = 2 superparticle when spinor variables are Grassmannian and the matrix z_{ij} is skew–symmetric, (z_{ij} ) = ( 0 z −z 0 ) , the first class constraints are presented (the matrix of

Poisson brackets of the constraints has vanishing determinant) if κ =^{|z|2}_{m2} > 0 and the internal N = 2 symmetry in the presence of central charges z = m is U (2) ∩ Sp(2; c) = SU (2).

where ω̇^μ = ẋ^μ + i( ˙ψ̄γ^μψ − ψ̄γ^μψ̇) . (68) We would like to point out that the model with spinorial variables described by Dirac spinor corresponds to the choice of noncompact internal sector, with the metric κ_{ij} = diag(1, −1). It should be added that the model (67) in different context has been firstly proposed in [19].

4.3 Gupta-Bleuler quantization of the model

The constraints (59)–(61) for z = m or equivalently κ = −1, written in Dirac notation, are the following T ≡ p^2 − m^2 ≈ 0 , (69) D^a ≡ π^a + iψ̄^b(p̂ − m)_b^a ≈ 0 , (70) D̄_a ≡ π̄_a − i(p̂ − m)_a^bψ_b ≈ 0 . (71)

Here π^a and π̄_a defined as π^a = ∂L/∂ψ̇_a and π̄_a = ∂L/∂ ˙ψ̄^a are conjugate momenta of ψ_a and ψ̄a; their Poisson brackets are {ψ_a, πb} = δb_a and {ψ̄a, π̄_b} = δa_b . Also we shall use notation p̂ ≡ γ^μp_μ. From Poisson brackets of the constraints {D̄_a, D^b} = −2i(p̂ − m)_a^b , {D^a, D^b} = 0 , {D̄_a, D̄_b} = 0 , (72) {T, D_a} = {T, D̄_a} = 0 (73) we obtain directly that the constraint (69) and the half of the spinorial constraints (70), (71) are first class constraints.

The separation of first and second class spinorial constraints in (70), (71) is achieved by the projectors P_± ≡^1_{2m} (m±p̂) where 1 = (P_+ +P_−). One can check that on mass shell p^2 = m^2 we obtain P_±P_± = P_±, P_+P_− = 0. From eight real spinorial constraints (70), (71) we construct the following sets of reducible constraints

F^a = D^b(p̂ + m)_b^a , F̄_a = (p̂ + m)_a^bD̄_b ; (74)

G^a = D^b(p̂ − m)_b^a , Ḡ_a = (p̂ − m)_a^bD̄_b . (75) Due to the relations F^b(p̂ − m)_b^a = 0 , (p̂ − m)_a^bF̄_b = 0 ; G^b(p̂ + m)_b^a = 0 , (p̂ + m)_a^bD̄_b = 0 on the mass–shell (69) in the set of the constraints (F^a, F̄_a) there are only four real independent constraints. Analogously, the constraints (G^a, Ḡ_a) contain as well four real independent constraints. Expressing the constraints (70), (71) in term of the constraints (74), (75) we get

D^a =^1_{2m} (F^a − G^a) , D̄_a =^1_{2m} (F̄_a − Ḡ_a) .

The constraints (74), (75) satisfy the following Poisson brackets algebra {F̄_a, F^b} = −2i(p̂ + m)_a^bT , {F^a, F^b} = {F̄_a, F̄_b} = 0 ,

{F̄_a, G^b} = {Ḡ_a, F^b} = −2i(p̂ − m)_a^bT , {F̄_a, Ḡ_b} = {F^a, G^b} = 0 , {Ḡ_a, G^b} = −8im^2(p̂ + m)_a^b − 2i[2mδ^b_a + (p̂ + m)_a^b]T , {G^a, G^b} = {Ḡ_a, Ḡ_b} = 0 .

From eight real spinorial constraints present in (70), (71) four independent constraints in (F^a, F̄_a) are first class whereas four independent constraints contained in (G^a, Ḡ_a) are second class.

We shall employ the Gupta–Bleuler quantization method by imposing on the wave function all first class constraints (T , F^a, F̄_a) and half of the second class constraints being in involution (G^a or Ḡ_b). We have two quantizations:

– bosonic chiral quantization, with the wave function satisfying the following wave equations T |Ψ⟩ = 0 , F^a|Ψ⟩ = 0 , F̄_a|Ψ⟩ = 0 , Ḡ_a|Ψ⟩ = 0 (76) – bosonic antichiral quantization with the wave function submitted to the following equations T |Ψ⟩ = 0 , F^a|Ψ⟩ = 0 , F̄_a|Ψ⟩ = 0 , G^a|Ψ⟩ = 0 . (77) The reducible constraints F̄_a and Ḡ_a are equivalent to primary constraint D̄_a; similarly the constraints F^a and are G^a equivalent to D^a. Therefore one can express the wave equations (76), (77) in other equivalent way – bosonic chiral quantization:

T |Ψ⟩ = 0 , D̄_a|Ψ⟩ = 0 , F^a|Ψ⟩ = 0 (78) – bosonic antichiral case in which wave function is subjected the following constraints T |Ψ⟩ = 0 , D^a|Ψ⟩ = 0 , F̄_a|Ψ⟩ = 0 . (79) Let us consider chiral case (78) in more details. Using the realization π^a = −i∂/∂ψ_a , π̄_a = −i∂/∂ψ̄^a and the momentum-dependent wave function Ψ(p, ψ, ψ̄) one can write down the relations (78) as follows D̄_aΨ = −i[ ∂ ∂ψ̄^a + (p̂ − m)_a^bψ_b]Ψ = 0 , (80)

F^aΨ = −i ∂ ∂ψ_b (p̂ + m)_b^aΨ = 0 , (81) T Ψ = (p^2 + m^2)Ψ = 0 . (82) The equation (80) has the general solution Ψ(p, ψ, ψ̄) = e^{−ψ̄(p̂−m)ψ}Ψ̃(p, ψ) (83) where the reduced wave function Ψ̃(p, ψ) depends only on ψ, i. e. we have the expansion

Ψ̃(p, ψ) = ∞∑ n=0 ψ_{a1} · · · ψ_{an} ϕ^{a1···an} (p) . (84) Due to commuting nature of spinor ψ_a the component fields ϕ^{a1···an} (p) are totally symmetric ϕ^{a1···an} (p) = ϕ^{(a1···an)}(p) . (85) The equations (81) provide the Dirac equations for these fields

(p̂ + m)_{a1}^bϕ^{a1a2···an} (p) = 0 . (86)

We see that the multispinorial fields (85) are Bargman–Wigner fields describing massive particles of spins n/2. Obviously the Klein–Gordon equation (82) is the consequence of (86).

5 Conclusion

The classical c-number higher spin fields (85–86) for any spin are mathematically correct, and provide the relativistic quantum–mechanical description of one–particle states with arbitrary mass and spin (see e. g. [20]). The concept of bosons and fermions is related with the symmetry properties of multiparticle states, obtained in quantum field theory by quantum fields acting on the vacuum state. The description of higher spin fields presented here (see (84), (85)) does not take into consideration the spin–statistics theorem, however in the framework of first– quantized one-particle classical mechanics we need not to specify the statistics. The transition to the proper spin–statistic relation can be achieved in two way:

i) By introducing classical theory as a suitable limit ℏ → 0 of quantized higher spin fields. In such a case the half–integer spin fields will have the Grassmann nature (we recall that fermionic quantum fields are described by infinite–dimensional Clifford algebras which become in the limit ℏ → 0 an infinite–dimensional Grassmann algebra).

ii) One can pass from one–particle wave function to the wave function describing multiparticle states by suitable symmetrization procedure (besides bosonic and fermionic multiparticle states one can introduce also parabosonic and parafermionic multiparticle states, with ‘mixed’ symmetry properties).

The wave functions obtained in this paper if used for the description of multiparticle states should be therefore suitably symmetrized: one introduces symmetric products of one–particle wave functions for integer spin fields, and totally antisymmetric products if spin is half–integer. Such a procedure is well-known from the description of multi–particle states in quantum mechanics. If we wish to construct the quantum fields which generate multiparticle states from the vacuum we should multiply the c-number wave functions by respective bosonic and fermionic creation and annihilation operators. Such a procedure for obtaining fermionic fields with halfinteger spin or helicity can be applied to N = 1 massless case (Sect. 3) and N = 2 massive case (Sect. 4), due to the presence of linear field equations.

It should be added that c-number massive higher spin fields have been obtained also in other papers from different relativistic particle models [10, 21, 22]. We should also add that the realizations of ‘bosonic’ superalgebra was used in [23] for description of physical degrees of freedom of the critical open string with N = 2 conformal symmetry in 2 + 2 dimensions. Further one can point out that if one introduces fields on twistor spaces (see e. g. [6, 7]) usually they are also commutative for any spin, or any helicity (in massless case). Acknowledgments The authors would like to thank E. Ivanov for his interest in this paper and numerous valuable comments.

References

[1] J. Wess and J. Bagger, Supersymmetry and Supergravity, 1983 (Princeton: Princeton University Press).

[2] S.J. Gates Jr, M.T. Grisaru, M. Rocek and W. Siegel, Superspace, or One thousand and one lessons in supersymmetry, Front.Phys. 58(1983)1-548.

[3] M.A. Vasiliev, Fortschr. Phys. 36(1988)33.

[4] M.A. Vasiliev, Progress in Higher Spin Gauge Theories, talk given at the International Conference ”Quantization, Gauge Theory and Strings” in memory of E.S.Fradkin, Moscow, June 5-10, 2000. v2-4.

[5] D. Sorokin, Introduction to the Classical Theory of Higher Spins, hep-th/0405069. [6] R. Penrose and M.A.H. MacCallum, Phys. Reports 6C(1972)241.

[7] L.P. Hughston, Twistor and Particles, Lecture Notes in Physics, Berlin, v.97, 1979, 153 pp. [8] A. Bette, J. Math. Phys. 25(1984)2456.

[9] J. Kowalski-Glikman, J.W. van Holten, S. Aoyama and J. Lukierski, Phys. Lett.

B201(1988)487.

[10] Z. Hasiewicz, F. Defever and P. Siemion, Int. J. Mod. Phys. A7(1992)3979;

A.A. Deriglazov, D.M. Gitman, Mod. Phys. Lett. A14(1999)709. [11] D. Sorokin, Phys. Rept. 329(2000)1.

[12] S. Ferrara and M. Porrati, Phys. Lett. B243(1998)255. [13] I. Bandos and J. Lukierski, Mod. Phys. Lett. 14(1999)1257. [14] J. Rzewuski, Acta Physica Polonica. 16(1957)435.

[15] Yu.V. Novozhilov, Introduction to elementary particle theory, Oxford 1975, 384p.;

N.N. Bogolyubov, A.A. Logunov, A.I. Oksak and I.T. Todorov, General principle of quantum field theory, Dordrecht, Netherlands: Kluwer (1990) 694 p.

[16] J.A. de Azcarraga and J. Lukierski, Phys. Lett. B113(1982)170. [17] L. Lusanna and B. Milewski, Nucl. Phys. B247(1984)396. [18] V. Bargman and E. Wigner, Proc. Am. Acad. Sci. 34(1948)211. [19] V.G. Zima and S. Fedoruk, J. Kharkiv University 463(1999)9 (In Russian). [20] D.M. Gitman and A.L. Shelepin, Int. J. Theor. Phys. 40(2001)603. [21] S.M. Kuzenko, S.L. Lyakhovich and A.Yu. Segal, Int. J. Mod. Phys. A10(1995)1529. [22] S. Fedoruk and V.G. Zima, JETP Lett. 61(1995)251; Class. Quantum Grav. 16(1999)3653 [23] C. Devchand and O. Lechtenfeld, Nucl. Phys. B516(1998)255.