arXiv:hep-th/0506047 v1 6 Jun 2005

DYONS OF ONE HALF MONOPOLE CHARGE

Rosy Teh^∗

Institute of Particle and Nuclear Studies High Energy Accelerator Research Organization (KEK) Tsukuba, Ibaraki 305-0801, Japan

Khai-Ming Wong

School of Physics, Universiti Sains Malaysia 11800 USM Penang, Malaysia

June 2005

Abstract

We would like to present some exact SU(2) Yang-Mills-Higgs dyon solutions of one half monopole charge. These static dyon solutions satisfy the first order Bogomol’nyi equations and are characterized by a parameter, m. They are axially symmetric. The gauge potentials and the electromagnetic fields possess a string singularity along the negative z-axis and hence they possess infinite energy density along the line singularity. However the net electric charges of these dyons which varies with the parameter m are finite.

1 Introduction

The SU(2) Yang-Mills-Higgs (YMH) field theory in 3 + 1 dimensions, with the Higgs field in the adjoint representation possess both the magnetic monopole and multimonopole solutions [1]-[4]. The ’t Hooft-Polyakov monopole solution with non zero Higgs mass and self-interaction is the first monopole solution that possess finite energy. This numerical, spherically symmetric monopole solution of unit magnetic charge is invariant under a U(1) subgroup of the local SU(2) gauge group [1].

Configurations of the YMH field theory with a unit magnetic charge are in general spherically symmetric [1]-[3] although exceptions do exit [5]. All other

∗Permanent Address: School of Physics, Universiti Sains Malaysia, 11800 USM Penang, Malaysia

monopole configurations with magnetic charges greater than unity possess at most axial symmetry [4] and it has been shown that these solutions cannot possess spherical symmetry [6].

Until now, exact monopole and multimonopoles solutions exist only in the Bogomol’nyi-Prasad-Sommerfield (BPS) limit [3]-[4]. Outside of this limit, where the Higgs field potential is non-vanishing only numerical solutions exist. Asymmetric multimonopole solutions with no rotational symmetry are all numerical solutions even in the BPS limit [7].

Recently, we have also shown that the extended ansatz of Ref.[8] possesses more exact multimonopole-antimonopole configurations. The anti-configurations of all these multimonopole-antimonopole solutions with all the magnetic monopole charges reversing their sign were also constructed [9]. Hence monopoles becomes antimonopoles and vice versa. Solutions with vortex rings in the presence of an antimonopole-monopole-antimonopole (A-M-A) chain were also discussed [10]. We have also shown the existence of half-integer topological monopole charge solutions. This configuration possesses axial symmetry and a Dirac-like string singularity along the negative z-axis [5]. The existence of smooth Yang-Mills potentials which correspond to monopoles and vortices of one-half winding number has been demonstrated in Ref.[11] but no exact or numerical solutions of the YMH equations have been given.

In this paper, we would like to reexamine the axially symmetric one half monopole solutions of the Ref.[5] once again in more detail by introducing electric charge to the system, hence creating what is called a dyon solution with a one half monopole charge. The procedure of introducing an electric charge to a monopole solution is standard and was first shown by Julia and Zee in 1975 [12].

The one half monopole that was presented in Ref.[5] is a particular case when the solution parameter m = −1/2. In this paper, we would like to show that the one half monopole solution actually possesses a parameter m, where −1/2 ≤ m < 0. The Higgs field of this one half monopole solution does not possess any point zeros and hence there are no other monopoles in the configuration except the one half monopole which is located at r = 0, where the Higgs unit vector, Φ̂^a, becomes indeterminate and the Higgs field is singular.

By applying Gauss’ Law to the electric field of this dyon solution at large r, we find that the electric flux seems to come from a net electric charge of decreasing magnitude as m approaches zero. When m = 0, the dyon solution of one half monopole charge becomes the dyon of the Wu-Yang type monopole [8] with unit magnetic charge and zero net electric charge.

We briefly review the SU(2) Yang-Mills-Higgs field theory in the next section and introduce the modified axially symmetric magnetic ansatz [8] in section 3. We also discuss the dyon solutions of one half monopole charge and their electromagnetic properties in section 3 and end with some comments in section 4.

2 The SU(2) Yang-Mills-Higgs Theory

The SU(2) YMH Lagrangian in 3+1 dimensions is given by L = − 1 4 F^a_{μν} F^{aμν} + 1 2 D^μ Φ^aD_μΦ^a − 1 4 λ(Φ^aΦ^a − μ^2 λ )^2, (1)

where μ is the Higgs field mass, λ is the strength of the Higgs potential and μ/ √ λ is the vacuum expectation value of the Higgs field. The Lagrangian (1) is gauge invariant under the set of independent local SU(2) transformations at each spacetime point. The covariant derivative of the Higgs field and the gauge field strength tensor are given respectively by

D_μΦ^a = ∂_μΦ^a + ϵ^{abc}A^b_μΦ^c, (2) F^a_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ + ϵ^{abc}A^b_μA^c_ν . (3)

Since the gauge field coupling constant, can be scaled away, we set it to one without any loss of generality. The metric used is g_{μν} = (− + ++). The SU(2) internal group indices a, b, c run from 1 to 3 and the spatial indices are μ, ν, α = 0, 1, 2, and 3 in Minkowski space.

The equations of motion that follow from the Lagrangian (1) are

D^μF^a_{μν} = ∂^μF^a_{μν} + ϵ^{abc}A^{bμ}F^c_{μν} = ϵ^{abc}Φ^bD_ν Φ^c,

D^μD_μΦ^a = −λΦ^a(Φ^bΦ^b − μ^2 λ ). (4)

Non-BPS solutions to the YMH theory are obtained by solving the second order differential equations of motion (4), whereas BPS solutions can be more easily obtained by solving the Bogomol’nyi equations,

B^a_i ± D_iΦ^a = 0, (5)

which is of first order.

The Abelian electromagnetic field tensor as proposed by ’t Hooft [1] is

F_{μν} = Φ̂^aF^a_{μν} − ϵ^{abc}Φ̂^aD_μΦ̂^bD_νΦ̂^c = ∂_μA_ν − ∂_ν A_μ − ϵ^{abc}Φ̂^a∂_μΦ̂^b∂_νΦ̂^c, (6)

where A_μ = Φ̂^aA^a_μ, Φ̂^a = Φ^a/|Φ|, |Φ| = √ Φ^aΦ^a. Hence the ’t Hooft electric field is E_i = F_{0i}, and the ’t Hooft magnetic field is B_i = −^1_2 ϵ_{ijk} F_{jk}, where the indices, i, j, k = 1, 2, 3. The topological magnetic current, which is also the topological current density of the system is [13]

k_μ = 1 8π ϵ_{μνρσ} ϵ_{abc} ∂^νΦ̂^a ∂^ρΦ̂^b ∂^σΦ̂^c. (7)

Therefore the corresponding conserved topological magnetic charge is M = ∫ d^3x k_0 = 1 4π ∮ d^2σ_i B_i. (8)

In the BPS limit when the Higgs potential vanishes, the energy can be written in the form E = ∓ ∫ ∂_i(B^a_i Φ^a) d^3x + ∫ 1 2 (B^a_i ± D_iΦ^a)^2 d^3x = ∓ ∫ ∂_i(B^a_i Φ^a) d^3x = 4πM μ √ λ , (9)

where M is the “topological charge” when the vacuum expectation value of the Higgs field,^{μ√}_λ , is non zero coupled with some non-trivial topological structure of the fields at large r.

3 The Dyons

3.1 The Ansatz

The static gauge fields and Higgs field that will lead to the dyon solutions of one half monopole charge are given respectively by, [8], [12]

A^a_0 = sinh γ(Φ_1 r̂^a + Φ_2 θ̂^a),

A^a_i = 1 r ψ(r) ( θ̂^aϕ̂_i − ϕ̂^aθ̂_i ) + 1 r R(θ) ( ϕ̂^ar̂_i − r̂^aϕ̂_i ) , Φ^a = cosh γ(Φ_1 r̂^a + Φ_2 θ̂^a), (10)

where Φ_1 =^1_r ψ(r), Φ_2 =^1_r R(θ) and γ is an arbitrary constant. The spherical coordinate orthonormal unit vectors, r̂^a, θ̂^a, and ϕ̂^a are defined by

r̂^a = sin θ cos ϕ δ^a_1 + sin θ sin ϕ δ^a_2 + cos θδ^a_3 , θ̂^a = cos θ cos ϕ δ^a_1 + cos θ sin ϕ δ^a_2 − sin θ δ^a_3 , ϕ̂^a = − sin ϕ δ^a_1 + cos ϕ δ^a_2 , (11)

where r = √ x^ix_i, θ = cos^{−1}(x_3/r), and ϕ = tan^{−1}(x_2/x_1). Ansatz (10) satisfies the radiation or Coulomb gauge, ∂^iA^a_i = A^a_0 = 0.

3.2 The Solutions

Upon substituting ansatz (10) into the equations of motion (4), the resulting equations are simplified to two first order differential equations,

rψ^′ + ψ − ψ^2 = −m(m + 1), Ṙ + R cot θ − R^2 = m(m + 1), (12) where ψ^′ means^{∂ψ}_{∂r} and Ṙ means^{∂R}_{∂θ} . The solutions for ψ and R are then given respectively by ψ(r) = (m + 1) − m(br)^{2m+1} 1 + (br)^{2m+1} , R(θ) = (m + 1) csc θ { cos θ −

(P_{m+1}(cos θ) + a Q_{m+1}(cos θ)) (P_m(cos θ) + a Q_m(cos θ)) } , (13)

where P_m and Q_m are the Legendre polynomials of the first and second kind of degree m, respectively, and −1/2 ≤ m < 0. For solutions regular along the positive z-axis, we required, R(0) = 0, and the integration constant a is set to zero. The integration constant b is just a scaling factor and without any loss in generality, we set b = 1 and the boundary conditions for ψ(r) are ψ(0) = m + 1 and ψ(∞) = −m. In these dyon solutions there are no zeros of the Higgs field and the Higgs unit vector is only indeterminate at the origin where a monopole of half unit charge is located.

From the ansatz (10), the ’t Hooft gauge potential becomes,

A_μ = Φ̂^aA^a_μ = sinh γ r √ ψ(r)^2 + R(θ)^2 δ^0_μ. (14)

Hence the ’t Hooft electric field is non zero when γ ≠ 0 and the monopole becomes a dyon.

3.3 The ’t Hooft Magnetic Field

The ’t Hooft magnetic field is however independent of the gauge fields A^a_μ. To calculate for the ’t Hooft magnetic field B_i, we rewrite the Higgs field from the spherical to the Cartesian coordinate system, [8]

Φ^a = Φ_1 r̂^a + Φ_2 θ̂^a + Φ_3 ϕ̂^a = Φ̃_1 δ^{a1} + Φ̃_2 δ^{a2} + Φ̃_3 δ^{a3} (15)

where Φ̃_1 = sin θ cos ϕ Φ_1 + cos θ cos ϕ Φ_2 − sin ϕ Φ_3 = |Φ| cos α sin β Φ̃_2 = sin θ sin ϕ Φ_1 + cos θ sin ϕ Φ_2 + cos ϕ Φ_3 = |Φ| cos α cos β Φ̃_3 = cos θ Φ_1 − sin θ Φ_2 = |Φ| sin α. (16)

The Higgs unit vector can be simplified to Φ̂^a = cos α sin β δ^{a1} + cos α cos β δ^{a2} + sin α δ^{a3}, (17)

where, sin α = ψ cos θ − R sin θ √ ψ^2 + R^2 , β = π 2 − ϕ, and the ’t Hooft magnetic field is reduce to only the r̂_i and θ̂_i components,

B_i = − 1 r^2 sin θ { ∂ sin α ∂θ } r̂_i + 1 r sin θ { ∂ sin α ∂r } θ̂_i. (18)

The function, sin α, is a regular function over all space and the ’t Hooft magnetic field is also regular everywhere except at the location of the monopole at the origin and along the negative z-axis where there is a semi infinite string singularity. When m = −1/2 and m = 0, sin α is independent of r and the magnetic field is purely radial in direction. We also notice that, B_i, can be written as B_i = ϵ_{ijk} ∂^j (sin α) ∂^kβ = ϵ_{ijk} ∂^j (sin α ∂^kβ), (19) and that a suitable Maxwell four-vector gauge potential for this magnetic field is

A_0 = sinh γ r √ ψ^2 + R^2, A_i = (sin α − 1)∂_iβ = −

(sin α − 1) r sin θ ϕ̂_i. (20)

When m = 0, the gauge potential, A_i, is just the usual Dirac string potential and it is singular along the negative z-axis. However when −1/2 ≤ m < 0, the gauge potential A_i still possesses a similar string singularity along the negative z-axis, but it is no longer the Dirac string.

From Eq.(19), it is obvious that the magnetic field is always perpendicular to the gradients of sin α and β. Hence the magnetic field lines lie on the line sin α = k, where −1 < k < 1, and ϕ = constant. By plotting sin α = k on a vertical plane through the origin; we manage to draw the magnetic field lines for the configurations when m = −0.01, Fig.(1); m = −0.05, Fig.(2); and m = −0.2, Fig.(3). We have notice that for every field line through the origin, one end of the line goes to infinity, whereas the other end will make a loop and return back to r = 0. Therefore the magnetic flux going to infinity is only half of that of a monopole of unit charge.

3.4 The Monopole Charge

From Eq.(8), the net magnetic charge enclosed by the sphere at infinity is calculated to be,

M_∞ = − 1 2 sin α | | | | π 0,r→∞ = 1 2 , when − 1 2 ≤ m < 0, = 1, when m = 0. (21) Hence the magnetic charge of the system is always one half over all space when m is a non integer less than zero and it is concentrated at only one point in space at r = 0. When m = 0, the half monopole becomes a unit monopole.

3.5 The ’t Hooft Electric Field

The ’t Hooft electric field of the dyons is given by

E_i = −∂_iA_0,

= sinh γ {√ ψ^2 + R^2 − ψ(ψ + m)(ψ − m − 1) √ ψ^2 + R^2 } ( r̂_i r^2 )

− sinh γ { R(R^2 − R cot θ + m(m + 1)) √ ψ^2 + R^2 } ( θ̂_i r^2 ) . (22)

Unlike the magnetic field, the electric field depends on the constant γ. Hence the electric field can be switched off by setting γ = 0. As the parameter m decreases from −1/2 to zero, the θ̂_i component of the electric field diminishes to zero while the radial component approaches

E_i = { 2 (1 + r) − 1 (1 + r)^2 } r̂_i r^2

, (23)

and the solution becomes spherically symmetric. The 3D field plot of the electric field for different values of m in the range −1/2 ≤ m < 0, shows the presence of a positive point charge at r = 0 and a positive line charge along the negative z-axis. Fig.(4) shows the 3D field plot for the case of m = −1/2. The electric field which is pointing radially outward diminishes as 1/r^2 along the negative z-axis.

3.6 The Electric Charge

The electric charge densities, q = ∂^iE_i, of these dyon solutions consist of a negative cloud charge distribution concentrated in regions around the origin and along the negative z-axis diminishing along the axis as^1_{r3} . The positive charge densities are delta functions distributions at r = 0 and along the negative z-axis. Fig.(5) and (6) show the electric charge density distribution for the m = −0.05 and m = −0.5 dyons respectively. The negative electric cloud charge density distribution is in blue and the positive charges are indicated in red. The charge distribution along the negative z-axis is greatest when m = −1/2 and continuously diminishes to zero as m approaches zero when the dyon’s monopole charge changes from half to one. The total electric charge of the dyons can be obtained by Gauss’ law, Q = ∫ r→∞ E_ir̂_i r^2 sin θ dθdϕ, = 2π sinh γ ∫ √ m^2 + R(θ)^2 sin θ dθ. (24)

The charge concentrated at the origin is calculated to be

Q_0 = 2π sinh γ ∫ √ (m + 1)^2 + R(θ)^2 sin θ dθ. (25)

Q and Q_0 can be numerically integrated using Maple 9.5. The charges of the dyons Q and and Q_0 depend on the parameter m and a point plot of Q and Q_0 versus m is given in Fig.(7). The graph branches out at m = −1/2 indicating that there is totally no screening of the positive charge at r = 0 of the m = −1/2 dyon. However as m increases from −1/2 to zero, screening of the delta function point source at r = 0 takes place and when m = 0, total screening occurs and the net electric charge of the Wu-Yang type dyon is zero.

4 Comments

The ansatz (10) used to construct the dyon solutions is introduced in the same standard way as in the construction of the Julia-Zee dyons years ago [12]. Hence when the parameter γ is zero, the electric field is switched off and only the magnetic field remains and the dyon becomes monopole.

The energy of these dyon solutions are infinite as they possess delta functions electric charge sources at the origin and along the negative z-axis. Infinite energy dyons solutions that are complex in the gauge potentials have also been discussed in the literature [14].

These dyon solutions of one half monopole charge are axially symmetric about the z-axis. Their gauge potentials and electromagnetic fields possess a string singularity along the negative z-axis. Configurations of one half monopole charge that possess axial symmetry and a semi infinite string singularity both in the gauge potentials and the electromagnetic fields have also been discussed in the literature [11].

Unlike the monopole solutions of the ansatz (10), where the parameter m can take only discrete positive integer values [8], the dyons of one half monopole charge possess a continuous parameter, −1/2 ≤ m < 0, and as m varies, the properties of the solutions like the electric charges Q and Q_0, the electric charge distribution, and the electric and magnetic fields change. However there is a small range of values of −0.005 ≤ m < 0, for which the monopole charges become indeterminate by Maple 9.5 although we believe that the monopole charge should be one half as long as m < 0.

Calculations show that the electric charges that give rise to the θ̂_i component of the electric field are composed of a negative cloud charge distribution around the negative z-axis and a positive delta function charge distribution along the negative z-axis which exactly cancelled out the charges of each other at r infinity.

The electric charges that give rise to the radial component of the electric field are all concentrated at r = 0 when m = −1/2. Hence Q = Q_0 for the m = −1/2 dyon. However when, −1/2 < m ≤ 0, there is a negative cloud charge distribution around the origin and this negative cloud charge increases in intensity until it reaches its’ maximum value at m = 0 where it totally screened off the positive delta function source at r = 0 giving a zero net electric charge for the Wu-Yang type dyon when m = 0. Hence for the Wu-Yang type dyon, Q = 0, and Q_0 = 4π sinh γ.

5 Acknowlegements

The authors would like to thank Universiti Sains Malaysia and the Academy of Sciences Malaysia for the Scientific Advancement Grant Allocation, SAGA, (Account No.: 304/pfizik/653004/A118). The author, Rosy Teh, would also like to thank Prof. Izumi Tsutsui for reading through the manuscript and the Institute of Particle and Nuclear Studies, High Energy Accelerator Research Organization (KEK) Tsukuba, Ibaraki 305-0801, Japan for their hospitality.

References

[1] G. ’t Hooft, Nucl. Phy. B 79 (1974) 276; A.M. Polyakov, Sov. Phys. - JETP 41 (1975) 988; Phys. Lett. B 59 (1975) 82; JETP Lett. 20 (1974) 194.

[2] E.B. Bogomol’nyi and M.S. Marinov, Sov. J. Nucl. Phys. 23 (1976) 355. [3] M.K. Prasad and C.M. Sommerfield, Phys. Rev. Lett. 35 (1975) 760; E.B.

Bogomol’nyi, Sov. J. Nucl. Phys. 24 (1976) 449.

[4] C. Rebbi and P. Rossi, Phys. Rev. D 22 (1980) 2010; R.S. Ward, Commun.

Math. Phys. 79 (1981) 317; P. Forgacs, Z. Horvarth and L. Palla, Phys. Lett. 99 (1981) 232; Nucl. Phys. B 192 (1981) 141; M.K. Prasad, Commun. Math. Phys. 80 (1981) 137; M.K. Prasad and P. Rossi, Phys. Rev. D 24 (1981) 2182.

[5] Rosy Teh and K.M. Wong, Half-Monopole and Multimonopole, hep-th/0406059, Int. J. Mod. Phys. A 20 (2005) 2194.

[6] E.J. Weinberg and A.H. Guth, Phys. Rev. D 14 (1976) 1660. [7] P.M. Sutcliffe, Int. J. Mod. Phys. A 12 (1997) 4663; C.J. Houghton, N.S.

Manton and P.M. Sutcliffe, Nucl. Phys. B 510 (1998) 507.

[8] Rosy Teh, Int. J. Mod. Phys. A 16 (2001) 3479; J. Fiz. Mal. 23 (2002) 196;

Rosy Teh and K.M. Wong, Int. J. Mod. Phys. 19 (2004) 371.

[9] Rosy Teh and K.M. Wong, Static Monopoles and their Anti-Configurations, USM Preprint 2004.

[10] Rosy Teh and K.M. Wong, Monopole-Antimonopole and Vortex Rings, USM Preprint 2004.

[11] E. Harikumar, I. Mitra, and H.S. Sharatchandra, Phys. Lett. B 557 (2003) 303.

[12] B. Julia and A. Zee, Phys. D 11, (1975) 2227. [13] N.S. Manton, Nucl. Phys. (N.Y.) B 126 (1977) 525. [14] D. Singleton, Int. J. Theor. Phys. 36 (1997) 1857.

FIGURE CAPTIONS

Figure 1: The magnetic field lines of the m=-0.01 dyon. The one half monopole is located at r = 0.

Figure 2: The magnetic field lines of the m=-0.05 dyon. The one half monopole is located at r = 0.

Figure 3: The magnetic field lines of the m=-0.2 dyon. The one half monopole is located at r = 0.

Figure 4: The electric field of the m=-0.5 dyon. The positive electric charges are concentrated at r = 0 and along the negative z-axis.

Figure 5: The contour plot of the electric charge density distribution of the m=- 0.05 dyon. The negative electric charge density distribution is in blue and the positive charges are indicated in red.

Figure 6: The contour plot of the electric charge density distribution of the m=-0.5 dyon. The negative electric charge density distribution is in blue and the positive charges are indicated in red.

Figure 7: The point plot of the net electric charges of the dyons, Q and Q_0 in units of 4π sinh γ versus m. The upper curve is the net electric charge, Q_0, when r shrink to zero and the lower curve is the net electric charge, Q, at r infinity.