arXiv:hep-th/0507027 v2 4 Sep 2005

Electromagnetic interactions of higher dimensional

quantum Hall droplets

DIMITRA KARABALI^1

Department of Physics and Astronomy Lehman College of the CUNY Bronx, NY 10468

Abstract

Using a W_N -gauge theory to describe electromagnetic interactions of spinless fermions in the lowest Landau level, where the W_N transformations are nonlinear realizations of U(1) gauge transformations, we construct the effective action describing electromagnetic interactions of a higher dimensional quantum Hall droplet. We also discuss how this is related to the Abelian Seiberg- Witten map. Explicit calculations are presented for the quantum Hall effect on CP^k with U(1) background magnetic field. The bulk action is a Kähler-Chern-Simons term whose anomaly is cancelled by a boundary contribution so that gauge invariance is explicitly satisfied.

1E-mail address: dimitra.karabali@lehman.cuny.edu

1 Introduction

The study of quantum Hall effect in higher dimensions has recently attracted a lot of attention [1]- [9] following the original work of Zhang and Hu [1]. Similarly to the classic two-dimensional QHE it provides a framework for new ideas about bosonization, topological field theories, noncommutative geometry and D-branes, in addition to the possibility of higher spin theories and its connection to the observed spin-Hall effect [10]. Zhang and Hu considered the Landau problem for charged fermions on S^4 with a background magnetic field corresponding to the standard SU(2) instanton. This leads to a many-body picture in terms of incompressible quantum Hall droplets, which give rise to gapless edge excitations, in a way similar to the two-dimensional QHE.

Recently we generalized the Zhang, Hu construction to arbitrary even dimensions by formulating the quantum Hall effect on the even dimensional, complex projective spaces CP^k [2]. Within this framework, we also presented a method for obtaining the effective action for edge excitations of a quantum Hall droplet in any dimension [3, 4], based on a collective formulation of the quantum mechanical density matrix in the limit of large number of fermions or equivalently a large droplet [11].

In this paper we will analyze the electromagnetic interactions (in addition to the uniform magnetic field necessary for the formation of the QHE) of the underlying charged fermions, by coupling the higher dimensional quantum Hall system, restricted to the lowest Landau level, to a weak electromagnetic field. We are particularly interested in deriving the bulk effective action in terms of the external electromagnetic field and its relation to the edge boundary action.

It is well known that in the case of two dimensions, one can directly integrate out the fermions and derive the bulk effective action which is essentially an Abelian Chern-Simons action with its coefficient given by the quantized Hall conductance. Further this action and the boundary action are related by the property of anomaly cancellation. The Chern-Simons action defined on a space with boundary is not gauge invariant, the non-invariance given in terms of a surface term. The requirement of gauge invariance implies the presence of a boundary action with the appropriate gauge transformation. It was first shown by Wen based on the anomaly cancellation property that the edge dynamics of a two-dimensional Hall droplet is described in terms of massless chiral fields [12], [13].

Our approach here is somewhat different. Starting from a very generic matrix formulation of the lowest Landau level Hall droplet dynamics, we explicitly derive the bulk effective action involving the perturbative electromagnetic fields. The electromagnetic interaction to the edge degrees of freedom is also obtained. One can show that the total action, bulk and edge, is explicitly gauge invariant. The strategy we follow is an adaptation of a method used by Sakita [14], [15] to derive the electromagnetic interactions of LLL electrons in the two-dimensional plane based on the W_∞ - gauge field theory [13], [16].

This paper is organized as follows. In section 2 we present a matrix formulation of the dynamics of the lowest Landau level with and without electromagnetic interactions and we outline a general method for deriving the corresponding effective action of a quantum Hall droplet in arbitrary number of dimensions. In the rest of the paper we present an explicit analysis for the case of a quantum Hall droplet on CP^k with a U(1) background field. In section 3 we briefly review the structure of the lowest Landau level and the emerging star product for CP^k with U(1) background magnetic field. In section 4 we present the derivation of the effective action in the absence of electromagnetic interactions and in section 5 we extend this to include electromagnetic interactions. The role of the Seiberg-Witten map in the derivation of the effective action is discussed. In section 6 we analyze the gauge invariance of the effective action and explicitly show how the anomaly of the bulk part, which turns out to be a Kähler-Chern-Simons term, is cancelled by the boundary contribution. A brief conclusion and comments are presented in section 7.

2 General approach

We shall first review the method used in [3, 4] to derive the action describing the dynamics of a generic lowest Landau level Hall droplet in the absence of external weak electromagnetic interactions and then discuss how this gets modified in order to describe electromagnetic interactions and derive the corresponding effective action.

Let N denote the dimension of the one-particle Hilbert space corresponding to the states of the lowest Landau level, K of which are occupied by fermions. Spin degrees of freedom are neglected, so each state can be occupied by a single fermion. In the presence of a confining potential V̂ , the degeneracy of the LLL states is lifted and the fermions are localized around the minimum of the potential forming a droplet. The choice of the droplet we are considering is specified by a diagonal density matrix ρ̂_0 which is equal to 1 for occupied states and zero for unoccupied states. The most general fluctuations which preserve the LLL condition and the number of occupied states are unitary transformations of ρ̂_0, namely ρ̂_0 → ρ̂ = Ûρ̂_0Û^†, where Û is an (N × N) unitary matrix. The action which determines Û is given by

S_0 = ∫ dt [ iTr(ρ̂_0Û^†∂_tÛ) − Tr(ρ̂_0Û^†V̂ Û) ] (1) where V̂ is the confining potential. We have used the fact that on the LLL the Hamiltonian is V̂ up to an additive constant. Û can be thought of as a collective variable describing all the possible droplet excitations within the LLL. Variation of Û in (1) leads to the extremization condition for S_0 as i ∂ρ̂ ∂t = [V̂ , ρ̂] (2)

which is the expected evolution equation for the density matrix ρ̂.

The action S_0 can also be written as

S_0 = N ∫ dμdt [ i(ρ_0 ∗ U^† ∗ ∂_tU) − (ρ_0 ∗ U^† ∗ V ∗ U) ] (3) where dμ is the volume measure of the space where QHE has been defined and ρ_0, U, V are the symbols of the corresponding matrices on this space. In our notation the hatted expressions correspond to matrices and unhatted ones to the corresponding symbols, which are classical functions on the space where QHE is defined.

It was shown in [3], that using the star product appropriate for CP^k with U(1) background field and the fact that Û = exp iΦ̂, the action S_0 in (3) describes a higher dimensional chiral action in terms of the Abelian bosonic field Φ defined on the boundary of the droplet.

In order to describe electromagnetic interactions we modify the matrix version (1) of S_0 by introducing a gauge potential Â whose variation is such that the new action is invariant under time dependent U(N) rotations. The new gauged action is S = ∫ dt Tr [ iρ̂_0Û^†∂_tÛ − ρ̂_0Û^†V̂ Û − ρ̂_0Û^†ÂÛ ] (4) Under Û → ĥÛ , Â → Â^′ (5) the action (5) changes as S → S + ∫ dt Tr Ûρ̂_0Û^† [ iĥ^†∂_tĥ − ĥ^†V̂ ĥ + V̂ − ĥ^†Â^′ĥ + Â ] (6) For infinitesimal transformations Û → Û + δÛ , Â → Â + δÂ, the action remains invariant if δÂ = ∂_tl̂ − i[l̂, V̂ + Â] δÛ = −il̂Û (7) where ĥ = exp(−iλ̂). As before the action S in (6) can be written in terms of the corresponding symbols as S = N ∫ dt dμ [ iρ_0 ∗ U^† ∗ ∂_tU − ρ_0 ∗ U^† ∗ V ∗ U − ρ_0 ∗ U^† ∗ A ∗ U ] (8) where the (N × N) matrices have been replaced by their symbols, matrix multiplication by the star product, and Tr by N ∫ dμ. The action (8) is now invariant under the infinitesimal transformations δA(⃗x, t) = ∂_tl(⃗x, t) − i(l ∗ (V + A) − (V + A) ∗ l)) (9) δU = −il ∗ U (10) Equations (9) and (10) express what we refer to as W_N gauge transformations. In the case of QHE on the two-dimensional plane, the transformation (9) was identified as the W_∞ gauge transformation [14, 16, 13]. If the action S in (8) describes the interaction of the quantum Hall system to a weak external electromagnetic field A_μ, it has to be invariant under the usual gauge transformation

δA_μ = ∂_μΛ (11)

where Λ is the infinitesimal gauge parameter. This implies then that the transformation (9) can be thought of as a nonlinear realization of the gauge transformation (11). This requirement determines (up to some ambiguities to be discussed later) A as a function of A_μ and therefore the electromagnetic interaction of the Hall droplet in (8). We assume that the energy scale of A_μ is much smaller than that of the confining potential V and the existing uniform magnetic field B̄ so that the restriction to the lowest Landau level is still valid. In this sense we refer to the additional external electromagnetic field as weak.

The method outlined in this section is quite general and can be applied to a quantum Hall system defined on any space. In the following sections we shall apply this method to the quantum Hall effect defined on CP^k with a uniform U(1) background field.

3 Specifics of QHE on CP^k with U(1) background field

Here we shall briefly review the structure of the lowest Landau level and the emerging star product for CP^k, which are the crucial ingredients in constructing the effective action (8). We shall mainly follow the presentation in [3, 4] and in the review article [9].

CP^k is a 2k dimensional manifold parametrized by k + 1 complex coordinates v_a, such that

v̄_av_a = 1 (12)

with the identification v_a ∼ e^{iθ}v_a. One can further introduce local complex coordinates z_α, α = 1, · · ·, k, by writing

v_α = z_α √ 1 + z̄ · z , α = 1, · · ·, k v_{k+1} = 1 √ 1 + z̄ · z (13)

The U(1) background magnetic field (which leads to the Landau states) is introduced via a gauge potential Ā = −inv̄ · dv (14) where n is an integer and n = 2B̄R^2, where B̄ is the magnetic field and R is the radius of CP^k.

The volume element on CP^k is dμ = k! π^k d^{2k}x (1 + z̄ · z)^{k+1}

(15)

The normalization is such that ∫ dμ = 1.

Lowest Landau Level

The lowest Landau level wavefunctions were derived in [3]. They can be written in terms of the local coordinates z_i as

Ψ_m(⃗x) = [ n! i_1!i_2!...i_k!(n − s)!

]^1_2 z^{i1}_1 z^{i2}_2 · · ·z^{ik}_k (1 + z̄ · z)^n2 s = i_1 + i_2 + · · · + i_k, 0 ≤ i_i ≤ n , 0 ≤ s ≤ n (16)

These wavefunctions form a symmetric rank n representation J of SU(k + 1). The index m = 1, · · ·, N in (16) labels the states within this representation J. The dimension of the representation is dimJ = (n + k)! n!k! ≡ N (17)

Apart from the factor (1+z̄ ·z)^{−n/2} the wavefunctions (16) are holomorphic. They are the coherent states for CP^k .

Star product

The symbol corresponding to a (N × N) matrix Ô, with matrix elements O_{ml}, acting on the Hilbert space of the lowest Landau level is a function on CP^k defined by O(⃗x, t) = ∑ m,l Ψ_m(⃗x)O_{ml}(t)Ψ^∗_l (⃗x) (18)

We found in [3] that for large n the symbol corresponding to the product of two operators is (Ô_1Ô_2)_{symbol} ≡ O_1(⃗x, t) ∗ O_2(⃗x, t) = O_1O_2 + i n (Ω^{−1})^{ᾱβ} ∂O_1(⃗x, t) ∂z̄^α ∂O_2(⃗x, t) ∂z^β + O( 1 n^2

) (19)

where Ω defines the Poisson bracket on CP^k, namely {O_1(⃗x, t), O_2(⃗x, t)} = (Ω^{−1})^{ᾱβ} ( ∂O_1(⃗x, t) ∂z̄^α ∂O_2(⃗x, t) ∂z^β − ∂O_2(⃗x, t) ∂z̄^α ∂O_1(⃗x, t) ∂z^β ) (20)

In terms of the complex coordinates z, z̄ we have

(Ω^{−1})^{ᾱβ} = −i(1 + z̄ · z)(δ^{αβ} + z̄^αz^β ) (21)

The important result here is that, for large n, the symbol of the commutator of two operators acting on the Hilbert space of the lowest Landau level is essentially the Poisson bracket of the corresponding symbols, namely

([Ô_1, Ô_2])_{symbol} = i n {O_1(⃗x, t), O_2(⃗x, t)} = i n (Ω^{−1})^{ij} ∂O_1(⃗x, t) ∂x^i ∂O_2(⃗x, t) ∂x^j (22)

where x_i are the real coordinates of CP^k and the indices i, j take values i, j = 1, · · ·, 2k.

4 Edge effective action without electromagnetic interactions

In this section we review the derivation of the edge effective action in the absence of electromagnetic interactions (besides the uniform magnetic field B̄), as given in [3, 4].

Starting from (1) and using Û = exp(iΦ̂) we find that, up to a constant,

S_0 = ∫ dt Tr [( − ρ̂_0 − i 2 [Φ̂, ρ̂_0] + 1 3! [Φ̂, [Φ̂, ρ̂_0]] + · · · ) ∂_tΦ̂ − ( i[ρ̂_0, V̂ ]Φ̂) + 1 2 [ρ̂_0, Φ̂][V̂ , Φ̂]) + · · · ) ] (23)

where the first line gives the expansion of the kinetic energy in terms of Φ̂ commutators and the second line gives the potential energy.

We choose ρ̂_0 to be the ground state density matrix, so that [ρ̂_0, V̂ ] = 0. We shall further use a convenient spherical symmetric confining potential V = V (r^2), where r^2 = z̄ · z, so that ρ_0 corresponds to a spherical droplet, although the results can be easily extended to nonspherical droplets. In the limit n → ∞, or equivalently N → ∞, when a large number K of LLL states are occupied, the classical function ρ_0(r^2) is essentially a step function identifying the droplet. An explicit calculation of ρ_0 in the case of CP^k with U(1) background field was done in [3]. As we mentioned in the previous section, in this case, the LLL states form a symmetric rank n representation of SU(k + 1). If we choose a confining potential V̂ with an SU(k) symmetry, the ground state is formed by filling up a certain number of complete SU(k) representations, starting with the singlet, the fundamental, rank two and so on, up to, let us say rank M symmetric representation. We found in [3] that in the large N, large K limit, where N ≫ K

ρ_0 = Θ ( 1 − nr^2 M ) = Θ ( 1 − R^2r^2 R^2_D ) (24)

where Θ is the step function, and R_D is the radius of the droplet, R^2_D =^M_{2B̄} and n = 2B̄R^2.

Writing S_0 as an integral over CP^k and using (22), we find that in the large n-limit, (3) becomes

S_0 = N 2n ∫ dtdμ ( {Φ, ρ_0}∂_tΦ + 1 n {ρ_0, Φ}{V, Φ} ) (25)

For a spherically symmetric ρ_0

{Φ, ρ_0} = (Ω^{−1})^{ij} ∂Φ ∂x^i ∂ρ_0 ∂x^j = (Ω^{−1})^{ij}ê_j ∂Φ ∂x^i ∂ρ_0 ∂r = (ŁΦ) ( ∂ρ_0 ∂r^2 ) (26)

where ŁΦ = [ 2rê_j (Ω^{−1})^{ij} ∂Φ ∂x^i ] (27)

The coordinates x_i are dimensionless, measured in units of the radius R of the compact space. ê_j is a unit vector normal to the boundary ∂D of the droplet and r = √∑ x^2_i is the dimensionless, normal coordinate. ŁΦ involves only derivatives of Φ with respect to a tangential direction, which is the Poisson conjugate to the normal to the droplet. Similarly

{ρ_0, Φ}{V, Φ} = (ŁΦ)^2 ∂ρ_0 ∂r^2 ∂V ∂r^2 (28)

Using (26), (28) in (25) we find

S_0 = N 2n ∫ dtdμ ( ∂ρ_0 ∂r^2 ) [ ∂Φ ∂t (ŁΦ) + 1 n ∂V ∂r^2 (ŁΦ)^2 ] + O(1/n) (29)

where the operator Ł in the above expression is the n → ∞ limit of the expression (27),

ŁΦ = [ 2rê_j (Ω^{−1})^{ij} ∂Φ ∂x^i ] n→∞ (30)

Given the fact that ρ_0 is a step function, see (24), ∂ρ_0/∂r^2 is a δ-function with support only at the boundary of the droplet; as a result the r-integration can be done and the action is entirely on the boundary of the droplet. The r-integration will give an extra factor of n^{−k+1} for a compact 2k dimensional space. For the CP^k case, N ∼ n^k, (17), so that the limit n → ∞ gives a finite prefactor to the action. Also the potentials we choose will be such that ω(r^2) ≡^1_n (∂V/∂r^2) is finite (not necessarily constant) as n → ∞ [3]. If the potential does not have this property, then ω goes to zero or infinity as n → ∞. In the first case, there are zero energy modes for the field Φ, indicating that the potential has not uniquely confined the droplet to the shape initially chosen. In the second case, no fluctuations of the droplet are energetically allowed. The final effective edge action is (up to a multiplicative constant) of the form

S_0 ≈ − ∫ ∂D dt [ ∂Φ ∂t (ŁΦ) + ω(ŁΦ)^2 ] (31)

For CP^k the operator Ł in (31) can be written in terms of the complex coordinates as

Ł = i(z · ∂ ∂z − z̄ · ∂ ∂z̄ ) (32)

5 Effective action with electromagnetic interactions

In the presence of a weak electromagnetic field the effective action, as explained in section 2, is

S = S_0 + S_A (33)

where S_0 is the edge effective action given in (29) and S_A is the A-dependent part of the action given by S_A = −N ∫ dtTr (ρ̂_0Û^†ÂÛ) = −N ∫ dtTr (ρ̂_0Â − i[ρ̂_0, Φ̂]Â + 1 2 [ρ̂_0, Φ̂][Â, Φ̂] + · · · ) = −N ∫ dtdμ (ρ_0 ∗ A + 1 n {ρ_0, Φ}A) + O( 1 n ) = −N ∫ dtdμ (ρ_0 ∗ A − 1 n ∂ρ_0 ∂r^2 ŁΦ A) + O( 1 n ) (34)

The strategy then is to determine A as a function of A_μ so that the transformation (9) is a nonlinear realization of the usual gauge transformation for A_μ, δA_μ = ∂_μΛ, where Λ is the infinitesimal gauge parameter.

Using (22) we find that the large n-limit of (9) is given by δA = u^μ∂_μλ + 1 n (Ω^{−1})^{ij} ∂_iλ∂_j A

u^μ = (1, 1 n (Ω^{−1})^{ij} ∂_j V ) (35)

The form of the above transformation suggests the following ansatz for A and λ in terms of A_μ and Λ :

A = a^μA_μ + a^{μν} A_μA_ν + a^{μνλ}A_μ∂_ν A_λ + · · · λ = bΛ + b^{μν} ∂_μΛA_ν + · · · (36)

where a’s and b’s are to be determined. We compute δA using (36) and δA_μ = ∂_μΛ and compare it to (35) in order to determine these coefficients. We find the following results: b^{[μν]} ≡ 1 2 (b^{μν} − b^{νμ}) , b^{{μν}} = 1 2 (b^{μν} + b^{νμ})

a^0 = b = constant a^i = bu^i + κ(Ω^{−1})^{ij} ∂_j

b^{[0i]} = 0 , b^{[ij]} = − b^2 2n (Ω^{−1})^{ij} a^{{0μ}} = 1 2 u^λ∂_λb^{{0μ}} , a^{{ij}} = 1 2 u^λ∂_λb^{{ij}} + b^2 2n (Ω^{−1})^{ik}∂_k u^j

a^{000} = b^{00} , a^{i00} = a^{00i} = b^{{0i}} , a^{0i0} = b^{00}u^i

a^{ij0} = b^{{0i}}u^j + b^2 n (Ω^{−1})^{ij} , a^{i0j} = b^{{ij}} − b^2 2n (Ω^{−1})^{ij} , a^{0ij} = u^ib^{{0j}} a^{ijk} = u^j b^{{ik}} − b^2 2n u^j (Ω^{−1})^{ik} + b^2 n u^k(Ω^{−1})^{ij} (37)

where b^{{μν}} and κ are arbitrary. We then have A = bu^μA_μ − b^2 2n (Ω^{−1})^{ij} ( A_i∂_0A_j − 2A_i∂_j A_0 )

− b^2 2n (Ω^{−1})^{ij} ( − ∂_j u^kA_iA_k + u^kA_i∂_k A_j − 2u^k A_i∂_j A_k )

−κ(Ω^{−1})^{ij} F_{ij} + 1 2 b^{{μν}}A_μu^λ∂_λA_ν + · · · (38) λ = bΛ − b^2 2n (Ω^{−1})^{ij} ∂_iΛA_j + b^{{μν}}∂_μΛA_ν + · · · (39)

We can set b = 1 in the above expressions by absorbing b in the definition of A_μ, Λ, namely bA_μ → A_μ, bΛ → Λ. Further setting the undetermined parameters κ, b_{{μν}} to zero, we obtain the “minimal” solution which is given by A = u^μA_μ − 1 2n (Ω^{−1})^{ij} ( A_i∂_0A_j − 2A_i∂_j A_0 )

− 1 2n (Ω^{−1})^{ij} ( − ∂_j u^kA_iA_k + u^kA_i∂_k A_j − 2u^k A_i∂_j A_k ) (40)

λ = Λ − 1 2n (Ω^{−1})^{ij} ∂_iΛA_j (41)

In the case of the two-dimensional plane, where^1_n (Ω^{−1})^{ij} →^1_B ϵ^{0ij} , (38), (39) agree with the expressions in [14].

Before proceeding with the calculation of S_A in (34) it is interesting to point out the relation of (38)-(41) to the Seiberg-Witten map [17, 18]. In that context A is the time component of the noncommutative gauge field and in the absence of the confining potential V , when u^i = 0, the transformations (40) is exactly the one defining the Seiberg-Witten map between the noncommutative gauge field A and the commutative gauge field A_μ, where our Ω^{−1} is identified in terms of the noncommutative parameters θ^{ij} as

[x_i, x_j ]_∗ ≡ iθ^{ij} = − i n (Ω^{−1})^{ij} (42)

Our expression (40) for V = 0 is essentially the Seiberg-Witten mapping for A upto linear order in Ω^{−1}, which is sufficient for large n. One can easily show that our expression in the presence of the confining potential, can be derived by considering the Seiberg-Witten map to second order in Ω^{−1} [18], by replacing A → A + V, A_0 → A_0 + V and by keeping up to 1/n-order terms.

5.1 Calculation of S_A

Using (19), (21) we find that the large n-limit of S_A is given by S_A = −N ∫ dtdμ [ ρ_0A + 1 2n ∂ρ_0 ∂r^2 (1 + z̄ · z)^2 ( z · ∂ ∂z + z̄ · ∂ ∂z̄ ) u^μA_μ − 1 n ∂ρ_0 ∂r^2 ŁΦ u^μA_μ ] (43)

where A can be also written as A = u^μA_μ − 1 2n (Ω^{−1})^{ij} ( A_i∂_0A_j − 2A_i∂_j A_0 − ∂_i(A_0A_j ) )

− 1 2n (Ω^{−1})^{ij} ∂_i ( u^μA_μA_j )

− 1 2n (Ω^{−1})^{ij} u^k ( A_i∂_kA_j − A_i∂_j A_k + ∂_j A_iA_k ) (44)

The above expression for A is identical to (40), but it is more convenient in order to display the bulk and boundary contributions of S_A. In particular the term (Ω^{−1})^{ij}∂_i(A_0A_j ) has been added and subtracted in order that the bulk action produces the full Chern-Simons 3-form AdA ∼ A_{[μ}∂_ν A_{λ]}, as we shall see in the following. The bulk contribution for S_A is

S_{A,bulk} = −N ∫ dtdμ ρ_0 [ u^μA_μ − 1 2n (Ω^{−1})^{ij} ( A_i∂_0A_j − 2A_i∂_j A_0 − ∂_i(A_0A_j ) )

− 1 2n (Ω^{−1})^{ij}u^k ( A_i∂_kA_j − A_i∂_j A_k + ∂_j A_iA_k )] (45)

Using the fact that for CP^k dμ = k! π^k d^{2k}x (1 + z̄ · z)^{k+1} = d^{2k}x (4π)^k detΩ (46)

we find dμ (Ω^{−1})^{ij} = − 2k (4π)^k ϵ^{iji1 j1···ik−1jk−1} Ω_{i1j1} · · ·Ω_{ik−1 jk−1} d^{2k}x (47) Using (47) we find that the second term produces a Chern-Simons type term of the form Nk n ∫ d_{2k}x (4π)^k ρ_0 ϵ^{μνλα1 β1···αk−1βk−1} A_μ∂_ν A_λΩ_{α1β1} · · ·Ω_{ak−1βk−1} (48)

In the case of CP^1, k = 1, this is the usual Chern-Simons term. For CP^k, k > 1, this is the so-called Kähler-Chern-Simons term [19].

The third term in (45) produces another bulk term of the form

− Nk n ∫ d_{2k}x (4π)^k ρ_0ϵ^{iji1 j1 ···ik−1 jk−1} u^k [A_iF_{kj} − 1 2 A_k F_{ij} ]Ω_{i1j1} · · · Ω_{ik−1jk−1} (49)

After some algebra one can show that this can be written as Nk n (k − 1) ∫ d_{2k}x (4π)^k ρ_0ϵ^{ikjj1 ···ik−1jk−1} u^lA_iF_{kj} Ω_{lj1} · · ·Ω_{ik−1jk−1} = − Nk n (k − 1) ∫ d_{2k}x (4π)^k ρ_0ϵ^{ikjli2 j2···ik−1jk−1} A_iF_{kj} 1 n ∂_lV Ω_{i2j2} · · ·Ω_{ik−1jk−1} (50) For CP^1 this term is obviously zero and the only bulk term besides the first term in (45) is the Chern-Simons term as expected. However, for CP^k , k > 1, (50) produces an additional bulk term.

The edge contribution of S_A is

S_{A,edge} = N 2n ∫ dtdμρ_0(Ω^{−1})^{ij} ∂_i(u^μA_μA_j ) − N 2n ∫ dtdμ ∂ρ_0 ∂r^2 (1 + z̄ · z)^2 ( z · ∂ ∂z + z̄ · ∂ ∂z̄ ) u^μA_μ + N n ∫ dtdμ ∂ρ_0 ∂r^2 ŁΦ u^μA_μ (51)

Given the fact that ∂_i [ (Ω^{−1})^{ij} det Ω ] = 0 and ρ_0 corresponds to a spherical droplet ρ_0 = ρ_0(r^2), one can easily see that the first term in (51) is a boundary term.

Putting everything together we get

S_A = S_{A,bulk} + S_{A,edge} (52)

S_{A,bulk} = − N ∫ dtdμρ_0u^μA_μ + Nk n ∫ d_{2k}x (4π)^k ρ_0ϵ^{μνλα1 β1···αk−1βk−1} A_μ∂_ν A_λΩ_{α1β1} · · ·Ω_{ak−1βk−1} − Nk n (k − 1) ∫ d_{2k}x (4π)^k ρ_0ϵ^{ikjli2 j2 ···ik−1jk−1} A_iF_{kj} 1 n ∂_lV Ω_{i2j2} · · · Ω_{ik−1jk−1} (53) S_{A,edge} = − N 2n ∫ dtdμρ_0(Ω^{−1})^{ij} ∂_i(u^μA_μA_j ) − N 2n ∫ dtdμ ∂ρ_0 ∂r^2 (1 + z̄ · z)^2 ( z · ∂ + z̄ · ¯∂ ) u^μA_μ + N n ∫ dtdμ ∂ρ_0 ∂r^2 ŁΦ u^μA_μ (54)

The V -dependent terms in S_A can be thought of as arising from the fact that the derivative of the confining potential acts as an effective electric field.

Using (53) we can derive the Hall current as

J^0 = δS_{A,bulk} δA_0 = − N (4π)^k ρ_0 [ det Ω − k n ϵ^{iji1 j1 ···ik−1jk−1} F_{ij} Ω_{i1j1} · · · Ω_{ik−1jk−1} ] (55)

J^i = δS_{A,bulk} δA_i = − N (4π)^k ρ_0 [ det Ω u^i + 2k n ϵ^{iji1 j1 ···ik−1jk−1} F_{0j} Ω_{i1j1} · · · Ω_{ik−1jk−1} + 2k(k − 1) n ϵ^{ijkli2 j2 ···ik−1jk−1} 1 n ∂_j V F_{kl} Ω_{i2j2} · · · Ω_{ik−1jk−1} ] (56)

The above expressions for the Hall current can be compactly written, up to higher order terms in 1/n, as

J^0 = − N (4π)^k ρ_0 det Ω̃

J^i = − N (4π)^k ρ_0 2k n ϵ^{iji1 j1 ···ik−1jk−1}F̃_{0j}Ω̃_{i1j1} · · · Ω̃_{ik−1jk−1} (57) where

Ã_i = A_i, Ã_0 = A_0 + V

Ω̃_{ij} = Ω_{ij} − 1 n F_{ij} (58)

In fact, using (58) one can show that S_{A,bulk} can be written, up to a boundary term, as a Kähler- Chern-Simons action in terms of Ã, Ω̃,

S_{A,bulk} = − N ∫ dtdμ ρ_0A_0 + Nk n ∫ d_{2k}x (4π)^k ρ_0 ϵ^{μνλα1 β1···αk−1βk−1}Ã_μ∂_νÃ_λΩ̃_{α1β1} · · · Ω̃_{ak−1βk−1} (59) 6 Gauge invariance of effective action

One of the important points to be emphasized in our approach of constructing the effective action for a Hall droplet in the presence of a weak electromagnetic field is that it incorporates gauge invariance right from the beginning, eqs. (8)-(11).

In this section we shall discuss the gauge transformation of the edge and bulk parts of the action and explicitly demonstrate its gauge invariance. As we showed earlier the total effective action splits in three parts S = S_0 + S_{A,edge} + S_{A,bulk} (60) where S_0 describes the edge dynamics of the droplet in the absence of electromagnetic interactions, and S_{A,edge} and S_{A,bulk} are the edge and bulk contributions of the action which depend explicitly on the electromagnetic field A_μ.

Gauge transformation of S_0

The gauge transformation of the matter field is given in (10). One can show that this implies the following gauge transformation for Φ: δΦ = −λ + 1 2n {λ, Φ} + · · · (61) Using (41), we find that to lowest order in 1/n we have^2

δΦ = −Λ + Ø( 1 n ) (62)

Using (62) we find that the gauge transformation of S_0 is

δS_0 = N n ∫ dtdμ ∂ρ_0 ∂r^2 [ −∂_tΛŁΦ − 1 n ∂V ∂r^2 ŁΛ ŁΦ ] (63)

Gauge transformation of S_{A,bulk}

The gauge transformation of the combination u^μA_μ is

δ(u^μA_μ) = ∂_tΛ + u^i∂_iΛ = ∂_tΛ + 1 n ∂V ∂r^2 ŁΛ (64)

Based on this one can show that the first term in the expression (53) for S_{A,bulk} is gauge invariant. The third term is also gauge invariant. The gauge non-invariance of S_{A,bulk} is due to the second term, the Kähler-Chern-Simons term. In particular we find

δS_{A,bulk} = − N 2n ∫ dtdμρ_0 (Ω^{−1})^{ij} ∂_i(∂_tΛA_j ) + N 2n ∫ dtdμ ∂ρ_0 ∂r^2 ŁΛA_0 (65)

Gauge transformation of S_{A,edge}

Using (64) one can show that the second term in the expression (54) for S_{A,edge} is gauge invariant. The gauge non-invariance of S_{A,edge} results from the gauge transformation of the first and third term. In particular we find,

δS_{A,edge} = N 2n ∫ dtdμρ_0 (Ω^{−1})^{ij} ∂_i(∂_tΛA_j ) + N 2n ∫ dtdμ ∂ρ_0 ∂r^2 [ − ŁΛA_0 + 2ŁΦ∂_tΛ + 2 n ∂V ∂r^2 ŁΦ ŁΛ ] (66)

In deriving (63), (65), (66) we used the fact that ρ_0 is time independent, and integrals of total time derivative and total angular derivative terms are zero.

Using (66) and (65) we find that the gauge transformation of the total S_A is δS_A = N n ∫ dtdμ ∂ρ_0 ∂r^2 [ŁΦ ∂_tΛ + 1 n ∂V ∂r^2 ŁΦ ŁΛ] (67)

2Setting b = 1 in deriving (41) is equivalent to fixing the charge for the field Φ.

Adding (63) and (67) is is easy to see that the total effective action is gauge invariant.

δS = δS_0 + δS_{A,edge} + δS_{A,bulk} = 0 (68)

7 Conclusions and comments

Using the fact that electromagnetic interactions of spinless fermions in the lowest Landau level can be described in terms of a W_N -gauge theory, where the W_N transformations are nonlinear realizations of U(1) gauge transformations, we were able to construct the effective action describing electromagnetic interactions of a higher dimensional quantum Hall droplet. This method has the advantage of deriving simultaneously the bulk and the boundary parts of the action, and demonstrating the explicit gauge invariance of the total action. The bulk term is a Chern-Simons type action whose anomaly is cancelled by the boundary term.

Our results for the bulk action (59) and the Hall current (57) can be used to derive an effective topological field theory for higher dimensional Hall droplets as in [7]. In the case of CP^k with U(1) background magnetic field we obtain a Kähler-Chern-Simons action instead of the usual U(1) Chern-Simons action in (2k+1) dimensions.

Since in the absence of electromagnetic interactions the dynamics of Hall droplet is given by an Abelian bosonic chiral action, this method can also be thought of as providing, beyond the quantum Hall physics, a consistent way of gauging a bosonic chiral action in higher dimensions. The choice of the ”minimal” solution, eqs. (40-41), corresponds to a minimal gauge coupling for the chiral action.

The extension of these results to the case of higher dimensional, non-Abelian quantum Hall droplets [4] and non-Abelian external fields is interesting and is currently under consideration.

Acknowledgements

We acknowledge useful discussions with V.P. Nair. This work was supported in part by the National Science Foundation under grant number PHY-0140262 and by a PSC-CUNY grant.

References

[1] S.C. Zhang, J.P. Hu, Science 294 (2001) 823; J.P. Hu, S.C. Zhang, cond-mat/0112432.

[2] D. Karabali, V.P. Nair, Nucl. Phys. B641 (2002) 533.

[3] D. Karabali and V.P. Nair, Nucl. Phys. B679 (2004) 427.

[4] D. Karabali and V.P. Nair, Nucl. Phys. B697 (2004) 513.

[5] M. Fabinger, JHEP 0205 (2002) 037; Y.X. Chen, B.Y. Hou, B.Y. Hou, Nucl. Phys.

B638 (2002) 220; Y. Kimura, Nucl. Phys. B637 (2002) 177; H. Elvang, J. Polchinski, hep-th/0209104; Y.X. Chen, B.Y. Hou and B.Y. Hou, Nucl. Phys. B638 (2002) 220; B. A. Bernevig, J.P. Hu, N. Toumbas, S.C. Zhang, Phys. Rev. Lett. 91 (2003) 236803; S.C. Zhang, Phys. Rev. Lett. 90 (2003) 196801; B. Dolan, JHEP 0305 (2003) 18; G. Meng, J. Phys. A36 (2003) 9415.

[6] A.P. Polychronakos, Nucl. Phys. B705 (2005) 457; Nucl. Phys. B711 (2005) 505.

[7] B.A. Bernevig, C.H. Chern, J.P. Hu, N. Toumbas, S.C. Zhang, Ann. Phys. 300 (2002) 185.

[8] V.P. Nair and S. Randjbar-Daemi, Nucl. Phys. B679 (2004) 447.

[9] D. Karabali, V.P. Nair and S. Randjbar-Daemi, hep-th/0407007, Fuzzy spaces, the M(atrix) model and the quantum Hall effect, in Ian Kogan memorial volume, “From Fields to Strings: Circumnavigating Theoretical Physics”, ed. M. Shifman, A. Vainshtein and J. Wheater.

[10] S. Murakami, N. Nagaosa and S.C. Zhang, Science 301 (2003) 1348; J. Sinova, D. Culcer, Q.

Niu, N.A. Sinitsyn, T. Jungwirth and A.H. MacDonald, Phys. Rev. Lett. 92 (2004) 126603; Y.K. Kato, R.C. Myers, A.C. Gossard and D.D. Awschalom, Science 306 (2004) 1910; J. Wunderlich, B. Kaestner, J. Sinova and T. Jungwirth, Phys. Rev. Lett. 94 (2005) 047204.

[11] B. Sakita, Phys. Lett. B387 (1996) 118; B. Sakita and R. Ray, cond-mat/0105626.

[12] X.G. Wen, Phys. Rev. B41 (1990) 12838; D.H. Lee and W.G. Wen, Phys. Rev. Lett. 66 (1991) 1765; M. Stone, Phys. Rev. B42 (1990) 8399; Ann. Phys. (NY) 207 (1991) 38; J. Frohlich and T. Kepler, Nucl. Phys. B354 (1991) 369.

[13] S. Iso, D. Karabali and B. Sakita, Nucl. Phys. B388 (1992) 700; Phys. Lett. B296 (1992) 143; A. Cappelli, G. Dunne, C. Trugenberger and G. Zemba, Nucl. Phys. B398 (1993) 531.

[14] B. Sakita, Phys. Lett. B315 (1993) 124.

[15] A similar approach in the case of the two-dimensional QHE, based however on W_∞ transformations mixing higher Landau levels has been proposed by K. Shizuya, Phys. Rev. B52 (1995) 2747.

[16] A. Dhar, G. Mandal and S.R. Wadia, Int. J. Mod. Phys. A8 (1993) 325; Mod. Phys. Lett. A7 (1992) 3129; Mod. Phys. Lett. A8 (1993) 3557.

[17] N. Seiberg and E. Witten, JHEP 9909 (1999) 032.

[18] J. Madore, S. Schraml, P. Schupp and J. Wess Eur. Phys. J.C16 (2000) 161; Eur. Phys. J.

C21 (2001) 383; W. Behr and A. Sykora, Nucl.Phys. B698 (2004) 473.

[19] V.P. Nair and J. Schiff, Phys.Lett. B246, 423 (1990); Nucl.Phys. B371, 329 (1992); see also, S. Donaldson, Proc. London Math. Soc. (3) 50 (1985)1.