arXiv:hep-th/0507182 v3 8 Nov 2005

, Unified phantom cosmology: inflation, dark energy and dark matter under the same standard

S. Capozziello,^{1, ∗} S. Nojiri,^{2, †} and S.D. Odintsov^{3, ‡} 1Dipartimento di Scienze Fisiche, Università di Napoli “Federico II” and INFN, Sez. di Napoli, Compl. Univ. Monte S. Angelo, Edificio N, Via Cinthia, I-80126, Napoli, Italy 2Department of Applied Physics, National Defence Academy, Hashirimizu Yokosuka 239-8686, Japan 3 Instituciò Catalana de Recerca i Estudis Avançats (ICREA) and Institut d’ Estudis Espacials de Catalunya (IEEC/ICE), Edifici Nexus, Gran Capità 2-4, 08034 Barcelona, Spain

Phantom cosmology allows to account for dynamics and matter content of the universe tracing back the evolution to the inflationary epoch, considering the transition to the non-phantom standard cosmology (radiation/matter dominated eras) and recovering the today observed dark energy epoch. We develop the unified phantom cosmology where the same scalar plays the role of early time (phantom) inflaton and late-time Dark Energy. The recent transition from decelerating to accelerating phase is described too by the same scalar field. The (dark) matter may be embedded in this scheme, giving the natural solution of the coincidence problem. It is explained how the proposed unified phantom cosmology can be fitted against the observations which opens the way to define all the important parameters of the model.

PACS numbers: 98.80.-k, 98.80.Es, 97.60.Bw, 98.70.Dk

1. According to recent astrophysical data the (constant) effective equation of state (EOS) parameter w_{eff} of dark energy lies in the interval: −1.48 < w_{eff} < −0.72 [1] (see very recent comparison of observational data from different sources in [2], and see also [3]). It is clear that standard Λ-CDM cosmology is in full agreement with observations. Nevertheless, it remains the possibility that universe is currently in its phantom DE phase (for recent study of phantom cosmology, see [4, 5, 6] and refs therein). Despite the fact that it remains unclear how decelerating FRW world transformed to the accelerating DE universe, one can try to unify the early time (phantom?) inflation with late time acceleration [4]. In fact, the phantom inflation has been proposed in [7]. The unified inflation/acceleration universe occurs in some versions of modified gravity [8] as well as for complicated EOS of the universe [9] (for recent discussion of similar (phantomic) EOS, see [10] and time-dependent viscosious EOS[11]).

In the present paper we consider unified phantom cosmology with the account of dark matter. Due to

∗Electronic address: capozziello@na.infn.it †Electronic address: snojiri@yukawa.kyoto-u.ac.jp, nojiri@cc.nda.ac.jp ‡Electronic address: odintsov@ieec.uab.es

the presence of scalar dependent function in front of kinetic term, the same scalar field may correspond to the (phantom) inflaton at very early universe, quintessence at the intermediate epoch and DE phantom at the late universe. The recent transition from decelerating phase to the accelerating phase is naturally described there too. On the same time it is shown that both phantom phases are stable against small perturbations, and that coincidence problem may be naturally solved in our unified model. The equivalent description of the same unified phenomena via the (multi-valued) EOS is given too. In the final section we explain how the proposed unified phantom cosmology can be fitted against the observations which gives the way to define all the important parameters of the model. 2. Let us start from the following action: S = ∫ d^4x √ −g { 1 2κ^2 R − 1 2 ω(ϕ)∂_μϕ∂^μϕ −V (ϕ) } + S_m . (1)

Here ω(ϕ) and V (ϕ) are functions of the scalar field ϕ and S_m is the action for matter field. Without matter, such an action has been proposed in [12] for the unification of early-time inflation and latetime acceleration in frames of phantom cosmology. We now assume the spatially-flat FRW metric ds^2 =

−dt^2 + a(t)^2

∑_3 i=1 ( dx^i )_2

. Let the scalar field ϕ only depends on the time coordinate t. Then the FRW equations are given by 3 κ^2

H^2 = ρ + ρ_m , − 2 κ^2

Ḣ = p + ρ + p_m + ρ_m . (2)

Here ρ_m and p_m are the energy density and the pressure of the matter respectively. The energy density ρ and the pressure p for the scalar field ϕ are given by ρ = 1 2 ω(ϕ)ϕ̇^2 + V (ϕ) , p = 1 2 ω(ϕ)ϕ̇^2 − V (ϕ) . (3)

Combining (3) and (2), one finds

ω(ϕ)ϕ̇^2 = − 2 κ^2

Ḣ − (ρ_m + p_m) ,

V (ϕ) = 1 κ^2 ( 3H^2 + Ḣ ) − ρ_m − p_m 2 . (4)

As usually ρ_m and p_m satisfy the conservation of the energy:

ρ̇_m + 3H (ρ_m + p_m) = 0 . (5)

As clear from the first equation (2), in case without matter (ρ_m = p_m = 0), when Ḣ is positive, which corresponds to the phantom phase, ω should be negative, that is, the kinetic term of the scalar field has non-canonical sign. On the other hand, when Ḣ is negative, corresponding to the non-phantom phase, ω should be positive and the sign of the kinetic term of the scalar field is canonical. If we restrict in one of phantom or non-phantom phase, the function ω(ϕ) can be absorbed into the field redefinition given by φ = ∫_ϕ dϕ √ ω(ϕ) in non-phantom phase or φ = ∫_ϕ dϕ √ −ω(ϕ) in phantom phase. Usually, at least locally, one can solve ϕ as a function of φ, ϕ = ϕ(φ). Then the action (1) can be rewritten as S = ∫ d^4x √ −g { 1 2κ^2 R ∓ 1 2 ∂_μφ∂^μφ − Ṽ (φ) } +S_m . (6) Here Ṽ (φ) ≡ V (ϕ(φ)). In the sign ∓ of (6), the minus sign corresponds to the non-phantom phase and the plus one to the phantom phase. Then both of ω(ϕ) and V (ϕ) in the action (1) do not correspond to physical degrees of freedom but only one combination given by Ṽ (φ) has real freedom in each of the phantom or non-phantom phase and defines the real dynamics of the system. The redefinition, however, has a discontinuity between two phases. When explicitly keeping ω(ϕ), the two phases are smoothly connected with each other (kind of phase transitions). Hence, the function ω(ϕ) gives only redundant degree of freedom and does not correspond to the extra degree of freedom of the system ( in the phantom or non-phantom phase). It plays the important role just in the point of the transition between the phantom phase and non-phantom phase. By using the redundancy of ω(ϕ), in any physcally equivalent model, one may choose, just for example, ω(ϕ) as ω(ϕ) = ω_0 (ϕ − ϕ_0) with constants ω_0 and ϕ_0. If we further choose ω_0 to be positive, the region given by ϕ > ϕ_0 corresponds to the non-phantom phase, the region ϕ < ϕ_0 to the phantom phase, and the point ϕ = ϕ_0 to the point of the transition between two phases.

First we consider the case that the parameter w_m in the matter EOS is a constant: w_m = p_m/ρ_m. (In principle, such dark matter may be presented via the introduction of one more scalar field). Then by using (5), one gets ρ_m = ρ_{m0}a^{−3(1+wm)}. Here ρ_{m0} is a constant. If ω(ϕ) and V (ϕ) are given by a single function g(ϕ) as ω(ϕ) = − 2 κ^2 g^{′′}(ϕ) − w_m + 1 2 g_0e^{−3(1+wm)g(ϕ)} ,

V (ϕ) = 1 κ^2 ( 3g^′(ϕ)^2 + g^{′′}(ϕ) )

+ w_m − 1 2 g_0e^{−3(1+wm)g(ϕ)} , (7)

with a positive constant g_0, we find a solution of (2) or (4) given by ϕ = t , H = g^′(t) , ( a = a_0e^{g(t)} , a_0 ≡ ( ρ_{m0} g_0

) 1_{3(1+wm )} ) . (8)

Hence, even in the presence of matter, any required cosmology defined by H = g^′(t) can be realized by (7).

More generally, one may consider the generalized EOS like [10]: p_m = −ρ_m + F (ρ_m). Here F (ρ) is a proper function of ρ_m. Using the conservation of the energy (5) gives a = a_0e^{− 13} ∫_{dρm} F (ρm ) . Let us assume

the above equation can be solved with respect to ρ_m as ρ_m = ρ_m(a). Then if we may choose ω(ϕ) and V (ϕ) by a single function g(ϕ) as ω(ϕ) = − 2 κ^2 g^{′′}(ϕ) − F ( ρ_m ( a_0e^{g(ϕ)} )) , V (ϕ) = 1 κ^2 ( 3g^′(ϕ)^2 + g^{′′}(ϕ) ) − ρ_m ( a_0e^{g(ϕ)} )

+ 1 2 F ( ρ_m ( a_0e^{g(ϕ)} )) , (9) with a positive constant a_0, we find a solution of (2) or (4) again: ϕ = t , H = g^′(t) ( a = a_0e^{g(t)} ) . (10)

Hence, any cosmology defined by H = g^′(t) can be realized by (9).

Since the second FRW equation is given by p = − 1 κ^2 ( 2Ḣ + 3H^2 ) , (11)

by combining the first FRW equation, the EOS parameter w_{eff} looks as

w_{eff} = p ρ = −1 − 2Ḣ 3H^2

. (12)

Now it is common to beleive that about 5 billion years ago, the deceleration of the universe has turned to the acceleration. We now show that the model describing such a transition could be easily constructed in the present formulation. As an example, we consider the model with constant w_m (7). It is also assumed w_m > −1. Choosing g(ϕ) as g(ϕ) = 2 3 (w_m + 1) ln ( ϕ t_s − ϕ ) , (13)

we obtain ω(ϕ) = − 4 3 (w_m + 1) κ^2 ( − 1 ϕ^2 + 1 (t_s − ϕ)^2 )

− w_m + 1 2 g_0

(t_s − ϕ)^2 ϕ^2 , V (ϕ) = 1 κ^2 { 4 3 (w_m + 1)^2 ( 1 ϕ + 1 t_s − ϕ )_2

+ 2 3 (w_m + 1) ( − 1 ϕ^2 + 1 (t_s − ϕ)^2 )}

+ w_m − 1 2 g_0

(t_s − ϕ)^2 ϕ^2

. (14)

Then the Hubble rate H is given by H = 2 3 (w_m + 1) ( 1 t + 1 t_s − t ) . (15)

Since

Ḣ = 2

3 (w_m + 1) ( − 1 t^2 + 1 (t_s − t)^2 ) , (16) the EOS parameter w_{eff} (12) goes to w_m > −1 when t → 0 and goes to −2 − w_m < −1 at large times. The crossing w_{eff} = −1 occurs when Ḣ = 0, that is, t = t_s/2. Note that ä a = 16t_s 27 (w_m + 1)^3 (t_s − t)^2 t^2 × { t − (3w_m + 1) t_s 4 } . (17)

Hence, if w_m > −1/3, the deceleration of the universe turns to the acceleration at t = t_a ≡ (3w_m + 1) t_s/4. The energy density of the scalar field ϕ and that of the matter are given by ρ = 4t^2_s 3κ^2 (w_m + 1)^2 (t_s − t)^2 t^2 − g_0 (t_s − t)^2

t^2 , ρ_m = g_0

(t_s − t)^2

t^2

. (18)

Then if the coincidence time t_c is defined by ρ|_{t=tc} = ρ_m|_{t=tc} , we find t_c = t_s − { 2t^2_s/3g_0κ^2 (w_m + 1)^2 }_{1/4} . We may assume t_s could be of the order of the age of the universe, t_s ∼ 10^{10}yr∼ ( 10^{−33}eV )_{−1} . On the other hand κ ∼ ( 10^{19}GeV )_{−1} ∼ ( 10^{28}eV )_{−1} . Then there is a mixing of very large parameter κ and small one 1/t_s in (14), which can be unnatural.

We now show that the above problem of the unnaturalness could be also avoided in the present formulation. We now propose the second example in (7) given by g(ϕ) = −α ln ( 1 − β ln ϕ κ ) . (19)

Here α and β are dimensionless positive constants. As we explain soon, we choose β ∼ O ( 10^{−2} ) . Note that the parameter order of 10^{−2} is not unnatural since, say π^4 ∼ O ( 10^2 ) . Eq.(19) gives the following expressions for ω(ϕ) and V (ϕ):

ω(ϕ) = − 2αβ ( β − 1 + β ln^ϕ_κ )

κ^2 ( 1 − β ln^ϕ_κ

)_2 ϕ^2 − w_m + 1 2 g_0 ( 1 − β ln ϕ κ )_{3(wm+1)α} ,

V (ϕ) = αβ ( 3αβ + β − 1 + β ln^ϕ_κ )

κ^2 ( 1 − β ln^ϕ_κ

)_2 ϕ^2 + w_m − 1 2 g_0 ( 1 − β ln ϕ κ )_{3(wm+1)α} .(20)

Supposing g_0 ∼ O ( κ^{−2} ) , there does not appear small parameter like 1/t_s in (20). Now the Hubble rate is given by H = αβ/ (1 − β ln (t/κ)) t, which is positive if

0 < t < t_s ≡ κe^{1β} , (21)

and has a Big Rip type singularity at t = t_s (which apparently may not occur due to account of quantum effects [6]). Since 10^{61} ∼ e^{140}, with the choice β ∼ 1/140, we obtain t_s ∼ κ × 10^{61} ∼ ( 10^{−33} eV )_{−1} , whose order is that of the age of the present universe. Then now, due to the property of the exponential function (or logarithmic function), the small scale like t_s appears rather naturally. We should also note that if αβ ∼ O(10^{0−2}) and t is a present age of the universe t ∼ ( 10^{−33} eV )_{−1} , the observed value of the Hubble rate H ∼ 10^{−33} eV could be also reproduced. Since ä a = αβ^2 ( ln^t_κ + α + 1 −^1_β ) ( 1 − β ln^t_κ

)_2

t^2

, (22)

the universe turns to the acceleration from the deceleration when

t = t_a ≡ κe^{1β −α−1} < t_s . (23)

Since the energy density of the scalar field ϕ and that of the matter are given by ρ = 3α^2β^2

κ^2 ( 1 − β ln^t_κ

)_2 t^2 −g_0 ( 1 − β ln t κ )_{3(wm+1)α} , ρ_m = g_0 ( 1 − β ln t κ )_{3(wm+1)α} , (24)

the coincidence time t_c could be given by solving the following equation: ( 1 − β ln t_c κ )_{3(wm+1)α+2} t^2_c =

3α^2β^2 κ^2g_0

. (25)

One may regard ρ_m as the sum of the energy density of usual matter, like baryons, and that of (cold) dark matter. If ρ corresponds to the energy density of the dark energy, the current data indicate that ρ : ρ_m ∼ 7 : 3. Then in the present universe, it follows ( 1 − β ln t κ )_{3(wm +1)α+2} t^2 ∼

9α^2β^2 10κ^2g_0

. (26)

Thus, in the model (19), the acceleration of the present universe and the coincidence problem seem to be explained rather naturally.

Besides the present acceleration of the universe, there was a period of the accelerated expansion of universe, which is the inflation of the early universe. One can further extend the model (19), as the third example, to explain on the same time also the inflation of the early universe. By introducing a new dimensionless positive constant γ, the following g(ϕ) can be proposed: g(ϕ) = −α ln ( 1 − β 2 ln ( γ + ϕ^2 κ^2 )) . (27)

As in (19), α and β are dimensionless positive constants and it is assumed β ∼ O ( 10^{−2} ) . In the limit of large t (t^2/κ^2 ≫ γ) being still less than t_s in (21), g(t) coincides with that in (19). Since the scale factor a is given by a = a_0e^{g(t)} as in (8), the universe is invariant under the time reversal t → −t in (27). Then the universe is shrinking when t < 0 and expanding when t > 0. The scale factor has minimum at t = 0 as a = (1 − (β/2) ln γ)^{−α}. In the model (27), the Hubble rate is given by H(t) = αβt κ^2 ( 1 −^β_2 ln ( γ +^{t2}_{κ2} )) ( γ +^{t2}_{κ2}

) . (28)

Since ä a = αβ κ^2 ( 1 −^β_2 ln ( γ +^{t2}_{κ2} ))2 ( γ +^{t2}_{κ2}

)_2

× {( 1 − β 2 ln ( γ + t^2 κ^2 )) ( γ − t^2 κ^2 )

+ β(1 + α)t^2 κ^2 } , (29)

if t > 0, there are two solutions of ä = 0 , one corresponds to late time and another corresponds to early time. The late time solution of ä = 0 is obtained by neglecting γ and coincides with (23): t = t_l ∼ κe^{1/β−α−1}. On the other hand, the early time solution could be found by neglecting β, which is O ( 10^{−2} ) , to be t = t_e ∼ κ √ γ. Then the universe undergoes accelerated expansion when 0 < t < t_e and t_l < t < t_s. Here t_s is Rip time: t_s = κ √ −γ + e^{2/β} ∼ κe^{1/β} . t_e may be identified with the time when the inflation ended. One is able to define the number of the e-foldings N_e as N_e = ln (a (t_e) /a (0)). Then we obtain

N_e = −α ln ( 1 −^β_2 ln(2γ)

1 −^β_2 ln(γ) ) . (30)

It is known that N_e should be equal or larger than 60. We should note that ln-function in (30) cannot be so large naturally since this requires (1 − (β/2) ln(2γ)) / (1 − (β/2) ln(γ)) ∼ e^{60} ∼ 10^{25}. Then the ln-function in (30) should be of order of unity, which requires that the parameter α should be α ∼ 10^2. For example, since we can rewrite (30) as γ = exp ( 2/β − ln 2/(1 − e^{−Ne/α}) ) , we find that, when α = 1/β = 240, we have N_e = 60 if we choose γ as γ = 0.043925 · · ·. In the same way one can define number of e-foldings in other similar models. For instance, in [12], without matter, the following unified model has been considered:

f(ϕ) ≡ g^′(ϕ) = h^2_0 ( 1 t^2_0 − ϕ^2 + 1 ϕ^2 + t^2_1 ) . (31)

Here h_0, t_0, and t_1 are positive constants. It is assumed t_0 > t_1. It has been found [12] that H has two minima at t = t_± ≡ ± √ (t^2_0 − t^2_1) /2 and at t = 0, H has a local maximum. Hence, (early and late) accelerating phantom phase occurs when t_− < t < 0 and t > t_+. The number of e-foldings may be defined as

N_e = ln a (0) a (t_−) = − h^2_0 2t_0 ln t_0 − √_{t20−t21} 2 t_0 + √_{t20−t21} 2 + h^2_0 t_1 ( Arctan ( t_1 √ 2 t^2_0 − t^2_1 ) + π ) .(32)

Since ln and Arctan-functions should be the order of unity, we find h^2_0/t_1 (Note that we have assumed t_0 > t_1 > 0.) should be O ( 10^2 ) so that N_e could be equal or larger than 60. For example, when t_0 ≫ t_1, we find N_e ∼^{h20π}_{t1} . Then if we choose^{h20π}_{t1} ∼ 60, we find N_e ∼ 60. Hence, it is demonstrated that scalar field may play the role of phantom inflaton in the early universe and phantom DE in the late universe even in the presence of matter. In the intermediate phase of the universe evolution the scalar has the standard canonical sign for kinetic energy. 4. It is interesting to investigate the stability of the solution (8). It is easier to work without matter, that is, we put g_0 in (7) or F in (9) to be equal zero. One defines d/dN ≡ ( H^{−1} ) d/dt, X ≡ ϕ̇, Y ≡ f(ϕ)/H. Note that X = Y = 1 in the solution (8). By using the first FRW equation (2), we find, for the solution (8), μ ≡ 1 − Y^2 1 − X^2 = H^2 Ḣ . (33)

Then by using the FRW equations (2), (3) with (7) or (9), and the scalar field equation

0 = ω(ϕ)ϕ̈ + 1 2 ω^′(ϕ)ϕ̇^2 + 3Hω(ϕ)ϕ̇ + V^′(ϕ) , (34)

one finds dX dN = Y − X , dY dN = μX (1 − XY ) . (35)

Consider the perturbations from the solution X = Y = 1: X = 1 + δX, Y = 1 + δY . From (35), it follows d dN ( δX δY ) = M ( δX δY ) , M ≡ ( −1 1 −μ −μ ) . (36) If the real parts of all the eigenvalues of the matrix M are negative, the solution X = Y = 1 is stable. The eigenvalues λ_± are given by λ_± = { −(1 + μ) ± √ (1 + μ)^2 − 8μ } /2. Then the solution (8) is stable if and only if μ > 0. From (33), it is seen the positive μ means positive Ḣ. Hence, in the phantom phase (Ḣ > 0), the solution is stable^1.

One can check what kind of the EOS for the scalar field appears. For simplicity, the universe without matter is considered. For the solution (8), by using the first FRW equation (2), we find 3 κ^2

H^2 = 3 κ^2 f(ϕ)^2 = ρ , f(ϕ) ≡ g^′(ϕ) , (37)

which may be solved as ϕ = f^{−1} ( κ √_ρ 3 ) . Here f^{−1} is the inverse of f, that is, if y = f(x), then x = f^{−1}(y). By using (4) and (7) with ρ_m = p_m = g_0 = 0, it follows ω(ϕ) = −^2_{κ2} f^′(ϕ) = ρ + p. Combining the above equations, the following EOS may be obtained: p = −ρ − 2 κ^2 f^′ ( f^{−1} ( κ √ ρ 3 )) . (38)

1 The scalar model of deceleration/acceleration transition has been considered in [13]. As also discussed here, the solution (8) with g_0 = 0 is stable in the phantom phase but unstable in the non-phantom phase. As one of the eigenvalues λ_± becomes very large when crossing w = −1, the instablity is high there. In order to avoid this problem for above toy model, we may consider two scalar model as in Appendix A. In case of one scalar model, the instability becomes infinite at the crossing w = −1 point, which occurs since the coefficient of the kinetic term ω(ϕ) in (1) vanishes at the point. In the two scalar model, one can choose the corresponding coefficients do not vanish anywhere. Then we may expect that such a divergence of the instability would not occur, which can be checked in Appendix A.

Note that f^{−1} could be multi-valued function in general. For example, in case of (13), EOS is p = −ρ ∓ (w_m + 1)ρ t_s √ t^2_s − 8 3(w_m + 1)κ √ 3 ρ . (39)

Similarly, EOS for other types of scalar couplings may be constructed which shows that scalar field dynamics may be always mapped into the (complicated) EOS.

5. The description of unified phantom dynamics in terms of EOS can be fitted against observations if one selects suitable sets of data at low redshift (z ∼ 0 − 1), medium redshift (1 ≪ z ≪ 100) and extremely high redshift (100 ≪ z ≪ 1000). Specifically, observational evidences point out that the evolutionary history of the universe comprises two periods of accelerated expansion, namely the inflationary epoch and the present day dark energy dominated phase with an intermediate decelerated phase where a component of cosmic fluid (dark/baryonic matter) has given rise to clustered large scale structure. As we have seen, a single (effective) fluid may indeed be responsible of both periods of accelerated expansion. At the same time, this fluid should be subdominant during the radiation/matter dominated epochs to give rise to baryogenesis and structure formation. In any case, whatever the fluid is, in order to achieve a unified model which could be matched with observations, the cosmological energy density has to scale as ρ(a) = N a^{−3} ( 1 + a_I a )_η ( 1 + a a_{DE} )_χ (40)

with N a normalization constant, (η, χ) slope parameters and a_I ≪ a_{DE} two scaling values of the scale factor which lead to early inflationary epoch (I) and late dark energy epoch (DE). It is convenient to rewrite Eq.(40) in terms of the redshift z:

ρ(z) = N (1 + z)^3 ( 1 + 1 + z 1 + z_I )_η ( 1 + 1 + z_{DE} 1 + z )_χ . (41) To match this formalism with the above results, we have to consider z = a_0/a − 1, setting, as standard, a_0 = 1 with the subscript 0 denoting quantities evaluated at the present day, i.e. z = 0. Immediately, the Hubble rate is H = −^ż_{z+1} . Then, taking into account Eq.(8), all results in terms of time can be translated in terms of redshift. However, the phenomenological parameters η and χ, assigning the slope of ρ, are derived approximating the function g(t), while the rip time t_s and the coincidence time t_c are, for each given g(t)-model, related respectively to z_I and z_{DE} . In the same way, using (8), the other characteristic times as t_a or t_e can be translated in terms of redshift. Keeping in mind these considerations, the following discussion holds, in principle, for any unified phantom cosmology, comprising dark matter, like those which we have discussed. Essentially, g(t) leads the slope of ρ and the transition between the various epochs. From Eq.(40), it is easy to see that : ρ ∼ a^{−(η+3)} for a ≪ a_I ≪ a_{DE} ρ ∼ a^{−3} for a_I ≪ a ≪ a_{DE} ρ ∼ a^{χ−3} for a_I ≪ a_{DE} ≪ a .

Such an energy density scales as dust matter in the range a_I ≪ a ≪ a_{DE} . This means that the fluid follows matter along a large part of the universe history, while it scales differently only during the very beginning (a ≪ a_I ) and the present period (a ≫ a_{DE} ). Moreover, choosing η = −3, the fluid energy density remains constant for a ≪ a_I thus behaving as the usual cosmological constant Λ during the early epoch of the universe evolution. Finally, the slope parameter χ determines how the fluid energy density scales with a in the present epoch. Considering an effective EOS w_{eff} ≡ p/ρ, we get, in terms of redshift,

w_{eff} = η 3 ( 1 + z 2 + z + z_I ) − χ 3 ( 1 + z_{DE} 2 + z + z_{DE} ) . (42)

It is worth noting that w_{eff} does not depend neither on χ nor on z_{DE} for high values of z, that is for early epochs. On the contrary, these two parameters play a key role in determining the behavior of the EOS over the redshift range (0, 100) which represents most of the history of the universe (in terms of time) and the interesting period for structure formation. The role of the different quantities (η, χ, z_I , z_{DE} ) is better understood considering the asymptotic limits of the EOS : lim_{z→±∞} w_{eff} (z) =^η_3 , where z → −∞ refers to the asymptotic future. Setting η = −3, the fluid equation of state asymptotically approaches that of the cosmological constant, i.e. w_Λ = −1. In general, if we impose η < −1, we get a fluid having a negative pressure in the far past so that it is able to drive the accelerated expansion occurring during the inflationary epoch.

It is now clear that z_I controls the transition towards the past asymptotic value in the sense that the larger is z with respect to z_I , the smaller is the difference between w_{eff} (z) and its asymptotic limit η/3. This consideration suggests that z_I has to take quite high values (indeed, far greater than 10^3) since, for z ≫ z_I , the universe is in its inflationary phase. The present day value of w_{eff} is :

w_0 = η 3(2 + z_I ) − χ 3 ( 1 + z_{DE} 2 + z_{DE} ) ≃ − χ 3 ( 1 + z_{DE} 2 + z_{DE} )

(43) where we have used the fact that z_I is very large. Being z_{DE} > 0, in order to have the present day accelerated expansion, w_0 should be negative so that we get χ > 0. Moreover, depending on the values of χ and z_{DE} , w_0 could also be smaller than w_Λ so that we may recover phantom - like models. The parameter z_{DE} then regulates the transition to the dark energy - like dominated period. It is worth noting that, since ρ scales with a as dust matter for a long period, the coincidence problem is naturally solved in any theoretical model endowed with these features, as the unified phantom ones presented above. Moreover, although w_0 could be smaller than -1 as for a phantom field, the equation of state asymptotically tends to a value larger than −1 (provided that −3 ≤ η ≤ −1) so that the Big Rip is significantly delayed or does not occur at all. In order to take into account the dust-matter-dominated era, we have to ask for an EOS (42) of the form w_{eff} (z_M ) = 0, which gives :

z_M = y_{DE} χ − (2 + y_{DE} )η ± √ y_{DE} Z(η, χ, z_{DE} , z_I ) 2η (44) with y_{DE} = 1 + z_{DE} and

Z(η, χ, z_{DE} , z_I ) = y_{DE} η^2+2(2−y_{DE} +2z_I )ηχ+y_{DE} χ^2 . (45) It is easy to check that, for reasonable values of η and z_I , z_M is always a complex number and hence the equation of state never vanishes and it is always negative. Thus, even if its energy density scales as that of dark matter over the most of the universe life, dark energy cannot play the same role of matter since its equation of state is always significantly different from null. As a result, we have to include also the dark matter in the total energy budget. This intrinsic difference in the behavior of dark energy and dark matter equations of state is the reason why the former, essentially, contributes to the cosmic acceleration while the latter gives rise to the clustered large scale structure. This kind of analysis is particularly useful in the case of solution (39) where the dominance of dark matter or dark energy is ruled by the parameters t_s and w_m.

Summarizing, we have proposed an unifying approach to the problem of inflation, dark matter and dark energy in the same theoretical framework. As we have seen, it is possible to construct exact phantom-like cosmological models where all peculiar eras of cosmic evolution are achieved. Such an evolution can be matched with observations using the approach outlined in [9] where it is considered the dimensionless coordinate distance to Gold SNeIa sample [14] and a dataset comprising 20 radio galaxies [16, 17], the shift parameter [18, 19] and the baryonic acoustic peak in the LRG correlation function [20]. By this approach, it is possible not only to show the viability of the present unifying phantom model, but also to constrain its main parameters which are, essentially, the times (i.e. the redshift) of transition between the various epochs. As an independent cross check, we can also use a recently proposed method to constrain the model parameters with the lookback time to galaxy clusters and the age of the universe thus obtaining consistent estimates for the model parameters [21]. In this case we are not resorting to distance indicators but to cosmic clocks which allow to fix with good accuracy the transition scales (at least the one from dark matter to dark energy dominated eras). Furthermore, the unified phantom model can be compared and contrasted with the CMBR anisotropy and polarization spectrum, with the data of the matter power spectrum and the growth index [15, 18, 19]. These tests make it possible to check the model over different redshift ranges than the SNeIa and radio galaxies data, offering also the possibility to tighten the ranges for the different parameters (in particular z_I and z_{DE} , or t_i with i = {e, c, s, a} in the above ”time” description). As further remark, this unified phantom cosmology can be related to fundamental theories as discussed in [12] where generalized holographic dark energy can be constructed in this scheme. In a forthcoming paper, the detailed comparison with observations will be developed and discussed.

APPENDIX A: TWO SCALAR MODEL

As seen in (33-36), the solution (8) with g_0 = 0 is stable in the phantom phase but unstable in the non-phantom phase. As one of the eigenvalues λ_± of the matrix M in (36) becomes very large when crossing w = −1, the instablity is very high there. In order to avoid this problem, we may consider two scalar model like S = ∫ d^4x √ −g { 1 2κ^2 R − 1 2 ω(ϕ)∂_μϕ∂^μϕ − 1 2 η(χ)∂_μχ∂^μχ − V (ϕ, χ) } . (A1)

Here η(χ) is a function of the scalar field χ. The FRW equations give

ω(ϕ)ϕ̇^2 + η(χ)χ̇^2 = − 2 κ^2 Ḣ , V (ϕ, χ) = 1 κ^2 ( 3H^2 + Ḣ ) . (A2)

Then if ω(t) + η(t) = − 2 κ^2 f^′(t) , V (t, t) = 1 κ^2 ( 3f(t)^2 + f^′(t) ) , (A3)

the explicit solution follows ϕ = χ = t , H = f(t) . (A4) One may choose that ω should be always positive and η be always negative, for example ω(ϕ) = − 2 κ^2 { f^′(ϕ) − √ α^2 + f^′(ϕ)^2 } > 0 , η(χ) = − 2 κ^2 √ α^2 + f^′(χ)^2 < 0 . (A5)

Here α is a constant. We now define a new function f̃ (ϕ, χ) by f̃ (ϕ, χ) ≡ − κ^2 2 (∫ dϕω(ϕ) + ∫ dχη(χ) ) , (A6)

which gives f̃ (t, t) = f(t). If V (ϕ, χ) is given by using f̃(ϕ, χ) as V (ϕ, χ) = 1 κ^2 ( 3f̃ (ϕ, χ)^2 + ∂f̃ (ϕ, χ) ∂ϕ + ∂f̃ (ϕ, χ) ∂χ ) , (A7)

not only the FRW equations but also the scalar field equations are also satisfied:

0 = ω(ϕ)ϕ̈ + 1 2 ω^′(ϕ)ϕ̇^2 + 3Hω(ϕ)ϕ̇ + ∂Ṽ (ϕ, χ) ∂ϕ , 0 = η(χ)χ̈ + 1 2 η^′(χ)χ̇^2 + 3Hη(χ)χ̇ + ∂Ṽ (ϕ, χ) ∂χ . (A8)

In case of one scalar model, the instability becomes infinite at the crossing w = −1 point, which occurs since the coefficient of the kinetic term ω(ϕ) in (1) vanishes at the point. In the two scalar model in (A1), the coefficients ω(ϕ) and η(ϕ) do not vanish anywhere, as in (A5). Then we may expect that such a divergence of the instability would not occur. We now check this explicitly in the following.

By introducing the new quantities, X_ϕ, X_χ, and Y as X_ϕ ≡ ϕ̇ , X_χ ≡ χ̇ , Y ≡ f̃ (ϕ, χ) H , (A9)

the FRW and the scalar Eqs.(A8) are rewritten as follows: dX_ϕ dN = − ω^′(ϕ) 2Hω(ϕ) ( X^2_ϕ − 1 ) − 3(X_ϕ − Y ) , dX_χ dN = − η^′(χ) 2Hη(χ) ( X^2_χ − 1 ) − 3(X_χ − Y ) , dZ dN = κ^2 2H^2 {X_ϕ (X_ϕY − 1) +X_χ (X_χY − 1)} . (A10) Here d/dN ≡ H^{−1}d/dt. For the solution (A4), X_ϕ = X_χ = Y = 1. The perturbations are considered as X_ϕ = 1 + δX_ϕ , X_χ = 1 + δX_χ , Y = 1 + δY . (A11) Then d dN δX_ϕ δX_χ δY = M δX_ϕ δX_χ δY ,

M ≡ −^{ω′(ϕ)} Hω(ϕ) − 3 0 3

0 −^{η′(χ)}_{Hη(χ)} − 3 3

κ^2 2H^2 κ^2 2H^2 κ^2 H^2 .(A12)

The eigenvalues of the matrix M are given by solving the following eigenvalue equation 0 = ( λ + ω^′(ϕ) Hω(ϕ) + 3 ) ( λ + η^′(χ) Hη(χ) + 3 )

× ( λ − κ^2 H^2 )

+ 3κ^2 2H^2 ( λ + ω^′(ϕ) Hω(ϕ) + 3 )

+ 3κ^2 2H^2 ( λ + η^′(χ) Hη(χ) + 3 ) . (A13)

The eigenvalues are clearly finite. Then even if there is an instability, it could be finite. More complicated models along this line may be presented as well.

[1] S. Hannestad and E. Mortsell, Phys. Rev. D 66, 063508 (2002); A. Melchiori, L. Mersini-Houghton, C. J. Odman, and M. Trodden, Phys. Rev. D 68, 043509 (2003).

[2] H. Jassal, J. Bagla and T. Padmanabhan, arXiv:astro-ph/0506748.

[3] U. Alam, V. Sahni, T. D. Saini, A. A. Starobinsky, Mon. Not. Roy. Astron. Soc. 354, 275 (2004) [arXiv:astro-ph/0311364].

[4] S. Nojiri and S. D. Odintsov, Phys. Lett. B 562, 147 (2003) [arXiv:hep-th/0303117]; Phys.Lett. B 571, 1 (2003) [arXiv:hep-th/0306212].

[5] R. R. Caldwell, M. Kamionkowski, and N. N. Weinberg, Phys. Rev. Lett. 91, 071301 (2003) [arXiv:astro-ph/0302506]; B. McInnes, JHEP 0208, 029 (2002) [arXiv:hep-th/0112066];hep-th/0502209; V. Faraoni, Int. J. Mod. Phys. D 64, 043514 (2002); gr-qc/0506095; S. Nojiri and S. D. Odintsov, Phys. Lett. B 565, 1 (2003) [arXiv:hep-th/0304131]; Phys. Lett. B 595, 1 (2004) [arXiv:hep-th0405078]; P. Singh, M. Sami, and N. Dadhich, Phys. Rev. D 68, 023522 (2003) [arXIv:hep-th/0305110]; P. Gonzalez-Diaz, Phys. Lett. B586, 1 (2004) [arXiv:astro-ph/0312579]; arXiv:hep-th/0408225; M. Sami and A. Toporensky, Mod. Phys. Lett. A19, 1509 (2004) [arXiv:gr-qc/0312009]; S. M. Carroll, A. De Felice, and M. Trodden, Phys. Rev. D 71, 023525 (2005) arXiv:astro-ph/0408081; C. Czaki, N. Kaloper and J. Terning, Annals Phys. 317, 410 (2005) [arXiv:astro-ph/0409596]; L. P. Chimento and R. Lazkoz, Phys. Rev. Lett. 91, 211301 (2003) [arXiv:gr-qc/0307111]; Mod. Phys. Lett. A19, 2479 (2004) [arXiv:grqc/0405020]; J. Hao and X. Li, Phys. Lett. B 606, 7 (2005) [arXiv:astro-ph/0404154]; S. Nesseris and L. Perivolaropoulos, Phys. Rev. D 70, 123529 (2004) [arXiv:astro-ph/0410309]; E. Elizalde, S. Nojiri, and S. D. Odintsov, Phys. Rev. D 70, 043539 (2004) [arXiv:hep-th/0405034]; X. Meng and P. Wang, arXiv:gr-qc/0411007; E. Babichev, V. Dokuchaev, and Yu. Eroshenko, Class. Quant. Grav. 22, 143 (2005) [arXiv:astro-ph/0407190]; X. Zhang, H. Li, Y. Piao, and X. Zhang, arXiv:astro-ph/ 0501652; Y. Wei, Mod. Phys. Lett. A 20, 1147 (2005) [arXiv:gr-qc/0410050]; arXiv:gr-qc/0502077; M. Dabrowski and T. Stachowiak, arXiv:hep-th/0411199; R.-G. Cai, JCAP 0503, 002 (2005) [arXiv:hep-th/0411025]; R.- G. Cai, H.-S. Zhang, A. Wang, arXiv:hepth/0505186; I. Ya. Arefeva, A. S. Koshelev, and S. Yu. Vernov, arXiv:astro-ph/0412619; astroph/0507067; H. Wei, R.-G. Cai, and D. Zeng, arXiv:hep-th/0501160; R. Curbelo, T. Gonzalez, and I. Quiros, arXiv:astro-ph/0502141; B. Gumjudpai, T. Naskar, M. Sami, and S. Tsujikawa, JCAP 0506, 007 (2005) [arXiv:hep-th/0502191]; H. Lu, Z. Huang and W. Fang, arXiv:hep-th/0504038. S. Nojiri, S. D. Odintsov, and M. Sasaki, Phys. Rev. D 71, 123509 (2005) [arXiv:hep-th/0504052]; M. Sami, A. Toporensky, P. Trejakov, and S. Tsujikawa, arXiv:hep-th/0504154; F. Bauer, arXiv:grqc/0501078; J. Sola and H. Stefancic, arXiv:astroph/0505133; G. Calcagni, S. Tsujikawa, and M. Sami, arXiv:hep-th/0505193;

[6] S. Nojiri, S. D. Odintsov, and S. Tsujikawa, Phys.

Rev. D 71, 063004 (2005) [arXiv:hep-th/0501025]. [7] Y.-S. Piao, E. Zhou, Phys. Rev. D 68, 083515 (2003) [arXiv:hep-th/0308080]; P. Gonzalez-Diaz and J. Jimenez-Madrid, Phys. Lett. B 596, 16 (2004); Y. S. Piao and Y. Z. Zhang, Phys. Rev. D 70, 063513 (2004); A. Anisimov, E. Babichev, and A. Vikman, JCAP 0506, 006 (2005) arXiv:astroph/0504560; M. Baldi, F. Finelli, S. Matarrese, arXiv:astro-ph/0505552.

[8] S. Nojiri and S. D. Odintsov, Phys. Rev. D 68, 123512 (2003) [arXiv:hep-th/0307288].

[9] V. F. Cardone, A. Troisi, and S. Capozzielo, arXiv:astro-ph/0506371.

[10] S. Nojiri and S. D. Odintsov, Phys. Rev. D 70, 103522 (2004) [arXiv:hep-th/0408170]; hepth/0505215. H. Stefancic, Phys. Rev. D 71, 084024 (2005) [arXiv:astro-ph/0411630]; arXiv:astroph/0504518; M. Szydlowski, W. Godlowski, and R. Wojtak, arXiv:astro-ph/0505202.

[11] J. D. Barrow, Nucl. Phys. B 310, 743 (1988);

Phys. Lett. B 180, 335 (1986); I. Brevik and O. Gorbunova, arXiv:gr-qc/0504001; M. Giovannini, arXiv:gr-qc/0504132.

[12] S. Nojiri and S. D. Odintsov, arXiv:hep-th/0506212. [13] A. Vikman, arXiv:astro-ph/0407107. [14] A.G. Riess et al., ApJ, 607, 665, 2004 [15] D.N. Spergel et al., ApJS, 148, 175, 2003 [16] R.A. Daly, S.G. Djorgovski, ApJ, 612, 652, 2004 [17] E.J. Guerra, R.A. Daly, L. Wan, ApJ, 544, 659, 2000; R.A. Daly, E.J. Guerra, AJ, 124, 1831, 2002; S. Podariu, R.A. Daly, M.P. Mory, B. Ratra, ApJ, 584, 577, 2003; R.A. Daly, S.G. Djorgovski, ApJ, 597, 9, 2003 [18] Y. Wang, P. Mukherjee, ApJ, 606, 654, 2004 [19] Y. Wang, M. Tegmark, Phys. Rev. Lett., 92, 241302, 2004 [20] W. Hu, N. Sugiyama, ApJ, 471, 542, 1996 [21] S. Capozziello, V.F. Cardone, M. Funaro, S. Andreon, Phys. Rev. D., 70, 123501, 2004