arXiv:hep-th/0508018 v2 29 Sep 2005

Non-Commutative Extensions of the Standard Model

Sorin Marculescu^∗ Fachbereich Physik, Universität Siegen, D-57068 Siegen, Germany

Abstract

Four different extensions of the Standard Model to non-commutative space-time are considered. They all have the structure group U_Y (1) ⨂ SU_L(2) ⨂ SU_c(3) but differ through the way Yukawa interaction is implemented. Models based on noncommutative tensor products involve, in general, several inequivalent Seiberg–Witten maps of some (Higgs or fermionic) matter field. The non-minimal Non-Commutative Standard Model, advocated by the Munich Group, is reproduced at lowest order in the non-commutativity parameter by a particular model of this class. On the other hand, models based on hybrid Seiberg–Witten maps predict electromagnetic couplings of neutral particles like Z-boson, Higgs meson, or neutrino. The noncommutative contributions of the above Standard Model extensions at low energies are evaluated by integrating out all massive bosonic degrees of freedom.

∗marculescu@physik.uni-siegen.de

1 Introduction

In non-commutative field theories [1] the space-time coordinates x^μ are promoted to Hermitean operators x̂^μ obeying the commutations relations

[x̂^μ, x̂^ν ] = iθ^{μν} (1.1)

where θ^{μν} is a real, antisymmetric matrix that may be a constant, a function of the coordinate operators, or a function of both coordinate and momentum operators. While such a description has been proposed already in the early days of quantum field theory [2] its present revival is mainly due to the development of nonperturbative aspects of string theory [3].

Non-commutative field theories are conveniently studied by replacing the original multiplication law pointwise by a deformed one, that reduces to the commutative multiplication in the limit of vanishing θ^{μν} . In the following a constant θ^{μν} will be considered, i.e. [x̂^ρ, θ^{μν} ] = 0. Accordingly, one introduces an non-commutative derivative ^∂_μ with the properties [ ^∂_μ, ^∂_ν ] = 0 , [ ^∂_μ, x̂^ν ] = δ^ν_μ . (1.2)

It is convenient to replace x̂^μ and ^∂_μ by commuting coordinates x^μ and derivatives ∂_μ defined by [4] x^μ ≡ x̂^μ − i 2 θ^{μν} ^∂_ν , ∂_μ ≡ ^∂_μ . (1.3)

A function F̂ (x̂) of non-commutative coordinates becomes a differential operator acting upon commuting coordinates

F̂ (x̂) = F̂ (x) exp ( i 2 ← ∂ μ θ^{μν →}∂ ν ) ≡ F̂ (x) ⋆ . (1.4)

The operator on the right of F̂ is known as the Moyal (star) product operator [5]. It is easy now to check that the commutation relations (1.1) and (1.2) are fulfilled. The Moyal product considerably simplifies the quantization problem and the derivation of Feynman rules for NC field theories.

If the quantization takes into account the full nonlinear dependence on θ^{μν} , noncommutative field theories show unusual properties, like ultraviolet-infrared (UV / IR) mixing [6], or problems with unitarity for time-like [7, 8] and even space-like [9] noncommutativity parameters. By expanding the non-commutative field theory in θ^{μν} , one obtains at each order a local field theory. If the asymptotic fields belong to the commutative region of space-time, the result is a unitary theory, free of UV /IR mixing, but non-renormalizable since θ^{μν} is dimensionful.

Representing non-commutative fields by Seiberg–Witten maps [10], a method of implementing any gauge theory with compact structure group in non-commutative spacetime has been developed in refs. [11] and [12]. Remarkably enough, the resulting noncommutative gauge theory has the same one-loop anomalies as their commutative counterparts [13]. When applied to the full Standard Model of particle physics the method leads to a minimal non-commutative extension [14] with the same number of coupling constants as the original Standard Model.

However this extension is not unique. While no additional fields have to be incorporated, there remains ambiguities in the choice of kinetic terms for the gauge potentials and for the matter fields, including Higgs bosons. For instance, a non-minimal Non- Commutative Standard Model (nmNCSM) has been proposed in [14] and [15], the main difference to the minimal extension being due to the freedom of choosing the traces in the gauge kinetic term. The phenomenological implications of both minimal and non-minimal extensions have been considered in a number of works [16, 17, 18, 19, 20, 21, 22, 23].

A systematic discussion of the choice for matter kinetic terms is to our knowledge still missing (see however [15, 24]). In this paper we propose to use in the construction of the matter kinetic terms only those Seiberg–Witten maps required by the non-commutative Yukawa terms.

To start with, we review in Sect. 2 the construction via Seiberg–Witten (SW) maps [10] of the simplest non-commutative gauge theory. It consists of fermionic matter field minimally coupled to a gauge field. Beside gauge invariance the theory possesses a scaling symmetry that allows for simplifying the form of the action. This scaling symmetry turns out to be useful in checking the consistency of the various Standard Model extensions. If the vector bosons acquire a finite mass, one can integrate out these fields and obtain the low energy behaviour of the model. We conclude this section by computing the noncommutative contribution to the low-energy effective Hamiltonian. It describes four- and six-fermion processes.

In Sect. 3 we review the implementation of the Yukawa interaction by hybrid Seiberg– Witten maps [14] and present an alternative realization through the non-commutative tensor product [15]. Some issues concerning the choice of Seiberg–Witten maps for matter fields (fermionic and Higgs) are also discussed.

In Sect. 4 we construct two different extensions of the Standard Model, in which lefthanded chiral fermions are represented by non-commutative tensor fields. In one model inequivalent Seiberg–Witten maps represent the Higgs field φ and its charge conjugate ~φ. For both maps we assume weighted contributions to the extended action. We find that, at first order in θ^{μν} , the nmNCSM is a special case. In a second model the Seiberg–Witten maps representing φ and ~φ are related by complex conjugation. As a result to the same left-handed chiral quark field one must associate a pair of non-commuting tensor fields, complex conjugate each other, having weighted contributions to the kinetic term.

For comparison, we present in Sect. 5 two models based upon hybrid Seiberg–Witten maps. However, in contrast to ref.[14], we use such maps through the whole non-commu-tative extension of the Standard Model action and not only in Yukawa couplings. For this reason, the first model of this section is somewhat different from the nmNCSM of refs. [14] and [25]. In particular, it predicts an electromagnetic interaction of Z-bosons [26] and of Higgs mesons [27]. In the second model the left-handed chiral fermions are represented by hybrid Seiberg–Witten maps. Such a construction has been used previously in GUT inspired models [15] and it is known to predict a coupling of the photon to neutrinos [26, 28, 29] with interesting astrophysical implications. Since a hybrid map does not possess its own gauge field, its contribution to the gauge sector may seem questionable. Based upon this observation we propose to construct the kinetic gauge term in strict accordance with the kinetic matter sector and to exclude contributions from all noncommuting gauge fields that are not associated with a specific Seiberg–Witten map for a matter multiplet.

In Sect. 6 we integrate out all massive bosonic degrees of freedom of the Standard Model extensions in order to obtain their low-energy behaviour. We express in terms of physical fields the dominant non-commutative contribution to the effective interaction Hamiltonians for the models presented above.

Our conclusions are reported in the last section. Some considerations about effective actions are collected in the Appendix.

All models presented in the paper share some common features. On one hand, they predict processes which are absent in the Standard Model. On the other hand, they provide new contributions to Standard Model processes. In principle, using various experimental bounds and precision experiments, one should be able to distinguish between different non-commutative models, although in practice such a test is still difficult.

Like in the Standard Model there are no gauge anomalies in our models and the couplings to the non-commutative gravity are also anomaly free, at least in versions of non-commutative gravity based upon Seiberg–Witten maps.

The Higgs mechanism is not affected by the θ^{μν} expansion and the custodial SU(2) symmetry plays the same role as in the commutative Standard Model. In particular, it allows for parameterizing the low-energy effective Hamiltonian in terms of the Fermi coupling constant.

We conclude this Introduction by the following remarks: While the constructions of the Seiberg–Witten maps can be in principle performed to any finite order in θ^{μν} , we will restrict the explicit computations to first order. We shall deal exclusively with the (old) Standard Model in which all neutrinos are massless. There is however, in principle, no problem to incorporate massive neutrinos.

2 Review of Seiberg–Witten Maps

The Moyal product of two functions is a power series in the non-commutativity parameter θ^{μν} starting with the commutative product plus higher order terms chosen in such a way as to yield an associative product. It can be used to express infinitesimal non-commutative gauge transformations of matter and gauge fields

δΨ̂ = iΛ̂ ⋆ Ψ̂ , δV̂_ρ = ∂_ρΛ̂ + i [ Λ̂ ⋆, V̂_ρ ] (2.1)

under usual gauge transformations δψ = iλψ , δv_ρ = ∂_ρλ − i [v_ρ, λ] ≡ D_ρλ . (2.2) Furthermore, any pair of non-commutative gauge transformations Λ̂, Ξ̂ has to satisfy the consistency condition [12] i ( δ_λΞ̂ − δ_ξΛ̂ ) + [ Λ̂ ⋆, Ξ̂ ] = ^[λ, ξ] . (2.3)

In (2.1), (2.3) the symbol ⋆ includes also matrix multiplication. The suffixes λ, ξ mean that variations are performed with respect to two different gauge transformation and the right hand side of (2.3) denotes a non-commutative gauge transformation of the commutator [λ, ξ]. Commutative gauge fields and parameters are Lie algebra valued. The matter field ψ belongs to an arbitrary (unitary) representation of a compact gauge group with generators t_a satisfying [t_a, t_b] = iC^{abc}t_c . (2.4)

Since the Moyal commutator, as introduced in (2.1) and (2.6) includes the anticommutator {t_a, t_b}, non-commutative fields and parameters do not belong in general to the Lie algebra, they are in the enveloping of the Lie algebra.

The Seiberg–Witten maps of the gauge theory are local solutions of (2.1), (2.3). This means that they can be expressed as formal series in θ^{μν} that at each order depend on commutative fields and a finite number of their derivatives. To first order in θ^{μν} one finds

Λ̂ = λ + 1 2 θ^{μν} (c∂_μλv_ν + c^∗v_ν ∂_μλ) , (2.5)

Ψ̂ = ψ + 1 2 θ^{μν} [v_μ (−∂_ν + icv_ν ) + av_{μν} ] ψ , (2.6)

V̂_ρ = v_ρ + 1 2 θ^{μν} { − 1 2 {v_μ, ∂_ν v_ρ + v_{νρ}} + D_ρ [ bv_{μν} + ( c − 1 2 ) v_μv_ν ]} , (2.7)

where a can be complex and b is real. The parameter c is gauge dependent and will be chosen 1/2. In contrast to c, the parameters a and b multiply covariant quantities and may be present in the invariant action. Since they can be eliminated by a (covariant) field redefinition we call them scaling parameters.

From (2.6), (2.7) one can construct Seiberg–Witten maps for covariant derivatives and field strengths

D̂_ρ ⋆ Ψ̂ = ∂_ρΨ̂ − iV̂_ρ ⋆ Ψ̂ , V̂_{ρσ} = ∂_ρV̂_σ − ∂_σV̂_ρ − i [ V̂_ρ ⋆, V̂_σ ] (2.8)

whose infinitesimal non-commutative transformations are

δD̂_ρ ⋆ Ψ̂ = iΛ̂ ⋆ ( D̂_ρ ⋆ Ψ̂ ) , δV̂_{ρσ} = i [ Λ̂ ⋆, V̂_{ρσ} ] . (2.9)

By assuming usual boundary conditions at infinity and by using Stokes theorem one can immediately show that the action integral S = ∫ d^4x [ ^̄Ψ ⋆ i ( ^/D ⋆ Ψ̂ ) − M ^̄Ψ ⋆ Ψ̂ − 1 2g^2 Tr V̂_{ρσ} ⋆ V̂^{ρσ} ] (2.10)

is gauge invariant.

An evaluation of (2.10) up to first order in θ^{μν} leads to

S = S^0 + ΔS_g + ΔS_m (2.11)

where S^0 is the classical commutative action and ΔS_g, ΔS_m are the non-commutative contributions to the gauge sector and to the matter sector, respectively. They are given by S^0 = S^0_m + S^0_g = ∫ d^4x [ ψ̄ ( i /D − M ) ψ − 1 2g^2 Tr v_{ρσ}v^{ρσ} ] , (2.12)

ΔS_g = 1 g^2 ∫ d^4x 1 2 θ^{μν} Tr v^{ρσ} ( −2v_{μρ}v_{νσ} + 1 2 v_{ρσ} v_{μν} ) , (2.13)

ΔS_m = ∫ d^4x 1 2 θ^{μν} [ ψ̄iγ^ρv_{μρ}D_ν ψ + (a − ib) ( −iD_ρψ̄γ^ρ − Mψ̄ ) v_{μν} ψ + ( a^∗ + ib − 1 2 ) ψ̄v_{μν} ( i /D − M ) ψ ] . (2.14)

Notice the presence of the parameters a and b only in the matter action where they multiply the equation of motion and can be scaled away by the following field redefinitions: ψ −→ ψ − a 2 θ^{μν} v_{μν} ψ , v_ρ −→ v_ρ − b 2 θ^{μν} D_ρv_{μν} . (2.15)

The resulting non-commutative contribution is

ΔS_m = − ∫ d^4x ( i 2 ψ̄θ^{μνρ}v_{μν} D_ρψ − 1 2 θ^{μν}ψ̄Mv_{μν} ψ ) (2.16)

where we introduced the completely antisymmetric tensor θ^{μνρ} ≡ 1 2 (θ^{μν} γ^ρ + θ^{νρ}γ^μ + θ^{ρμ}γ^ν ) . (2.17)

The independence on scaling parameters has been verified up to second order in θ^{μν} , in ref. [30].

Nontrivial physics is encoded in the (matter) currents. They are defined through the variation of the matter action with respect to the gauge fields. For the gauge field theory under consideration we have

− δ_vS^0_m ≡ ∫ d^4xJ^ρ_a δA^a_ρ , v_ρ = −gA^a_ρt_a , J^ρ_a = gψ̄γ^ρt_aψ (2.18)

where we introduced explicitly the gauge coupling constant g. The non-commutative contribution to the matter current can be obtained from δ_vΔS_m ≡ ∫ d^4xΔJ^ρ_a (v; x)δA^a_ρ(x) (2.19)

where

ΔJ^ρ_a (v) = g [ ψ̄θ^{μνρ} ( i^←D_μ t_aD_ν + 1 2 {t_a, v_{μν} } ) + θ^{μρ}D_μ ( ψ̄Mt_aψ )] . (2.20)

The notation emphasizes the additional dependence upon the gauge field.

If some of the gauge fields acquire mass the low energy behavior is adequately described by an effective theory obtained by integrating out the massive gauge fields. Since the gauge fields couple linearly to fermions the fist term in the effective action has the current-current form H^{eff}_0 (x) = 1 2 J^μ_a (x)J̄_{μa}(x) + · · · . (2.21) where J̄_{μa}(x) ≡ ∫ d^4yD_{μν} (x − y)J^ν_a (y) , (2.22)

with D_{μν} (x) the free propagator of the massive gauge field D_{μν} (x) ≡ ∫ d^4k

(2π)^4 e^{−ikx} η_{μν} −^{kμkν}_{m2} m^2 − k^2

, (2.23)

and the dots stay for terms of at least cubic order in J̄_{μa}.

To get a local effective theory one has to expand the propagator in inverse powers of the gauge field mass:

J̄_{μa}(x) = 1

m^2 J_{μa}(x) + 1 m^4 (∂_μ∂_ν − η_{μν} □) ( 1 − □ m^2 + · · · ) J^ν_a (x) . (2.24)

The effective action itself is obtained as an expansion in 1/m^2. Actually, it makes sense to keep in this expansion only terms which do not require further regularization, such that the effective action will be expressed solely through bare parameters of the original theory.

Since the non-commutative current has additional gauge field dependence the evaluation of the low energy effective action is more involved. We assume of course, that the occurrence of a vector boson mass term in the commutative sector is the only modification suffered by (2.10). Due to the antisymmetric tensor θ^{μνρ}, the contribution induced by ΔS_m remains unrenormalized and is given by

ΔH^m_{NC} = g [ i∂_μψ̄θ^{μνρ}t_a∂_ν ψ + θ^{μρ}∂_μ ( ψ̄Mt_aψ )] J̄_{ρa} − g^2 2 J̄_{ρa} { C^{abc}ψ̄ [ i 2 θ^{μνρ} (_← ∂ μ −^→∂ μ ) + θ^{νρ}M ] t_cψ + ψ̄θ^{μνρ} {t_a, t_b} ψ∂_μ } J̄_{νb} −ig^3ψ̄θ^{μνρ}t_at_bt_cψJ̄_{μb}J̄_{νc}J̄_{ρa} . (2.25) Currents being bilinear in the fermionic fields, (2.25) describe four-, six- and eight-fermion effective interactions.

On the other hand, ΔS_g contains triple and quadruple gauge field interactions, which also describe processes with more than four fermions. As shown in the Appendix, quartic gauge field interactions provide contributions of order 1/m^6 to effective four-fermion processes depending on the regularization details. The non-commutative contribution to the effective Hamiltonian becomes thus

ΔH^{eff}_{NC} = g^2 m^2 [ i∂_μψ̄θ^{μνρ}t_a∂_ν ψ + θ^{μρ}∂_μ ( ψ̄Mt_aψ )] [ η_{ρσ} + 1 m^2 (∂_ρ∂_σ − η_{ρσ}□) ] ψ̄γ^σt_aψ − g^4 2m^4 ψ̄γ_ρt_aψ { C^{abc}ψ̄ [ i 2 θ^{μνρ} (_← ∂ μ −^→∂ μ ) + θ^{νρ}M ] t_cψ + ψ̄θ^{μνρ} {t_a, t_b} ψ∂_μ } ψ̄γ_ν t_bψ + O ( 1 m^6 ) . (2.26)

Notice that, in contrast with the commutative case the part of (2.26) describing six-fermion interactions is of order 1/m^4 and does not depend upon the regularization details.

3 Yukawa Interaction and Seiberg–Witten Maps

The action of the commutative Standard Model consists of several parts representing the pure gauge (g) sector and the matter sectors (two fermionic sectors labelled by the superscript m and one Higgs sector labelled by H):

S_{SM} = S^{(g)} + S_{matter} = S^{(g)} + [ ∑ m S^{(m)} + S^{(H)} ] . (3.1)

It is convenient to write the contribution of the matter sectors in the form

S_{matter} = ∫ d^4x { ∑ m [ ψ̄_Li /Dψ_L + χ̄_Ri /Dχ_R + η̄_Ri /Dη_R − ( ψ̄_LG^+φχ_R

+ ψ̄_L ~G^+ ~φη_R + h.c. )] + D^ρφ^+D_ρφ + λv^2 4 φ^+φ − λ 4 (φ^+φ)^2 } (3.2)

where we omit the label m assigned to each fermionic field. Spinor and flavor indices are not shown explicitly, summation being understood. The fermions χ and η are decomposed into their left (suffix L) and right (suffix R) chiral parts, the Higgs field is denoted by φ, its charge conjugated by ~φ ≡ iτ^2φ. ψ_L and φ form the doublets

ψ_L = [ η_L χ_L ] , φ = 1 √ 2 [ 0 v + H ] (3.3)

with H describing the physical Higgs meson. The gauge field associated to the matter multiplet labelled by n is

− v_ρ(n) ≡ g^′Y_nB_ρ + gT^a_n W^a_ρ + g_sT^A_n G^A_ρ (3.4)

where Y_n, T^a_n , T^A_n denote weak hypercharge, weak isospin and SU(3) color, respectively. We shall use occasionally the abbreviations

v_ρ = v_ρ(φ) , v_{Rρ} = v_ρ(χ_R) , v^′_{Rρ} = v_ρ(η_R) . (3.5)

The gauge field v_{Lρ} associated to the left chiral doublet ψ_L can be computed from

v_{Lρ} = v_ρ + v_{Rρ} = ~v_ρ + v^′_{Rρ} (3.6)

where ~v_ρ ≡ −τ^2v^∗_ρ τ^2 is the gauge field associated to the charge conjugated Higgs.

The gauge fields B_ρ, W^a_ρ are expressed through physical ones by

Z_ρ = cos θW^3_ρ − sin θB_ρ , A_ρ = sin θW^3_ρ + cos θB_ρ , W^±_ρ =

W^1_ρ ∓ iW^2_ρ √ 2 (3.7)

with θ, the Weinberg angle.

The physical matter fields χ and η are obtained with help of unitary matrices A_{L,R}, A^′_{L,R} and chiral projection operators P_{L,R} ≡ 1/2 (1 ∓ γ_5):

χ_{L,R} = A_{L,R}P_{L,R}χ , η_{L,R} = A^′_{L,R}P_{L,R}η , (3.8) such as to have diagonal mass matrices

M ≡ A^+_R Gv √ 2 A_L , M^′ ≡ A^{′+}_R ~Gv √ 2 A^′_L . (3.9)

When both fields are massive a Cabibbo–Kobayashi–Maskawa matrix V ≡ A^{′+}_L A_L can be introduced.

We will write the action for the pure Yang–Mills part of the Standard Model in the form S^{(g)} = − 1 2 ∫ d^4x ∑ n 1 h^2_n

Tr v_{ρσ}(n)v^{ρσ}(n) (3.10)

where certain weights, 1/h^2_n, are assigned to the contribution of each of the gauge fields in the matter representation of the gauge group labelled by n. As we shall see in the next sections, what matter representations enter the sum may depend upon the specific non-commutative extension. The normalization conditions are 1 2g^{′ 2} = ∑ n Y^2_n h^2_n , 1 2g^2 = ∑ n Tr (T^a_n T^a_n ) h^2_n , 1 2g^2_s = ∑ n Tr ( T^A_n T^A_n ) h^2_n

. (3.11)

While most of the terms in (3.2) have a straightforward non-commutative extension, for the Yukawa interaction − ψ̄_LG^+φχ_R + c.c. , (3.12) there are several independent possibilities. The authors of ref. [14] represent the non-com-mutative Higgs field Φ̂ by a hybrid Seiberg–Witten map transforming left and right, under left- and right-handed chiral gauge groups, respectively

δΦ̂ = iΛ̂_L ⋆ Φ̂ − iΦ̂ ⋆ Λ̂_R . (3.13)

By assuming the non-commutative gauge transformations

δΨ̂_L = iΛ̂_L ⋆ Ψ̂_L , δχ̂_R = iΛ̂_R ⋆ χ̂_R (3.14)

for the maps Ψ̂_L and χ̂_R associated to left-handed chiral and right-handed chiral fermions, one can check the gauge invariance of the following extension of the Yukawa interaction (3.12):

S_{HSY} = − ∫ d^4x

( ^̄Ψ_LG_+ ⋆ Φ̂ ⋆ χ̂_R + h.c.) . (3.15)

The most general solution for the hybrid scalar Seiberg–Witten map up to first order in θ^{μν} is given by

Φ̂ = ϕ + 1 2 θ^{μν} [v_{Lμ} (−∂_ν + ic_Lv_{Lν} ) ϕ + (∂_μϕ + ic^∗_Rϕv_{Rμ}) v_{Rν} − iv_{Lμ}ϕv_{Rν} + α_Lv_{Lμν} ϕ + α_Rϕv_{Rμν} ] (3.16)

where α_L and α_R are arbitrary complex scaling parameters. The gauge dependent constants c_L and c_R do not show up in gauge invariant expressions and will be,as usual, chosen 1/2. The contact with the commutative Higgs field φ is done by representing the commutative part ϕ as the unit matrix I_3 in color space ϕ = φ ⨂ I_3.

An alternative to the use of hybrid Seiberg–Witten maps is the construction of noncommutative extensions of tensor fields and tensor product of fields. The infinitesimal gauge transformation, direct product of two commuting gauge transformations with parameters λ and λ_R, is represented in the non-commutative space-time by the map

Ω̂_{(λ,λR)} = λ + λ_R + 1 2 θ^{μν} [c∂_μλv_ν + c_R∂_μλ_Rv_{Rν} + h.c.

+ (2 − γ_R) ∂_μλv_{Rν} + γ_R∂_μλ_Rv_ν ] (3.17)

with γ_R a new gauge dependent real constant, independent on c and c_R. The gauge fields associated to the two commuting groups are denoted by v_ρ and v_{Rρ}. This formula and subsequent considerations simplify considerably in the gauge defined by c = c_R = 1/2 and γ_R = 1. We have from (3.17)

Ω̂_{(λ,λR)} = λ + λ_R + 1 4 θ^{μν} {∂_μ (λ + λ_R) , v_ν + v_{Rν} } . (3.18)

On the right-hand side of (3.18) one can recognize the Seiberg–Witten map Λ̂_L of left chiral gauge transformations λ_L = λ_R + λ with the corresponding gauge field v_{Lρ} = v_ρ + v_{Rρ}.

Both the non-commutative extension of tensor product φχ_R

^φχ_R = φχ_R + 1 2 θ^{μν} [ v_{Lμ} ( −∂_ν + i 2 v_{Lν} ) (φχ_R) + iD_μφD_ν χ_R

+ (αv_{μν} + α_Rv_{Rμν} ) φχ_R] (3.19)

and the Seiberg–Witten map of left-handed chiral fermion ψ_L

Ψ̂_L = ψ_L + 1 2 θ^{μν} [ v_{Lμ} ( −∂_ν + i 2 v_{Lν} ) + ( a_Lv_{μν} + a^′_Lv_{Rμν} ) ψ_L ] (3.20)

transform with the non-commutative parameter of the product gauge transformation (3.18) as δ ^φχ_R = iΩ̂_{(λ,λR)} ⋆ ^φχ_R , δΨ̂_L = iΩ̂_{(λ,λR)} ⋆ Ψ̂_L , (3.21)

under δφ = iλφ and δχ_R = iλ_Rχ_R .

The gauge invariant extension of the Yukawa interaction is in this case

S_{TPY} = − ∫ d^4x

( ^̄Ψ_LG+ ⋆ ^φχ_R + h.c.) . (3.22)

A further proliferation of non-commutative standard models is caused by the different couplings of chiral fermions to φ and ~φ. If the Seiberg-Witten maps of φ and ~φ are independent of each other, the non-commutative extension of the Yukawa coupling involving ~φ is obtained from the coupling of φ by replacing the gauge fields v_ρ, v_{Rρ} and the gauge parameters λ, λ_R through ~v_ρ, v^′_{Rρ} and ~λ, λ^′_R respectively. We shall argue in the next section that, due to (3.6), the non-commuting extensions of the direct product gauge transformations Ω̂_{(λ,λR)} and Ω̂_(~_{λ,λ}′_{R)} can be identified.

In case that Seiberg–Witten maps of the Higgs field and its charge conjugated are related by complex conjugation, maps constructed with either the direct Moyal product, or with the opposite product

∘ ≡ (⋆)^∗ = exp ( − i 2 ← ∂ μ θ^{μν →}∂ ν ) , (3.23)

appear in the same non-commutative version of the Standard Model.

In the hybrid fermion model, to be discussed in Sect. 5 one starts with the full Yukawa term in the form − χ̄_RGψ^t_Lφ^∗ − η̄_R ~Gψ^t_L ~φ^∗ + c.c. (3.24) where the superscript t means transposition in the weak hypercharge-isospin space. While the Seiberg–Witten map for φ^∗ can be still constructed with the usual star product by the choice ^Φ^∗ ≡ −iτ^2Φ̂_2, with Φ̂_2 representing ~φ in non-commutative space-time, the map of ~φ^∗ must be complex conjugate to Φ̂_2. As a consequence, Seiberg–Witten maps of χ_R and η_R have to be constructed with opposite products. Also the left chiral fermion will be represented by two maps Ψ̂^t_{1L} and Ψ̂^t_{2L}, opposite each other and hybrid of either φ^∗ and χ_R, or ~φ^∗ and η_R. The general solutions of the corresponding consistency conditions are

Ψ̂^t_{1L} = ψ^t_L + 1 2 θ^{μν} [ v_{Rμ} ( −∂_ν + i 2 v_{Rν} ) ψ^t_L + ( −∂_μψ^t_L + i 2 ψ^t_Lv^∗_μ ) v^∗_ν + iv_{Rμ}ψ^t_l v^∗_ν + a^′_{1L}v_{Rμν} ψ^t_L − a_{1L}ψ^t_Lv^∗_{μν} ] , (3.25)

Ψ̂^t_{2L} = ψ^t_L − 1 2 θ^{μν} [ v^′_{Rμ} ( −∂_ν + i 2 v^′_{Rν} ) ψ^t_L + ( −∂_μψ^t_L + i 2 ψ^t_L ~v^∗_μ ) ~v^∗_ν + iv^′_{Rμ}ψ^t_l ~v^∗_ν − a^′_{2L}v^′_{Rμν} ψ^t_L + a_{2L}ψ^t_L ~v^∗_{μν} ] . We obtain the following non-commutative extension of the Yukawa interaction (3.24):

S_{HFY} = − ∫ d^4x ( ^̄χ_RG ⋆ Ψ̂^t_{1L} ⋆ ^Φ∗ + ^̄η_R ~G ∘ Ψ̂^t_{2L} ∘ Φ̂^∗_2 + h.c. ) . (3.26)

Seiberg–Witten maps constructed with opposite products can be used also in models based upon tensor product representations. The non-commutative extension of the infinitesimal parameter Ω̂_(~_{λ,λ}′_{R)} using the opposite Moyal product (3.23) is (in an appropriate gauge) Ω̂_(~_{λ,λ′R)} = ~λ + λ^′_R − 1 4 θ^{μν} { ∂_μ ( ~λ + λ^′_R ) , ~v_ν + v^′_{Rν} } . (3.27)

Beside the Seiberg–Witten maps Ψ̂_L, ^φχ_R transforming under (3.18) and using the usual star product, one has to introduce a second map Ψ̂^′_L for ψ_L, as well as the non-commutative field ^~φη_R, transforming under (3.27) as

δ ^φη_R = iΩ̂_(~_{λ,λ}′_{R)} ∘ ^φη_R , δΨ̂^′_L = iΩ̂_(~_{λ,λ}′_{R)} ∘ Ψ̂^′_L . (3.28)

The complete non-commutative Yukawa interaction is thus

S_{TPY} = − ∫ d^4x ( ^̄Ψ_LG+ ⋆ ^φχ_R + ^̄Ψ^′_L ~G+ ∘ ^~φη_R + h.c. ) . (3.29)

In ref. [14] the Seiberg–Witten map of the Higgs field in Yukawa interaction is different from the map entering the non-commutative extension of the Higgs action. The gauge fields involved in both maps are different and have different non-commutative representatives. Moreover, in the minimal Non-Commutative Standard Model, the gauge kinetic term is extended to the non-commutative space-time by means of the Seiberg–Witten map U_ρ ≡ g^′ y 2 B_ρ + g τ^a 2 W^a_ρ + g_s λ^A 2 G^A_ρ with y ≡ ( 1 0 0 −1 ) , (3.30)

which is different from all previous non-commutative gauge field representatives.

In this work we will take a somewhat different point of view. We shall make the Seiberg–Witten maps entering Yukawa interaction dynamical, that is we shall use these maps to perform the extension of all the other terms of the Standard Model action. Since Yukawa interaction in non-commutative space-time may involve different Seiberg–Witten maps of equivalent matter representations, we associate certain weights to their noncommutative contribution to the extended action. Such a treatment also applies to the gauge sector and is similar to the approach advocated in the nmNCSM version.

The main ingredients to make Seiberg–Witten maps dynamical are non-commutative covariant derivatives (for matter fields) and field strengths (for gauge fields). For instance, the gauge map associated to the non-commutative tensor field Ψ̂_L transforms under (3.17) according to δV̂_{Lρ} = ∂_ρΩ̂_{(λ,λR)} + i [ Ω̂_{(λ,λR)} ⋆, V̂_{Lρ} ] . (3.31)

The dependence of the map V̂_{Lρ} on the commuting gauge fields can be deduced from the corresponding consistency condition. Up to first order in θ^{μν} and in the gauge defined by (3.18) one gets

V̂_{Lρ} = v_ρ + v_{Rρ} + 1 2 θ^{μν} [ − 1 2 {v_μ + v_{Rμ}, ∂_ν (v_ρ + v_{Rρ}) + v_{νρ} + v_{Rνρ}} + D_ρ ( b_Lv_{μν} + +b^′_Lv_{Rμν} )] (3.32)

with b_L and b^′_L being arbitrary real scaling parameters.

Of course, similar considerations apply to Seiberg–Witten tensor maps constructed with the opposite Moyal product.

The covariant derivative of the hybrid maps can be obtained from their transformation properties. According to (3.13) the scalar hybrid map has the covariant derivative

D̂_ρ ⋆ Φ̂ = ∂_ρΦ̂ − iV̂_{Lρ} ⋆ Φ̂ + iΦ̂ ⋆ V̂_{Rρ} . (3.33)

V̂_{Lρ} and V̂_{Rρ} stand here for the Seiberg–Witten maps of the gauge fields v_{Lρ} and v_{Rρ}, respectively, and become dynamical together with Ψ̂_L and χ̂_R defined in (3.14).

4 Models Based on Non-Commutative Tensor Products

The Tensor Product Model

The simplest non-commutative version of the Standard Model is obtained by representing the left chiral leptons and quarks by tensor Seiberg–Witten maps. The action of this model, hereafter called the direct tensor product model, is given by

S_{PM} = ∫ d^4x { ^̄L_L ⋆ i ( ^/D ⋆ L̂_L ) + ^̄Q_L ⋆ i ( ^/D ⋆ Q̂_L )

+^̄e_R ⋆ i ( ^/D ⋆ ê_R ) + ^̄d_R ⋆ i ( ^/D ⋆ d̂_R ) + ^̄u_R ⋆ i ( ^/D ⋆ û_R )

− ( ^̄L_LG_{+e} ⋆ ^φe_R + ^̄Q_LG_{+d} ⋆ ^φd_R + ^̄Q_LG_{+u} ⋆ ^~φu_R + h.c.) (4.1) + ∑ i w_i [ ( D̂^ρ ⋆ Φ̂_i

)_+ ⋆ ( D̂_ρ ⋆ Φ̂_i ) + λv^2 4 Φ̂^+_i ⋆ Φ̂_i − λ 4 Φ̂^+_i ⋆ Φ̂_i ⋆ Φ̂^+_i ⋆ Φ̂_i ]

− 1 2 ∑ n≠φ 1 h^2_n

Tr V̂_{ρσ} (n) ⋆ V̂^{ρσ} (n) − 1 2h^2_φ ∑ i w_i Tr V̂_{iρσ} ⋆ V̂^{ρσ}_i .

where w_1 and w_2 with w_1 +w_2 = 1 are the weights of the maps Φ̂_1 and Φ̂_2 of the Higgs field φ and its charge conjugate ~φ. The summation variable n labels the (inequivalent) matter representations of the Standard Model gauge group, i.e. n = L, Q, e, d, u, φ. The noncommutative gauge fields corresponding to the equivalent representations for the Higgs are denoted by V̂_1 and V̂_2. In order to agree with the normalization of the commutative Standard Model we set 1 h^2_1 = w_1 h^2_φ , 1 h^2 = w_2 h^2_φ

(4.2)

for the weights of their contribution to the kinetic gauge term in the action. The gauge fields associated to left and right chiral fermions satisfy the following relations:

v_ρ(L) = v_ρ(e) + v_ρ(φ) , v_ρ(Q) = v_ρ(d) + v_ρ(φ) = v_ρ(u) + v_ρ( ~φ) . (4.3)

The action for a typical matter sector of the tensor product model can be written in the form

S^{(m)}_{PM} = ∫ d^4x [ ^̄Ψ_L ⋆ i ( ^/D ⋆ Ψ̂_L ) + ^̄χ_R ⋆ i ( ^/D ⋆ χ̂_R ) + ^̄η_R ⋆ i ( ^/D ⋆ η̂_R )

− ( ^̄Ψ_LG+ ⋆ ^φχ_R + ^̄Ψ_L ~G+ ⋆ ^~φη_R + h.c.)] (4.4)

where, for simplicity, we omit the label m of fermionic Seiberg–Witten maps. Since the couplings of the left chiral fermion to the Higgs and its charge conjugated are different, one is expecting two distinct non-commutative maps, Ψ̂_{1L} and Ψ̂_{2L}. According to (3.20) they may differ only by terms proportional to the partial field strengths v_{μν} , v_{Rμν} and ~v_{μν} , v^′_{Rμν} . By taking a^′_L = a_L one can render both maps equivalent since they depend only on the sum v_{Lμν} (see (3.6)). Similarly, the choice b^′_L = b_L in (3.32) leads to the equivalence of the corresponding gauge maps V̂_{1Lρ} and V̂_{2Lρ}. A similar treatment for the Seiberg–Witten product maps ^φχ_R and ^~φη_R is not possible because the scaling parameters α and α_R in (3.21) are independent of each other. They can be however related to the scaling parameters of Φ̂_1 and χ̂_R (or Φ̂_2 and η̂_R). To get the precise relation we may use the equations of motion in the matter sector, as explained in Sect. 2. Since the scaling parameters appear at the first order in θ^{μν} , it is sufficient to consider the equations of motion of the commutative Standard Model

i /Dχ_R = Gφ^+ψ_L , i /Dη_R = ~G ~φψ_L , i /Dψ_L = G^+φχ_R + ~G^+ ~φη_R , D^ρD_ρφ = λv^2 4 φ − λ 2 ( φ^+φ ) φ + ∑ m [ ψ_Lχ̄_RG − iτ^2 ( η_Rψ̄_L ~G^+ )_t] . (4.5)

We insert now the Seiberg–Witten maps with arbitrary scaling parameters into ∑ m S^{(m)}_{PM} + S^{(H)}_{PM} and compute the non-commutative contribution to first order in θ^{μν} . After using (4.5), the various scaling factors have to be chosen as to cancel out, independently of w_1, w_2.

Let us give now the complete list of the maps occurring in (4.1):

Ψ̂_L = ψ_L + 1 2 θ^{μν} [ v_{Lμ} ( −∂_ν + i 2 v_{Lν} ) + a_Lv_{Lμν} ] ψ_L ,

^φχ_R = φχ_R + 1 2 θ^{μν} [ v_{Lμ} ( −∂_ν + i 2 v_{Lν} ) (φχ_R) + iD_μφD_ν χ_R

+ (av_{μν} + a_Rv_{Rμν} ) φχ_R] ,

^~φη_R = ~φη_R + 1 2 θ^{μν} [ v_{Lμ} ( −∂_ν + i 2 v_{Lν} ) ( ~φη_R) + iD_μ ~φD_ν η_R + ( −a^∗ ~v_{μν} + a^′_Rv^′_{Rμν} ) ~φη_R ] , χ̂_R = χ_R + 1 2 θ^{μν} [ v_{Rμ} ( −∂_ν + i 2 v_{Rν} ) + a_Rv_{Rμν} ] χ_R , (4.6)

η̂_R = η_R + 1 2 θ^{μν} [ v^′_{Rμ} ( −∂_ν + i 2 v^′_{Rν} ) + a^′_Rv^′_{Rμν} ] η_R ,

Φ̂_1 = φ + 1 2 θ^{μν} [ v_μ ( −∂_ν + i 2 v_ν ) + av_{μν} ] φ , Φ̂_2 = ~φ + 1 2 θ^{μν} [ ~v_μ ( −∂_ν + i 2 ~v_ν ) − a^∗~v_{μν} ] ~φ , V̂_{1ρ} = v_ρ + 1 2 θ^{μν} ( − 1 2 {v_μ, ∂_ν v_ρ + v_{νρ}} + bv_{μν} ) , V̂_{2ρ} = ~v_ρ + 1 2 θ^{μν} ( − 1 2 {~v_μ, ∂_ν ~v_ρ + ~v_{νρ}} + bD_ρ ~v_{μν} ) , V̂_ρ(n) = v_ρ(n) + 1 2 θ^{μν} [ − 1 2 {v_μ(n), ∂_ν v_ρ(n) + v_{νρ}(n)} + bD_ρv_{μν} (n) ] , for n = L, R, R^′. While each matter sector (fermionic and scalar) has its own scaling factor (a_L and a), the parameter b appearing in the Seiberg–Witten maps of the gauge fields is universal.

Hence the tensor product model is consistent and one can eliminate by appropriate field redefinitions the scaling parameters from all Seiberg–Witten maps.

The non-commutative contribution of (4.4) can be written as

ΔS^{(m)}_{PM} = ∫ d^4xΔL^{(m)}_{PM} = ∫ d^4x ( ΔL_L + ΔL_R + ΔL^′_R − ΔL_Y − ΔL^′_Y ) (4.7)

where

ΔL_L ≡ − i 2 ψ̄_Lθ^{μνρ}v_{Lμν} D_ρψ_L ,

ΔL_R ≡ − i 2 χ̄_Rθ^{μνρ}v_{Rμν} D_ρχ_R , ΔL^′_R ≡ − i 2 η̄_Rθ^{μνρ}v^′_{Rμν} D_ρη_R ,

ΔL_Y ≡ 1 2 θ^{μν}χ̄_RG ( iD_μφ^+D_ν − 1 2 v_{Rμν} φ^+ ) ψ_L + h.c. , (4.8)

ΔL^′_Y ≡ 1 2 θ^{μν}η̄_R ~G ( iD_μ ~φ^+D_ν − 1 2 v^′_{Rμν} ~φ^+ ) ψ_L + h.c. ,

with v_{Lμν} = v_{μν} + v_{Rμν} = ~v_{μν} + v^′_{Rμν} .

In a similar way one obtains the contribution to the Higgs action

ΔS^{(H)}_{PM} = (w_1 − w_2) ∫ d^4xΔL_H (4.9)

where ΔL_H ≡ 1 2 θ^{μν} ( D_ν φ^+v_{μρ}D^ρφ + h.c. − 1 2 D_ρφ^+v_{μν} D^ρφ − λv^2 8 φ^+v_{μν} φ − λ 2 φ^+φiD_μφ^+D_ν φ ) . (4.10)

Finally, the non-commutative contribution to the gauge kinetic term is given by

ΔS^{(g)}_{PM} = ∫ d^4x ∑ n≠φ 1 h^2_n

ΔL_n + w_1 − w_2 h^2_φ ΔL_φ (4.11)

where ΔL_n ≡ 1 2 θ^{μν} Tr v^{ρσ}(n) [ −2v_{μρ}(n)v_{νσ} (n) + 1 2 v_{ρσ}(n)v_{μν} (n) ] (4.12) for n = L, Q, e, d, u, φ. We would like to express these corrections in terms of physical fields. Since the gauge symmetry of the Standard Model is spontaneously broken to U_{em}(1) ⨂ SU_c(3) we shall use the covariant derivative

∇_ρ ≡ ∂_ρ + ig_sG_ρ + iQeA_ρ (4.13)

with G_ρ = T^AG^A_ρ . Here Q is a charge operator in flavor space with the eigenvalues Q_ν = 0, Q_e = −1, Q_u = 2/3 and Q_d = −1/3. The corresponding field strengths are G_{ρσ} ≡ T^AG^A_{ρσ} and F_{ρσ}. We will also find it convenient to include a coupling constant in the definition of the Z-field and its field strength: Z_ρ ≡ g 2 cos θ

Z_ρ , Z_{ρσ} = ∂_ρZ_σ − ∂_σZ_ρ . (4.14)

Another useful abbreviation is

W^±_{ρσ} ≡ ∇_ρW^±_σ − ∇_σW^±_ρ (4.15)

where ∇_ρW^±_σ = ∂_ρW^±_σ ± ieA_ρW^±_σ . The non-commutative contribution to the full fermionic sector consists of a flavor changing (FC) and a flavor preserving (FP) part ∑ m ΔS^{(m)} = ∫ d^4x ( ΔL^{FC} + h.c. + ΔL^{FP} ) . (4.16)

This decomposition holds for all models under consideration, so we have omitted the subscript. Furthermore, we separate the lepton (l) from the quark (q) flavor changing contribution:

ΔL^{FC} = ΔL^l + ΔL^q . (4.17) We obtain the following expressions:

ΔL^l_{PM} = W^−_ρ g √ 2 ēθ^{μνρ} ( i^←∇_μ ∇_ν − Z_ν^←∇_μ − cos(2θ)∇_ν Z_μ + e 2 F_{μν} ) ν_L

+(H + v) g √ 2 ē 1 2 θ^{μν} M_e v [ W^−_μ (_← ∇ν −2iZν )] ν_L , (4.18)

ΔL^q_{PM} = W^−_ρ g √ 2 d̄V^+θ^{μνρ} [ i^←∇_μ ∇_ν + (4 3 sin^2 θ − 1 ) Z_ν^←∇_μ − ( 1 − 2 3 sin^2 θ ) ∇_ν Z_μ − g_sG_{μν} − e 6 F_{μν} ] P_Lu

+(H + v) g √ 2 d̄1 2 θ^{μν} { M_d v V^+P_LW^−_μ [_← ∇ν −2i ( 1 − 2 3 sin^2 θ ) Z_ν ] W^−_μ + V^+ M_u v P_RW^−_μ [ ∇_ν − 2i ( 1 − 1 3 sin^2 θ ) Z_ν ] W^−_μ } u , (4.19)

ΔL^{FP}_{PM} = ∑ f f̄ 1 2 θ^{μνρ} { i [ g_sG_{μν} + QeF_{μν} + 2 ( T_3P_L − Q sin^2 θ ) Z_{μν} ]

× [ ∇_ρ + 2i ( T_3P_L − Q sin^2 θ ) Z_ρ ] − g^2 4 ( W^−_μ W^+_{νρ} + h.c. ) P_L } f +g^2W^+_μ W^−_ν ∑ f f̄ 1 2 θ^{μνρ}T_3 {_← ∇ρ +∇ρ (4.20)

+ 4i [ Q sin^2 θ − T_3 (2 + cos(2θ)) ] Z_ρ } P_Lf

+(H + v) ∑ f f̄ 1 2 θ^{μν} M v [ i^←∇_μ ∇_ν + 2 ( T_3P_L − Q sin^2 θ ) Z_μ^←∇_ν + 2 ( T_3P_R − Q sin^2 θ ) ∇_ν Z_μ − g_sG_{μν} − QeF_{μν} + ig^2T_3W^+_μ W^−_ν ] f where the covariant derivative^←∇ is acting on all the factors after the coupling constant, or after the summation symbol. In (4.20) we introduced two new operators diagonal in flavor space, the third component of the weak isospin T_3 with eigenvalues T_{3ν} = 1/2, T_{3e} = −1/2, T_{3u} = 1/2 and T_{3ν} = −1/2, and the mass operator M with nontrivial eigenvalues given by

M_e = diag (m_e, m_μ, m_τ ) , M_u = diag (m_u, m_c, m_t) , M_d = diag (m_d, m_s, m_b) . (4.21) Since the Higgs contribution is proportional to the weight difference, tensor product models include the case when the Higgs sector does not contribute at all, to first order in θ^{μν} . Furthermore, the action of nmNCSM exhibited in [25] is obtained by taking w_1 = 1 and w_2 = 0. In order to facilitate the comparison we present (4.10) in terms of physical fields:

ΔL_H = 1 2 θ^{μν} { g^2 2 W^+_μ W^{−ρ} [ i∂_ν H∂_ρH + (H + v)cos^2θ∂_ν HZ_ρ + 1 2 (H + v)^2 ( eF_{νρ} + cos(2θ)Z_{νρ} + 2i(1 + cos^2 θ)Z_ν Z_ρ )]

+ g^2 4 W^+_{μρ} [ i(H + v) ( W^−_ν ∂^ρH + W^{−ρ}∂_ν H − 1 2 δ^ρ_ν W^− · ∂H )

+ (H + v)^2 ( W^−_ν Z^ρ + W^{−ρ}Z_ν − 1 2 δ^ρ_ν W^− · Z )] + h.c. (4.22) + Z_{μρ} [ ∂_ν H∂^ρH − 1 4 δ^ρ_ν (∂H)^2 + (H + v)^2 ( Z_ν Z^ρ − 1 4 δ^ρ_ν Z^2 )

+ λ 32 δ^ρ_ν H^2(H + 2v)^2 ] + g^2W^+ · W^− [ −(H + v)cos^2θZ_μ∂_ν H + 1 8 (H + v)^2 (eF_{μν} + cos(2θ)Z_{μν} ) ] − ig^2 4 W^+_μ W^−_ν [ (∂H)^2 + i 4 (H + v)^2 × ( (1 + 4 cos^2 θ)Z^2 + g^2 2 W^+W^− − λ 4 H(H + 2v) )]} . The non-commutative version of the Standard Model gauge sector has been thoroughly discussed in [14, 15, 18] and the results can be taken over with minor changes (at least for w_1 ≠ w_2).

The Twisted Product Model

The commutative action for the Higgs field is invariant under the replacement φ ←→ ~φ = iτ^2φ^∗. By promoting this property to the non-commutative space-time, the Seiberg– Witten maps of ~φ and φ are related by complex conjugation and have to be constructed with opposite Moyal products. The left-chiral quark, which couples to both φ and ~φ will be represented by two Seiberg–Witten tensor maps Q̂_L and Q̂^′_L, complex conjugate each other. Similarly, the tensor products d_Rφ and u_R ~φ will be represented by maps constructed with opposite Moyal products. As a consequence, the non-commutative fields of u_R, v_ρ(u) and v_ρ(u) + ~v_ρ will be constructed with the opposite product, while those of d_R, v_ρ(d) and v_ρ(u) + v_ρ will use the usual star product.

The action of this non-commutative version of the Standard Model, called here the twisted product model is given by

S_{TM} = ∫ d^4x { ^̄L_L ⋆ i ( ^/D ⋆ L̂_L ) + w ^̄Q_L ⋆ i ( ^/D ⋆ Q̂_L ) + w^′ ^̄Q ′ L ∘ i ( ^/D ∘ Q̂^′_L )

+^̄e_R ⋆ i ( ^/D ⋆ ê_R ) + ^̄d_R ⋆ i ( ^/D ⋆ d̂_R ) + ^̄u_R ∘ i ( ^/D ∘ û_R )

− ( ^̄L_LG_{+e} ⋆ ^φe_R + ^̄Q_LG_{+d} ⋆ ^φd_R + ^̄Q^′_LG_{+u} ∘ ^~φu_R + h.c. )

+ ( D̂^ρ ⋆ Φ̂

)_+ ⋆ ( D̂_ρ ⋆ Φ̂ ) + λv^2 4 Φ̂^+ ⋆ Φ̂ − λ 4 Φ̂^+ ⋆ Φ̂ ⋆ Φ̂^+ ⋆ Φ̂ − 1 2 ∑ n ′ 1 h^2_n

Tr V̂_{ρσ} (n) ⋆ V̂^{ρσ} (n) − 1 2h^2_u

Tr V̂_{ρσ} (u) ∘ V̂^{ρσ} (u) − 1 2h^2_Q Tr [ wV̂_{ρσ} (Q) ⋆ V̂^{ρσ} (Q) + w^′V̂^′_{ρσ} (Q) ∘ V̂^{′ρσ} (Q) ] } (4.23)

where w, w^′ (with w + w^′ = 1) are the weights of the tensor maps for the left-chiral quark field and the primed sum goes over n = L, e, d, φ. In order to check the consistency of this model we write the action of the general fermionic sector in a form similar to (4.4)

S^{(m)}_{TM} = ∫ d^4x [ w ^̄Ψ_L ⋆ i ( ^/D ⋆ Ψ̂_L ) + w^′ ^̄Ψ ′ L ∘ i ( ^/D ∘ Ψ̂^′_L ) + ^̄χ_R ⋆ i ( ^/D ⋆ χ̂_R )

+ ^̄η_R ∘ i ( ^/D ∘ η̂_R ) − ( ^̄Ψ_LG_+ ⋆ ^φχ_R + ^̄Ψ^′_L ~G_+ ∘ ^~φη_R + h.c. )] . (4.24)

By going through the same steps as before, one can establish the independent scaling parameters. The Seiberg–Witten maps using the star product can be read out from (4.6). We record here only the maps constructed with the opposite Moyal product:

Ψ̂^′_L = ψ_L + 1 2 θ^{μν} [ −v_{Lμ} ( −∂_ν + i 2 v_{Lν} ) + a_Lv_{Lμν} ] ψ_L ,

η̂_R = η_R + 1 2 θ^{μν} [ −v^′_{Rμ} ( −∂_ν + i 2 v^′_{Rν} ) + a^′_Rv^′_{Rμν} ] η_R ,

^~φη_R = ~φη_R + 1 2 θ^{μν} [ −v_{Lμ} ( −∂_ν + i 2 v_{Lν} ) ( ~φη_R) − iD_μ ~φD_ν η_R (4.25) + ( −a^∗ ~v_{μν} + a^′_Rv^′_{Rμν} ) ~φη_R ] , V̂_ρ(n) = v_ρ(n) + 1 2 θ^{μν} [ 1 2 {v_μ(n), ∂_ν v_ρ(n) + v_{νρ}(n)} + bD_ρv_{μν} (n) ]

for n = L^′, R^′ .

With the notations introduced in (4.8), (4.10) and (4.12), the non-commutative contributions to the action of the twisted product model take the following form:

ΔS^{(m)}_{TM} = ∫ d^4x [ (w − w^′)ΔL_L + ΔL_R − ΔL^′_R − ΔL_Y + ΔL^′_Y ) , ΔS^{(H)}_{TM} = ∫ d^4xΔL_H (4.26)

ΔS^{(g)}_{TM} = ∫ d^4x [ ∑ n ′ 1 h^2_n

ΔL_n + w − w^′ h^2_Q ΔL_Q − 1 h^2_u ΔL_u ] .

When expressed through physical fields, the whole leptonic contribution remains unchanged with respect to the direct product model, e.g. ΔL^l_{TM} = ΔL^l_{PM} as given by (4.18). The quark contribution to the flavor changing part is

ΔL^q_{TM} = W^−_ρ g √ 2 (w − w^′)d̄V^+θ^{μνρ} [ i^←∇_μ ∇_ν + ( 4 3 sin^2 θ − 1 ) Z_ν^←∇_μ − ( 1 − 2 3 sin^2 θ ) ∇_ν Z_μ − g_sG_{μν} − e 6 F_{μν} ] P_Lu

+(H + v) g √ 2 d̄ 1 2 θ^{μν} { M_d v V^+P_LW^−_μ [_← ∇ν −2i ( 1 − 2 3 sin^2 θ ) Z_ν ] W^−_μ − V^+ M_u v P_R [ ∇_ν − 2i ( 1 − 1 3 sin^2 θ ) Z_ν ] W^−_μ } u . (4.27)

The contribution of the flavor preserving part to the extended action can be also written in compact way as follows:

ΔL^{FP}_{TM} = ∑ f f̄ θ^{μνρ}T_3 { i [ − ( g_sG_{μν} + QeF_{μν} − 2Q sin^2 θZ_{μν} ) (γ_5 + 2wP_L)

+ 2(1 − 2w)T_3P_LZ_{μν} ] [ ∇_ρ + 2i ( T_3P_L − Q sin^2 θ ) Z_ρ ]

− g^2 4 (1 − 2w) ( W^−_μ W^+_{νρ} + h.c. ) P_L } f + g^2 4 W^+_μ W^−_ν ∑ f f̄θ^{μνρ}(1 − 2w) {_← ∇ρ +∇ρ (4.28)

+ 4i [ Q sin^2 θ − T_3 (2 + cos(2θ)) ] Z_ρ } P_Lf −(H + v) ∑ f f̄ 1 2 θ^{μν} 2T_3 M v [ i^←∇_μ ∇_ν + 2 ( T_3P_L − Q sin^2 θ ) Z_μ^←∇_ν + 2 ( T_3P_R − Q sin^2 θ ) ∇_ν Z_μ − g_sG_{μν} − QeF_{μν} − ig^2T_3W^+_μ W^−_ν ] f where we introduced a weight operator w diagonal in flavor space with eigenvalues w_ν = 0, w_e = 1, w_u = w^′ and w_d = w. It is a simple exercise to check that the leptonic parts of (4.20) and (4.28) coincide.

A peculiarity of the twisted product model is that left- and right-handed chiral quarks carry different charges in non-commutative space-time and, as a consequence, the electromagnetic interactions violate parity. To see this we compute from (4.28) the electromagnetic interaction to lowest order in the coupling constant e, by assuming the quarks on their mass-shell. We get A_ρ e 6 θ^{μν} { d̄ [ δ^ρ_μ ( 2w^{′ ←}∂_ν M_dP_R + h.c. ) − i^←∂_μ γ^ρ (1 − 2w^′P_L) ∂_ν ] d + 2ū [ δ^ρ_μ ( 2w^←∂_ν M_uP_R + h.c. ) − i^←∂_μ γ^ρ (1 − 2wP_L ) ∂_ν ] u } (4.29)

Similar observations apply to strong interactions.

5 Models Based upon Hybrid Seiberg–Witten Map

The Hybrid Scalar Model

In this model the Higgs field is represented by three scalar Seiberg–Witten maps Φ̂_i with i = e, d, u, hybrid of the left and right chiral fermions labelled by i. The non-commutative action is

S_{HS} = ∫ d^4x { ^̄L_L ⋆ i ( ^/D ⋆ L̂_L ) + ^̄e_R ⋆ i ( ^/D ⋆ ê_R ) + ^̄Q_L ⋆ i ( ^/D ⋆ Q̂_L )

+ ^̄d_R ⋆ i ( ^/D ⋆ d̂_R ) + ^̄u_R ⋆ i ( ^/D ⋆ û_R ) − (^̄L_LG+_e ⋆ Φ̂_e ⋆ ê_R

+ ^̄Q_LG^+_d ⋆ Φ̂_d ⋆ d̂_R + ^̄Q_LG^+_u ⋆ Φ̂_u ⋆ û_R + h.c. )

+ ∑ i w_i Tr [ ( D̂^ρ ⋆ Φ̂_i

)_+ ⋆ ( D̂_ρ ⋆ Φ̂_i ) + λv^2 4 Φ̂^+_i ⋆ Φ̂_i − λ 4 Φ̂^+_i ⋆ Φ̂_i ⋆ Φ̂^+_i ⋆ Φ̂_i ]

− 1 2 ∑ n 1 h^2_n

Tr V̂_{ρσ} (n) ⋆ V̂^{ρσ}(n) } (5.1)

where w_i, with i = e, d, u are the weights of the Higgs representatives, ∑ i w_i = 1. Since hybrid maps do not have their own gauge Seiberg–Witten maps, we assume that the kinetic gauge term receives contributions only from n = L, Q, e, d, u.

The consistency check of the model leads to a single (complex) parameter for all the three hybrid maps. Denoting by Φ̂, Φ̂^′ the representatives of the Higgs field φ and its charge conjugate ~φ, one finds (compare to (3.16))

Φ̂ = ϕ + 1 2 θ^{μν} [ v_{Lμ} ( −∂_ν + i 2 v_{Lν} ) ϕ + ϕ (_← ∂ μ + i 2 v_{Rμ} ) v_{Rν} − iv_{Lμ}ϕv_{Rν} + a (v_{Lμν} ϕ − ϕv_{Rμν} )] , Φ̂^′ = ~ϕ + 1 2 θ^{μν} [ v_{Lμ} ( −∂_ν + i 2 v_{Lν} ) ~ϕ + ~ϕ (_← ∂ μ + i 2 v^′_{Rμ} ) v^′_{Rν} − iv_{Lμ} ~ϕv^′_{Rν} + a ( v_{Lμν} ~ϕ − ~ϕv^′_{Rμν} )] (5.2)

where ϕ = φ ⊗ I_3 and ~ϕ = ~φ ⊗ I_3. Field redefinitions can be now performed owing to the identities

v_{Lμν} ϕ = ϕv_{Rμν} + v_{μν} φ ⊗ I_3 , v_{Lμν} ~ϕ = ~ϕv^′_{Rμν} + ~v_{μν} ~φ ⊗ I_3 . (5.3)

The leptonic and quark sectors of the hybrid scalar and of the tensor product models coincide. The Higgs sector contributes to the extended action with the following expression:

ΔS^{(H)}_{HS} = ∫ d^4x [ (w_e + w_d − w_u) ΔL_H + (2w_u − w_d 3 − w_e ) E_{HS} ] (5.4)

where ΔL_H is given by (4.10) and

E_{HS} ≡ 1 2 θ^{μν} { 2D^ρ φ^+D_μφ + h.c. + δ^ρ_μ [ −Dφ^+ · Dφ + λ 4 φ^+φ ( φ^+φ − v^2 ) ]} g^′B_{νρ} . (5.5)

The first term in (5.4) has the same form as Higgs contribution of the tensor product model if one takes, for instance, w_1 = w_e + w_d and w_2 = w_u, but other combinations are possible. If 3w_d + 5w_e ≠ 2, the hybrid scalar model leads to electromagnetic interactions of neutral particles (Z-bosons, Higgs mesons). In terms of physical fields the contribution (4.21) takes the form

E_{HS} = 1 2 θ^{μν} { 2∂_μH∂^ρH + (H + v)^2 ( g^2 2 W^+_μ W^{−ρ} + h.c. + 2Z_μZ^ρ )

− 1 2 δ^ρ_μ [ (∂H)^2 + (H + v)^2 ( g^2 2 W^+W^− + Z^2 ) − λ 8 H^2(H + 2v)^2 ]}

× ( eF_{νρ} − 2 sin^2 θZ_{νρ} ) . (5.6)

Electromagnetic interactions of neutral particles occur whenever hybrid maps become dynamical. In contrast to non-commutative covariant derivatives of tensor fields, the covariant derivative of a hybrid map destroys the relation (3.6) between gauge fields associated to left and right chiral fermions, already at first order in θ^{μν} .

The Hybrid Fermion Model

The hybrid fermion model is based upon extending (3.24) to non-commutative spacetime. This is achieved by constructing fermionic Seiberg–Witten maps transforming left and right, as right fermionic singlets and Higgs doublets, respectively. We decide to use a single Seiberg–Witten map for the Higgs doublet, although a version with two independent Higgs maps Φ̂_1, Φ̂_2 of φ and ~φ would be also conceivable. With the choice described in sect 3. the maps representing the Higgs fields are

^Φ^∗ = φ^∗ + 1 2 θ^{μν} [ v^∗_μ ( ∂_ν + i 2 v^∗_ν ) + a^∗v^∗_{μν} ] φ^∗ , (5.7)

Φ̂^∗_2 = ~φ^∗ + 1 2 θ^{μν} [ −~v^∗_μ ( −∂_ν + i 2 ~v^∗_ν ) − a~v^∗_{μν} ] ~φ^∗ . (5.8)

Since (5.8) is obtained from Φ̂_2 by complex conjugation, it is constructed with the opposite Moyal product.

The action of the hybrid fermion model is given by

S_{HF} = ∫ d^4x { ^̄L^t_L ⋆ i ( ^/D ⋆ L̂t_L ) + w ^̄Q^t_L ⋆ i ( ^/D ⋆ Q̂t_L ) + w^′ ^̄Q ′t L ∘ i ( ^/D ∘ Q̂^′t_L )

+^̄e_R ⋆ i ( ^/D ⋆ ê_R ) + ^̄d_R ⋆ i ( ^/D ⋆ d̂_R ) + ^̄u_R ∘ i ( ^/D ∘ û_R )

− ( ^̄e_RG_e ⋆ L̂^t_L ⋆ ^Φ∗ + ^̄d_RG_d ⋆ Q̂^t_L ⋆ ^Φ∗ + ^̄u_RG_u ∘ Q̂^{′t}_L ∘ Φ̂^∗_2 + h.c. )

+ ( D̂^ρ ⋆ Φ̂

)_+ ⋆ ( D̂_ρ ⋆ Φ̂ ) + λv^2 4 Φ̂^+ ⋆ Φ̂ − λ 4 Φ̂^+ ⋆ Φ̂ ⋆ Φ̂^+ ⋆ Φ̂ − 1 2 ∑ n ′ 1 h^2_n Tr V̂_{ρσ} (n) ⋆ V̂^{ρσ}(n) − 1 2h^2_u

Tr V̂_{ρσ} (u) ∘ V̂^{ρσ}(u) } . (5.9)

Here L̂^t_L, Q̂^t_L, L̂^{′t}_L are the hybrid Seiberg–Witten maps required by the gauge invariance of Yukawa couplings and the superscript t means transposition in electroweak isospinhypercharge space. The quark maps are opposite to each other and occur with weights w, w^′, obeying w + w^′ = 1. Again we do not consider those contributions to the gauge sector which are associated to hybrid maps. Hence the primed sum goes over n = e, d, φ.

The consistency of the model can be examined in the same way as in previous models. As a consequence, the scaling parameters of the hybrid maps Ψ̂^t_{1L}, Ψ̂^t_{2L} introduced in (3.25) are restricted to a single one

a^′_{1L} = −a_{1L} = −a_{2L} = a^′_{2L} ≡ a_L . (5.10)

After rescaling the fields, one can compute the non-commutative contribution of the various sectors of the Standard Model in terms of physical fields. Since both kind of maps (constructed with direct and opposite Moyal products) occur in the hybrid fermionic model, we expect to get electromagnetic and strong interactions which violate parity. This is apparent from the flavor preserving part contribution

ΔL^{FP}_{HF} = ∑ f f̄ θ^{μνρ}T_3 { i [ − ( g_sG_{μν} + QeF_{μν} − 2Q sin^2 θZ_{μν} ) (γ_5 + 2wP_L)

+ 4(w − 1)T_3P_LeF_{μν} + 2 (1 + 2(w − 1) cos(2θ)) T_3P_LZ_{μν} ] × [ ∇_ρ + 2i ( T_3P_L − Q sin^2 θ ) Z_ρ ] + g^2 4 (1 − 2w) ( W^−_μ W^+_{νρ} + h.c. ) P_L } f − g^2 4 W^+_μ W^−_ν ∑ f f̄θ^{μνρ}(1 − 2w) {_← ∇ρ +∇ρ + 4i [ Q sin^2 θ − T_3 (2 + cos(2θ)) ] Z_ρ } P_Lf

+(H + v) ∑ f f̄ 1 2 θ^{μν} M v { 2T_3 [ i^←∇_μ ∇_ν + 2 ( T_3P_L − Q sin^2 θ )_← ∇ν Zμ + 2 ( T_3P_R − Q sin^2 θ ) Z_μ∇_ν ] − 1 2 ( Z_{μν} + ig^2W^+_μ W^−_ν )} f . (5.11)

Even the lepton sector is changed in comparison with previous models. The electromagnetic interaction of the leptons is given by 1 2 θ^{μν} eF_{νρ} { 1 2 ē [ δ^ρ_μ ( i /∇ − M_e ) − 2iγ^ρ∇_μ ] e + ν̄_L ( δ^ρ_μi/∂ − 2iγ^ρ∂_μ ) ν_L } . (5.12)

The last term of (5.12) describes the photon-neutrino interaction considered in ref. [28]. Clearly, the hybrid map of left-chiral leptons L̂^t_L is responsible for such a coupling.

For completeness we give in the following the contributions of the hybrid fermion model to the flavor changing part of the Standard Model:

ΔL^l_{HF} = −W^−_ρ g √ 2 ēθ^{μνρ} ( i^←∇_μ ∇_ν −^←∇_μ Z_ν − cos(2θ)Z_μ∇_ν − e 2 F_{μν} + sin^2 θZ_{μν} ) ν_L −(H + v) g √ 2 ē 1 2 θ^{μν} M_e v W^−_μ (_← ∇ν −2iZν ) ν_L (5.13)

ΔL^q_{HF} = W^−_ρ g √ 2 d̄V^+θ^{μνρ} { −(w − w^′) [ i^←∇_μ ∇_ν + (4 3 sin^2 θ − 1 )_← ∇μ Zν − ( 1 − 2 3 sin^2 θ ) Z_μ∇_ν ] + e 2 F_{μν} − sin^2 θZ_{μν} } P_Lu −(H + v) g √ 2 d̄1 2 θ^{μν} { M_d v V^+P_LW^−_μ [_← ∇ν −2i ( 1 − 2 3 sin^2 θ ) Z_ν ]

− V^+ M_u v P_R [ ∇_ν − 2i ( 1 − 1 3 sin^2 θ ) Z_ν ] W^−_μ } u . (5.14)

Finally, the contribution of the model to the gauge sector is

ΔS^{(g)}_{HF} = ∫ d^4x [ 1 h^2_e

ΔL_e + 1 h^2_d ΔL_d − 1 h^2_u

ΔL_u + 1 h^2_φ ΔL_φ ] . (5.15)

Notice that (5.15) contains only four weights 1/h^2_n restricted by the normalization conditions (3.11).

We expect qualitatively similar conclusions for the alternatively hybrid fermionic model with two independent non-commutative Higgs fields mentioned at the beginning of this subsection. In particular, the photon-neutrino interaction from (5.12) is the same.

6 Effective Low Energy Four-Fermi Interaction

In this section we will concentrate on the low energy aspects of the Standard Model in non-commutative space-time. As in the commutative Standard Model, energies below the masses of the weak bosons and Higgs (but larger than Λ_{QCD}) are considered low. Effective actions based upon Standard Model in non-commutative space-time were first considered in [20].

Here we obtain the effective action by integrating out the weak massive boson fields W^±_ρ , Z_ρ and H, while electromagnetic and strong interactions remain unintegrated. The corresponding free currents are

J^±_ρ = g √ 2 C^±_ρ , J^0_ρ = g cos θ

C^0_ρ , J_H = 1 v C_H (6.1)

where

C^−_ρ ≡ ēγ_ρν_L + d̄V^+γ_ρP_Lu , C^0_ρ ≡ ∑ f f̄ γ_ρ ( T_3P_R − Q sin^2 θ ) f , C^+_ρ ≡ ν̄_Lγ_ρe + ūV γ_ρP_Ld , C_H ≡ ∑ f f̄Mf . (6.2)

Due to the factor 1/v, only the top quark contribution to the Higgs free current C_H is of comparable order of magnitude as the other free currents. Moreover, the contributions of the Higgs path integral to the effective action are suppressed by a factor 1/m^2_H and will be ignored in the following.

The full weak currents are obtained by varying the extended action with respect to the fields W^±_ρ , Z_ρ and H. The part of the Lagrangian due to non-commutative space-time receives contributions from the usual three sectors

ΔL = ΔL^{matter} + ΔL^{Higgs} + ΔL^{gauge} . (6.3)

Here ΔL^{matter} = ΔL^l + ΔL^q + h.c. + ΔL^{FP}, as given by (4.16) and (4.17), ΔL^{Higgs} is a certain linear combination of (4.22) and (5.6) and ΔL^{gauge} represents the contribution of the triple gauge boson interactions ( see [18, 25]) relevant at low energies.

The construction of the effective action starts by computing the variation of ΔL with respect to the massive bosonic field. Then, both fields and their variations are replaced by the convolution of free field propagators and the corresponding free currents. The effective action is obtained as a power series in inverse masses squared, but only the coefficients of lowest powers can be expressed in terms of Standard Model parameters. All the other coefficients depend in general on the regularization details.

It has been shown in Sect. 2 that the contribution of the fermions to the non-commu-tative effective action does not depend on the regularization details, because involving the totally antisymmetric tensor θ^{μνρ}. This property continues to be valid for the Standard Model extensions presented here. On the other hand, ΔL^{Higgs} and ΔL^{gauge} contain triple and quadruple boson interactions which are changed by renormalization. Moreover, such couplings in ΔL^{Higgs} have positive mass dimension and can contribute to order 1/m^4 in the effective action. Hence we will explicitly integrate only terms at most quadratically in the massive boson fields, thereby restricting our considerations to effective four-fermionic interactions.

The variation of ΔL^{matter} is then given by

δΔL^{matter}_X = δW^−_ρ g √ 2 [( C^l_X )_ρ + + (C^q_X)^ρ_+ ] + h.c. + δZ_ρ g cos θ ( C^{FP}_X )_ρ 0 , (6.4)

provided that the coefficient of δH is neglected. In (6.4) the subscript X stands for any of the four models discussed in previous sections. The coefficients of the field variations carry superscripts denoting the lepton (l), or quark (q) contributions to the flavor changing part, or of both, to the flavor preserving part (FP) for the non-commutative fermionic matter sector. The coefficients relevant to the effective four-fermionic interactions are given by ( C^l_X )_ρ + = ē [ θ^{μνρ} ( i^←∇_μ ∇_ν + e 2 F_{μν} ) − 1 2 θ^{ρμ}M_e∇_μ ] ν_L , (6.5) ( C^l_{HF} )_ρ + = ē [ θ^{μνρ} ( −i^←∇_μ ∇_ν + e 2 F_{μν} ) + 1 2 θ^{ρμ}M_e∇_μ ] ν_L , (6.6)

(C^q_X)^ρ_+ = d̄ [ V^+θ^{μνρ} ( i^←∇_μ ∇_ν − g_sG_{μν} − e 6 F_{μν} ) P_L − 1 2 θ^{ρμ} ( M_dV^+P_L∇_μ + V^+M_uP_R^←∇_μ )] u, (6.7)

(C^q_{TM})^ρ_+ = d̄ [ (w − w^′)V^+θ^{μνρ} ( i^←∇_μ ∇_ν − g_sG_{μν} − e 6 F_{μν} ) P_L − 1 2 θ^{ρμ} ( M_dV^+P_L∇_μ − V^+M_uP_R^←∇_μ )] u, (6.8)

(C^q_{HF})^ρ_+ = d̄ { θ^{μνρ}V^+ [ −(w − w^′)i^←∇_μ ∇_ν + e 2 F_{μν} ] P_L + 1 2 θ^{ρμ} ( M_dV^+P_L∇_μ − V^+M_uP_R^←∇_μ )} u , (6.9)

( C^{FP}_X )_ρ 0 = ∑ f f̄ { θ^{μνρ} ( T_3P_L − Q sin^2 θ ) ( i^←∇_μ ∇_ν − g_sG_{μν} − QeF_{μν} ) (6.10) − 1 2 θ^{ρμ}M [( T_3P_L − Q sin^2 θ ) ∇_μ + ( T_3P_R − Q sin^2 θ )_← ∇μ ]} f ,

( C^{FP}_{TM} )_ρ 0 = 2 ∑ f f̄T_3 { −θ^{μνρ} (γ_5 + 2wP_L) ( T_3P_L − Q sin^2 θ )

× ( i^←∇_μ ∇_ν − g_sG_{μν} − QeF_{μν} ) (6.11) + 1 2 θ^{ρμ}M [( T_3P_L − Q sin^2 θ ) ∇_μ + ( T_3P_R − Q sin^2 θ )_← ∇μ ]} f ,

( C^{FP}_{HF} )_ρ 0 = 2 ∑ f f̄ T_3 { θ^{μνρ} [( (1 + 2(w − 1) cos(2θ)) T_3P_L + 2 sin^2 θ (γ_5 + 2wP_L) Q )

× ( i^←∇_μ ∇_ν − g_sG_{μν} − ( Q − 1 sin^2 θ

T_3P_L ) eF_{μν} ) (6.12) + ( 1 + (w − 1) cos^2 θ ) ( T_3g_sG_{μν} − 1 4 sin^2 θ eF_{μν} ) P_L ]

− 1 2 θ^{ρμ}M [( T_3P_L + Q sin^2 θ ) ∇_μ + ( T_3P_R + Q sin^2 θ )_← ∇μ ]} f . Except for (6.5) which is valid for X = PM, TM and HS, the subscript X refers to both direct tensor product (PM) and hybrid scalar (HS) models.

Let us discuss now the contribution of the Higgs sector to the effective action. A look at (4.22) shows that it contains triple and quadruple boson interactions proportional to v^2, i.e to mass squared. The only contribution quadratic in the massive vector bosons is coming from the electromagnetic interaction

em^2_W 1 2 θ^{μν} F_{νρ} ( W^+_μ W^{−ρ} + h.c. − 1 2 δ^ρ_μW^+W^− ) . (6.13)

In the hybrid scalar model there is, as follows from (5.4) and (5.6) an additional electromagnetic interaction contributing to the effective action e 1 2 θ^{μν} F_{νρ} { 2∂_μH∂^ρH − 1 2 δ^ρ_μ [ (∂H)^2 − m^2_H 2 H^2 ]

+ m^2_W [ 2 ( W^+_μ W^{−ρ} + h.c. + 1 cos^2 θ Z_μZ^ρ ) − δ^ρ_μ ( W^+W^− + 1 2 cos^2 θ

Z^2 )]} .(6.14)

The last two terms in (6.14) give a contribution of order 1/m^4 in the effective action and can be neglected.

For the same reason one can neglect the contribution of ΔL^{gauge}. According to (A.4) the effective action is obtained from (6.4) and from ΔL^{Higgs} by means of the following replacements: δW^±_ρ , W^±_ρ ⇒ − g m^2_W √ 2 C^±_ρ , δZ_ρ, Z_ρ ⇒ − g m^2_Z cos θ

C^0_ρ . (6.15)

The effective Hamiltonian is given by

ΔH^{eff}_X = 4G_F √ 2 { C^−_ρ [( C^l_X )_ρ + + (C^q_X)^ρ_+ ] + h.c. + 2C^0_ρ ( C^{FP}_X )_ρ 0 − 1 2 θ^{μν} eF_{νρ} [ (κ_X + 2μ_X) ( C^+_μ C^{−ρ} + h.c. − δ^ρ_μ κ_X 2 C^+ · C^− )

+ μ_X ( 4C^0_μC^{0ρ} − δ^ρ_μ(C^0)^2 )]} (6.16)

where G_F / √ 2 ≡ g^2/(8m^2_W ) is the Fermi weak constant and

κ_{PM} = w_1 − w_2 , κ_{TM} = κ_{HF} = 1 , κ_{HS} = w_e + w_d − w_u = 1 − 2w_u ,

μ_{PM} = μ_{TM} = μ_{HF} = 0 , μ_{HS} = 2w_u − w_d 3 − w_e . (6.17)

Eq. (6.16) summarizes the non-commutative contribution of the various models to the processes involving four fermions. Since U_{em} ⨂ SU_c gauge symmetry is explicitly preserved, the formula describes also processes with one or more photons or / and gluons. In computing the corresponding transition probability amplitudes one must consider, besides the point interaction (6.16) tree diagrams in which one of the fermionic lines is off-shell.

7 Conclusions

The implementation of Yukawa interactions in non-commutative space-time provided several options for extending the Standard Model, all of them being based upon the gauge group U_Y (1) ⨂ SU_L(2) ⨂ SU_c(3). Each extension was obtained by assigning certain Seiberg–Witten maps to the fields entering the commutative Yukawa interaction. In tensor product models, one of the maps was transforming as the tensor product of the other two. Alternatively, the map associated to the central factor in the Yukawa product transformed left and right, as the maps corresponding to left- and right-handed fields, respectively. In this way we obtained hybrid non-commutative models. A further proliferation of models appeared because the couplings to Higgs and to its charge conjugate field were independent of each other. The complete non-commutative extension could be achieved with the same star product, or through opposite (complex conjugate) Moyal products. In case that inequivalent Seiberg–Witten maps were associated to the same commutative matter representation, we assumed a weighted contribution to the non-commutative action.

In particular, we derived, at lowest order in θ^{μν} , the non-minimal Non-Commutative Standard Model within the class of tensor products models. Also, by making hybrid Seiberg–Witten maps dynamical, we found that the corresponding non-commutative models always predict an electromagnetic coupling of neutral particles, like Z-boson, Higgs meson or neutrino.

We evaluated also low energy effective actions for the non-commutative models, by integrating out massive bosonic degrees of freedom. If pure fermionic matter coupled to massive vector bosons of mass m, we derived an effective action for four- and six-fermion processes, valid up to order 1/m^4 included. On the other hand, due to the Higgs mechanism, non-commutative extensions of the Standard Model contain, in general, triple and quadruple boson couplings of positive mass dimension. Such couplings being renormalized were discarded, reducing the validity of the effective actions to order 1/m^2. We obtained formulas for the low energy effective interaction Hamiltonian of four fermions and a number of photons and gluons limited only by the U_{em}(1) ⨂ SU_c(3) gauge symmetry.

Aknowledgement This work has been supported by the Federal German Min-

istry for Research BMBF under project 05HT4PSA/6. I thank Thorsten Feldmann and Thomas Mannel for interesting and fruitful discussions and suggestions.

A Appendix

We shall give here a formula for the effective action obtained by integrating out massive bosonic fields coupled to currents. Our starting point is the action 1 2 ξ_iK_{ij} ξ_j + u_iξ_i − V (ξ) . (A.1)

In (A.1) we use a highly compact notation in which space time coordinates and field indices are included in Latin indices i, j, k, . . ., summation occurs whenever an index is repeated. The basic fields (upon one will integrate) are denoted by ξ_i and the (free) currents by u_i, the symmetric matrix K_{ij} in the kinetic term is nonsingular, its inverse being the free propagator. We also assume V (ξ) to be polynomial of some degree N in the field ξ and derivatives V (ξ) = N∑ α=1 1 α C_{i1...iα} ξ_{i1} · · · ξ_{iα} . (A.2) The effective action S^{eff} (u) is defined to be the part of the path integral 1 i ln ∫ (∏ k dξ_k ) exp { i [ 1 2 ξ_iK_{ij} ξ_j + u_iξ_i − V (ξ) ]} (A.3)

linear in the coefficients C_{i1 ...iα} .

One obtains

S^{eff} (u) = − 1 2 u_iū_i + 2ū_iJ_i(0) −

∫_1 0 da ū_iJ_i(aū) − P_{N −2}(ū) (A.4)

where ū_i ≡ K^{−1}_{ij} u_j and J_i(ξ) is the full current defined by δV = J_i(ξ)δξ_i. In terms of the coefficients introduced in (A.2) the full current has the following expansion:

J_i(ξ) = C_i + C_{ij} ξ_j + C_{ijk}ξ_j ξ_k + · · · . (A.5)

Finally, P_{N −2}(ū) is a certain polynomial of degree N − 2 in ū. For the purpose of this paper the case N = 6, considered below, is sufficient. We have

P_4(ū) = C_{ijk} K^{−1}_{ij} i ū_k + 3 4 C_{ijkl} ( K^{−1}_{ij} i K^{−1}_{kl} i + 2 K^{−1}_{ij} i ū_kū_l )

+ C_{ijklm} ( 3 K^{−1}_{ij} i K^{−1}_{kl} i ū_m + 2 K^{−1}_{ij} i ū_kū_lū_m ) (A.6) + 5 2 C_{ijklmn} ( K^{−1}_{ij} i K^{−1}_{kl} i K^{−1}_{mn} i + 3 K^{−1}_{ij} i K^{−1}_{kl} i ū_mū_n + K^{−1}_{ij} i ū_kū_lū_mū_n ) . In a local field theory the factors K^{−1}_{ij} in (A.7) represent free propagators at zero distance and are divergent quantities. Without entering the regularization details one can estimate the importance of the various terms in P_4(ū) by simple dimensional analysis.

Let us apply (A.4) to get the effective action in non-commutative space-time for the simple theory described in Sect. 2, where the free currents u_i are given by ψ̄γ^ρt_aψ. Due to the antisymmetry of θ^{μνρ}, the matter sector represented by (2.14) does not yield any contribution to the corresponding polynomial. Contributions are however expected from the kinetic term for non-commutative vector fields. Notice that each factor ū_i, or K^{−1}_{ij} introduces an inverse power of mass squared. Referring to (2.13) one easily finds that the contribution of (A.7) to the effective four-fermion interaction is given by 3 2 ( C_{ijkl} K^{−1}_{ij} i ū_kū_l + 5C_{ijklmn} K^{−1}_{ij} i K^{−1}_{kl} i ū_mū_n ) . (A.7)

Since both C_{ijkl} and C_{ijklmn} do not introduce factors of order m, the contribution of (A.7) is of order 1/m^6.

References

[1] There are by now several excellent reviews of the topic: M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2002) 977, arXiv:hep-th/0106048; R. J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rep. 378 (2003) 207, arXiv:hep-th/0109162; R.J. Szabo, Magnetic backgrounds and noncommutative field theory, Int. J. Mod. Phys. A 19 (2004) 1837, arXiv:physics/0401142.

[2] The idea is attributed to Heisenberg in W. Pauli, Scientific Correspondence, vol. II, Ed. K. v. Meyenn, Springer-Verlag 1985. It arrived via Peierls and Pauli to Oppenheimer, see W. Pauli, Scientific Correspondence, vol. III, Ed. K. v. Meyenn, Springer-Verlag 1993. The first systematic study was done by a student of Oppenheimer, H.S. Snyder, Quantized spacetime, Phys. Rev. 71 (1947) 38 and The electromagnetic field in quantized spacetime, Phys. Rev. 72 (1947) 68; see also C.N. Yang, On quantized spacetime, Phys. Rev. 72 (1947) 874.

[3] A. Connes, M.R. Douglas and A. Schwarz, Noncommutative geometry and Matrix theory: compactification on tori, JHEP 9802 (1998) 003, arXiv:hep-th/9711162.

[4] X. Calmet, Spacetime symmetries of noncommutative spaces, Phys. Rev. D 71 (2005) 085012, arXiv:hep-th/0411147.

[5] The star product appears for the first time in H. Weyl, Quantenmechanik und Gruppentheorie, Z. Physik 46 (1927) 1. It is used again by E.P. Wigner, Quantum corrections for thermodynamic equilibrium, Phys. Rev. 40 (1932) 749. It has been independently redescovered by H.J. Groenewold, On the principles of elementary quantum mechanics, Physica 12 (1946) 405 and by J.E. Moyal, Quantum mechanics as a statistical theory, Proc. Cambridge Phil. Soc. 45 (1949) 99.

[6] S. Minwalla, M. van Raamsdonk and N. Seiberg Noncommutative perturbative dynamics, JHEP 0002 (2000) 020, arXiv:hep-th/9912072.

[7] J. Gomis and T. Mehen, Space-time noncommutative field theories and unitarity, Nucl. Phys. B 591 (2000) 265, arXiv:hep-th/0005129; O. Aharony, J. Gomis and T. Mehen, On theories with light-like noncommutativity, JHEP 0009 (2000) 023, arXiv:hep-th/0006236; D. Bahns, S. Dopplicher, K. Fredenhagen and G. Piacitelli, On the unitarity problem in space/time noncommutative theories, Phys. Lett. B 533 (2002) 178, arXiv:hep-th/0201222.

[8] L. Alvarez-Gaumé, J.L.F. Barbón and R. Zwicky, Remarks on Time- Space Noncommutative Field Theories, JHEP 0105 (2001) 057, arXiv:hep-th/0103069.

[9] V. Gayral, J.M. Gracia-Bondía and F. Ruiz Ruiz, Trouble with spacelike noncommutative field theory, Phys. Lett. B 610 (2005) 141, arXiv:hep-th/0412235.

[10] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 9909 (1999) 032, arXiv:hep-th/9908142.

[11] B. Jurčo, S. Schraml, P. Schupp and J. Wess, Enveloping algebra valued gauge transformations for non-abelian gauge groups on non-commutative spaces, Eur. Phys. J. C 17 (2000) 521, arXiv:hep-th/0006246.

[12] B. Jurčo, L. Möller, S. Schraml, P. Schupp and J. Wess, Construction of non-Abelian gauge theories on noncommutative spaces, Eur. Phys. J. C 21 (2001) 383, arXiv:hep-th/0104153.

[13] F. Brandt, C.P. Martín and F. Ruiz Ruiz, Anomaly freedom in Seiberg–Witten noncommutative gauge theories, JHEP 07 (2003) 068, arXiv:hep-th/0307292.

[14] X. Calmet, B. Jurčo, P. Schupp, J. Wess and M. Wohlgenannt, The Standard Model on non-commutative space-time, Eur. Phys. J. C 23 (2002) 363, arXiv:hep-ph/0111115.

[15] P. Aschieri, B. Jurčo, P. Schupp and J. Wess, Non-commutative G U T s, Standard Model and C, P, T, Nucl. Phys. B 651 (2003) 45, arXiv:hep-th/0205214.

[16] I.F. Riad and M.M. Sheikh-Jabbari, Noncommutative QED and Anomalous Dipole Moments, JHEP 08 (2000) 045, arXiv:hep-th/0008132.

[17] J.L. Hewett, F.J. Petriello and T.G. Rizzo, Signals for Non-Commutative Interactions at Linear Colliders, Phys. Rev. D 64 (2001) 075012, arXiv:hep-ph/0010354.

[18] W. Behr, N.G. Deshpande, G. Duplančić, P. Schupp, J. Trampetić and J.

Wess, The Z −→ γγ , gg decays in the noncommutative Standard Model, Eur. Phys. J. C 29 (2003) 441, arXiv:hep-ph/0202121; G. Duplančić, P. Schupp and J. Trampetić, Comment on triple gauge boson interactions in the non-commutative electroweak sector, Eur. Phys. J. C 32 (2003) 141, arXiv:hep-ph/0309138.

[19] M. Caravati, A. Devoto and W.W. Repko, Noncommutative QED and the Lifetime of Ortho and Para Positronium, Phys. Lett. B 556 (2003) 123, arXiv:hep-ph/0211463.

[20] J. Trampetić, Rare and forbidden decays, Acta Phys. Pol. B 33 (2002) 4317, arXiv:hep-ph/0212309.

[21] T. Ohl and J. Reuter, Testing the Noncommutative Standard Model at a Future Photon Collider, Phys. Rev. D 70 (2004) 076007, arXiv:hep-ph/0406098.

[22] X. Calmet, What are the Bounds on Space-Time Noncommutativity, Eur.

Phys. J. C 41 (2005) 269, arXiv:hep-ph/040197.

[23] B. Melić, K. Passek-Kumerički and J. Trampetić, Quarkonia decays into two photons induced by space-time non-commutativity, arXiv:hep-ph/0503133 and K −→ πγ decays and space-time noncommutativity, arXiv:hep-ph/0507231.

[24] P. Schupp and J. Trampetić, The Noncommutative Standard Model and Forbidden Decays, arXiv:hep-ph/0405163.

[25] B. Melić, K. Passek-Kumerički, J. Trampetić, P. Schupp and M. Wohlgenannt The Standard Model on Non-Commutative Space-Time: Electroweak Currents and Higgs Sector, arXiv:hep-ph/0502249 and The Standard Model on Non-Commutative Space-Time: Strong Interaction Included, arXiv:hep-ph/0503064.

[26] M. Chaichian, P. Prešnajder, M.M. Sheikh-Jabbari and A. Tureanu, Noncommutative Standard Model: Model Building, Eur. Phys. J. C 29 (2003) 413, arXiv:hep-th/0107055.

[27] H. Grosse and Y. Liao, Pair Production of neutral Higgs bosons through noncommutative QED interactions at linear colliders, Phys. Rev. D 64 (2001) 115007, arXiv:hep-ph/0104260.

[28] P. Schupp, J. Trampetić, J. Wess and G. Raffelt, The photon-neutrino interaction in non-commutative gauge field theory and astrophysical bounds, Eur. Phys. J. C 36 (2004) 405, arXiv:hep-ph/0212292.

[29] P. Minkowski, P. Schupp and J. Trampetić, Noncommutative “ ⋆-charge radii ” and “ ⋆-dipole moments ” of neutrino, Eur. Phys. J. C 37 (2004) 123, arXiv:hep-th/0302175.

[30] L. Möller, Second order of the expansion of the action functionals of the noncommutative standard model, arXiv:hep-th/0409085.