arXiv:hep-th/0508030 v2 15 Oct 2005

On Deformations of Generalized Complex Structures: the Generalized Calabi-Yau Case

Yi Li^∗

California Institute of Technology, Pasadena, CA 91125, U.S.A.

October 15, 2005

Abstract

We prove an analog of the Tian-Todorov theorem for twisted generalized Calabi-Yau manifolds; namely, we show that the moduli space of generalized complex structures on a compact twisted generalized Calabi-Yau manifold is un-obstructed and smooth. We also construct the extended moduli space and study its Frobenius structure. The physical implications are also discussed.

CALT-68-2569

∗Current address: New High Energy Theory Center, Rutgers University, Piscataway, NJ 08854. 1

1 Introduction

Generalized complex geometry, recently introduced by Hitchin [10] and developed more thoroughly by Gualtieri [8], has attracted growing attention in both mathematics and physics. Mathematically, perhaps the most striking fact is that generalized complex geometry unifies symplectic geometry and complex geometry; this property may shed new light on the mysteries of mirror symmetry [2]. From the physical point of view, generalized complex geometry has already found many applications in string theory; see refs. [12, 17, 13, 6, 4, 28] for a very selected list of examples.

The deformation theory of generalized complex structures is studied by Gualtieri in Ref. [8]. As in the case of complex geometry where the inequivalent infinitesimal deformations of the complex structure are given by the first cohomology of the tangent sheaf, infinitesimal deformations of a generalized complex structure are also described by a cohomology group: the second cohomology group of a Lie algebroid that is intrinsically associated with the generalized complex structure. This space of infinitesimal deformations is obstructed in general, and the obstruction lies in the third cohomology of the same Lie algebroid. On a generalized complex manifold with non-vanishing third Lie algebroid cohomology, it is usually not a trivial task to determine whether a given infinitesimal deformation is obstructed or not.

To make further progress, one needs to make additional assumptions about or impose additional structures on the generalized complex manifold under consideration. In this article, we investigate the interesting case of generalized Calabi-Yau manifolds, which are generalized complex manifolds with additional structures and whose precise definition will be recalled in Sec. 4. Generalized Calabi-Yau manifolds are interesting objects because they appear to be the natural candidates on which mirror symmetry acts; furthermore, string theory models based on compactification on generalized Calabi-Yau manifolds have already generated a lot of interest lately. Understanding the deformation theory of generalized Calabi-Yau manifolds is therefore important for both mathematical and physical reasons.

We first recall some known facts about deformations of complex structure on an ordinary Calabi-Yau manifold. Let X be a complex manifold, and T its tangent sheaf. As already mentioned, the infinitesimal deformations of the complex structure are parameterized by the sheaf cohomology group H^1(T ); furthermore, the obstruction map lives in the second sheaf cohomology H^2(T ) [15]. In the case of Calabi-Yau manifolds^1, however, one can make a much stronger statement. It was

1There are several inequivalent definitions of Calabi-Yau manifolds in the literature. The proper definition in our context is that of a Kähler manifold with holomorphically trivial canonical bundle or, equivalently, a Riemannian manifold with holonomy group H ⊆ SU (n). See Sec. 4 for more

shown by Tian [23] and Todorov [24] that the obstruction map vanishes for compact Calabi-Yau manifolds, and therefore the moduli space of complex structures is smooth and of complex dimension dim H^1(T ). We prove in this article an analog of the Tian-Todorov theorem for (twisted) generalized Calabi-Yau manifolds. Namely, the moduli space of generalized complex structures on a compact (twisted) generalized Calabi-Yau manifold is un-obstructed and smooth, and has the same dimension as the second cohomology group of the canonically associated Lie algebroid.

There is a further generalization of the above mentioned results. In modern deformation theory, one assigns a functor to a given algebraic structure to describe its deformations. Under favorable conditions, this deformation functor can be represented by a formal moduli space. This is the case for deformations associated with a generalized Calabi-Yau manifold, where the relevant algebraic structure is that of a differential graded Lie algebra^2 that is intrinsically associated with the generalized Calabi-Yau structure. We call the moduli space so constructed the extended moduli space, and it includes the moduli space of generalized complex structures as a subspace. In the case of ordinary Calabi-Yau manifold, the extended moduli space was constructed and analyzed by Barannikov and Kontsevich in Ref. [1]. In this paper, we extend this analysis to twisted generalized Calabi-Yau manifolds, and comment on the physical significance.

This paper is organized as follows. We recall some basic facts of generalized complex geometry and generalized Kähler geometry in Sec. 2; this also serves to explain our conventions and notation. Then we briefly review the deformation theory of generalized complex structures in Sec. 3. In Sec. 4, after giving some preliminary definitions about generalized Calabi-Yau manifolds, we proceed to prove a vanishing theorem (Theorem 5) for compact generalized Calabi-Yau manifolds. This is one of the main results in this paper. In Sec. 5, we construct the extended moduli space for generalized Calabi-Yau manifolds and study its key properties (the Frobenius structure). Finally, we give physical interpretation of our results in Sec. 6.

2 Generalized Complex Manifolds and Generalized Kähler Manifolds

In this section, we recall some basic definitions in generalized complex geometry and generalized Kähler geometry. The reader is referred to Ref. [8] for a more

discussion on this point.

2More precisely, a differential Gerstenhaber algebra.

comprehensive treatment.

Let M be a smooth manifold, and T its tangent bundle. The hallmark of generalized geometries is that geometric structures are defined on T ⊕ T^∗, rather than on T or T^∗ alone [10]. A noted difference of T ⊕ T^∗ from T is that it is equipped with a canonical nondegenerate inner product, which is given by ⟨X + ξ, Y + η⟩ = 1 2 (ι_X η + ι_Y ξ), ∀ X, Y ∈ C^∞(T ), ξ, η ∈ C^∞(T^∗). There is also a canonical bracket on T ⊕ T^∗, the Courant bracket, which is defined by [X + ξ, Y + η] = [X, Y ] + L_X η − L_Y ξ − 1 2 d(ι_X η − ι_Y ξ). Here, on the right-hand side, [, ] denotes the usual Lie bracket of vector fields. Equipped with this bracket structure, T ⊕ T^∗ is an example of the so-called Courant algebroids [18]. When restricted to an involutive isotropic subbundle of T ⊕ T^∗, the Courant bracket becomes a Lie bracket, and the Courant algebroid structure reduces to a Lie algebroid structure^3.

A generalized almost complex structure on M is a smooth section J of the endomorphism bundle End (T ⊕ T^∗), which is orthogonal with respect to the canonical inner product, and squares to minus identity on T ⊕ T^∗. Like almost complex structures, generalized almost complex structures only exist on even-dimensional manifolds. Let E ⊂ (T ⊕ T^∗) ⊗ C be the +i-eigenbundle of J . The generalized almost complex structure is said to be integrable if E is closed under the Courant bracket. In this case, J is called a generalized complex structure. Note that E is a maximal isotropic subbundle of (T ⊕ T^∗) ⊗ C , so the Courant algebroid structure of T ⊕ T^∗ endows E with the structure of a complex Lie algebroid. This association of a Lie algebroid to a generalized complex structure is important. Certain cohomology of the Lie algebroid governs the infinitesimal deformations of the generalized complex structure J [8], as we shall see in Sec. 3.

On a generalized almost complex manifold (M, J ) of real dimension 2N, there is an alternative grading on the space of smooth complex differential forms:

Ω^•(M, C ) ≃ U_0 ⊕ U_1 ⊕ · · · ⊕ U_{2N} . (1)

Here U_0 is the canonical line bundle of (M, J ), whose sections are forms annihilated by E via the spin representation: (X + ξ) · α = ι_X α + ξ ∧ α, ∀ X ∈ C^∞(T ), Y ∈ C^∞(T^∗), α ∈ Ω^•(M, C ). 3For an in-depth treatment of Lie algebroids, see Ref. [19].

The spin representation induces a natural action of ∧^•E^∗ by linearity, and U_k ≡ ∧^kE^∗ · U_0. In the following, we adopt the convention that the action of A = A_1 ∧ A_2 ∧ · · · ∧ A_k ∈ C^∞(∧^k E^∗) on Ω^•(M, C ) be given by A · α = (A_1 ∧ A_2 ∧ · · · ∧ A_k) · α ≡ A_1 · A_2 . . . A_k · α, ∀ α ∈ Ω^•(M, C ). According to this convention, (A ∧ B) · α = A · B · α for any A, B ∈ C^∞(∧^•E^∗).

The alternative grading in (1) can be used to define the generalized Dolbeault operators [8], which we denote by ∂_J and ¯∂_J to signify their dependence on the generalized almost complex structure J . It can be shown that J is integrable if and only if d = ∂_J + ¯∂_J .

A generalized Kähler structure is a triple (M, I, J ), such that I and J are a pair of commuting generalized complex structures on M, and that G : (A, B) → −⟨IJ A, B⟩ defines a positive-definite metric on T ⊕ T^∗. An important property of generalized Kähler manifolds is that they satisfy a generalized version of the Kähler identities [9]. Let (M, J_1, J_2) be a compact generalized Kähler manifold, and let ∂_J , ¯∂_J be the generalized Dolbeault operators for either J_1 or J_2. Let Δ_d, Δ_{∂J} , and Δ ¯_{∂J} be the canonically associated Laplacians for d, ∂_J , and ¯∂_J , respectively.^4 The generalized Kähler identities then imply

Δ_d = 2Δ_{∂J} = 2Δ ¯_{∂J} . (2)

A direct consequence of (2) is that a generalized version of the ∂ ¯∂-lemma holds for ∂_J and ¯∂_J , a fact that will be important for us in the following. Aspects of the generalized ∂ ¯∂-lemma in the context of generalized geometries are discussed by Cavalcanti [3].

Everything said so far can be twisted by a real closed 3-form H ∈ Ω^3_{closed}(M). The twisted Courant bracket is defined by [X + ξ, Y + η]_H = [X + ξ, Y + η] + ι_Y ι_X H, ∀ X, Y ∈ C^∞(T ), ξ, η ∈ C^∞(T^∗). One defines twisted generalized complex structures and twisted generalized Kähler structures in an obvious way, replacing the Courant bracket by its twisted counterpart everywhere. The alternative decomposition of differential forms in (1) and the definition of generalized Dolbeault operators remain essentially unchanged, except that the integrability condition now reads d_H = ∂_{J ,H} + ¯∂_{J ,H} , where d_H = d − H∧ is

4These Laplacians are constructed by using the Born-Infeld metric, which derives from the generalized Riemannian metric G. See [9] for details.

the twisted de Rham differential. There is also a twisted version of (2) on a compact twisted generalized Kähler manifold:

Δ_{dH} = 2Δ_{∂H} = 2Δ ¯_{∂H} . (3)

Here and in the following, we write ∂_H and ¯∂_H for ∂_{J ,H} and ¯∂_{J ,H} when there is no chance for confusion.

3 Deformation Theory of Generalized Complex Structures

In this section, we review the deformation theory of generalized complex structures developed by Gualtieri [8]. If one recalls the relation between a generalized complex structure and its associated Lie algebroid E, deformations of J can be regarded as variations of E inside the space of maximal isotropic subbundles of real index zero, with some extra integrability condition. An admissible variation of E is represented by an element ϵ ∈ C^∞(∧^2E^∗), which can be regarded as a bundle map E → E^∗ : A → A⌟ϵ. It deforms the eigenbundle E to E_ϵ = (1 + ϵ)E. It turns out that E_ϵ corresponds to an integrable deformation of J if and only if the Maurer-Cartan equation is satisfied: d_E ϵ + 1 2 [ϵ, ϵ] = 0. (4)

Here the bracket denotes the Schouten bracket on ∧^•E^∗, which is derived from the Lie bracket on E^∗, and d_E is the Lie algebroid differential on ∧^•E^∗. Infinitesimal deformations, which are solutions to the linearized Maurer-Cartan equation, d_E ϵ = 0, can be shown to correspond to the second Lie algebroid cohomology H^2(d_E ) [8].

Given an infinitesimal deformation, there are obstructions to integrating it into a finite deformation of the generalized complex structure that satisfies the Maurer- Cartan equation (4). The obstructions can be shown to live in H^3(d_E ). More precisely, one has the following theorem.

Theorem 1 (Gualtieri, [8]) There exists an open neighborhood U ⊂ H^2(d_E ) containing zero that parameterizes a smooth family of generalized almost complex deformations of J , and an analytic obstruction map Φ : U → H^3(d_E ) with Φ(0) = 0 and dΦ(0) = 0, such that the integrable deformations are the ones in the sub-family M = Φ^{−1}(0). Any sufficiently small deformation of J is equivalent to at least one member of the family M. In the case that the obstruction map vanishes, M is a smooth locally complete family.

On a generalized complex manifold with H^3(d_E ) = 0, the obstruction map vanishes automatically, and M admits a smooth family of deformations of dimension dim H^2(d_E ) according to Theorem 1. However, the assumption H^3(d_E ) = 0 is neither necessary nor natural. As we show in the next section, there is a far more interesting class of manifolds that also enjoy the special property of having a vanishing obstruction map.

4 Deformations on a Compact Twisted Generalized Calabi-Yau Manifold

4.1 Some definitions

There are several different notions of generalized Calabi-Yau manifolds used in the mathematics and physics literature. To avoid possible confusions, we introduce some definitions to differentiate among them. We start with the most general one, which is also the original definition introduced by Hitchin.

Definition 1 (Hitchin, [10]) A weak generalized Calabi-Yau manifold is a generalized complex manifold (M, J ), such that its canonical line bundle is generalized holomorphically trivial, i.e., there exists a nowhere zero section Ω of the canonical bundle such that dΩ = ¯∂_J Ω = 0. If there is a closed 3-form H, one defines a weak twisted generalized Calabi-Yau structure similarly, by requiring d_H Ω = ¯∂_H Ω = 0. The section Ω is sometimes referred to as a generalized holomorphic volume form on (M, J ).

The scope of weak generalized Calabi-Yau manifolds is rather broad; in particular, any symplectic manifold is a weak generalized Calabi-Yau manifold. To make analogy with an ordinary Calabi-Yau manifold, which usually comes with (or admits) a Kähler structure, we should impose additional structures. This motivates the following series of increasingly restrictive definitions.

Definition 2 A generalized Calabi-Yau manifold is a triple (M, J ; I), such that it is a generalized Kähler manifold with commuting generalized complex structures (I, J ), and that (M, J ) defines a weak generalized Calabi-Yau structure.

Definition 3 A strong generalized Calabi-Yau manifold is a generalized Calabi-Yau manifold (M, J ; I), such that the canonical line bundle for I is topologically trivial.

Definition 4 (Gualtieri, [8]) A generalized Calabi-Yau metric is a generalized Kähler manifold (M, I, J ), such that both (M, I) and (M, J ) define weak generalized Calabi-Yau structures.

Obviously, there is also an H-twisted version for each of them.

Where do ordinary Calabi-Yau manifolds fit in? Unfortunately this is an imprecise question, since there are several slightly different but inequivalent definitions of Calabi-Yau manifolds in the literature as well^5. A commonly used version is that of a Kähler manifold whose first Chern class is trivial; this is also the type of geometric structure studied in Yau’s proof of the Calabi conjecture [27]. According to our terminology, it is actually an example of strong generalized Calabi-Yau manifolds, with the Kähler form defining a weak generalized Calabi-Yau structure. Another popular definition of a Calabi-Yau manifold is a Riemannian manifold with SU(n) holonomy, and its popularity largely comes from string compactification applications. In our terminology, it corresponds to a generalized Calabi-Yau metric.

In this section, we shall prove a vanishing theorem for compact (twisted) generalized Calabi-Yau manifolds (Theorem 5). It is a generalization of the well-known Tian-Todorov theorem [23, 24], which states that the moduli space of complex structures on a compact Calabi-Yau manifold (in the sense of an SU(n) holonomy manifold) is un-obstructed, to the realm of generalized geometries. As pointed out above, an SU(n) manifold is an example of generalized Calabi-Yau metrics, which are quite more restrictive than the generalized Calabi-Yau structure given in Def. 2. Our results then suggest that even in the traditional setting (i.e., in the ‘non-generalized’ setting), the results of Tian and Todorov can be extended beyond SU(n) holonomy manifolds^6. Indeed, this fact was already pointed out by Tian in Ref. [23]. Generalized geometries provide a natural framework for this extension.

But is the generalized Calabi-Yau structure (as in Definition 2) a necessary condition for the vanishing theorem to hold? Strictly speaking, this is not so. As it will become clear in the next subsection, provided that one has a weak generalized Calabi-Yau structure, and that a form of the identity (2) holds, the vanishing theorem should still hold. However, we do not know at this point how to categorize the most general manifolds that have these properties in simple terms. In this article, we shall focus exclusively on generalized Calabi-Yau manifolds, even though the results are applicable to more general situations.

5See Ref. [11], Chap. 5, for a list of different definitions.

6In particular, they can be extended to manifolds that do not admit Kähler structure.

4.2 The vanishing theorem

First we prove some preliminary results. Let (M, J ) be an H-twisted generalized complex manifold, and E the +i-eigenbundle of J as before. Recall that the space of smooth complex differential forms are decomposed into eigenspaces of J as in Eq. (1). The twisted Courant bracket restricts to a Lie bracket on E^∗ ≃ Ē. This Lie bracket can be extended into a Schouten bracket on ∧^•E^∗, which we continue to denote by [, ]_H ; it is defined by

[A, B]_H = ∑ i,j (−1)^{i+j} [A_i, B_j ]_H ∧ A_1 ∧ · · · Â_i · · · ∧ A_p ∧ B_1 ∧ · · · B̂_j · · · ∧ B_q,

where A = A_1 ∧ · · · ∧ A_p ∈ C^∞(∧^pE^∗) and B = B_1 ∧ · · · ∧ B_q ∈ C^∞(∧^q E^∗).

Lemma 2 Let ρ be an arbitrary smooth differential form. For any A ∈ C^∞(∧^pE^∗), B ∈ C^∞(∧^qE^∗), one has

d_H (A · B · ρ) = (−1)^pA · d_H (B · ρ) + (−1)^{(p−1)q}B · d_H (A · ρ) + (−1)^{p−1}[A, B]_H · ρ + (−1)^{p+q+1}A · B · d_H ρ (5)

Proof: It suffices to assume A = A_1 ∧ A_2 ∧ · · · ∧ A_p, B = B_1 ∧ B_2 ∧ · · · ∧ B_q, where all A_i’s and B_i’s are smooth sections of E^∗. We proceed by induction. The case of p = q = 1 is already proven in the literature. It is proved in Ref. [8] that A · B · dρ = d(B · A · ρ) + B · d(A · ρ) − A · d(B · ρ) + [A, B] · ρ − d⟨A, B⟩ ∧ ρ for any A, B ∈ C^∞(T ⊕ T^∗). The H-twisted version is proved in Ref. [13]. As we are restricting to A, B ∈ C^∞(E^∗), the term involving the inner product can be dropped, and we obtain (5) for p = q = 1.

Now suppose (5) holds for all p ≤ k, q = ℓ. We show that it also holds for p = k + 1, q = ℓ. Assume A = A_0 ∧ Ã, where Ã = A_1 ∧ A_2 ∧ · · · ∧ A_k, and B = B_1 ∧ B_2 ∧ · · · ∧ B_ℓ, with all A_i, B_i ∈ C^∞(E^∗). Write A_0 = X + ξ, where

X ∈ C^∞(T ) and ξ ∈ C^∞(T^∗). We have d_H (A · B · ρ) = d_H (ι_X + ξ∧)(Ã · B · ρ) = (L_X + dξ ∧ −ι_X H∧)Ã · B · ρ − A_0 · d_H (Ã · B · ρ) = (L_X + dξ ∧ −ι_X H∧)Ã · B · ρ − A_0 · ( (−1)^kÃ · d_H (B · ρ) + (−1)^{(k−1)ℓ}B · d_H (Ã · ρ) + (−1)^{k−1}[Ã, B]_H · ρ + (−1)^{k+ℓ+1}Ã · B · d_H ρ ) = (L_X + dξ ∧ −ι_X H∧)Ã · B · ρ + (−1)^{k+1}A · d_H (B · ρ) − (−1)^{kℓ}B · A_0d_H (Ã · ρ) + (−1)^kA_0 · [Ã, B]_H · ρ + (−1)^{k+ℓ}A · B · d_H ρ = (−1)^{k+1}A · d_H (B · ρ) + (−1)^{kℓ}B · d_H (A · ρ) + (−1)^{k+ℓ}A · B · d_H ρ + (−1)^k (A_0 ∧ [Ã, B]_H) · ρ + (L_X + dξ ∧ −ι_X H∧)Ã · B · ρ − (−1)^{kℓ}B · (L_X + dξ ∧ −ι_X H∧)Ã · ρ (6) Furthermore, we note that for any C = Y + η ∈ C^∞(E^∗) and any α ∈ Ω^•(M, C ), [L_X + dξ ∧ −ι_X H∧, C·]α = [L_X + dξ ∧ −ι_X H∧, ι_Y + η∧]α = ( ι_{[X,Y ]} + L_X η − ι_Y (dξ) ∧ +ι_Y ι_X H ∧ ) α = [A_0, C]_H · α.

It is then straightforward to check that the last two terms on the right-hand side of (6) combine to give (−1)^{kℓ} ([A_0, B]_H ∧ Ã) · ρ.

Substituting it back to (6) yields

d_H (A · B · ρ) = (−1)^{k+1}A · d_H (B · ρ) + (−1)^{kℓ}B · d_H (A · ρ) + (−1)^k [A, B]_H · ρ + (−1)^{k+ℓ}A · B · d_H ρ.

This proves (5) for q = ℓ and all p ≥ 1. Since (5) is graded symmetric in A and B, it must hold for all p and q. □

If (M, J ) is an H-twisted weak generalized Calabi-Yau manifold, and Ω a nowhere zero d_H -closed section of U_0 (i.e., a generalized holomorphic volume form), then any A ∈ C^∞(∧^•E^∗) is canonically associated with a differential form A^′ ≡ A · Ω via the spin representation. One has the following corollary.

Corollary 3 Let A ∈ C^∞(∧^pE^∗), B ∈ C^∞(∧^qE^∗). If both A^′ and B^′ are ∂_H -closed, then the following identity holds

∂_H (A ∧ B)^′ = (−1)^{p−1} [A, B]^′_H.

Proof: This is an immediate consequence of Lemma 2 by letting ρ = Ω ∈ C^∞(U_0) and projecting Eq. (5) to U_{p+q−1}. □

In fact, the map^′ : C^∞(∧^•E^∗) → Ω^•(M, C ) establishes a complex isomorphism between (C^∞(∧^•E^∗), d_E) and (Ω^•(M, C ), ¯∂_H ). This fact follows from the assertion that (Ω^•(M, C ), ¯∂_H ) is a Lie algebroid module over the differential graded complex (∧^•E^∗, d_E ) [8]. Due to the importance of this result in the following, we provide an independent proof here.

Proposition 4 For any α ∈ C^∞(∧^•E^∗), we have

(d_E α)^′ = ¯∂_H (α^′). (7)

Proof: It suffices to assume α to have a definite grade, and we prove the proposition by induction. For any f ∈ C^∞(M), A ∈ C^∞(E), we have

A · (d_E f)^′ = (A⌟d_Ef)Ω = π(A)fΩ = A · df ∧ Ω = A · d_H (fΩ)

where π denotes the anchor map of E. As A is arbitrary, one has (d_E f)·Ω = d_H (fΩ). Now suppose α ∈ C^∞(E^∗). Given any A, B ∈ C^∞(E), A · B · (d_E α)^′ = A · (B⌟d_Eα) · Ω = d_E α(B, A)Ω = ( − π(A)α(B) + π(B)α(A) + α([A, B]) ) Ω. On the other hand, if we denote B = Y + η, Y ∈ C^∞(T ), η ∈ C^∞(T^∗), A · B · ¯∂_H (α^′) = A · B · d_H (α · Ω) = A · (L_Y + dη − ι_Y H)α^′ − A · d_H (B · α · Ω) = [A, B]_H · α · Ω + B · d_H (A · α^′) − A · d_H (α(B)Ω) = α([A, B])Ω + B · d_E (α(A)) · Ω − A · d_E (α(B)) · Ω = ( α([A, B]) + π(B)α(A)) − π(A)α(B) ) Ω. As A, B are arbitrary, the relation (7) holds for α ∈ C^∞(E^∗). By the standard induction argument, it is easy to show that (7) is true for any α ∈ C^∞(∧^•E^∗). □

A direct consequence of this proposition is that the d_E -cohomology and the ¯∂_H - cohomology are isomorphic and can be used interchangeably.

We are now ready to state the main theorem of this section.

Theorem 5 Let (M, J ; I) be a compact H-twisted generalized Calabi-Yau manifold as in Definition 2. Then the obstruction map for deformations of J vanishes. In particular, sufficiently small deformations of J are parameterized by a smooth moduli space M of complex dimension dim_C H^2(d_E ).

Proof: Let us first define several (quasi-)elliptic differential operators. Recall that G = −IJ defines a positive-definite metric on T ⊕ T^∗, and it induces a natural Hermitian inner product on Ω^•(M, C ) (therefore also on C^∞(∧^•E^∗)) that generalizes the familiar Hodge inner product in ordinary Riemannian geometry [9]. Let us denote this Hermitian inner product by (α, β) for α, β ∈ Ω^•(M, C ). Let ¯∂_H , ∂_H be the generalized Dolbeault operators associated with J . Their adjoints with respect to this Hermitian product are denoted by ¯∂^†_H and ∂^†_H , respectively. Let G be the Green operator for the Laplacian Δ ¯_{∂H} , and Q the smoothing operator Q = ¯∂^†_H G. We have the following useful identity on Ω^•(M, C ):

id = H + ¯∂_H Q + Q ¯∂_H , (8)

where H denotes the orthogonal projection to the ¯∂_H -harmonics. Due to the relation (2), there is no need to distinguish ¯∂_H , ∂_H , or d_H -harmonics. We denote the space of harmonic forms by H^•(M), with the grading specified by (1).

We prove the theorem by showing that for any infinitesimal deformation, which is parameterized by a class [θ] ∈ H^2(d_E ), one can always construct a power series solution to the Maurer-Cartan equation (4) in the form of ϵ(t) = ∑ a ϵ_at_a + 1 2 ∑ a_1,a_2

ϵ_{a1a2} t_{a1} t_{a2} + · · · ∈ C^∞(∧^2E^∗) ⊗ C [[t_h]],

where h = H^2(d_E ), such that

1) ϵ_a are a basis of H^2(M) and ϵ_at_a is the harmonic representative of [θ];

2) all ϵ_{a1...ak} , k ≥ 2, are ∂_H -exact and ¯∂^†_H -closed.

3) ϵ(t) is uniformly convergent in a neighborhood of 0.

For simplicity of the notation, we shall prove the following equivalent result: for any class [θ] ∈ H^2(d_E ), there is a power series solution to the Maurer-Cartan equation in the form of ϵ = ∑ i≥1 ϵ_it^i, t ∈ C , ϵ_i ∈ C^∞(∧^2E^∗), ∀ i, such that

1’) ϵ_1 is the harmonic representative of [θ]; 2’) all ϵ_k, k ≥ 2, are ∂_H -exact and ¯∂^†_H -closed; 3’) ϵ(t) converges uniformly in a neighborhood of t = 0. To show this, let us rewrite the Maurer-Cartan equation using (7): ¯∂_H ϵ^′ + 1 2 [ϵ, ϵ]^′ = 0, which is equivalent to the following series of equations: ¯∂_H ϵ^′_1 = 0 ¯∂_H ϵ^′_2 = −1 2 [ϵ_1, ϵ_1]^′ . . (9) ¯∂_H ϵ^′_n = −1 2 n−1∑ i=1 [ϵ_i, ϵ_{n−i}]^′ . . The first equation in (9) is satisfied if we take ϵ_1 to be the d_E -harmonic representative of [θ]. This is equivalent to ϵ^′_1 ∈ H^2(M).

By Corollary 3, ψ_2 ≡ [ϵ_1, ϵ_1]^′ is ∂_H -exact. By the general results of Hodge theory, ψ_2 has no harmonic component, i.e., H ψ_2 = 0. It is also ¯∂_H -closed, because ¯∂_H ψ_2 = (d_E [ϵ_1, ϵ_1])^′ = ([d_E ϵ_1, ϵ_1] − [ϵ_1, d_E ϵ_1])^′ = 0.

Applying the identity (8) on ψ_2, we obtain ψ_2 = ¯∂_H Qψ_2. The second equation in (9) is satisfied if we take

ϵ^′_2 = Qψ_2 = −Q∂_H (ϵ_1 ∧ ϵ_1)^′ = ∂_H Q(ϵ_1 ∧ ϵ_1)^′.

Clearly it satisfies the condition 2’).

Now suppose we have found the solutions for the first n − 1 equations in (9), n > 2, such that ¯∂^†_H ϵ^′_i = 0 and ϵ^′_i = ∂_H φ_i for all 2 ≤ i < n. We construct below a solution for the n-th equation:

¯∂_H ϵ^′_n = −1 2 n−1∑ k=1 [ϵ_k, ϵ_{n−k} ]^′, (10)

which satisfies the condition 2’). Let ψ_n denote the right-hand side of (10). By assumption, ∂_H ϵ^′_i = 0 for all i < n. Corollary 3 shows that ψ_n is ∂_H -exact, so H ψ_n = 0. In addition, one has

− 2 ¯∂_H ψ_n = n−1∑ k=1 (d_E [ϵ_k, ϵ_{n−k} ])^′

= n−1∑ k=1 ([d_E ϵ_k, ϵ_{n−k} ] − [ϵ_k, d_E ϵ_{n−k}])^′

= − 1 2 n−1∑ k=1 k−1∑ i=1 ([[ϵ_i, ϵ_{k−i}], ϵ_{n−k}])^′ + 1 2 n−1∑ k=1 n−k−1∑

i=1 ([ϵ_k, [ϵ_i, ϵ_{n−k−i}]])^′ = 2 ∑ 1≤i<j<k i+j+k=n ([ ϵ_i, [ϵ_j , ϵ_k] ] + [ ϵ_j , [ϵ_k, ϵ_i] ] + [ ϵ_k, [ϵ_i, ϵ_j ] ])′

+ ∑ 1≤i≠k 2i+k=n ( 2 [ ϵ_i, [ϵ_i, ϵ_k] ] + [ ϵ_k, [ϵ_i, ϵ_i] ])′

+ ∑ 1≤i 3i=n [ ϵ_i, [ϵ_i, ϵ_i] ]_′

= 0 where in the last step we used the Jacobi identity for the Schouten bracket. Just as in the case of ψ_2, ϵ^′_n = Qψ_n solves (10), with condition 2’) satisfied.

Convergence properties of ϵ(t) can be established by using the standard argument in deformation theory. For the sake of completeness, we give a proof that follows closely Ref. [14]. The only difference in our proof is that we work with a different norm on the space of differential forms than the one used in [14].

Using the Hermitian metric introduced earlier, one can define the Sobolev knorm on the space of complex differential forms in the usual way. Note that the choice of the Hermitian metric does not affect the equivalence class of the Sobolev k-norm. For a differential form α, let us denote its Sobolev k-norm by ||α||_k. Let W^k be the space of sections of ∧^•T^∗_C with bounded Sobolev k-norm, and one has the following filtration of spaces

Ω^•(M, C ) ≡ C^∞(∧^•T^∗_C ) = W^∞ ⊂ · · · ⊂ W^k ⊂ · · · ⊂ W^1 ⊂ W^0 = L^2(∧^•T^∗_C ).

For elementary properties of Sobolev spaces that is suited for our discussion, see for example refs. [7, 25]. The proof of the convergence of ϵ^′(t) relies on the following lemma:

Lemma 6 Let k be a positive integer. There exist positive constants c_1 and c_2 such that ∀ ϕ ∈ C^∞(∧^•E^∗), ||Qϕ^′||_k ≤ c_1||ϕ^′||_{k−1}, ||∂_H ϕ^′||_{k−1} ≤ c_2||ϕ^′||_k. If k > 2N, where N = dim_C M, there exists a constant c_3 > 0 such that ∀ ϕ, ψ ∈ C^∞(∧^•E^∗), ||(ϕ ∧ ψ)^′||_k ≤ c_3||ϕ^′||_k · ||ψ^′||_k. Furthermore, c_1, c_2 and c_3 depend only on k and the manifold M.

Proof: The first two inequalities are standard results on elliptic operators in Sobolev spaces, and the third one is a direct consequence of the fact that if k > dim_RM, then there exists a positive constant c, which only depends on k and M, such that ||fg||_k ≤ c||f||_k||g||_k for any f, g ∈ C^∞(M). □ Let k > 2 dim_C M and choose c_1, c_2 and c_3 as in Lemma 6. Following [14], let us introduce the following power series a(t) = b λ ∞∑ n=1 λ^nt^n n^2 where b is a positive constant such that b ≥ ||ϵ_1||_k, and λ = 8c_1c_2c_3b. It is shown in [14] that^7 a(t)^2 << 16 b λ a(t) = 2 c_1c_2c_3 a(t). We show that ϵ^′(t) << a(t) with respect to the Sobolev k-norm. For n = 1, this is obvious by the above choice of b and λ. Now assume ||ϵ^′_i||_k ≤ a_i for all i ≤ n − 1. For i = n, we have ||ϵ^′_n||_k = ||Qψ_n||_k ≤ c_1||ψ_n||_{k−1} ≤ 1 2 c_1 n−1∑ i=1 ||∂_H (ϵ_i ∧ ϵ_{n−i})^′||_{k−1}

≤ 1 2 c_1c_2c_3 n−1∑ i=1 ||ϵ^′_i||_k||ϵ^′_{n−i}||_k ≤ 1 2 c_1c_2c_3 [ a(t)^2 ] n ≤ a_n This shows ϵ^′(t) << a(t) in Sobolev k-norm. As a(t) is convergent in |t| < 1/λ, ϵ^′(t) ∈ W^k. Note that k can always be chosen such that k = dim_C M + m + 1 for some positive integer m ≥ 2. By Sobolev’s fundamental lemma, W^k ⊂ C^m(U_2), so we have ϵ^′(t) ∈ C^m(U_2) or, equivalently, ϵ(t) ∈ C^m(∧^2E^∗). Acting on the Maurer- Cartan equation by d^†_E , and noting that d^†_E ϵ(t) = 0 by construction, we obtain the following quasi-linear PDE on ϵ:

Δ_{dE} ϵ + 1 2 d^†_E [ϵ, ϵ] = 0. By a general result of PDE theory, ϵ(t) is smooth, i.e., ϵ(t) ∈ C^∞(∧^2E^∗). □

Theorem 5 tells us that, for a compact generalized Calabi-Yau manifold (M, J ; I), any infinitesimal deformation of J can be integrated into a finite one. Given such a finite deformation of J , we have the following result on the deformation of the associated weak generalized Calabi-Yau structure (M, J ).

7Given two series a(t) = ∑ n a_nt^n and b(t) = ∑ n b_nt^n, the symbol a(t) << b(t) means b(t) is a majorant of a(t), i.e., b_n ≥ |a_n| for all n.

Proposition 7 Let ϵ ∈ C^∞(∧^2E^∗) be a solution to the Maurer-Cartan equation (4), so that it denotes a finite deformation of J . If ϵ is sufficiently small, the deformed generalized complex structure J_ϵ still defines a weak generalized Calabi- Yau structure, with the deformed generalized holomorphic volume form given by Ω_ϵ = exp(−ϵ) · Ω.

Proof: We need to show that Ω_ϵ is a nowhere zero d_H -closed section of the canonical bundle for the deformed generalized complex structure J_ϵ. The +i-eigenbundle of J_ϵ is spanned by elements of the form A_ϵ = (1 + ϵ)A ≡ A + A⌟ϵ ∈ C^∞(E_ϵ), where A ∈ C^∞(E). It is easy to show that A_ϵ · ρ = e^{−ϵ} · A · e^ϵ · ρ, ∀ ρ ∈ Ω^•(M, C ). This immediately shows that A_ϵ annihilates Ω_ϵ, so that Ω_ϵ is a section of the canonical bundle of J_ϵ. For ϵ sufficiently small, Ω_ϵ is also nowhere zero.

It then remains to show that d_H Ω_ϵ = 0. Using Lemma 2 and Corollary 3 , one has ¯∂_H (ϵ^n · Ω) = −n 2 ϵ^{n−1} · [ϵ, ϵ]^′ ∂_H (ϵ^{n+1} · Ω) = − 1 2 n(n + 1) ϵ^{n−1} · [ϵ, ϵ]^′ It follows immediately that

d_H Ω_ϵ = (∂_H + ¯∂_H ) ∑ n≥1 (−1)^n n! ϵ^n · Ω = 0. □ 5 Beyond the Classical Deformations

The deformations considered so far are associated with actual variations of the generalized complex structure. There is in a sense a more general type of deformations, if one takes a more algebraic point of view. Recall that a generalized complex structure J is naturally associated with a differential Gerstenhaber algebra^8 g = 2n⨁ k=1 C^∞(∧^k E^∗), (11)

8We remind that a differential Gerstenhaber algebra is a differential graded algebra (A, ∧, d) equipped with a grade-(−1) bracket [ ], such that the latter is compatible with the graded commutative associative product ∧, and that d is a graded derivation of [, ].

where the differential is the Lie algebroid differential d_E , and the bracket is the Schouten bracket on ∧^•E^∗. Instead of limiting ourselves to actual variations of J , one can consider deformations of the entire algebraic structure of g as a differential Gerstenhaber algebra.

Modern deformation theory addresses this question by assigning to g a deformation functor Def_g, which on the general level associates an Artin algebra to a set. We shall not go into details of the abstract deformation theory here, which is discussed amply in the literature (see, for example, refs. [5, 22, 16]). However we note the important fact that if g and g^′ are quasi-isomorphic, then Def_g ≃ Def_g′ . In particular, if g is quasi-isomorphic to an abelian graded algebra h^9, then the functor Def_g is isomorphic to Def_h. The latter can be shown to be equivalent to the Homfunctor of the algebra of functions on a formal space M_g. In such a case, Def_g is said to be representable, and M_g is called the formal moduli space of g.

If the differential Gerstenhaber algebra defined in (11) comes from a compact (twisted) generalized Calabi-Yau manifold (M, J ; I), one can show (as we shall do presently) that Def_g is representable and the associated formal moduli space is a true, smooth manifold, which we denote by M̂. We refer to M̂ as the extended moduli space of J . In addition to being a smooth manifold, it possesses the structure of a Frobenius manifold. In the special case that J comes from an ordinary complex structure, the extended moduli space is the one constructed and analyzed by Barannikov and Kontsevich in Ref. [1]. Merkulov subsequently showed that the construction of [1] could be applied also to symplectic manifolds that satisfy the hard Lefschetz condition [21]. In a broad sense^{10}, our results include those of refs. [1, 21] as special examples.

The moduli space M of actual deformations of J , which we studied in detail in Sec. 4, is included as a subspace in M̂. We call deformations living in M the classical deformations, and those living in M̂\M the non-classical deformations. Although the geometric meaning of the non-classical deformations is somewhat obscure, their physical interpretation is quite natural, as we shall discuss in Sec. 6.

9An abelian graded algebra can be regarded as a differential Gerstenhaber algebra with trivial differential and bracket.

10As in Sec. 4, the assumption of generalized Calabi-Yau structure (as in Definition 2) is not necessary; all the results in this section hold for (twisted) weak generalized Calabi-Yau manifolds that satisfy the generalized ∂ ¯∂-lemma. In particular, this includes the scenario considered in Ref. [21], as symplectic manifolds satisfying the hard Lefschetz condition satisfy a version of the ∂ ¯∂-lemma.

5.1 The extended moduli space for a generalized Calabi-Yau manifold

Let (M, J ; I) be a compact H-twisted generalized Calabi-Yau manifold, with Ω being a generalized holomorphic volume form. Let E be the +i-eigenbundle of J . As before, we denote the generalized Dolbeault operators associated with J by ∂_H and ¯∂_H . Let g be the differential Gerstenhaber algebra defined in (11). As in [1], one introduces a degree-(−1) differential Δ (not to be confused with the Laplacians introduced before), which is defined by

(Δα) · Ω = ∂_H (α · Ω), ∀ α ∈ C^∞(∧^•E^∗).

As a direct consequence of Lemma 2, the operator Δ satisfies the following algebraic relation: for any homogeneous A, B ∈ g, (−1)^{|A|−1}[A, B] = Δ(A ∧ B) − ΔA ∧ B − (−1)^{|A|}A ∧ ΔB. (12) Namely, the Schouten bracket measures of the failure of Δ being a graded derivation for the associative produce ∧. Here we denote the grade of an element α by |α|. Equipped with Δ, g acquires the additional structure of a BV algebra.

The associated formal moduli space can be constructed following the general lines of Ref. [1]. Let h = H^•(Δ), which is isomorphic to H^•(d_E ). We endow it with the structure of a graded vector space by assigning degree p − 2 to elements in H^p(Δ). By a standard argument, it follows from Eq. (12) and the ∂_H ¯∂_H -lemma that g and h[−2] are quasi-isomorphic differential Gerstenhaber algebras; thus, Def_g is representable. More specifically, if we define θ_a to be a homogeneous basis of h, and t^a a set of dual basis with degree |t^a| = −|θ_a|, then Def_g is represented by C [[t_h ]], the algebra of formal power series on h. It follows immediately that the formal moduli space M̂ associated to g is a smooth formal manifold of complex dimension ∑ k dim H^k (d_E ).

For many physical and geometrical applications, knowing the existence of M as a formal manifold is usually not good enough; instead, one often wants to know whether the moduli space exists as a smooth manifold in the usual sense. For example, this is the case when one studies admissible deformations of the generalized B-model defined on a generalized Calabi-Yau manifold, as we shall discuss in Sec. 6. A formal deformation represented as a power series in t_h is physically acceptable if and only if it converges uniformly in a small neighborhood of the origin.

To address this question, let us go back to the definition of the formal moduli space M̂: it is the set of solutions to the extended version of the Maurer-Cartan equation d_Eϵ̂ + 1 2 [ϵ̂, ϵ̂] = 0, ϵ̂ ∈ ĝ^2, (13)

modulo gauge equivalence. Here ĝ is the graded tensor product g ^⊗C [[t_h ]]. The differential d_E and the Schouten bracket naturally extend to ĝ. The question then boils down to whether one can construct a uniformly convergent solution to the extended Maurer-Cartan equation for every element in H^•(d_E ). This turns out to be true, as one can check by repeating the analysis almost exactly as in the proof of Theorem 5. We simply state the result.

Theorem 8 There exists a formal power series solution to the extended Maurer- Cartan equation (13) in the form of

ϵ̂(t) = ∑ a ϵ̂_at^a + 1 2 ∑ a_1,a_2

ϵ̂_{a1a2} t^{a1} t^{a2} + · · ·

such that

• ϵ̂^′_a ≡ ϵ̂_a · Ω form a basis of the harmonic forms;

• All higher order terms ϵ̂_{a1...ak} for k ≥ 2 are Δ-exact and d^†_E -closed;

• The power series ϵ̂(t) is uniformly convergent in a neighborhood of t = 0.

The coordinates t_h are called the flat coordinates on M̂, for reasons that will become apparent later.

Corollary 9 The extended moduli space of J on a compact (twisted) generalized Calabi-Yau manifold (M, J ; I) is un-obstructed and smooth, and is of dimension ∑ p dim H^p(d_E ).

5.2 The Frobenius structure and flat coordinates

In this subsection we show that the extended moduli space M̂ is a Frobenius manifold. In the case of ordinary Calabi-Yau manifolds, this fact is established by Barannikov and Kontsevich [1] (see also the discussion in Ref. [20]). For generalized Calabi-Yau manifolds, initial steps in this direction have already been taken in Ref. [13].

Let us first recall how integration is defined as a linear functional on g in Ref. [13]. Given a generalized holomorphic volume form Ω, one defines its conjugate Ω̃ as follows. Let ι be the automorphism^{11} of T ⊕ T^∗ that maps (X, ξ) to (X, −ξ). It is easy to check that J̃ ≡ ι^{−1}J ι is again a generalized complex structure, but twisted by H̃ = −H; in fact, (M, J̃ ) defines a weak generalized Calabi-Yau structure twisted by H̃. The conjugate Ω̃ is then defined to be a generalized holomorphic volume form of (M, J̃ )^{12}. One can fix the ambiguity by requiring Ω̃ to have the same norm as Ω. Given α ∈ g, we define its integration to be ∫ α ≡ ∫ M Ω̃ ∧ (α · Ω). (14)

Proposition 10 Let α, β be homogeneous elements in g. Then the following identities hold: ∫ d_E α ∧ β = (−1)^{|α|+1} ∫ α ∧ d_E β ∫ α ∧ Δβ = (−1)^{|α|} ∫ Δα ∧ β. Proof: The first identity is essentially proven in Ref. [13], where it is shown that the integral (14) for a d_E -exact element vanishes. The second identity holds since ∫ α ∧ Δβ = ∫ M Ω̃ ∧ α · ∂_{J ,H} (β · Ω) = (−1)^{|α|(|Ω̃|+1)} ∫ M (α̃ · Ω̃) ∧ ∂_{J ,H} (β · Ω)

= (−1)^{(|α|+1)|Ω̃|+1} ∫ M ∂~_{J ,}~_H (α̃ · Ω̃) ∧ β · Ω

= (−1)^{(|α|+1)|Ω̃|+1+(|α|−1)(|Ω̃|+1)} ∫ M Ω̃ ∧ Δα ∧ β · Ω = (−1)^{|α|} ∫ Δα ∧ β. □ 11This operation was also used by Gualtieri in Ref. [8], and had appeared before in the literature of Dirac structure. We thank M. Gualtieri for pointing this out to us.

12We note that Ω̃ is not the complex conjugate of Ω. In physical terms, if Ω is interpreted as a ground state in the Ramond-Ramond sector of the (2, 2) supersymmetric sigma model, then Ω̃ is the analog of the so-called BPZ conjugate of Ω.

Given a solution ϵ̂(t) of the Maurer-Cartan equation as stated in Theorem 8, one can construct a differential on ĝ given by D_E ≡ d_E + [ϵ̂, ·]. Let ∂_a = ∂^L/∂t^a be the left derivatives with respect to t^a, and O_a ≡ ∂_aϵ̂(t). It is easy to show that O_a live in the cohomology of D_E ; they form a local basis in the tangent space of M at ϵ̂. The metric on M is then defined by G_{ab} = ∫ O_a ∧ O_b. From the form of the solution ϵ̂(t) given in Theorem 8, O_a = ϵ̂_a +Δρ_a for some ρ_a. It follows immediately that G_{ab}(t) = G_{ab}(0); namely, the metric G is locally constant in the flat coordinates t. Physically, this means that the two-point functions are invariant under deformations.

Another ingredient of the Frobenius structure is a tensor C^c_{ab} , defined by

O_a ∧ O_b = C^c_{ab} O_c + D_E O_{ab}, (15)

where O_{ab} is defined only up to D_E -closed terms. We use the locally constant metric G to raise and lower the indices: C_{abc} ≡ C^d_{ab} G_{dc}.

Proposition 11 There exists a potential S such that C_{abc} = ∂_a∂_b∂_cS in the flat coordinates.

Proof: Let ϵ̂(t) = ∑ a ϵ̂_at^a + Δϕ ∈ ĝ^2 be a solution to the Maurer-Cartan equation (13) that satisfies the conditions in Theorem 8. The potential is given by S = 1 2 ∫ d_E ϕ ∧ Δϕ + 1 6 ∫ ϵ̂ ∧ ϵ̂ ∧ ϵ̂. The rest of the proof follows the calculation in the appendix of Ref. [1]. □

One can also introduce the generalized periods as in [1]. Let ϵ̂(t) ∈ ĝ^2 be a solution to the Maurer-Cartan equation as given in Theorem 8. We define the deformed generalized holomorphic volume form by Ω̂(t) ≡ e^{−ϵ̂(t)} · Ω.

By the same argument as in Proposition 7, one easily shows that Ω̂(t) is d_H -closed. Let θ^a be the dual basis of ∂_a on the tangent bundle of M̂. The generalized periods are then defined by Π_i ≡ Π_{ia}θ^a, where

Π_{ia} = ∫ C_i ∂_aΩ̂(t). In the above expression, {C_i} denote a basis of the dual of the twisted de Rham cohomology H^•(d_H ), and the integration sign denotes evaluation of [∂_aΩ̂] ∈ H^•(d_H ) on C_i. In the special case of H = 0, Π_{ia} are simply integration of ∂_aΩ̂ on homology cycles C_i that represent a basis of H_•(M, C ).

The structure constants C^c_{ab} then define a natural connection ∇ on T M̂ via ∇_{∂a} θ^b = C^b_{ac} θ^c. Just like in the more special case studied in Ref. [1], one can show that ∇ is a flat connection. To this end, it suffices to assume that ∂_a is even. From the Maurer- Cartan equation, we have

D_E ∂_a∂_bϵ̂(t) = Δ(∂_aϵ̂(t) ∧ ∂_bϵ̂(t)) = ΔD_EO_{ab},

where O_{ab} is defined in (15). From the generalized ∂ ¯∂-lemma for D_E and Δ [20], we have ∂_a∂_bϵ̂ + ΔO_{ab} = ΔD_E f_{ab} for some f_{ab}. As O_{ab} is only defined up to D_E -closed terms, we can absorb D_E f_{ab} into the definition of O_{ab}. Therefore, there exists O_{ab} such that ∂_aϵ̂ ∧ ∂_bϵ̂ − ∂_a∂_bϵ̂ = A^c_{ab} ∂_cϵ̂ + (Δ + D_E )O_{ab}.

It then follows that

∂_aΠ_i = ∫ (∂_aϵ̂ ∧ ∂_bϵ̂ − ∂_a∂_bϵ̂) · Ω̂(t) · θ^b = −A^c_{ab} Π_{ic}θ^b. In the last line above, we have used the relation

(ΔO + D_E O) · Ω̂(t) = d_H (O · Ω̂(t)),

a fact that one can check easily. This immediately shows that ∇_{∂a} Π_i = 0 for all i. Since Π_i form a local frame on T M̂, we have:

Corollary 12 The connection ∇ is flat.

6 Physical Interpretations

The unobstructedness of the extended moduli space M̂ has direct physical implications, since M̂ parameterizes admissible deformations of the generalized B-model. To explain this connection, we need some physical background. The generalized B-model [13] is a topological sigma model defined on a (twisted) generalized Calabi- Yau manifold M. It is equipped with a nilpotent BRST operator Q_B, and is an example of cohomological field theories. One way to construct the generalized Bmodel is to regard it as a ‘twisted version’ of the (2, 2) supersymmetric sigma model on M. At the quantum level, the generalized B-model is a well-defined cohomological field theory if and only if the target manifold admits a (twisted) generalized Calabi-Yau structure (M, J ; I) [13]. Furthermore, the BRST operator Q_B can be identified with d_E , the Lie algebroid differential associated with the +i-eigenbundle of J , and the space of observables is identified with the Lie algebroid cohomology ⊕_pH^p(d_E ). In the special case when M is an ordinary Calabi-Yau manifold, the generalized B-model reduces to the more familiar A-model and B-model discovered by Witten [26].

The space of observables parameterizes possible deformations of the theory. In the case of a cohomological field theory, deformations can be explicitly constructed as perturbations to the original Lagrangian by using the descent equations. Even though such a deformation is automatically annihilated by the original BRST operator, it can only be regarded as an infinitesimal deformation of the generalized B-model as a cohomological field theory. The reason is that after the perturbation, there is no guarantee that the new theory still admits a nilpotent BRST operator. The question whether additional admissible perturbations can be added to the Lagrangian to restore the nilpotency of the BRST operator is nontrivial in general. For ordinary B-model defined on Calabi-Yau manifolds, this analysis was initiated by Witten [26] and later completed by Barannikov and Kontsevich [1].

The results in secs. 4 and 5 show that for the generalized B-model defined on a twisted generalized Calabi-Yau manifold, an infinitesimal deformation can always be completed into a finite deformation such that the perturbed theory is still cohomological. In this context, the extended moduli space M̂ is nothing but the moduli space for the family of cohomological field theories, with the base point being the original unperturbed generalized B-model. Other results of Sec. 5 also translate easily to this physical setup: the BRST operator of the deformed theory is identified with D_E ; an independent basis of observables in the deformed theory can be taken to be O_a = ∂_aϵ̂; the topological metric on the space of observables is given by the two-point functions G_{ab}, and from Sec. 5 we know that it receives no corrections in the extended moduli space; the three-point functions are given by the tensor C_{abc} that comes from a single potential S as given in Proposition 11. In the special case of dim_RM = 6 that is of interest in string theory applications, the potential S can be interpreted as the classical action of the string field theory of the generalized B-model.

The attentive reader might have noticed a subtlety in the above reasoning. Consider a small (but finite) deformation living in the classical moduli space M. By definition, it corresponds geometrically to an integrable deformation of the generalized complex structure J and is parameterized by some ϵ ∈ C^∞(∧^2E^∗) that satisfies the Maurer-Cartan equation. The deformed theory is again a cohomological field theory, but the relevant underlying generalized complex structure is now J_ϵ. From this perspective, one expects the BRST operator of the deformed theory to be given by the Lie algebroid differential associated with J_ϵ, namely d_{Eϵ} . On the other hand, we have identified the deformed BRST operator with D_E = d_E + [ϵ, •] in the last paragraph. However, d_{Eϵ} and D_E are different operators. From the discussion in Sec. 5, D_E is a deformation of the original Lie algebroid differential d_E and it preserves the grading of g defined in (11); d_{Eϵ} , on the other hand, does not preserve the grading of g.

The way out of this apparent contradiction is to note that although d_{Eϵ} ≠ D_E , the differential complexes associated with them are isomorphic. To see this, let σ : E → E_ϵ be the isomorphism given by σ : A → A_ϵ ≡ A + A⌟ϵ, ∀A ∈ C^∞(E), and σ^∗ : E^∗_ϵ → E^∗ be its dual. They can be promoted naturally to maps of complexes σ : ∧^•E → ∧^•E_ϵ, σ^∗ : ∧^•E^∗_ϵ → ∧^•E^∗. Then we have the following proposition, whose proof can be found in Appendix.

Proposition 13 The map σ^∗ is an isomorphism of complexes (g, D_E ) and (g_ϵ, d_{Eϵ} ), i.e., d_{Eϵ} = σ^{∗−1} · D_E · σ^∗. Therefore, it is justified to identify D_E as the deformed BRST operator.

Appendix

In this appendix, we give a proof of Proposition 13. We show that ∀ ω ∈ C^∞(∧^•E^∗),

σ^∗ · d_{Eϵ} · σ^{∗−1}ω = D_E ω (16)

Let π denote the projection from T_C ⊕ T^∗_C to T_C . By restriction, it provides the anchor maps for all the Lie algebroids (E, E^∗, E_ϵ and E^∗_ϵ ) considered below. For A ∈ C^∞(E), we use the notations A⌟ϵ and ι_Aϵ interchangeably, and we denote σ(A) by A_ϵ.

We proceed by induction on the degree of ω. First, consider the case ω = f ∈ C^∞(M). For any A ∈ C^∞(E), we have σ^∗d_{Eϵ} σ^{∗−1}f(A) = d_{Eϵ} f(A_ϵ) = π(A_ϵ)f = π(A)f + π(A⌟ϵ)f = d_E f(A) + [ϵ, f](A) = D_E f(A).

Therefore (16) holds for ω ∈ C^∞(M).

Next, assume ω ∈ C^∞(E^∗). For any A, B ∈ C^∞(E), we have σ^∗d_{Eϵ} σ^{∗−1}ω(A, B) = d_{Eϵ} (σ^{∗−1}ω)(A_ϵ, B_ϵ) = π(A_ϵ)σ^{∗−1}ω(B_ϵ) − π(B_ϵ)σ^{∗−1}ω(A_ϵ) − σ^{∗−1}ω([A_ϵ, B_ϵ]) = π(A_ϵ)ω(B) − π(B_ϵ)ω(A) − ω(σ^{−1}[A_ϵ, B_ϵ]). (17) Using the definition of the Courant bracket, and that both E and E_ϵ define generalized complex structures, it is easy to show that σ^{−1}[A_ϵ, B_ϵ] = [A, B] + d_E∗ ϵ(A, B) + (ι_Aϵ)⌟d_E∗ B − (ι_Bϵ)⌟d_E∗ A. Here d_E∗ denotes the Lie algebroid differential associated with E^∗. Substituting it into (17), and after some algebra one obtains σ^∗d_{Eϵ} σ^{∗−1}ω(A, B) = d_E ω(A, B) + π(ω)ϵ(A, B) + B⌟[A⌟ϵ, ω] − A⌟[B⌟ϵ, ω] = d_E ω(A, B) + [ϵ, ω](A, B) = D_E ω(A, B), so (16) also holds for ω ∈ C^∞(E^∗). Since both D_E and d_{Eϵ} are derivations, one can easily show that (16) holds for ω with arbitrary degree by induction. This completes the proof of Proposition 13.

Acknowledgments

I am indebted to Marco Gualtieri and Anton Kapustin for correspondence and helpful discussions. I am also grateful to Ke Zhu for explaining aspects of Sobolev spaces to me. Part of this work was completed while I was visiting the Institute for Advanced Study and Rutgers University in May, 2005. This work was supported in part by the DOE grant DE-FG02-92-ER40701.

References

[1] S. Barannikov and M. Kontsevich, “Frobenius Manifolds and Formality of Lie Algebras of Polyvector Fields,” arXiv:alg-geom/9710032.

[2] O. Ben-Bassat, “Mirror Symmetry and Generalized Complex Manifolds,” arXiv:math.AG/0405303.

[3] G.R. Cavalcanti, “New Aspects of the dd^c-lemma,” D. Phil thesis, Oxford University [arXiv:math.DG/0501406].

[4] S. Chiantese, F. Gmeiner and C. Jeschek, “Mirror Symmetry for Topological Sigma Models with Generalized Kahler Geometry,” arXiv:hep-th/0408169.

[5] W. Goldman and J. Millson, “The Homotopy Invariance of the Kuranishi Space,” Ill. J. Math. 34, 337–367, (1990).

[6] M. Grana, R. Minasian, M. Petrini and A. Tomasiello, “Supersymmetric Backgrounds from Generalized Calabi-Yau Manifolds,” JHEP 0408 (2004) 046 [arXiv:hep-th/0406137].

[7] P. Griffiths and J. Harris, Principles of Algebraic Geometry, Wiley-Interscience, 1978.

[8] M. Gualtieri, “Generalized Complex Geometry,” D.Phil thesis, Oxford University [arXiv:math.DG/0401221].

[9] M. Gualtieri, “Generalized Geometry and the Hodge Decomposition,” arXiv:math.DG/0409093.

[10] N. Hitchin, “Generalized Calabi-Yau Manifolds,” Q. J. Math. 54 (2003) 281 [arXiv:math.DG/0209099].

[11] D.D. Joyce, Compact Manifolds With Special Holonomy, Oxford University Press, 2000.

[12] A. Kapustin, “Topological Strings on Noncommutative Manifolds,” Int. J.

Geom. Meth. Mod. Phys. 1, 49 (2004) [arXiv:hep-th/0310057].

[13] A. Kapustin and Y. Li, “Topological Sigma-Models with H-Flux and Twisted Generalized Complex Manifolds,” arXiv:hep-th/0407249.

[14] K. Kodaira, L. Nirenberg and D.C. Spencer, “On the Existence of Deformations of Complex Analytic Structures,” Ann. Math. 68, 450–459 (1958).

[15] K. Kodaira and D.C. Spencer, “On Deformations of Complex Analytic Structures I, II,” Ann. Math. 67, 328–466 (1958).

[16] M. Kontsevich, “Deformation Quantization of Poisson Manifolds I,” Lett. Math.

Phys. 66, 157–216 (2003) [arXiv:q-alg/9709040].

[17] U. Lindstrom, R. Minasian and A. Tomasiello, “Generalized Complex Manifolds and Supersymmetry,” Comm. Math. Phys. 257, 235–256, (2005) [arXiv:hep-th/0405085].

[18] Z.-J. Liu, A. Weinstein and P. Xu, “Manin Triples for Lie Bialgebroids,” J.

Diff. Geom. 45, 547–574 (1997).

[19] K. Mackenzie, Lie Groupoids and Lie Algebroids in Differential Geometry, Cambridge University Press, 1987.

[20] Yu.I. Manin, “Three Constructions of Frobenius Manifolds: a Comparative Study,” arXiv:math.QA/9801006.

[21] S.A. Merkulov, “Formality of Canonical Symplectic Complexes and Frobenius Manifolds,” Intern. Math. Research Notices 14, 727-733 (1998) [arXiv:math.SG/9805072].

[22] M. Schlessinger and J. Stasheff, “The Lie Algebra Structure on Tangent Cohomology and Deformation Theory,” J. Pure Appl. Algebra, 89, 231–235, (1993).

[23] G. Tian, “Smoothness of the universal deformation space of compact Calabi- Yau manifolds and its Petersson-Weil metric,” in Mathematical aspects of string theory, pp. 629-646, World Sci. Publishing, Singapore, 1987.

[24] A.N. Todorov, “The Weil-Petersson Geometry of the Moduli Space of SU(n ≥ 3) (Calabi-Yau) Manifolds I,” Commun. Math. Phys. 126, 325-346 (1989).

[25] R. O. Wells, Differential Analysis on Complex Manifolds, Springer-Verlag, 1980.

[26] E. Witten, “Mirror Manifolds and Topological Field Theory,” in Essays on Mirror Manifolds, pp. 120-158, ed. S. T. Yau, International Press, Hong Kong, 1992 [arXiv:hep-th/9112056].

[27] S.-T. Yau, “On the Ricci Curvature of a Compact Kähler Manifold and the Complex Monge-Ampere Equation I,” Comm. Pure. Appl. Math. 31, 339-411 (1978).

[28] M. Zabzine, “Geometry of D-branes for Generalized N = (2, 2) Sigma Models,” Lett. Math. Phys. 70, 211–221 (2004) [arXiv:hep-th/0405240].