arXiv:hep-th/0508177 v2 14 Sep 2005

USTC-ICTS-05-09

Dynamics of Giant-Gravitons in the LLM geometry and the Fractional Quantum Hall Effect

Jian Dai^1,^∗ Xiao-Jun Wang^2,^† and Yong-Shi Wu^{1,3‡} 1 Department of Physics, University of Utah Salt Lake City, Utah 84112, USA 2 Interdisciplinary Center for Theoretical Study University of Science and Technology of China AnHui, HeFei 230026, China 3 Institute for Solid State Physics, University of Tokyo Kashiwanoha 5-1-5, Kashiwa, Chiba 277-8581, Japan

Abstract

The LLM’s 1/2 BPS solutions of IIB supergravity are known to be closely related to the integer quantum Hall droplets with filling factor ν = 1, and the giant gravitons in the LLM geometry behave like the quasi-holes in those droplets. In this paper we consider how the fractional quantum Hall effect may arise in this context, by studying the dynamics of giant graviton probes in a special LLM geometry, the AdS_5 × S^5 background, that corresponds to a circular droplet. The giant gravitons we study are D3-branes wrapping on a 3-sphere in S^5. Their low energy world-volume theory, truncated to the 1/2 BPS sector, is shown to be described by a Chern-Simons finite-matrix model. We demonstrate that these giant gravitons may condense at right density further into fractional quantum Hall fluid due to the repulsive interaction in the model, giving rise to the new states in IIB string theory. Some features of the novel physics of these new states are discussed.

PACS numbers: 11.25.Uv,11.25.Tq,11.10.Nx,73.43.-f

∗Electronic address: jdai@physics.utah.edu †Electronic address: wangxj@ustc.edu.cn ‡Electronic address: wu@physics.utah.edu

I. INTRODUCTION

The Quantum Hall Effect (QHE), a novel phenomenon of 2d electron gas in a strong transversal magnetic field, has been shown to have intriguing relationship with string/Mtheory. In the early days, the realization of the quantum Hall systems in terms of solitonic systems in string/M theory (M-branes or D-branes plus strings etc.) is the major focus [1, 2, 3]. Recently this issue has attracted new interests in the context of AdS/CFT correspondence due to the progress in understanding of the 1/2 BPS sector on both string theory and gauge theory sides.

In a remarkable work [4], Lin, Lunin and Maldacena (LLM) found a general class of static, non-singular solutions of IIB supergravity; these solutions preserve at least 16 supercharges together with a SO(4) × SO(4) × R global symmetry, where R is the time translation symmetry. The maximally supersymmetric solution AdS_5 × S^5 is a special case of the LLM solutions. For an observer at infinity, the solutions have total energy equal to angular momentum, which is just the 1/2 BPS condition in N = 4 supersymmetric Yang-Mills theory (SYM) in 4 dimensions. Therefore, the LLM geometries as semi-classical gravitational excitations in Type IIB string theory on AdS_5 × S^5 background correspond to the 1/2 BPS sector in the dual CFT, i.e. the N = 4 SYM in 4d.

LLM’s interest in finding the gravitational dual of the 1/2 BPS sector in N = 4 SYM was inspired by [5, 6]. In [6], Berenstein made the following observation: certain limiting procedure produces a decoupled 1/2 BPS sector in AdS/CFT correspondence and the self consistency of this decoupling procedure roots in the fact that all other degrees of freedom cost too much energy and can be integrated out. Accordingly, the study of the 1/2 BPS sector as LLM conducted provides a new testing

ground for AdS/CFT correspondence, which is more controllable on both sides than the entire theories. Also it was noted in [6] that the 1/2 BPS sector in N = 4 SYM can be mapped to a system of 1d free fermions, which in turn can be mapped to quantum Hall droplets with filling factor ν = 1 in 2d phase space. (This observation was further substantiated in refs. [8, 9, 10, 11].)

LLM geometries provide us with an ideal setting for studying the AdS/QH/SYM connection on the string theory side. This is because the LLM solutions are completely determined by the boundary value of a single function z of three non-compact spatial coordinates

(x_1, x_2, y) with y ≥ 0. When the boundary value of z on the two dimensional plane at y = 0 is taken to be ±1/2, the corresponding geometries are non-singular. This boundary value can be interpreted as the distributions for two types of point charge sources on the two dimensional boundary plane. R-R five-flux quantization infers that the areas of connected regions for z = ±1/2 on the boundary plane to be quantized in appropriate unit. Therefore, one may view the either regions with z = 1/2 or z = −1/2 on y = 0 plane as droplets of an incompressible fluid, like the quantum Hall fluid. The special case AdS_5 × S^5 corresponds a uniform distribution of point sources in a circular disk with z = −1/2 on the y = 0 plane so it corresponds to a circular quantum Hall droplet on the plane. In this way, it is convenient to describe the AdS_5 × S^5 geometry and its small deformations (the so-called bubbling AdS geometries) in terms of quantum Hall droplets [4, 7].

Since Integer Quantum Hall Effect (IQHE) (ν = 1 for filling fraction) emerges naturally in the LLM geometries, one can’t help but wonder whether this is merely an accidental analogy or this signals any profound physics? More precisely, one may wonder whether the knowledge of QHE in condensed matter physics can provide any insights into the dynamics of the LLM geometries. In this paper, we make progress in this direction by examining whether Fractional Quantum Hall Effect (FQHE) can make its way into the dynamics of the LLM geometries. In condensed matter physics, it is well-known that the quasi-particles or quasi-holes in the ν = 1 quantum Hall system can condense to form new quantum Hall liquid states as an effect of interactions. For example, the simplest case of ν = 2/3 FQH state can be viewed as the condensation of the quasi-holes in the ν = 1 IQH fluid.

As we just mentioned, AdS_5 × S^5 background is treated as a circular QH droplet in the LLM/IQH analogy. Adding a giant graviton in S^5 which is a D3-brane wrapping on a 3- sphere in S^5 [12] corresponds to a quasi-hole excitation [4] while adding a giant graviton in AdS_5 [13, 14] corresponds to a quasi-particle excitation. For simplicity and definitude, we will only examine the dynamics of quasi-hole type of giant gravitons, and treat these giant gravitons as probes to the AdS_5 × S^5 background (as a special LLM geometry). Recall that the five-form flux of AdS_5 × S^5 background plays the role of the constant magnetic field on the y = 0 plane. We will show that the low-energy effective action for the giant gravitons of quasi-hole type, when truncated by 1/2 BPS condition, exhibits all of the essential features of a QH system. In other words, the giant gravitons in the 1/2 BPS sector behave just like the charged particles in a strong magnetic field.

For one single giant graviton, the dynamics of the Landau problem for a single quasihole is exactly reproduces. This result is just a self-consistent check that the AdS_5 × S^5 background

behaves as an unexcited ν = 1 QH droplet. For many giant gravitons, if their number is much smaller than the background flux, we can ignore their back-reaction. Then the non-abelian low-energy dynamics (world-volume theory) of the giant graviton probes leads to a Chern-Simons matrix model; this matrix model is exactly the matrix description of the fluid dynamics of a system of non-relativistic charged particles moving in a constant magnetic field, i.e. the infinite-matrix model in ref. [3] for the bulk QH state, or the finitematrix model in ref. [18] that incorporates edge excitations. Here the matrix description for the QH fluid is remarkably suitable for our purpose in the context of giant graviton dynamics: The expectation values of the diagonal elements are the positions of giant gravitons in the transverse space, while the off-diagonal elements describe open strings stretching between different giant gravitons, giving rise to the interaction between giant gravitons (as quasi-holes). Ignoring the off-diagonal elements and following the arguments in ref. [6], we will show that this matrix model in the eigenvalue basis reduces to a free fermion system, provided all of the eigenvalues are non-degenerate. It implies that the world-volume gauge symmetry of M giant gravitons is broken from U(M) down to U(1)^M , and each giant graviton fills a state with different angular momentum j. Including off-diagonal elements will lead to repulsive interactions between giant gravitons, in favor of forming new incompressible fluids with fractional filling factors (FQH fluid). This is consistent with the fact that the level of the resulting Chern-Simons matrix model takes only integer values, whose inverses correspond to the fractional filling factors. In this manner, we are able to demonstrate that the 1/2 BPS dynamics of the giant gravitons wrapping on the three-sphere in S^5, which behave like quasi-holes in an IQH droplet with ν = 1, allows the formation of a ground state corresponding to a FQH liquid due to quasi-hole condensation. Moreover, when the number M of the giant gravitons is finite but large, the resulting finite-matrix model allows gapless edge excitations, in a manner similar to that pointed out by Polychronakos [18]. Some of the novel properties of the new states can be understood by referring to the knowledge of the FQH fluid in condensed matter physics. We speculate that, upon including backreactions of the giant gravitons, the FQH state would accordingly give rise to new geometries with singularities in IIB string theory, and that the novel properties associated with the FQH state may help us understand how quantum effects resolve the singularities.

This paper is organized as follows. In Section II we briefly review the LLM’s 1/2 BPS solutions in IIB supergravity, in particular the AdS_5 × S^5 geometry from LLM solutions. We also review giant gravitons in AdS_5 × S^5. Part of the purpose of this review is to set up the notations. In Section III we derive the effective theory which describes low energy dynamics in a special LLM geometry, the AdS_5 × S^5 background, of giant gravitons moving in S^5. We shall show how this model reproduces the Landau problem for a single giant graviton. Then in Section IV, it is shown how to pass from the effective field theory for giant gravitons to a Chern-Simon finite-matrix model, which turns out to be essentially the same model proposed in ref. [18]. In Section V we shall demonstrate that the resulting matrix model for giant gravitons accommodates all essential features of FQHE, including the repulsive interaction

that favors the formation of the FQH state. And we speculate that novel properties of the FQH state may help us understand how quantum effects resolve the singularities in the new geometry that emerges when back-reactions are included. Finally, Section VI is devoted to a brief summary.

II. 1/2 BPS GEOMETRIES IN IIB THEORY AND GIANT GRAVITON PROBES

The class of 1/2 BPS states is known to play an important role in testing AdS/CFT correspondence. On the CFT side these states are associated to chiral primary operators with conformal weight Δ = J, where J is a certain U(1) charge in R-symmetry group. For small excitation energy J ≪ N (N being the rank of the gauge group), these BPS states on the AdS side correspond to graviton modes propagating in the bulk. When the excitation energy increases to J ∼ N, some of these states are described by giant gravitons, i.e. spherical D3-branes either in the internal sphere[12] or in AdS[13, 14]. As excitation energy increases further the back-reaction cannot be ignored, and new geometries which preserve 16 supercharges are expected to emerge in IIB supergravity.

A. LLM’s IIB solutions

In a seminal paper[4], LLM explicitly derived the most general, smooth 1/2 BPS solutions of IIB supergravity, that are invariant under SO(4) × SO(4) × R global symmetry. They contain the non-vanishing R-R 5-form flux of the form

F_{(5)} = F_{μν} dx^μ ∧ dx^ν ∧ dΩ_3 + F̃_{μν} dx^μ ∧ dx^ν ∧ dΩ̃_3, (1)

where μ, ν = 0, 1, 2, 3, and dΩ_3 and dΩ̃_3 denote the volume forms of two three-spheres. The two SO(4)s are the rotational symmetries of these two three-spheres respectively. The dilaton-axion moduli is constant and the 3-form field strengths are set to be zero. Accordingly, LLM geometry is determined explicitly by the following metric and R-R 5-form measured in the unit l_s = 1,

ds^2 = −h^{−2}(dt + V_idx^i)^2 + h^2(dy^2 + dx^idx^i) + ye^GdΩ^2_3 + ye^{−G}dΩ̃^2_3, h^{−2} = 2y cosh G, z = 1 2 tanh G, (2) y∂_yV_i = ϵ_{ij} ∂_j z, y(∂_iV_j − ∂_j V_i) = ϵ_{ij} ∂_yz, F_{(2)} = F_{μν} dx^μ ∧ dx^ν = dB_t ∧ dt + dA_{(1)} = d(B_tdt + B_tV + B̂), F̃_{(2)} = F̃_{μν} dx^μ ∧ dx^ν = dB̃_t ∧ dt + dÃ_{(1)} = d(B̃_tdt + B̃_tV + ^̃B), B_t = − 1 4 y^2e^{2G}, B̃_t = − 1 4 y^2e^{−2G}, dB̂ = − 1 4 y^3 ∗_3 d z + 1/2 y^2 d ^̃B = − 1 4 y^3 ∗_3 d z − 1/2 y^2 , where i = 1, 2, t = x^0, y = x^3. ∗_3 is the flat space epsilon symbol in the three dimensions parameterized by x_1, x_2, y. The full solution is determined by a single function z(x_1, x_2, y), which obeys the Laplace equation in six dimensions ∂_i∂_i z y^2 + 1 y^3

∂_y (y^3∂_y z y^2

) = 0, (3)

with y acting like the radial coordinate in four dimensions. This solution is non-singular as long as z = ±^1_2 on the two dimensional plane spanned by (x_1, x_2) at y = 0.

As long as y > 0, there are two 3-spheres S^3 and S̃^3, corresponding to the two SO(4) isometries. At the y = 0 plane S^3 shrinks to a point in the region with z = −^1_2 , while S̃^3 shrinks in the region with z =^1_2 . Following the setup in Section 2.4 of ref.[4], we may choose a surface Σ̃_2 in the (y, x_1, x_2) space that ends at y = 0 on a closed non-intersecting curve lying in a region with z =^1_2 . A smooth five-manifold Σ̃_5 can be constructed by the fibration of S̃^3 over Σ̃_2. The five-form flux measured on this five-manifold is given by Ñ = −μ_3 ∫ Σ̃_5

F_{(5)} =

(Area)_{z=−1/2} 2π , (4)

where here the normalization μ_3 = T_3 = (2π)^{−3} in string units is used and (Area)_{z=−1/2} is the area of the region with z = −1/2 inside Σ̃ on y = 0 plane. We can as well construct another five-manifold Σ_5 by the fibration of S^3 over a surface Σ_2; Σ_2 ends in the region with z = −^1_2 of the y = 0 plane. The five-form flux measured on Σ_5 is

N = μ_3 ∫ Σ_5

F_{(5)} =

(Area)_{z=1/2} 2π . (5)

Equations (4) and (5) indicate that the area of each connected region with either z =^1_2 or z = −^1_2 on the y = 0 plane is quantized. This is because the total 5-flux through any five-sphere is quantized by Dirac quantization condition.

The LLM solutions (1) and (2) have been shown to have the energy equal to the angular momentum and to preserve 16 supersymmetries, so they are indeed geometries satisfying the 1/2 BPS condition. They provide us a new theoretical setting to test the AdS/CFT duality at a new level.

B. AdS_5 × S^5 from LLM

The LLM geometries are completely determined by the distribution of the sources for the function z on the boundary y = 0 plane. AdS_5 × S^5 as the maximal BPS geometry is a special case of the LLM geometries, with the sources uniformly distributed in a disk with z = −1/2 on the y = 0 plane. Then the solution of the six dimensional Laplace equation (3) is given by

z(r, y; r_0) = r^2 − r^2_0 + y^2 2 √ (r^2 + r^2_0 + y^2)^2 − 4r^2r^2_0 , V_ϕ(r, y; r_0) = 1 2 − r^2 + r^2_0 + y^2 2 √ (r^2 + r^2_0 + y^2)^2 − 4r^2r^2_0

, (6)

where (r, ϕ) are the polar coordinates on the (x_1, x_2) plane, and r_0 is the radius of the disk. For this isotropic solution, B̂ and ^̃B defined in (2) can be expressed as B̂ = K(r, y; r_0)dϕ, ^̃B = K̃(r, y; r_0)dϕ, (7) where K and K̃ are determined by the following differential equations ∂_rK = − ry 4 ∂_yz + r 2 (z + 1 2 ), ∂_yK = ry 4 ∂_rz, ∂_rK̃ = − ry 4 ∂_yz + r 2 (z − 1 2 ), ∂_yK̃ = ry 4 ∂_rz. (8) It is easy to check that the above equations are compatible with the Laplace equation (3).

Inserting (6) in the LLM solution (2) and performing the change of coordinate

y = r_0 sinh ρ sin θ, r = r_0 cosh ρ cos θ, (9) ϕ = ϕ̃ − t, we obtain the standard AdS_5 × S^5 metric in the global coordinates

ds^2 = r_0[− cosh^2 ρdt^2 + dρ^2 + sinh^2 ρdΩ^2_3 + dθ^2 + cos^2 θdϕ̃^2 + sin^2 θdΩ̃^2_3]. (10)

Matching it with AdS_5 × S^5 geometry from the near-horizon limit of D3-branes, we have r_0 = R^2_{AdS} = R^2_S = √ 4πg_sÑ . Meanwhile, from eq. (9) we see that the interior of the disk on the y = 0 plane corresponds to ρ = 0, i.e., the center of AdS_5, while the exterior of the disk on the y = 0 plane corresponds to θ = 0, i.e., the north-pole of S^5.

The last equation in (9) is linear in time. This implies that the LLM coordinates and the global coordinates of AdS_5 × S^5 differ from each other by a relative frame rotation in the (x_1, x_2) plane. In the LLM frame, the AdS_5 × S^5 metric (10) is seen by an observer who co-moves with a rotating frame in the (x_1, x_2) plane. Conversely, in the global frame for AdS_5 × S^5, an observer who moves along the ϕ̃-circle in S^5 will see the LLM metric (6) determined by a disk source. So the double scaling limit of large angular momentum and large radius of ϕ̃-circle is just the PP-wave limit of AdS_5 × S^5 [15].

For convenience for the following discussions, we will evaluate the y → 0 limit of various functions. For the interior of the disk, (r^2 < r^2_0), we have z → −1/2, V_ϕ → r^2 r^2 − r^2_0

, (11) B_t → 0, B̃_t → −^{(r2−r2}0^{)2}_{4r20} , K → 0, K̃ → −r^2/4 while for the exterior of disk (r^2 > r^2_0), z → 1/2, V_ϕ → − r^2_0 r^2 − r^2_0

, (12)

B_t → −^{(r2−r20 )2}_{4r20} , B̃_t → 0, K → r^2/4, K̃ → 0. We see that the radii of the two three-spheres, S^3 inside AdS_5 and S̃^3 inside S^5, are proportional to √ |B_t| and √ |B̃_t|, respectively. Thus in the interior (exterior) of the disk at y = 0, S^3 (S̃^3) shrinks to zero size.

C. Giant graviton revisited

In this subsection, we will revisit the giant graviton in AdS_5 × S^5[12], but use the LLM’s expressions in which the R − R field strength is slightly different from that given in refs. [12, 13]. This re-formulation will be helpful for the discussions in section V.

A giant graviton is a spherical D3-brane, which has the same quantum numbers as a graviton. So the D3-brane wraps a 3-sphere either in AdS_5 or in S^5. Its dynamics is governed by the world-volume action S = −T_3 ∫ d^4ξ √ −det(P [G]_{ab}) + T_3 ∫ P [C_{(4)}]. (13) where G_{μν} and C_{(n)} are the background metric and R-R n-form potential, respectively. P [· · ·] denotes the pullback of the enclosed spacetime tensor to the brane world-volume. For our purpose, we only consider D3-branes wrapping on a 3-sphere S̃^3 in S^5. Then we may take the static gauge:

ξ^0 = t, ξ^m = ω^m (m = 1, 2, 3), (14) with ω^m being the coordinates of S̃^3, and consider a trial solution of the form, in the polar coordinates on the (x_1, x_2) plane,

r = r̃r_0 (0 < r̃ = const. ≤ 1), y = 0, ϕ = ϕ̃(t) − t. (15) Substituting the background metric (10), the R-R potential (1) and the ansatz (15) into the world-volume action (13) and integrating over the angular coordinates yield the following Lagrangian

L(t)/r^2_0 = −(1 − r̃^2)^{3/2} √ 1 − r̃^2 ˙ϕ̃^2 + r̃^4 ˙ϕ̃ + (1 − 2r̃^2). (16)

The corresponding Hamiltonian and the angular momentum J conjugate to ϕ̃ read

H/r^2_0 = √ (1 − r̃^2)^3 + 1 r̃^2

(j − r̃^4)^2 − (1 − 2r̃^2), j = J r^2_0 = (1 − r̃^2)^{3/2}r̃^2 ˙ϕ̃ √ 1 − r̃^2 ˙ϕ̃^2

− r̃^4. (17)

The above Hamiltonian possesses two local minima. One of them is at r̃ = 1, the boundary of the disk, where the D3-brane shrinks to point and behaves like an ordinary graviton. Another minimum locates at r̃ = √ j for fixed j ∈ [0, 1). D3-branes at this minimum preserve non-vanishing size, and are called “giant gravitons” in the literature. The energy of those classical stable “giant gravitons” is given by

E_g = J = r̃^2r^2_0 = r^2. (18)

This is precisely the 1/2 BPS condition.

It is interesting to note that one always has ˙ϕ̃ = 1 at these minima, independent of J. For an observer co-moving with the giant graviton, he/she sees that the world-volume dynamics along the circle is labeled by the variable φ = ϕ̃ − t. In other words, the Lagrangian (16) should be rewritten as L(t) = 1 2 r^2φ̇^2 + r^2φ̇ + · · · . (19)

It is obvious that a non-zero φ̇ implies quantum fluctuations of a giant graviton around its classical stationary points.

III. 1/2 BPS DYNAMICS OF GIANT GRAVITONS IN LLM GEOMETRY

Now let us add a few giant gravitons in the LLM geometry. Suppose the number of giant gravitons, M, is much less than the number of background five-form flux Ñ, so that the back-reaction of the giant gravitons on background geometry can be ignored. They are assumed to be located at ρ = 0 (hence inside the z = −1/2 disk on the y = 0 plane) and to wrap S̃^3 in S^5. We shall show that the background R-R flux provides a homogeneous magnetic field perpendicular to the y = 0 plane and the dynamics of giant graviton in the (x_1, x_2) plane at y = 0 is the same as that of electrons moving in a 2d plane with a constant transversal magnetic field.

The low energy dynamics of giant gravitons in a fixed background (without NS B-field) is known [16] to be described by the following non-Abelian generalization of the DBI action (13) S_{DBI} = −T_3 ∫ d^4ξ STr √ −det(P [G_{ab} + G_{ai}(Q^{−1} − δ)^{ij}G_{jb}] + 2πF_{ab})det(Q^i_j ), (20)

with^1

Q^i_j = δ^i_j + i[X^i, X^k]G_{kj} , (21)

plus the Chern-Simons action [17], with the bosonic part

S_{CS} = T_3 ∫ STr ( P [e^{iiX iX} ( ∑ n C^{(n)})]e^{2πF} ) , (22)

supplemented by proper fermionic terms . Here the transverse coordinates X^i, as worldvolume scalar fields, are M × M matrices in the adjoint representation of the U(M) gauge group. STr(· · ·) denotes a symmetrical trace in gauge

group. The operator i_X is the contraction with X_i:

i_X i_X C^{(n)} = 1 (n − 2)! X^{i1} X^{i2} C^{(n)}_{i1i2i3 ···in} dx^{i3} ∧ · · · ∧ dx^{in} . (23) Now we consider the giant gravitons locating at the center of AdS (ρ = 0 ⇒ y = 0) and, as D3-branes, all wrapping on the same S̃^3 in S^5. We take the static gauge (14) again for the world-volume coordinates. Recall that our purpose is to study the 1/2 BPS sector in AdS/CFT duality, treated as a closed sector in view of the arguments given in ref. [6]. Thus we are allowed to truncate the degrees of freedom of the giant gravitons to those in the 1/2 BPS sector: Namely the world-volume gauge field is taken to be zero, and we turn on the transverse scalar fields along x_1, x_2 directions only. (According to the arguments in ref. [6], there exists a limit in which all other degrees of freedom are decoupled, i.e. they cost too much energy and therefore can be integrated out at low energy.) Thus by inserting the background metric and five-form field strength given by (1), (2) and (6) into (20) and (22), we obtain

S_{BI} = −2π^2T_3 ∫ dt Tr{4|B̃_t| + 4|B̃_t|V_iẊ_i − 1 2 Ẋ^2_i + 1 2 [X_1, X_2]^2} + · · · , (24)

[1] We use i, j, k to denote the directions transverse to the branes, and a, b, c those along the branes.

and S_{CS} = −8π^2T_3 ∫ dt Tr{B̃_t + (B̃_tV_i + ^̃B_i)Ẋ_i} + · · · . (25)

Here X_i’s have been restricted to the lowest order modes in the expansion of spheric harmonics on S̃^3, because we focus on the 1/2 BPS states. The dots “· · ·” denotes higher order terms in powers of M/N that are suppressed in our probe approximation.

The quartic term plays no role in the 1/2 BPS sector. Using eqs. (11) and (12) in (24) and (25), we get a matrix model with the following Lagrangian: L(t) = 1 2l_s TrẊ^2_i + 1 l^2_s ϵ_{ij} TrX^iẊ^j , (26)

where we have restored the l_s-dependence and rescaled X_i by X_i → √ 4πX_i. For a single giant graviton, with M = 1, X_1 and X_2 become real numbers; then in polar coordinates and with ρ = 0, the above Lagrangian is reduced to eq. (19). This consistency implies that the Lagrangian (26) describes the quantum fluctuations of the giant graviton around their classical stationary point in the 1/2 BPS sector. On the other hand, the Lagrangian (26) with M = 1 precisely describes the Landau problem, for a non-relativistic charged particle with mass m = 1/l_s moving in a constant magnetic field B = 2/l^2_s .

For the number of giant gravitons M > 1, X_i’s are M × M matrices. Their diagonal elements describe the positions of the giant gravitons, while the off-diagonal elements describe the interactions between the giant gravitons. At low energy, one may take the limit l_s → 0. This is equivalent to take the limit B/m → ∞, i.e. the cyclotron frequency in the Landau problem tends to infinity. However, for a large number of giant gravitons the classical Lagrangian (26) does not provide a proper description for the quantum giant-graviton fluid, since the 2-plane should become a non-commutative 2-plane when all giant gravitons are projected down to the lowest Landau levels (LLL). In the next section, we shall show that the matrix model (26) has to be supplemented by a non-commutativity constraint in an incompressible fluid phase, so that the quantum behavior of the many giant graviton system is that of a quantum Hall fluid, described by a Chern-Simons matrix model.

To conclude this section, we note that the Lagrangian (26) can be recast into a manifestly U(M) gauge invariant form: L(t) = m 2 Tr(DX_i)^2 + B 2 ϵ_{ij} Tr(X^iDX^j ), (27)

where DX_i = Ẋ_i + i[A_0, X_i] with A_0 the electric potential.

IV. CHERN-SIMONS FINITE-MATRIX MODEL FOR GIANT GRAVITONS

Since the essential non-commutativity condition is absent, the matrix model (27) is not sufficient to describe a QH fluid. We shall show that this condition naturally emerges as soon as the quantum physics of giant gravitons is considered.

A. Symmetry breaking

Since the Lagrangian (27) is invariant under U(M) gauge symmetry, one of the Xs, e.g. X_1, can be diagonalized by a gauge transformation^2. In this eigenvalue basis, with notation (X_1)_{mn} = δ_{mn}x_{1m}, (X_2)_{mn} = y_{mn}, y_{nn} = x_{2n}, a typical classical Lagrangian of the matrix model reads L = m 2 ∑ i,n ẋ^2_{in} + m 2 ∑ m≠n ˙ȳ_{mn}ẏ_{mn} + B 2 ∑ i,n ϵ_{ij} x^i_nẋ^j_n − U(x, y). (28) However, quantum mechanically there is a non-trivial change of measure in path integral from the matrix-element basis to the eigenvalue basis. So the Hamiltonian in the quantum theory is given by

H_q = − 1 2m ∑ i,n 1 Δ^2 ( ∂ ∂x_{in} − iBϵ_{ij}x_j )Δ^2( ∂ ∂x_{in} − iBϵ_{ij}x_j ) − 1 2m ∑ m,n ∂ ∂ȳ_{mn} ∂ ∂y_{mn} + U(x, y) = 1 Δ(x_1)

H̃Δ(x_1), (29)

where Δ(x) = ∏ n<m(x_n −x_m) is the Van der Monde determinant, and H̃ is the Hamiltonian corresponding to the Lagrangian (28).

The eigenfunction ψ̃ of H̃ is related to an eigenfunction ψ of H_q by ψ̃(x, y) = Δ(x_1)ψ(x, y). It implies that the Hamiltonian (28) in the eigenvalue basis describes a quantum system of particles obeying Fermi statistics^3 from the requirement that any pair of x_{1n} are different. In other words, we may have two perspectives on the physics of giant gravitons at the quantum level. One is to use the Hamiltonian (29) of U(M) gauge symmetry to describe the quantum physics, with M giant gravitons understood semiclassically coinciding. Another perspective

[2] Here we do not adopt the argument of using a complexified gauge group to diagonalize X_1 and X_2 simultaneously.

[3] This is a 1-d fermion system instead of 2-d one, unlike that extracted from N = 4 SYM[6]. It indeed makes sense at m/B → 0 because the phase space is two dimensional at this limit.

is to just use the Hamiltonian obtained from the classical Lagrangian (28) to describe the quantum fluctuations of giant gravitons, leaving M giant gravitons separated from each other on the (x_1, x_2)-plane. In the latter case the world-volume gauge symmetry is broken from U(M) to U(1)^M . So the degrees of freedom corresponding to the off-diagonal elements of X_2, which give excitation modes of open string stretched between different giant gravitons, become heavy and are frozen out at the low energy limit l_s → 0. In continuous fluid description, two different perspectives were referred as two different fluids, the string fluid and brane fluid[19]. They should be related to each other, like the correspondence between matrix basis and eigenvalue basis in the toy matrix model discussed by Berenstein[6]. For our purpose, the latter perspective is more convenient. Thus we end up with the following Lagrangian from Eq. (27): L = ∑ n [ m 2 ẋ^2_{in} + B 2 ϵ_{ij} x^i_nẋ^j_n − V (x_{in}) ] , (30)

supplemented with Fermi statistics condition. Here we have included a potential V (x_{in}), which is assumed to arise from short-range interactions and will be shown in the next section to naturally emerge when we choose a correct vacuum. The Lagrangian (30) describes a collection of non-relativistic charged fermions moving in a plane subject to a perpendicular magnetic field. In the m/B → 0 limit, all particles are projected into the LLL, which is infinitely degenerated. The degenerated states in the LLL are distinguished by the quantum number of angular momentum j. Due to Fermi statistics, different giant gravitons occupy states with different j.

B. Incompressible Fluid description and non-commutative Chern-Simons theory^4

Following refs. [3, 20], we treat the long distance behavior of the above system as a dissipationelss fluid. The discrete label n is replaced by a pair of continuous coordinates (y_1, y_2); these coordinates are co-moving coordinates subject to the condition that the density of particle number, ρ_0, is constant. Accordingly, the Lagrangian (30) can be rewritten as L(t) = ∫ d^2y ρ_0 [ m 2 ẋ^2_i (y) + B 2 ϵ_{ij} x_i(y)ẋ_j (y) − V (ρ_0| ∂y ∂x |) ] . (31)

[4] This subsection does not contain new results. It just follows the treatment in [3, 20], to show how noncommutativity comes about in our matrix model. The readers familiar with this issue may skip this subsection.

The potential V plays a role when distances among giant gravitons are small, i.e., it arises out of short-range forces. It leads to an equilibrium when the real space density is ρ_0. The fact that such an equilibrium state reaches the minimal energy is essentially an assumption, which may not be true if the giant gravitons are in, say, a Wigner crystal state. In the following we shall always make this assumption as a working hypothesis. Thus, the Jacobian |∂y/∂x| equals to 1 in equilibrium.

The Lagrangian (31) is invariant under the area preserving diffeomorphisms (APD) of y-plane, generated by the infinitesimal transformations δy_i = ϵ_{ij} ∂α(y) ∂y_j , ⇒ δx_i = ϵ_{jk} ∂x_i ∂y_j ∂α(y) ∂y_k . (32)

Small deviations from the equilibrium can be parameterized by a vector field A_i, defined by

x_i = y_i + ϵ_{ij} θA_j , (33)

where θ ≪ 1 is a convenient parameter to control the expansion. The APD (32) leads to the following transformation for A: δA_i = ∂α̃ ∂y_i + ϵ_{lm}θ ∂A_i ∂y_l ∂α̃ ∂y_m , (34)

where α̃ = α/θ. The first term is in the standard form of an Abelian gauge transformation.

Moreover, the APD invariance implies that there exists a conserved charge, given by ∫ d^2yΠ_iδx_i. (35)

In the limit m/B → 0, the conjugate momentum density Π_i ∝ ϵ_{ij} x^j . Then the conserved current is the Jacobian from x to y. Thus, the equation of motion is supplemented with the constraint | ∂x ∂y | = 1 2 ϵ_{ij} ϵ_{mn} ∂x_m ∂y_i ∂x_n ∂y_j = 1. (36)

Namely the fluid density in x-space is constant, or the fluid is incompressible, since by definition the fluid density is constant in y-coordinates. This constraint can be viewed as a Gauss law constraint and can be added into the action via a Lagrangian multiplier A_0 . Then in the limit m/B → 0, the Lagrangian reads L(t) = ∫ d^2y ρ_0 [ B 2 ϵ_{ij}(ẋ^i − θ{x_i, A_0})x^j + θA_0 − V (ρ_0| ∂y ∂x |) ] , (37) where the Poisson bracket is defined by {F (y), G(y)} = ϵ_{ij} ∂_iF ∂_jG. (38) Eqs. (34) and (38) exhibit the structure of non-commutative U(1) gauge theory with spatial-spatial non-commutativity: To the first order in θ expansion, eq. (34) is nothing but non-commutative gauge transformation, while eq. (38) is the non-commutative commutator. This observation led Susskind to propose [3] that, beyond the linear order, the APD invariance requires the action to be the non-commutative Chern-Simons (NCCS) theory (with ν = 1/Bθ) L_{N CCS} = 1 4πν ϵ^{μνρ} ( A_μ ⋆ ∂_ν A_ρ + 2i 3 A_μ ⋆ A_ν ⋆ A_ρ ) , (39)

and that (39) provides the correct framework for the quantum Hall system with ν being the filling fraction. The NCCS action (39) can be obtained from a non-commutative matrix mechanics. The NC matrix mechanics is given by L = B 2 ϵ_{ij} Tr(Ẋ_i + i[A_0, X_i])X_j + BθTrA_0, (40)

with X_i = y_i + ϵ_{ij} θA_j . Here the constant matrices y_i are chosen to satisfy [y_i, y_j ] = iθϵ_{ij} .

Collecting the above ingredients together, we conclude that one should add a term BθTrA_0 into our matrix model (27) in the large B limit. This term yields a noncommutativity constraint, and compensates the anomaly arising from the change of measure in the large B limit. The matrix Lagrangian (27) plus the additional term BθTrA_0 will be shown to describe a quantum Hall system of giant gravitons. In this way, we have demonstrated that the 1/2 BPS dynamics of giant gravitons in the LLM geometry background is essentially that of a quantum Hall system.

C. Edge excitations and a finite-matrix model for QHE

The Gauss law constraint that follows from the Lagrangian (40) implies the noncommutativity

[X_1, X_2] = iθ, (41)

which can be solved only with infinite matrices. For finite matrices of order M, this constraint can be satisfied only up to order 1/M. To obtain a finite-matrix model with the

Gauss law exactly satisfied, one needs to add extra degrees of freedom. In our case, we argue this necessity as follows. Since different giant gravitons occupy different states labelled by angular momentum j of the LLL, the distance between two nearest giant gravitons is of order √ j/B − √ (j − 1)/B ∼ l_s/ √ j. When j is large enough, open string excitations stretched between the nearest giant gravitons may become very light and can be excited at low energy. Obviously, these almost gapless excitations prefer j as large as possible, namely in the region close to the boundary of the quantum Hall droplet. In the fluid description, we may introduce a boundary Lagrangian to describe these excitations:

L_b = ∫ d^2yρ_0δ(Γ(y_1, y_2)) [ m_b 2 ϕ̇^∗(y)ϕ̇(y) + i 2 B(ϕ̇^∗ϕ − ϕ^∗ϕ̇) − Bμ_b 2 ϕ^∗(y)ϕ(y) ] , (42)

where Γ(y_1, y_2) = 0 defines the boundary, ϕ(y) is a complex field defined on the boundary only and μ_b ∼ 1/(Ml_s). In fact, there are apparently two boundary fields and, later, we will show that they correspond to the continuum limit of the off-diagonal elements (X_i)_{1n} and (X_i)_{n1} or their complex combination

Ψ_{n1} = (X_1)_{n1} + i(X_2)_{n1}, Ψ_{1n} = (X_1)_{1n} + i(X_2)_{1n}. (43)

(Here the convention is that the giant graviton with the largest j is labelled by index “1”). However, half of them can always be gauged away by the residual U(1)^M gauge symmetry, and only one boundary field is physical. (This corresponds to the well-known fact that the edge states of a quantum Hall droplet are chiral, in the sense that edge wave propagates along the boundary only in one direction, not in the opposite direction.)

Under an infinitesimal APD, ϕ(y) transforms as (32). But the conserved charge now is given by ∫ d^2y ρ_0Π_iδx_i + ∫ d^2yρ_0δ(Γ(y_1, y_2))(Π_ϕδϕ + Π_ϕ∗ δϕ^∗). (44)

For small B, it implies a vortex-like excitation at the boundary. In the large-B limit, it changes the constraint (36) to 1 2 ϵ_{ab}{x_a, x_b} − 2i{ϕ^∗, ϕ}δ(Γ) = 1. (45) Thus, with a large B, we get a Lagrangian to describe this fluid with edge excitations: L(t) = ∫ d^2y ρ_0 [ B 2 ϵ_{ij} (ẋ^i − θ{x_i, A_0})x^j + θA_0 − V (ρ_0| ∂y ∂x |) ]

− ∫ d^2y ρ_0δ(Γ) [ iBϕ^∗(ϕ̇ − θ{A_0, ϕ}) + Bμ_b 2 ϕ^∗ϕ ] . (46)

It has been mentioned in the previous subsection that {A, B} is the first order truncation of the non-commutative commutator [A, B]_⋆ = A ⋆ B − B ⋆ A defined by star product, and the full expression is assumed to be the result of the substitution of Poisson brackets by the non-commutative commutators. Following the same logic, we pass from the above Lagrangian to the matrix description by the replacements ∫ d^2y ρ_0 → Tr, θ{A, B} → [A, B], ∫ d^2y ρ_0δ(Γ)A → A_{11}, (47)

where again the index “1” is referred to the giant graviton with the maximal angular momentum j in LLL. In particular, one has θ ∫ d^2y ρ_0δ(Γ)ϕ^∗{A_0, ϕ} → Ψ^†_{1m}(A_0)_{mn}Ψ_{n1} − Ψ_{1m}(A_0)_{mn}Ψ^†_{n1}. (48)

We have mentioned that half of degrees of freedom in Ψ_{1m} and Ψ_{m1} may be gauged away. Finally we obtain a matrix model described by the following U(M) invariant Lagrangian: L = B 2 Tr(ϵ_{ij} X^iDX^j + θA_0) + BΨ^†(iDΨ − μ_bΨ), (49)

where Ψ transforms as fundamental representation under U(M). In the above Lagrangian we have taken the limit m/B → 0.

The matrix model presented in (49) is slightly different from Polychronakos’s finite matrix model[18] by the absence of a confining X^2 potential. However, eq. (18) indicates that the giant gravitons are actually confined around the origin to minimalize their energy. It means that the matrix Lagrangian (49), though capturing the most important features of the giant graviton system, does not accommodate all information of the system. To be precise, the Hamiltonian, H^′, obtained from the matrix Lagrangian (49) describes only the quantum fluctuations of giant gravitons around the classical stationary point or the corresponding 1/2 BPS geometries/states. In other words, we should identify H^′ = H − H_0, where H_0 = J is the energy of 1/2 BPS states. Because the angular momentum J should be treated quantum mechanically, the system must be quantized with the full Hamiltonian H, instead of merely H^′. Recalling that H^′ = H_Ψ = Bμ_bΨ^†Ψ, supplemented with the Gauss law constraint, the full Hamiltonian is of the following form:

H = J + H_Ψ = B 2m Tr(X_1 ∂L ∂Ẋ_2 − X_2 ∂L ∂Ẋ_1 ) + H_Ψ =

B^2 4m Tr(X^2_1 + X^2_2 ) + H_Ψ. (50)

The X-part of the above Hamiltonian behaves as M^2 harmonic oscillators in the matrix basis, since X_1 and X_2 are conjugated each other.

V. GIANT GRAVITON FLUID AS FRACTIONAL QUANTUM HALL FLUID

In this section we shall quantize the finite-matrix Hamiltonian (50) supplemented with Gauss law constraints derived from from the Lagrangian (49), to show that indeed the 1/2 BPS dynamics of giant gravitons in AdS_5 × S^5 allows the formation of fractional quantum Hall (FQH) fluids with filling factor ν = 1/k, with k a positive odd number. There are several approaches to quantize this model: (1) Canonical approach with Gauss’ constraint; (2) Path integral approach; (3) Reduced canonical approach (first to solve the classical constraints and then to quantize). Though they all lead to essentially the same physics, each approach has its own advantages in revealing some aspects of the underlying physics.

A. “Classical” quantum Hall droplet

The Gauss law constraint derived from the Lagrangian (49), G = −i[X_1, X_2] + ΨΨ^† − θ = 1 2 [A, A^†] + ΨΨ^† − θ = 0, (51) implies that the energy is discrete, even at the classical level, with an energy gap of order θ. To reveal this, we need to solve the above constraint as well as the classical equations of motion. Classically, inserting the solution of equation of motion, X_1 + iX_2 = A, Ψ = e^{−iμbt} √ Mθ|v⟩, (52) with A a constant M × M matrix and |v⟩ a constant vector of unit length, into the Hamiltonian (50), we obtain H = B^2 4m TrA^†A + MBθμ_b. (53) In the oscillator basis, we may choose |v⟩ = |M − 1⟩. The traceless part of the constraint (51) has many solutions for A. Each of these solutions corresponds to a different distribution of the giant gravitons on the 2-plane. For example, the solution corresponding to the ground state is A = √ 2θ M −1∑

n=1 √ n|n − 1⟩⟨n|. (54)

It yields the radius squared matrix:

R^2 = X^2_1 + X^2_2 = 1 2 (A^†A + AA^†) = M −2∑

n=0 θ(2n + 1)|n⟩⟨n| + θ(M − 1)|M − 1⟩⟨M − 1|. (55) Semi-classically the M giant gravitons in this case are uniformly distributed in the (x_1, x_2) plane on a disk with radius √ 2Mθ, (see Fig. 1a), with density ρ_{gg} = 1/(2πθ) and the inverse filling factor ν^{−1} = B/(2πρ_{gg}) = Bθ in the analogy to the QH “droplet”. Later we will show that this droplet can generally be in a FQH liquid phase when the density is at the right value. The total classical energy of this system is E = B^2 4m θM(M − 1) + MBθμ_b. The classical energy contributed by the edge states is order Mμ_b ∼ 1/l_s, and can be ignored compared with the energy contributed by X_i. This is consistent with the known fact that the edge excitations are essentially gapless.

FIG. 1: The giant gravitons in AdS_5 × S^5 and its analogy to the QH “droplet”. The gray region denotes the AdS_5 × S^5 background. The giant gravitons are uniformly distributed on the black region and the quasi-hole excitations in this giant graviton background are denoted by the white region. a) The (fractional) QH ‘droplet” formed from the condensation of the giant gravitons. b) A quasi-hole excitation at origin. c) Several quasi-hole excitations.

Another interesting special solution is A = √ 2θ ( √ q|M − 1⟩⟨0| + M −1∑

n=1 √ n + q|n − 1⟩⟨n| ) , (56) where q > 0. It is known to be a quasi-hole excitation with charge −q (a defect) at the origin in the FQH background (Fig. 1b). It increases the radius of the state |m⟩ from √ (2m + 1)θ to √ (2m + 2q + 1)θ. This corresponds to the excitation of the giant graviton at the j = 0 state (with j the angular momentum in LLL) to the j = 1 state, while the giant graviton at the j = ℓ state is excited to the j = ℓ + 1 state, etc. The total number of giant gravitons is unchanged. Finally, a rather general solution can be constructed as follows: A = √ 2θ m∑ i=1 √q_i|n_i⟩⟨n_{i−1}| + n_i∑

n=n_{i−1} +1 √ n + q_i|n − 1⟩⟨n| , (57)

where |n_0⟩ = |0⟩, |n_m⟩ = |M − 1⟩ and m ≪ M. This solution can interpreted as several quasi-hole excitations with charges −q_i, at different radii in the QH background (Fig.1c). Each of these solutions corresponds to a classical, stable configuration of the giant gravitons.

Finally, we remark that both the classical Hamiltonian and the angular momentum depend on the trace of the radius-squared matrix only. Therefore, both the energy and angular momentum are quantized, even at the classical level.

B. Gauss’ law in the canonical approach

To quantize the matrix model (49), we treat the matrix elements of X_1 and X_2 as operators, and impose the canonical commutation relations

[(X_1)_{mn}, (X_2)_{rs}] = i B δ_{mr}δ_{ns}, (58) because the Lagrangian is first order in time derivative. Hereafter we shall use the boldface letters to denote operators in the quantum theory. The Hamiltonian for the X’s is so ordered as to be given by (Z = X_1 + iX_2)

H_X =

B^2 4m ∑ mn (Z^†_{mn}Z_{mn} + 1 B ), (59)

corresponding to M^2 harmonic oscillators. The components of the column vector Ψ correspond to M oscillators and are quantized to be bosons with the commutation relations

[Ψ_m, Ψ^†_n] = 1 B δ_{mn}. (60)

Further the operator ordering ambiguity in the quantum version of the classical Gauss’ law constraint (51) is fixed by requiring that as quantum generators of unitary rotations of both X_1, X_2 and Ψ, the operator G should satisfy the commutation relations of the U(M) algebra. Therefore, the traceless (SU(M)) part of the Gauss’ law operator G can be constructed as the sum of two terms, G_X and G_Ψ, which are the well-known bilinear realization of the SU(M) algebra in the Fock basis of bosonic oscillators in the adjoint and fundamental representations, respectively.

G ≡ G_X + G_Ψ = −i ( Z^†_{mk} Z_{nk} − Z^†_{nk} Z_{mk} ) E_{mn} + Ψ^†_mT^a_{mn}Ψ_nT^a (61)

where E_{mn} is the matrix with only the element at the m-th row and n-th column being one and all other elements zero; T^a is the matrix for the generator of SU(M) in the fundamental representation. Then the traceless part of the quantum Gauss’s law is given by

(G^a_X + G^a_Ψ)|phys >= 0. (62)

The U(1) part of the quantum Gauss’s law, similar to that in quantum electrodynamics, just requires the total U(1) charge of the model to vanish: (Ψ^†_mΨ_m − Mθ)|phys >= 0. (63) The two constraints (62) and (63) together require the physical states to be U(M) singlets.

C. Quantization of the inverse filling factor

Because of purely group-theoretical reasons, Gauss’ law constraints (62) and (63) impose a severe restriction on the possible value for the parameter Bθ, which is closely related to the inverse filling factor ν^{−1} for giant gravitons. Eq. (62) requires that the physical states are invariant under SU(M). Consequently, the representation of G_X and that of G_Ψ must be conjugate to each other, so that it is possible to form an SU(M) singlet. The X-part is known to be formed by the tensor product of the adjoint representations, so it contains only the irreducible representations with Young tableau having an integral multiple of M boxes. The same must be true for the conjugate representations for the Ψ-part. Moreover, since eq. (63) is realized on bosonic oscillators, it contains all the symmetric irreducible representations of SU(M), whose Young tableau consists of a single row. Therefore, the number of boxes equals the eigenvalue of the total number operator for Ψ-oscillators. In this way [18], the Gauss’ law plus group theory require that MBθ be an integral multiple of M, or simply Bθ = ℓ = 0, 1, 2, .... (64) This quantization in the Chern-Simons finite-matrix model can also be viewed from several different angles. For example, it can be understood as anomaly cancellation a la Callan and Harvey [21]. The anomaly here is referred as the Gauss law anomaly, i.e. [X_1, X_2] = iθ, can not be satisfied by any finite matrices. Then one introduces the boundary degrees of freedom and the anomaly is cancelled or “compensated” by the boundary contributions when Bθ is quantized. On the other hand, one may also consider this as the finite-matrix model version of the level quantization for the non-commutative Chern-Simons (NCCS) term. This is because the second term of the Lagrangian (49) is of the form for the NCCS density: L = 4πκ 3 θ ∫ ϵ_{μνρ}TrD_μD_ν D_ρ (65)

with the coefficient κ = Bθ/4π. Here we have viewed the coordinates X_i as the covariant derivative operators: X_i ∼ θD_i and D_0 = −i∂_t + A_0, a trick often used in the matrix model of D0-branes [24]. The level quantization [22, 23] requires the level 4πκ = ℓ be integers, which is nothing but eq. (65). Finally, the same quantization has a topological origin in path integral, by requiring the complex density exp{i ∫ dtL(t)} in path integral measure to be invariant under large U(M) Gauge transformations along a path with nonzero winding in the compactified temporal direction. The 1d Chern-Simons term trA_0 changes under large U(1) transformations, so its invariance leads to the quantization (64).

The quantization condition (64) immediately indicates the quantization of the inverse filling factor, ν^{−1}. Classically ν^{−1} = Bθ. However, there is a quantum correction to this identification: namely, quantum mechanically we have

ν^{−1} = k = ℓ + 1 = 1, 2, 3, ... . (66)

Certainly this is consistent with the known fact that there is a level shift, ℓ → ℓ + 1, in quantum U(1) NCCS theory [22, 23]. For our finite-matrix model, the quantum correction is due to the operator reordering effects in the radius squared matrix, R^2, which semiclassically determines the “area” occupied by the giant gravitons. Namely upon quantization, the expression of TrR^2 acquires an additional “zero-point energy” term, M^2/B, according to the quantization condition (58). This additional contribution to TrR^2 increases the radius of each “semi-classical orbit” from the classical value √ (2n − 1)θ, (n = 1, 2, ..., M) to √ (2n − 1)(θ + 1/B). Thus, the area of the giant graviton droplet is increased due to quantum effects: Area ≃ 2πM(θ + 1/B) for M ≫ 1. Since the filling factor is defined by ν = 2πM/(B × Area), we obtain ν^{−1} = ℓ + 1 ≡ k by using the quantization condition (64).

So much for the mathematical derivation of the quantization condition (66). Here some remarks on its physical meaning are in order. The quantization condition (66) for the filling factor ν, on one hand, is similar in nature to the Dirac quantization of the monopole charge, in that the allowed values are special, directly related to the consistency of the quantum dynamics. On the other hand, it is different from the Dirac condition in that it deals with the behavior of a quantum many-body system as a whole. Eq. (4) together with (11) tell us that Br^2_m/2 = ñ = integer, where ñ is the number of the background fluxes in the area with radius r_m. Then using previous discussions one has

ñ = Br^2_M /2 = kM. (67)

This result together eq. (4) yield the density of the giant gravitons on (x_1, x_2)-plane: ρ_{gg} = 1 2πk . (68)

For k = 1, the giant graviton density is the same as that of LLM fermions in the original IQH droplet for AdS_5 × S^5. However, for k > 1 the quantization condition (66) tells us that something special happens at the particular values (68) of the giant graviton fluid density. A monopole charge that does not satisfy the Dirac quantization condition simply can not exist. However, a system of giant gravitons with a density which does not satisfy the quantization condition (66) still exists, but they can not be in the particular states described by the ground state of the Chern-Simons matrix model. Namely self organization of giant gravitons into a new incompressible quantum fluid may happen only at the special densities given by eq. (68).

The above condition indicates that θ ∼ l^2_s . No further condition exists to require ν must be equal to 1, so in general the filling factor is allowed to be a fraction ν = 1/k, with k an integer. Hence giant gravitons probing AdS_5 × S^5 can be in a QH state with either integer or fractional filling factor, depending on the density of giant gravitons on the (x_1, x_2) plane at y = 0.

D. Interactions between giant gravitons

To determine the interaction between giant gravitons, we had better adopt the reduced canonical approach. At the classical level, the Gauss law constraint (51) can be solved [18] in the eigenvalue basis of X_1 by Ψ = e^{−iμbt} √ Mθ|v⟩, |v⟩ = 1 √ M (1, 1, ..., 1)^T , (X_1)_{mn} = x_nδ_{mn}, (X_2)_{mn} = y_nδ_{mn} + iθ x_m − x_n (1 − δ_{mn}). (69)

This solution implies that x_m ≠ x_n for m ≠ n. It is consistent with our previous argument that the world-volume gauge symmetry of the giant gravitons breaks from U(M) to U(1)^M .

Substituting the solution (69) into the classical Hamiltonian (53), one obtains the classical Hamiltonian in terms of the variables x_m [18]: H_{ca} = 1 m M∑ m=1 (p^2_m +

B^2 4 x^2_m) + 1 4m ∑ n≠m (Bθ)^2 (x_m − x_n)^2

. (70)

H_{ca} is nothing but the integrable one-dimensional Calogero model [25] for non-relativistic particles on a line.

Then we want to quantize the system. The correct way is not to impose the canonical commutation relations directly to the variables x_n and p_n in eq. (70). We should solve the quantum version of Gauss law constraint in the eigenvalue basis of X_1, and then substitute the solution into the Hamiltonian (53). Non-commutativity of the quantum operators shifts the strength of the two-body inverse square potential from ℓ^2 to ℓ(ℓ + 1) [18], or in terms of the inverse filling factor k:

H_{ca} = 1 m M∑ m=1 (− ∂^2 ∂x^2_m + B^2 4 x^2_m) + 1 4m ∑ n≠m k(k − 1) (x_m − x_n)^2

. (71)

The shift in the strength of the two-body inverse square potential is apparently related to the level shift, ℓ → ℓ + 1, in U(1) non-commutative Chern-Simons theory [22, 23].

It is well-known that with k = 1 this model describes a free fermion system [26], which corresponds to the ν = 1 IQH droplet in phase space and agrees with the observations made in the LLM geometry[4] and in the matrix model for AdS/CFT[6] for 1/2 BPS geometries. The essential information we obtain from the Hamiltonian (70) in the present context is that the two-body interactions between giant gravitons due to quantum fluctuations of stretched open strings are repulsive for k > 1. In condensed matter physics, the repulsive nature of the interactions is considered to be a crucial condition for the formation of new incompressible QH fluid states. Indeed, the ground-state wave function of the Calogero model

Ψ_0(x_1, x_2, · · ·) = ∏ m<n (x_m − x_n)^k exp{− B 2 ∑ n x^2_n}, (72)

is nothing but the 1d representation (in the Landau gauge) of the Laughlin wave function in the LLL with ν = 1/k on a disk geometry. Similar correspondence exists for excited states. (For more discussions on the explicit relationship between the Calogero model and the FQHE, see ref. [27].) Thus, from the quantum Calogero model obtained in our present context, we have demonstrated that the ground state of the QH system of giant gravitons at the right value of density, ν = 1/k with k > 1 integer, is in a strongly correlated quantum fluid phase, an incompressible FQH fluid of giant gravitons! (Actually k should be an odd integer; see next subsection.)

E. New Area Quantization and Stringy Exclusion Principle

To gain more insight into the FQH state of giant gravitons with k > 1, we note that ⟨n|R^2|n⟩ − ⟨n − 1|R^2|n − 1⟩ = 2θ. (73) Thus a giant graviton in the FQH droplet with k > 1 occupies a k times bigger area than the k = 1 case. This predicts a new area quantization for the FQH state of giant gravitons. Previously in the fluid description we have already seen that the density of giant gravitons in the FQH droplet is k times bigger than that of LLM fermions in the original IQH droplet. But that is only a coarse-grained description on average. The result (73) in the matrix model is a property at the microscopic level. This microscopic property is a compelling evidence that the ground state of the Chern-Simons matrix model (49) corresponds to a new incompressible quantum fluid state, a FQH fluid state. This makes the FQH state distinct from other possible states of the system with the same fractional filling factor, say from a dilute gas phase which is compressible. We expect that the stability of the FQH state may survive from the back-reactions of the giant gravitons. Namely the new area quantization (73), which is k times bigger than that in the smooth 1/2 BPS LLM’s geometries, should emerge in the new geometry that arises due to the back-reactions of giant gravitons.

This is a new aspect of the giant graviton physics. It implies a stringy exclusion principle at work. This stringy exclusion principle differs from the one discussed previously [12, 28], in that it deals with a strong correlation effect of many giant gravitons, rather than a property of a single giant graviton. This stringy exclusion principle is actually an analogy of the generalized exclusion principle in condensed matter physics [29, 30] that is at work in the FQH state.

We may also examine the state (56) with quasi-hole excitations. The value of the quasihole charge −q is arbitrary in the classical theory. It can be shown [18] that, to accompany the quantization of the filling factor ν, there is also a quantization of q, with the minimal value q = 1/k. By the standard treatment of the Calogero model (71), we expect that in addition to the fractional charge q = 1/k, the quasi-holes in the FQH liquid state of giant gravitons should have both fractional exchange (anyon) statistics with θ_{stat} = π/k [31, 32], and fractional exclusion statistics with λ_{qh} = 1/k. This value of exclusion statistics parameter for quasi-holes is just dual to the exclusion statistics parameter of the giant gravitons in the FQH state, λ_{gg} = k [33, 34].

The possible values of the inverse filling factor k can be further constrained by consideration of quantum statistics. From the exchange statistics in one dimension in the sense of ref. [31] in terms of the scattering phase shift, exp(−iπk), k should be odd because the constituent LLM particles are fermions. The same restriction can be obtained by considering anyon statistics for quasi-hole in two dimensions, which is the same as that in the Calogero model [27]. The argument goes as follows [35]: Consider a cluster of coincident k quasi-holes. It has a charge just opposite to that of the constituent giant graviton, so it is the same as the charge of the original LLM particle. If in the spectrum the only states that carry the same charge are those of the hole of constituent giant gravitons, or the LLM particle, the cluster of coinciding quasi-holes should be identified to be an original LLM particle, including their statistical behavior. The statistics of a cluster of k anyons is known [36] to be k^2θ_{stat}, which is just kπ. It should be the same as that of the original LLM particle which is known to be a fermion. So we should choose k = odd = 1, 3, 5, · · · (74) for the giant graviton FQH fluids.

F. Back-reaction of giant gravitons: speculations

In above study of 1/2 BPS dynamics of giant gravitons in the AdS_5 × S^5 background, the back-reaction of giant gravitons is neglected. This approximation is valid if the number M of the giant gravitons satisfy M ≪ Ñ; Ñ is the number of the R-R 5-flux in AdS_5 × S^5 background. This implies that the size of the giant graviton droplet, of the order of √ g_sM l_s when all fundamental constants are restored, is much smaller than that of the IQH droplet, √ g_sÑl_s. Due to the extraordinary stability of the FQH state, one expects that the emergence of the FQH state and many of their properties, such as new area quantization and stringy exclusion principle for quasi-holes etc, may survive from the back-reactions of giant gravitons. In this subsection we speculate on this possibility.

In subsection V.A and V.C, we have seen that M giant gravitons are distributed semiclassically in a disk on the (x_1, x_2) plane with uniform density 1/(2πk). This semi-classical result is expected to survive in the full quantum theory. When k = 1, this QH droplet vacuum corresponds to a quasi-hole disk as a z = 1/2 region in the center of the ν = 1 IQH droplet in the LLM geometry [4]. This recovers the known result that the back-reactions of giant gravitons in the IQH state with k = 1 give rise to new smooth 1/2 BPS geometries [4].

For k > 1 case, the droplet of giant gravitons has a k times larger area than the k = 1 case in the center of the LLM’s IQH background on the (x_1, x_2) plane. Accordingly, the droplet of giant gravitons has a smaller density so it is a fractional quantum Hall fluid with giant graviton filling factor ν_{gg} = 1/k. In the region of the giant graviton FQH droplet, we have actually a two-component fluid, with the second component being the original IQH background fluid, so that the total density of the original fermions in the region of the FQH droplet of the giant gravitons is ρ = (k − 1)/(2πk). Suppose that the back-reaction of the giant gravitons in such a FQH state can be, at least in a certain decoupling limit, restricted to the 1/2 BPS sector of geometries then a new 1/2 BPS geometry in IIB supergravity will appear due to the back-reactions. Since the FQH state with k > 1 corresponds to a QH droplet with a region in which the density of original fermions is between 0 and 1, the corresponding LLM solutions will have a null singularity, according to refs. [4, 37, 38]. This null singularity is believed to be resolved by possible local quantum effects [39, 40, 41] and has well-defined description in dual CFT[14]. If the back-reactions in the full IIB supergravity can not be restricted semi-classically to the 1/2 BPS sector, then orbifold singularities are possible to arise in the less-than-half BPS cases. So in general we expect that back-reactions of giant gravitons in a FQH state would lead to the emergence of geometries with (naked) singularities.

Since a FQH state is a well-behaved quantum state, which maintains long-distance quantum coherence (more precisely, algebraic off-diagonal long-range order) [42, 43], we believe quantum effects in IIB string theory on the corresponding geometry should resolve the singularity. The properties of the FQH state may help us understand the underlying mechanism in quantum gravity for the resolution of singularity.

VI. SUMMARY

In this paper, we re-examined the dynamics of giant gravitons probing AdS_5 × S^5 geometry, inspired by LLM’s 1/2 BPS geometry in IIB supergravity. The giant gravitons we examined are D3-branes wrapping on a three-sphere inside S^5 and, in the spirit of minisuperspace approximation for the moduli space of the 1/2 BPS geometries, their dynamics is restricted to that on a two dimensional plane in AdS_5 × S^5. The non-abelian low-energy dynamics of the giant graviton probes is shown to lead to a Chern-Simons matrix model, which describes the fluid dynamics of a QH system, i.e. a system of non-relativistic charged particles moving in a strong constant magnetic field. In terms of incompressible giant graviton fluid, the gauge symmetry of the matrix model is broken from U(M) down to U(1)^M , and an additional non-commutative constraint is supplemented to the matrix model action. The D-brane nature of the giant gravitons dictates that edge states are excited when the boundary of the giant graviton droplet fluctuates. Indeed, the low energy world-volume theory for a giant graviton fluid reduces to a Chern-Simons finite-matrix model, which is known to incorporate the edge excitations of a QH droplet of finite size, with either the integer or the fractional filling factor. We discussed various physical analogies between the giant graviton fluid and the FQH liquid, and speculated the possibility that the FQH nature of the giant graviton fluid may survive beyond the probe approximation and give rise to new geometry with singularity in IIB supergravity. In short, our results demonstrate that the giant gravitons, as quasi-hole excitations in AdS_5 × S^5 droplet background, can condense into a new quantum Hall fluid with filling factor ν = 1/k for k an odd integer.

It is interesting to ask whether there is a QH analogy in the open string fluid (mentioned in sect. IV.A), in which the U(M) gauge symmetry is unbroken. The experience with the SYM matrix model[6] indicates that the answer should be “YES”, because there is a one-to-one correspondence between the matrix basis (M^2 uncoupled bosonic oscillators) and the eigenvalue basis (M free fermions) in the matrix model. To show the QH analogy explicitly, we note that each of M^2 uncoupled identical oscillators behaves exactly the same as a charged particle in a magnetic field. Then we may introduce the non-commutativity constraint again by assuming the system is in an incompressible fluid state. (This assumption is self-consistent if the interactions are repulsive.) The bosonic statistics will not interfere with the formation of an incompressible fluid provided interactions are repulsive, which make the multi-occupied single particle states unfavorable energetically. So the system can be in an incompressible quantum fluid, analogous to bosonic Laughlin states with filling fraction ν = 1/k for even k.

One may also consider D3-brane probes wrapping on S^3 inside AdS_5. These giant gravitons are located in the exterior of the circle r^2 = r^2_0, and are viewed as quasi-particle excitations of the AdS_5 × S^5 droplet. As charged particles, they also couple to a constant background magnetic field, but now the number of the magnetic flux is N instead of Ñ (see (4) and (5)). This is a system dual to the one considered in this paper. It would be interesting to study the condensation of these giant gravitons and ask whether there is a QH analogy for this system.

We conclude this paper with a short comment on the emergent QHE from the N = 4 SYM side in AdS/CFT correspondence. Ref. [9] made a remarkable inspiring attempt in this direction. The 1/2 BPS sector for a single chiral scalar in N = 4 SYM compactified on S^3 is a matrix model. A Chern-Simons term emerges in this matrix model if an internal circle is boosted in the bulk theory as that shown by the last equation in (9). So it is an educated guess that, following the procedures presented in this paper, we will end up with FQH systems with filling fractions of the form 1/k for odd k [44].

Acknowledgments

The authors thank Li-Sheng Tseng and Eric Sharpe for helpful discussions. X.-J. Wang was partly supported by China NSF, Grant No. 10305017, and through USTC ICTS by grants from the Chinese Academy of Science and a grant from NSFC of China. Y.-S. Wu was supported in part by the US NSF through grant PHY-0457018. He also thanks the Institute for Solid State Physics, University of Tokyo, Prof. Ueda and Prof. Kohmoto for the warm hospitality that he received during his sabbatical visiting.

[1] B.A.Bernevig, J. Brodie, L. Susskind and N. Toumbas, How Bob Laughlin Tamed the Giant Graviton from Taub-NUT space, JHEP 0102 (2001) 003, [hep-th/0010105].

[2] S.S. Gubser and M. Rangamani, D-brane Dynamics and the Quantum Hall Effect, JHEP 0105 (2001) 041, [hep-th/0012155].

[3] L. Susskind, The Quantum Hall Fluid and Non-Commutative Chern Simons Theory, hep-th/0101029.

[4] H. Lin, O. Lunin and Juan Maldacena, Bubbling AdS space and 1/2 BPS geometries, JHEP 0410 (2004) 025, [hep-th/0409174].

[5] S. Corley, A. Jevicki and S. Ramgoolam, Exact Correlators of Giant Gravitons from dual N=4 SYM, Adv. Theor. Math. Phys. 5 (2002) 809, [hep-th/0101222].

[6] D. Berenstein, A toy model for the AdS/CFT correspondence, JHEP 0407 (2004) 018, [hep-th/0403110].

[7] M.M. Caldarelli and P.J. Silva, Giant gravitons in AdS/CFT (I): matrix model and back reaction, JHEP 0408 (2004) 029, [hep-th/0406096].

[8] D. Berenstein, A matrix model for a quantum hall droplet with manifest particle-hole symmetry, Phys. Rev. D71 (2005) 085001, [hep-th/0409115].

[9] A. Ghodsi, A. E. Mosaffa, O. Saremi and M. M. Sheikh-Jabbari, LLL vs. LLM: Half BPS Sector of N=4 SYM Equals to Quantum Hall System, hep-th/0505129.

[10] L. Grant, L. Maoz, J. Marsano, K. Papadodimas and V.S. Rychkov, Minisuperspace Quantization of “bubbling AdS” and Free Fermion Droplets, JHEP 08 (2005) 025, [hep-th/0505079]; L. Maoz, V.S. Rychkov, Geometry Quantization from Supergravity: the case of “bubbling AdS”, JHEP 08 (2005) 096, [hep-th/0508059].

[11] Y. Takayama and A. Tsuchiya, Complex Matrix Model and Fermion Phase Space for Bubbling AdS Geometries, hep-th/0507070.

[12] J. McGreevy, L. Susskind and N. Toumbas, Invasion of the Giant Gravitons from Anti-de

Sitter Space, JHEP 0006 (2000) 008, [hep-th/0003075].

[13] M.T. Grisaru, R.C. Myers and O. Tafjord, SUSY and Goliath, JHEP 0008 (2000) 040, [hep-th/0008015].

[14] A. Hashimoto, S. Hirano and N. Itzhaki, Large branes in AdS and their field theory dual, JHEP 0008 (2000) 051, [hep-th/0008016].

[15] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and PP-wave from N = 4 super Yang-Mills, JHEP 04 (2002) 013, [hep-th/0202021].

[16] R.C. Myers, Dieletric branes, JHEP 12 (1999) 022, [hep-th/9910053]. [17] M. Li, Nucl. Phys. B460, (1996) 351, [hep-th/9510161; M. Douglas, Branes within branes, [hep-th/9512077]; M. Green, J.A. Harvey and G. Moore, Class. Quan. Gravity, 14(1997) 47; [hep-th/9605033].

[18] A. P. Polychronakos, Quantum Hall states as matrix Chern-Simons theory, JHEP 0104 (2001) 011, [hep-th/0103013].

[19] B. Freivogel, L. Susskind and N. Toumbas, A Two Fluid Description of the Quantum Hall Soliton, [hep-th/0108076].

[20] S. Bahcall, L. Susskind, Fluid dynamics, Chern-Simons theory and the qauntum Hall effect, Int. J. Mod. Phys. B5 (1991) 2735.

[21] C.G. Callan and J. Harvey, Anomalies and Fermion Zero Modes on Strings and Dowain Walls, Nucl. Phys. B250 (1985) 427.

[22] G.H. Chen and Y.S. Wu, One-loop Shift in Noncommutative Chern-Simons Coupling, Nucl.

phys. B593 (2001) 562.

[23] M.M. Sheikh-Jabarri, A Note on Non-commutative Chern-Simons Theory, Phys. Lett.

B510 (2001) 247, [hep-th/0102092]; V.P. Nair and A.P. Polychronakos, On Level Quantization for Non-commutative Chern-Simons Theory, Phys. Rev. Lett. 87 (2001) 030403, [hep-th/0102181]; D. Bak, K.M. Lee and J.H. Park, Chern-Simons Theories on Noncommutative Plane, Phys. Rev. Lett. 87 (2001) 030402, [hep-th/0102188].

[24] T. Banks, W. Fischler, S.H. Shenker, L. Susskind, M Theory as a Matrix Model: A Conjecture, Phys.Rev. D55 (1997) 5112, [hep-th/9610043].

[25] F. Calogero, Ground State of a One-Dimensional N-body System, J. Math. Phys. 10 (1969) 2197.

[26] B. Sutherland, Quantum Many-Body Problem in One Dimension: Ground State, J. Math.

Phys. 12 (1971) 246; Quantum Many-Body Problem in One Dimension: Thermodynamics, J. Math. Phys. 12 (1971) 251.

[27] H. Azuma and S. Iso, Explicit Relation of Quantum Hall Effect and Calogero-Sutherland Model, Phys. Lett. B331 (1994) 107; [hep-th/9312001].

[28] J. Maldacena and A. Strominger, AdS_3 Black Holes and a Stringy Exclusion Principle, JHEP 9812 (1998) 005.

[29] F.D.M. Haldane, “Fractional Statistics” in Arbitrary Dimensions: a Generalization of the Pauli Principle, Phys. Rev. Lett. 67 (1991) 937.

[30] Y.S. Wu, Statistical Distribution for Generalized Ideal Gas of Fractional-Statistics Particles, Phys. Rev. Lett. 73 (1994) 922, [cond-mat/9402008].

[31] A. Polychronakos, Non-Relativistic Bosonization and Fractional Statistics, Nucl. Phys. B324 (1989) 597.

[32] S. Iso, Anyon Basis of c = 1 Conformal Field Theory, Nucl. Phys. B433 (1995) 581;

[hep-th/9411051].

[33] D. Bernard and Y.S. Wu, A Note on Statistical Interactions and the Thermodynamic Bethe Ansatz, cond-mat/9404045.

[34] Y.S. Wu and Y. Yu, Bosonization of One-Dimensional Exclusons and Characterization of Luttinger Liquids, Phys. Rev. Lett. 75 (1995) 890; [cond-mat/9505033].

[35] R. Tao and Y.S. Wu, Fractional Statistics and Fractional Quantized Hall Effect, Phys. Rev.

B31 (1983) 6859.

[36] Y.S. Wu, General Theory for Quantum Statistics in Two Dimensions, Phys. Rev. Lett. 52 (1984) 2103.

[37] D. Bak, S. Siwach and H.-U. Yee, 1/2 BPS Geometries of M2 Giant Gravitons, hep-th/0504098. [38] G. Milanesi and M. O’Loughlin, Singularities and closed time-like curves in type IIB 1/2 BPS geometries, hep-th/0507056.

[39] R.C. Myers and O. Tafjord, Superstars and Giant Gravitons, JHEP 11 (2001) 009, [hep-th/0109127].

[40] P. Horava and P.G. Shepard, Topology Changing Transitions in Bubbling Geometries, JHEP 02 (2005) 063, [hep-th/0502127].

[41] V. Balasubramanian, V. Jejjala and J. Simon, The Library of Babel, hep-th/0505123;

V. Balasubramanian, J. de Boer, V. Jejjala and J. Simon, The Library of Babel: On the origin of gravitational thermodynamics, hep-th/0508023.

[42] S.M. Girvin and A.H. MacDonald, Off-diagonal long-range Order, Oblique Confinement and the Fractional Quantum Hall Effect, Phys. Rev. Lett. 58 (1987) 1252.

[43] E.H. Rezayi and F.D.M. Haldane, Off-diagonal Long Range Order in Fractional Quantum- Hall-Effect States, Phys. Rev. Lett. 61 (1988) 1985.

[44] J. Dai, X.-J. Wang and Y.-S. Wu, in preparation.