arXiv:hep-th/0508247 v1 31 Aug 2005

On cosmological solutions in a spontaneously broken gauge theory

Yves Brihaye^∗

Faculté des Sciences, Université de Mons-Hainaut, B-7000 Mons, Belgium

Betti Hartmann^†

School of Engineering and Science, International University Bremen, 28725 Bremen, Germany

Eugen Radu^‡

Department of Mathematical Physics, National University of Ireland Maynooth, Ireland

August 31, 2005

Abstract

We consider solutions of the Yang-Mills-Higgs system coupled to gravity in asymptotically de Sitter spacetime. The basic features of two classes of solutions are discussed, one of them corresponding to magnetic monopoles, the other one to sphalerons. We find that although the total mass within the cosmological horizon of these configurations is finite, their mass evaluated at timelike infinity generically diverges. Also, no solutions exist in the absence of a Higgs potential.

Introduction.– Some time ago it has been found that spontaneously broken gauge theories admit classical, particle-like solutions. The monopole [1] and the sphaleron [2] are the best known examples and physically the most relevant. The magnetic monopoles inevitably arise in grand unification theories and are stabilized by a quantum number of topological origin, corresponding to their magnetic charge. Although the sphaleron solutions are unstable, they play an important role in electroweak theory, fixing the energy barrier separating topologically inequivalent vacua.

The effects of the gravitational self-interaction on magnetic monopoles and sphalerons have been addressed by many authors (see [3] for a review). Gravitating solutions exist up to some maximal value of the coupling constant α of the theory (which is proportional to the ratio of

∗yves.brihaye@umh.ac.be †b.hartmann@iu-bremen.de ‡radu@thphys.nuim.ie

the vector meson mass and Planck mass). Apart from the solutions with a regular origin, there are also nonabelian “coloured” black holes, parametrized by their event horizon radius.

However, most of the investigations in the literature have been carried out on the assumption that spacetime is asymptotically flat. Less is known when the theory is modified to include a cosmological constant Λ which greatly changes the asymptotic structure of spacetime [4]. While Einstein-Yang-Mills (EYM) configurations in asymptotic anti-de Sitter (AdS) space present a variety of new qualitative features [5], the solutions of a spontaneously broken gauge theory in AdS are rather similar to the asymptotically flat counterparts [6], [7]. Nontrivial solutions exist for any Λ < 0; as a new feature, one finds a complicated power decay of the fields at infinity and a decrease of the maximal allowed vacuum expectation value of the Higgs field.

For a positive cosmological constant, the natural ground state of the theory corresponds to de Sitter (dS) spacetime. This spacetime has gained a huge interest in theoretical physics recently for a variety of reasons. First of all, the observational evidence accumulated in the last years [8] is in favour of the idea that the physical universe has an accelerated expansion. The most common explanation is that the expansion is driven by a small positive vacuum energy (i.e. a cosmological constant Λ > 0). Furthermore, dS spacetime plays a central role in the theory of inflation. Another motivation for studying dS spacetime is connected with the proposed holographic duality between quantum gravity in dS spacetime and a conformal field theory on the boundary of dS spacetime (see [9] for a recent review of this subject).

In view of these developments, an examination of the classical solutions of gravitating fields in asymptotically dS spacetimes seems appropriate. The physical relevant case of a spontaneously broken nonabelian gauge theory is particularly interesting, since it presents particle like solutions with the same causal structure as dS spacetime. Here we argue that the features of these configurations are rather different as compared to the asymptotically flat of AdS counterparts.

The model.– We consider the action principle S = ∫ √ −gd^4x ( 1 16πG (R − 2Λ) + L ) , (1)

describing Einstein gravity with a cosmological term coupled to a Yang-Mills-Higgs (YMH) theory with compact gauge group G defined by the Lagrangian: L = − 1 4g^2 F_{μν} F^{μν} − 1 2 (D_μΦ)(D^μ Φ) − V (Φ). (2)

Here F_{μν} ≡ F^a_{μν} T_a = ∂_μA_ν − ∂_ν A_μ + [A_μ, A_ν ] is the gauge field strength, with the gauge field A_μ = A^a_μT_a, T_a being the anti-Hermitian gauge group generators and g the gauge coupling constant. The Higgs field Φ is a vector in the representation space of G where the generators T_a acts, with the covariant gauge derivative D_μΦ = (∂_μ + A_μ)Φ.

For simplicity we restrict ourselves to G=SU(2), and a double-well Higgs potential V (ϕ) = 1 8 λ(Φ^2 − v^2)^2. There are two cases to be considered, leading to rather different different types of solutions. The Higgs field can be chosen to be either in the real triplet representation, in which case (T_a)_{ik} = −ϵ_{aik} and we find monopole solutions, or in the complex doublet representation with (T_a) = τ_a/2i (τ_a being the Pauli matrices), with sphaleron solutions.

We consider spherically symmetric configurations, with a line element

ds^2 = dr^2 N(r) + r^2(dθ^2 + sin^2 θdφ^2) − σ^2(r)N(r)dt^2 (3)

where N(r) = 1 − 2m(r) r − Λ 3 r^2, (4)

and a gauge field ansatz

A = w(r)(−T_2dθ + T_1 sin θdφ) + T_3 cos θdφ. (5)

For the scalar field, we take Φ^a = δ^3_kϕ(r) for a Higgs triplet, and Φ^a = ξ^aϕ(r), with some constant spinor ξ, for a Higgs field in the doublet representation.

The reduced EYMH action can be expressed as S = ∫ dt dr σ [ m^′ 4πG − 4π ( 1 g^2

(Nw^{′2} +

(1 − w^2)^2 2r^2 ) + 1 2 Nr^2ϕ^{′2} + r^2V (ϕ) + U(w, ϕ) )] , (6)

with U(w, ϕ) = w^2ϕ^2 resp. U(w, ϕ) = 1 4 (w + 1)^2ϕ^2 (7)

for the triplet respectively doublet Higgs. It is important to notice that apart from the cosmological constant, the theory contains three mass scales, the Planck mass M_{P l} = 1/ √ G, the mass M_W = gv of the YM field and the mass M_H = √ λv of the Higgs field.

Varying the reduced action one obtains the EYMH equations

m^′ = 4πG( 1 g^2

(ω^{′2}N +

(ω^2 − 1)^2

2r^2 ) + 1 2 r^2Nϕ^{′2} + U + V r^2),

σ^′ = 8πGσ r ( 1 g^2 ω^{′2} + 1 2 ϕ^{′2}r^2), (Nσr^2ϕ^′)^′ = σ( ∂U ∂ϕ + r^2 dV dϕ ), (8) (Nσω^′)^′ = σω( (ω^2 − 1)

r^2 + g^2 2 ∂U ∂w ), where the prime indicates the derivative with respect to r.

Restricting to solutions with a regular origin, we want the metric (3) to describe a nonsingular, asymptotically de Sitter spacetime outside a cosmological horizon located at r = r_c > 0. Here N(r_c) = 0 is only a coordinate singularity where all curvature invariants are finite. A nonsingular extension across this null surface can be found just as at the event horizon of a black hole, the Carter-Penrose conformal diagram being qualitatively identical to the de Sitter solution [10].

Mass definition and asymptotic expansion.– The computation of the mass of asymptotically dS monopoles and sphalerons is a difficult task due to the absence of spatial infinity and the globally timelike Killing vector. Also, these particle-like solutions typically strongly deform the dS geometry inside the cosmological horizon. Therefore, the perturbative approach measuring the energy of fluctuations around the dS background proposed by Abbott and Deser may not be appropriate in this case [11]. However, these obstacles can be avoided by using the prescription proposed in [13] in which case the quasilocal tensor of Brown and York (augmented by the AdS/CFT inspired counterterms [14]), is evaluated on the Euclidean surfaces at future/past timelike infinity I^±. The conserved charge associated with the Killing vector ∂/∂t - now spacelike outside the cosmological horizon- is interpreted as the conserved mass-energy M [15]. This allows also a discussion of the thermodynamics of the asymptotically dS solutions outside the event horizon, the efficiency of this approach being demonstrated in a broad range of examples.

When applying this prescription to our case, we find that the asymptotic value of the metric function m(r) determines the mass-energy of the monopole and sphaleron solutions, M = − lim_{r→∞} m(r).

Following [12], one may also define a total mass M_c inside the cosmological horizon. This can be done by integrating the Killing identity ∇^μ∇_ν K_μ = R_{νρ}K^ρ, for the Killing field K = ∂/∂t on a spacelike hypersurface Σ from the origin to r_c to get the Smarr-type formula

M_c ≡ 1 4πG ∫ ∇_μK_ν dΣ^{μν} = 1 4πG ∫ ΛK_μdΣ^μ + ∫ (2T_{μν} − T g_{μν} )K^μdΣ^ν . (9)

It is natural to identify the left-hand side as the total mass within the cosmological horizon. M_c can also be rewritten as M_c = −κ_cA_c/4πG = −r^2_c σ(r_c)N^′(r_c)/2G, where κ_c, A_c are the cosmological horizon surface gravity and area, respectively.

In the vicinity of the origin, the solutions resemble the well known flat space configurations, with w(0) = 1, ϕ(0) = 0 and m(0) = 0. The existence of a regular cosmological event horizon at r = r_c leads to the following conditions

m(r_c) = r_c 2 (1 −

Λr^2_c 3 ), (N^′σω^′) | |_{rc} = σ ( ω(ω^2 − 1) r^2 + g^2 2 ∂U ∂w ) | | |_{rc} , N^′σr^2ϕ^′ | |_{rc} = σ ( ∂U ∂ϕ + r^2 dV dϕ ) | | |_{rc} . The boundary conditions at r → ∞ are fixed by the requirements that the spacetime is asymptotically dS. When discussing the pure EYM system with Λ > 0, there are no restrictions on the asymptotic value of the gauge potential [10]. However, in the presence of a Higgs field, we find that the gauge field should approach asymptotically a fixed value ω_0, which is zero for monopoles and −1 for sphalerons, while the Higgs field reaches its vacuum expectation value. This set of boundary conditions is shared also by asymptotically flat or AdS configurations.

However, the situation for Λ > 0 is more subtle, since the cosmological constant enters in a nontrivial way the solutions’ expression as r → ∞. The analysis of the scalar field asymptotics is standard; Strominger’s mass bound is M^2_S = 3Λ/4 [16] and separates the infinite energy solutions from solutions which may present a finite mass (this would depend also on the gauge field behaviour). For small enough values of the Higgs field mass, M_H < M_S the scalar field decays as

ϕ(r) ∼ v + c_1r^{− 32} ( 1+ √_{1−M 2H /M 2S} ) , (10)

which assures a finite contribution to the total mass-energy M .

For a Higgs mass exceeding Strominger’s bound, the scalar field behaves asymptotically as ϕ(r) ∼ v + c_2r^{−3/2} sin

(_3 2 √ M^2_H /M^2_S − 1 log r + c_3 ) which leads to a logarithmic divergence in the asymptotic expression of the mass function m(r). One may think that this bound may be circumvented by solutions with a vanishing Higgs potential. However, by rewriting the Higgs field equation in the form 1 2 (Nσr^2(ϕ^2)^′)^′ = σ(Nr^2ϕ^{′2} + ϕ ∂U ∂ϕ + ϕ dV dϕ ), and integrating it between the origin and the cosmological horizon, it can easily be proven that no nontrivial solutions exist for V (ϕ) = 0 or for a convex potential.

A similar analysis reveals that a positive cosmological constant sets another mass bound for the gauge sector, which is M_b = √ Λ/12 for monopoles and M_b = √ Λ/3 for sphalerons.

Asymptotically dS solutions with a finite mass-energy exist for M_W < M_b, in which case the expression of the gauge field as r → ∞ is

w(r) ∼ w_0 + c_4r^{− 12} ( 1+ √_{1−M 2W /M 2b} ) , (11)

which contrasts with the exponential decay found in an asymptotically flat spacetime. For M_W > M_b, the large r behaviour of the gauge field is w(r) ∼ w_0+c_5r^{−1/2} sin(^1_2 √ M^2_W /M^2_b − 1 log r+ c_6) which leads to an infinite mass-energy M of the configurations (the constants c_i which enter the above relations are free parameters). The solutions with M_H = M_S , M_W = M_b saturate these bounds and lead also to infinite mass configurations. Once we know the asymptotics of the matter fields, the corresponding expression for the metric functions results straightforwardly from the equations (8).

Numerical solutions.– The solutions of the equations (8) are evaluated numerically. With the boundary conditions discussed above, the procedure is to integrate separately between the origin and cosmological horizon and from the cosmological horizon to infinity, matching the solutions at r = r_c.

The usual rescaling r → gvr, ϕ → ϕ/v reveals the existence of two dimensionless parameters α and β, expressible through the mass ratios α = M_W /M_{P l}, β = M_H /M_W . The third parameter of the system is the rescaled cosmological constant Λ → ΛG/g^2v^2. The configurations with α = 0 correspond to monopoles and sphalerons in a fixed dS background, and contain already the basic features of the theory.

The equations of motion (8) were solved varying Λ for a range of values of the coupling parameter α and several values of β. While a negative cosmological constant exerts an additional pressure on solitons, causing their typical radius to become thinner [6, 7], a positive Λ has the opposite effect, causing the soliton radius to expand beyond the value it would have in asymptotically flat space. Also, as α increases, the cosmological horizon shrinks in size. The dS solitons are generally not confined inside the cosmological horizon, with all variables and their first derivatives extending smoothly through the cosmological horizon. The profiles of typical solutions are presented in Figure 1.

When Λ is increased from zero, while keeping α, β fixed, a branch of dS solutions emerges from the corresponding asymptotically flat configurations. This branch ends at a maximal value

Figure 1. Typical asymptotically de Sitter monopole (figure 1a) and sphaleron solutions (figure 1b).

Λ_{max}. A second branch of solutions always appears at Λ_{max}, extending backwards in Λ to a zero value of the cosmological constant (for monopoles) or to some small Λ_c ≠ 0 for sphalerons. In this limit, the trivial solution ϕ(r) = 0, w(r) = 1 is approached. The value of Λ_{max} depends on the parameters α, β; for example, for solutions with β = 0.1 in a fixed dS background, we find Λ_{max} ≈ 0.069 for monopoles and Λ_{max} ≈ 0.0506 for sphalerons. The value of Λ_{max} is only slightly affected by changing α, e.g. for solutions with α = 1, β = 0.1 we find Λ_{max} ≈ 0.067 for monopoles and Λ_{max} ≈ 0.0505 for sphalerons.

Figure 2. The dependence of solution properties on the value of the cosmological constant is plotted for monopoles (figure 2a) and sphalerons (figure 2b).

These statements are illustrated in Figure 2 where some numerical data is plotted as function of Λ for the two branches, respectively for dS monopoles and dS sphalerons. The figures are obtained for α = 1, β = 0.1 but they remain qualitatively the same for all gravitating solutions we considered. The maximal values of Λ are always below the critical values found for solutions in fixed dS background, and as a result the mass of our solutions measured at timelike infinity always diverges, although the mass M_c within the cosmological horizon stays finite (see also Figure 1). The existence of other disconnected branches of solutions for Λ > Λ_{max} appears unlikely. Note that the EYM theory also presents solutions with dS asymptotics only for values of the cosmological constant up to some Λ_{max} < 3/4 [10].

For a given value of Λ < Λ_{max}, we notice the existence of a maximal value of α, which depends on β. The behavior of solutions as α → α_{max} is similar to the asymptotically flat case. The gravitating monopoles separate in this limit into an interior region with a smooth origin and a nontrivial YM field, and an exterior extremal Reissner-Nordström-dS solution with w = 0. Different from the monopole case, the sphaleron solutions may be continued all the way back to α = 0, where we end up with a cosmological EYM solution.

Conclusions.– In this letter we discussed the basic properties of the monopole and sphaleron solutions in an asymptotically dS spacetime. Contrary to the naive expectation that a small Λ will not affect the properties of the configurations drastically, we find that the mass of dS solutions evaluated at timelike infinity by using the quasilocal tensor of Brown and York diverges (although the mass within the cosmological horizon stays finite). These features are shared also by the black hole counterparts of the soliton solutions, which can be constructed by using the same techniques.

A divergent ADM mass has been found also for solutions of some theories in asymptotically AdS spacetime. However, in some cases it is still possible to obtain a finite mass by allowing the regularizing counterterms to depend not only on the boundary metric but also on the matter fields on the boundary [17]. It would be interesting to generalize this method to the dS case and to assign a finite mass (evaluated outside the cosmological horizon) to the solutions of a spontaneously broken gauge theory.

We believe that this may lead to further understanding of the rich structure of a field theory in dS space as well as profound implications to the evolution of the early universe.

An extensive analysis of the solutions with variation of the parameters of the theory, as well as black hole configurations, will be presented in a separate publication.

Acknowledgements YB is grateful to the Belgian FNRS for financial support. The work of ER is carried out in the framework of Enterprise–Ireland Basic Science Research Project SC/2003/390 of Enterprise-Ireland.

References

[1] G. ’t Hooft, Nucl. Phys. B 79 (1974) 276;

A. M. Polyakov, JETP Lett. 20 (1974) 194 [Pisma Zh. Eksp. Teor. Fiz. 20 (1974) 430].

[2] R. F. Dashen, B. Hasslacher and A. Neveu, Phys. Rev. D 10 (1974) 4138;

F. R. Klinkhamer and N. S. Manton, Phys. Rev. D 30 (1984) 2212.

[3] M. S. Volkov and D. V. Gal’tsov, Phys. Rept. 319 (1999) 1.

[4] S.W. Hawking, G. F. R. Ellis, The large structure of space-time, Cambridge, Cambridge University Press, (1973).

[5] E. Winstanley, Class. Quant. Grav. 16 (1999) 1963 [arXiv:gr-qc/9812064];

J. Bjoraker and Y. Hosotani, Phys. Rev. D 62 (2000) 043513 [arXiv:hep-th/0002098]. [6] A. R. Lugo and F. A. Schaposnik, Phys. Lett. B 467 (1999) 43 [arXiv:hep-th/9909226]. [7] J. J. Van der Bij and E. Radu, Phys. Rev. D 64 (2001) 064020 [arXiv:gr-qc/0106040]. [8] S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Nature 391 (1998) 51 [arXiv:astro-ph/9712212];

A. G. Riess et al. [Supernova Search Team Collaboration], Astron. J. 116 (1998) 1009 [arXiv:astro-ph/9805201].

[9] D. Klemm and L. Vanzo, JCAP 0411 (2004) 006 [arXiv:hep-th/0407255]. [10] M. S. Volkov, N. Straumann, G. V. Lavrelashvili, M. Heusler and O. Brodbeck, Phys. Rev.

D 54 (1996) 7243 [arXiv:hep-th/9605089];

P. Breitenlohner, P. Forgacs and D. Maison, arXiv:gr-qc/0412067. [11] L. F. Abbott and S. Deser, Nucl. Phys. B 195 (1982) 76. [12] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15 (1977) 2738. [13] V. Balasubramanian, J. de Boer and D. Minic, Phys. Rev. D 65 (2002) 123508 [arXiv:hep-th/0110108].

[14] V. Balasubramanian and P. Kraus, Commun. Math. Phys. 208 (1999) 413 [arXiv:hep-th/9902121].

[15] A. M. Ghezelbash and R. B. Mann, JHEP 0201 (2002) 005 [arXiv:hep-th/0111217]. [16] A. Strominger, JHEP 0110 (2001) 034 [arXiv:hep-th/0106113].

[17] S. Hollands, A. Ishibashi and D. Marolf, Class. Quant. Grav. 22 (2005) 2881 [arXiv:hep-th/0503045].