arXiv:hep-th/0509077v2 29 Jul 2007

Representations of p-brane topological charge algebras

D. T. Reimers

School of Physics, The University of Western Australia Crawley, W.A. 6009, Australia

reimers@physics.uwa.edu.au

Abstract

The known extended algebras associated with p-branes are shown to be generated as topological charge algebras of the standard pbrane actions. A representation of the charges in terms of superspace forms is constructed. The charges are shown to be the same in standard/extended superspace formulations of the action.

1 Introduction

The p-brane Lagrangian [1, 2, 3] consists of the kinetic term and the WZ (Wess-Zumino) term. The field strength of the WZ term has uniqueness and cohomological nontriviality as characteristic properties [4]. Under the action of the super-Poincaré group, the p-brane Lagrangian is invariant only up to a total derivative that results from the WZ term. Due to this “quasiinvariance,” the Noether charge algebra of the p-brane is modified by a topological “anomalous term” [5]. Anomalous term and WZ term are related cohomologically: the former may be found from the latter by solving descent equations in a construction involving ghost fields [6, 7]. Based on topological distinctions between bosonic and fermionic coordinates [8], terms associated with fermionic topology have usually been omitted from anomalous term calculations. This results in bosonic, “central” extensions of the standard supertranslation algebra (for example, those explicitly derived in [5, 9]).

On the other hand, there also exist fermionic extensions of the standard supertranslation algebra [10]. Some of these algebras allow manifestly super-Poincaré invariant WZ terms to be constructed for the p-brane action [11, 12, 13]. Such extensions (which are in general non-central) contain additional fermionic generators which appear like fermionic analogs of the bosonic topological charges [14, 15]. The explicit construction of such fermionic topological charges was considered in [16, 17, 18]. In the extended superspace formulation of the action the Noether charges associated with extra coordinates are also topological, and a correspondence between the bosonic topological terms in standard/extended formulations of the action was discovered [13].

Recently we further investigated the cohomological descent system. A total differential approach was established in which the WZ field strength and the anomalous term are equivalent representatives of a (p + 2)-cocycle associated with the p-brane [19]. Due to freedom in the choice of representatives, the anomalous term is a cohomology class. The differentials involved in the descent sequence were shown to be equivalent, which implies invertibility of the sequence and that the anomalous term is a unique and nontrivial class. The different representatives of the class result in the generation of a “spectrum” of topological charge algebras, all of which are extensions of the super-Poincaré algebra by an ideal. When the terms associated with fermionic topology are retained, one finds that the superspaces underlying extended superspace formulations of the superstring action are generated as topological charge algebras of the standard superstring action.

The main purpose of this paper is to show that this correspondence continues for p-branes with p ≥ 2. Since the results of [5] exclude not only fermionic charges, but also the fermionic corrections to the bosonic charges, the generalization of these results where all terms are retained is required (the simplifications associated with trivial fermionic topology may be deduced at the end). We find this generalization, not by the descent method but by using uniqueness of the anomalous term. The charges are shown to be representations of the ideals of the extended algebras of [12, 13]. It follows that these extended algebras are indeed generated as topological charge algebras of the standard p-brane action. It emerges along the way that the topological charges are the unique solution satisfying the extended algebra, and that the charges (including all terms both bosonic and fermionic) are the same in standard/extended formulations of the action.

The structure of this paper is as follows. In section 2, our notation is introduced and the properties of p-branes are summarized. The construction of topological charge algebras is reviewed and a summary of the descent methods is given. In section 3, we present the closed forms that provide representations of the ideals of the known extended algebras associated with p-branes. An associated form is shown to be a representative of the anomalous term of the Noether charge algebra of the standard superspace p-brane action. In section 4, it is shown that the derived forms also represent Noether charges for p-branes defined on the corresponding extended superspaces. In section 5, we comment on some properties of the results.

2 Preliminaries

2.1 p-branes

We start with a brief review of the required supergroup equations. Useful references on this material include [20, 10, 4, 6, 12, 13], with more comprehensive treatments in [8, 21]. The superalgebra of the supertranslation group is^1:

{Q_α, Q_β} = Γ^a_{αβ}P_a. (1)

The corresponding group manifold can be parameterized: g(Z) = e^{xaPa} e^{θαQα} (2) Z^A = (x^a, θ^α).

1The charge conjugation matrix will not be explicitly shown. It will only be used to raise/lower indices on gamma matrices, which have the standard position Γ^α_β. Γ_{αβ} is assumed to be symmetric. Majorana spinors are assumed throughout (thus, for example, θ_α = θ^β C_{βα}). The right acting convention for the de Rham differential is used, and wedge product multiplication of forms is understood.

The left vielbein is defined by:

L(Z) = g^{−1}(Z)dg(Z) (3) = dZ^M L_M^A(Z)T_A, where T_A represents the full set of superalgebra generators. The right vielbein is defined similarly:

R(Z) = dg(Z)g^{−1}(Z) (4) = dZ^M R_M^A(Z)T_A. The left group action is defined by: g(Z^′) = g(ϵ)g(Z), (5) where ϵ^A is an infinitesimal constant. The corresponding superspace transformation is generated by the operators: Q_A = R_A^M ∂_M , (6) where R_A^M are the inverse right vielbein components, defined by: R_A^M R_M^B = δ_A^B . (7) Explicitly this yields:

Q_αx^m = −^1_2 (Γ^mθ)_α, Q_αθ^μ = δ_α^μ, Q_ax^m = δ_a^m, Q_aθ^μ = 0. (8) Q_A are the generators of the left group action, and will be referred to as the “left generators.” The action of Q_A upon superspace forms is given by the Lie derivative with respect to the vector field associated with (6). Forms that are invariant under the global left group action will be called “left invariant.” The vielbein components L^A are left invariant by construction. Their explicit form is: L^a = dx^a − 1 2 dθΓ^aθ (9) L^α = dθ^α. Indices A, B, C, D will be used to indicate components with respect to this basis. Indices M, N, L, P will be used for the coordinate basis.

The NG (Nambu-Goto) action for a p+1 dimensional manifold embedded in the background superspace is: S = − ∫ d^{p+1}σ √ −g. (10)

The integral is over the embedded p + 1 dimensional “worldvolume,” which has coordinates σ^i. The worldvolume metric g_{ij} is defined using the pullback of the left vielbein:

L_i^A = ∂_iZ^M L_M^A (11) g_{ij} = L_i^aL_j^bη_{ab}, and g denotes det g_{ij}. A p-brane is the κ-symmetric generalization of the NG action. The p-brane action is [1, 2, 3]: S = − ∫ d^{p+1}σ √ −g + ∫ B. (12)

The first term is the “kinetic” term. The second term is the WZ term, which is the integral over the worldvolume of a superspace form B defined by the property [1, 2]:

dB = H (13) ∝ dθ^αdθ^βL^{a1} . . . L^{ap} (Γ_{a1...ap} )_{αβ} . The proportionality constant depends on p and is determined by requiring κ-symmetry of the action. Closure of H requires the Fierz identity [1, 2, 3]:

Γ^{[a1...ap]}_{(αβ} Γ_{apδϵ)} = 0, (14)

which is only satisfied for certain combinations of p (number of spatial brane dimensions) and d (superspace dimension). The allowed values of (p, d) (called the “minimal branescan”) are such that:

(Γ_{[a1...ap]})_{αβ} = (Γ_{[a1...ap]})_{βα}. (15)

This ensures that H can be nonzero. It turns out that H is the unique, closed, left invariant (p + 2)-form of dimension p + 1 [4].

2.2 Topological charge algebras

We are familiar with Noether charge algebras in which symmetries of an action are associated with conserved charges that transform according to the underlying symmetry group. Topological extensions to supersymmetry algebras can occur if the topology is such that surface terms contribute to the charge algebra [22]. The topological charge algebras considered here are those which generalizes the Noether construction to the case of actions which are invariant only up to a total derivative; the case with p-branes [5]. A quite general treatment of this material is given in [9]. We now give a brief review.

The Hamiltonian formulation of dynamics is cast in terms of coordinates Z^M and their associated conjugate momenta P_M , which together constitute the “phase space.” The momenta are defined by:

P_M = ∂L ∂Ż^M . (16)

The following fundamental (graded) Poisson brackets on phase space will be used^2: [ P_M (σ), Z^N (σ^′) } = δ_M^N δ(−→σ − −→σ^′), (17) where it is assumed σ^{′0} = σ^0 (i.e. equal time brackets). The Dirac delta function notation is shorthand for the product of the p delta functions associated with the spatial coordinates of the worldvolume.

The Noether charges associated with a manifestly left invariant Lagrangian will be denoted Q_A. One finds:

Q_A = ∫ d^pσR_A^M P_M . (18)

These charges satisfy the same algebra as the underlying superalgebra, but with the sign reversed: [ Q_A, Q_B } = −t_{AB}^C Q_C , (19)

where t_{AB}^C are the structure constants of the underlying superalgebra. For later convenience we refer to (19) as the “minimal algebra.” It follows from the left invariance of H that the left variation of the WZ form B is closed [1, 2, 3, 4]: Q_AB = −dW_A. (20) If Q_AB ≠ 0, the p-brane Lagrangian is symmetric only up to a total derivative. We define a “bar map” by its action on an arbitrary superspace p-form Y : Y = (−1)^p ∫ Φ^∗Y. (21)

The map Φ embeds the spatial section of the worldvolume, which we assume to be a closed manifold. Due to the variation (20), the conserved charges in the presence of the WZ term are [5, 9]:

~Q_A = Q_A + W_A. (22)

2Different types of bracket operation are used in this paper. We will not explicitly indicate the type since this should be clear within context.

The conserved charges obey a modified version of the minimal algebra [5, 9]: [ ~Q_A, ~Q_B } = −t_{AB}^C ~Q_C + M_{AB}, (23)

with M_{AB} = [ Q_A, W_B } + [ W_A, Q_B } + t_{AB}^C W_C . (24)

M is the topological “anomalous term” which modifies the Noether charge algebra.

2.3 Anomalous term cohomology

The de Rham complex consists of the space of differential forms under the action of the exterior derivative d. This can be extended into a double complex by the addition of a second nilpotent operator that commutes with d (see [23] for a comprehensive treatment). The operator used in this paper is a “ghost differential” s which requires the introduction of a ghost partner e^A for each coordinate [6]. The ghost fields have the opposite grading to coordinates: [ e^A, Z^M } = 0 (25) { e^A, e^B ] = 0,

where [ , } and { , ] are the graded commutator/anticommutator. The e^A are independent of the coordinates Z^M and hence satisfy de^A = 0. A general element of the double complex is a “ghost form valued differential form.” The space of all such “generalized forms” of differential degree m and ghost degree n will be denoted by Ω^{m,n}. A generalized form Y ∈ Ω^{m,n} will be written using a comma to separate ghost indices from space indices: Y = e^{Bn} . . . e^{B1} L^{Am} . . . L^{A1} Y_{A1...Am,B1...Bn} 1 m!n! . (26)

The ghost differential can be defined by the properties:

• s is a right derivation. That is, if X and Y are generalized forms and n is the ghost degree of Y then:

s(XY ) = Xs(Y ) + (−1)^ns(X)Y. (27)

• If X has ghost degree zero then: sX = e^AQ_AX. (28)

• se^A = 1 2 e^C e^B t_{BC}^A. (29)

There is a total differential D that is naturally associated with a double complex [23], which in this case is [19]:

D = s + (−1)^{n+1}d (30) D^2 = 0,

where n is the ghost degree of the generalized form upon which D acts. The spaces Ω^l_D of the single complex upon which D acts are the sum along the anti-diagonal of the spaces of the double complex:

Ω^l_D = {⊕Ω^{m,n} : m + n = l}. (31)

The l-th cohomology of D is:

H^l_D = Z^l_D/B^l_D, (32)

where Z^l_D are the D closed generalized l-forms (“D cocycles”), and B^l_D are the generalized l-forms in the image of D (“D coboundaries”). The restriction of H^l_D to representatives within Ω^{m,l−m} will be denoted H^{m,l−m}.

The p-brane has an associated D cocycle defined by the representative H ∈ H^{p+2,0}, with H as given in (13). One progresses from H to the anomalous term via “descent equations” [6]. The first two descent equations are [6, 7, 19]:

H = dB (33) sB = −dW. The anomalous term can then be represented by the form [6, 7, 19]: M = sW, (34) which is the H^{p,2} representative for the D cocycle. The topological anomalous term (24) is related to this via the map (21). Because M is d closed, M is a topological integral of M over the spatial section of the worldvolume.

It’s well known that equation (13) defines B only up to a total derivative. In the cocycle description this is part of the gauge freedom generated by D coboundaries. The transformations for B and W are generated by gauge fields ψ ∈ Ω^{p,0} and λ ∈ Ω^{p−1,1} [19]:

ΔB = −dψ (35) ΔW = sψ + dλ.

The resulting gauge transformation of the anomalous term is: ΔM = sdλ. (36) All elements of the double complex (including the gauge fields) must satisfy the requirements of Lorentz invariance and dimensionality p + 1.

Now H is the unique Poincaré invariant, d closed form of dimensionality p+1 [4] (uniqueness is up to a proportionality constant). As a result there are no coboundaries for the H^{p+2,0} cohomology. However, there are coboundaries for the H^{p,2} cohomology; this is the gauge freedom (36) for M. So the anomalous term is well defined only as the cohomology class [M] consisting of the restriction of H^{p,2} to Lorentz invariant forms of dimensionality p + 1. This class is nontrivial and unique [19]. As a result, if we can find a single nontrivial representative for [M], the entire class will be generated by the λ gauge transformations.

As in [7], we find it easiest to work with differential operators and the forms from which the Noether charges derive instead of the Noether charges themselves. Instead of (22) we thus use left generators modified by forms [6, 7, 19]:

~Q_A = Q_A + W_A. (37)

These obey the same modified algebra (23) as the conserved charges [6, 7, 19]: [ ~Q_A, ~Q_B } = −t_{AB}^C ~Q_C + M_{AB} . (38)

The full class [M] therefore generates a “spectrum” of extended superalgebras. If the fermionic topology is trivial, M generates bosonic, “central” extensions of the supertranslation group [5]. In the general case, the representatives M continue to generate extensions of the standard supertranslation algebra, but the extensions are now in general fermionic and non-central [19]. These “operator-form” representations of the algebras contain operators ~Q_A, and extra generators represented by closed superspace forms Σˇ_A. The associated topological charge algebra (23) is obtained by the replacement:

~Q_A → ~Q_A (39) Σˇ_A → Σˇ_A.

3 p-brane topological charge algebras

For higher values of p, finding the anomalous term via descent equations becomes lengthy. In this paper we will make use of the uniqueness of the anomalous term instead. We wish to find a Lorentz invariant, D nontrivial element:

M^{(p)} ∈ H^{p,2} (40)

of dimensionality p + 1, for each allowed value of p. By uniqueness of the class, this must then be a representative of the p-brane anomalous term. If required, the full class [M] can be generated by applying the λ gauge transformations to this representative. There is no a priori obvious way to find M^{(p)}. However, we are motivated by the observation that the spectrum of topological charge algebras of the string action [19] consisted of extended superalgebras that allow left invariant WZ forms to be constructed for the string action. This spectrum contained three different types of algebra (when classified according to the generators present). Two of these algebras had been previously used to construct invariant actions: the Green algebra [10] used in [11], and also a four generator extension [12, 13]. An algebra which allows a left invariant WZ form to be constructed for each p-brane of higher dimension is also already known. The cases p = 2, 3 were given in [12]. In [13], an ansatz was presented to generate Maurer-Cartan equations for the required algebra for general values of p; however the minimal branescan dictates that p-branes exist only for p ≤ 5 [2, 3].

In this paper, the approach we will take to find M^{(p)} somewhat reverses the process used in [19]. We begin with the known extended algebra associated with a given value of p. We assume that this extended algebra is contained in the spectrum of topological charge algebras generated by the standard superspace p-brane action. If this assumption is correct then the extended algebra must have an operator-form representation where the generators of the ideal are represented by closed superspace forms. We will explicitly find these forms. A particular (p, 2)-form M^{(p)} constructed from them will then be shown to be a representative of the anomalous term associated with the standard superspace p-brane action.

For reference, let us give the known extended algebras that allow left invariant WZ terms to be constructed. The algebras will be given in the operator-form convention for which we seek the representation (generators are negatives of those in the corresponding superalgebra underlying the extended superspace action).

3.1 p = 1 superalgebra

[12, 13]: { ~Q_α, ~Q_β } = −Γ^a_{αβ} ~P_a − Γ_{aαβ} Σ^a (41)

[ ~Q_α, ~P_a ] = −Γ_{aαβ} Σ^β [ ~Q_α, Σ^a ] = −Γ^a_{αβ} Σ^β .

3.2 p = 2 superalgebra

[12]: { ~Q_α, ~Q_β } = −Γ^a_{αβ} ~P_a − Γ_{abαβ} Σ^{ab} (42) [ ~Q_α, ~P_a ] = −Γ_{abαβ} Σ^{bβ} [ ~P_a, ~P_b ] = −Γ_{abαβ} Σ^{αβ} [ ~Q_α, Σ^{ab} ] = −Γ^{[a}_{αβ} Σ^{b]β} [ ~P_a, Σ^{bc} ] = − 1 2 δ^{[b}_a Γ^{c]}_{αβ}Σ^{αβ} { ~Q_α, Σ^{aβ} } = − 1 4 Γ^a_{γδ} Σ^{γδ}δ^β_α − 2Γ^a_{αγ} Σ^{γβ} .

3.3 p = 3 superalgebra

[12]: { ~Q_α, ~Q_β } = −Γ^a_{αβ} ~P_a − Γ_{abcαβ} Σ^{abc} (43) [ ~Q_α, ~P_a ] = −Γ_{abcαβ} Σ^{bcβ} [ ~P_a, ~P_b ] = −Γ_{abcαβ} Σ^{cαβ} [ ~Q_α, Σ^{abc} ] = −Γ^{[a}_{αβ} Σ^{bc]β} [ ~P_a, Σ^{bcd} ] = − 1 2 δ^{[b}_a Γ^c_{αβ} Σ^{d]αβ} { ~Q_α, Σ^{abβ} } = − 1 4 Γ^{[a}_{γδ}Σ^{b]γδ}δ^β_α − 2Γ^{[a}_{αγ} Σ^{b]γβ} [ ~P_a, Σ^{bcα} ] = −δ^{[b}_a Γ^{c]}_{βγ} Σ^{βγα} [ ~Q_α, Σ^{aβγ} ] = − 1 2 Γ^a_{δϵ}Σ^{δϵ(β} δ^{γ)}_α − 5 2 Γ^a_{αδ}Σ^{δβγ} . 3.4 p = 4 superalgebra

Derived from an ansatz for Maurer-Cartan equations in [13]: { ~Q_α, ~Q_β } = −Γ^a_{αβ} ~P_a − Γ_{abcdαβ} Σ^{abcd} (44)

[ ~Q_α, ~P_a ] = −Γ_{abcdαβ} Σ^{bcdβ} [ ~P_a, ~P_b ] = −Γ_{abcdαβ} Σ^{cdαβ} [ ~Q_α, Σ^{abcd} ] = −Γ^{[a}_{αβ} Σ^{bcd]β} [ ~P_a, Σ^{bcde} ] = − 1 2 δ^{[b}_a Γ^c_{αβ} Σ^{de]αβ} { ~Q_α, Σ^{abcβ} } = − 1 4 Γ^{[a}_{γδ}Σ^{bc]γδ}δ^β_α − 2Γ^{[a}_{αγ} Σ^{bc]γβ} [ ~P_a, Σ^{bcdα} ] = −δ^{[b}_a Γ^c_{βγ} Σ^{d]βγα} [ ~Q_α, Σ^{abβγ} ] = − 1 2 Γ^{[a}_{δϵ}Σ^{b]δϵ(β} δ^{γ)}_α − 5 2 Γ^{[a}_{αδ}Σ^{b]δβγ} [ ~P_a, Σ^{bcαβ} ] = −δ^{[b}_a Γ^{c]}_{γδ}Σ^{γδαβ} { ~Q_α, Σ^{aβγδ} } = − 3 5 Γ^a_{ϵσ}Σ^{ϵσ(βγ} δ^{δ)}_α − 12 5 Γ^a_{αϵ}Σ^{ϵβγδ}. 3.5 p = 5 superalgebra

Derived from an ansatz for Maurer-Cartan equations in [13]: { ~Q_α, ~Q_β } = −Γ^a_{αβ} ~P_a − Γ_{abcdeαβ} Σ^{abcde} (45) [ ~Q_α, ~P_a ] = −Γ_{abcdeαβ} Σ^{bcdeβ} [ ~P_a, ~P_b ] = −Γ_{abcdeαβ} Σ^{cdeαβ} [ ~Q_α, Σ^{abcde} ] = −Γ^{[a}_{αβ} Σ^{bcde]β} [ ~P_a, Σ^{bcdef} ] = − 1 2 δ^{[b}_a Γ^c_{αβ} Σ^{def]αβ} { ~Q_α, Σ^{abcdβ} } = − 1 4 Γ^{[a}_{γδ}Σ^{bcd]γδ}δ^β_α − 2Γ^{[a}_{αγ} Σ^{bcd]γβ} [ ~P_a, Σ^{bcdeα} ] = −δ^{[b}_a Γ^c_{βγ} Σ^{de]βγα} [ ~Q_α, Σ^{abcβγ} ] = − 1 2 Γ^{[a}_{δϵ}Σ^{bc]δϵ(β} δ^{γ)}_α − 5 2 Γ^{[a}_{αδ} Σ^{bc]δβγ} [ ~P_a, Σ^{bcdαβ} ] = −δ^{[b}_a Γ^c_{γδ}Σ^{d]γδαβ} { ~Q_α, Σ^{abβγδ} } = − 3 5 Γ^{[a}_{ϵσ}Σ^{b]ϵσ(βγ} δ^{δ)}_α − 12 5 Γ^{[a}_{αϵ}Σ^{b]ϵβγδ} [ ~P_a, Σ^{bcαβγ} ] = −δ^{[b}_a Γ^{c]}_{δϵ}Σ^{δϵαβγ} [ ~Q_α, Σ^{aβγδϵ} ] = − 5 6 Γ^a_{σρ}Σ^{σρ(βγδ} δ^{ϵ)}_α − 35 12 Γ^a_{ασ}Σ^{σβγδϵ}. We wish to find closed forms Σ^{A1...Ap} satisfying these algebras under the action of the modified left generators (37). If we can, then each extended algebra can be interpreted as the minimal algebra (19) modified by an anomalous term M^{(p)}. The components M^{(p)}_{AB} are read as the modifications to the [Q_A, Q_B} brackets of the minimal algebra. For example, from: { ~Q_α, ~Q_β } = −Γ^a_{αβ} ~P_a − Γ_{a1...apαβ} Σ^{a1...ap} (46) we learn that: M^{(p)}_{αβ} = −Γ_{a1 ...apαβ}Σ^{a1 ...ap} . (47) Reading similarly from the RHS of [ ~Q_α, ~P_b ] and [ ~P_a, ~P_b ] , it follows that M^{(p)} has the structure:

• p = 1

M^{(1)} = − 1 2 e^βe^αΓ_{aαβ} Σ^a (48) −e^ae^αΓ_{aαβ} Σ^β. • p ≥ 2 M^{(p)} = − 1 2 e^β e^αΓ_{a1...apαβ}Σ^{a1 ...ap} (49) −e^ae^αΓ_{aa1 ...ap−1αβ} Σ^{a1...ap−1β} − 1 2 e^be^aΓ_{aba1...ap−2αβ} Σ^{a1...ap−2αβ} . To find the required closed forms Σ^{A1...Ap} , one firstly observes that: [ ~Q_A, Σ^{A1...Ap} } = [Q_A, Σ^{A1...Ap} }. (50) The unmodified left generators are thus sufficient for our purposes and the explicit form of ~Q_A is not required. Secondly, the Σ^{A1...Ap} must all have their “natural” dimension: dim [Σ^{a1 ...am α1...αn} ] = m + n 2 . (51)

This follows from the requirement dim M^{(p)} = p + 1, and the fact that Q_A reduces the dimension of a form by the dimension associated with its index. One finally notes that the generator Σ^{α1...αp} is “central.” There is only one candidate for Σ^{α1...αp} satisfying the required properties: Σ^{α1 ...αp} ∝ dθ^{α1} . . . dθ^{αp} . (52)

We shall fix the proportionality constant at unity since it serves only as an overall scaling for the extra generators. To find the remaining generators, one can first write the most general allowed form for Σ^{aα1 ...αp−1} using arbitrary coefficients. The coefficients are then found by requiring that the extended superalgebra be satisfied. The process is then continued for Σ^{abα1 ...αp−2} and so on until the final generator Σ^{a1 ...ap} is found. The relevant Fierz identity is required to find the solutions, and its implementation is sometimes more nontrivial than usual due to double symmetrizations which overlap only partially. In general, one finds that the requirement of satisfying the extended superalgebra results in more equations than coefficients present. A solution for such a system is only possible if a sufficient number of the equations are redundant. In fact, exactly the right number of redundant equations are present in order that the solution be unique. That is, the representation for each algebra is unique. Having obtained the solution, the redundant equations then provide a good consistency check. We note here that the p = 1, 2 expressions below were also found in [13] in the context of extended superspace actions; more on this in section 4. The results are^3:

3.6 p = 1 charges

Σ^α = dθ^α (53) Σ^a = 2dx^a.

3.7 p = 2 charges

Σ^{αβ} = d [ dθ^αθ^β ] (54)

Σ^{aβ} = d [ 9 2 dx^aθ^β + 1 4 θΓ^adθθ^β ]

Σ^{ab} = d [ 5x^adx^b + 1 2 x^{[a}θΓ^{b]}dθ ] . 3.8 p = 3 charges Σ^{αβγ} = d [ dθ^αdθ^βθ^γ ] (55) Σ^{aβγ} = d [ 6dx^adθ^βθ^γ + 1 2 θΓ^adθdθ^{(β}θ^{γ)} ]

3We anticipate the final result by referring to the forms of the representation as “charges.”

Σ^{abβ} = d [ − 29 2 dx^adx^bθ^β − 3 2 dx^{[a}θΓ^{b]}dθθ^β − x^{[a}θΓ^{b]}dθdθ^β − 1 8 θΓ^adθθΓ^bdθθ^β ]

Σ^{abc} = d [ − 35 3 x^adx^bdx^c − 3x^{[a}dx^bθΓ^{c]}dθ − 1 4 x^{[a}θΓ^bdθθΓ^{c]}dθ ] . 3.9 p = 4 charges Σ^{αβγδ} = d [ dθ^αdθ^βdθ^γ θ^δ ] (56) Σ^{aβγδ} = d [ 6dx^adθ^βdθ^γ θ^δ + 3 5 θΓ^adθdθ^{(β}dθ^γ θ^{δ)} ]

Σ^{abβγ} = d [ − 19dx^adx^bdθ^βθ^γ − 3dx^{[a}θΓ^{b]}dθdθ^{(β}θ^{γ)} + x^{[a}θΓ^{b]}dθdθ^βdθ^γ − 1 4 θΓ^adθθΓ^bdθdθ^{(β}θ^{γ)} ]

Σ^{abcβ} = d [ − 65 2 dx^adx^bdx^cθ^β − 19 4 dx^{[a}dx^bθΓ^{c]}dθθ^β + 6x^{[a}dx^bθΓ^{c]}dθdθ^β − 7 8 dx^{[a}θΓ^bdθθΓ^{c]}dθθ^β + 1 2 x^{[a}θΓ^bdθθΓ^{c]}dθdθ^β −16θΓ^adθθΓ^bdθθΓ^cdθθ^β ]

Σ^{abcd} = d [ − 21x^adx^bdx^cdx^d − 19 2 x^{[a}dx^bdx^cθΓ^{d]}dθ − 7 4 x^{[a}dx^bθΓ^cdθθΓ^{d]}dθ − 1 8 x^{[a}θΓ^bdθθΓ^cdθθΓ^{d]}dθ ] . 3.10 p = 5 charges Σ^{αβγδϵ} = d [ dθ^αdθ^βdθ^γ dθ^δθ^ϵ ] (57) Σ^{aβγδϵ} = d [ 15 2 dx^adθ^βdθ^γ dθ^δθ^ϵ + 5 6 θΓ^adθdθ^{(β} dθ^γ dθ^δθ^{ϵ)} ]

Σ^{abβγδ} = d [ − 47 2 dx^adx^bdθ^βdθ^γ θ^δ − 9 2 dx^{[a}θΓ^{b]}dθdθ^{(β} dθ^γ θ^{δ)} −x^{[a}θΓ^{b]}dθdθ^βdθ^δθ^δ − 3 8 θΓ^adθθΓ^bdθdθ^{(β}dθ^γ θ^{δ)} ]

Σ^{abcβγ} = d [ − 52dx^adx^bdx^cdθ^βθ^γ − 47 4 dx^{[a}dx^bθΓ^{c]}dθdθ^{(β}θ^{γ)} − 15 2 x^{[a}dx^bθΓ^{c]}dθdθ^βδθ^γ − 17 8 dx^{[a}θΓ^bdθθΓ^{c]}dθdθ^{(β} θ^{γ)}

− 5 8 x^{[a}θΓ^bdθθΓ^{c]}dθdθ^βdθ^γ − 7 48 θΓ^adθθΓ^bdθθΓ^cdθdθ^{(β}θ^{γ)} ]

Σ^{abcdβ} = d [ 281 4 dx^adx^bdx^cdx^dθ^β + 13dx^{[a}dx^bdx^cθΓ^{d]}dθθ^β + 47 2 x^{[a}dx^bdx^cθΓ^{d]}dθdθ^β + 31 8 dx^{[a}dx^bθΓ^cdθθΓ^{d]}dθθ^β + 17 4 x^{[a}dx^bθΓ^cdθθΓ^{d]}dθdθ^β + 7 12 dx^{[a}θΓ^bdθθΓ^cdθθΓ^{d]}dθθ^β + 7 24 x^{[a}θΓ^bdθθΓ^cdθθΓ^{d]}dθdθ^β + 7 192 θΓ^adθθΓ^bdθθΓ^cdθθΓ^ddθθ^β ]

Σ^{abcde} = d [ 77 2 x^adx^bdx^cdx^ddx^e + 26x^{[a}dx^bdx^cdx^dθΓ^{e]}dθ + 31 4 x^{[a}dx^bdx^cθΓ^ddθθΓ^{e]}dθ + 7 6 x^{[a}dx^bθΓ^cdθθΓ^ddθθΓ^{e]}dθ + 7 96 x^{[a}θΓ^bdθθΓ^cdθθΓ^ddθθΓ^{e]}dθ ] . Having found a representation of the Σ^{A1...Ap} , we now need to check the validity of the ansatze (48) and (49) for the corresponding anomalous term representatives. Firstly, one verifies using the relevant Fierz identity that sM^{(p)} = 0. M^{(p)} is also identically d closed since the Σ^{A1...Ap} are closed forms. We therefore have M^{(p)} ∈ H^{p,2}. Because [M] is the unique, D nontrivial class, any nontrivial representative of H^{p,2} is a representative of [M]. It therefore suffices to show that M^{(p)} is D nontrivial. The coboundaries of H^{p,2} are identically equal to the gauge transformations. Hence, if there exists a gauge field λ ∈ Ω^{p−1,1} such that:

M^{(p)} = sdλ (58) then M^{(p)} is trivial (since then M^{(p)} = Ddλ). Otherwise it is nontrivial.

In the case of the superstring, it was explicitly shown that M^{(1)} is D cohomologous to H [19]. The nontriviality of M^{(1)} then follows from that of H. For p ≥ 2, one notes that M^{(p)} is constructed using the structure constants Γ_{a1...apαβ}, Γ_{aαβ} and η_{ab}. In attempting to solve (58), one therefore needs to consider only those λ gauge fields constructed using these constants. We believe the following to be a complete set of such fields: λ^{(i)} = x^adx^{a1} ...dx^{ai} θΓ^{ai+1} dθ...θΓ^{ap−1} dθeΓ_{aa1...ap−1} θ, (59) 0 ≤ i ≤ p − 1. λ^{′(i)} = eΓ^aθx^bdx^{a1} ...dx^{ai} θΓ^{ai+1} dθ...θΓ^{ap−2} dθθΓ_{aba1 ...ap−2} dθ, 0 ≤ i ≤ p − 2. λ^{′′(i)} = e^ax^bdx^{a1} ...dx^{ai} θΓ^{ai+1} dθ...θΓ^{ap−2} dθθΓ_{aba1 ...ap−2} dθ, 0 ≤ i ≤ p − 2.

In equation (58), it suffices to consider the terms of highest order in x^m. One then needs to consider a linear combination of only λ^{(p−1)} and λ^{′′(p−2)}. One finds that a solution for the coefficients does not exist for any value of p. Provided that the set (59) is complete, M^{(p)} is therefore nontrivial, and is thus a representative for the anomalous term associated with the standard superspace p-brane action. The charges (53) through (57) (and their associated anomalous terms) generalize the results of [5] to the case where fermionic topological terms are retained. Note that for p ≥ 3 there are additional charges not present in the anomalous term; these are simply those which close the extended algebra (they result from the action of Q_A on the anomalous term). We conclude that the algebras (41) through (45) are indeed generated as topological charge algebras of the standard p-brane action.

4 Extended superspace actions

The extended superalgebras (41) through (45) can be used to construct left invariant potentials B for the field strength H [11, 12, 13]. The corresponding extended superspace p-brane action is the same as (12), but where B is now the left invariant potential. In this case, W = 0 solves the descent equations, and the corresponding Noether charge algebra is the minimal algebra. In [13], Noether charges associated with the extra coordinates of the p = 1, 2 extended superspace actions were found. Equations (53, 54) are proportional to the forms given there. Although these results were obtained in different contexts^4, they should agree. In each case the forms transform according to the same extended superalgebra, and we claim that based upon this transformation property alone the solution is unique.

Conversely, it follows that our results extend those of [13] to give the Noether charges associated with the extra coordinates of the extended superspace actions for the remaining values of p. Let us separate the generators of the underlying extended superalgebras into standard/extended parts as

4In the previous section we constructed topological charges of the standard superspace action and showed that they generate the extended algebras (41) through (45). We may contrast this with the work of [13], where the extended algebras were used from the outset to construct invariant extended superspace actions. The resulting Noether charges associated with extra coordinates were then found for the cases p = 1, 2. It was noted there that the bosonic topological term of these charges agrees with that obtained from the anomalous term of the standard superspace formulation [5]. Showing that this correspondence also holds for the fermionic topological terms is a new result which is the main purpose of this section.

T_A = {T ~_A, Tˇ_A}, with:

T ~_A = { − ~Q_α, − ~P_a } (60) Tˇ_A = {−Σˇ_A} = { −Σ^{A1...Ap} } . The extra generators Tˇ_A form an ideal. It follows that the standard coordinates do not transform under the left/right group actions generated by Tˇ_A. The inverse vielbeins therefore satisfy:

Rˇ_A ~^M = 0 (61) Lˇ_A ~^M = 0.

Now, the momenta of the action can be written [6, 19]:

P_M = P^{(NG)}_M + (i_{∂1} . . . i_{∂p} B)_M , (62)

where i is the interior derivation and ∂_i is the i-th worldvolume tangent vector. P^{(NG)}_M are the conjugate momenta for the NG action, which vanish for the extra coordinates:

P^{(NG)}_{M̌} = 0. (63) It follows that for the extended superspace action, the Noether charge associated with the generator Tˇ_A is that derived (slightly differently) in [13]:

Qˇ_A = ∫ d^pσRˇ_A^M (i_{∂1} . . . i_{∂p} B)_M (64) = (i_{VǍ} B), where:

Vˇ_A = Rˇ_A^M ∂_M (65) is the left invariant vector field associated with Tˇ_A. Since the Noether charges satisfy the extended superalgebras (41) through (45) under Poisson brackets, it follows that the forms i_{VǍ} B must satisfy the same algebra under the action of Q ~_A. We claim that forms satisfying this transformation property have the unique solutions (53) through (57). So, for an appropriate normalization of the action one has:

i_{VǍ} B = Σˇ_A, (66) and the Noether charges:

Qˇ_A = Σˇ_A. (67)

Interestingly enough, this argument has explicitly determined some Noether charges for a p-brane action without needing the explicit structure of the WZ term. It is only required that the extended background superspace must admit a left invariant WZ form. That such WZ forms do indeed exist was shown explicitly for p ≤ 3 by constructing the required potential B [12, 13].

The conserved charges Σ^{A1...Ap} are thus the same in both the standard and extended superspace formulations of the action. In the former they are anomalous terms of the Noether charge algebra, while in the latter they are the Noether charges themselves. This result extends that of [13] to establish correspondence between fermionic as well as bosonic terms, and also for all allowed values of p.

5 Comments

The representations for Σ^{A1...Ap} appear to be a basis for the p-forms. It seems possible to invert each representation to write: dx^{m1} . . . dx^{mi} dθ^{μ1} . . . dθ^{μp−i} ↔ {Σ^{a1...aj α1...αp−j} , j ≤ i}. (68) For example, for p = 2:

dθ^αdθ^β = Σ^{αβ} (69) dx^adθ^α = 2 9 Σ^{aα} + 1 18 θ^αΓ^a_{βγ} Σ^{βγ} − 1 18 (Γ^aθ)_β Σ^{αβ} dx^adx^b = − 1 5 Σ^{ab} + 1 45 (Γ^{[a}θ)_αΣ^{b]α} − 1 10 x^{[a}Γ^{b]}_{αβ}Σ^{αβ} − 1 180 (Γ^aθ)_α(Γ^bθ)_β Σ^{αβ} .

This constitutes a change of basis for the p-forms, which in this case is not inherited in the usual way from a vielbein.

The topological anomalous term M^{(p)} is a topological integral of its form representation M^{(p)}. If the fermionic topology is taken to be trivial, then the only contribution to M^{(p)} comes from the (dx)^p term of Σ^{a1...ap} . This is the “central” anomalous term found in [5]. The corresponding extended algebra can be related to partial breaking of supersymmetry [24, 25]. We note that this central extension is not present in all gauges. Using the gauge transformation generated by λ^{(p−1)} one finds that the fully modified Noether charge algebra in the presence of trivial fermionic topology is: { ~Q_α, ~Q_β } = −Γ^a_{αβ} ~P_a − EΓ_{a1...apαβ} ∫ dx^{a1} . . . dx^{ap} , (70) where the integral is over the spatial section of the brane, and E is a free constant resulting from the λ gauge freedom. The familiar bosonic extension of the p-brane Noether charge algebra is thus the result of a specific choice of gauge. In another gauge one obtains the minimal algebra^5.

A precursor to the p = 2 algebra (42) was an algebra that results from setting Σ^{αβ} = 0 in (42) [26]. This algebra does not appear in the spectrum of topological charge algebras generated by the standard action. One may see this by noting that Σ^{aβ} becomes “central” in this algebra. Since the only left invariant possibilities for a form representing this generator are not closed, this cannot be a topological charge algebra. This might also have been expected on the basis that this contracted algebra does not allow the construction of a left invariant WZ form [12] (topological charge algebras of the standard action appear to be such that they do allow the construction of such WZ forms [19]). Although Σ^{αβ} appears to be a necessary generator in topological charge algebras, it’s possible for the associated anomalous term M_{ab} to vanish (and commuting translations are thus restored: [P_a, P_b] = 0). For example, to obtain such algebras for p = 2, one first applies the gauge transformation generated by^1_2 λ^{′′(0)} from (59), which sets M_{ab} = 0. All remaining gauge transformations then preserve this property.

One may ask if there are any new algebras of interest generated as topological charge algebras of the standard action. Upon investigating the set of p = 2 gauge transformations (59) we found that new superalgebras were generated which allowed the construction of left invariant WZ forms. However, they seem to require the introduction of more generators than are present in (42). Upon constructing the left invariant WZ form, one then finds that free parameters remain. This is because the space has been extended more than is necessary; one might say that the associated superspace is not “minimally extended.” In the case p = 1, we found that the entire spectrum of topological charge algebras yielded minimally extended superspaces [19]. However, for p ≥ 2 it appears that (42) through (45) may be the unique, minimally extended topological charge algebras generated by the standard p-brane action.

5A free multiplicative constant also results from an optional tension parameter normalizing the action [5]. In this case one obtains the minimal algebra only in the limiting case of zero tension (the action used here vanishes at the limit). Tension and gauge parameters have completely different effects when fermionic topological terms are retained; in that case there may be multiple anomalous terms and the gauge parameters are not global scale factors.

5.1 Acknowledgments

I would like to thank I. N. McArthur for helpful suggestions and critical reading of the manuscript.

References

[1] E. Bergshoeff, E. Sezgin, and P. K. Townsend, “Supermembranes and eleven-dimensional supergravity,” Phys. Lett., vol. B189, pp. 75–78, 1987.

[2] A. Achucarro, J. M. Evans, P. K. Townsend, and D. L. Wiltshire, “Super p-branes,” Phys. Lett., vol. B198, p. 441, 1987.

[3] J. Evans, “Super p-brane Wess-Zumino terms,” Class. Quantum Grav., vol. 5, p. L87, 1988.

[4] J. de Azcárraga and P. Townsend, “Superspace geometry and classification of supersymmetric extended objects,” Phys. Rev. Lett, vol. 62, p. 2579, 1989.

[5] J. A. de Azcárraga, J. P. Gauntlett, J. M. Izquierdo and P. K. Townsend, “Topological extensions of the supersymmetry algebra for extended objects,” Phys. Rev. Lett, vol. 63, p. 2443, 1989.

[6] J. A. de Azcárraga, J. M. Izquierdo and P. K. Townsend, “Classical anomalies of supersymmetric extended objects,” Phys. Lett. B, vol. 267, p. 366, 1991.

[7] E. Bergshoeff and P. K. Townsend, “Super-D branes revisited,” Nucl.

Phys., vol. B531, pp. 226–238, 1998, hep-th/9804011.

[8] B. S. DeWitt, Supermanifolds. Cambridge, UK: Univ. Pr. 407 p. (Cambridge monographs on mathematical physics). (2nd ed.), 1992.

[9] H. Hammer, “Topological extensions of Noether charge algebras carried by D-p-branes.,” Nucl.Phys.B, vol. 521, pp. 503–546, 1998, hepth/9711009.

[10] M. Green, “Supertranslations, superstrings and Chern-Simons forms,” Phys Lett. B, vol. 223, p. 157, 1989.

[11] W. Siegel, “Randomizing the superstring,” Phys. Rev., vol. D50, pp. 2799–2805, 1994, hep-th/9403144.

[12] E. Bergshoeff and E. Sezgin, “Super p-brane theories and new spacetime superalgebras.,” Phys. Lett. B, vol. 354, pp. 256–263, 1995, hepth/9504140.

[13] C. Chryssomalakos, J. A. de Azcárraga, J. M. Izquierdo and J. C. Pérez Bueno, “The geometry of branes and extended superspaces.,” Nucl. Phys. B, vol. 567, pp. 293–330, 2000, hep-th/9904137.

[14] E. Sezgin, “Super p-form charges and a reformulation of the supermembrane action in eleven dimensions,” 1995, hep-th/9512082.

[15] E. Sezgin, “The M algebra.,” Phys.Lett., vol. 392, pp. 323–331, 1997, hep-th/9609086.

[16] M. Hatsuda and M. Sakaguchi, “BPS states carrying fermionic brane charges,” Nucl. Phys., vol. B577, pp. 183–193, 2000, hep-th/0001214.

[17] M. Hatsuda and M. Sakaguchi, “Open superstring theory and superalgebra of the brane antibrane system,” Nucl. Phys., vol. B599, pp. 185–196, 2001, hep-th/0010189.

[18] K. Peeters and M. Zamaklar, “Anti-de Sitter vacua require fermionic brane charges.,” Phys.Rev.D, vol. 69, p. 066009, 2004, hep-th/0311110.

[19] D. T. Reimers, “Superalgebras from p-brane actions,” JHEP, vol. 01, p. 152, 2006, hep-th/0509006.

[20] B. Zumino, “Nonlinear realization of supersymmetry in de Sitter space,” Nucl. Phys., vol. B127, p. 189, 1977.

[21] I. L. Buchbinder and S. M. Kuzenko, “Ideas and methods of supersymmetry and supergravity: Or a walk through superspace,” Bristol, UK: IOP (1998) 656 p.

[22] E. Witten and D. I. Olive, “Supersymmetry algebras that include topological charges,” Phys. Lett., vol. B78, p. 97, 1978.

[23] R. Bott and L. Tu, Differential Forms in Algebraic Topology. Springer- Verlag, 1982.

[24] D. P. Sorokin and P. K. Townsend, “M-theory superalgebra from the M-5-brane,” Phys. Lett., vol. B412, pp. 265–273, 1997, hep-th/9708003.

[25] P. Townsend, “M theory from its superalgebra.,” NATO ASI Series, vol. C520, pp. 141–177, 1997, hep-th/9712004.

[26] E. Bergshoeff and E. Sezgin, “New space-time superalgebras and their Kac-Moody extension,” Phys. Lett., vol. B232, p. 96, 1989.