arXiv:hep-th/0509118 v3 23 Mar 2006

ULB-TH/05-19

Parity violating vertices for spin-3 gauge fields

Nicolas Boulanger^∗ and Serge Leclercq^† Université de Mons-Hainaut, Académie Wallonie-Bruxelles, Mécanique et Gravitation, Avenue du Champ de Mars 6, B-7000 Mons (Belgium)

Sandrine Cnockaert^‡ Physique Théorique et Mathématique, Université Libre de Bruxelles and International Solvay Institutes, U.L.B. Campus Plaine, C.P. 231, B-1050, Bruxelles (Belgium) (Dated: March 23, 2006)

Abstract

The problem of constructing consistent parity-violating interactions for spin-3 gauge fields is considered in Minkowski space. Under the assumptions of locality, Poincaré invariance and parity non-invariance, we classify all the nontrivial perturbative deformations of the Abelian gauge algebra. In space-time dimensions n = 3 and n = 5, deformations of the free theory are obtained which make the gauge algebra non-Abelian and give rise to nontrivial cubic vertices in the Lagrangian, at first order in the deformation parameter g. At second order in g, consistency conditions are obtained which the five-dimensional vertex obeys, but which rule out the n = 3 candidate. Moreover, in the five-dimensional first-order deformation case, the gauge transformations are modified by a new term which involves the second de Wit–Freedman connection in a simple and suggestive way.

∗F.N.R.S. Postdoctoral Researcher (Belgium); Electronic address: nicolas.boulanger@umh.ac.be †Electronic address: serge.leclercq@umh.ac.be ‡F.N.R.S. Research Fellow (Belgium); Electronic address: scnockae@ulb.ac.be

I. INTRODUCTION

One of the most intriguing open questions in classical field theory is the construction of consistent interactions among massless fields of spin (or helicity) s greater than 2. It is generally believed that, when perturbatively deforming Fronsdal’s massless spin-s quadratic Lagrangian [1], the only first-order vertex is cubic and contains s derivatives. This is what comes out of manifestly covariant analyses [2–6] and a light-front approach [7]. Moreover, in the aforementioned works, it is found that the massless spin-3 field (more generally, the odd-spin fields) carries a color, the fields taking value in an internal anticommutative, invariant-normed algebra. This implies that there must be (self-interacting) multiplets of spin-3 fields, analogously to what happens in Yang-Mills theories for spin-1 gauge fields.

In a recent paper [8], the problem of introducing consistent interactions among spin-3 gauge fields has been carefully analyzed in Minkowski space-time R^{n−1,1} (n > 3) using BRSTcohomological methods. Under the assumptions of locality, Poincaré and parity invariance, all the perturbative, consistent deformations of the Abelian gauge algebra have been determined, together with the corresponding deformations of the quadratic action, at first order in the deformation parameter. On top of the covariant cubic vertex of [2], a new cubic vertex is found which also corresponds to a non-Abelian gauge algebra related to an internal, noncommutative, invariant-normed algebra (like in Yang-Mills’s theories). This new cubic vertex brings in five derivatives of the field: it is of the form L_1 ∼ g_{[abc]}(h^a∂^2h^b∂^3h^c + h^a∂h^b∂^4h^c).

In the present paper, we determine the non-Abelian consistent deformations of the free spin-3 gauge theory in Minkowski space-time R^{n−1,1}, relaxing the parity invariance constraint of [8]. In other words, we look for all non-Abelian deformations of the free theory such that the corresponding first-order vertices involve the completely antisymmetric Levi-Civita density ε^{μ1...μn} , like in Chern–Simons theories. As we show explicitly in Section IV, such first-order parity-breaking nontrivial deformations exist only in space-time dimensions n = 3 and n = 5.

Following the cohomological procedure of [8], we first classify all the possible first-order deformations of the spin-3 gauge algebra that contain one Levi-Civita antisymmetric density (these are the “a_2 terms” in the notation of [8]). We find two such deformations that make the algebra non-Abelian, in dimensions n = 3 and n = 5 . Then, we investigate whether these algebra-deforming terms give rise to consistent first-order vertices. Very interestingly, both of the algebra-deforming terms do lead to nontrivial deformations of the quadratic Lagrangian. The first one is defined in dimension n = 3, for spin-3 gauge fields that take value in an internal, anticommutative, invariant-normed algebra A, while the second one is defined in a space-time of dimension n = 5 for fields that take value in a commutative, invariant-normed internal algebra B. However, as we demonstrate, consistency conditions at second order in μ̄ imply that the algebras A and B must also be nilpotent of order three and associative, respectively. In turn, this means that the n = 3 parity-breaking deformation is trivial while the algebra B is a direct sum of one-dimensional ideals — provided the metrics which define the norms in A and B are positive-definite, which is demanded by the positivity of energy. Essentially, this signifies that we may consider only one single self-interacting spin-3 gauge field in the n = 5 case, similarly to what happens in Einstein gravity [9].

The paper is organized as follows. In Section II, we set up our conventions and summarize the structure of the free spin-3 gauge theory we are going to deform. We comment on the special n = 3 case which was not investigated in [8]. The BRST approach [10, 11] to the problem of consistent deformation is briefly recalled in Section III, where our principal assumptions are spelled out. We then go through the main results of [8] and adapt them to n = 3 when needed; this gives us the opportunity to recall some results and notations needed in the following section where the consistent deformation problem is solved. Section IV indeed rests upon Section III’s results. We first determine the parity-breaking algebradeforming terms. Then we proceed to determine the corresponding first-order deformations of the free Lagrangian and study some constraints that arise at second order. The cases n = 3 and n = 5 are treated separately. In Section V we summarize our results and comment on further researches. Finally, the Appendix gathers together several technical computations related to Schouten identities.

II. FREE THEORY

The local action for a collection {h^a_{μνρ}} of N non-interacting completely symmetric massless spin-3 gauge fields in flat space-time is [1]

S_0[h^a_{μνρ}] = ∑_N a=1 ∫ [ − 1 2 ∂_σ h^a_{μνρ}∂^σh^{aμνρ} + 3 2 ∂^μh^a_{μρσ}∂_ν h^{aνρσ} + 3 2 ∂_μh^a_ν ∂^μh^{aν} + 3 4 ∂_μh^{aμ}∂_ν h^{aν} − 3 ∂_μh^a_ν ∂_ρh^{aρμν} ] d^nx, (1) where h^a_μ := η^{νρ}h^a_{μνρ} . The Latin indices are internal indices taking N values. They are raised and lowered with the Kronecker delta δ^{ab} . The Greek space-time indices are raised and lowered with the “mostly plus” Minkowskian metric η_{μν} . The free action (1) is invariant under the linear gauge transformations δ_λh^a_{μνρ} = 3 ∂_{(μ}λ^a_{νρ)} , where η^{μν} λ^a_{μν} ≡ 0 . The gauge transformations are Abelian and irreducible. Curved (resp. square) brackets on indices denote strength-one complete symmetrization (resp. antisymmetrization) of the indices.

The field equations read^{δS0}_{δhaμνρ} ≡ G^{μνρ}_a ≈ 0 , where G^a_{μνρ} := F^a_{μνρ} −^3_2 η_{(μν} F^a_{ρ)} and F^a_{μνρ} is the Fronsdal gauge-invariant tensor F^a_{μνρ} := □h^a_{μνρ} − 3 ∂^σ ∂_{(μ}h^a_{νρ)σ} + 3 ∂_{(μ}∂_ν h^a_{ρ)} . We denote F_μ = η^{νρ}F_{μνρ} . The gauge symmetries enable one to get rid of some components of h^a_{μνρ} , leaving it onshell with N^n_3 independent physical components, where [12] N^n_3 =^{n3 −3n2 −4n+12}_6 . Notice that there is no propagating physical degree of freedom in n = 3 .

An important object is the curvature gauge-invariant tensor [12–14] K^a_{αμ|βν|γρ} := 8∂_{[γ} ∂_{[β} ∂_{[α}h^a_{μ]ν]ρ]} , (2) antisymmetric in the three pairs αμ , βν and γρ . Actually, the spin-3 curvature is invariant under gauge transformations where the parameters λ^a_{μν} are not constrained to be traceless.

Its importance, apart from gauge invariance with unconstrained gauge parameters, stems from the fact that the field equations G^a_{μνρ} ≈ 0 in Fronsdal’s constrained approach are dynamically equivalent [15, 16] to the following field equation in the unconstrained approach: η^{αβ}K^a_{αμ|βν|γρ} ≈ 0 . (3) There exists another field equation for completely symmetric gauge fields in the unconstrained approach, which also involves the curvature tensor but is non-local [17] (see also [18]). The equivalence between both unconstrained field equations was proved in [15]. One of the advantages of the non-local field equation of [17] is that it can be derived from an action principle. The equation (3) is obtained from the general n-dimensional bosonic mixed symmetry case [15] by specifying to a completely symmetric rank-3 gauge field and is [16] a generalization of Bargmann-Wigner’s equations in n = 4 [19]. However, it cannot be directly obtained from an action principle. For a recent work in direct relation to [17, 18], see [20].

Notice that when n = 3, the equation (3) implies that the curvature vanishes on-shell, which reflects the “topological” nature of the theory in the corresponding dimension. This is similar to what happens in 3-dimensional Einstein gravity, where the vacuum field equations R_{μν} := R^α_{μαν} ≈ 0 imply that the Riemann tensor R^α_{μβν} is zero on-shell. The latter property derives from the fact that the conformally-invariant Weyl tensor identically vanishes in dimension 3 , allowing the Riemann tensor to be expressed entirely in terms of the Ricci tensor R_{μν} . Those properties are a consequence of a general theorem (see [21] p. 394) which states that a tensor transforming in an irreducible representation of O(n) identically vanishes if the corresponding Young diagram is such that the sum of the lengths of the first two columns exceeds n .

Accordingly, in dimension n = 3 the curvature tensor K^a_{αμ|βν|γρ} can be written [14] as K^a_{αμ|βν|γρ} ≡ 4 3 (S^a_{αμ|[β[γ}η_{ρ]ν]} + S^a_{βν|[γ[α}η_{μ]ρ]} + S^a_{γρ|[α[β}η_{ν]μ]}) , (4) where the tensor S^a_{αμ|νρ} is defined, in dimension n = 3, by S^a_{αμ|νρ} = 2∂_{[α}F^a_{μ]νρ} − 3 2 [ 2∂_{[α}F^a_{μ]} η_{νρ} − ∂_ρF^a_{[α} η_{μ]ν} − ∂_ν F^a_{[α} η_{μ]ρ} + ∂_αF^a_{(ν} η_{ρ)μ} − ∂_μF^a_{(ν} η_{ρ)α} ] . It is antisymmetric in its first two indices and symmetric in its last two indices. For the expression of S^a_{αμ|νρ} in arbitrary dimension n ⩾ 1 , see [14] where the curvature tensor K^a_{αμ|βν|γρ} is decomposed under the (pseudo-)orthogonal group O(n − 1, 1) . The latter reference contains a very careful analysis of the structure of Fronsdal’s spin-3 gauge theory, as well as an interesting “topologically massive” spin-3 theory in dimension n = 3 .

III. BRST FORMULATION

In the present section we summarize the BRST-cohomological procedure [10, 11] where consistent couplings define deformations of the solution of the master equation. For more details, we refer in particular to [8] where the BRST approach is applied to the spin-3 gauge theory at hand.

A. Basic assumptions

We assume, as in the traditional perturbative Noether deformation procedure, that the deformed action can be expressed as a power series in a coupling constant g , the zeroth-order term in the expansion describing the free theory: S = S_0 + g S_1 + O(g^2) .

We require that the deformed Lagrangian be invariant under the Poincaré group, but explicitly breaks parity symmetry by the presence of a completely antisymmetric Levi-Civita density ε^{μ1 ...μn} in the deformed Lagrangian.

We reject trivial deformations arising from field-redefinitions that reduce to the identity at order g^0 and compute only consistent deformations, in the sense that the deformed theory possesses the same number of (possibly deformed) independent gauge symmetries, reducibility identities, etc., as the system we started with. Finally, crucial in the cohomological approach [10, 11] is the locality requirement: the deformed action S[ϕ] = S_0[ϕ] + gS_1[ϕ] + . . . must be a local functional. The deformations of the gauge transformations, etc., must be local functions, as well as the allowed field redefinitions.

A local function of some set of fields ϕ^i is a smooth function of the fields ϕ^i and their derivatives ∂ϕ^i, ∂^2ϕ^i, ... up to some finite order, say k, in the number of derivatives. Such a set of variables ϕ^i, ∂ϕ^i, ..., ∂^kϕ^i will be collectively denoted by [ϕ^i]. Therefore, a local function of ϕ^i is denoted by f([ϕ^i]). A local p-form (0 ⩽ p ⩽ n) is a differential p-form the components of which are local functions. A local functional is the integral of a local n-form.

B. BRST spectrum and differential

According to the general rules of the BRST-antifield formalism, for the spin-3 gauge theory under consideration, the spectrum of fields (including ghosts) and antifields together with their respective ghost and antighost numbers is given by [8]

• the fields h^a_{μνρ} , with ghost number 0 and antighost number 0;

• the ghosts C^a_{μν} , with ghost number 1 and antighost number 0;

• the antifields h^{∗μνρ}_a , with ghost number −1 and antighost number 1;

• the antifields C^{∗μν}_a , with ghost number −2 and antighost number 2 .

The Grassmannian parity of the (anti)fields is given by their ghost number modulo two.

The BRST-differential s of the free theory is generated by the functional

W_0 = S_0[h^a] + ∫ (3 h^{∗μνρ}_a ∂_μC^a_{νρ}) d^nx. More precisely, W_0 is the generator of the BRST-differential s of the free theory through sA = (W_0, A)_{a.b.} , where the antibracket ( , )_{a.b.} is defined by (A, B)_{a.b.} =^{δRA}_{δΦI}^{δLB}_{δΦ∗I} −^{δRA}_{δΦ∗I}^{δLB}_{δΦI} . The functional W_0 is a solution of the master equation (W_0, W_0)_{a.b.} = 0 .

In the context of the free spin-3 gauge theory, the BRST-differential s decomposes into s = δ + γ . The Koszul-Tate differential δ decreases the antighost number by one unit, while the first piece γ , the differential along the gauge orbits, leaves it unchanged. Both δ and γ, and consequently the differential s, increase the ghost number by one unit.

The action of the differentials δ and γ gives zero on all the fields of the formalism except in the few following cases: δh^{∗μνρ}_a = G^{μνρ}_a , δC^{∗μν}_a = −3(∂_ρh^{∗μνρ}_a − 1 n η^{μν} ∂_ρh^{∗ρ}_a ) , γh^a_{μνρ} = 3 ∂_{(μ}C^a_{νρ)} .

C. BRST deformation

As shown in [10], the usual Noether procedure can be reformulated within a BRSTcohomological framework. Any consistent deformation of the gauge theory corresponds to a solution W = W_0 + gW_1 + g^2W_2 + O(g^3) of the deformed master equation (W, W )_{a.b.} = 0 . Consequently, the first-order nontrivial consistent local deformations W_1 = ∫ a^{n, 0} are in one-to-one correspondence with elements of the cohomology H^{n, 0}(s| d) of the zeroth order BRST-differential s = (W_0, ·) modulo the total derivative d , in maximum form-degree n and in ghost number 0 . That is, one must compute the general solution of the cocycle condition

sa^{n, 0} + db^{n−1,1} = 0 , (5)

where a^{n, 0} is a topform of ghost number zero and b^{n−1,1} a (n − 1)-form of ghost number one, with the understanding that two solutions of (5) that differ by a trivial solution should be identified a^{n, 0} ∼ a^{n, 0} + sp^{n,−1} + dq^{n−1, 0} as they define the same interactions up to field redefinitions. The cocycles and coboundaries a, b, p, q, . . . are local forms of the field variables (including ghosts and antifields).

The corresponding second-order interactions W_2 must satisfy the consistency condition sW_2 = −^1_2 (W_1, W_1)_{a.b.} [10]. This condition is controlled by the local BRST cohomology group H^{n,1}(s|d).

D. Cohomology of γ

The groups H^∗(γ) have recently been calculated [22] for massless spin-s gauge fields represented by completely symmetric (and double traceless when s > 3) rank s tensors. In the special case s = 3, the result reads:

Proposition 1 The cohomology of γ is isomorphic to the space of functions depending on

• the antifields h^{∗μνρ}_a , C^{∗μν}_a and their derivatives, denoted by [Φ^{∗i}] ,

• the curvature and its derivatives [K^a_{αμ|βν|γρ}] ,

• the symmetrized derivatives ∂_{(α1} . . . ∂_{αk} F^a_{μνρ)} of the Fronsdal tensor,

• the ghosts C^a_{μν} and the traceless parts of ∂_{[α}C^a_{μ]ν} and ∂_{[α}C^a_{μ][ν,β]}.

Thus, identifying with zero any γ-exact term in H(γ), we have γf = 0 if and only if f = f ( [Φ^{∗i}], [K^a_{αμ|βν|γρ}], {F^a_{μνρ}}, C^a_{μν} , ^T^a_{αμ|ν} , ^U^a_{αμ|βν} ) where {F^a_{μνρ}} stands for the completely symmetrized derivatives ∂_{(α1} . . . ∂_{αk} F^a_{μνρ)} of the Fronsdal tensor, while ^T^a_{αμ|ν} denotes the traceless part of T^a_{αμ|ν} := ∂_{[α}C^a_{μ]ν} and ^U^a_{αμ|βν} the traceless part of U^a_{αμ|βν} := ∂_{[α}C^a_{μ][ν,β]} .

Let us introduce some useful standard notations and make some remarks. Let {ω^I } be a basis of the space of polynomials in the C^a_{μν} , ^T^a_{αμ|ν} and ^U^a_{αμ|βν} (since these variables anticommute, this space is finite-dimensional). If a local form a is γ-closed, we have γa = 0 ⇒ a = α_J ([Φ^{i∗}], [K], {F })ω^J (C^a_{μν} , ^T^a_{αμ|ν} , ^U^a_{αμ|βν} ) + γb , If a has a fixed, finite ghost number, then a can only contain a finite number of antifields. Moreover, since the local form a possesses a finite number of derivatives, we find that the α_J are polynomials. Such a polynomial α_J ([Φ^{i∗}], [K], {F }) will be called an invariant polynomial.

Remark 1: The Damour-Deser identity [14] η^{αβ} K_{αμ|βν|γρ} ≡ 2 ∂_{[γ} F_{ρ]μν} implies that the derivatives of the Fronsdal tensor are not all independent of the curvature tensor K. Therefore only the completely symmetrized derivatives of F appear in Proposition 1, while the derivatives of the curvature K are not restricted. However, in the sequel we will assume that every time the trace η^{αβ}K_{αμ|βν|γρ} appears, we substitute 2∂_{[γ} F_{ρ]μν} for it. We can then write α_J ([Φ^{i∗}], [K], [F ]) instead of the unconvenient notation α_J ([Φ^{i∗}], [K], {F }).

Remark 2: Proposition 1 must be slightly modified in the special n = 3 case. As we said in the Introduction, the curvature tensor K can be expressed in terms of the first partial derivatives of the Fronsdal tensor, see (4). Moreover, the ghost variable ^U^a_{αμ|βν} identically vanishes because it possesses the symmetry of the Weyl tensor. Thus, in dimension n = 3 we have

γa = 0 ⇒ a = α_J ([Φ^{i∗}], [F ]) ω^J (C^a_{μν} , ^T^a_{αμ|ν} ) + γb . (6)

Another simplifying property in n = 3 is that the variable ^T^a_{αμ|ν} can be replaced by its dual ~T^a_{αβ} := ε^{μν}_α ^T^a_{μν|β} ( ^T^a_{μν|ρ} = −1 2 ε^α_{μν} ~T^a_{αρ}) (7)

which is readily seen to be symmetric and traceless, as a consequence of the symmetries of ^T a_{αμ|ν} ; ~T^a_{αβ} = ~T^a_{βα} , η^{αβ} ~T^a_{αβ} = 0 . (8) We now remind [8] the definition of a differential which plays an important role in the classification of the consistent first-order deformations of W_0 .

Definition (differential D): The action of the differential D on h^a_{μνρ}, h^{∗μνρ}_a , C^{∗μν}_a and all their derivatives is the same as the action of the total derivative d, but its action on the ghosts is given by : DC^a_{μν} = 4 3 dx^α ^T^a_{α(μ|ν)} , D ^T^a_{μα|β} = dx^ρ ^U^a_{μα|ρβ} , D(∂_{(ρ}C^a_{μν)}) = 0 , D(∂_{ρ1 ...ρt} C^a_{μν} ) = 0 if t ⩾ 2. (9)

The operator D coincides with d up to γ-exact terms. It follows from the definitions that Dω^J = A^J_I ω^I for some constant matrix A^J_I that involves dx^μ only.

The differential D is associated with a grading.

Definition (D-degree): The number of ^T_{αμ|ν} ’s plus twice the number of ^U_{αμ|βν} ’s is called the D-degree. It is bounded because there is a finite number of ^T_{αμ|ν} ’s and ^U_{αμ|βν} ’s, which are anticommuting.

The operator D splits as the sum of an operator D_1 that raises the D-degree by one unit, and an operator D_0 that leaves it unchanged. The differential operator D_0 has the same action as d on h_{μνρ}, h^{∗μνρ}, C^{∗αβ} and all their derivatives, and gives 0 when acting on the ghosts. The operator D_1 gives 0 when acting on all the variables but the ghosts on which it reproduces the action of D.

E. Cohomological group H^n_2 (δ|d) and H^n_k (δ|d, H(γ)), k ⩾ 2

We first mention a result proved in [22–24] and needed later.

Proposition 2 A complete set of representatives of H^n_2 (δ|d) is given by the antifields C^{∗μν}_a , up to explicitly x-dependent terms. In other terms,

δa^n_2 + db^{n−1}_1 = 0 , a^n_2 ∼ a^n_2 + δc^n_3 + dc^{n−1}_2 ⇐⇒ a^n_2 = L^a_{μν} (x)C^{∗μν}_a d^nx + δb^n_3 + db^{n−1}_2 , L^a_{μν} (x) = λ^a_{μν} + P^a_{μν} (x) .

The tensors λ^a_{μν} and P^a_{μν} are symmetric and traceless in the indices (μν) . The tensor λ^a_{μν} is constant whereas the tensor P^a_{μν} (x) depends on the coordinates x^μ explicitly.

Then, we recall that the cohomological groups H^n_k (δ|d) vanish for k > 2 , which is a consequence of the fact that the free theory at hand is linear and possesses no reducibility (cf. Theorem 9.1 of [25]).

Finally, the following result is a cornerstone of the cohomological deformation procedure:

Proposition 3 For the free spin-3 gauge theory of Fronsdal, we have H^n_k (δ|d, H(γ)) ∼= 0, k > 2, and the nontrivial elements of H^n_2 (δ|d, H(γ)) are the same as for H^n_2 (δ|d) .

Essentially, using Proposition 2 and H^n_k (δ|d) ∼= 0 (k > 2), the proof of Proposition 3 goes as follows. It consists in showing that, if the invariant polynomial a^n_k (k ⩾ 2) is δ -trivial modulo d , a^n_k = δμ^n_{k+1} + dν^{n−1}_k , then one can always choose μ^n_{k+1} and ν^{n−1}_k to be invariant.

Proposition 3 is proved in [8] for n > 3 . We now demonstrate that it also holds for n = 3 . Without recalling all the details, let us point out the place where, in Section 4.6.2 of [8], the proof of Proposition 3 must be adapted to n = 3 . It is when one makes use of the projector on the symmetries of the Weyl tensor. In [8] we have the equations (4.45) and (4.46) Y^{μνρ}_{k+1} = ∂_α[T^{αμ|νρ}_{k+1} +^1_{n−1} η^{νρ}T^{α|μ}_{k+1}] + δ(...) ⇔ ∂_αT^{αμ|νρ}_{k+1} = Y^{μνρ}_{k+1} −^1_n η^{νρ}η_{αβ}Y^{μαβ}_{k+1} + δ(...)(10a) T^{α[μ|ν]ρ} k+1 +^1_{n−1} T^{α|[μ}_{k+1} η^{ν]ρ} = ∂_β S^{βα|μν|ρ}_{k+1} + δ(...) (10b) which are instrumental in order to obtain Y^{μνρ}_{k+1} = ∂_α∂_β∂_γ Ψ^{αμ|βν|γρ}_{k+1} + G^{μνρ}_{αβγ} ^X^{αβγ}_{k+1} + δ(. . .) , (11) where Y^{μνρ}_{k+1} is completely symmetric (the subscript denotes the antighost number), T^{αμ|νρ}_{k+1} = −T^{μα|νρ}_{k+1} = −T^{μα|ρν}_{k+1} , η_{νρ}T^{αμ|νρ}_{k+1} ≡ 0 , S^{βα|μν|ρ}_{k+1} is antisymmetric in (βα) and (μν), satisfies S^{βα|[μν|ρ]} k+1 ≡ 0 ≡ η_{νρ}S^{βα|μν|ρ}_{k+1} . The tensor Ψ^{αμ|βν|γρ}_{k+1} possesses the symmetries of the curvature K^{αμ|βν|γρ} and G^{μνρ}_{αβγ} is the second-order differential operator appearing in the equations of motion 0 ≈ G^{μνρ} = G^{μνρ}_{αβγ}h^{αβγ} . Finally, we have ^X_{αβγ|k+1} := 2 n − 2 Y^{στ ρ}_{αβγ} ( − S^μ_{σ|μτ |ρ k+1} + 1 n η_{στ} [S^{μν}_{μν| |ρ k+1} + S^{μ ν}_{μν| ρ| k+1}] ) (12) where Y^{στ ρ}_{αβγ} = Y^{(στ ρ)}_{(αβγ)} projects on completely symmetric rank-3 tensors. The tensors Y^{μνρ}_{k+1} , T^{αμ|νρ}_{k+1} , S^{βα|μν|ρ}_{k+1} and Ψ^{αμ|βν|γρ}_{k+1} are invariant. In order to obtain the important Eq.(11), one had to project ∂_βS^{βα|μν|ρ}_{k+1} on the symmetries of the Weyl tensor [8]. In dimension 3, this gives zero identically.

If we denote by W^{β|μν|αρ}_{k+1} the projection W^{μ ν α ρ}_μ′_ν′_α′_ρ′ S^{βα′|μ′ν′ |ρ′}_{k+1} of S^{βα|μν|ρ}_{k+1} on the symmetries of the Weyl tensor, we have of course W^{β|μν|αρ}_{k+1} = 0 because W^{β|μν|αρ}_{k+1} ≡ 0 . Then, obviously 0 = 2 3 ∂_α∂_β [ W^{μ|αν|βρ} k+1 + W^{μ|αρ|βν}_{k+1} + W^{ν|αμ|βρ}_{k+1} + W^{ν|αρ|βμ}_{k+1} + W^{ρ|αμ|βν}_{k+1} + W^{ρ|αν|βμ}_{k+1} ] . Substituting for W^{μ|αν|βρ}_{k+1} its expression in terms of S^{αβ|γδ|ρ}_{k+1} and using Eqs.(10) we find 0 = Y^{μνρ}_{k+1} − G^{μνρ}_{αβγ} ^X^{αβγ}_{k+1} + δ(. . .) , where ^X^{αβγ}_{k+1} is still given by (12). The result (11) is thus recovered except for the first Ψ -term. This is linked to the fact that, in n = 3, an invariant polynomial depends on the field h_{μνρ} only through the Fronsdal tensor F^{μνρ}, see Eq.(4). In n = 3, the Eqs.(4.41) and (4.42) of [8] are changed accordingly. The proof then proceeds as in [8], where one sets Ψ to zero.

IV. PARITY-BREAKING DEFORMATIONS

In this section, we first compute all possible parity-breaking and Poincaré-invariant firstorder deformations of the Abelian spin-3 gauge algebra. We find that such deformations exist in three and five dimensions. We then proceed separately for n = 3 and n = 5. We analyze the corresponding first-order deformations of the quadratic Lagrangian and find that they both exist. Then, consistency conditions at second order are obtained which make the n = 3 deformation trivial and which constrain the n = 5 deformation to involve only one single gauge field.

A. Deformations of the gauge algebra

The following proposition is proved in [8]:

Proposition 4 Let a be a local topform that is a nontrivial solution of the cocycle equation sa + db = 0 . Without loss of generality, one can assume that the antighost decomposition of a stops in antighost number two, i.e. a = a_0 + a_1 + a_2 .

Furthermore, in [8], the most general parity and Poincaré-invariant term a_2 is determined. Here, we allow for parity-breaking terms and prove that new terms a_2 appear when the number of dimensions is 3 and 5. This is summarized in the following theorem. Theorem 1 Let a = a_0 + a_1 + a_2 be a local topform that is a nontrivial solution of the equation sa + db = 0 . If the last term a_2 is parity-breaking and Poincaré-invariant, then it is trivial except in three and five dimensions. In those cases, modulo trivial terms, it can be written respectively a_2 = f^a_{[bc]}ε^{μνρ}C^{∗αβ}_a C^b_{μα}∂_{[ν} C^c_{ρ]|β}d^3x (13) and a_2 = g^a_{(bc)}ε^{μνρστ} C^{∗α}_{a μ}∂_{[ν} C_{ρ]}^{b β} ∂_{α[σ}C^c_{τ ]β}d^5x . (14) The structure constants f^a_{[bc]} define an internal, anticommutative algebra A while the structure constants g^a_{(bc)} define an internal, commutative algebra B .

Proof: The equation sa + db = 0, when a = a_0 + a_1 + a_2, is equivalent to the system γa_0 + δa_1 + db_0 = 0 , (15) γa_1 + δa_2 + db_1 = 0 , (16) γa_2 = 0 . (17)

The last equation implies that, modulo trivial terms, a_2 = α_I ω^I , where α_I is an invariant polynomial and the {ω^I } provide a basis of the polynomials in C_{μν} , ^T_{μν|ρ}, ^U_{μν|ρσ} (see Section III). Let us stress that, as a_2 has ghost number zero and antifield number two, ω^I must have ghost number two. Then, acting with γ on (16) and using the triviality of d, one gets that b_1 should also be an element of H(γ), i.e., modulo trivial terms, b_1 = β_I ω^I , where the β_I are invariant polynomials.

We further expand a_2 and b_1 according to the D-degree defined in Section III D:

a_2 = M∑ i=0 a^i_2 = M∑ i=0 α_{Ii} ω^{Ii} , b_1 = M∑ i=0 b^i_1 = M∑ i=0 β_{Ii} ω^{Ii} , where a^i_2, b^i_1 and ω^{Ii} have D-degree i. The equation (16) then reads ∑ i δ[α_{Ii} ω^{Ii} ] + ∑ i D[β_{Ii} ω^{Ii} ] = γ(. . .) , or equivalently ∑ i δ[α_{Ii} ]ω^{Ii} + ∑ i D_0[β_{Ii} ]ω^{Ii} ± ∑ i β_{Ii} A^{Ii}_{Ii+1} ω^{Ii+1} = γ(. . .) , where A^{Ii}_{Ii+1} ω^{Ii+1} = Dω^{Ii} , which implies δα_{Ii} + dβ_{Ii} ± β_{Ii−1} A^{Ii−1}_{Ii} = 0 (18) for each D-degree i, as the elements of the set {ω^I } are linearly independent nontrivial elements of H(γ).

The next step is to analyze the equation (18) for each D-degree. The results depend on the dimension, so we split the analysis into the cases n = 3, n = 4, n = 5 and n > 5.

Dimension 3

• degree zero : In D-degree 0, the equation (18) reads δα_{I0} +dβ_{I0} = 0, which implies that α_{I0} belongs to H_2(δ|d). In antifield number 2, this group has nontrivial elements given by Proposition 2, which are proportional to C^{∗μν}_a . The requirement of translationinvariance restricts the coefficient of C^{∗μν}_a to be constant. On the other hand, in D-degree 0 and ghost number 2, we have ω^{I0} = C^b_{μρ}C^c_{νσ}. To get a parity-breaking but Lorentz-invariant a^0_2, a scalar quantity must be build by contracting ω^{I0} , C^{∗μν}_a , the tensor ε^{μνρ} and a product of η_{μν} ’s. This cannot be done because there is an odd number of indices, so a^0_2 vanishes: a^0_2 = 0. One can then also choose b^0_1 = 0.

• degree one : We now analyze Eq.(18) in D-degree 1. It reads δα_{I1} + dβ_{I1} = 0 and implies that α_{I1} is an element of H_2(δ|d). Therefore the only parity-breaking and Poincaré-invariant a^1_2 that can be built is a^1_2 = f^a_{bc}ε^{μνρ}C^{∗αβ}_a C^b_{αμ}T^c_{νρ|β}d^3x . Indeed, it should have the structure εC^∗C ^T (or εC^∗CT , up to trivial terms), contracted with η’s. In an equivalent way, it must have the structure C^∗C ~T , contracted with η’s, where the variable ~T was introduced in Eq.(7). Due to the symmetry properties (8) of ~T which are the same as the symmetries of C^a_{μν} and C^{∗μν}_a , there is only one way of contracting ~T , C and C^∗ together: f^a_{bc}C^{∗μν}_a C^{b ρ}_μ ~T^c_{νρ} . Of course, no Schouten identity (see Appendix) can come into play because of the number and the symmetry of the fields composing f^a_{bc}C^{∗μν}_a C^{b ρ}_μ ~T^c_{νρ} . The latter term is proportional to a^1_2 = f^a_{bc}ε^{μνρ}C^{∗αβ}_a C^b_{αμ}T^c_{νρ|β} d^3x , up to trivial terms. One can now easily compute that b^1 = −3 f^a_{bc}ε^{μνρ}(h^{∗αβλ}_a −^1_3 η^{αβ} h^{∗λ}_a )C^b_{αμ} ^T^c_{νρ|β}^1_2 ε_{λστ} dx^σ dx^τ . • degree two : The equation (18) in D-degree 2 is δα_{I2} + dβ_{I2} − β_{I1} A^{I1}_{I2} = 0, with −β_{I1} A^{I1}_{I2} ω^{I2} = 3 f^a_{bc}ε^{μνρ}(h^{∗αβλ}_a − 1 3 η^{αβ}h^{∗λ}_a )( 4 3 ^T^b_{η(α|μ)} ^T^c_{νρ|β})1 2 ε_{λστ} dx^ηdx^σdx^τ = 2 f^a_{(bc)}ε^{μνρ}(h^{∗αβλ}_a − 2 3 η^{αβ} h^{∗λ}_a ) ^T^b_{λμ|α} ^T^c_{νρ|β} d^3x . The latter equality holds up to irrelevant trivial γ-exact terms. It is obtained by using the fact that there are only two linearly independent scalars having the structure εh^∗ ^T ^T . They are ε^{μνρ}h^{∗αβγ} ^T_{μν|α} ^T_{ρβ|γ} and ε^{μνρ}h^{∗α} ^T^β_{μν|} ^T_{ρβ|α} . To prove this, it is again easier to use the dual variable ~T instead of ^T . One finds that the linearly independent terms with the structure εh^∗ ~T ~T are f^a_{(bc)}ε^{μνρ}h^{∗a}_μ ~T^{b α}_ν ~T^c_{ρα} and f^a_{(bc)}ε^{μνρ}h^{∗a αβ}_μ ~T^b_{να} ~T^c_{ρβ} ; they are proportional to f^a_{(bc)}ε^{μνρ}h^{∗αβγ}_a ^T^b_{μν|α} ^T^c_{ρβ|γ} and f^a_{(bc)}ε^{μνρ}h^{∗α}_a ^T^{b β}_{μν|} ^T^c_{ρβ|α} . Since the expression for β_{I1} A^{I1}_{I2} is not δ-exact modulo d , it must vanish: f_{abc} = f_{a[bc]} . One then gets that α_{I2} belongs to H_2(δ|d). However, no such parity-breaking and Poincaré-invariant a^2 can be formed in D-degree 2, so a^2 = 0 = b^2_1 .

• degree > 2 : Finally, there are no a^i_2 for i > 2. Indeed, there is no ghost combination ω^{Ii} of ghost number two and D-degree higher than two, because ^U identically vanishes when n = 3.

Dimension 4 There is no nontrivial deformation of the gauge algebra in dimension 4.

• degree zero : The equation (18) reads δα_{I0} + dβ_{I0} = 0. It implies that α_{I0} belongs to H^4_2 (δ|d), which means that α_{I0} is of the form k^a_{bc}ε^{μνρσ} C^{∗αβ}_a d^4x where k^a_{bc} are some constants. It is obvious that all contractions of α_{I0} with two undifferentiated ghosts C in a Lorentz-invariant way identically vanish. One can thus choose a^0_2 = 0 and b^0_1 = 0.

• degree one : The equation in D-degree 1 reads δα_{I1} + dβ_{I1} = 0. The nontrivial part of α_{I1} has the same form as in D-degree 0. It is however impossible to build a nontrivial Lorentz-invariant a^1_2 because ω_{I1} ∼ CT has an odd number of indices. So a^1_2 = 0 and b^1 = 0.

• degree two : In D-degree 2, the equation δα_{I2} + dβ_{I2} = 0 must be studied. Once again, one has α_{I2} = k^a_{bc}ε^{μνρσ} C^{∗αβ}_a d^4x. There are two sets of ω_{I2} ’s : ^T^b_{μν|α} ^T^c_{ρσ|β} and C^b_{αβ} ^U^c_{μν|ρσ} . A priori there are three different ways to contract the indices of terms with the structure εC^∗ ^T ^T , but because of Schouten identities (see Appendix 1) only two of them are independent, with some symmetry constraints for the structure functions. No Schouten identities exist for terms with the structure εC^∗C ^U. The general form of a^2 is thus, modulo trivial terms, a^2 =^{(1)}k^a_{[bc]} ε^{μνρσ} C^{∗αβ}_a ^T^b_{μν|α} ^T^c_{ρσ|β} d^4x+^{(2)}k^a_{(bc)} ε^{μνρσ} C^{∗α}_{a μ} ^T^{b β}_{νρ|} ^T^c_{σα|β}d^4x +^{(3)}k^a_{bc} ε^{μνρσ} C^∗_{aμα} C^b_{νβ} ^U^{c αβ}_{ρσ|} d^4x , and b^2_1 is given by

b^2_1 = −3 ε^{μνρσ} [ (h^{∗λαβ}_a − 1 4 h^{∗λ}_a η^{αβ})^{(1)}k^a_{[bc]} ^T^b_{μν|α} ^T^c_{ρσ|β} +(h^{∗λα}_{a μ} − 1 4 h^{∗λ}_a δ^α_μ )(^{(2)}k^a_{(bc)} ^T^{b β}_{νρ|} ^T^c_{σα|β}+^{(3)}k^a_{bc} C^b_{νβ} ^U^{c β}_{ρσ|α} ) ] 1 3! ε_{λρστ} dx^ρdx^σdx^τ . • degree three : Eq.(18) now reads δα_{I3} + dβ_{I3} + β_{I2} A^{I2}_{I3} = 0 , with

β_{I2} A^{I2}_{I3} ω^{I3} = − 3 2 (1) k^a_{[bc]} ε^{μνρσ} h^{∗λ}_a ^T^{b α}_{μν|} ^U^c_{λα|ρσ}d^4x −3^{(2)}k^a_{(bc)} ε^{μνρσ} h^{∗αλ}_{a μ} ( ^T^{b β}_{να|} ^U^c_{λβ|ρσ} − ^T^{b β}_{νρ|} ^U^c_{λβ|σα} ) d^4x +4^{(3)}k^a_{bc} ε^{μνρσ} h^{∗αλ}_{a μ} ^T^b_{λ(β|ν)} ^U^{c β}_{ρσ|α} d^4x = ( − 3 2 (^{(1)}k^a_{[bc]} +^{(2)}k^a_{(bc)})ε^{βγρσ}h^{∗μ}_a η^{αν} − (6^{(2)}k^a_{(bc)} +4^{(3)}k^a_{bc})ε^{μνλβ} h^{∗γρ}_{a λ}η^{ασ} ) × ^T^b_{βγ|α} ^U^c_{μν|ρσ} d^4x

The latter equality is obtained using Schouten identities (see Appendix 2). It is obvious that the coefficient of ω^{I3} = ^T^b_{βγ|α} ^U^c_{μν|ρσ} cannot be δ-exact modulo d unless it is zero. This implies that^{(1)}k^a_{[bc]}=^{(2)}k^a_{(bc)}=^{(3)}k^a_{bc}= 0. So a^2 is trivial and can be set to zero, as well as b^2_1. One now has δα_{I3} + dβ_{I3} = 0, which has the usual solution for α_{I3} , but there is no nontrivial Lorentz-invariant a^3_2 because there is an odd number of indices to be contracted.

• degree ≥ 4 : Eq.(18) is δα_{I4} + dβ_{I4} = 0, thus α_{I4} is of the form l^a_{bc}ε^{μνρσ} C^{∗αβ}_a d^4x.

There are two different ways to contract the indices : ε^{μνρσ} C^{∗αβ}_a ^U^b_{μν|αγ} ^U^{c γ}_{ρσ|β} and ε^{μνρσ} C^∗_{aμα} ^U^b_{νρ|βγ} ^U^{cα|βγ}σ , but both functions vanish because of Schouten identities (see Appendix 3). Thus a^4_2 = 0 and b^4_2 = 0. No candidates a^i_2 of ghost number two exist in D-degree higher than four because there is no appropriate ω^{Ii} .

Dimension 5

• degree zero : In D-degree 0, the equation (18) reads δα_{I0} + dβ_{I0} = 0 , which means that α_{I0} belongs to H^5_2 (δ|d). However, a^0_2 cannot be build with such an α_{I0} because the latter has an odd number of indices while ω^{I0} has an even one. So, α_{I0} and β_{I0} can be chosen to vanish.

• degree one : In D-degree 1, the equation becomes δα_{I1} + dβ_{I1} = 0, so α_{I1} belongs to H^5_2 (δ|d). However, it is impossible to build a non-vanishing Lorentz-invariant a^1_2 because in a product C^∗C ^T there are not enough indices that can be antisymmetrised to be contracted with the Levi-Civita density. So α_{I1} and β_{I1} can be set to zero.

• degree two : The equation (18) reads δα_{I2} + dβ_{I2} = 0. Once again, there is no way to build a Lorentz-invariant a^2 because of the odd number of indices. So α_{I2} = 0 and β_{I2} = 0.

• degree three : In D-degree 3, the equation is δα_{I3} + dβ_{I3} = 0, so α_{I3} ∈ H^5_2 (δ|d). This gives rise to an a_2 of the form ”gε C^∗ ^T ^U d^5x”. There is only one nontrivial Lorentzinvariant object of this form : a_2 = g^a_{bc}ε^{μνρστ} C^∗_{aμα} ^T^b_{νρ|β} ^U^{cαβ|}στ d^5x. It is equal to (14) modulo a γ-exact term. One has b^3_1 = β_{I3} ω^{I3} = −3g^a_{bc}ε^{μνρστ} (h^{∗ λ}_{aμα} − 1 5 η_{μα}h^{∗λ}_a ) ^T^b_{νρ|β} ^U^{cαβ}_{|στ} 1 4! ε_{λγδηξ}dx^γ dx^δdx^ηdx^ξ .

• degree four : The equation (18) reads δα_{I4} + dβ_{I4} − β_{I3} A^{I3}_{I4} = 0, with β_{I3} A^{I3}_{I4} ω^{I4} = −3g^a_{[bc]}ε^{μνρστ} h^{∗αλ}_{a μ} ^U^b_{λβ|νρ} ^U^{c β}_{α |στ} d^5x The coefficient of ω^{I4} ∼ ^U ^U cannot be δ-exact modulo d unless it vanishes, which implies that g^a_{bc} = g^a_{(bc)}. One is left with the equation δα_{I4} + dβ_{I4} = 0, but once again it has no Lorentz-invariant solution because of the odd number of indices to be contracted. So α_{I4} = 0 and β_{I4} = 0.

• degree higher than four: There is again no a^i_2 for i > 4, for the same reasons as in four dimensions.

Dimension n > 5 No new a_2 arises because it is impossible to build a non-vanishing parity-breaking term by contracting an element of H^5_2 (δ|d), i.e. C^{∗μν} , two ghosts from the set {C^{μν} , ^T^{μν|ρ}, ^U^{μν|ρσ} }, an epsilon-tensor ε^{μ1 ...μn} and metrics η_{μν} .

Let us finally notice that throughout this proof we have acted as if α_I ’s trivial in H^n_2 (δ|d) lead to trivial a_2’s. The correct statement is that trivial a_2’s correspond to α_I ’s trivial in H^n_2 (δ|d, H(γ)) (see e.g. [9] for more details). However, both statements are equivalent in this case, since both groups are isomorphic (Proposition 3).

This ends the proof of Theorem 1.

B. Deformation in 3 dimensions

In the previous section, we determined that the only nontrivial first-order deformation of the free theory in three dimensions deforms the gauge algebra by the term (13). We now check that this deformation can be consistently lifted and leads to a consistent first-order deformation of the Lagrangian. However, we then show that obstructions arise at second order, i.e. that one cannot construct a corresponding consistent second-order deformation unless the whole deformation vanishes.

1. First-order deformation

A consistent first-order deformation exists if one can solve Eq.(15) for a_0, where a_1 is obtained from Eq.(16). The existence of a solution a_1 to Eq.(16) with a_2 = a^1_2 is a consequence of the analysis of the previous section. Indeed, the a_2’s of Theorem 1 are those that admit an a_1 in Eq.(16). Explicitely, a_1 reads, modulo trivial terms,

a_1 = f^a_{[bc]}ε^{μνρ} [ 3 (h^{∗αβλ}_a − 1 3 η^{αβ}h^{∗λ}_a ) ( 1 3 h^b_{αμλ}T^c_{νρ|β} + 1 2 C^b_{αμ}∂_{[ρ}h^c_{ν]βλ}) + 1 3 h^{∗λ}_a T^b_{λν|μ}h^c_ρ + h^∗_{aμ}C^{b α}_ν (− 1 2 ∂^λh^c_{λαρ} + ∂_{(α}h^c_{ρ)}) ] d^3x . On the contrary, a new condition has to be imposed on the structure function for the existence of an a_0 satisfying Eq.(15). Indeed a necessary condition for a_0 to exist is that δ_{ad}f^d_{[bc]} = f_{[abc]}, which means that the corresponding internal anticommutative algebra A is endowed with an invariant norm. The internal metric we use is δ_{ab}, which is positive-definite.

The condition is also sufficient and a_0 reads, modulo trivial terms, a_0 = f_{[abc]}ε^{μνρ} [1 4 ∂_μh^a_{ναβ} ∂^αh^{bβ} h^c_ρ + 1 4 ∂_μh^a_{ναβ} ∂^αh^{bβγδ}h^c_{ργδ} − 5 4 ∂_μh^a_{ναβ} ∂^αh^{bγ} h^{cβ}_{ργ} − 3 8 ∂_μh^a_ν ∂^αh^b_αh^c_ρ + 1 4 ∂_μh^{aαβ}_ν ∂^γ h^b_γ h^c_{ραβ} − ∂_μh^a_ν ∂^γ h^b_{αβγ}h^{cαβ}_ρ + 1 2 ∂_μh^a_{ναβ} ∂^γh^b_{αγδ}h^{cβδ}_ρ + 2∂_μh^a_ν ∂^βh^{bγ} h^{cβγ}_ρ − 1 4 ∂_μh^a_{ναβ} ∂^γh^{bαβδ}h^c_{ργδ} − 1 4 ∂_μh^a_{ναβ} ∂^γ h^{bβ}h^{c α}_{ργ} − 5 8 ∂_μh^a_ν ∂_ρh^{bβ} h^c_β + 7 8 ∂_μh^a_{ναβ} ∂_ρh^{bαβγ} h^c_γ + 1 4 ∂_μh^a_{ναβ} ∂_γ h^{bαγ}_ρ h^{cβ} + 1 4 ∂_μh^a_ν ∂^αh^b_{ραβ} h^{cβ} − 1 4 ∂_μh^a_{ναβ} ∂^γh^b_{ργδ}h^{cαβδ} − 1 8 ∂_μh^a_ν ∂^αh^b_ρh^c_α − 1 8 ∂_μh^a_{ναβ}∂^γ h^{bαβ}_ρ h^c_γ ] d^3x . To prove these statements about a_0, one writes the most general a_0 with two derivatives, that is Poincaré-invariant but breaks the parity symmetry. One inserts this a_0 into the equation to solve, i.e. δa_1 + γa_0 = db_0, and computes the δ and γ operations. One takes an Euler-Lagrange derivative of the equation with respect to the ghost, which removes the total derivative db_0. The equation becomes^δ_{δCαβ} (δa_1 + γa_0) = 0, which we multiply by C_{αβ}. The terms of the equation have the structure εC∂^3hh or εC∂^2h∂h. One expresses them as linear combinations of a set of linearly independent quantities, which is not obvious as there are Schouten identities relating them (see Appendix 4). One can finally solve the equation for the arbitrary coefficients in a_0, yielding the above results.

2. Second-order deformation

Once the first-order deformation W_1 = ∫ (a_0 + a_1 + a_2) of the free theory is determined, the next step is to investigate whether a corresponding second-order deformation

W_2 exists. This second-order deformation of the master equation is constrained to obey sW_2 = −^1_2 (W_1, W_1)_{a.b.} , (see Section III C). Expanding both sides according to the antighost number yields several conditions. The maximal antighost number condition reads − 1 2 (a_2, a_2)_{a.b.} = γc_2 + δc_3 + df_2 where W_2 = ∫ d^3x (c_0 + c_1 + c_2 + c_3) and antigh(c_i) = i . It is easy to see that the expansion of W_2 can be assumed to stop at antighost number 3 and that c_3 may be assumed to be invariant. The calculation of (a_2, a_2)_{a.b.}, where a_2 = f^a_{[bc]}ε^{μνρ}C^{∗αβ}_a C^b_{μα}∂_ν C^c_{ρβ} , gives

(a_2, a_2)_{a.b.} = 2 δ^Ra_2 δC^{∗αβ}a δ^La_2 δC^a_{αβ} = γμ + dν + 2f^a_{bc}f_{ead}ε^{μνρ}ε_{αλτ} [ 1 2 C^{∗eσξ}C^{b α}_μ ^T^c_{νρ|σ} ^T^{dλτ |}_ξ + 1 2 C^{∗eσξ}C^b_{μσ} ^T^{c α}_{νρ|} ^T^{dλτ |}_ξ − 1 3 C^{∗eαξ}C^{b σ}_μ ^T^c_{νρ|σ} ^T^{dλτ |}_ξ − 2 3 C^{∗eσξ} ^T^{bλ}_{(μ|α)} ^T^c_{νρ|σ}C^{d τ}_ξ − 2 3 C^{∗eσξ} ^T^{bλ}_{(μ|σ)} ^T^{c α}_{νρ|} C^{d τ}_ξ + 4 9 C^{∗eαξ} ^T^{bλ}_{(μ|σ)} ^T^{c σ}_{νρ|} C^{d τ}_ξ ] . (19) It is impossible to get an expression with three ghosts, one C^∗ and no field, by acting with δ on c_3 . We can thus assume without loss of generality that c_3 vanishes, which implies that (a_2, a_2)_{a.b.} should be γ -exact modulo total derivatives.

The use of the variable ~T_{αβ} := ε^{μν}_α ^T_{μν|β} in place of ^T_{μν|ρ}(= −^1_2 ε^α_{μν} ~T_{αρ}) simplifies the calculations. We find, after expanding the products of ε-densities, (a_2, a_2)_{a.b.} = γμ + dν + f^a_{bc}f_{ead}C^{∗eστ} [ C^{bμα} ~T^c_{μσ} ~T^d_{ατ} + C^{bμ}_σ ~T^c_{μα} ~T^{d α}_τ − 2 3 C^{bμα} ~T^c_{μα} ~T^d_{στ} + C^{dμ}_σ ~T^b_{μα} ~T^{c α}_τ − 1 3 C^d_{στ} ~T^{bαμ} ~T^c_{αμ} ] . (20) We then use the only possible Schouten identity 0 ≡ C^{∗e τ}_{[σ} C^{b μ}_α ~T^{c σ}_μ ~T^{d α}_{τ ]} = 1 24 [ − C^{∗eστ} C^{bμα} ~T^c_{στ} ~T^d_{μα} + 2C^{∗eστ} C^{bμα} ~T^c_{σμ} ~T^d_{ατ} + 2C^{∗eστ} C^b_{σμ} ~T^c_{τ α} ~T^{d αμ} −C^{∗eστ} C^b_{στ} ~T^c_{μν} ~T^{d μν} − C^{∗eστ} C^{bμν} ~T^c_{μν} ~T^d_{στ} + 2C^{∗eστ} C^{b μ}_σ ~T^c_{μα} ~T^{d α}_τ ] (21) in order to substitute in Eq.(20) the expression of C^{∗eστ} C^{bμα} ~T^c_{μσ} ~T^d_{ατ} in terms of the other summands appearing in Eq.(21). Consequently, the following expression for (a_2, a_2)_{a.b.} contains only linearly independent terms: (a_2, a_2)_{a.b.} = γμ + dν + C^{∗eστ} [_1 2 f^a_{bc}f_{dea}C^{bμα} ~T^c_{στ} ~T^d_{μα} +^1_6 f^a_{bc}f_{dea}C^{bμα} ~T^d_{στ} ~T^c_{μα} +2f^a_{c(b}f_{d)ea}C^{b μ}_σ ~T^c_{τ α} ~T^{d α}_μ +^1_2 f^a_{b[c}f_{d]ea}C^b_{στ} ~T^c_{μα} ~T^{dμα} +^1_3 f^a_{bc}f_{dea}C^d_{στ} ~T^c_{μα} ~T^{bμα} ] , where we used that the structure constants of A obey f_{abc} ≡ δ_{ad}f^d_{bc} = f_{[abc]}.

Therefore, the above expression is a γ -cobounday modulo d if and only if f^a_{bc}f_{dea} = 0, meaning that the internal algebra A is nilpotent of order three. In turn, this implies [30] that f^a_{bc} = 0 and the deformation is trivial.

C. Deformation in 5 dimensions

Let us perform the same analysis for the candidate in five dimensions.

1. First-order deformation

First, a_1 must be computed from a_2 (given by (14)), using the equation δa_2+γa_1+db_1 = 0 : δa_2 = −3g^a_{(bc)}ε^{μνρστ} ∂_λh^{∗αλ}_{a μ}∂_{[ν} C^b_{ρ]β} ∂_{α[σ}C^{cβ}_{τ ]} d^5x = −db_1 + 3g^a_{(bc)}ε^{μνρστ} h^{∗αλ}_{a μ}[∂_{λ[ν}C^b_{ρ]β}∂_{α[σ}C^{cβ}_{τ ]} + ∂_{[ν} C^b_{ρ]β} ∂_{λα[σ}C^{cβ}_{τ ]} ]d^5x . We recall that it is a consequence of Theorem 1 that g^a_{bc} is symmetric in its lower indices, thereby defining a commutative algebra. It is not an assumption, it comes from consistency. Therefore the first term between square bracket vanishes because of the symmetries of the structure constants g^a_{bc} of the internal commutative algebra B . We finally obtain, modulo trivial terms,

a_1 = 3 2 g^a_{(bc)}ε^{μνρστ} h^{∗αλ}_{a μ}∂_{[ν} C^{b β}_{ρ]} [ ∂_{β[σ}h^c_{τ ]λα} − 2∂_{λ[σ}h^c_{τ ]αβ} ] d^5x . The element a_1 gives the first-order deformation of the gauge transformations. By using the definition of the generalized de Wit–Freedman connections [12], we get the following simple expression for a_1:

a_1 = g^a_{(bc)}ε^{μνρστ} h^{∗αβ}_{a μ}∂_{[ν} C^{b λ}_{ρ]} Γ^c_{λ[σ;τ ]αβ}d^5x , (22)

where Γ^c_{λσ;τ αβ} is the second spin-3 connection Γ^c_{λσ;τ αβ} = 3 ∂_{(τ} ∂_αh^c_{β)λσ} + ∂_λ∂_σh^c_{τ αβ} − 3 2 ( ∂_λ∂_{(τ} h^c_{αβ)σ} + ∂_σ∂_{(τ} h^c_{αβ)λ} )

transforming under a gauge transformation δ_λh^a_{μνρ} = 3 ∂_{(μ}λ^a_{νρ)} according to δ_λΓ^c_{ρσ;τ αβ} = 3 ∂_τ ∂_α∂_βλ^c_{ρσ} .

The expression (22) for a_1 implies that the deformed gauge transformations are (1) δ_λ h^a_{μαβ} = 3 ∂_μλ^a_{αβ} + g^a_{(bc)} ε^{νρστ}_μ Γ^b_{γν;ραβ} ∂_σλ^{c γ}_τ , (23) where the right-hand side must be completely symmetrized over the indices (μαβ) .

The cubic deformation of the free Lagrangian, a_0, is obtained from a_1 by solving the top equation δa_1 + γa_0 + db_0 = 0.

Again, we consider the most general cubic expression involving four derivatives and apply γ to it, then we compute δa_1. We take the Euler-Lagrange derivative with respect to C_{αβ} of the sum of the two expressions, and multiply by C_{αβ} to get a sum of terms of the form εC∂^4h∂h or εC∂^3h∂^2h. These are not related by Schouten identities and are therefore independent; all coefficients of the obtained equation thus have to vanish. When solving this system of equations, we find that g_{abc} ≡ δ_{ad}g^d_{bc} must be completely symmetric. In other words, the corresponding internal commutative algebra B possesses an invariant norm. As for the algebra A of the n = 3 case, the positivity of energy requirement imposes a positivedefinite internal metric with respect to which the norm is defined.

Finally, we obtain the following solution for a_0:

a_0 = 3 2 g_{(abc)}ε^{μνρστ} { − 1 8 ∂_μ□h^a_ν ∂_ρh^b_σ h^c_τ + 1 2 ∂^3_{μαβ}h^a_ν ∂_ρh^{bαβ}_σ h^c_τ + 1 4 ∂_μ□h^{aαβ}_ν ∂_ρh^b_{σαβ}h^c_τ + 3 8 ∂_μ□h^a_ν ∂_ρh^{bαβ}_σ h^c_{τ αβ} − 1 2 ∂_μ□h^{aαβ}_ν ∂_ρh^b_{σαγ} h^{c γ}_{τ β} − 1 2 ∂^{3αβ}_μ h^a_ν ∂_ρh^b_{σαγ} h^{c γ}_{τ β} − 1 2 ∂^{3αβ}_μ h^a_{ναγ} ∂_ρh^b_σh^{c γ}_{τ β} − 1 4 ∂^{3αβ}_μ h^a_{ναβ}∂_ρh^{bγδ}_σ h^c_{τ γδ} − 1 2 ∂^{3αβ}_μ h^a_{νγδ}∂_ρh^b_{σαβ} h^{cγδ}_τ +∂^{3αβ}_μ h^a_{νβγ} ∂_ρh^{bγδ}_σ h^c_{τ αδ} + 1 2 ∂^2_{μα}h^{aαβ}_ν ∂^{2γ}_ρ h^b_σ h^c_{τ βγ} − ∂^2_{μα}h^a_{νβγ} ∂^2_{ρδ}h^{bαβ}_σ h^{cγδ}_τ } d^5x .

2. Second-order deformation

The next step is the equation at order 2 : (W_1, W_1)_{a.b.} = −2sW_2. In particular, its antighost 2 component reads (a_2, a_2)_{a.b.} = γc_2 +∂_μj^μ_2 . The left-hand side is directly computed from Eq.(14) : (a_2, a_2)_{a.b.} = −g^a_{bc}g_{dea}ε^{μ̄ν̄ρ̄σ̄τ̄} ε^{νρστ}_μ δ^{(μ}_{τ̄} δ^{α)}_δ (4∂_{μ̄}C^{∗dγ}_{ν̄} ∂_{γρ̄}C^{eδ}_{σ̄} + 2∂_{γμ̄}C^{∗dγ}_{ν̄} ∂_{ρ̄}C^{eδ}_{σ̄} )∂_ν C^{bβ}_ρ ∂_{ασ}C^c_{τ β} = −12g^a_{b[c} g_{d]ea}C^{∗bαβ} ^U^{c γ|μν}_α ^U^{d |ρσ}_{βγ} ^U^e_{μν|ρσ} + γc_2 + ∂_μj^μ_2 . The first term appearing in the right-hand side of the above equation is a nontrivial element of H(γ|d) . Its vanishing implies that the structure constants g_{(abc)} of the commutative invariant-normed algebra B must obey the associativity relation g^a_{b[c}g_{d]ea} = 0. As for the spin-2 deformation problem (see [9], Sections 5.4 and 6), this means that, modulo redefinitions of the fields, there is no cross-interaction between different kinds of spin-3 gauge fields provided the internal metric in B is positive-definite — which is demanded by the positivity of energy. The cubic vertex a_0 can thus be written as a sum of independent self-interacting vertices, one for each field h^a_{μνρ} , a = 1, . . . , N . Without loss of generality, we may drop the internal index a and consider only one single self interacting spin-3 gauge field h_{μνρ} .

V. CONCLUSION

By relaxing the parity requirement imposed in [8], the present work completes the classification of the consistent non-Abelian perturbative deformations of Fronsdal’s spin-3 gauge theory, under the assumptions of Poincaré invariance and locality.

In [8] the first-order cubic vertex of Berends, Burgers, and van Dam [2] was recovered. However, the latter vertex leads to inconsistencies when continued to second order in the coupling constant, as was shown in several places [3, 5, 6]. A new first-order non-Abelian deformation, leading to a cubic vertex, was also found in [8]. It is defined in space-time dimension n ⩾ 5 and passes the second-order test where the vertex of [2] shows an inconsistency.

In the present paper, by explicitly breaking parity invariance, we obtained two more consistent non-Abelian first-order deformations, leading to a cubic vertex in the Lagrangian. The first one is defined in n = 3 and involves a multiplet of gauge fields h^a_{μνρ} taking values in an internal, anticommutative, invariant-normed algebra A . The second one lives in a space-time of dimension n = 5, the fields taking value in an internal, commutative, invariantnormed algebra B . Taking the metrics which define the inner product in A and B positivedefinite (which is required for the positivity of energy), the n = 3 candidate gives rise to inconsistencies when continued to perturbation order two, whereas the n = 5 one passes the test and can be assumed to involve only one kind of self-interacting spin-3 gauge field h_{μνρ}, bearing no internal “color” index.

Remarkably, the cubic vertex of the n = 5 deformation is rather simple. Furthermore, the Abelian gauge transformations are deformed by the addition of a term involving the second de Wit–Freedman connection in a straightforward way, cf. Eq.(23). The relevance of this second generalized Christoffel symbol in relation to a hypothetical spin-3 covariant derivative was already stressed in [5].

It is interesting to compare the results of the present spin-3 analysis with those found in the spin-2 case first studied in [26]. There, two parity-breaking first-order consistent non- Abelian deformations of Fierz-Pauli theory were obtained, also living in dimensions n = 3 and n = 5. The massless spin-2 fields in the first case bear a color index, the internal algebra ~A being commutative and further endowed with an invariant scalar product. In the second, n = 5 case, the fields take value in an anticommutative, invariant-normed internal algebra ~B. It was further shown in [26] that the n = 3 first-order consistent deformation could be continued to all orders in powers of the coupling constant, the resulting full interacting theory being explicitly written down [31]. However, it was not determined in [26] whether the n = 5 candidate could be continued to all orders in the coupling constant. Very interestingly, this problem was later solved in [29], where a consistency condition was obtained at second order in the deformation parameter, viz the algebra ~B must be nilpotent of order three. Demanding positivity of energy and using the results of [26], the latter nilpotency condition implies that there is actually no n = 5 deformation at all: the structure constant of the internal algebra B must vanish [29]. Stated differently, the n = 5 first-order deformation candidate of [26] was shown to be inconsistent [29] when continued at second order in powers of the coupling constant, in analogy with the spin-3 first-order deformation written in [2].

In the present spin-3 case, the situation is somehow the opposite. Namely, it is the n = 3 deformation which shows inconsistencies when going to second order, whereas the n = 5 deformation passes the first test. Also, in the n = 3 case the fields take values in an anticommutative, invariant-normed internal algebra A whereas the fields in the n = 5 case take value in a commutative, invariant-normed algebra B . However, the associativity condition deduced from a second-order consistency condition is obtained for the latter case, which implies that the algebra B is a direct sum of one-dimensional ideals. We summarize the previous discussion in Table I.

It would be of course very interesting to investigate further the n = 5 deformation exhibited here, since if the deformation can be consistently continued to all orders in powers of the coupling constant, this would give the first consistent interacting Lagrangian for a higher-spin gauge field. We hope to come back to this issue in the near future.

s = 2 s = 3 n = 3 ~A commutative, invariant-normed A anticommutative, invariant-normed and nilpotent of order 3 n = 5 ~B anticommutative, invariant-normed and B commutative, invariant-normed and nilpotent of order 3 associative TABLE I: Internal algebras for the parity-breaking first-order deformations of spin-2 and spin-3 free gauge theories.

Acknowledgments

We thank X. Bekaert and Ph. Spindel for comments and discussions. The work of S.C. is supported in part by the “Interuniversity Attraction Poles Programme – Belgian Science Policy ”, by IISN-Belgium (convention 4.4505.86) and by the European Commission FP6 programme MRTN-CT-2004-005104, in which she is associated with the V.U.Brussel (Belgium).

APPENDIX: SCHOUTEN IDENTITIES

The Schouten identities are identities due to the fact that in n dimensions the antisymmetrization over any n + 1 indices vanishes. These identities obviously depend on the dimension and relate functions of the fields. As it is important to have a real basis when solving equations, this appendix is devoted to finding a basis for various sets of functions, depending on their structure and the number of dimensions. We consider Poincaré-invariant and parity-breaking functions, and we are interested mainly in the γ-nontrivial quantities. The fields may have an internal index but we only write it when necessary.

1. Functions of the structure εC^∗ ^T ^T in n = 4

In order to achieve the four-dimensional study of the algebra deformation in D-degree 2, a list of the Schouten identities is needed for the functions of the structure εC^∗ ^T ^T . The space of these functions is spanned by T^{bc}_1 = ε^{μνρσ} C^{∗aα}_μ ^T^{b β}_{νρ|} ^T^c_{σα|β} , T^{bc}_2 = ε^{μνρσ} C^{∗aα}_μ ^T^{b β}_{νρ|} ^T^c_{σβ|α} , T^{[bc]}_3 = ε^{μνρσ} C^{∗aαβ} ^T^b_{μν|α} ^T^c_{ρσ|β} .

There are two Schouten identities. Indeed, one should first notice that all Schouten identities are linear combinations of identities with the structure δ^{[αβγδε]}_{[μνρστ ]}ε^{μνρσ} C^∗ ^T ^T = 0 , where the indices αβγδετ are contracted with the indices of the ghosts and where δ^{[αβγδε]}_{[μνρστ ]} = δ^{[α}_{[μ} δ^β_ν δ^γ_ρ δ^δ_σδ^{ε]}_{τ ]} . Furthermore, there are only two independent identities of this type: δ^{[αβγδε]} [μνρστ ]ε μνρσ C ∗τ α ^T^b_{βγ|λ} ^T^{c λ}_{δε|} = 0 , δ^{[αβγδε]}_{[μνρστ ]}ε^{μνρσ} C^{∗λ}_α ^T^{b τ}_{βγ|} ^T^c_{δε|λ} = 0 . Expanding the product of δ’s, one finds that the first identity implies that T^{bc}_1 is symmetric: T^{bc}_1 = T^{(bc)}_1 , while the second one relates T^{bc}_2 and T^{[bc]}_3 : T^{bc}_2 = T^{[bc]}_3 .

So, in four dimensions, a basis of the functions with the structure εC^∗ ^T ^T is given by T^{(bc)}_1 and T^{[bc]}_3 .

2. Functions of the structure εh^∗ ^T ^U in n = 4 These functions appear in the study of the algebra deformation in D-degree 3, n = 4 .

They are completely generated by the following terms: T_1 = ε^{μνρσ} h^{∗aαβ}_μ ^T^b_{νγ|β} ^U^{c γ}_{ρσ|α} , T_2 = ε^{μνρσ} h^{∗aαβ}_μ ^T^b_{νβ|γ} ^U^{c γ}_{ρσ|α} , T_3 = ε^{μνρσ} h^{∗aα} ^T^{b β}_{μν|} ^U^c_{ρσ|αβ} , T_4 = ε^{μνρσ} h^{∗a}_μ ^T^{bαβ|}ν ^U^c_{ρσ|αβ} , T_5 = ε^{μνρσ} h^{∗aαβ}_μ ^T^b_{νρ|γ} ^U^{c γ}_{σα|β} . There are three Schouten identities: δ^{[αβγδε]} [μνρστ ]ε μνρσ h∗ τ αλ ^T_{βγ|η} ^U^{λη}_{δε|} = 0 , δ^{[αβγδε]}_{[μνρστ ]}εμνρσ h∗_α ^T_{βγ|λ} ^U τ λ_{δε|} = 0 , δ^{[αβγδε]} [μνρστ ]ε μνρσ h∗ λ αη ^T_{βγ|λ} ^U^{τ η}_{δε|} = 0 . An explicit expansion of these identities yields the useful relations T_3 + 2T_2 + 2T_5 = 0 , T_3 − T_4 = 0 , T_1 = 0 .

3. Functions of the structure ε C^∗ ^U ^U in n = 4 The Schouten identities for the functions of the structure ε C^∗ ^U ^U in n = 4 are needed for the analysis of the algebra deformation in D-degree four. The functions at hand are generated by T^{[bc]}_1 = ε^{μνρσ} C^{∗a}_{αβ} ^U^{b αγ}_{μν|} ^U^{c β}_{ρσ| γ} and T^{bc}_2 = ε^{μνρσ} C^{∗a}_{μβ} ^U^{b αγ}_{νρ|} ^U^{c β}_{σ |αγ} . However, these vanish because of the Schouten identities δ^{[αβγδε]} [μνρστ ]ε μνρσ C ∗λ α ^U^{b τ η}_{βγ|} ^U^c_{γδ|λη} = 0 , δ^{[αβγδε]}_{[μνρστ ]}ε^{μνρσ} C^{∗τ}_α ^U^{b λη}_{βγ|} ^U^c_{γδ|λη} = 0 .

Indeed, they imply that T^{[bc]}_1 + T^{bc}_2 = 0 and T^{bc}_2 = T^{(bc)}_2 , which can be satisfied only if T^{[bc]}_1 = T^{(bc)}_2 = 0 .

4. Functions of the structure εC∂^3hh and εC∂^2h∂h in n = 3

These functions appear when solving δa_1+γa_0 = db_0 in Section IV B. In generic dimension (n > 4), there are respectively 45 and 130 independent functions in the sets εC∂^3hh and εC∂^2h∂h . In three dimensions, there are 108 Schouten identities relating them, which leave only 67 independent functions. We have computed all these identities and the relations between the 108 dependent functions and the 67 independent ones. However, given their numbers, they will not be reproduced here.

[1] C. Fronsdal, Phys. Rev. D18, 3624 (1978).

[2] F. A. Berends, G. J. H. Burgers, and H. Van Dam, Z. Phys. C24, 247 (1984). [3] F. A. Berends, G. J. H. Burgers, and H. van Dam, Nucl. Phys. B260, 295 (1985). [4] I. Bengtsson , CERN-TH-4097/85.

[5] A. K. H. Bengtsson, Phys. Rev. D32, 2031 (1985).

[6] A. K. H. Bengtsson and I. Bengtsson, Class. Quant. Grav. 3, 927 (1986). [7] A. K. H. Bengtsson, I. Bengtsson, and L. Brink, Nucl. Phys. B227, 31 (1983). [8] X. Bekaert, N. Boulanger, and S. Cnockaert JHEP 01, 052 (2006), hep-th/0508048. [9] N. Boulanger, T. Damour, L. Gualtieri, and M. Henneaux, Nucl. Phys. B597, 127 (2001), hep-th/0007220.

[10] G. Barnich and M. Henneaux, Phys. Lett. B311, 123 (1993), hep-th/9304057. [11] M. Henneaux, Contemp. Math. 219, 93 (1998), hep-th/9712226. [12] B. de Wit and D. Z. Freedman, Phys. Rev. D21, 358 (1980). [13] S. Weinberg, Phys. Rev. 138, B988 (1965). [14] T. Damour and S. Deser, Ann. Poincare 47, 277 (1987).

[15] X. Bekaert and N. Boulanger, Phys. Lett. B561, 183 (2003), hep-th/0301243. [16] X. Bekaert and N. Boulanger (2003), hep-th/0310209.

[17] D. Francia and A. Sagnotti, Phys. Lett. B543, 303 (2002), hep-th/0207002.

[18] D. Francia and A. Sagnotti, Class. Quant. Grav. 20, S473 (2003), hep-th/0212185. [19] V. Bargmann and E. P. Wigner, Proc. Nat. Acad. Sci. 34, 211 (1948). [20] D. Francia and A. Sagnotti, Phys. Lett. B624, 93 (2005), hep-th/0507144. [21] M. Hamermesch, Group theory and its application to physical problems (Dover, New York, 1989), corrected republication.

[22] X. Bekaert and N. Boulanger, Nucl. Phys. B722, 225 (2005), hep-th/0505068. [23] G. Barnich, N. Bouatta, and M. Grigoriev, JHEP 10, 010 (2005), hep-th/0507138. [24] N. Bouatta (2004), master Degree Thesis defended at the Free University of Brussels (Academic year 2003-2004), unpublished.

[25] G. Barnich, F. Brandt, and M. Henneaux, Commun. Math. Phys. 174, 57 (1995), hepth/9405109.

[26] N. Boulanger and L. Gualtieri, Class. Quant. Grav. 18, 1485 (2001), hep-th/0012003. [27] S. Deser, R. Jackiw, and S. Templeton, Ann. Phys. 140, 372 (1982), erratum-ibid. 185, 406 (1988), Annals Phys. 281, 409 (2000).

[28] S. Deser, R. Jackiw, and S. Templeton, Phys. Rev. Lett. 48, 975 (1982). [29] S. C. Anco, Phys. Rev. D67, 124007 (2003), gr-qc/0305026.

[30] The internal metric δ_{ab} being Euclidean, the condition f^a_{bc}f_{aef} ≡ δ_{ad}f^a_{bc}f^d_{ef} = 0 can be seen as expressing the vanishing of the norm of a vector in Euclidean space (fix e = b and f = c), leading to f^a_{bc} = 0.

[31] Since the deformation is consistent, starting from n = 3 Fierz-Pauli, the complete n = 3 interacting theory of [26] describes no propagating physical degree of freedom. On the contrary, the topologically massive theory in [27, 28] describes a massive graviton with one propagating degree of freedom (and not two, as was erroneously typed in [26]; N.B. wants to thank S. Deser for having pointed out this to him).