arXiv:hep-th/0509148 v4 28 Dec 2005

IUB-TH-057

Holography with Gravitational Chern-Simons Term

Sergey N. Solodukhin^1

School of Engineering and Science, International University Bremen, P.O. Box 750561, Bremen 28759, Germany

Abstract

The holographic description in the presence of gravitational Chern-Simons term is studied. The modified gravitational equations are integrated by using the Fefferman- Graham expansion and the holographic stress-energy tensor is identified. The stressenergy tensor has both conformal anomaly and gravitational or, if re-formulated in terms of the zweibein, Lorentz anomaly. We comment on the structure of anomalies in two dimensions and show that the two-dimensional stress-energy tensor can be reproduced by integrating the conformal and gravitational anomalies. We study the black hole entropy in theories with a gravitational Chern-Simons term and find that the usual Bekenstein-Hawking entropy is modified. For the BTZ black hole the modification is determined by area of the inner horizon. We show that the total entropy of the BTZ black hole is precisely reproduced in a boundary CFT calculation using the Cardy formula.

1s.solodukhin@iu-bremen.de

1 Introduction

It is amazing how much of physics is encoded in geometry of asymptotically anti-de Sitter (AdS) space-time. This includes the information on the ultra-violet divergences, quantum effective action and the conformal anomaly. The latter is important element in the holographic description and is due to peculiar nature of the asymptotic diffeomorphisms that generate conformal symmetry [1], [2]. The gravitational Einstein-Hilbert action, in which metric is fixed on the boundary, breaks the asymptotic conformal symmetry and is thus the source of the anomalies. This and other related issues were much studied in recent years [3]-[12].

In recent interesting paper [13] Kraus and Larsen have modified the gravitational action in three dimensions by adding the gravitational Chern-Simons term. The resultant theory is known as the topologically massive gravity [14], [15]. Appearance of the Chern-Simons terms is generically predicted in string theory. The gravitational Chern- Simons term, explicitly depending on connection, is gauge invariant only up to some boundary terms. So that its presence necessarily breaks the asymptotic coordinate invariance. The appearance of the gravitational anomaly^2 in the boundary theory is thus should be expected in addition to the already existing conformal anomaly. Alternatively, if the Chern-Simons term is defined in terms of the Lorentz connection, the asymptotic local Lorentz symmetry is broken and the Lorentz anomaly should appear. All these expectations were explicitly confirmed in [13] by looking at how the gravitational action changes under the gauge transformations. On the boundary side the anomaly arises due to different central charge in holomorphic and anti-holomorphic sectors. Such theories were studied some time ago, see in particular [18], [19].

In the present note, inspired by [13], we take a different route to anomalies and show that they follow directly from the bulk gravitational equations. The latter are integrated by expanding the bulk metric in powers of distance from the boundary. This is much in the spirit of [2], [5], [8]. The integration procedure involves the fixing of the boundary data. The data are the boundary metric and the holographic stress-energy tensor. This helps to determine explicitly the structure of stress-energy tensor in terms of the coefficients in the expansion and completely fix the form of the anomalies. The gravitational anomaly we get agrees with the one obtained in [16] and [18]. In the dual picture the holographic stress-energy tensor should be identified with the quasi-local stress-energy tensor which determines the values of mass and angular momentum.

The gravitational Chern-Simons term is eligible gravitational action which produces covariant equations of motion that are, in particular, solved by the BTZ metric. It is therefore interesting question whether the black hole entropy is modified when the Chern- Simons term is included. We study this question and obtain a contribution to the entropy due to the gravitational Chern-Simons term. This contribution depends on the value of the Lorentz connection at the horizon and is, nevertheless, gauge invariant. For the BTZ black hole the entropy due to Chern-Simons term is proportional to the area of inner horizon. This is surprising, taking that in any theory non-linear in Riemann curvature the entropy of BTZ black hole is always, as we argue in the paper, determined by area of the outer horizon. In the theory at hand, the total entropy has dual meaning in terms of the boundary CFT and is precisely reproduced by means of the Cardy formula, as we show.

2For review on the gravitational anomalies see the original works [16], [17].

2 Fefferman-Graham expansion and gravitational anomaly

The gravitational theory on three-dimensional space-time is given by the action

I_{gr} = I_{EH} + I_{CS} , (2.1)

which is sum of ordinary Einstein-Hilbert action (with cosmological constant)

I_{gr} = − 1 16πG_N [ ∫ M (R[G] + 2/l^2) + ∫ ∂M 2K], (2.2)

where K is trace of the second fundamental form of boundary ∂M, and the gravitational Chern-Simons term

I_{CS} = β 64πG_N ∫ M dx^3ϵ^{μνα}[R_{abμν} ω^{ab}_{,α} + 2 3 ω^a_{b,μ}ω^b_{c,ν} ω^c_{a,α}] . (2.3) Parameter l in (2.2) sets the AdS scale. To simplify things, on intermediate stage of calculation, we take liberty to use units l = 1 restoring l explicitly in the final expressions. Parameter β has dimension of length. We use the following definition for the curvature R^a_{bμν} ≡ ∂_μω^a_{b,ν} + ω^a_{c,μ}ω^c_{b,ν} − (μ ↔ ν). The torsion-free Lorentz connection ω^a_b = ω^a_{b,μ}dx^μ is determined as usual by equation

de^a + ω^a_b ∧ e^b = 0 , (2.4)

where the orthonormal basis e^a = h^a_μdx^μ , a = 1, 2, 3 is ”square root” of the metric, G_{μν} = h^a_μh^b_μη_{ab}. The equation (2.4) can be used to express components of the Lorentz connection in terms of h^a_μ and their derivatives^3 ω_{ab,μ} = 1 2 (C_{aνμ}h^ν_b + C_{bμν} h^ν_a − C_{dαβ}h^α_a h^β_b h^d_μ) , C^a_{μν} ≡ ∂_μh^a_ν − ∂_ν h^a_μ . (2.5)

The Levi-Civita symbol is determined as ϵ^{μνα} = h^μ_a h^ν_b h^α_c ϵ^{abc}. To complete our brief diving into theory of gravity in orthonormal basis we remind the reader that h^a_μ is covariantly constant,

∇_μh^a_ν = ∂_μh^a_ν − Γ^λ_{μν} h^a_λ + ω^a_{b,μ}h^b_ν = 0 , (2.6)

that is of course equivalent to the equation (2.4). The latter property is useful in that we may freely manipulate with h^a_μ by pulling it inside the covariant derivative or taking it out. This property also means that the Levi-Civita symbol is covariantly constant, ∇_σϵ^{μνα} = 0.

The theory described by the action (2.1) is quite well known and belongs to the class of theories with topological mass [14], [15]. A remarkable property of this theory is that it describes a propagating degree of freedom although each term in (2.1) taken separately is topological and thus does not contain local degrees of freedom. Another

3We use the Latin letters (a, b, c, d) for the inner Lorentz indices and Greek letters (μ, ν, α, β..) for the coordinate indices.

interesting property of (2.1) is that the gravitational Chern-Simons tem explicitly breaks the asymptotic coordinate invariance if expressed in terms of the metric connection Γ^α_{βμ} or the asymptotic local Lorentz invariance if the term is written using the Lorentz connection as in (2.3). The violation of the gauge symmetry happens only asymptotically because the variation of the Chern-Simons term under local gauge symmetry generates terms on the boundary of the space-time. This violation thus should be manifest in the boundary theory. Indeed, in [13] this was related to the appearance of the gravitational or Lorentz anomalies in the boundary theory. Such anomalies are natural when c_L ≠ c_R in the boundary conformal field theory. Such theories were studied some time ago, see for example [19]. In the present context, these anomalies are obtained holographically and are encoded in the dynamics of the gravitational field in the bulk. In [13] the anomalies were derived by looking at how the gravitational action (2.1) changes under the gauge symmetries. Here we look at the problem at somewhat different angle. We demonstrate that anomalies show up in the process of the holographic reconstruction of the bulk metric from the boundary data. In the absence of the gravitational Chern-Simons term the bulk metric is uniquely determined once the holographic boundary data, the boundary metric representing the conformal class and the boundary stress tensor, are specified. Usually the boundary stress tensor is not entirely arbitrary. It is covariantly conserved and its trace should reproduce the conformal anomaly. The anomaly itself is completely specified by the boundary metric. The details of this analysis can be found in [3], [5], [8]. The presence of the gravitational Chern-Simons term in the bulk action manifests itself in an interesting way: the boundary stress tensor is no more covariantly conserved. This is how the gravitational anomaly in the boundary theory shows up. In order to see this explicitly we solve the gravitational bulk equations modified by the presence of the Chern-Simons term starting from the boundary and finding the bulk metric as an expansion, well-known in the physics and mathematics literature as the Fefferman-Graham expansion [2].

The gravitational bulk equations obtained by varying the action (2.1) with respect to metric takes the form R_{μν} − 1 2 G_{μν} R − G_{μν} + βC_{μν} = 0 , (2.7)

where all curvature tensors are determined with respect to the bulk metric G_{μν} . The tensor C_{μν} is result of the variation of the of the gravitational Chern-Simons term. It is known as the Cotton tensor and takes the form C_{μν} = ϵ^{αβ}_μ ∇_α(R_{βν} − 1 4 G_{βν} R) . (2.8)

Although the Chern-Simons (2.3) is defined in terms of the Lorentz connection which is not gauge invariant object its variation is presented in the covariant and gauge invariant form (2.8). This is just a manifestation of the fact that the ”non-invariance” of the Chern- Simons term resides on the boundary and does not appear in the bulk field equations. By virtue of the Bianchi identities this quantity is symmetric, manifestly traceless and identically covariantly conserved,

C_{μν} G^{μν} = 0 , ∇_μC^μ_ν = 0 , ϵ_{αμν} C^{μν} = 0 .

Due to these properties we find that solution to the equation (2.7) is space-time with constant Ricci scalar R = −6. This is exactly what we had when the Chern-Simons term was not included in the action. In that case we had moreover that R_{μν} = −2G_{μν} and the solution was the constant curvature space. It is no more the case in the presence of the Chern-Simons term and we have R_{μν} = −2G_{μν} − βC_{μν} . (2.9) This is that equation which we are going to solve. We start with choosing the bulk metric in the form

ds^2 = G_{μν} dX^μdX^ν = dr^2 + g_{ij} (r, x)dx^idx^j (2.10)

that always can be done by using appropriate normal coordinates. The quantity g_{ij} (r, x) is induced metric on the hypersurface of constant radial coordinate r. The following expansion

g(r, x) = e^{2r}[g_{(0)} + g_{(2)}e^{−2r} + g_{(4)}e^{−4r} + ...] (2.11)

is assumed so that the metric (2.10) describes asymptotically anti-de Sitter space-time with g_{(0)} being the metric on its two-dimensional boundary. In the case of pure GR, described by action (2.2), the solution to the gravitational equations contains [5] only these three terms in the expansion (2.11). This is no more true when the Chern-Simons term is turned on and the whole infinite series should be expected in (2.11). The presence of infinite number of terms in the expansion (2.11) generically seems to be related to the presence of local propagating degrees of freedom in the theory.

Now the routine is to insert the expansion (2.11) into the gravitational equations (2.9) and equate the coefficients appearing in front of the same power of e^r on both sides of the equation. This gives certain constraints on the coefficients g_{(2n)} appearing in the expansion (2.11) allowing express g_{(2n)} in terms of the coefficients g_{(2k)} with k < n. Generically, in odd dimension (d + 1) there may appear also ”logarithmic” term h_{(d)}re^{−dr} in (2.11). h_{(d)} is traceless and covariantly conserved and is local function of boundary metric g_{(0)}. In d = 2 no such local function of two-dimensional metric exists so that h_{(2)} identically vanishes (see [5], [8]). When gravitational Chern-Simons term is present same arguments are valid so that no logarithmic term is likely to appear. In any event it would not affect our calculation of the anomalies. Appendices A and B contain details of calculation of the expansion for the Ricci tensor and the Cotton tensor. A good starting point in the analysis is to look at the expansion for the Ricci scalar (A.4). Since the Ricci scalar is constant for solution of equation (2.9) the subleading terms in the expansion for R should vanish. In the first sub-leading order, as it is seen from (A.4), this gives constraint

Tr g_{(2)} = − 1 2 R(g_{(0)}) . (2.12)

Note that hereafter we define trace with the help of metric g_{(0)}. Now looking at the equation (2.9) for components (μν) = (ij) we find that the leading term vanishes identically and the first subleading term vanishes provided constraint (2.12) is taken into account. Thus, no new constraint on g_{(2)} appears. Further order terms in the expansion give constraint on higher oder terms g_{(2k)}, k > 2. At present we are not interested in those terms. A simple relation of this sort comes from the component (μν) = (rr) of equation (2.9)

Tr g_{(4)} = 1 4 Tr g^2_{(2)} − βϵ^{ij}∇_i∇_kg^k_{(2)j} (2.13) and indicates that (2.11) is not a ”total square” as it happened to be in the case of pure GR [5]. The most important constraint comes from components (μν) = (r, i) of the equation (2.9). As it follows from (A.4) and (B.3) we have that

−∇_jg^j_{(2)i} + ∂_iTr g_{(2)} + β[ϵ^j_i (−∇_kg^k_{(2)j} + ∂_j Tr g_{(2)})] = 0 . (2.14)

This can be represented in the form

∇_j t^j_i = β 2 ϵ^j_i ∂_j Tr g_{(2)} , (2.15)

where we have introduced symmetric tensor

t_{ij} = g^{(2)}_{ij} − g^{(0)}_{ij} Tr g_{(2)} + β 2 (ϵ^k_i g_{(2)kj} + ϵ^k_j g_{(2)ki}) . (2.16)

Equations (2.12) and (2.14) are the only restrictions on coefficient g^{(2)}_{ij} . Obviously, we can not redefine t_{ij} , provided it remains symmetric, to include the right hand side of (2.15) so that t_{ij} would be covariantly conserved. That it is impossible means that in fact we deal with an anomaly. Indeed, the holographic boundary stress tensor defined as T_{ij} = 1 8πG_N t_{ij} (2.17)

has both conformal and gravitational anomalies

Tr T = l 16πG_N R , ∇_j T^j_i = − β 32πG_N ϵ^j_i ∂_j R . (2.18)

When β = 0 the stress tensor defined as in (2.17) agrees with the stress tensor introduced earlier in [4], [5], [8]. In particular, this fixes the coefficient in front of (2.17). The stress tensor (2.17) also agrees with the one suggested in [13]^4. We see that the conformal anomaly is not affected by the presence of the Chern-Simons term. Taking that conformal symmetry on the boundary of AdS appears as part of bulk diffeomorphisms [7] which are broken by the gravitational Chern-Simons term it is rather non-trivial that the conformal anomaly remains unchanged. On the other hand, the gravitational anomaly (2.18) is entirely due to the Chern-Simons.

The stress tensor T_{ij} is what usually called the metric stress tensor defined as variation of the action with respect to the metric g^{ij} . Since we have at our disposal the objects h^a_i (and their inverse h^i_a) which are ”square root” of metric, g^{ij} = h^i_ah^{aj} , we can define what might be called a zweibein stress tensor T^a_i considering variation of the action with respect to the zweibein h^i_a. Obviously, we have^δ_{δhia} = 2h^{aj δ}_{δgij} and hence T^a_i = 2h^{aj} T_{ij} . In Lorentz invariant case antisymmetric part T^{[a,b]}, where T^{ab} = h^{bi}T^a_i, vanishes. For the price of loosing the local Lorentz symmetry the zweibein stress tensor T^a_i can be redefined so that the new stress tensor would be covariantly conserved. Indeed, a new stress tensor

T̂^a_i = T^a_i + βl 16πG_N ϵ^a_iR , ∇^jT̂^a_j = 0 (2.19)

4Note that our coupling β differs from the one used in [13], exact relation being β = 32πG_N β_{KL}.

is covariantly conserved. However, anomaly does not disappear. It reappears as the local Lorentz anomaly. Indeed, we have for the new tensor

ϵ^i_a T̂^a_i = β 8πG_N R (2.20)

that is clear violation of the local Lorentz symmetry under which δh^i_a = δϕϵ^b_a h^i_b. This is of course well known: the coordinate invariance can be restored for the price of loosing the local Lorentz invariance.

It is of obvious interest to analyze the gravitational anomaly which may appear in higher dimension d = 4n + 2 when gravitational Chern-Simons term^5 is added to the (d + 1)-dimensional Einstein-Hilbert action. This is currently under investigation.

3 Remarks on anomalies in two dimensions

3.1 Local counterterms, conformal and Lorentz anomalies

Once the Lorentz symmetry is broken anyway it is allowed to add local counterterms to the boundary action that are not Lorentz invariant. Appropriate counterterms depend on the zweibein h^a_i , a = 1, 2, rather than on the metric. It is interesting that by adding such local counterterms we can shift the value of the conformal anomaly–the possibility which we did not have when dealt only with metric. The counterterm of this sort was suggested in [20]

I_{ct} = 1 4 ∫ d^2x h C^a_{ij} C^{ij}_a , (3.1)

where C^a_{ij} = ∂_ih^a_j − ∂_j h^a_i is the anholonomity object for for the zweibein h^a_i , a = 1, 2 on the boundary and h = det h^a_i . Notice, that this term added on the regulated boundary (at fixed value of radial coordinate r) is finite in the limit when r is infinite.

The Lorentz group in two dimensions is abelian so that the Lorentz connection has only one component ω^a_{b,i} = ϵ^a_bω_i , ω_i = 1 2 ω_{ab,i}ϵ^{ab} . Under local Lorentz and conformal transformation δh^a_i = δσh^a_i + δϕϵ^a_bh^b_i the Lorentz connection transforms as

δω_i = ∂_iδϕ + ϵ^j_i ∂_j δσ . (3.2)

The counterterm (3.1) changes as follows

δI_{ct} = 1 2 ∫ d^2x h [δσR + δϕK] . (3.3) R is the two-dimensional Ricci scalar which can be expressed in terms of the Hodge dual to the Lorentz connection one-form

R = 2∇_i(ω̃^i) , ω̃^i = ϵ^i_j ω^j .

5We mean here the Chern-Simons term for the local Lorentz group SO(1, d). Other possible Chern- Simons terms, for instance for group SO(2, d), do no seem to produce gravitational anomaly on the boundary of AdS [12].

The quantity K that appears in (3.3) has similar expression in terms of the Lorentz connection itself

K = 2∇_i(ω^i) . (3.4)

It is invariant under conformal transformations and changes under the local Lorentz transformations. There is certain similarity between R and K well discussed in [20]. It is important that both R and K may appear in conformal and/or Lorentz anomaly. Obviously, adding (3.1) with appropriate coefficient to the boundary effective action we can always shift the value of the conformal anomaly and even remove it completely. As a price for that the quantity K would appear in the Lorentz anomaly.

3.2 Stress-energy tensor from anomalies

Two-dimensional black hole can be put on the boundary of three-dimensional anti-de Sitter, the two-dimensional Hawking effects then would be encoded in the bulk threedimensional geometry [5]. It is well-known that conformal anomaly plays important role in two dimensions and eventually is responsible for the Hawking effect. Important element in this demonstration [21] is the observation that the conformal anomaly can be integrated to determine the the covariantly conserved stress-energy tensor. In this subsection we analyze whether this is still true when the gravitational anomaly is present. Thus, we would like to see whether the equations

T_{ij} g^{ij} = aR , ∇_j T^j_i = −bϵ^j_i ∂_j R , (3.5)

where a and b are some constants, can be integrated and determine the stress energy tensor T_{ij} . Constants a and b can be further related to the central charge in left- and right-moving sectors of two-dimensional theory as we discuss it in section 5. The exact relation is a =^{c+}_{24π} and b =^{c−}_{48π} , c_± = (c_L ± c_R)/2.

We start with two-dimensional static metric in the Schwarzschild like form

ds^2 = −g(x)dt^2 + 1 g(x) dx^2 , (3.6)

where g(x) is some function of the spatial coordinate x. The only non-vanishing Christoffel symbols for this metric are

Γ^t_x = g^′ 2g , Γ^x_{tt} = gg^′ 2 , where g^′ = ∂_xg, and the scalar curvature takes the simple form R = −g^{′′}(x). Assuming that components of the stress tensor T_{ij} do not depend on time t we get that equations (3.5) are equivalent to a set of differential equations T^x_x + T^t_t = −ag^{′′} ∂_xT^x_x + g^′ 2g (T^x_x − T^t_t ) = 0

∂_xT^x_t = bgg^{′′′} . (3.7)

We chose orientation in which ϵ^{tx} = +1 when derived (3.7). These equations can be solved and the solution reads

T^t_t = a(−g^{′′} + g^{′2} 4g + C_1 g ) T_{xt} = b(g^{′′} − g^{′2} 2g + C_2 g ) , (3.8)

where C_1 and C_2 are integration constants. The Hawking temperature of two-dimensional black hole is T_H = g^′(x_+)/4π, where x_+ is location of horizon defined as simple root of function g(x_+) = 0. The condition of regularity (see for instance [22]) of T^t_t and T_{xt} at horizon fixes the constants C_1 = −^1_4 g^{′2}(x_+) and C_2 =^1_2 g^{′2}(x_+). The stress tensor thus can be uniquely reproduced from the anomaly equations (3.5). We see that the gravitational anomaly shows up only in the component T_{xt} which is now non-vanishing and proportional to b. If the two-dimensional space-time is asymptotically flat, i.e. g(x) → 1 when x → ∞, then (3.8) describes at infinity a non-vanishing flow

T_{tt} = c_+ π 6 T^2_H , T_{xt} = c_− π 6 T^2_H (3.9)

due to the Hawking particles radiated by black hole.

4 Black hole entropy from gravitational Chern-Simons term

The gravitational Chern-Simons term is a legitimate action for gravitational field. It produces covariant field equations which might have sensible solutions^6. In particular, the constant curvature space-time is always solution of these equations and remains to be a solution when the gravitational dynamics is governed, as in (2.1), by the sum of Einstein- Hilbert action and the Chern-Simons term. The BTZ black hole is thus a solution to the equations (2.7), as was first noted in [23]. On the other hand, it is well known that the expression for the Bekenstein-Hawking entropy is modified if gravitational action is nonlinear or even non-local function of curvature. In general the entropy is not just a quarter of horizon area but depends also on the way horizon is embedded in the space-time. It is thus interesting question whether the gravitational Chern-Simons (2.3) leads to any modifications of the entropy. The tricky point here is that the Chern-Simons is defined with respect to the Lorentz connection so that one might worry whether the corresponding entropy is gauge invariant. In this section we analyze this issue.

There are various ways to compute the entropy for a given gravitational action. The most popular is the Wald’s Noether charge method [24]. It is however a on-shell method which is valid on the equations of motion. Below we use another method which is universal and does not rely on the equations of motion. This is the method of conical singularity [25], [22], [26]. The idea is to allow black hole to have temperature different from the Hawking one. In the Euclidean description this leads to the appearance of deficit angle δ = 2π(1 − α), α = T_H /T at horizon Σ. The geometry of manifolds with conical singularities

6The corresponding equations of motion C_{μν} = 0 are satisfied for any conformally flat 3d metric.

was analyzed in detail in [26]. In particular, it was found that components of the Riemann tensor contain a singular, delta-function like, part

R^{αβ}_{μν} = (R^{αβ}_{μν} )_{reg} + 2π(1 − α)[(n^αn_μ)(n^β n_ν ) − (n^αn_ν )(n^βn_μ)]δ_Σ , (4.1)

where (R^{αβ}_{μν} )_{reg} is non-singular part of the curvature; (n^αn_μ) = n^α_1 n^1_μ + n^α_2 n^2_μ, n_1 and n_2 is pair of vectors normal to Σ and orthogonal to each other. Obtained originally in [26] for static non-rotating metric, this formula was later shown in [27] to be correct in the case of stationary metric.

Taking into account (4.1), the gravitational action in question is now function of α. The entropy then is defined as S = (α ∂ ∂α − 1)|_{α=1}I_{gr}(α) . (4.2)

Applying this formula to the Chern-Simons term (2.3) we get^7

S_{CS} = − β 8G_N ∫ Σ ω_{ab,σ} h^a_αh^b_β ϵ^{μνσ} (n^αn_μ)(n^β n_ν ) (4.3)

for the entropy. Note that indices a, b run values from 1 to 3. In the case of (2+1)- dimensional black hole the horizon Σ is circle. Suppose φ is the angular coordinate on Σ then vector ∂_φ is orthogonal to n_1 and n_2. We assume that vector ∂_φ together with vector ∂_τ form a pair of Killing vectors at horizon. (Outside horizon the Killing vectors are linear combinations of these two vectors.) It follows that the integrand in (4.3) is non-vanishing only if index σ = φ. Introducing ϵ̂^{αβ} = ϵ^{μνφ}(n^αn_μ)(n^β n_ν ) expression (4.3) can be re-written as

S_{CS} = − β 8G_N ∫ Σ ω_{ab,φ}h^a_αh^b_βϵ̂^{αβ} . (4.4) As far as we are aware, the result (4.3), (4.4) for the Chern-Simons entropy is new. Under local Lorentz transformations parameterized by Ω_{ab} the expression (4.4) changes as

δS_{CS} = − β 8G_N ∫ Σ [∂_φ(Ω_{ab}) ϵ̂^{ab}]γdφ , (4.5)

where γ is induced measure on Σ. Since ∂_φ is Killing vector the quantity ϵ̂^{ab} = h^a_αh^b_βϵ̂^{αβ}, being considered on Σ, does not depend on φ. Therefore, integrating by parts in (4.5) we find that δS_{CS} = 0, i.e. entropy (4.4) is Lorentz invariant in spite the fact that the Lorentz connection enters explicitly in (4.4).

The BTZ black hole

The BTZ black hole is important, and in fact the only one known, example of black hole in three dimensions^8. Therefore it is interesting to see how our formulas work in this case.

7For spin connection one has that ω = ω_{reg} +ω_{sing} so that R_{reg} = dω_{reg}+.. is regular and R_{sing} = dω_{sing} is the singular part in (4.1). Therefore, schematically, one has ∫ ωR = ∫ ω_{reg}R_{reg} + 2 ∫ ω_{reg} R_{sing}. This gives extra factor of 2 when (4.1) is applied to action (2.3).

8For a recent review on the BTZ black hole, conformal field theory and three-dimensional gravity see [30].

The orthonormal basis e^a = h^a_μdx^μ for the BTZ metric is

e^1 = √ f(r)dt , e^2 = 1 √ f(r) dr , e^3 = r(dφ + N(r)dt) , (4.6) where f(r) = r^2 l^2 − j^2 r^2 − m = (r^2 − r^2_+)(r^2 − r^2_−)

l^2r^2 , N(r) = − j r^2

. (4.7)

We have that m = r^2_+ + r^2_−

l^2 , j = r_+r_− l . (4.8)

Here we work in the Lorentzian signature. The analytic continuation to the Euclidean signature was analyzed in [28] and [29]. The vectors orthogonal to horizon are

n_1 = 1 √ f (∂_t − N∂_φ) , n_2 = √ f∂_r (4.9)

so that we have that (n^tn_t) = (n^rn_r) = 1 , (n^ϕn_t) = −N(r_+)

ϵ̂^{tr} = 1 r_+ , ϵ̂^{φr} = N(r_+) r_+

ϵ̂^{12} = 1 r_+

, ϵ̂^{13} = ϵ̂^{23} = 0 . (4.10)

Taking into account that measure γ = r_+ on Σ we find that the expression for entropy takes a simple form

S_{CS} = − β 4G_N ∫_{2π} 0 ω_{12,φ}dφ . (4.11)

Explicit calculation, making use of eq. (2.5), shows that

ω_{12,φ} = j r_+

. (4.12)

The contribution to the entropy due to the Chern-Simons term

S_{CS} = − β 4G_N 2πr_− l (4.13)

is thus proportional to the area 2πr_− of the inner horizon. That’s a curious property of the gravitational Chern-Simons term. Its entropy is apparently due to degrees of freedom at inner horizon rather that at the horizon which may be seen by an external observer. We will comment on this interesting feature later in the paper. Summing the contributions to the entropy that come from each term in the gravitational action (2.1) the total entropy of BTZ black hole is

S_{BH} = 2πr_+ 4G_N − β l 2πr_− 4G_N . (4.14)

Depending on the sign of β the contribution of the Chern-Simons term to the entropy may be negative. This is not a problem as soon as the total entropy (4.14) is positive. This imposes certain bound on possible values of β. We discuss this in the next section.

5 The boundary CFT calculation

In this section we use the representation when the Lorentz symmetry is brocken but the theory is diffeomorphism invarian, so that the stress-energy tensor of the dual theory is covariantly conserved. The boundary CFT in question is characterized by different values of the central charge for holomorphic and anti-holomorphic fields. The zweibein stress tensor of the theory has both conformal and Lorentz anomalies. Summarizing our analysis in section 2 we have

h^i_aT̂^a_i = c_+ 12π R , ϵ^i_a T̂^a_i = c_− 12π R , (5.1)

where c_± =^1_2 (c_L ± c_R) and c_L (c_R) is central charge for the left-(right-) moving sector. Expressions (2.18) and (2.20) give precise values for the central charge in each sector^9

c_L = 3 2 (l + β) G_N , c_R = 3 2 (l − β) G_N . (5.2)

The BTZ black hole corresponds to the sector in the boundary CFT characterized by conformal weights [1]

h_L = Ml − J 2 , h_R = Ml + J 2 (5.3)

that are determined by mass M and angular momentum J of black hole. These two parameters are the integrals M = l ∫_{2π} 0 dφT_{tt} , J = −l ∫_{2π} 0 dφT_{tφ} of the components of the stress tensor defined in (2.17), (2.16). The coefficients in the Fefferman-Graham expansion of BTZ metric are collected in Appendix C. These are needed for computing the stress tensor using (2.17), (2.16). We then get

M = M_0 − β l^2

J_0 , J = J_0 − βM_0 , (5.4)

where quantities

M_0 = r^2_+ + r^2_− 8G_N l^2

, J_0 = r_+r_− 4G_N l (5.5)

are values of mass and angular momentum in the absence of the Chern-Simons term. The shift (5.4) has been recently found in [13]. In fact it was known for some time (see [31], [32]) that mass and angular momentum in topologically massive gravity are linear combinations of mass and angular momentum obtained in pure GR.

The entropy in the boundary CFT is computed by the Cardy formula

S_{CFT} = 2π √ c_Lh_L 6 + √ c_Rh_R 6 . (5.6)

9Similar shift in central charge was observed in [31] within the Brown-Henneaux approach. I thank S. Carlip for drawing my attention to this reference.

Plugging here the known values for the central charge and conformal weight in each sector we find

S_{CFT} = 2πr_+ 4G_N − β l 2πr_− 4G_N (5.7)

that is in perfect agreement with the black hole entropy (4.14) computed in previous section. When the bulk theory is pure GR the agreement is well known [33]. The gravitational and CFT entropies still agree when the gravitational Chern-Simons term is added in the bulk, as we have just shown. Notice, that this bulk theory is much reacher than GR since it now contains propagating degrees of freedom.

Apparently, large values (of any sign) of the coupling β are not allowed in the theory. There are two obvious signals of instability for large β. Central charge in either of two sectors may become negative. Also, entropy becomes negative when β is ”too large”. These bad things do not happen if parameter β is within the range |β| ≤ l . (5.8) This ”stability bound” guarantees that both the bulk theory with the gravitational Chern- Simons term and the boundary CFT with c_L ≠ c_R are well-defined.

6 Does the Chern-Simons term look deep into black hole?

In theories of gravity involving higher powers of Riemann tensor the black hole entropy is no longer the usual A/4G_N and is always modified. This is well known and quite well understood. We refer the reader to [34] for the Noether charge calculation and to [26] for the calculation that uses the conical singularity method. For black holes arising in string theory this issue was much studied, see review in [35]. For BTZ black hole and higherdimensional black holes that reduce to BTZ, this issue was studied in [36] and recently in [37]. We would like to discuss here some interesting peculiarities of higher curvature modifications of the entropy of BTZ black hole.

The general action of local theory of gravity with higher derivatives can be represented as a power series in Riemann curvature. This in fact is true also for a non-local theory however each term in such expansion then would contain non-local factors. Keeping theory local the quadratic term in our action would be something like this W = ∫ ( a_1 24π R^2 + a_2 16π R^2_{μν} + a_3 16π R^2_{αβμν} ) . (6.1)

The corresponding contribution (see [34] and [26] for more detail) to the entropy is S = − ∫ Σ ( a_1 3 R + a_2 4 R_{μν} (n^μn^ν ) + a_3 2 R_{μναβ} (n^μn^α)(n^ν n_β ) ) (6.2)

as can be easily obtained using method outlined in section 4. Applying this to BTZ black hole we notice that the BTZ metric is locally AdS and hence the Riemann tensor factorizes R_{αβμν} =^1_{l2} (G_{βμ}G_{αν} − G_{αμ}G_{βν} ). This factorization and that vectors n_1 and n_2 are orthonormal lead to an interesting conclusion that nothing in the integrand in (6.2) depends on the parameters of black hole. Those parameters enter (6.2) only via area of Σ, i.e. via r_+,

S = (a_1 + a_2 + a_3) 2πr_+ l . (6.3)

Obviously this property remains in place when higher powers of curvature are included in the action. In fact we can state that any local theory of gravity that is non-linear in curvature results in the entropy which takes the form

S_{non} = μ(a_i, l) 2πr_+ l , (6.4)

where μ(a_i, l) is some function of higher curvature couplings a_i and the AdS scale l but not of the parameters of black hole. Similar result was recently derived in [37]. The higher derivative theory of gravity, provided it is formulated in terms of gauge invariant objects, i.e. the Riemann tensor, thus sees only the radius r_+ of outer horizon of BTZ black hole and leaves r_− unnoticed^{10}.

The gravitational Chern-Simons term, as we have seen in section 5, shows radically different behavior. Its entropy is proportional to the area 2πr_− of inner horizon so that it is r_+ that is now unnoticed. This is despite the fact that the entropy is actually given by integral (4.3) over outer horizon. This is an interesting feature of the gravitational Chern-Simons term that it seems to see the interior of the black hole. The Lorentz connection apparently does the trick. Most dramatically this feature manifests itself when the gravitational action contains the Chern-Simons term only. The BTZ metric is still a solution to the field equation. Its temperature, mass and angular momentum are non-vanishing and hence, thermodynamically, there must be some entropy and that entropy is precisely S_{CS} defined in (4.13) and determined by the area of inner horizon. Notice, that it constitutes entire entropy of black hole in this case! This observation poses interesting questions that may be challenging to our present understanding of the black hole entropy. The obvious one is whether there should be some degrees of freedom associated with the inner (rather than with the outer) horizon which would be responsible for this entropy? We leave this and other questions for the future.

Acknowledgments

I would like to thank K. Krasnov for a helpful remark. This work is supported in part by DFG grant Schu 1250/3-1.

10In general, this may be different in the case of non-local theory of gravity. Such a theory may produce logarithmic terms in the entropy and both ln r_+ and ln r_− are a priori possible. The concrete calculation in [29] however shows that to the leading order such entropy is determined by r_+ only, r_− appearing in the subleading terms.

Appendix A Curvature components and their expansion

Components of the Riemann tensor are R^r_{irj} = 1 2 [−g^{′′} + 1 2 g^′g^{−1}g^′]_{ij} R^r_{ikj} = − 1 2 [∇_kg^′_{ij} − ∇_j g^′_{ik}] R^l_{ikj} = R^l_{ikj} (g) − 1 4 g^′_{ij} g^{ln}g^′_{nk} + 1 4 g^′_{ik}g^{ln}g^′_{nj} , (A.1) where g^′ ≡ ∂_rg. Components of Ricci tensor are R_{ij} = R_{ij} (g) − 1 2 g^{′′}_{ij} − 1 4 g^′_{ij} Tr (g^{−1}g^′) + 1 2 (g^′g^{−1}g^′)_{ij} R_{ri} = 1 2 [∇^k(g^{−1}g^′)_{ki} − ∇_iTr (g^{−1}g^′)] R_{rr} = − 1 2 Tr (g^{−1}g^{′′}) + 1 4 Tr (g^{−1}g^′g^{−1}g^′) (A.2)

and the Ricci scalar is

R = R(g) − Tr (g^{−1}g^{′′}) − 1 4 [Tr (g^{−1}g^′)]^2 + 3 4 Tr (g^{−1}g^′g^{−1}g^′) . (A.3)

The leading terms in the Fefferman-Graham expansion of the curvature tensors are

R_{ri} = [−∇_ng^n_{(2)i} + ∂_iTr g_{(2)}]e^{−2r} + ... R^k_i = −2δ^k_i + [R^k_i (g_{(0)}) + δ^k_i Tr g_{(2)}]e^{−2r} + ... R_{rr} = −2 + [−4Tr g_{(4)} + Tr g^2_{(2)}]e^{−4r} + ...

R = −6 + [R(g_{(0)}) + 2Tr g_{(2)}]e^{−2r} + ... (A.4)

For the constant curvature R = −6 metric we have a constraint

Tr g_{(2)} = − 1 2 R_{(0)} . (A.5)

B Components of the Cotton tensor and their expansion

In space-time with constant Ricci scalar R = −6 the Cotton tensor is defined as

C_{αβ} = ϵ^{μν}_α ∇_μR_{νβ} . (B.1)

For the Levi-Civita symbol we have that ϵ^{rij} = ϵ^{ij} where ϵ^{ij} is defined for the 2d metric g_{ij} (r, x).

In terms of g_{ij} (r, x) we get for the components of (B.1)

C_{ri} = −ϵ^k_n ∇_kR^n_i + 1 2 ϵ^{kn}g^′_{ki}R_{rn} C_{rr} = ϵ^{ij} [∇_iR_{rj} − 1 2 (g^{−1}g^′)^k_i R_{kj} ] C_{ij} = −ϵ^k_i [∂_rR_{kj} − 1 2 (g^{−1}g^′)^n_j R_{kn} − ∇_kR_{rj} − 1 2 g^′_{kj} R_{rr}] . (B.2)

Taking into account the constraint (A.5) we find the following expansion for the components of the Cotton tensor

C_{ri} = ϵ^j_i [−∇_kg^k_{(2)j} + ∂_j Tr g_{(2)}] e^{−2r} + ... C_{rr} = −ϵ^{ij}∇_i∇_kg^k_{(2)j} e^{−4r} + ... C_{ij} = 0 + O(e^{−2r}) , (B.3)

where the leading term (of order e^{0r}) in the expansion of C_{ij} vanishes due to constraint (A.5).

C The BTZ metric in normal coordinates

The BTZ metric can be brought to the normal coordinates in the form (2.10) as follows

ds^2 = dr^2 − ( r^2_+ l^2 sinh^2 r l − r^2_− l^2 cosh^2 r l )dt^2 +( r^2_+ l^2 cosh^2 r l − r^2_− l^2 sinh^2 r l )dφ^2 −

2r_+r_− l dtdφ , (C.1) where r_+ (r_−) is radius of outer (inner) horizon. The coefficients in the expansion (2.11) of this metric are

g^{(0)}_{tt} = − 1 l^2 g^{(0)}_{φφ} = −

(r^2_+ − r^2_−) 4l^2 g^{(2)}_{tt} = 1 l^2 g^{(2)}_{φφ} =

(r^2_+ + r^2_−)

2l^2

, g^{(2)}_{tφ} = − r_+r_− l . (C.2)

We choose orientation in which ϵ^φ_t = −1/l.

References

[1] J. D. Brown and M. Henneaux, “Central Charges In The Canonical Realization Of Asymptotic Symmetries: An Example From Three-Dimensional Gravity,” Commun. Math. Phys. 104, 207 (1986).

[2] C. Fefferman and C. R. Graham: Conformal Invariants. In: Elie Cartan et les Mathematiques daujordhui, (Asterisque, 1985), 95.

[3] M. Henningson and K. Skenderis, “The holographic Weyl anomaly,” JHEP 9807, 023 (1998) [arXiv:hep-th/9806087]; M. Henningson and K. Skenderis, “Holography and the Weyl anomaly,” Fortsch. Phys. 48, 125 (2000) [arXiv:hep-th/9812032].

[4] V. Balasubramanian and P. Kraus, “A stress tensor for anti-de Sitter gravity,” Commun. Math. Phys. 208, 413 (1999) [arXiv:hep-th/9902121].

[5] K. Skenderis and S. N. Solodukhin, “Quantum effective action from the AdS/CFT correspondence,” Phys. Lett. B 472, 316 (2000) [arXiv:hep-th/9910023].

[6] R. C. Myers, “Stress tensors and Casimir energies in the AdS/CFT correspondence,” Phys. Rev. D 60, 046002 (1999) [arXiv:hep-th/9903203].

[7] C. Imbimbo, A. Schwimmer, S. Theisen and S. Yankielowicz, “Diffeomorphisms and holographic anomalies,” Class. Quant. Grav. 17, 1129 (2000) [arXiv:hep-th/9910267].

[8] S. de Haro, S. N. Solodukhin and K. Skenderis, “Holographic reconstruction of spacetime and renormalization in the AdS/CFT correspondence,” Commun. Math. Phys. 217, 595 (2001) [arXiv:hep-th/0002230].

[9] P. Kraus, F. Larsen and R. Siebelink, “The gravitational action in asymptotically AdS and flat spacetimes,” Nucl. Phys. B 563, 259 (1999) [arXiv:hep-th/9906127].

[10] I. Papadimitriou and K. Skenderis, “Thermodynamics of asymptotically locally AdS spacetimes,” JHEP 0508, 004 (2005) [arXiv:hep-th/0505190].

[11] S. Hollands, A. Ishibashi and D. Marolf, “Counter-term charges generate bulk symmetries,” arXiv:hep-th/0503105.

[12] M. Banados, A. Schwimmer and S. Theisen, “Chern-Simons gravity and holographic anomalies,” JHEP 0405, 039 (2004) [arXiv:hep-th/0404245]; M. Banados, R. Olea and S. Theisen, “Counterterms and dual holographic anomalies in CS gravity,” arXiv:hepth/0509179.

[13] P. Kraus and F. Larsen, “Holographic gravitational anomalies,” arXiv:hepth/0508218.

[14] S. Deser, R. Jackiw and S. Templeton, “Three-Dimensional Massive Gauge Theories,” Phys. Rev. Lett. 48 (1982) 975.

[15] S. Deser, R. Jackiw and S. Templeton, “Topologically Massive Gauge Theories,” Annals Phys. 140, 372 (1982) [Erratum-ibid. 185, 406.1988 APNYA,281,409 (1988 APNYA,281,409-449.2000)].

[16] L. Alvarez-Gaume and E. Witten, “Gravitational Anomalies,” Nucl. Phys. B 234, 269 (1984).

[17] W. A. Bardeen and B. Zumino, “Consistent And Covariant Anomalies In Gauge And Gravitational Theories,” Nucl. Phys. B 244, 421 (1984).

[18] H. Leutwyler, “Gravitational Anomalies: A Soluble Two-Dimensional Model,” Phys.

Lett. B 153, 65 (1985) [Erratum-ibid. 155B, 469 (1985)].

[19] R. C. Myers and V. Periwal, “Chiral gravity in two-dimensions,” Nucl. Phys. B 397, 239 (1993) [arXiv:hep-th/9207117].

[20] Y. N. Obukhov and S. N. Solodukhin, “Dynamical Gravity And Conformal And Lorentz Anomalies In Two-Dimensions,” Class. Quant. Grav. 7, 2045 (1990).

[21] S. M. Christensen and S. A. Fulling, “Trace Anomalies And The Hawking Effect,” Phys. Rev. D 15 (1977) 2088.

[22] S. N. Solodukhin, “The conical singularity and quantum corrections to entropy of black hole,” Phys. Rev. D 51, 609 (1995) [arXiv:hep-th/9407001].

[23] N. Kaloper, “Miens of the three-dimensional black hole,” Phys. Rev. D 48, 2598 (1993) [arXiv:hep-th/9303007].

[24] R. M. Wald, “Black hole entropy in the Noether charge,” Phys. Rev. D 48, 3427 (1993) [arXiv:gr-qc/9307038]; V. Iyer and R. M. Wald, “Some properties of Noether charge and a proposal for dynamical black hole entropy,” Phys. Rev. D 50, 846 (1994) [arXiv:gr-qc/9403028].

[25] M. Banados, C. Teitelboim and J. Zanelli, “Black hole entropy and the dimensional continuation of the Gauss-Bonnet theorem,” Phys. Rev. Lett. 72 (1994) 957 [arXiv:grqc/9309026]; L. Susskind, “Some speculations about black hole entropy in string theory,” arXiv:hep-th/9309145.

[26] D. V. Fursaev and S. N. Solodukhin, “On the description of the Riemannian geometry in the presence of conical defects,” Phys. Rev. D 52, 2133 (1995) [arXiv:hepth/9501127].

[27] R. B. Mann and S. N. Solodukhin, “Conical geometry and quantum entropy of a charged Kerr black hole,” Phys. Rev. D 54, 3932 (1996) [arXiv:hep-th/9604118].

[28] S. Carlip, “The (2+1)-Dimensional black hole,” Class. Quant. Grav. 12, 2853 (1995) [arXiv:gr-qc/9506079].

[29] R. B. Mann and S. N. Solodukhin, “Quantum scalar field on three-dimensional (BTZ) black hole instanton: heat kernel, effective action and thermodynamics,” Phys. Rev. D 55, 3622 (1997) [arXiv:hep-th/9609085].

[30] S. Carlip, “Conformal field theory, (2+1)-dimensional gravity, and the BTZ black hole,” Class. Quant. Grav. 22, R85 (2005) [arXiv:gr-qc/0503022].

[31] M. Blagojevic and B. Cvetkovic, “Canonical structure of 3D gravity with torsion,” arXiv:gr-qc/0412134.

[32] K. A. Moussa, G. Clement and C. Leygnac, “The black holes of topologically massive gravity,” Class. Quant. Grav. 20, L277 (2003) [arXiv:gr-qc/0303042]; A. A. Garcia, F. W. Hehl, C. Heinicke and A. Macias, “Exact vacuum solution of a (1+2)-dimensional Poincare gauge theory: BTZ solution with torsion,” Phys. Rev. D 67, 124016 (2003) [arXiv:gr-qc/0302097]; J. H. Cho, “BTZ black-hole dressed in the gravitational Chern- Simons term,” J. Korean Phys. Soc. 44, 1355 (2004).

[33] A. Strominger, “Black hole entropy from near-horizon microstates,” JHEP 9802, 009 (1998) [arXiv:hep-th/9712251]; D. Birmingham, I. Sachs and S. Sen, “Entropy of threedimensional black holes in string theory,” Phys. Lett. B 424, 275 (1998) [arXiv:hepth/9801019].

[34] T. Jacobson, G. Kang and R. C. Myers, “On black hole entropy,” Phys. Rev. D 49 (1994) 6587 [arXiv:gr-qc/9312023].

[35] G. Lopes Cardoso, B. de Wit and T. Mohaupt, “Deviations from the area law for supersymmetric black holes,” Fortsch. Phys. 48, 49 (2000) [arXiv:hep-th/9904005].

[36] H. Saida and J. Soda, “Statistical entropy of BTZ black hole in higher curvature gravity,” Phys. Lett. B 471, 358 (2000) [arXiv:gr-qc/9909061].

[37] P. Kraus and F. Larsen, “Microscopic black hole entropy in theories with higher derivatives,” arXiv:hep-th/0506176.