arXiv:hep-th/0509152 v1 20 Sep 2005

CMS 07/05

Non-crystallographic reduction of generalized Calogero-Moser models

Andreas Fring and Christian Korff

Centre for Mathematical Science, City University, Northampton Square, London EC1V 0HB, UK E-mail: A.Fring@city.ac.uk, C.Korff@city.ac.uk

Abstract: We apply a recently introduced reduction procedure based on the embedding of non-crystallographic Coxeter groups into crystallographic ones to Calogero-Moser systems. For rational potentials the familiar generalized Calogero Hamiltonian is recovered. For the Hamiltonians of trigonometric, hyperbolic and elliptic type, we obtain novel integrable dynamical systems with a second potential term which is rescaled by the golden ratio. We explicitly show for the simplest of these non-crystallographic models how the corresponding classical equations of motion can be derived from a Lie algebraic Lax pair based on the larger, crystallographic Coxeter group.

1. Introduction

The generalized Calogero-Moser models [1, 2, 3] [4, 5, 6, 7] [8] [9, 10, 11, 12] constitute one of the most prominent and widely studied class of classical and quantum integrable systems describing ℓ particles moving on a line. In this work we will concentrate on the classical mechanics models. Given a set of dynamical variables in terms of a coordinate vector q ∈ R^ℓ and the canonically conjugate momenta p ∈ R^ℓ the classical Calogero-Moser Hamiltonians take the following forms,

H = p^2 2 + 1 2 ∑ α∈Δ g^2_αV (α · q), V (u) = 1/u^2, rational 1/ sin^2 u, trigonometric 1/ sinh^2 u, hyperbolic 1/ sn^2 u, elliptic

. (1.1)

The sum in the potential runs over a root system Δ ⊂ R^ℓ associated with a finite Coxeter group W; see for instance [13] for details. The g_α are coupling constants which must at least coincide on vectors α of the same length, i.e. g_α = g_β for α^2 = β^2, if one demands the Hamiltonian to be invariant under W. In the literature the elliptic potential in (1.1) is often also expressed in terms of the Weierstrass ℘-function, both choices only differ by a rescaling of the argument and an additive constant [14] [15]. In fact, all other types of potentials can be obtained from the elliptic one through special limits. One often also adds a confining harmonic potential ∼ q^2 which we omit from our discussion for simplicity.

If the root system Δ is crystallographic, i.e. 2(α · β)/β^2 ∈ Zfor any pair of roots α, β ∈ Δ, the associated Coxeter group W is connected with semi-simple Lie algebras [16]. Integrability of the Calogero-Moser models (1.1) can be proved via the standard technique of Lax pairs {L, M} [17]: if the classical equations of motion resulting from (1.1) are equivalent to the Lax equation L̇ = [L, M], the quantities I_k = Tr L^k are conserved. In contrast to other integrable models associated with Lie algebras, as for instance (affine) Toda models [18] [19] [20], a generic Lie algebraic formulation of the Lax pair is missing and a variety of alternative approaches have been put forward in the literature, see e.g. [21] [9, 11] [22] [23, 24]. In this article we will only use a Lie algebraic Lax construction for the A_ℓ or su(ℓ + 1) series in order to exemplify our reduction procedure for the simplest model. However, we stress that in the aforementioned literature Lax pair constructions have been carried out for all algebras and for all four types of potentials in (1.1).

For the non-crystallographic Coxeter groups, W̃ = I_2(m), H_3, H_4, with root systems Δ̃ one has in general 2(α̃ · β̃)/β̃^2 /∈ Zand the connection with Lie algebras ceases to be valid. Due to the latter fact the Lax construction now becomes even more difficult and only the rational potential in (1.1) has been considered using an alternative formulation based on reflection operators [24]. Other concepts such as “exact solvability” [25, 26], based on the computation of invariants, also run into problems for non-rational potentials; see the discussion of an exactly solvable Sutherland model based on H_3 in [27].

In this letter we overcome these difficulties by introducing for the root systems Δ̃ of the non-crystallographic Coxeter groups H_2 ≡ I_2(5), H_3, H_4 an extension of the Calogero- Moser Hamiltonian (1.1) which allows us to tie the proof of integrability for all four types of potentials to the one of certain crystallographic groups specified below (1.4). Namely, we consider the Hamiltonians

H̃ = p̃^2 2 + g̃^2 2 ∑ α̃∈Δ̃ {V (α̃ · q̃) + V (ϕ α̃ · q̃)}, ϕ = ϕ^2 − 1 = 1 + √ 5 2 . (1.2)

The parameter ϕ entering the second potential term is the well-known golden ratio. Clearly, in the case of the rational potential adding the extra term in (1.2) amounts to a simple rescaling of the coupling constant in (1.1) and we have

V (u) = u^{−2} : H̃(g̃^2) = H((1 + ϕ^{−2})g̃^2) . (1.3)

Thus, we recover the familiar generalization of the Calogero model to non-crystallographic root systems Δ̃. For the remaining cases the insertion of the extra potential term might appear ad hoc, at first sight but we will explain in the text that it occurs naturally in light of the following embeddings of non-crystallographic Coxeter groups into crystallographic ones, H_2 → A_4, H_3 → D_6, and H_4 → E_8 . (1.4)

– 2 –

Employing a reduction procedure recently introduced in the context of affine Toda field theory [28] the models (1.2) are obtained from the Hamiltonians (1.1) of the corresponding crystallographic groups given in (1.4). See also [29] and references therein for similar reduction procedures. Close analogies also exist with the folding procedure of crystallographic Coxeter groups linked with simply-laced algebras into those corresponding to non-simply laced ones (see [20] [30] in the context of affine Toda and [31] for Calogero-Moser models). However, there are several differences in the mathematical structure. We will comment on this further in the text.

Our main result in this article is the extension of the non-crystallographic Calogero- Moser models from the rational case treated so far to trigonometric, hyperbolic and elliptic potentials. However, our reduction procedure also puts a new perspective on the familiar rational case, it enables one to connect the non-crystallographic models to Lie algebras through the embeddings (1.4). The proof of Liouville integrability of the models (1.2) can be carried out by employing the structure of the Lax pairs associated with the crystallographic root systems in (1.4). We explicitly demonstrate this for the simplest model, the one associated with H_2, by exploiting a known Lie algebraic Lax pair related to A_4 ≡ su(5), despite the fact that one is dealing with a non-crystallographic Coxeter group on the level of the Hamiltonian.

The article is structured as follows. In section 2 we review the embeddings (1.4) and introduce the necessary mathematical formalism for our reduction procedure. In section 3 it is then explained how to reduce the crystallographic Hamiltonians (1.1) and the associated equations of motion to the non-crystallographic systems (1.2). We address the question of integrability in section 4 by showing the existence of a Lax pair for the simplest model associated with H_2. This Lax pair is obtained through the reduction of a Lie algebraic pair for A_4. Comparison with other Lax pair formulations [23, 24] is made in the appendix. Section 5 contains our conclusions.

2. Embedding of non-crystallographic into crystallographic Coxeter groups

The details of the embeddings (1.4) have been presented previously in the literature [32, 33, 34] and in particular [28] which we follow in our notation. We therefore omit proofs and only present the necessary formulae for the reduction. Throughout this paper quantities related to the two types of different Coxeter groups in (1.4) will be distinguished by putting an additional tilde on top of the non-crystallographic quantities. In light of (1.4) we henceforth limit ourselves to the simply laced case.

Recall [13] that any Coxeter group W is generated by the reflections associated with a set of simple roots {α_i} ⊂ Δ,

σ_i(x) = x − 2 x · α_i α_i · α_i α_i for 1 ≤ i ≤ ℓ, x ∈ R^ℓ. (2.1)

This set of reflections generates the Coxeter group W subject to the relations

(σ_iσ_j )^{mij} = 1, 1 ≤ i, j ≤ ℓ (2.2)

– 3 – where the order m_{ij} ∈ N of the group elements is defined through the Cartan matrix K,

m_{ij} = π/ arccos(−K_{ij} /2), K_{ij} = 2α_i · α_j α_j · α_j . (2.3)

The relations (2.1), (2.2) and (2.3) apply also to the non-crystallographic group W̃. Since we are only dealing with root systems Δ, Δ̃ where all elements have equal length, we adopt henceforth the normalization convention α^2_i = α̃^2_i = 2.

Introducing a special labelling of the simple roots {α_i} depicted in figure 1 allows for combining the different embeddings in (1.4) into a single formula [28],

W̃ → W : σ̃_i → σ_iσ_{i+ℓ̃} = σ_{i+ℓ̃}σ_i for 1 ≤ i ≤ ℓ̃ . (2.4)

Notice that the rank ℓ̃ of the non-crystallographic group and the rank ℓ of its crystallographic counterpart in (1.4) are always related by a factor two, ℓ = 2ℓ̃. Furthermore, our labelling of the simple roots is such that the roots α_i, α_{i+ℓ̃} are always orthogonal whence the associated reflections commute. The embedding (2.4) is to be understood in the sense of a group homomorphism, i.e. it preserves the Coxeter relations (2.2).

A_4 :

α_2 α_3 α_4 α_1 ω−→ α̃_2 ϕα̃_1 ϕα̃_2 α̃_1

D_6 :

α_3 α_4

α_5 α_6 α_2 α_1 ω−→ α̃_3 ϕα̃_1 ϕα̃_2 ϕα̃_3 α̃_2 α̃_1

E_8 :

α_1 α_2 α_3 α_8 α_7 α_4

α_6 α_5 ω−→ α̃^1α̃^2α̃^3ϕα̃^4ϕα̃^3 α̃_4 ϕα̃_2 ϕα̃_1

Figure 1: Coxeter graphs, root labelling and the map (2.7) for the Coxeter groups in (1.4).

In order to realize (2.4) in the context of the Calogero-Moser models (1.1), we need to know how this embedding manifests itself on the level of the corresponding root spaces Δ and Δ̃ which are left invariant by W and W̃, respectively. This is achieved by defining a pair of maps ω : Δ → Δ̃ ∪ ϕΔ̃ and ω̃ : Δ̃ → Δ ⊕ ϕΔ, (2.5)

which intertwine the embedding (2.4), i.e.

σ̃_iω = ωσ_iσ_{i+ℓ̃} and ω̃σ̃_i = σ_iσ_{i+ℓ̃}ω̃ . (2.6)

– 4 –

The first map ω has been previously considered in the literature, see e.g. [33] [28], and is defined as follows α_i → ω(α_i) = { α̃_i for 1 ≤ i ≤ ℓ̃ = ℓ/2 ϕα̃_{i−ℓ̃} for ℓ̃ < i ≤ ℓ. (2.7)

The second map ω̃, introduced in [28] and paramount to our reduction procedure, realizes the simple root system {α̃_i} of the non-crystallographic Coxeter group W̃ in R^ℓ by identifying α̃_i → ω̃(α̃_i) = α_i + ϕα_{i+ℓ̃} for 1 ≤ i ≤ ℓ̃ . (2.8)

The images of the non-crystallographic roots have now length ω̃(α̃_i)^2 = 2(1+ϕ^2) according to our earlier convention α̃^2_i = 2. Thus ω̃ preserves the inner product only up to a factor (1 + ϕ^2).

As the simple roots {α_i} and {α̃_i} are linearly independent the maps (2.7), (2.8) can be linearly extended to the whole vector spaces R^ℓ respectively R^{ℓ̃}. We will make use of this fact when reducing the crystallographic Calogero-Moser systems to non-crystallographic ones below. Note that the defining relations (2.7), (2.8) also apply to the fundamental weights [28].

Using the pair ω, ω̃ we are in the position to relate inner products in Δ̃ to inner products in Δ by means of the identity

ω(α_i) · α̃_j = α_i · ω̃(α̃_j ) for 1 ≤ j ≤ ℓ̃ , 1 ≤ i ≤ ℓ . (2.9)

From this relationship as well as (2.5), (2.6) we infer that ω̃ plays the role of a “quasiinverse” to the map ω, in fact we have that

ωω̃ = (1 + ϕ^2) I and ω̃ω = ( I ϕI ϕIϕ^2I ) , (2.10)

with I denoting the ℓ̃ × ℓ̃ identity matrix. As an immediate consequence of (2.9) we obtain a crucial relationship between the non-crystallographic Cartan matrix K̃ and the crystallographic one K. Namely, introducing the ℓ̃ × ℓ̃ matrices κ and κ̂ through the following block decomposition of the crystallographic Cartan matrix K = ( κ κ̂ κ̂ κ + κ̂ ) , (2.11)

we have the matrix equation

K̃ = κ + ϕκ̂ = ϕ^{−1}κ̂ + κ + κ̂ . (2.12)

Employing the definitions (2.7), (2.8) together with the identities (2.9), (2.12) the intertwining relations (2.6) now follow from a straightforward computation. Similar identities also hold for the inverse Cartan matrices [28].

– 5 –

3. Reduction of crystallographic Calogero-Moser models

Having introduced the necessary mathematical set-up we are now in the position to introduce our reduction map. We start from a dynamical system defined in terms of the Hamiltonian (1.1) based on any of the three crystallographic Coxeter groups in (1.4). Such a system depends on ℓ-independent dynamical variables q = (q_1, ..., q_ℓ) and ℓ-independent conjugate momenta p = (p_1, ..., p_ℓ). We now replace this set of variables by a new one which only contains ℓ̃-independent coordinates and ℓ̃-independent momenta by defining the following reduction map μ,

(q, p) → (μ(q), μ(p)) := (ω̃(q̃), ω̃(p̃)) . (3.1)

Here the action of ω̃ on the simple roots α̃_i is defined in (2.8). The vectors q̃ = (q̃_1, ..., q̃_{ℓ̃}) and p̃ = (p̃_1, ..., p̃_{ℓ̃}) in the Euclidean basis will become the dynamical variables with respect to the non-crystallographic Hamiltonian (1.2) resulting from the reduced Hamiltonian

H(q, p)^μ→ H^{red} := H(ω̃(q̃), ω̃(p̃)) . (3.2)

Our particular choice for the definition of the reduction map (3.1) in terms of the map ω̃ will allow us to discuss the reduction procedure without making reference to a specific representation of the root spaces Δ and Δ̃. By exploting the identity (2.9) the reduction (3.1) can be carried out in terms of the root systems instead of the dynamical variables and momenta.

Let us further motivate (3.1) by comparing it to the reduction when folding a simply laced Lie algebra by a non-trivial Dynkin diagram automorphism τ to a non-simply laced algebra [20]. In that context the reduction occurs when the coordinates q and momenta p are projected onto the invariant subspaces under τ. This decreases the number of independent variables. The reduced or folded Calogero-Moser Hamiltonian [31] is then obtained by inserting the projected variables into the original “simply laced” Hamiltonian (1.1) and rewriting it in terms of the τ-invariant root subspace Δ_τ ⊂ Δ. The latter can be identified with the root system Δ^{ns} of a the non-simply laced algebra. We will comment further on this analogy below, see (3.10).

We proceed here analogously and now explain how the reduced Hamiltonian (3.2) can be expressed in terms of the non-crystallographic root system Δ̃ only.

3.1 The reduced Hamiltonian As may be seen in (1.4) all the Lie algebras relevant to our reduction procedure are simply laced and we set g_α = g in (1.1). Then the reduced Hamiltonian (3.2) can be rewritten as follows,

2H^{red} = ω̃(p̃)^2 + g^2 ∑ α∈Δ V (α · ω̃(q̃)) (3.3)

= (1 + ϕ^2)p̃^2 + g^2 ∑ α∈Δ V (ω(α) · q̃) = (1 + ϕ^2) { p̃^2 + g̃^2 ∑ α̃∈Δ̃ V (α̃ · q̃) + g̃^2 ∑ α̃∈Δ̃ V (ϕ α̃ · q̃) } = 2(1 + ϕ^2)H̃ . (3.4)

– 6 –

In the last line all data belong to the non-crystallographic root system and we have arrived at (1.2). Let us first explain the reduction of the potential term. To obtain the second line we have used the inner product identity (2.9) which replaces crystallographic roots by non-crystallographic ones. Exploiting that the map ω defined in (2.7) is surjective we arrive at the third line (3.4). Here the sum over the crystallographic root system Δ is now replaced by sums over the two copies of the non-crystallographic root space Δ̃ appearing in the target space of ω; compare with (2.5). In the last line we have also defined a rescaled coupling constant by setting g = √ 1 + ϕ^2 g̃ . (3.5)

This scaling factor arises from the kinetic energy term and is due to the fact that ω̃ is not an isometry. Expanding p̃ = ∑ i r̃^iα̃_i we compute

ω̃(p̃) · ω̃(p̃) = (1 + ϕ^2) ℓ̃∑ i,j=1 r̃^i(κ_{ij} + ϕκ̂_{ij} )r̃^j = (1 + ϕ^2) ℓ̃∑ i,j=1 r̃^iK̃_{ij}r̃^j = (1 + ϕ^2)p̃^2, (3.6)

where κ, κ̂ have been defined in (2.11). Furthermore, we have used the normalization convention α̃^2_i = α^2_i = 2.

3.2 Invariance under the non-crystallographic Coxeter group

It is apparent from the explicit form of the Hamiltonian (3.4) that the reduced Calogero- Moser model is invariant under the non-crystallographic Coxeter group W̃. Employing the intertwining property (2.6) and the fact that Coxeter transformations preserve the inner product, we see that the action of W̃ in the “crystallographic variant” (3.3) of the new Hamiltonian (1.2) is realized through the embedding (2.4). For instance, we have for the potential ∑ α∈Δ V (ω̃(σ̃_iq̃) · α) = ∑ α∈Δ V (σ_iσ_{i+ℓ̃}ω̃(q̃) · α) = ∑ α∈Δ V (ω̃(q̃) · α) . (3.7)

A similar identity holds for the kinetic term. We can use this fact to show that the coupling constants in front of the two potential terms in (3.4) can be chosen independently without violating invariance under the non-crystallographic Coxeter group W̃. This is apparent from the variant (3.4), but as a preparatory step for the reduction of a crystallographic Lax pair below it is instructive to directly verify this also in terms of the reduced Hamiltonian (3.3).

First we need to split the crystallographic root system Δ into the following disjoint subsets, Δ = Δ^′ ∪ Δ^{′′} with ω(Δ^′) = Δ̃ and ω(Δ^{′′}) = ϕΔ̃ . (3.8)

In order to see that these sets are indeed disjoint, note that for any root α̃ ∈ Δ̃ the vector ϕα̃ /∈ Δ̃. Otherwise there had to be a group element w̃ ∈ W̃ which maps α̃ into ϕα̃, as the action of the Coxeter group exhausts the entire root space. If such an element would exist, we had the identity w̃(α̃)^2 = ϕ^2α̃^2 ≠ 2 which contradicts the fact that the Coxeter group W̃ preserves the inner product. We can therefore conclude that Δ̃ ∩ ϕΔ̃ = ∅ and therefore Δ^′ ∩ Δ^{′′} = ∅. This then implies that Δ^′ and Δ^{′′} must be left invariant under the action

– 7 – of the non-crystallographic Coxeter group with respect to the embedding (2.4). Namely, according to (2.6) we have for any root α^′ ∈ Δ^′ that

σ̃_iω(α^′) = ω(σ_iσ_{i+ℓ̃}α^′) ∈ Δ̃

which entails that σ_iσ_{i+ℓ̃}Δ^′ = Δ^′ for all i = 1, ..., ℓ̃. A similar argument holds for Δ^{′′}. Taking invariance under the Coxeter group W̃ as a guiding principle, we can therefore generalize (3.3) by introducing the following modified reduced crystallographic Hamiltonian,

H^{red} = ω̃(p̃)^2 2 + g^2_1 2 ∑ α^′∈Δ^′ V (α^′ · ω̃(q̃)) + g^2 2 ∑ α^{′′} ∈Δ^{′′} V (α^{′′} · ω̃(q̃)), (3.9)

where g_1, g_2 are now arbitrary. The appearance of an additional free coupling constant in the reduction is very reminiscent of the folding procedure [20] in the context of Calogero- Moser models [31] already mentioned previously.

3.3 Comparison with folding

The structure of the Calogero-Moser Hamiltonian (3.9) is similar to the one obtained by folding a simply laced root system Δ into a non-simply laced one Δ^{ns} via a Dynkin diagram automorphism τ. The potential term in the “folded” Hamiltonian [31] also splits into two parts,

H^{ns} = p^2 2 + g^2_s 2 ∑ α∈Δ_s V (α · q) + g^2_l 2 ∑ α∈Δ_l V (α · q), (3.10)

one running over the short roots Δ_s, the other over the long roots Δ_l, each constituting an independent Weyl group orbit. Note the absence of the scaling factor in the second term in comparison to (3.9).^1 Similar as in our initial calculation leading to (3.4) the coupling constants g_s, g_l are not independent but related by |τ| due to the folding procedure. However, outside the framework of folding one can often choose the two couplings independently without violating integrability [9, 11, 29] [23, 31]. An exception in the framework of Lie algebraic Lax pairs is the B_ℓ series [29] and G_2 [36]. We will verify below whether we can retain in the present context the two independent couplings in (3.9) for the reduction of a Lie algebraic Lax pair.

3.4 The equations of motion

Before the construction of a Lax pair we first apply our reduction procedure to the classical equations of motion. Let ∇_q denote the gradient operator with respect to the Euclidean basis in q-space (∼= R^ℓ). Then the equations of motion originating from the crystallographic variant (3.9) of the Hamiltonian are

ω̃(p̃) = ω̃(^.q̃) and ω̃(^.p̃) = −∇_qH^{red} = − 1 2 ∑ α∈Δ α g^2_αV^′(α · ω̃(q̃)) , (3.11)

1We only mention here the case which has been referred to as “untwisted” in [31], i.e. τ is an automorphism related to the non extended Dynkin diagram; see [31] [35] for other possibilities.

– 8 – where we set g_α = g_1 for α ∈ Δ^′ and g_α = g_2 for α ∈ Δ^{′′}. Acting on both sides of these two equations with the map ω defined in (2.7) together with the identities (2.9), (2.10) we obtain the reduced system

p̃ =^.q̃ and^.p̃ = −∇_{q̃}H̃ = − 1 2 ∑ α̃∈Δ̃ { α̃ g̃^2_1V^′(α̃ · q̃) + ϕα̃ g̃^2V^′(ϕα̃ · q̃) } (3.12)

corresponding to the non-crystallographic Hamiltonian (3.4). Here g̃_i = g_i/(1 + ϕ^2)^{1/2}, i = 1, 2 and ∇_{q̃} is now the gradient operator with respect to the Euclidean basis in q̃-space (∼= R^{ℓ̃}). Notice that the system (3.11) is more restrictive than (3.12), i.e. any solution to (3.11) yields a solution of (3.12) but the converse is not necessarily true. To see this, one can apply the map ω̃ on both sides of (3.12) using that ω̃(α̃) = α^′ + ϕα^{′′} with α̃ = ω(α^′) = ϕ^{−1}ω(α^{′′}). A similar observation applies in the context of folding.

The first crucial step to show integrability of our reduced systems is to show that (3.12) can be equivalently formulated in terms of a Lax pair. In this context our ability to express the non-crystallographic Hamiltonian (3.4) and the equations of motion (3.12) in crystallographic terms, (3.3) and (3.11), will be essential.

4. A Lie algebraic Lax pair for the H_2 model

As pointed out in the introduction there is no generic Lie algebraic formulation for the Lax pairs of the generalized Calogero-Moser models. Instead a variety of different constructions for Lax pairs has been put forward in the literature, see e.g. [21] [9, 11] [29] [22] [23, 24], which will not be discussed in detail. We focus on the simplest model associated with H_2, where according to (1.4) the corresponding crystallographic system is related to A_4 respectively su(5). The original construction of the Lax pair for the A_ℓ series goes back to Calogero [21]. We shall adopt here its formulation in the Cartan-Weyl basis (as it can be found for instance in [9, 29] [37]), since in this setting the computation is more general. For the moment we keep the rank ℓ arbitrary, such that one can easily adopt our discussion to the cases in (1.4) omitted here. We shall specialize to the relevant case ℓ = 4 below.

Consider the Cartan-Weyl basis defined through the commutation relations (e.g. [16])

[H_i, E_α] = α^iE_α, [E_α, E_{−α}] = α · H, [E_α, E_β] = ε_{α,β} E_{α+β} . (4.1)

In the last commutator it is understood that α ≠ −β and ε_{α,β} = 0 whenever α + β is not an element of the root space Δ. The compatible choice of the trace is

Tr(H_iH_j ) = δ_{ij} and Tr(E_αE_{−α}) = 1, (4.2)

which implies together with our previous convention α^2 = 2 that the structure constants ε_{α,β} only assume the values 0, ±1. In addition, they satisfy the following general identities ε_{α,β} = −ε_{β,α} = −ε_{−α−β,β} . (4.3) We require E^†α = E_{−α} which implies the further constraint ε_{α,β} = −ε_{−α,−β} . The Lax pair is now expressed in terms of the Cartan-Weyl basis as follows, L = p · H + i ∑ α∈Δ g_αx(α · q)E_α and M = z · H + i ∑ α∈Δ g_αx^′(α · q)E_α . (4.4)

– 9 –

Here we have once more introduced the root dependent coupling constants g_α = g_1 for α ∈ Δ^′ and g_α = g_2 for α ∈ Δ^{′′} in light of our reduced Hamiltonian (3.9). For the original A_ℓ Calogero-Moser model one has g_α = g. The vector z = z(q) ∈ R^ℓ in (4.4) will be specified momentarily. Let us first define the coefficient function x = x(u), which can take one of the following forms for the various types of potentials in (1.1) [15] [9, 11, 29],

x(u) = 1/u, rational 1/ sin u, trigonometric 1/ sinh u, hyperbolic 1/ sn u, elliptic

. (4.5)

There are other possible choices for the coefficient functions [29] which can also depend on a spectral parameter [38] [22] [24]. For our disucssion of the reduction procedure we picked the present ones, because they are the simplest, but our results do also apply to the more general cases. The coefficient functions (4.5) satisfy a number of identities x(u) = −x(−u), x(u)x(−u) = −V (u), (4.6) and crucially [15] [9]

x(u)x^′(w) − x^′(u)x(w) = [V (u) − V (w)] x(u + w) . (4.7)

Using the first two relations (4.6) one shows that

Tr L^2 = p^2 − ∑ α∈Δ x_αx_{−α} = 2H (4.8)

with x_α being shorthand notation for x_α(q) = g_αx(α · q). The third identity (4.7) comes into play when showing the equivalence of the classical equations of motion to the aforementioned Lax equation L̇ = [L, M] . (4.9)

Comparing the coefficients of the Cartan-Weyl basis in (4.9) one deduces ṗ · H = − ∑ α∈Δ α · H x_αx^′_{−α} and ∑ α∈Δ (α · q̇)x^′_α E_α = ∑ α∈Δ (p · α)x^′_α E_α (4.10)

which are equivalent to the equations of motion ṗ = −∇_qH and q̇ = p. In addition certain “unwanted” terms must cancel which leads to a functional equation [15] [9] for the as yet unspecified vector z. This equation can be simplified using (4.7), α · z = i ∑ β,γ∈Δ α=β+γ ε_{β,γ} x_βx^′_γ x_α = i ∑ β∈Δ ε_{−α,β} x_β x^′_{α−β} − x^′_βx_{α−β} x_α (4.11)

= −2i ∑ β∈Δ ε_{α,β} g_βg_{α+β} g_α V (β · q) .

Here we have used g_β = g_{−β} , V (u) = V (−u) as well as the symmetries ε_{β,γ} = −ε_{γ,β} = ε_{−α,β} and ε_{−α,β} = −ε_{−α,α−β} = −ε_{α,−β} for the structure constants. It is not clear a priori that

– 10 – such a vector z always exists, but if it does, it must be unique as the functional equation (4.11) applies among others also to the simple roots {α_i} which are linearly independent. Ambiguities arise when the root space is realized as a hyperplane in a higher-dimensional space. Then we might add an arbitrary vector z^′ which is orthogonal on Δ, i.e. z^′ · α = 0 for all roots α. Employing the fundamental weights λ_i, which form the dual basis to the simple roots, λ_i · α_j = δ_{ij} , it is immediate to derive that z(q) = −2i ∑ β∈Δ V (β · q) ℓ∑ i=1 ε_{αi,β} g_β g_{αi+β} g_{αi} λ_i . (4.12)

For an explicit computation of the vector z and checking its consistency with (4.11) for all roots α ∈ Δ one needs to fix the signs of the structure constants ε_{α,β} in a consistent manner. To this end we now specialize to a specific representation and set ℓ = 4.

4.1 The Lax pair in the vector representation of A_ℓ Let {e_i}^5_{i=1} be the orthonormal basis in the Euclidean space R^5. Then a standard representation of the simple roots is [13]

α_1 = e_1 − e_2, α_4 = e_2 − e_3, α_3 = e_3 − e_4, α_2 = e_4 − e_5 . (4.13)

Note that our labelling of the simple roots differs from the common one due to our convention for the embedding (2.4). The entire root system consists of the vectors

Δ = Δ_+ ∪ −Δ_+, Δ_+ = {α = e_i − e_j : 1 ≤ i < j ≤ 5} (4.14)

and the Cartan-Weyl basis is given in terms of the unit matrices (e_{ij} )_{lk} = δ_{il}δ_{jk} by identifying H_i = e_{ii} and E_α = e_{ij} if α = e_i − e_j . (4.15)

For each simple root α_i one finds six non-vanishing structure constants ε_{αi,β} only three of which are independent due to the symmetries ε_{αi,β} = −ε_{β,αi} = ε_{−αi−β,αi} = −ε_{αi,−αi−β} . Choosing β to be positive the root decompositions α = β + γ and the corresponding structure constants in (4.11) can be inferred from the following table

(β_1, ε_{αi,β1} ) (β_2, ε_{αi ,β2} ) (β_3, ε_{αi ,β3} ) α_1 : (α_2 + α_3 + α_4, +1) (α_3 + α_4, +1) (α_4, +1) α_2 : (α_1 + α_3 + α_4, −1) (α_3 + α_4, −1) (α_3, −1) α_3 : (α_1 + α_4, −1) (α_4, −1) (α_2, +1) α_4 : (α_2 + α_3, +1) (α_3, +1) (α_1, −1)

In order to accommodate the possibility of two independent coupling constants in the reduced Hamiltonian (3.9) we need to identify the subsets (3.8). Setting Δ^′_+ = Δ^′ ∩ Δ_+ and Δ^{′′}_+ = Δ^{′′} ∩ Δ_+ we have

Δ^′_+ = {α_1, α_2, α_1 + α_4, α_2 + α_3, α_3 + α_4}

– 11 – and Δ^{′′}_+ = {α_3, α_4, α_1 + α_3 + α_4, α_2 + α_3 + α_4, α_1 + α_2 + α_3 + α_4} .

Making the same replacement in the dynamical variables (3.1) as in the previous reduction of the Hamiltonian (3.3) respectively (3.9), we consider the crystallographic Lax pair with coordinates

q → μ(q) = ω̃(q̃) = (s̃_1, −s̃_1 + ϕs̃_2, ϕ(s̃_1 − s̃_2), −ϕs̃_1 + s̃_2, −s̃_2) . (4.16)

Here q = ∑ i q_ie_i, i.e. the dynamical variables q_i are the coordinates with respect to the Euclidean basis {e_i}. The s̃_i, on the other hand, are the components with respect to the simple roots, q̃ = ∑ i s̃_iα̃_i, and we have inserted the explicit representation (4.13) for the simple roots α_i. Note, however, that the dynamical variables q̃_i are the ones with respect to the Euclidean basis. Both are related by a simple linear transformation, i.e. s̃_i is a linear function of the Euclidean coordinates s̃_i = s̃_i(q̃_1, q̃_2), whose explict form depends on the particular representation one chooses for the non-crystallographic roots. For instance, if we set [13]

α̃_1 =^1√_2 (ϕ, √ 3 − ϕ) and α̃_2 = −^1√_2 (ϕ^{−1}, √ 3 + ϕ^{−1}) (4.17)

then s̃_1 =^{ϕ√}_2 (q̃_1 − cot^{2π}_5 q̃_2) and s̃_2 =^{1√}_2 (q̃_1 − cot^π_5 q̃_2) . (4.18) A similar replacement holds for the conjugate momenta, p → μ(p) = ω̃(p̃). None of the algebraic properties of the Lax pair is changed and one therefore verifies immediately that analogues of (4.8) and (4.10) hold for the reduced, non-crystallographic Hamiltonian. The latter imply the reduced crystallographic equations of motion (3.11),

α · ω̃(^·q̃) x^′(ω(α) · q̃) = α · ω̃(p̃) x^′(ω(α) · q̃) ⇒ ω̃(^·q̃) = ω̃(p̃) (4.19) and ω̃(^·p̃) = ∑ α∈Δ α x_{ω(α)}x^′_{−ω(α)} = − g^2_1 2 ∑ α∈Δ^′ α V^′(α · ω̃(q̃)) − g^2 2 ∑ α∈Δ^{′′} α V^′(α · ω̃(q̃)) . (4.20)

As discussed above a simple application of the map ω on both sides then yields (3.12). The non-trivial part of the reduction of the Lax pair is the cancellation of the unwanted terms, i.e. solving the functional equation (4.11). The root decomposition α = β + γ mixes elements in the two subsets Δ^′, Δ^{′′}. For instance we find for α = α_1, − ∑ β∈Δ ε_{α1,β} g_βg_{α1 +β} g_{α1} V (β · q) = g_2{V (q_{13}) + V (q_{14}) − V (q_{23}) − V (q_{24})} + g^2/g_1 {V (q_{15}) − V (q_{25})}

with q_{ij} = q_i − q_j . Taking into account the reduced coordinates (4.16) one can solve (4.12), but finds upon inserting the solution into (4.11) for arbitrary roots α that one is forced to set g_1 = g_2 = g . (4.21)

– 12 –

That is, one has g_α = g for all crystallographic roots α ∈ Δ. With this restriction we recover after subtracting the superfluous vector (since z^′ · α = 0 for all roots α)

z^′ = e_1 + · · · + e_5 5 2ig 5∑ j=1 5∑ k=1,k≠j V (q_j − q_k ) (4.22)

from (4.12) the familiar solution of the A_ℓ series (see e.g. [29]) z_j = 2ig 5∑ k=1,k≠j V (q_j − q_k ), (4.23)

albeit in our case the coordinates q_i have to be replaced by (4.16). Thus, we can conclude that the dynamical system defined through the Hamiltonian (1.2) allows for a Lax pair formulation and hence the quantities I_k = Tr L^k are conserved, i.e. d(Tr L^k)/dt = 0. This is usually a strong indication that the model is indeed Liouville integrable. It remains to show that the aforementioned integrals of motion mutually Poisson commute and that at least ℓ̃ = 2 of them are non-vanishing and algebraically independent.

4.2 Integrals of motion

Having established the existence of the Lax operator L we may now use its explicit form,

L = ig p_1/ig x(q_{12}) x(q_{13}) x(q_{14}) x(q_{15}) x(q_{21}) p_2/ig x(q_{23}) x(q_{24}) x(q_{25}) x(q_{31}) x(q_{32}) p_3/ig x(q_{34}) x(q_{35}) x(q_{41}) x(q_{42}) x(q_{43}) p_4/ig x(q_{45}) x(q_{51}) x(q_{52}) x(q_{53}) x(q_{54}) p_5/ig

, (4.24)

to compute the integrals of motion. From examples of the crystallographic Calogero-Moser models it is known that the algebraically independent integrals of motion occur when the power k of I_k = Tr L^k matches the degrees {d_i}^ℓ_{i=1} of the Coxeter group. For A_4 the degrees are d_i = 2, 3, 4, 5, while in our case of interest, H_2, they are d̃_i = 2, 5 [13]. For instance, in the case of A_4 one verifies indeed that I_2, I_3, I_4, I_5 are algebraically independent, while for I_6 we have the relation I_6 = − 1 8 I^3_2 + 3 4 I_2I_4 − 1 3 I^2_3 . (4.25)

One might anticipate that due to the additional dependencies in (4.16) some of the higher integrals of motion from the non-reduced A_4 theory must become algebraically dependent in the reduction. For instance, consider the integral of motion of degree three of the non-reduced model,

I_3(p, q) = Tr L^3(p, q) = ∑ i p^3_i + 3g^2 ∑ i p_i ∑ j≠i V (q_i − q_j ) . (4.26)

Since for the non-reduced as well as the reduced theory we have

Tr L = p_1 + ... + p_5 = 0, (4.27)

– 13 – one might expect the reduced integral of motion of degree three I^{red}_3 = I_3(μ(p), μ(q)) to vanish. For purely algebraic reasons we find the following simplification

I^{red}_3 = 3g^2 ∑ i μ(p)_i ∑ j≠i V (μ(q)_i − μ(q)_j) . (4.28)

Because of the reduction (4.16) the purely kinetic term ∑ i μ(p)^3_i is zero. The remainder, however, does not vanish in general. The reason might be that the reduced set of crystallographic equations of motion (3.11) is more restrictive than (3.12) and that the non-vanishing of this integral of motion is a remnant of the reduction procedure. Consulting the literature we found that this issue is also not addressed in the context of folding. It certainly requires a deeper investigation of the model, for instance finding the explicit solutions of the equations of motion. In comparison, the non-crystallographic reduction of affine Toda field theories [28] involved two sets of complementary degrees, whose union gives again the degrees of A_4. We leave this question for future work.

In this context, it is also noteworthy, that the match between the degrees of the Coxeter group and the powers of the integrals of motion, k = d_i, appears to be an observation based on examples rather than a rigorous mathematical theorem which applies to all known Calogero-Moser models. In particular, as its verification depends on the explicit form of a given Lax pair. For example, we followed for H_2 the Lax pair construction given in [24], which is based on the Coxeter group and the root system alone; see the appendix. One verifies in the case of the root type representation, as stated in [24], that the Lax equation only holds for the rational potential; see our earlier remarks in the introduction. Explicit computation of the quantities Tr L^k shows that they vanish for k = 1, 3, 5. A similar analysis for the A_4 theory based on the root type Lax pair gives an algebraically dependent expression for Tr L^3. Thus, while one might expect the existence on an algebraically independent integral of motion at a certain degree d_i, not every Lax pair will provide one at the same power k = d_i.

5. Conclusions

The purpose of this article has been to extend a recent reduction procedure [28] based on the embedding of non-crystallographic Coxeter groups into crystallographic ones to Calogero-Moser models. This lead us to propose new integrable systems based on H_{2,3,4} by extending from the known rational potential to the trigonometric, hyperbolic and elliptic case. The new feature has been the appearance of an additional term in the potential energy, where the argument of the potential function is rescaled by the golden ratio. It is this extra term which is difficult to identify in the rational case, where it corresponds to a simple rescaling of the overall coupling constant. As we have discussed in the text the additional potential term can only be fully appreciated through the analysis of the underlying structure of the Coxeter groups.

While there are mathematical differences between the embeddings (1.4) and the folding [20] of a simply laced Lie algebra by a Dynkin diagram automorphism, we motivated our procedure by pointing out similarities and differences in the outcome. In particular, we

– 14 – showed that the reduced crystallographic Hamiltonian, which originally depends only on one coupling constant, still preserves invariance under the non-crystallographic Coxeter group if a second, independent coupling constant in front of the additional potential term is introduced. This is in close analogy with folding, where one also starts from a Hamiltonian incorporating only one coupling constant [31], while the folded Hamiltonian then allows for two independent couplings in front of the two Weyl group orbits corresponding to short and long roots [9, 10, 11, 12].

We addressed the question of Liouville integrability of the new models by reducing the associated crystallographic Lax pair for the simplest case, namely H_2, and found that (1.2) indeed possesses higher conserved integrals of motion. We explained in detail where in the Lax pair construction a consistency requirement forces one to set the two coupling constants in front of the two potential terms equal. This does not preclude the possibility that another Lax pair construction might be possible which enables one to keep the two coupling constants independent, as it is the case with the models based on non-simply laced Lie algebras. The only basis on which to expect such an extension of the result found here, is the Coxeter invariance of the Hamiltonian (3.4). While the latter does not necessarily imply Liouville integrability, it is the central, although not exclusive, criterion for exact solvability. However, the models (3.4) with g_2 = 0 have been previously discussed in the literature from both conceptual points of view, Lax pairs [24] and exact solvability [27], neither of these two approaches appears to have been successful beyond the rational potential^2. This seems to indicate that the second potential term in (1.2) is indeed essential.

Despite the fact that we have focussed for the Lax pair construction on the simplest model only, it should be evident from this example calculation that similar results are possible for the two other cases. In particular, as the reduction procedure does not change any of the algebraic properties of the crystallographic Lax pairs. Moreover, our analysis of the mathematical structure associated with the embeddings (1.4) presented in section 2 of this article, allows one to accommodate also other formulations of Lax pairs [23, 24]; see the appendix. In this context it would be interesting to verify whether also for these cases the two coupling constants in (3.9) have to be equal to ensure a consistent Lax pair.

To complete the proof of Liouville integrability one needs to verify that sufficiently many of the conserved quantities I_k are algebraically independent and Poisson commute. The latter step can be carried out using the concept of r-matrices [40] [41, 42] [43] [37, 44]. For the aforementioned reasons we expect that similar constructions based on the crystallographic r-matrices will carry through to the non-crystallographic models. What will be different is the number of algebraically independent integrals of motion, only half as many are needed due to the relation ℓ = 2ℓ̃ for the ranks of the two Coxeter groups in (1.4). That such a decrease in the number of independent integrals of motion occurs is to be expected from the change of variables (3.1) in the reduction procedure, which introduces

2In [39] a complete proof of Liouville integrability is presented for the classical Calogero-Moser models based on all root systems (including the non-crystallographic ones) and for all type of potentials. This proof makes use of the Lax pair formulation based on reflection operators of the Coxeter group in [24], which for the non-crystallographic groups only applies to the rational potential; see e.g. the comment after equation (4.43) and the solution (4.44) to the functional equation.

– 15 – additional dependencies. We postpone these more involved questions to future work.

Starting from the results in this article one can now proceed further and discuss the corresponding quantum mechanical systems as well. In this context new aspects arise, such as invariant theory and Dunkl operators [45]. In the case of the rational quantum Calogero model it is customary to add a confining harmonic potential in order to obtain a discrete spectrum. Since we omitted this case from our discussion let us briefly mention that the reduction procedure applies then as well and by a computation along the same lines as the one in section 3, one finds that the frequency of the harmonic oscillator is rescaled in the same manner as the coupling constant of the crystallographic Hamiltonian, compare with (3.5).

We conclude by emphasising once more the general nature of the reduction from crystallographic to non-crystallographic Coxeter groups. Its possible applications are as widespread as the one of the folding procedure [20]. The significant difference is that the non-crystallographic reduction not only yields an alternative description but achieves to maintain a connection with the theory of semi-simple Lie algebras whose rich mathematical structure has found applications in many physical areas beyond the one discussed here. A prominent example where this connection might be relevant is the correspondence between Calogero-Moser models and supersymmetric Yang-Mills theory in four dimensions, see e.g. [46].

Acknowledgments. We would like to thank Harry Braden and Nenad Manojlović for discussions and providing various references. A.F. would like to thank the Universidade do Algarve for kind hospitality. C.K. is financially supported by a University Research Fellowship of the Royal Society.

– 16 –

Appendix

A. Comparison with the root type Lax pair based on Coxeter groups

Our reduction of the Lie algebraic Lax pair for A_4 showed that the two coupling constants in (3.9) cannot be chosen independently. However, there is the possibility that other construction schemes not based on Lie algebras might be successful. If this would be the case we can set g_2 = 0 in (3.9) and obtain a non-crystallographic Hamiltonian (1.2) where only the first potential term is present. These type of models have been investigated in [24] by constructing Lax pairs based on representations of the Coxeter group. Let us briefly describe this alternative formulation in order to compare results. We shall concentrate on the “root-type” representation, see [23, 24] for other possibilities. The following description applies to both the crystallographic and the non-crystallographic root systems.

Following [23, 24] we introduce a vector space V_Δ which is the linear span of the following set of basis vectors {|α⟩}_{α∈Δ} labelled by the roots, i.e. V is the direct sum V_Δ = ⨁ α∈Δ V_α with V_α being the one-dimensional space spanned by |α⟩. Obviously, the dimension of this space coincides with the number of roots ℓh, with h being the Coxeter number. The Lax pair will be represented on this space. To formulate the latter, one first introduces the following action of the Coxeter group, w |α⟩ := |w(α)⟩ , for all α ∈ Δ, w ∈ W . (A.1) As the root system is invariant under W, so is V_Δ. With respect to this action the Weyl reflections w = σ_α assume the role of the step operators E_α in the previous Lie algebraic formulation of the Lax pair. To mimic the Cartan elements H_i one introduces the following set of linear operators [23, 24], h_i |α⟩ := α^i |α⟩ , for all α ∈ Δ, i = 1, ..., ℓ . (A.2) They commute among themselves, [h_i, h_j ] = 0, and satisfy the crucial relation [24]

[h_i, σ_α] = 2α^i α^2

(α · h)σ_α (A.3)

with the Weyl reflections. In addition one imposes a similar trace convention as for the Cartan generators, Tr h_ih_j = const δ_{ij} . In terms of these operators and the Weyl reflections the Lax pair now reads [24] L = p · h + i ∑ α∈Δ_+ g_αx(α · q) (α · h)σ_α and M = i ∑ α∈Δ_+ g_α α^2 2 y(α · q)σ_α . (A.4)

Similar to the calculation in the Lie algebraic construction one shows that the Lax equation (4.9) is equivalent to the equations of motion provided y = x^′ and certain unwanted terms cancel. The latter condition again leads to a functional equation which in the present construction reads [24] ∑ α,β∈Δ_R g_αg_β [ β^2x(α · q)y(β · q)(α · μ) − α^2y(α · q)x(β · q)(σ_α(β) · μ) ] = 0 . (A.5)

– 17 –

Here the set Δ_R contains all pairs (α, β) of positive roots for which R = σ_ασ_β ∈ W is a fixed rotation and μ = (μ_1, ..., μ_ℓ) can be any vector. The advantage of this formulation is that it equally applies to crystallographic and non-crystallographic Coxeter groups. However, for non-crystallograpic systems the functional equation (A.5) is only satisfied for the rational potential and the Lax construction breaks down for the trigonometric, hyperbolic and elliptic case [24].

A.1 The case H_2

This can be explicitly verified for the H_2 group by picking the following representation of the roots [13], β̃_k = √ 2(cos^{πk}_5 , sin^{πk}_5 ), k = 1, 2, ..., 10 .

In this representation the root set for a fixed rotation R = σ̃_{β̃i}σ̃_{β̃j} is given by [24]

Δ̃_R = {(β̃_{i+k} , β̃_{j+k} ) : k = 0, 1, ..., 4} .

One then verifies that the functional equation (A.5) does not hold beyond the rational potential. For the conserved charges we find the expressions

Tr L = Tr L^3 = Tr L^5 = 0 and

Tr L^2 10 = Tr L^4 15 = 2H = p̃^2_1 +p̃^2 +

25g^2(q̃^2_1 + q̃^2 )^4 (q̃^5_1 − 10q̃^3_1q̃^2 + 5q̃_1q̃^4_2)^2 . Note the absence of a non-trivial charge for degree 5.

A.2 The case A_4

Here we choose the same representation of the roots as in the context of the Lie algebraic Lax pair. The root type representation is now 20-dimensional. Note that we have to shift the h_i-operators by a constant, h_i → h_i + 1/ √ 10, in order to ensure the aforementioned trace convention. This does not affect the commutation relations.

Now the root sets in the functional equation (A.5) involve at most three pairs of roots. An example is

Δ_R = {(α_1, α_3 + α_4), (α_1 + α_3 + α_4, α_1), (α_3 + α_4, α_1 + α_3 + α_4)}, R = σ_{α1} σ_{α3+α4} .

Note the mixing of roots belonging to the subsets Δ^′, Δ^{′′} as in the previous construction of the Lax pair based on the Lie algebra A_4. The functional equation (A.5) for the trigonometric case with x(u) = cot u reads explicitly

g_1(g_1 − g_2) μ_1 sin 2q_{12} − μ_2 sin 2q_{24} − 2μ_4 cos q_{14} sin(q_{12} − q_{24}) 2 sin^2 q_{12} sin^2 q_{24}

= 0 .

From this and similar equations we again infer that we need to set g_1 = g_2 to satisfy the Lax equation.

– 18 –

Non-crystallographic reduction

References

[1] F. Calogero, Ground state of one-dimensional N body system, J. Math. Phys. 10, 2197–2200 (1969).

[2] F. Calogero, Solution of a three-body problem in one-dimension, J. Math. Phys. 10, 2191–2196 (1969).

[3] F. Calogero, Solution of the one-dimensional N body problems with quadratic and/or inversely quadratic pair potentials, J. Math. Phys. 12, 419–436 (1971).

[4] B. Sutherland, Quantum many body problem in one-dimension: Ground state, J. Math.

Phys. 12, 246–250 (1971).

[5] B. Sutherland, Quantum many body problem in one-dimension, J. Math. Phys. 12, 251–256 (1971).

[6] B. Sutherland, Exact results for a quantum many body problem in one- dimension, Phys.

Rev. A 4, 2019–2021 (1971).

[7] B. Sutherland, Exact results for a quantum many body problem in one- dimension. 2, Phys.

Rev. A 5, 1372–1376 (1972).

[8] J. Moser, Three integrable Hamiltonian systems connnected with isospectral deformations, Adv. Math. 16, 197–220 (1975).

[9] M. A. Olshanetsky and A. M. Perelomov, Completely integrable Hamiltonian systems connected with semisimple Lie algebras, Invent. Math. 37, 93–108 (1976).

[10] M. A. Olshanetsky and A. M. Perelomov, Quantum completely integrable systems connected with semisimple Lie algebras, Lett. Math. Phys. 2, 7–13 (1977).

[11] M. A. Olshanetsky and A. M. Perelomov, Classical integrable finite dimensional systems related to Lie algebras, Phys. Rept. 71, 313 (1981).

[12] M. A. Olshanetsky and A. M. Perelomov, Quantum integrable systems related to Lie algebras, Phys. Rept. 94, 313–404 (1983).

[13] J. E. Humphreys, Reflection Groups and Coxeter Groups, Cambridge University Press, Cambridge (1990).

[14] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, 4th edition, Cambridge University Press, Cambridge (1927).

[15] F. Calogero, On a functional equation connected with integrable many-body prolems, Lett.

Nuovo Cimento 16, 77–80 (1976).

[16] J. E. Humphreys, Introduction to Lie Algebras and Representation Theory, Springer, Berlin (1972).

[17] P. D. Lax, Integrals of non-linear equations of motion and solitary waves, Comm. Pure Appl.

Math. 21, 467–490 (1968).

[18] G. Wilson, The modified Lax and two-dimensional Toda lattice equations associated with simple Lie algebras, Ergodic Theory Dynam. Sys. 1, 361–380 (1981).

[19] A. V. Mikhailov, M. A. Olshanetsky, and A. M. Perelomov, Two-dimensional generalized Toda lattice, Comm. Math. Phys. 79, 473–488 (1981).

– 19 –

Non-crystallographic reduction

[20] D. I. Olive and N. Turok, The symmetries of Dynkin diagrams and the reduction of Toda equations, Nucl. Phys. B 215, 470–494 (1983).

[21] F. Calogero, Exactly solvable one-dimensional many-body problems, Lett. Nuovo Cimento 13, 411–416 (1975).

[22] E. D’Hoker and D. H. Phong, Calogero-Moser Lax pairs with spectral parameters for general Lie algebras, Nucl. Phys. B 530, 537–610 (1998).

[23] A. J. Bordner, E. Corrigan, and R. Sasaki, Calogero-Moser models. I: A new formulation, Prog. Theor. Phys. 100, 1107–1129 (1998).

[24] A. J. Bordner, E. Corrigan, and R. Sasaki, Generalised Calogero-Moser models and universal Lax pair operators, Prog. Theor. Phys. 102, 499–529 (1999).

[25] A. Turbiner, Lie algebras and linear operators with invariant subspaces, Lie Algebras, Cohomologies and New Findings in Quantum Mechanics, Contemp. Math. AMS, (eds N. Kamran and P.J. Olver) 160, 263–310 (1994).

[26] W. Rhl and A. Turbiner, Exact solvability of the Calogero and Sutherland models, Mod.

Phys. Lett. A 10, 2213–2222 (1995).

[27] O. Haschke and W. Rhl, An exactly solvable model of the Calogero type for the icosahedral group, Mod. Phys. Lett. A 13, 3109–3122 (1998).

[28] A. Fring and C. Korff, Affine Toda field theory related to Coxeter groups of noncrystallographic type, to appear in Nucl. Phys. B; hep-th/0506226.

[29] A. M. Perelomov, Integrable systems of classical mechanics and Lie algebras, vol 1, Birkhuser (1990).

[30] R. Sasaki, Reduction of affine Toda field theory, Nucl. Phys. B 383, 291–305 (1992).

[31] A. J. Bordner, R. Sasaki, and K. Takasaki, Calogero-Moser models. II: Symmetries and foldings, Prog. Theor. Phys. 101, 487–518 (1999).

[32] O. Sherbak, Wavefronts and reflection groups, Russ. Math. Surveys 43, 149–194 (1988).

[33] R. Moody and J. Patera, Quasicrystals and Icosians, J. Phys. A: Math. Gen. 26, 2829–2853 (1993).

[34] M. Koca, K. Ramazan, and M. Al-Barwani, Noncrystallographic Coxter group H_4 in E_8, J.

Phys. A: Math. Gen. 34, 11201–11213 (2001).

[35] A. J. Bordner and R. Sasaki, Calogero-Moser models III: elliptic potentials and twisting, Prog. Theor. Phys. 101, 799–829 (1999).

[36] A. Fring and N. Manojlovic, G_2 Calogero-Moser Lax pair operators from reduction, in preparation .

[37] H. W. Braden, R-Matrices, Generalized Inverses and Calogero-Moser-Sutherland Models, in ’Calogero-Moser Sutherland Models’, CRM Series in Mathematical Physics, Springer-Verlag (2000).

[38] I. M. Krichever, Elliptic solutions of the Kadomtsev-Petviashvili equation and many body problems, Funct. Anal. Appl. 14, 282–290 (1980).

[39] S. P. Khastgir and R. Sasaki, Liouville integrability of classical Calogero-Moser models, Phys. Lett. A 279, 189–193 (2000).

– 20 –

Non-crystallographic reduction

[40] M. Semenov-Tian-Shansky, What is a classical r-matrix?, Funct. Anal. Appl. 17, 252–272 (1983).

[41] J. Avan and M. Talon, Classical R-matrix structure for the Calogero model, Phys.Lett. B 303, 33–37 (1993).

[42] J. Avan, O. Babelon, and M. Talon, Construction of the classical r-matrices for the Toda and Calogero models, Alg. Anal. 6, 67–89 (1994).

[43] E. K. Sklyanin, Dynamical r-matrices for the elliptic Calogero-Moser model, St Petersburg Math. J. 6, 397–405 (1995).

[44] H. W. Braden, A Conjectured R-Matrix, J. Phys. A: Math. Gen. 31, 1733–1741 (1998). [45] C. F. Dunkl, Differential-difference operators associated to reflection groups, Trans. Amer.

Math. Soc. 311, 167–183 (1989).

[46] R. Donagi and E. Witten, Supersymmetric Yang-Mills theory and integrable systems, Nucl.

Phys. B 460, 299–334 (1996).

– 21 –