arXiv:hep-th/0509156 v2 14 Jul 2006

Superalgebras from D-brane actions

D. T. Reimers

School of Physics, The University of Western Australia Crawley, W.A. 6009, Australia

reimers@physics.uwa.edu.au

Abstract

The Noether charge algebras of D-brane actions contain two anomalous terms which modify the standard supertranslation algebra. We use a cocycle approach to derive associated spectra of topological charge algebras. The formalism is applied to (p, q)-strings and the D-membrane. The resulting spectra contain known algebras which allow the construction of extended superspace actions.

1 Introduction

Various types of branes are classified according to the CE (Chevalley-Eilenberg) cohomology [1] of their field strengths. For p-branes, the WZ (Wess-Zumino) term is the pullback of a superspace form defined by its field strength. This field strength is the unique, nontrivial (p + 2)-cocycle of the CE cohomology with the correct dimensionality [2]. A similar classification also occurs for D-branes [3, 4]. The CE nontriviality of these brane field strengths has some interesting consequences.

Firstly, the WZ term is necessarily super-Poincaré invariant only up to a total derivative. As a result, when the topology of the background superspace is nontrivial, the Noether charge algebra can be extended by a topological “anomalous term” [5]. For branes with worldvolume gauge fields, there is a second modification to the algebra that results from the transformation properties of the gauge field [6, 7]. For D-branes, this modification is due to the presence of the BI (Born-Infeld) worldvolume gauge field. Terms of the D-brane Noether charge algebra associated with bosonic topology were explicitly found for the type IIA cases [7]. One must necessarily solve a series of descent equations to find the anomalous terms. Representative solutions to the D-brane descent equations were found, and the associated bosonic topological charges given [8, 9, 10].

There is a construction involving ghost fields which describes the appearance of anomalous terms in Noether charge algebras. In this construction, the anomalous term for the p-brane arises as an element of the second cohomology of a “ghost differential” acting on a loop superspace [11]. The appearance of anomalous terms in the D-brane Noether charge algebra can be described in a similar way [12]. The cohomological descent nature of the equations is manifest in this approach.

Extended superspace formulations have been considered in the case of both p-branes and D-branes. In the case of p-branes it was noted that extended superalgebras exist which allow manifestly super-Poincaré invariant WZ terms to be constructed [13, 14, 3]. Extended superspace actions for (p, q)-strings, D-branes and string-brane systems can also be constructed [15, 16, 3, 4, 17]. In all these cases, one seeks extended supertranslation algebras which trivialize the brane field strengths with respect to CE cohomology. Topological charge algebras of standard actions start to resemble these extended algebras once fermionic topological charges are considered. For example, superspaces which include both bosonic and fermionic topological charges can be candidates for the construction of extended superspace actions [18]. In general, the bosonic topological charges now become noncentral. The explicit construction of fermionic charges was considered in

[19, 17, 20].

Recently, we approached p-brane topological charge algebras from the point of view of a single cocycle associated with the p-brane [21]. The WZ field strength and the anomalous term are described as two different representatives of this cocycle. Due to gauge transformations of the cocycle, the anomalous term is described as a full cohomology class. For the standard superspace action, this class is unique and nontrivial. Due to the gauge freedom, there is a full “spectrum” of topological charge algebras resulting from the anomalous term. Upon retaining the terms associated with fermionic topology, the algebras used in extended superspace formulations of p-branes appear in the spectrum of topological charge algebras of the standard action [21, 22].

In this paper, we generalize this work to the case of D-branes. There are two nontrivial cocycles associated with the D-brane, and each one generates an anomalous term of the Noether charge algebra. The topological charge algebras resulting from these anomalous terms are shown to be extensions of the standard supertranslation algebra by two disjoint, commuting ideals. Explicit representatives of both anomalous terms are found for the (p, q)- strings and the D-membrane. We generalize previous work in this regard by retaining the terms associated with fermionic topology. For the string, gauge freedom is used to generate a spectrum of topological charge algebras which is invariant under type IIB SO(2) rotations. A topological charge algebra for (p, q)-strings is then deduced. For the membrane, the topological charge algebras associated with the NS-NS (Neveu-Schwarz) potential are derived. Although only the string and membrane algebras are explicitly derived, subalgebras associated with the NS-NS potential are common to all type IIB and type IIA D-branes respectively. In both cases, the spectrum of topological charge algebras contains known algebras which allow the construction of extended superspace actions.

The structure of this paper is as follows. In section 2, standard D-brane actions in flat backgrounds are reviewed. Two additional formulations of the action are then presented: a manifestly invariant formulation, and a set of SO(2) dual actions for type IIB backgrounds. In section 3, the cocycle approach is generalized to D-branes. We review the relation between anomalous terms of the Noether charge algebra and the nontrivial cocycles of the D-brane. The single cocycle approach is presented. The resulting topological charge algebras are shown to be extensions of the standard supertranslation algebra by disjoint, commuting ideals. In section 4, the general formalism is first applied to an SO(2) dual set of D-strings. Representatives of the anomalous terms are found, and gauge freedom is then used to generate a spectrum of SO(2) invariant topological charge algebras. A gauge fixed algebra for the (p, q)-strings is then deduced. In section 5, representatives of the anomalous terms of the D-membrane are found. A spectrum of topological charge algebras associated with the NS-NS potential is then derived. In section 6, we comment on the results.

2 D-branes

2.1 Standard actions

For this paper we will work with the standard, flat, background superspaces in d=10. The backgrounds are defined by the chirality of the spinors. Weyl spinors are eigenspinors of the idempotent “chirality matrix:”

Γ_{11} = Γ_0 . . . Γ_9. (1)

Since Γ_{11} is traceless, the eigenvalues are ±1 in equal numbers. Majorana spinors satisfy θ_α = θ^βC_{βα}, where C_{βα} is the antisymmetric charge conjugation matrix. Type IIA superspace consists of a single Majorana spinor (or equivalently, two Majorana-Weyl spinors of opposite chirality). Type IIB superspace consists of two Majorana-Weyl spinors of the same chirality. For type IIB superspace it will be assumed that spinor indices are accompanied by a suppressed index I = (1, 2) which identifies the spinor. The Pauli matrices (σ_i)_{IJ} act upon these indices. Indices on Pauli matrices are raised and lowered with the Kronecker delta, while indices on gamma matrices are raised and lowered from the left by the charge conjugation matrix. Γ^a_{αβ} is assumed to be symmetric. The de Rham differential acts from the right, and wedge product multiplication of forms is understood.

The superalgebra of the supertranslation group is:

{Q_α, Q_β} = Γ^a_{αβ}P_a. (2)

The corresponding group manifold can be parameterized: g(Z) = e^{xaPa} e^{θαQα} (3) Z^A = (x^a, θ^α).

The left vielbein is defined by:

L(Z) = g^{−1}(Z)dg(Z) (4) = dZ^M L_M^A(Z)T_A, where T_A represents the full set of superalgebra generators. Its explicit components are: L^a = dx^a − 1 2 dθΓ^aθ (5) L^α = dθ^α. The right vielbein is defined similarly:

R(Z) = dg(Z)g^{−1}(Z) (6) = dZ^M R_M^A(Z)T_A.

The left action of the supertranslation group on itself is defined by:

g(Z^′) = g(ϵ)g(Z). (7)

This action is generated by operators Q_A (“left generators”). One finds:

δZ^M = ϵ^AQ_AZ^M (8) = ϵ^AR_A^M ,

where R_A^M are the inverse right vielbein components, defined by:

R_A^M R_M^B = δ_A^B. (9)

Explicitly this yields:

Q_αx^m = −^1_2 (Γ^mθ)_α, Q_αθ^μ = δ_α^μ Q_ax^m = δ_a^m, Q_aθ^μ = 0.

Forms that are invariant under a global left action will be called “left invariant.” The left vielbein components are left invariant by construction.

Super-Dirichlet-p-branes (Dp-branes) are κ-symmetric, p + 1 dimensional manifolds (“worldvolumes”) embedded in the background superspace. Dpbranes in type IIA superspace exist only for p even, while those in type IIB superspace exist only for p odd. Actions for D-branes have been developed in both flat and more general backgrounds [23, 24, 25, 26]. We now present the action with the conventions adopted in this paper.

Let the worldvolume be parameterized by coordinates σ^i. The worldvolume metric g_{ij} is defined using the pullbacks of the left vielbein components:

L_i^A = ∂_iZ^M L_M^A (10) g_{ij} = L_i^aL_j^bη_{ab}.

The action consists of two terms:

S = S_{DBI} + S_{W Z} . (11) The DBI (Dirac-Born-Infeld) term is: S_{DBI} = − ∫ d^{p+1}σ √ −det(g_{ij} + F_{ij}). (12) F is a 2-form^1: F = B − dA. (13) A = dσ^iA_i is the BI worldvolume gauge field, which is a 1-form defined only on the worldvolume. The NS-NS potential B is a superspace 2-form defined by: dB = H, (14) where H is the left invariant, NS-NS 3-form field strength. For type IIA superspace, H is: H = 1 2 L^adθΓ_{11}Γ_adθ, (15) while for type IIB: H = − 1 2 L^adθΓ_aσ_3dθ. (16) It is a characteristic feature of super-p-branes of various types that closure of field strengths requires “Fierz identities” for products of gamma matrices. Closure of H requires a “standard” identity [24]. For type IIA superspace this can be written:

Γ^a_{(αβ}(Γ_{11}Γ_a)_{γδ)} = 0, (17) while for type IIB:

Γ^a_{(αβ}(Γ_aσ_3)_{γδ)} = 0. (18) The second term in the action is the WZ term: S_{W Z} = ∫ b. (19)

1It suits us to have dF = H. Hence the difference in sign convention with respect to some prior literature.

It is defined by the formal sum of forms: b = b̆e^F . (20) The form of degree p + 1 is selected from this sum and the integral is then performed over the worldvolume of the brane. In general we will denote the form of a specific degree in a formal sum by a number in brackets. For example:

b̆ = ⊕b̆^{(n)}. (21) The R-R (Ramond) potentials b̆^{(n)} are defined by: R = db̆ + b̆H. (22) The R-R field strengths R^{(n)} are left invariant superspace forms: R^{(n)} = (−1)^pdθS^{(n−2)}dθ, (23) where for type IIA superspace the S^{(n)} are given by: S^{(n)} = 1 2n! L^{a1} . . . L^{an} Γ_{a1...an} Γ_{11}^{[ n2 +1]}, (24) while for type IIB: S^{(n)} = 1 2n! L^{a1} . . . L^{an} Γ_{a1...an} σ_3^{[ n+12 +1]}σ_1. (25) It follows from (22) that the total field strength for the WZ term is the degree p + 2 piece of:

h = db (26) = Re^F . Closure of h is equivalent to some more general Fierz identities. For type IIA superspace these are:

(m − 1)(Γ_{11}^{m2} Γ_{[a1...am−2} )_{(αβ}(Γ_{11}Γ_{am−1 ]})_{γδ)} (27) −Γ^{am}_{(αβ}(Γ_{11}^{m+22} Γ_{a1...am} )_{γδ)} = 0, while for type IIB:

(m − 1)(Γ_{[a1...am−2} σ_3^{m+12} σ_1)_{(αβ}(Γ_{am−1]}σ_3)_{γδ)} (28) +Γ^{am}_{(αβ}(Γ_{a1...am} σ_3^{m+32} σ_1)_{γδ)} = 0.

Most of these can be shown to hold by repeated use of the m = 2 identity [24, 25].

Left invariance of the action requires that the BI gauge field must transform under the left action of the supertranslation group. This transformation is determined by the requirement that the potential F must be left invariant. Since [d, Q_A] = 0, it is required: dQ_AA = Q_AB. (29) From the left invariance of H it follows that:

Q_AB = −dW_A (30)

for some set of 1-forms W_A. Hence:

Q_AA_i = −(W_A)_i (31)

is the required transformation of the BI gauge field [7]. Furthermore, since H is CE nontrivial, there does not exist a potential B such that Q_AB = 0 for all Q_A [3, 4].

2.2 Manifestly left invariant action

The variation of the WZ term of the standard action under the left group action is analogous to (30); from the left invariance of h it follows that the variation of the WZ term is a total derivative: Q_Ab = −dw_A. (32) Since h is CE nontrivial, there does not exist a potential b such that Q_Ab = 0 for all Q_A [3, 4]. As a result, the standard Lagrangian is not manifestly left invariant.

A manifestly left invariant formulation for D-branes which we will not explicitly describe here is the “scale invariant” approach [12]. For the purposes of this paper we find it more convenient to define a simple, manifestly left invariant generalization of the standard action. First introduce an additional worldvolume p-form gauge field: a = dσ^{ip} . . . dσ^{i1} a_{i1...ip} 1 p! (33)

satisfying: Q_Aa_{i1...ip} = −(w_A)_{i1 ...ip} . (34)

One then uses the alternative action: S = − ∫ d^{p+1}σ √ −det(g_{ij} + F_{ij} ) + ∫ f (35) f = b − da. Unlike the components of the BI gauge field, the fields a_{i1...ip} are not physical degrees of freedom since they appear trivially (in a total derivative) in the action.

2.3 Type IIB SO(2) rotations

There are various dualities relating different D-brane actions [27]. If one includes nonvanishing background scalars (dilaton and axion) in the action, the dualities can be explicitly studied. Although this is an indirect issue for the purposes of this paper, in section 4 we will find it useful to consider the rotations of the type IIB D-string action. Classically there is an SL(2, R) duality, but quantum considerations restrict this to SL(2, Z). There is then an SL(2, Z) multiplet of (p, q)-strings [28, 27, 29, 30, 31]. Although the background scalars transform inhomogeneously under SL(2, R), one may consistently set them to zero if one considers only the SO(2) automorphism subgroup. The Pauli matrix σ_2 can be taken as the generator for these automorphisms, and the standard type IIB superspace action corresponds to a particular choice of SO(2) frame [24]. We wish to investigate how these frame rotations affect the results. The automorphisms can be implemented via rotations of the Pauli matrices [25]. However, for studying the properties of the Noether charge algebra it is useful to have an implementation in terms of field transformations instead. Such possibilities were considered in [8]. We take:

x_ϕ = x (36) θ_ϕ = e^{iϕσ2} θ. The worldvolume metric is invariant under these transformations. The worldvolume gauge field A_ϕ is defined as usual by its transformation properties (in particular, the left invariance of F must be preserved). The set of type IIB D-brane actions S_ϕ with a free angular parameter ϕ is then:

S_ϕ[Z, A] = S[Z_ϕ, A_ϕ]. (37)

3 D-brane cohomology

Using cohomological methods to investigate the anomalous terms of the Noether charge algebra gives insight into their geometrical origin. A constant ghost partner e^A is introduced for each superspace coordinate. A “generalized” (m, n)-form Y is then written: Y = e^{Bn} . . . e^{B1} L^{Am} . . . L^{A1} Y_{A1 ...Am,B1...Bn} 1 m!n! . (38)

The space of (m, n)-forms will be denoted Ω^{m,n}, and the collection of such spaces Ω^{∗,∗}. Because D-branes have worldvolume forms that cannot be defined on the background superspace, the space Ω^{m,n} will consist of worldvolume forms. Where a superspace form is used in the construction, the pullback of that form to the worldvolume is implied. A ghost differential s introduced in [11] can be defined by the properties:

• s is a right derivation. That is, if X and Y are generalized forms and n is the ghost degree of Y then:

s(XY ) = Xs(Y ) + (−1)^ns(X)Y. (39)

• If X has ghost degree zero then: sX = e^AQ_AX. (40) • se^A = 1 2 e^C e^Bt_{BC}^A, (41)

where t_{BC}^A are the structure constants of the supertranslation algebra.

The operators s and d commute. However, for {s, d, Ω^{∗,∗}} to define a double complex we must show that s is nilpotent (i.e. s^2 = 0). In the case of pbranes where everything is defined on the background superspace, this turns out to be identically true. For D-branes, the transformation properties of the BI gauge field (which is not part of the background) complicate the issue. Nilpotency of s does not hold for an action on arbitrary fields (for example s^2A ≠ 0). However, the BI gauge field appears in the action only through the potential F . One of the defining properties of F is its left invariance, which may be written [12]:

sF = 0. (42)

It follows that s is nilpotent (and defines a double complex) when we restrict the BI gauge field to appear in Ω^{∗,∗} only through F .

The total differential D is [21]:

D = s + (−1)^{n+1}d (43) D^2 = 0.

Generalized l-forms are defined on an associated single complex Ω^∗_D, which is the anti-diagonal of the double complex:

Ω^l_D = {⊕Ω^{m,n} : m + n = l}. (44)

The l-th cohomology of D is:

H^l_D = Z^l_D /B^l_D, (45)

where Z^l_D are the D cocycles, and B^l_D are the D coboundaries. The restriction of H^l_D to representatives within Ω^{m,l−m} will be denoted H^{m,l−m}. The D cocycle of the p-brane is associated with the CE nontrivial (p+2)-form field strength of the WZ term. The D-brane has two such field strengths: the NS-NS 3-form H and the WZ (p + 2)-form h. As a result, there are two separate D cocycles associated with the D-brane: the “NS-NS cocycle” and the “WZ cocycle”.

First consider the NS-NS field strength H = dB. This is a nontrivial element of the CE cohomology in both the IIA and IIB cases [3, 4]. The D cocycle associated with H exists in the “NS-NS double complex.” All elements of this complex are required to be Lorentz invariant, generalized forms of dimension two. The commuting nature of the operators leads to the descent equations [12]:

H = dB (46) sB = −dW sW = dN, which are graphically depicted in the “tic-tac-toe box” [32] of figure 1. The different representatives of the NS-NS cocycle are found on the LHS of these equations. Just as in the p-brane case, there is gauge freedom for the cocycle [21]. The gauge fields for the NS-NS cocycle that are of interest to us are Ψ ∈ Ω^{1,0} and Λ ∈ Ω^{0,1}. The corresponding transformations can be summarized as: Δ(B ⊕ W ⊕ N) = D(Ψ ⊕ Λ). (47)

3 dB 2 B ♦ ↑ 1 W ♦ d 0 N sN 0 1 2 3 s → Figure 1: Descending sequence for the NS-NS field strength

Explicitly this gives:

ΔB = −dΨ (48) ΔW = sΨ + dΛ ΔN = sΛ. Gauge transformations of the BI gauge field follow from those of the cocycle potentials. We now derive these transformations. The left transformation (31) of A can be written [12]: sA = −W. (49) However, due to the gauge transformations (48), the potential W is not unique. Equation (49) then implies that the BI gauge field must transform under Ψ and Λ. Firstly, the left invariant potential F should be gauge invariant in order to preserve the symmetries of the action. By requiring invariance of F under Ψ it follows that the general form for the gauge transformations of A is:

ΔA = −Ψ − dΥ. (50)

However, invariance of F under Λ means that the gauge fields Υ and Λ are not independent; they must be related by:

sΥ = Λ. (51)

In general this has no solution if Υ is a scalar on the background superspace. Therefore Υ must be a worldvolume scalar. Note that this is analogous to the interpretation of the BI gauge field. The equation (49) has no solution if A is defined as a superspace form (the nontriviality of H prevents such a solution); therefore A must be a new degree of freedom defined on the worldvolume.

The algebra of conserved charges of the D-brane action contains an anomalous term due to the transformation properties of the BI gauge field [6, 7]. Let (P_M , P^i) denote the momenta conjugate to (Z^M , A_i). The minimal charges of the action are:

Q_A = ∫ d^pσ [ Q_AZ^M P_M + Q_AA_iP^i ] (52) = ∫ d^pσ [ R_A^M P_M − (W_A)_iP^i ] , where the integral is over the spatial section of the worldvolume. Introduce the fundamental (graded) Poisson brackets for the phase space^2: [ P_M (σ), Z^N (σ^′) } = δ_M^N δ(−→σ − −→σ^′) (53) [ P^i(σ), A_j(σ^′) } = δ^i_j δ(−→σ − −→σ^′), where it is assumed σ^{′0} = σ^0 (i.e. equal time brackets). The Dirac delta function notation is shorthand for the product of the p delta functions associated with the spatial coordinates of the worldvolume. Let us denote the H^{1,2} cocycle representative by: M = sW. (54) One then obtains the “minimal algebra” under Poisson bracket [7]: [ Q_A, Q_B } = −t_{AB}^C Q_C − ∫ d^pσ(M_{AB})_iP^i. (55)

For convenience we define a “hat map” for elements Y ∈ Ω^{1,n} of the NS-NS double complex: Ŷ = − ∫ d^pσY_iP^i, (56)

so that the algebra (55) is: [ Q_A, Q_B } = −t_{AB}^C Q_C + M̂_{AB} . (57)

The minimal algebra is therefore already a modification by M̂_{AB} of the standard supertranslation algebra due to the presence of the BI gauge field. This

2Different types of bracket operation are used in this paper. We will not explicitly indicate the type since this should be clear within context.

modification will be referred to as the “NS-NS anomalous term” (since it descends from the NS-NS field strength H).

The BI gauge field appears in the action only through its field strength. This leads to constraints on the conjugate momenta P^i [7]. Firstly, since ∂L ∂(∂_0A_0 ) = 0, there is the primary constraint:

P^0 = 0. (58)

Denote the spatial worldvolume coordinates by σ^I . The Euler-Lagrange equation for A_0 then yields the secondary “Gauss law” constraint:

∂_I P^I = 0. (59)

Now applying these constraints, and using M = dN, gives: M̂_{AB} = − ∫ d^pσ∂_I (N_{AB}P^I ). (60)

The NS-NS anomalous term therefore consists of topological integrals, just as the p-brane anomalous term does. Note that once the constraints are imposed, the minimal charges lose their status as generators of the left group action. Therefore, the constraints should be applied only after the topological charge algebra has been evaluated.

Just as in the case of the p-brane, the minimal charges (52) are generally non-conserved, and this is due to quasi-invariance of the WZ term [5, 7]. The second modification to the Noether charge algebra derives from the WZ field strength. The first three descent equations for the fields of the “WZ double complex” are:

h = db (61) sb = −dw sw = dn. The sequence ends with the potential r ∈ Ω^{0,p+1}, and the associated cocycle representative sr ∈ H^{0,p+2}. This has been depicted in the tic-tac-toe box of figure 2. The exponential e^F in the WZ term is preserved by the operators d and s. All fields of the sequence are therefore formal sums containing this factor. Defining:

w = w̆e^F , (62)

the descent equation sb = −dw is then equivalent to [12]: sb̆ = −w̆H − dw̆. (63)

p + 2 db · b ♦ · w ♦ · n · · · · ↑ · · ♦ d 0 r sr 0 · · · · · · p + 2 s → Figure 2: Descending sequence for the WZ field strength

The H^{p,2} cocycle representative is then:

m = m̆e^F (64) = sw̆e^F . This leads to the algebra of conserved charges as follows. The variation of the WZ term is a total derivative:

Q_AL_{W Z} = −∂_iw_A^i, (65)

where

w_A^i = 1 p! ϵ̃^{ip...i1 i}w_{i1...ip ,A}. (66) The conserved currents associated with this quasi-invariance are then: −→ Q_A^i = Q_AZ^M ∂L ∂(∂_iZ^M ) + Q_AA_j ∂L ∂(∂_iA_j )

+ w_A^i (67) ∂_i −→ Q_A^i = 0.

Let the spatial section of the worldvolume be a closed manifold embedded in superspace by the map Φ. For convenience we define a “bar map” by its action on (p, n)-forms Y :

Y = (−1)^p ∫ Φ^∗Y. (68)

The conserved charges of the currents (67) are then “modified Noether charges:”

~Q_A = Q_A + w_A. (69)

The ~Q_A obey a modified version of the minimal algebra [7]: [ ~Q_A, ~Q_B } = −t_{AB}^C ~Q_C + M̂_{AB} + m_{AB} , (70)

with m_{AB} = [ Q_A, w_B } + [ w_A, Q_B } + t_{AB}^C w_C . (71)

We refer to m as the “WZ anomalous term” (since it descends from the WZ field strength h). Just as in the p-brane case, the components m_{AB} are topological integrals since m = dn is a closed form.

Let us investigate what happens if we use the manifestly left invariant action (35) instead of the standard one. In this case there will be no contribution to the topological charge algebra from quasi-invariance of the WZ term. However, the mechanism outlined for the BI gauge field contribution also applies to the p-form gauge field [7, 12]. Since the worldvolume is p + 1 dimensional, before constraints are taken into account, the p-form gauge field has p + 1 independent components. We will conveniently take^3:

a^i = 1 p! ~ϵ^{ip...i1i}a_{i1...ip} (72) as the independent components. The left transformation of a^i follows from (34) and (66):

Q_Aa^i = −w_A^i. (73)

Define the momenta conjugate to a^i:

p_i = ∂ ∂(∂_0a^i)

L. (74)

The conserved charges are then the Noether charges:

Q_A = ∫ d^pσ[Q_AZ^M P_M + Q_AA_iP^i + Q_Aa^ip_i] (75) = ∫ d^pσ[R_A^M P_M − (W_A)_iP^i − w_A^ip_i].

3Note this is the same “Hodge dual like” map used in (66).

This yields the Noether charge algebra: [ Q_A, Q_B } = −t_{AB}^C Q_C − ∫ d^pσ [ (M_{AB} )_iP^i + m_{AB}^ip_i ] , (76)

with m_{AB}^i defined in the same way as (66), (72). These charges are once again topological in nature as a result of constraints for the momenta conjugate to the p-form gauge field. These constraints, which arise in the same way as those for the BI gauge field, are found to be:

∂_I p_0 = 0 (77) p_I = 0.

In fact, since the p-form gauge field enters the action (35) trivially, we can simply evaluate the momenta to obtain:

p_0 = −1 (78) p_I = 0.

Using this in (76), we then recover exactly the topological charge algebra (70) of the standard action, but with ~Q_A replaced by Q_A. That is, the conserved charges are now strict Noether charges instead of “modified” ones. Thus, whether one uses the standard action (11) or the manifestly invariant one (35), the algebra of conserved charges is the same. This is essentially the result suggested in [12] for the scale invariant formulation, although with a minor difference. In the scale invariant formulation, the p-form momenta p_0 is not fixed to a specific value as in (78), so it becomes a constant multiplying the associated anomalous term. The same observations also clearly apply to the analogous formulations of ordinary p-brane actions.

For p-branes, the topological charge algebras can be analyzed in terms of operators and forms based in the double complex [21]. The anomalous term is thus seen to generate an extension of the background superalgebra by an ideal. We now show that this procedure also applies to the anomalous terms of the D-brane Noether charge algebra. For the WZ anomalous term (64), the only difference from the case of the p-brane is the presence of factors of F . However, since F is left invariant, only the variations of m̆ contribute to the algebra. For the NS-NS anomalous term, the additional feature is the presence of the momenta P^i conjugate to the components of the BI gauge field. At first this seems to complicate matters since both the conserved charges ~Q_A and the WZ anomalous term m have dependence upon A_i. This could in principle generate “cross terms” that do not arise in the case of the p-brane (because there are no momenta in the p-brane anomalous term).

However, it turns out that these cross terms vanish. Firstly, A_i appears only through its field strength, in products of:

F_{ij} = B_{ij} − 2∂_{[i}A_{j]}. (79)

Using the bracket:

[F_{ij}(σ), P^k(σ^′)] = −2δ_{[i}^k∂_{j]}δ(σ − σ^′), (80)

one then finds:

[F_{ij}(σ), M̂_{AB}] = −2∂_{[i}∂_{j]}N_{AB} (σ) (81) = 0.

If M_{AB} is split into closed forms representing superalgebra generators, the same calculation also holds for each generator. We thus have:

[m_{AB} , M̂_{CD}} = 0. (82)

It also follows that the action of the conserved charges on the anomalous terms is equivalent to the action of the minimal charges: [ ~Q_A, M̂_{CD} } = [ Q_A, M̂_{CD} } (83) [ ~Q_A, m_{CD} } = [ Q_A, m_{CD} } . The result is that we may use the double complex to find the topological charge algebra. Define the “modified left generators:” ~Q_A = Q_A + w_A. (84)

We assign to Q_A the minimal algebra:

[Q_A, Q_B} = −t_{AB}^C Q_C + M_{AB} . (85)

One then finds that the algebra generated by ~Q_A and {M_{AB} , m_{AB}} (taking forms to commute with forms) is the same as that generated by ~Q_A and {M̂_{AB} , m_{AB}} under Poisson brackets. We may thus find the topological charge algebra by using the forms which represent the two anomalous terms. It also allows the spectrum of algebras resulting from each anomalous term to be considered in isolation. We summarize with:

Theorem 1 (extension) The anomalous terms of the D-brane Noether charge algebra define extensions of the standard supertranslation algebra by two disjoint ideals. The first derives from the cohomology class [M] ∈ H^{1,2} of representatives for the NS-NS cocycle, the second from the class [m] ∈ H^{p,2} of representatives for the WZ cocycle. The generators of both ideals commute amongst themselves and with each other.

4 Application to (p, q)-strings

4.1 D-strings

Let us investigate a combination of the manifestly left invariant action (35) and the rotated action (37). The SO(2) rotated fields are given by^4:

x_ϕ^a = x^a (86) θ_ϕ^{αI} = (e^{iϕσ2} )^I_J θ^{αJ} e_ϕ^a = e^a e_ϕ^{αI} = (e^{iϕσ2} )^I_J e^{αJ} [ A_ϕ a_ϕ ] = [ cos(2ϕ) − sin(2ϕ) sin(2ϕ) cos(2ϕ) ] [ A a ] . The string case is special in that the field strengths (H, h) transform as an SO(2) vector doublet. The potentials and worldvolume gauge fields of the double complex will be chosen such that they respect this transformation property. That is, only solutions to the descent equations which transform as vector doublets under (86) will be considered. The defining properties of the relevant doublets are: • (B, b): dB = H (87) = 1 2 L^adθΓ_aσ_1dθ db = h = 1 2 L^adθΓ_aσ_3dθ. • (W, w): sB = −dW (88) sb = −dw. • (A, a): sA = −W (89) sa = −w. 4Note that e_ϕ^{αI} are chiral ghost fields while (e^{iϕσ2} )^I_J is an exponential.

Define left invariant potentials in the usual way: F = B − dA (90) f = b − da. The set of SO(2) dual actions is then given by (37) with: S = − ∫ d^2σ √ −det(g_{ij} + F_{ij} ) + ∫ f, (91)

which differs from that of [8] by the inclusion of the p-form gauge field and the gauge field rotations. Because of the equivalence of the NS-NS and R-R sectors, all strings in the orbit are viewed as being of the same generalized type. In fact, up to a normalization constant, the actions S_0 and S^π_4 describe the (1, q) and (p, 1) elements of the (p, q)-strings that are related through the SL(2, Z) duality^5 [28, 27, 29, 30, 31].

Construction of the anomalous term follows along the lines of (76), except that no “Hodge dual like” fields are required since both worldvolume gauge fields are 1-forms. After constraints are imposed, their conjugate momenta are constants. Define (P^i, p^i) as the doublet of momenta conjugate to (A_i, a_i) respectively. For convenience we define “hat” and “check” maps by their action on (1, n)-forms Y, y: Ŷ = − ∫ dσ^1Y_iP^i (92) y̌ = − ∫ dσ^1y_ip^i. Since the cocycle potentials (W, w) form an SO(2) doublet, and the momenta (P^i, p^i) transform contragradiently, the Noether charges are SO(2) invariant:

Q_A = ∫ dσ^1(R_A^M P_M ) + Ŵ_A + w̌_A. (93)

Since the Lagrangian is manifestly left invariant, the fully modified charge algebra is then the algebra of Noether charges:

[Q_A, Q_B} = −t_{AB}^C Q_C + M̂_{AB} + m̌_{AB}, (94)

which is also SO(2) invariant.

Let us now solve the descent equations to find the anomalous term representatives. Solutions can be obtained by taking linear combinations of all

5The “fundamental” string used here has a DBI kinetic term rather than Nambu-Goto. All actions in the SO(2) orbit of the action (91) are D-strings in a generalized sense.

possible terms, and then equating coefficients in the equation. One requires the string Fierz identities:

Γ_{a(αβ} Γ^aσ_{1γδ)} = 0 (95) Γ_{a(αβ} Γ^aσ_{3γδ)} = 0.

The first two equations dB = H and db = h are found to be solved by: B = 1 2 [ dx^a − 1 4 dθΓ^aθ ] dθΓ_aσ_1θ (96) b = 1 2 [ dx^a − 1 4 dθΓ^aθ ] dθΓ_aσ_3θ. The next descent equations sB = −dW and sb = −dw then have the solutions: W = − 1 2 dx^aθΓ_aσ_1e + 1 24 dθΓ^aθθΓ_aσ_1e + 1 24 θΓ^aedθΓ_aσ_1θ (97) w = − 1 2 dx^aθΓ_aσ_3e + 1 24 dθΓ^aθθΓ_aσ_3e + 1 24 θΓ^aedθΓ_aσ_3θ, where e refers to the e^α ghosts. We comment that solutions b and w for type IIB D-branes with higher values of p could be deduced from [9]. We now obtain the anomalous term representatives M = sW and m = sw: M = 1 2 dx^aeΓ_aσ_1e + 1 8 d [ eΓ^aθeΓ_aσ_1θ ] (98) m = 1 2 dx^aeΓ_aσ_3e + 1 8 d [ eΓ^aθeΓ_aσ_3θ ] . Let us now calculate the extended algebras resulting from these representatives. First we need to identify the gauge transformations. These are generated by Lorentz invariant fields in Ω^{0,1} of dimension two. Define some “rotated Pauli matrices” as^6:

σ^φ_1 = cos (2φ)σ_1 − sin (2φ)σ_3 (99) σ^φ_3 = sin (2φ)σ_1 + cos (2φ)σ_3.

By requiring the gauge fields to form a vector doublet (Λ, λ):

Λ = −Ex^aeΓ_aσ^φ_1 θ (100) λ = −Ex^aeΓ_aσ^φ_3 θ, 6The angle φ is unrelated to ϕ used to rotate the action.

the anomalous term remains SO(2) invariant. E and φ are free constants which become polar coordinates for the equivalence class of the anomalous term. The gauge transformations generated by (100) are:

ΔM = sdΛ (101) = −Edx^aeΓ_aσ^φ_1 e − 1 2 Ed [ eΓ^aθeΓ_aσ^φ_1 θ ] + Ee^aeΓ_aσ^φ_1 dθ Δm = sdλ = −Edx^aeΓ_aσ^φ_3 e − 1 2 Ed [ eΓ^aθeΓ_aσ^φ_3 θ ] + Ee^aeΓ_aσ^φ_3 dθ. The equivalence classes [M] and [m] are obtained by applying these transformations to the representatives from (98). This gives:

[M]_{αβ} = (1 − 2E)dx^a(Γ_aσ^φ_1 )_{αβ} + [ E − 1 4 ] d [ (Γ^aθ)_{(α}(Γ_aσ^φ_1 θ)_{β)} ] (102)

[M]_{aβ} = −E(Γ_aσ^φ_1 dθ)_β

[m]_{αβ} = (1 − 2E)dx^a(Γ_aσ^φ_3 )_{αβ} + [ E − 1 4 ] d [ (Γ^aθ)_{(α}(Γ_aσ^φ_3 θ)_{β)} ] [m]_{aβ} = −E(Γ_aσ^φ_3 dθ)_β .

One then notes that extended superalgebras are generated from [M] and [m] if the following new generators are defined:

Σ^a = −2dx^a (103) Σ^α = −dθ^α Σ^φ_{1 αβ} = −d [ (Γ^aθ)_{(α}(Γ_aσ^φ_1 θ)_{β)} ]

Σ^φ_{3 αβ} = −d [ (Γ^aθ)_{(α}(Γ_aσ^φ_3 θ)_{β)} ] . The resulting spectrum of topological charge algebras is then: { Q_α, Q_β } = −Γ^a_{αβ}P_a + [ E − 1 2 ][ (Γ_aσ^φ_1 )_{αβ}Σ̂^a + (Γ_aσ^φ_3 )_{αβ}Σ̌^a ] (104) − [ E − 1 4 ][ Σ̂^φ_{1 αβ} + Σ̌^φ_{3 αβ} ] [ Q_α, P_b ] = −E [ (Γ_bσ^φ_1 )_{αβ}Σ̂^β + (Γ_bσ^φ_3 )_{αβ}Σ̌^β ] [ Q_α, Σ̂^b ] = −Γ^b_{αβ}Σ̂^β [ Q_α, Σ̌^b ] = −Γ^b_{αβ}Σ̌^β [ Q_α, Σ̂^φ_{1 βγ} ] = [ Γ^a_{α(β}(Γ_aσ^φ_1 )_{γ)δ} − Γ^a_{δ(β}(Γ_aσ^φ_1 )_{γ)α} ] Σ̂^δ [ Q_α, Σ̌^φ_{3 βγ} ] = [ Γ^a_{α(β}(Γ_aσ^φ_3 )_{γ)δ} − Γ^a_{δ(β}(Γ_aσ^φ_3 )_{γ)α} ] Σ̌^δ.

The Jacobi identity for the algebra is satisfied due to properties of the cocycle [21]. Indeed, one verifies that the only nontrivial Jacobi identity is given by:

[Q_α, {Q_β , Q_γ }] + cycles = 3 2 [ Γ^b_{(αβ}(Γ_bσ^φ_1 )_{γδ)}Σ̂^δ (105)

+Γ^b_{(αβ}(Γ_bσ^φ_3 )_{γδ)}Σ̌^δ ] , which vanishes by the Fierz identities.

Only half the fermionic coordinates of the action are physical degrees of freedom due to the presence of κ-symmetry. A simple condition one can use to fix κ-symmetry is θ_1 = 0 [24]. In this case H vanishes. It is then simplest to fix the associated potential B and worldvolume gauge field A to be vanishing as well. For simplicity, we will then consider only the “unbroken” supersymmetries (those preserving θ_1 = 0 without the need for gauge transformations). Under these conditions, the Σ_{αβ} charges vanish, as do all hatted fields and Σ̌^{α1}. The free angular parameter ϕ can then be scaled away into Σ̌^a and Σ̌^{α2}, and the spectrum reduces to: { Q_{α2}, Q_{β2} } = −Γ^a_{αβ} P_a + [ E − 1 2 ] Γ_{aαβ}Σ̌^a (106) [ Q_{α2}, P_b ] = −EΓ_{bαβ}Σ̌^{β2} [ Q_{α2}, Σ̌^b ] = −Γ^b_{αβ}Σ̌^{β2}.

Due to the gauge condition θ_1 = 0 there is no further equivalence class freedom, so this spectrum is in its most general form. Upon rescaling, it is equivalent to the topological charge algebra derived in [21] of the Green- Schwarz superstring action. This is not surprising since, with the gauge fixing conditions, the φ = 0 action (91) becomes equivalent to the standard Green- Schwarz superstring action [33]. The only difference is the presence of the p-form gauge field in the WZ term, but as in (76) this gauge field has no effect upon the topological charge algebra. The SO(2) rotation φ now interpolates between Green-Schwarz and Born-Infeld forms of the action, and this also has no effect upon the charge algebra. The effect that nonlinearly realized supersymmetries of the gauge fixed action have upon the charge algebra is a more complicated problem that we will not address here.

4.2 (p, q)-strings

To describe (p, q)-strings, the action (91) needs modification in order to obtain the required expression for the tension [28]. We will not explicitly give the required action here (see [30, 31] for a “duality covariant” formulation). Instead, let us simply note the following properties of the action for a (J, j)- string:

• The action is manifestly left invariant, and is constructed from the left invariant potentials (F, f).

• After constraints are imposed, the momenta (P^i, p^i) conjugate to (A_i, a_i) are:

(P^0, p^0) = (0, 0) (107) (P^1, p^1) = (J, j),

where (J, j) are two integers.

This is sufficient information for us to give a topological charge algebra for the (J, j)-string. The descent equations once again lead to the representatives (98) for the anomalous terms (M, m). The simplest gauge for the resulting algebra is obtained by setting (E, φ) = (^1_4 , 0) in (104). In this case one can remove Σ^φ_{1 αβ} and Σ^φ_{3 αβ} from the algebra since they do not appear in the anomalous term. Now impose the constraints (107), and factor out the constant momenta from the integrals (92). The algebra is then: { Q_α, Q_β } = −Γ^a_{αβ}P_a − 1 4 [ J(Γ_aσ_1)_{αβ}Σ^a + j(Γ_aσ_3)_{αβ}Σ^{′a} ] (108) [ Q_α, P_b ] = − 1 4 [ J(Γ_bσ_1)_{αβ}Σ^β + j(Γ_bσ_3)_{αβ}Σ^{′β} ] [ Q_α, Σ^b ] = −Γ^b_{αβ}Σ^β [ Q_α, Σ^{′b} ] = −Γ^b_{αβ}Σ^{′β}. In the above, we have kept the charges:

Σ^a = Σ^{′a} = 2 ∫ dσ^1∂_1x^a (109)

Σ^α = Σ^{′α} = ∫ dσ^1∂_1θ^α

distinct, since the general construction allows this. The Jacobi identity: [ Q_α, {Q_β , Q_γ } ] + cycles = 3 2 [ JΓ^b_{(αβ}(Γ_bσ_1)_{γδ)}Σ^δ (110)

+jΓ^b_{(αβ}(Γ_bσ_3)_{γδ)}Σ^{′δ} ] vanishes by the Fierz identities.

These algebras have seen use in the construction of extended superspace actions. The cases (J, j) = (0, 1) and (J, j) = (1, 0) correspond to algebras used in [15, 4], while (J, j) = (1, 1) corresponds to an algebra used in [16]. These algebras can be used to construct left invariant potentials F and f on the associated extended superspaces. This allows extended superspace actions for strings and type IIB D-branes to be constructed. In [21, 22], the spectrum of topological charge algebras of standard p-brane actions were shown to contain the known algebras that allow the construction of left invariant WZ forms. The appearance of known algebras associated with Dbranes in (108) generalizes this result. We may observe quite generally that the topological charge algebras generated by a brane cocycle appear to be those which trivialize that cocycle. As a result, these algebras then allow the construction of extended superspace actions.

Note that fermionic winding charges are formally retained and used to close the algebra. The interpretation of fermionic generators as topological charges was considered in [18]. Such charges are generated, for example, by open strings with different values for fermionic coordinates at the endpoints [19], or by strings bridging a brane-antibrane system [17]. Motivation is provided by the fact that fermionic brane charges are necessary in certain backgrounds to ensure quantum consistency with Jacobi identities [20]. In flat backgrounds, the fermionic topological charges have usually been taken to vanish due to the trivial topology associated with fermionic coordinates [34]. In that case, the bosonic charges become “central” and the entire algebra (108) reduces to: { Q_α, Q_β } = −Γ^a_{αβ}P_a − 1 4 [ J(Γ_aσ_1)_{αβ}Σ^a + j(Γ_aσ_3)_{αβ}Σ^{′a} ] . (111)

This type of algebra can be related to partial breaking of rigid supersymmetry [35] via the consideration of particular extended geometries of the brane [6, 36].

Since Σ^A and Σ^{′A} are physically the same charges, a reduced form of the algebra (108) can be written where these generators are identified. This is: { Q_α, Q_β } = −Γ^a_{αβ}P_a − 1 4 [ J(Γ_aσ_1)_{αβ} + j(Γ_aσ_3)_{αβ} ] Σ^a (112) [ Q_α, P_b ] = − 1 4 [ J(Γ_bσ_1)_{αβ} + j(Γ_bσ_3)_{αβ} ] Σ^β [ Q_α, Σ^b ] = −Γ^b_{αβ}Σ^β .

Whilst the momenta (J, j) can be viewed as scale factors in (108), this is no longer the case in (112). The Jacobi identity: [ Q_α, {Q_β, Q_γ } ] + cycles = 3 2 [ JΓ^b_{(αβ}(Γ_bσ_1)_{γδ)} (113)

+jΓ^b_{(αβ}(Γ_bσ_3)_{γδ)} ] Σ^δ

again vanishes.

5 Application to the D-membrane

Let us solve the descent equations for the D2-brane in order to find representatives for the two anomalous terms of the Noether charge algebra. The Fierz identities for the membrane are required:

Γ^a_{(αβ}(Γ_{11}Γ_a)_{γδ)} = 0 (114) Γ_{11(αβ}(Γ_{11}Γ_a)_{γδ)} − Γ^b_{(αβ}Γ_{abγδ)} = 0.

We begin with the NS-NS sequence. The solution for B is found to be: B = 1 2 [ dx^a − 1 4 dθΓ^aθ ] dθΓ_{11}Γ_aθ. (115)

The equation sB = −dW is then solved by^7: W = − 1 2 dx^aθΓ_{11}Γ_ae + 1 24 dθΓ^aθθΓ_{11}Γ_ae + 1 24 θΓ^aedθΓ_{11}Γ_aθ. (116)

This yields the representative M = sW for the NS-NS anomalous term: M = 1 2 dx^aeΓ_{11}Γ_ae + 1 8 d [ eΓ^aθeΓ_{11}Γ_aθ ] . (117)

We now turn to the WZ cocycle. One might deduce representatives for b and w for type IIA D-branes from [10], however to illustrate the procedure we will find these quantities for the D2-brane. The equation for b̆^{(1)} that follows from (22) is:

db̆^{(1)} = R^{(2)}, (118)

which is easily solved by:

b̆^{(1)} = 1 2 dθΓ_{11}θ. (119)

7An analogous solution (without ghost fields) appears in [7].

The equation for b̆^{(3)} is then:

db̆^{(3)} = R^{(4)} − b̆^{(1)}H. (120) This is solved by:

b̆^{(3)} = 1 4 dx^adx^bdθΓ_{ab}θ (121) +dx^a [ − 1 8 dθΓ^bθdθΓ_{ab}θ + 1 8 dθΓ_{11}θdθΓ_{11}Γ_aθ ]

+dθΓ^aθ [ 1 48 dθΓ^bθdθΓ_{ab}θ − 1 24 dθΓ_{11}θdθΓ_{11}Γ_aθ ] . From (63) we determine the equation for w̆^{(0)}: dw̆^{(0)} = −sb̆^{(1)}, (122) which is easily solved by: w̆^{(0)} = − 1 2 θΓ_{11}e. (123) The equation for w̆^{(2)} is then:

dw̆^{(2)} = −sb̆^{(3)} − w̆^{(0)}H. (124) This is solved by:

w̆^{(2)} = − 1 4 dx^adx^bθΓ_{ab}e (125) + 1 24 dx^a [ θΓ^bedθΓ_{ab}θ + dθΓ^bθθΓ_{ab}e + 5θΓ_{11}edθΓ_{11}Γ_aθ −dθΓ_{11}θθΓ_{11}Γ_ae ]

+ 1 240 [ − dθΓ^aθdθΓ^bθθΓ_{ab}e + θΓ^aedθΓ^bθdθΓ_{ab}θ +2dθΓ^aθdθΓ_{11}θθΓ_{11}Γ_ae − 14dθΓ^aθθΓ_{11}edθΓ_{11}Γ_aθ −θΓ^aedθΓ_{11}θdθΓ_{11}Γ_aθ ] . We then finally obtain the forms:

m̆^{(0)} = 1 2 eΓ_{11}e (126) m̆^{(2)} = − 1 4 dx^adx^beΓ_{ab}e

+dx^a [ 1 24 θΓ^bedθΓ_{ab}e − 1 24 eΓ^bedθΓ_{ab}θ − 1 24 dθΓ^bθeΓ_{ab}e − 7 24 dθΓ^beθΓ_{ab}e + 5 24 θΓ_{11}edθΓ_{11}Γ_ae − 5 24 eΓ_{11}edθΓ_{11}Γ_aθ + 1 24 dθΓ_{11}θeΓ_{11}Γ_ae + 1 24 dθΓ_{11}eθΓ_{11}Γ_ae ]

+ 1 240 dθΓ^aθdθΓ^bθeΓ_{ab}e − 1 80 dθΓ^aθdθΓ^beθΓ_{ab}e + 1 240 θΓ^aedθΓ^bθdθΓ_{ab}e − 1 60 θΓ^aedθΓ^bedθΓ_{ab}θ − 1 240 eΓ^aedθΓ^bθdθΓ_{ab}θ − 1 120 dθΓ^aθdθΓ_{11}θeΓ_{11}Γ_ae − 1 120 dθΓ^aθdθΓ_{11}eθΓ_{11}Γ_ae + 1 80 dθΓ^aedθΓ_{11}θθΓ_{11}Γ_ae − 7 120 dθΓ^aθθΓ_{11}edθΓ_{11}Γ_ae + 7 120 dθΓ^aθeΓ_{11}edθΓ_{11}Γ_aθ − 11 240 dθΓ^aeθΓ_{11}edθΓ_{11}Γ_aθ − 1 240 θΓ^aedθΓ_{11}θdθΓ_{11}Γ_ae − 1 240 θΓ^aedθΓ_{11}edθΓ_{11}Γ_aθ + 1 240 eΓ^aedθΓ_{11}θdθΓ_{11}Γ_aθ.

The corresponding representative of the WZ anomalous term is given by m, where:

m = m̆^{(0)}F + m̆^{(2)}. (127)

The first term contains a topological integral of the field strength of the BI gauge field, while the first term of m̆^{(2)} is a familiar bosonic term: dx^adx^beΓ_{ab}e (128) that also exists in the case of ordinary p-branes [5]. These two terms, plus the first term of (117), generate the three central extensions of the standard supertranslation algebra that are associated with bosonic topology [7]. The remaining terms are the ones associated with fermionic topology which generalize the solutions of [7, 10]. Since the number of fermionic terms is quite large, we will not explicitly calculate the spectrum of algebras associated with the WZ anomalous term (127) in this work.

Let us now calculate the extended algebras resulting from the NS-NS anomalous term. Two Lorentz invariant Λ gauge fields with the correct dimensionality are:

Λ_1 = −x^aeΓ_aθ (129) Λ_2 = −x^aeΓ_{11}Γ_aθ.

A third possibility:

Λ_3 = −2e^ax^bη_{ab} (130)

is equivalent to Λ_1 since sdΛ_3 = sdΛ_1. Some other possibilities that we will not use here are given in appendix A.1. The gauge transformations generated are:

Δ_1M = sdΛ_1 (131) = −dx^aeΓ_ae + e^aeΓ_adθ Δ_2M = sdΛ_2

= −dx^aeΓ_{11}Γ_ae − 1 2 d [ eΓ^aθeΓ_{11}Γ_aθ ] + e^aeΓ_{11}Γ_adθ.

The full class [M] for the anomalous term is then obtained by applying these transformations to the representative (117):

[M] = M + E_1Δ_1M + E_2Δ_2M, (132)

where E_1 and E_2 are free constants which parameterize the class. This gives:

[M]_{αβ} = (1 − 2E_2)dx^a(Γ_{11}Γ_a)_{αβ} − 2E_1dx^aΓ_{aαβ} (133) + [ E_2 − 1 4 ] d [ (Γ^aθ)_{(α}(Γ_{11}Γ_aθ)_{β)} ] [M]_{aβ} = −E_1(Γ_adθ)_β − E_2(Γ_{11}Γ_adθ)_β .

One then notes that [M] generates a spectrum of extended superalgebras if three new generators are defined^8:

Σ^a = −2dx^a (134) Σ^α = −dθ^α Σ_{αβ} = −d [ (Γ^aθ)_{(α}(Γ_{11}Γ_aθ)_{β)} ] . The resulting topological charge algebra is then: { ~Q_α, ~Q_β } = −Γ^a_{αβ} ~P_a + [[ E_2 − 1 2 ] (Γ_{11}Γ_a)_{αβ} + E_1Γ_{aαβ} ] Σ̂^a (135) − [ E_2 − 1 4 ] Σ̂_{αβ} 8A term analogous to Σ_{αβ} was obtained in [10]. However, due to the trivial fermionic topology used there, a vanishing charge was obtained. One also does not obtain [Q, P ] or [P, P ] anomalous terms under this assumption since such charges are fermionic on dimensional grounds (see [22]).

[ ~Q_α, ~P_b ] = − [ E_1Γ_{bαβ} + E_2(Γ_{11}Γ_b)_{αβ} ] Σ̂^β [ ~Q_α, Σ̂b ] = −Γ^b_{αβ}Σ̂^β [ ~Q_α, Σ̂_{βγ} ] = [ Γ^a_{α(β}(Γ_{11}Γ_a)_{γ)δ} − Γ^a_{δ(β}(Γ_{11}Γ_a)_{γ)α} ] Σ̂^δ .

The Jacobi identity for the algebra is again satisfied due to properties of the cocycle. One verifies that the only nontrivial possibility is: [ ~Q_α, { ~Q_β, ~Q_γ }] + cycles = 3 2 Γ^b_{(αβ}(Γ_{11}Γ_b)_{γδ)}Σ̂^δ , (136)

which vanishes by the standard Fierz identity. The algebra (135) is not restricted to the membrane. Apart from the worldvolume embedding, the DBI term of the Dp-brane action is the same for all values of p. The NS cocycle thus generates the same algebra for all standard, type IIA D-brane actions with p ≥ 2. Similarly, the subalgebra of (104) which contains only the NS charges is the same for all type IIB D-branes.

An algebra within the spectrum (135) has also been used in the context of trivializing cocycles. In the special case E_2 =^1_4 , Σ_{αβ} is not present in the anomalous term and can be excluded from the algebra. The gauge E_1 = 0 then yields an algebra which corresponds to one used in the construction of extended, type IIA superspace actions for strings, D-branes and stringbrane systems [15, 3, 17]^9. We note that in both the type IIA and IIB cases, the free constants in the spectra do not correspond to rescalings of the previously known algebras. The Noether charge algebras of standard superspace D-brane actions thus generate new candidates for the algebras underlying extended superspace action formulations.

6 Comments

Recently we have been investigating topological charge algebras associated with brane cocycles. We find that these algebras are such that they allow the trivialization of the cocycle from which they derive. As a result, in the case of p-branes, the algebras allow the construction of left invariant WZ forms. For D-branes, they additionally allow the construction of extended superspace actions without worldvolume gauge fields. Such actions have already been constructed using previously known algebras [15, 16, 3, 4, 17]. We would like to determine whether all algebras in the spectra derived in this paper can

9A redefinition Σ^α → Γ_{11}Σ^α is required to establish the correspondence with [15, 17].

be used to construct extended superspace actions. Work on this issue is in preparation.

For simplicity, we have here considered actions without the background scalars. If these scalars are included, the action is invariant when they take their vacuum values. Representatives for the required anomalous terms then result from solving the same descent equations. The process thus depends only upon the field strengths (i.e. nontrivial cocycles) involved, and the background scalars do not contribute directly to the topological charge algebra. However, they may contribute indirectly through the consideration of dualities (for example, as a restriction on the gauge fields, as in section 4.1). We note here that an algebra parameterized by the background scalars was considered in [16]. This type of algebra might be expected to arise as a topological charge algebra if the scalars (belonging to the coset SL(2, R)/SO(2)) are identified with coordinates of the duality group.

6.1 Acknowledgments

I would like to thank I. N. McArthur for helpful suggestions and critical reading of the manuscript.

A Appendix

A.1 Additional gauge fields

The gauge transformations (100) and (129) are not the only ones consistent with dimensionality and Lorentz invariance. For example, in the IIA case one can also consider the gauge fields:

Λ^{(b)} = eΓ^{a1...ab} θθΓ_{11}Γ_{a1 ...ab} θ (137) Λ^{′(b)} = eΓ_{11}Γ^{a1...ab} θθΓ_{a1 ...ab} θ, where in Λ^{(b)}, b is such that Γ_{11}Γ_{a1 ...ab} is antisymmetric, while in Λ^{′(b)}, b is such that Γ_{a1...ab} is antisymmetric. The minimal Green-Schwarz superstring action appears to be special in that this type of gauge transformation does not contribute to the topological charge algebra [21]. In the present type IIA example extra terms are contributed to (135), however there are no extra generators required. Define Δ^bM = sdΛ^{(b)} and Δ^{′b}M = sdΛ^{′(b)}. For E_2 ≠^1_4 one can then set:

Σ^′_{αβ} = Σ_{αβ} − [ 1 E_2 −^1_4 ] (E_bΔ^bM_{αβ} + E^′_bΔ^{′b}M_{αβ} ). (138)

The only alteration to the algebra then occurs as additional terms on the RHS of [Q_α, Σ_{βγ} ]. These additional terms do not appear to contribute to calculations involving trivialization of the cocycle (a point we will not illustrate here). Since this appears to be the main application of the algebras, we chose not to make use of such gauge transformations.

References

[1] C. Chevalley and S. Eilenberg, “Cohomology theory of Lie groups and Lie algebras,” Trans. Am. Math. Soc., vol. 63, p. 85, 1948.

[2] J. de Azcárraga and P. Townsend, “Superspace geometry and classification of supersymmetric extended objects,” Phys. Rev. Lett, vol. 62, p. 2579, 1989.

[3] C. Chryssomalakos, J. A. de Azcárraga, J. M. Izquierdo and J. C. Pérez Bueno, “The geometry of branes and extended superspaces.,” Nucl. Phys. B, vol. 567, pp. 293–330, 2000, hep-th/9904137.

[4] M. Sakaguchi, “IIB-branes and new space-time superalgebras,” JHEP, vol. 04, p. 019, 2000, hep-th/9909143.

[5] J. A. de Azcárraga, J. P. Gauntlett, J. M. Izquierdo and P. K. Townsend, “Topological extensions of the supersymmetry algebra for extended objects,” Phys. Rev. Lett, vol. 63, p. 2443, 1989.

[6] D. P. Sorokin and P. K. Townsend, “M-theory superalgebra from the M-5-brane,” Phys. Lett., vol. B412, pp. 265–273, 1997, hep-th/9708003.

[7] H. Hammer, “Topological extensions of Noether charge algebras carried by D-p-branes.,” Nucl.Phys.B, vol. 521, pp. 503–546, 1998, hepth/9711009.

[8] M. Hatsuda and K. Kamimura, “Covariant quantization of the super- D-string,” Nucl. Phys., vol. B520, pp. 493–512, 1998, hep-th/9708001.

[9] K. Kamimura and M. Hatsuda, “Canonical formulation of IIB Dbranes,” Nucl. Phys., vol. B527, pp. 381–401, 1998, hep-th/9712068.

[10] M. Hatsuda and K. Kamimura, “Wess-Zumino actions for IIA D-branes and their supersymmetries,” Nucl. Phys., vol. B535, pp. 499–511, 1998, hep-th/9804087.

[11] J. A. de Azcárraga, J. M. Izquierdo and P. K. Townsend, “Classical anomalies of supersymmetric extended objects,” Phys. Lett. B, vol. 267, p. 366, 1991.

[12] E. Bergshoeff and P. K. Townsend, “Super-D branes revisited,” Nucl.

Phys., vol. B531, pp. 226–238, 1998, hep-th/9804011.

[13] W. Siegel, “Randomizing the superstring,” Phys. Rev., vol. D50, pp. 2799–2805, 1994, hep-th/9403144.

[14] E. Bergshoeff and E. Sezgin, “Super p-brane theories and new spacetime superalgebras.,” Phys. Lett. B, vol. 354, pp. 256–263, 1995, hepth/9504140.

[15] M. Sakaguchi, “Type II superstrings and new space-time superalgebras.,” Phys.Rev.D, vol. 59, p. 1999, 046007, hep-th/9809113.

[16] M. Sakaguchi, “(p,q)-strings and new spacetime superalgebras,” JHEP, vol. 02, p. 017, 1999, hep-th/9811143.

[17] M. Hatsuda and M. Sakaguchi, “Open superstring theory and superalgebra of the brane antibrane system,” Nucl. Phys., vol. B599, pp. 185–196, 2001, hep-th/0010189.

[18] E. Sezgin, “The M algebra.,” Phys.Lett., vol. 392, pp. 323–331, 1997, hep-th/9609086.

[19] M. Hatsuda and M. Sakaguchi, “BPS states carrying fermionic brane charges,” Nucl. Phys., vol. B577, pp. 183–193, 2000, hep-th/0001214.

[20] K. Peeters and M. Zamaklar, “Anti-de Sitter vacua require fermionic brane charges.,” Phys.Rev.D, vol. 69, p. 066009, 2004, hep-th/0311110.

[21] D. T. Reimers, “Superalgebras from p-brane actions,” JHEP, vol. 01, p. 152, 2006, hep-th/0509006.

[22] D. T. Reimers, “Representations of p-brane topological charge algebras,” 2005, hep-th/0509077.

[23] C. Schmidhuber, “D-brane actions,” Nucl. Phys., vol. B467, pp. 146– 158, 1996, hep-th/9601003.

[24] M. Aganagic, C. Popescu and J. H. Schwarz, “Gauge invariant and gauge fixed D-brane actions.,” Nucl.Phys.B, vol. 495, pp. 99–126, 1997, hep-th/9612080.

[25] M. Cederwall, A. von Gussich, B. E. W. Nilsson, P. Sundell and A.

Westerberg, “The Dirichlet super-p-branes in ten-dimensional type IIA and IIB supergravity,” Nucl. Phys., vol. B490, pp. 179–201, 1997, hepth/9611159.

[26] E. Bergshoeff and P. K. Townsend, “Super D-branes,” Nucl. Phys., vol. B490, pp. 145–162, 1997, hep-th/9611173.

[27] M. Aganagic, J. Park, C. Popescu, and J. H. Schwarz, “Dual D-brane actions,” Nucl. Phys., vol. B496, pp. 215–230, 1997, hep-th/9702133.

[28] J. H. Schwarz, “An SL(2,Z) multiplet of type IIB superstrings,” Phys.

Lett., vol. B360, pp. 13–18, 1995, hep-th/9508143.

[29] E. Witten, “Bound states of strings and p-branes,” Nucl. Phys., vol. B460, pp. 335–350, 1996, hep-th/9510135.

[30] P. K. Townsend, “Membrane tension and manifest IIB S-duality,” Phys.

Lett., vol. B409, pp. 131–135, 1997, hep-th/9705160.

[31] M. Cederwall and P. K. Townsend, “The manifestly Sl(2,Z)-covariant superstring,” JHEP, vol. 09, p. 003, 1997, hep-th/9709002.

[32] R. Bott and L. Tu, Differential Forms in Algebraic Topology. Springer- Verlag, 1982.

[33] M. Green and J. Schwarz, “Superstring field theory,” Nucl. Phys. B, vol. 243, p. 285, 1984.

[34] B. S. DeWitt, Supermanifolds. Cambridge, UK: Univ. Pr. 407 p. (Cambridge monographs on mathematical physics). (2nd ed.), 1992.

[35] J. Hughes and J. Polchinski, “Partially broken global supersymmetry and the superstring,” Nucl. Phys., vol. B278, p. 147, 1986.

[36] P. Townsend, “M theory from its superalgebra.,” NATO ASI Series, vol. C520, pp. 141–177, 1997, hep-th/9712004.