arXiv:hep-th/0509181 v2 10 Oct 2005

Zamolodchikov’s Tetrahedron Equation and

Hidden Structure of Quantum Groups

Vladimir V. Bazhanov^1 and Sergey M. Sergeev^2

Department of Theoretical Physics, Research School of Physical Sciences and Engineering, Australian National University, Canberra, ACT 0200, Australia.

Abstract

The tetrahedron equation is a three-dimensional generalization of the Yang-Baxter equation. Its solutions define integrable three-dimensional lattice models of statistical mechanics and quantum field theory. Their integrability is not related to the size of the lattice, therefore the same solution of the tetrahedron equation defines different integrable models for different finite periodic cubic lattices. Obviously, any such three-dimensional model can be viewed as a two-dimensional integrable model on a square lattice, where the additional third dimension is treated as an internal degree of freedom. Therefore every solution of the tetrahedron equation provides an infinite sequence of integrable 2d models differing by the size of this “hidden third dimension”. In this paper we construct a new solution of the tetrahedron equation, which provides in this way the two-dimensional solvable models related to finitedimensional highest weight representations for all quantum affine algebra U_q( ^sl(n)), where the rank n coincides with the size of the hidden dimension. These models are related with an anisotropic deformation of the sl(n)-invariant Heisenberg magnets. They were extensively studied for a long time, but the hidden 3d structure was hitherto unknown. Our results lead to a remarkable exact “rank-size” duality relation for the nested Bethe Ansatz solution for these models. Note also, that the above solution of the tetrahedron equation arises in the quantization of the “resonant three-wave scattering” model, which is a well-known integrable classical system in 2 + 1 dimensions.

1email: Vladimir.Bazhanov@anu.edu.au
2email: Sergey.Sergeev@anu.edu.au

1 Introduction

The tetrahedron equation (TE) [1] is the three-dimensional analog of the Yang-Baxter equation. It implies the commutativity of layer-to-layer transfer matrices [2] for three-dimensional lattice models of statistical mechanics and field theory and, thus, generalizes the most fundamental integrability structure of exactly solvable models in two dimensions [3].

The first solution of the TE was proposed by Zamolodchikov [1] and subsequently proven by Baxter [4]. Later, Baxter [5] exactly calculated the free energy of the corresponding solvable three-dimensional model in the limit of an infinite lattice. Next, Bazhanov and Baxter [6] generalized this model for an arbitrary number of spin states, N (for the original Zamolodchikov model N = 2). The corresponding solutions of the TE was found by Kashaev, Mangazeev, Sergeev and Stroganov [7, 8]. The other known solutions, previously found by Hietarinta [9] and Korepanov [10], were shown to be special cases of [8]. A review of the most recent activity related to the TE can be found in the work of von Gehlen, Pakulyak and Sergeev [11].

It is worth mentioning that the generalized Zamolodchikov model of ref. [6] also possesses a much simpler integrability condition — the “restricted star-triangle relation”, introduced in [12]. Remarkably, the very same relation serves as the five-term (or the “pentagon”) identity for the quantum dilogarithm of Faddeev and Kashaev [13] and has been used by Kashaev to formulate his famous “hyperbolic volume conjecture” [14,15]. A review of related mathematical identities from the point of view of the theory of basic q-hypergeometric series was given by Au-Yang and Perk [16] (see also [8, 17]).

As shown in [6] the generalized N-state Zamolodchikov model has a profound connection to the theory of quantum groups [18,19], namely to the cyclic representations of the affine quantum group U_q(^sl(n)) at roots of unity, q^N = 1. For the cubic lattice with n layers in one direction this model is equivalent to the two-dimensional sl(n)-generalized chiral Potts model^1 [26, 27] (modulo a minor modification of the boundary conditions). In other words, this particular three-dimensional model can be viewed as a two-dimensional integrable model, where the third dimension of the lattice becomes the rank of the underlying affine quantum group [6] (for related discussions see also [28, 29]).

In this paper we argue that the above “three-dimensional structure” is a generic property of the affine quantum groups. It is neither restricted to the root of unity case, nor related to the properties of cyclic representations. To support this statement we present a new solution of the TE, such that the associated three-dimensional models reproduce the two-dimensional solvable models related with finite-dimensional highest weight representations for all the affine quantum groups U_q(^sl(n)) with generic values of q. These models were discovered in the earlier 80’s [30–33] and since found numerous applications in integrable systems. They are related with an anisotropic deformation of the sl(n)-invariant Heisenberg magnets [34–37]. In the two-layer case (n = 2) these models include the most general six-vertex model [38] and all its higher-spin descendants. Our approach is briefly outlined below.

It is well known that the Yang-Baxter equation R_{ab}R_{ac}R_{bc} = R_{bc}R_{ac}R_{ab} , (1) can be regarded is the associativity condition for the L-operator algebra, defined by the “RLLrelation” [39] L_{1,a}L_{1,b}R_{ab} = R_{ab}L_{1,b}L_{1,a} . (2) 1Note, that even the simplest two-layer case (n = 2) corresponds to the famous chiral Potts model [20–23] which has attracted much attention over the last twenty years. The most remarkable recent result there is Baxter’s derivation [24] of the order parameter conjecture of Albertini et al [25].

In the similar way the TE (here it is written in the so-called vertex form) R_{abc}R_{ade}R_{bdf} R_{cef} = R_{cef} R_{bdf} R_{ade}R_{abc} , (3) can be regarded as the associativity condition^2 for a three-dimensional analog of the above “RLL”-relation, L_{12,a} L_{13,b} L_{23,c} R_{abc} = R_{abc} L_{23,c} L_{13,b} L_{12,a} . (4)

Here all operators act in a direct product of six vector spaces V = V_1 ⊗ V_2 ⊗ V_3 ⊗ F_a ⊗ F_b ⊗ F_c,

a

2 1

L_{12,a} c b a

R_{abc}

Figure 1: Graphical representation of the operators L_{12,a} and R_{abc}.

1 2

3

a b c 1 2 3

a b c

=

Figure 2: Graphical representation of the tetrahedron equation (4). The labels “1, 2, 3, a, b, c” on the lines indicate the corresponding vector spaces.

involving the three identical “auxiliary” vector spaces V_i = V , i = 1, 2, 3, and the three identical “quantum” spaces F_i = F, i = a, b, c. The operator L_{12,a} acts non-trivially only in V_1 ⊗ V_2 ⊗ F_a and coincides with the identity operator in all the remaining components of V. The other operators in (4) are defined similarly. The graphical representation of Eq.(4) is given in Fig.1 and Fig.2. Suppose next, that F is a representation space of some algebra A. Obviously the space F^{⊗3} is the representation space of the tensor cube of this algebra, A_a ⊗ A_b ⊗ A_c, where A_a = A ⊗ id ⊗ id, A_b = id ⊗ A ⊗ id and A_c = id ⊗ id ⊗ A. Then the operator L_{12,a}, for instance,

2This associativity condition is, essentially, the Zamolodchikov’s factorization condition for the scattering S-matrix of the “straight strings” in the 2 + 1-dimensional space [1].

can be understood as an operator-valued matrix acting in V_1 ⊗ V_2, whose elements belong to the algebra A, L_{12,a} = L_{12}(v_a, s_a) , (5)

where v_a denotes a set of generators of A_a and s_a stands for a set of c-valued parameters.

With this notation Eq.(4) can be re-written as

L_{12}(v_a, s_a) L_{13}(v_b, s_b) L_{23}(v_c, s_c) = R_{abc} ( L_{23}(v_c, s_c) L_{13}(v_b, s_b)L_{12}(v_a, s_a) ) , (6)

where the functional map R_{abc}(ϕ) = R_{abc} ϕ R^{−1}_{abc} , ∀ ϕ ∈ A ⊗ A ⊗ A , (7) defines an automorphism of the tensor cube of A, R : A ⊗ A ⊗ A → A ⊗ A ⊗ A . (8) The relation of the form (6) is sometimes called the tetrahedral Zamolodchikov algebra [10]. Since the operators R solve the tetrahedron equation (3), the map (7) solves the functional TE R_{abc} (R_{ade} (R_{bdf} (R_{cef} (ϕ)))) = R_{cef} (R_{bdf} (R_{ade} (R_{abc} (ϕ)))) . (9) Further, denote the result of the action of the automorphism (7) on the basis of A ⊗ A ⊗ A as v^′_a = R_{abc}(v_a) , v^′_b = R_{abc}(v_b) , v^′_c = R_{abc}(v_c) . (10)

Eq.(6) then takes the form of the local Yang-Baxter equation

L_{12}(v_a, s_a) L_{13}(v_b, s_b) L_{23}(v_c, s_c) = L_{23}(v^′_c, s_c) L_{13}(v^′_b, s_b)L_{12}(v^′_a, s_a) . (11)

This equation was introduced by Maillet and Nijhoff [40] and further developed by Kashaev, Korepanov and Sergeev [41–43]. It is particularly useful for constructing integrable evolution systems on a 2 + 1-dimensional lattice and can be viewed as a three-dimensional lattice analog of the Lax-Zakharov-Shabat zero-curvature condition in two dimensions (see [44] for further details).

Suppose now, that the algebra A has a “quasi-classical” limit when it degenerates into a Poisson algebra P. In this limit all the generators v_i, i = a, b, c, become commutative formal variables, and the relation (11) becomes a c-number equation which very much resembles the usual quantum Yang-Baxter equation (but does not coincide with it). The quasi-classical limit of the map (7) defines a symplectic transformation of the tensor cube of the Poisson algebra P, which, of course, solves the same functional TE (9).

The approach we employ in this paper can be viewed as a “reverse engineering” of the above procedure. We start from the c-number equation (11) with a simple particular Ansatz for the matrices L_{12}, L_{13} and L_{23} acting in the product of two-dimensional vector spaces C^2 ⊗ C^2 ⊗ C^2 . Solving this equation we construct a symplectic transformation of the tensor cube of the Poisson algebra P, defined by the brackets P : {x, y} = 1 − xy, {h, y} = y, {h, x} = −x . (12) A natural quantization of this algebra lead to the q-deformed Heisenberg algebra A = H_q (or the q-oscillator algebra [45, 46]),

H_q : q y x − q^{−1} x y = q − q^{−1} , [h, y] = y, [h, x] = −x . (13)

Surprisingly, only minor modifications of the above symplectic transformation and the form of the matrices L are required to obtain the quantum map (7) for the tensor cube of H_q, which solves the quantum variant of the equation (11). Finally, we obtain the corresponding solution of the TE (3) by using an explicit form of the quantum map (7) to calculate matrix elements of the operator R_{abc} for the Fock representation of the q-oscillator algebra (13).

In this paper we briefly present our main results, postponing the details to the future publication [44]. The paper is organized as follows. The solution of the local Yang-Baxter equation (11) with commutative variables (classical case) is given in Sect.2. The quantum case is considered in Sect.3. A new solution to the tetrahedron equations (3) and (4) is presented in Sect.4. The connection of this solution with certain two-dimensional solvable models and the theory of quantum group is discussed in Sect.5. In Sect.6 we derive the “rank-size” (RS) duality for these two-dimensional models. In Conclusion we summarize our results and discuss some open questions.

2 Local Yang-Baxter equation

Our starting point is the local Yang-Baxter equation (11), where each matrix L depends on two pairs of variables, a pair of dynamical variables v = (x, y) and a pair of (complex) parameters s = (λ, μ). Altogether the equation (11) contains six different sets v_i, v^′_i, i = a, b, c (each L depends on its own set v) and three sets of parameters s_i, i = a, b, c (they remain the same for both sides of the equation).

Any matrix acting in the product C^2 ⊗ C^2 can be conveniently presented as a two by two block matrix with two-dimensional blocks where the matrix indices related to the second vector space numerate the blocks while the indices of the first space numerate matrix elements inside the blocks. With this conversion define the matrix

L_{12}(v, s) : C^2 ⊗ C^2 → C^2 ⊗ C^2 , (14)

as follows

L_{12}(v; s) =

1 0 0 0 0 λk y 0 0 −λμx μk 0 0 0 0 −λμ , (15)

where v = (x, y), s = (λ, μ) and

k^2 = 1 − xy , k → 1 when xy → 0 . (16)

Now let us consider (11) as an equation for v^′_a, v^′_b, v^′_c, regarding v_a, v_b, v_c and s_a, s_b, s_c as given. It should be stressed that we are seeking for a solution where no constraints on the variables v_i, s_i, i = a, b, c, in the left hand side of (11) are imposed. This requirement excludes the case when v_i = v^′_i, where the equation (11) reduces to the ordinary Yang-Baxter equation for the six-vertex free-fermion model^3 (note that the matrix elements of (15) satisfy the free-fermion condition).

Detailed considerations show that Eq.(11) contains exactly six algebraically independent

3In case of the ordinary Yang-Baxter equation the three matrices L12 , L13 and L23 are not independent.

equations, which can be uniquely solved for six unknowns x^′_i, y^′_i, i = a, b, c, x^′_a = k^{′−1}_b λ_b λ_c ( k_cx_a − 1 λ_aμ_c k_ax_by_c ) , y^′_a = k^{′−1}_b λ_c λ_b ( k_cy_a − λ_aμ_ck_ay_bx_c ) ,

x^′_b = x_ax_c + 1 λ_aμ_c k_ak_cx_b, y^′_b = y_ay_c + λ_aμ_ck_ak_cy_b, ,

x^′_c = k^{′−1}_b μ_b μ_a ( k_ax_c − 1 λ_aμ_c k_cy_ax_b ) , y^′_c = k^{′−1}_b μ_a μ_b ( k_ay_c − λ_aμ_ck_cx_ay_b ) ,

(17)

where k^{′2}_j = 1 − x^′_j y^′_j , in particular,

k^′_b^2 = k^2_ak^2_b k^2_c − 2k^2_ak^2_c + k^2_a + k^2_c − k_ak_cy_ax_by_c λ_aμ_c − λ_aμ_ck_ak_cx_ay_bx_c . (18)

Elements k^′_a and k^′_c can be found from

k^′_ak^′_b = k_ak_b , k^′_bk^′_c = k_bk_c . (19)

The signs of k^′_a, k^′_b and k^′_c are fixed by the condition (16).

It is not difficult to verify by explicit calculations that the functional operator (10) associated with the transformation (17,18) satisfies the functional TE (9), as it, of course, should. In addition, one can verify that the same transformation preserves the Poisson structure of the tensor cube of the algebra (12), where the element k ≡ e^{−h/2} is constrained by the relation (16),

k^2 = 1 − xy, k^2 = e^{−h} . (20) In other words, the set of Poisson brackets {x_j , y_j} = 1 − x_j y_j , j = a, b, c , (21) (where all other brackets are zero) imply the same set of brackets for the “primed” variables x^′_j , y^′_j , j = a, b, c. It should be noted that the general solution of the local Yang-Baxter equation (11) with the six-vertex-type operators L_{ij} , satisfying the free fermion condition, was found by Korepanov [42]. This solution, however, cannot be immediately understood as a transformation of variables between the left and right sides of (11), since it contains some spurious degrees of freedom which cancel out in each side of this equation separately. We eliminate these “unwanted” degrees of freedom and choose a special parametrization (15) of the matrices L, such that the resulting map (17,18) preserves the Poisson structure of the tensor cube of the algebra (12). The reasons why this is possible at all and why does the algebra (12) appear here currently remain unclear.

3 Quantization

The simplest quantization of the Poisson algebra (12) with the constraint (20) is the q-oscillator algebra (13) with the element k ≡ q^h obeying the relation

k^2 = 1 − yx, k = q^h. (22)

Using the same conventions as in (15), assume the following Ansatz for the operator-valued matrices L in (11)

L_{12}(v; s) =

1 0 0 0 0 λk y 0 0 −q^{−1}λμx μk 0 0 0 0 −q^{−1}λμ

(23)

where v = (x, y), s = (λ, μ) and the parameter q is same as in (13). Obviously, Eq.(11) becomes an operator equation. It involves three mutually commuting sets of generators x_j, y_j , j = a, b, c, satisfying (13) and (22). Just as in the commuting variable case of Sect.2, one can solve (11) for operators x^′_j , y^′_j, j = a, b, c. Note, that no assumptions on their commutation properties are required. The solution is:

x^′_a = k^{′−1}_b λ_b λ_c ( k_cx_a − q λ_aμ_c k_ax_by_c ) , y^′_a = k^{′−1}_b λ_c λ_b ( k_cy_a − λ_aμ_c q k_ay_bx_c ) ,

x^′_b = x_ax_c + q^2 λ_aμ_c k_ak_cx_b , y^′_b = y_ay_c + λ_aμ_ck_ak_cy_b ,

x^′_c = k^{′−1}_b μ_b μ_a ( k_ax_c − q λ_aμ_c k_cy_ax_b ) . y^′_c = k^{′−1}_b μ_a μ_b ( k_ay_c − λ_aμ_c q k_cx_ay_b ) ,

(24)

where

k^{′2}_b = q^2k^2_ak^2_b k^2_c − (1 + q^2)k^2_ak^2_c + k^2_a + k^2_c − k_ak_cy_ax_by_c λ_aμ_c − λ_aμ_ck_ak_cx_ay_bx_c (25) and k^′_ak^′_b = k_ak_b , k^′_bk^′_c = k_bk_c . (26) Again one can verify directly, that this operator transformation is an automorphism of the tensor cube of q-oscillator algebra (13,22), and that the functional operator (10) corresponding to this transformation solves the quantum functional TE (9) as well.

4 A solution of the tetrahedron equation

Consider the Fock representation, F, of the q-oscillator algebra (13) spanned on the basis |α⟩, α = 0, 1, 2, . . ., ∞, F : x|0⟩ = 0, y|α⟩ = (1 − q^{2α+2})|α + 1⟩ , h|α⟩ = α |α⟩, ⟨α|α^′⟩ = δ_{α,α}′ (27) and assume that q is not a root of unity. Then the representation (27) is irreducible and therefore the equation (7) determines the matrix elements of the operator R_{abc} to within an unessential scale factor. Note, that the constraint (20) for the representation (27) is fulfilled automatically.

Explicitly, Eq.(7) reads

x^′_j R_{abc} = R_{abc} x_j , y^′_j R_{abc} = R_{abc} y_j , j = a, b, c , (28)

where x^′_j, y^′_j are given by (24). Solving these equations one obtains, ⟨α, β, γ| R_{abc} |α^′, β^′, γ^′⟩ = (λ_c/λ_b)^{α′} (λ_aμ_c)^β (μ_a/μ_b)^{γ′} ⟨α, β, γ| r |α^′, β^′, γ^′⟩ (29) where matrix indices (α, α^′), (β, β^′) and (γ, γ^′), refer to the representation spaces F_a, F_b and F_c, respectively, and take the values 0, 1, 2, . . ., ∞. Note that the parameters s_j = (λ_j , μ_j ), j = a, b, c, associated with these spaces in (11), enter (29) only through simple power factors. The constant matrix ⟨. . .| r | . . .⟩ is given by ⟨α, β, γ| r |α^′, β^′, γ^′⟩ = (−)^β δ_{α+β,α}′_{+β}′ δ_{β+γ,β}′_{+γ}′ q^{(α′−β)(γ′−β)−β} (q^2; q^2)_β′

P_β′ (q^{2α}, q^{2β}, q^{2γ}) , (30)

where (x; q^2)_n = n−1∏ j=0 (1 − q^{2j} x). The polynomials P_n(x, y, z) are defined recursively, P_n(x, y, z) = (1 − x)(1 − z)P_{n−1}(q^{−2}x, y, q^{−2}z) − q^{2−2n}xz(1 − y)P_{n−1}(x, q^{−2}y, z) , (31) with the initial condition P_0(x, y, z) = 1. The first non-trivial polynomial reads P_1(x, y, z) = 1 − x − z + x y z , (32) whereas all higher polynomials soon become very complicated and their explicit form is not very illuminating^4 .

The recurrence (31) ensures that all the defining relations (28) for the operators R_{abc} (which are equivalent to the TE (4)) are satisfied. Thus the operators L and R_{abc} defined by (5),(23) and (29), respectively, solve the TE (4). Further, the general arguments of Sect.1 and the irreducibility of the representation (27) imply that the operators R_{abc}, defined above, also solve the TE (3).

Note, that all the parameters λ_j and μ_j associated with six different vector spaces labelled by a, b, c, d, e and f totally cancel out from Eq.(3). Therefore, this equation is essentially a constant TE equation for the parameter-independent matrix r, (30),

r_{abc} r_{ade} r_{bdf} r_{cef} = r_{cef} r_{bdf} r_{ade} r_{abc} , (33)

which coincides with Eq.(3) when all the λ’s and μ’s therein are equal to one. The same remark applies to the other TE (4) (and also to Eq.(34) below) as well. Nevertheless, the above parameters play an important role for the associated two-dimensional R-matrices considered in the next section and that is why they are retained here. Note also, that due to the presence of two delta functions in (30) each side of (33) contains only a finite summation over the intermediate matrix indices.

There exists another relevant TE, which we present without a proof. It involves by the same operators L,

M_0¯_{0,a} ( μ/μ^′ ) M_1¯_{1,a} ( λ^′/λ ) L_{01,b}(s)L¯_0¯_{1,b}(s^′) = L¯_0¯_{1,b}(s^′)L_{01,b}(s)M_1¯_{1,a} ( λ^′/λ ) M_0¯_{0,a} ( μ/μ^′ ) (34)

and new operators M_{ij,a} which are very much similar to L’s. They act non-trivially in the product of three spaces V_i ⊗ V_j ⊗ F_a, where V_i = V_j = C^2 and F_a is the Fock space (27). With the same conventions as in (15) these operators are defined as

M_{12,a}(λ) = λ^h 0 0 0 0 kλ^h y λ^h 0 0 q^{−1}x λ^h k λ^h 0 0 0 0 q^{−1} λ^h

, k = (−q)^h , (35)

where x, y, h are the generators of q-oscillator algebra (13) (recall that the element h has the integer-valued spectrum (27), so the power λ^h is well defined). The proof of (34) is given in [44].

4Nevertheless, V.V.Mangazeev [47] found an elegant closed form solution for these polynomials in terms of the hypergeometric function, which will be reported elsewhere [48].

5 Quantum R-matrices for U_q(^sl(n))

Consider a model of statistical mechanics on a cubic lattice with the toroidal boundary conditions in all three lattice directions. Let each edge carry a discrete spin variable taking the values 0, 1, 2, . . ., ∞ and each vertex is assigned with Boltzmann weights, given by the matrix R_{abc}, (29), so that its indices are identified with the spin variables on six edges surrounding the vertex. Namely, the three pairs of indices (α, α^′), (β, β^′) and (γ, γ^′) are associated with the edges oriented along three different lattice directions “a”, “b” and “c” respectively.

a c_1 b_1 c2 b_2 c_3 b_3

Figure 3: A chain of the operators R traced in the space F_a.

It is well known that any edge-spin model on the cubic model can be viewed as a twodimensional model on the square lattice with an enlarged space of states for the edge spins (see [2, 6] for additional explanations). Consider the following quantity,

R_{bc} = Tr_{Fa} ( R_{ab1c1} R_{ab2c2} . . .R_{abncn} ) , (36)

which involves the product of the vertex weights along a whole line of vertices in the direction “a” of the lattice, with n being the corresponding lattice size (see Fig. 5). It is an operator acting in the product of two “composite” spaces F_b ⊗ F_c,

F_b = F_{b1} ⊗ F_{b2} ⊗ · · · ⊗ F_{bn} , F_c = F_{c1} ⊗ F_{c2} ⊗ · · · ⊗ F_{cn} , (37)

where each space F coincides with the Fock space (27). It is easy to show that the operator (36) satisfies the Yang-Baxter equation,

R_{bc}R_{bd}R_{cd} = R_{cd}R_{bd}R_{bc} (38)

as a simple consequence of the TE (3) and the fact that the matrix (30) is a non-degenerate matrix in F^{⊗3}. Evidently, the operator (36) is the R-matrix of the associated two-dimensional model. Similarly, one can construct the L-operator

L_{Vb} = Tr_{V0} ( L_{01,b1} L_{02,b2} · · · L_{0n,bn} ) . (39) where L_{ij,b} is given by (15) and trace is taken over the two-dimensional space V_0 = C^2 . Eq.(4) implies the Yang-Baxter equation

L_{Vb}L_{Vc}R_{bc} = R_{bc}L_{Vc}L_{Vb} . (40)

The local 3d structure of this equation is shown in Fig. 4. Evidently, the R-matrix (36) “intertwines” the L-operators (39) in the quantum spaces. There exists another R-matrix, R_{VV}′ , which intertwines the same operators in the auxiliary spaces

L_{Vb}L_V′_bR_{VV}′ = R_{VV}′ L_V′_bL_{Vb} . (41)

This Yang-Baxter equation follows from (34).

a

¯0 0 b_1 c_1 1 b_2 c_2 2 b_3 c_3 3

Figure 4: The local 3d structure of the product L_{Vb}L_{Vc}R_{bc} in the left hand side of the Yang- Baxter equation (40).

In general, each operator L_{0j,bj} in (39) depends on its own set of parameters s_j = (λ_j , μ_j ). Consider the case when all λ_j are the same, λ_j ≡ λ, j = 1, 2, . . ., n, whereas the parameters {μ} = {μ_1, μ_2, . . ., μ_n} are kept arbitrary; we will write the operator (39) as L_{Vb}(λ |{μ}) to indicate these arguments explicitly. This operator acts in product V ⊗ F_b, where

V = (C^2 )^{⊗n} (42)

and F_b is defined in (37). It can be regarded as a 2^n by 2^n matrix with operator-valued entries acting in the quantum space F_b. It turns out, that this matrix has a block-diagonal structure, with (n + 1) blocks of the dimensions, which coincide with dimensions of the fundamental representations π_{ωk} of the algebra U_q(sl(n)),

dim(π_{ωk} ) = n! k!(n − k)! , k = 0, 1, . . ., n . (43) Here ω_k denotes the highest weight of the k-th fundamental representation. Note, that π_{ω0} and π_{ωn} are the trivial one-dimensional representations. Consider, for instance the n-dimensional subspace of (42) with the basis |ψ_i⟩ = ( 1 0 ) ⊗ · · · ( 1 0 ) ⊗ ( 0 1 )

i^{th} place ⊗ ( 1 0 ) ⊗ · · · ⊗ ( 1 0 ) , i = 1, 2, . . ., n . (44)

One can easily see that the operator (39) acts invariantly in this subspace. The corresponding n by n matrix reads ⟨ψ_i|L_{Vb}(λ |{μ})|ψ_j⟩ = L_{ij} (λ|{μ}) = −q^{−1} μ_i L_{ij} (λ), (45) where L_{ij} (λ) does not depend on the parameters {μ}, L(λ) = n∑ α=1 E_{αα} ⊗ (λ^n q^{J −hα} − q^{hα} ) + ∑ α<β ( λ^{β−α} E_{αβ} ⊗ E_{βα} + λ^{n+α−β} E_{βα} ⊗ q^J E_{αβ} ) . (46)

Here (E_{αβ})_{i,j} = δ_{i,α}δ_{j,β} is the standard matrix unit and

J = n∑ γ=1 h_γ , E_{αβ} = x_β y_α β∏ γ=α q^{−hγ} , E_{βα} = x_αy_β β−1∏ γ=α+1 q^{hγ} , α < β, (47)

where (x_α, y_α, h_α), α = 1, 2, . . ., n are the generators of the n independent copies of the qoscillator algebra (13). A very simple inspection shows that the matrix L(λ), given by (46), is nothing but the fundamental L-operator [19, 49] for the quantum affine Lie algebra U_q(^sl(n)) where the parameter λ is just the usual spectral parameter. Remind, that the spectral parameter dependent L-operators arise as specializations of the universal R-matrix [18, 50, 51] when the affine algebra U_q(^sl(n)) is realized by means of the evaluation homomorphism [19] into the finite-dimensional algebra U_q(sl(n)). A specific feature of the L-operator (46) is that the latter algebra is realized in this case with the help of another homomorphism into the tensor power of the q-oscillator algebra (13).

The Cartan-Weyl generators E_α, F_α, H_α, of the algebra U_q(sl(n)), where α = 1, 2, . . .n − 1, satisfy the commutation relations [H_α, E_β] = A_{α,β}E_β , [H_α, F_β] = −A_{α,β} F_β , [E_α, F_β] = δ_{α,β} q^{Hα} − q^{−Hα} q − q^{−1} (48)

and the cubic Serre relations

E^2_α E_{α±1} − (q + q^{−1}) E_α E_{α±1} E_α + E_{α±1} E^2_α = 0 ,

F^2_α F_{α±1} − (q + q^{−1}) F_α F_{α±1} F_α + F_{α±1} F^2_α = 0 ,

(49)

where A_{αβ} = 2δ_{α,β} −δ_{α+1,β} −δ_{α,β+1} is the Cartan matrix. The L-operator (46) corresponds to the following well-known realization of these defining relations in terms of the q-oscillators [45,46],

E_α = 1 (q − q^{−1}) q^{hα+12} E_{α,α+1}q^{hα2} = 1 (q − q^{−1}) q^{− hα2} y_αx_{α+1}q^{− hα+12} ,

F_α = 1 (q − q^{−1}) q^{− hα+12} E_{α+1,α}q^{− hα2} = 1 (q − q^{−1}) q^{− hα+12} y_{α+1}x_αq^{− hα2} ,

H_α = h_α − h_{α+1} , α = 1, . . ., n − 1 .

(50)

This correspondence immediately follows from a comparison of (46) with the general form of the fundamental L-operator for the algebra U_q(^sl(n)) given in [19, 49].

Note, that the parameters {μ} enter Eq.(45) trivially; their only effect reduces to the premultiplication of L(λ) by the diagonal matrix diag(μ_1, μ_2, . . ., μ_n). This corresponds to the introduction of arbitrary “horizontal fields” [33], which, obviously, does not affect the integrability of the 2d model related with the L-operator (46).

The general decomposition of (39) has the form

L_{Vb}(λ |{μ}) =^n⊕_{k=0} L^{sl(n)}(ω_k , λ |{μ}) , (51)

where L^{sl(n)}(ω_k, λ |{μ}) is the L-operator corresponding to the k-th fundamental representation π_{ωk} of U_q(sl(n)) (with the horizontal fields {μ}); in particular, L^{sl(n)}(ω_1, λ |{μ}) exactly coincides with L(λ |{μ_k}) defined by (45,46). For further references define row-to-row transfer matrices corresponding to the above L-operators for an inhomogeneous periodic chain of the length m, T^{sl(n)}_m (ω_k , {λ} |{μ}) = Tr_{πωk} ( L^{sl(n)}(ω_k, λ_m |{μ}) L^{sl(n)}(ω_k, λ_{m−1} |{μ}) · · ·L^{sl(n)}(ω_k, λ_1 |{μ}) ) , (52) where {λ} = {λ_1, λ_2, . . ., λ_m}, denotes the set of spectral parameters.

For the Fock representation (27) the element J , defined in (47), has the integer-valued spectrum J = 0, 1, 2, . . ., ∞, where J is just the total occupation number of n q-oscillators. Thus, the quantum space F^{⊗n} can be split into a direct sum

F^{⊗n} =^∞⊕_{J=0} V_J , dim V_J =

(J + n − 1)! J! (n − 1)!

, (53)

where the spaces V_J are isomorphic to the representation spaces π_{Jω1} of the algebra U_q(sl(n)) (the J-th symmetric powers of the vector representation π_{ω1} ). As the L-operator (39) commute with the element J , it acts invariantly in each component of (53). Indeed, the L-operators appearing on the right hand side of (51) split into a direct sum of U_q(^sl(n)) R-matrices, R_{Jω1,ωk} , corresponding to all representation π_{Jω1} , J = 0, 1, 2, . . ., ∞ in quantum space. Likewise, the operator (36) splits into an infinite direct sum of (appropriately normalized) R-matrices, R_{Jω1 ,J} ′_{ω1} , corresponding to the representations π_{Jω1} and π_J ′_{ω1}

R_{bc} =^∞⊕_{J=0}^∞⊕_{J ′ =0} R_{Jω1,J} ′_{ω1} , (54)

where, for brevity, the spectral parameter and field arguments are suppressed. This decomposition can be established directly from the definition (36); the calculation of each term in the right hand side requires the use of the polynomials P_n(x, y, z), recursively defined by (31), up to the order n = J (see [44] for further details).

6 The rank-size duality

Consider now the layer-to-layer transfer matrix, T_{mn} of m columns and n rows obtained as a trace of a product of nm operators (23), T_{mn}({λ} |{μ}) = Trace [_↶ ∏ i (^↷∏ j L_{ij} (v_{ij}, s_{ij} ) ) ] , (55)

where the ordered products are defined as ↷∏ j f_j^{def}= f_1f_2 · · ·f_n , ↶∏ i g_i^{def}= g_mg_{m−1} · · · g_1 . (56)

λ_3 λ_2 λ_1 μ_1 μ_2 μ_3

Figure 5: The spacial structure of the layer-to-layer transfer matrix (55).

The spacial structure of T_{mn} is illustrated in Fig.5. Each node (i, j) located at the intersection of the i-th column and j-th row corresponds to the operator L_{ij} (v_{ij}, s_{ij} ) in (55), as shown in Fig.6. This operator acts in its own quantum space F_{ij} (these spaces are associated with the vertical lines in Fig.5) and in two two-dimensional vector spaces C^2 which are associated with the column and row corresponding to this node. The trace in (55) is taken over all these twodimensional spaces. Further, each column is assigned with the parameter λ_i, i = 1, 2, . . ., m and each row is assigned with the parameter μ_j , j = 1, 2, . . ., n. The arguments s_{ij} used in (55) are given by s_{ij} = (λ_i, μ_j ).

F_{ij} j i L_{ij} (v_{ij} , s_{ij} ) =

Figure 6: Graphical representation of L_{ij} (v_{ij} , s_{ij} ) in (55).

The layer-to-layer transfer matrices T_{mn}({λ} |{μ}) act in the direct product F^{⊗mn} of the Fock spaces (27). They form a two-parameter commutative family of operators. Indeed, the Eq.(34) implies that [T_{mn}({λ} |{μ}), T_{mn}({uλ} |{vμ})] = 0, (57) where {uλ} = {uλ_1, uλ_2, . . ., uλ_m}, {vμ} = {vμ_1, vμ_2, . . ., vμ_n}, (58) with u and v being arbitrary complex parameters. By construction, the layer-to-layer transfer matrix T_{mn}({uλ} |{vμ}) = m∑ k=0 n∑ ℓ=0 u^{nk} v^{mℓ} G_{kℓ} (59)

is a polynomial in u and v. Its coefficients, G_{kℓ}, provide a set of mutually commuting “integrals of motion” for this 3d model. The latter non-trivially depend only on the ratios of λ’s and the ratios of μ’s, since their overall normalizations can be absorbed into the parameters u and v.

The order of the products in the definition (55) can be interchanged by using a simple symmetry property, L_{12}(v, (λ, μ)) = [L_{21}(v, (μ, λ))]^t , (60)

where the superscript “t” denotes the transposition of the four by four matrix (23). In this way one obtains the following “reflection” symmetry relation T_{mn}({λ} |{μ}) = T_{nm}({μ} |{λ}) . (61) Substituting now the definition (39) for the inner products in two variants of Eq.(55) (for each side of the last equation), and using the decomposition (51) and the definitions (52), one arrives at a remarkable duality relation for the transfer matrices of the associated two-dimensional models_n ∑ k=0 v^{km} T^{sl(n)}_m (ω_k , {uλ} |{μ}) = m∑ ℓ=0 u^{ℓn} T^{sl(m)}_n (ω_ℓ , {vμ} |{λ}) . (62) The left and right hand sides of this relation are just different expansions of the same layerto-layer transfer matrix (59). It provides two different representations for the same integrals of motion G_{kℓ} in terms of two-dimensional lattice models related with two different quantum affine algebras U_q(^sl(n)) and U_q(^sl(m)). The above relation simultaneously interchanges the rank of the quantum algebra and the set of horizontal fields in one model with the length of the chain and the set of (inhomogeneous) spectral parameters in the other. We will call this relation the “rank-size” (RS) duality relation. Note, that q → 1 limit of this relation covers the 2d solvable models with the Yangian symmetry [18] (the sl(n)-invariant Heisenberg magnets and associated models [34–37]).

The zero-field case (i.e., when all λ’s and all μ’s are equal to one) corresponds to the homogeneous models in both sides of the relation (62), with the spectral parameters u and v respectively. For example, when n = 2 it relates the (zero-field homogeneous) 6-vertex models on the chain of the length m with an U_q(^sl(m))-type model [30–33] on the chain of just two lattice sites.

It is well known that all two-dimensional models discussed here can be solved by the nested Bethe Ansatz [35–37, 52], which allows one to obtain the exact expressions for the eigenvalues and eigenvectors of the transfer matrices in terms of solutions of certain algebraic equations, called the Bethe Ansatz equations. The above RS-duality relation implies a complete equivalence between two different nested Bethe Ansätze associated with the two sides of (62). This remarkable (and rather unexpected) equivalence certainly deserves further studies, which are postponed to the future publication [48].

7 Conclusion

In this paper we have constructed a new solution for the set of the interrelated TE’s (3), (4) and (34). These equations involve the two different spaces of states for the discrete edge “spins”: the two-dimensional vector space C^2 and the infinite-dimensional Fock space, F, defined by (27).

In particular, the 3d L-operators L_{ij,a}, entering Eq.(4), act in the direct product of the two spaces C^2 and one Fock space F_a. The most important ingredient of our approach is the local Yang-Baxter equation (11) with the specific Ansatz (23) for these 3d L-operators. This equation defines the automorphism (24) of the tensor cube of the q-deformed Heisenberg algebra (13), which almost straightforwardly provides the solution the TE’s (3) and (4).

Currently, it is unclear whether the same scheme should work with different 3d L-operators, other than (23) but it is certainly worth exploring this point. Our choice of the form of this operator was motivated by a consideration of the “resonant three-wave scattering” model [53,54], which is a well known example of integrable classical system in 2 + 1-dimensions. This model is described by the non-linear differential equations,

∂_α A_{βγ}(x) = A_{βα}(x) A_{αγ}(x), (α, β, γ) = perm(1, 2, 3) , (63)

for the fields A_{α,β}(x), α ≠ β, in the three-dimensional space with the coordinates x = (x_1, x_2, x_3) and ∂_α = ∂/∂x_α, α = 1, 2, 3. They can be thought as the consistency conditions for the following auxiliary linear problem,

∂_αΨ_β (x) = A_{αβ}(x) Ψ_α(x), α ≠ β . (64)

The 3d L-operator (23) naturally arises in the quantization [44] of a discrete lattice analog [42] of this linear problem.

As explained in Sect.5, every solution of the TE provides an infinite series of quantum Rmatrices for 2d solvable lattice models (i.e., the solutions of the Yang-Baxter equation). Our solution of the TE reproduces in this way the R-matrices related with the finite dimensional highest weight evaluation representations for all the quantum affine algebras U_q (^sl(n)) with n = 2, 3, . . ., ∞. This 3d interpretation provides a completely new insight into the properties of 2d solvable lattice models, in particular, it leads to a remarkable rank-size (RS) duality, discussed in Sect.6.

Plausibly, a similar 3d interpretation also exists for the trigonometric R-matrices related with all other infinite series of quantum affine algebras [55,56] and superalgebras [57]. If so, the corresponding 3d models will, most likely, involve non-trivial boundary conditions [58–60]. We hope to address this interesting problem in the future.

Acknowledgments

The authors thank Rodney Baxter, Murray Batchelor, Michael Bortz, Peter Bouwknegt, Sergei Khoroshkin, Alexey Isaev, Barry McCoy, Nikolai Reshetikhin, Oleg Ogievetsky, Stanislav Pakulyak, Valery Tolstoy and, especially, Vladimir Mangazeev for valuable comments. One the authors (VVB) thanks Alexander Zamolodchikov and Vladimir Kazakov for interesting discussions and their hospitality at the ENS, Paris, where some parts of this work were completed. This work was supported by the Australian Research Council.

References

[1] A. B. Zamolodchikov, “Tetrahedra equations and integrable systems in three-dimensional space”. Soviet Phys. JETP 52 (1980) 325-336 [Zh. Eksp. Teor. Fiz. 79 (1980) 641–664] A. B. Zamolodchikov, “Tetrahedron equations and the relativistic S matrix of straight strings in 2+1 dimensions”, Commun. Math. Phys. 79 (1981) 489-505

[2] V. Bazhanov and Yu. Stroganov, “Conditions of commutativity of transfer-matrices on a multidimensional lattice”, Theor. Math. Phys. 52 (1982) 685-691

[3] R. J. Baxter, “Exactly Solved Models in Statistical Mechanics”, Academic Press, London, 1972

[4] R. J. Baxter, “On Zamolodchikov’s solution of the tetrahedron equation”, Commun. Math.

Phys. 88 (1983) 185-205

[5] R. J. Baxter, “The Yang-Baxter Equations and the Zamolodchikov Model”, Physica 18D (1986) 321-347

[6] V. V. Bazhanov and R. J. Baxter, “New solvable lattice models in three dimensions”, J.

Stat. Phys. 69 (1992) 453-485

[7] R. M. Kashaev, V. V. Mangazeev and Y. G. Stroganov, “Spatial symmetry, local integrability and tetrahedron equations in the Baxter-Bazhanov model”, Int. J. Mod. Phys. A 8 (1993) 587

[8] S. M. Sergeev, V. V. Mangazeev and Yu. G. Stroganov, “The vertex reformulation of the Bazhanov-Baxter model”, J. Stat. Phys. 82 (1996) 31-50

[9] J. Hietarinta, “Labelling schemes for tetrahedron equations and dualities between them”, J. Phys. A 27 (1994) 5727-5748

[10] I. G. Korepanov, “Tetrahedral Zamolodchikov algebras corresponding to Baxter’s Loperators”, J. Stat. Phys. 71 (1993) 85-97

[11] G. von Gehlen, S. Pakulyak and S. Sergeev, “Theta function parameterization and fusion for 3-D integrable Boltzmann weights”, J. Phys. A. 37 (2004) 1159-1179

[12] V. V. Bazhanov and R. J. Baxter, “Star triangle relation for a three-dimensional model”, J. Stat. Phys. 71 (1993) 839

[13] L. D. Faddeev and R. M. Kashaev, “Quantum Dilogarithm,” Mod. Phys. Lett. A 9 (1994) 427 [14] R. M. Kashaev, “The hyperbolic volume of knots from the quantum dilogarithm”, Lett.

Math. Phys. 39 (1997) 269

[15] H. Murakami, J. Murakami, M. Okamoto, T. Takata and Y. Yokota, “Kashaev’s conjecture and the Chern-Simons invariants of knots and links”, Experimental Math. 11 (2002) 427- 435.

[16] H. Au-Yang and J. H. H. Perk, “The many faces of the chiral Potts model”, Int. Journal of Mod. Phys. B 11 (1997) 11-26

[17] V. V. Bazhanov and N. Yu. Reshetikhin, “Remarks on the quantum dilogarithm”, J. Phys.

A 28 (1995) 2217–2226

[18] V. G. Drinfeld, “Quantum groups”, Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Berkeley, Calif., 1986), 798–820, Amer. Math. Soc., Providence, RI, 1987

[19] M. Jimbo, “A q-analogue of U(gl(N + 1)), Hecke algebra, and the Yang-Baxter equation”, Lett. Math. Phys. 11 (1986) 247–252

[20] S. Howes, L.P. Kadanoff and M. den Nijs, “Quantum model for commensurateincommensurate transitions”, Nucl. Phys. B 215[FS7] (1983) 169208

[21] G. von Gehlen and V. Rittenberg, “Z_n-symmetric quantum chains with an infinite set of conserved charges and Z_n zero modes”, Nuclear Phys. B 257[FS14] (1985) 351–370

[22] H. Au-Yang, J. H. H. Perk, B. M. McCoy, S. Tang, M. Yan, “Commuting transfer matrices in the chiral Potts models: solutions of star-triangle equations with genus > 1”, Phys. Lett. A 123 (1987) 219–223

[23] R. J. Baxter, J. H. H. Perk, H. Au-Yang, “New solutions of the star triangle relations for the Chiral Potts-model”, Phys. Lett. A 128 (1988) 138-142

[24] R.J. Baxter, “Derivation of the order parameter of the chiral Potts model”, Phys. Rev. Lett.

94 (2005) 130602

[25] G. Albertini, B.M. McCoy, J.H.H. Perk and S. Tang, “Excitation spectrum and order parameter for the integrable N-state chiral Potts model”, Nuc. Phys. B 314 (1989) 741763

[26] V. V. Bazhanov, R. M. Kashaev, V. V. Mangazeev and Yu. G. Stroganov, “Z^{⊗(N −1)}_N - generalization of the chiral Potts model”, Comm. Math. Phys. 138 (1991) 393-408

[27] E. Date, M. Jimbo, K. Miki, T. Miwa, “Generalized chiral Potts models and minimal cyclic representations of U_q ( ^gl(n, C))”, Comm. Math. Phys. 137 (1991) 133–147

[28] R. M. Kashaev and N. Yu. Reshetikhin, “Affine Toda field theory as a 3-dimensional integrable system”, Commun. Math. Phys. 188 (1997) 251-266

[29] R. M. Kashaev and A. Yu. Volkov, “From the tetrahedron equation to universal Rmatrices”, L. D. Faddeev’s Seminar on Mathematical Physics, 79–89, Amer. Math. Soc. Transl. Ser. 2, 201, Amer. Math. Soc., Providence, RI, 2000.

[30] I. V. Cherednik, “On a method of constructing factorized S-matrices in terms of elementary functions”, Theor. Math. Phys. 43 (1980) 356–358

[31] C. L. Schultz, “Solvable q-state models in lattice statistics and quantum field-theory”, Phys.

Rev. Lett. 46 (1981) 629-632

[32] O. Babelon, H. J. de Vega and C. M. Viallet, “Solutions of the factorization equations from Toda field theory”, Nucl. Phys. B190 (1981) 542-552

[33] J. H. H. Perk and C. L. Schultz, “New families of commuting transfer matrices in q-state vertex models”, Phys. Lett. A84 (1981) 407–410

[34] C. N. Yang, “Some exact results for the many-body problem in one dimension with repulsive delta-function interaction”, Phys. Rev. Lett. 19 (1967) 1312–1315

[35] G. V. Uimin, “One-dimensional problem for s=1 with modified antiferromagnetic hamiltonian”, JETP Lett. 12 (1970) 225

[36] C. K. Lai, “Lattice gas with nearest-neighbor interaction in one dimension with arbitrary statistics”, J. Math. Phys. 15 (1974) 1675-1676 [37] B. Sutherland, “Model for a multicomponent quantum system”, Phys. Rev. B 12 (1975) 3795-3805 [38] R. J. Baxter, “Generalized ferroelectric model on a square lattice”, Stud. Appl. Math. 1 (1971) 51-69.

[39] L. D. Faddeev, E. K. Sklyanin, L. A. Takhtajan, “Quantum inverse problem method. I.”

Theor. Math. Phys. 40 (1979) 688-706 [40] J.-M. Maillet and F. Nijhoff, “Integrability for three dimensional lattice models”, Phys.

Lett. B224 389-396 [41] R. M. Kashaev, “On discrete three-dimensional equations associated with the local Yang- Baxter relation”, Lett. Math. Phys. 38 (1996) 389-397 [42] I. Korepanov, “Algebraic integrable dynamical systems, 2+1 dimensional models on wholly discrete space-time, and inhomogeneous models on 2-dimensional statistical physics”, Preprint arXiv:solv-int/9506003 [43] S. M. Sergeev, “Solutions of the functional tetrahedron equation connected with the local Yang-Baxter equation for the ferro-electric condition”, Lett. Math. Phys. 45 (1998) 113-119 [44] V. V. Bazhanov and S. M. Sergeev, in preparation.

[45] E. V. Damaskinsky and P. P. Kulish, “Deformed oscillators and their applications”, J.

Soviet Math. 62 (1992) 2963–2986 [46] C. Zachos, “Elementary paradigms of quantum algebras. Deformation theory and quantum groups with applications to mathematical physics”, Contemp. Math. 134 (1992) 351–377 [47] V. V. Mangazeev, 2005, unpublished.

[48] V. V. Bazhanov, V. V. Mangazeev and S. M. Sergeev, work in progress [49] P. P. Kulish and E. K. Sklyanin, “Solutions of the Yang-Baxter equation”, J. Soviet. Math.

19 (1982) 1596 [Zap. Nauchn. Sem. LOMI, 95 (1980) 129–160] [50] S. M. Khoroshkin and V. N. Tolstoy, “Universal R-matrix for quantized (super)algebras”, Comm. Math. Phys. 141 (1991) 599-617 [51] Y. Z. Zhang and M. D. Gould, “Quantum affine algebra and universal R matrix with spectral parameter,” Lett. Math. Phys. 31 (1994) 101 [52] O. Babelon, H. J. de Vega and C. M. Viallet, “Exact solution of the Z_{n+1} ×Z_{n+1} symmetric generalization of the XXZ model”, Nucl. Phys. B200 (1982) 266-280 [53] V. E. Zakharov and S. V. Manakov, “Resonant interaction of wave packets in nonlinear media”, JETP Lett. 18 (1973) 243245.

V. E. Zakharov and S. V. Manakov, “The theory of resonance interaction of wave packets in nonlinear media”, Sov. Phys. JETP 42 (1975) 842–850

[54] D. J. Kaup, “The inverse scattering solution for the full three dimensional three-wave resonant interaction”, Physica 1D (1980) 45-67

[55] V. V. Bazhanov, “Trigonometric solutions of triangle equations and classical Lie-algebras”, Phys. Lett. B 159 (1985) 321-324

[56] M. Jimbo, “Quantum R-matrix for the generalized Toda system”, Comm. Math. Phys. 102 (1986) 537-547

[57] V. V. Bazhanov and A. G. Shadrikov, “Quantum triangle equations and simple Liesuperalgebras”, Theor. Math. Phys. 73 (1988) 1302-1312

[58] I. V. Cherednik, “Factorizing particles on a half-line and root systems”, Theor. Math. Phys.

61 (1984) 977-983

[59] E. K. Sklyanin, “Boundary conditions for integrable quantum systems”, J. Phys. A 21 (1988) 2375–2389

[60] A. P. Isaev and P. P. Kulish, “Tetrahedron reflection equations”, Mod. Phys. Lett. A 12 (1997) 427-437