arXiv:hep-th/0509202 v2 31 Oct 2005

Derivative Expansion of the Effective Action for Massless Scalar Electrodynamics in Arbitrary Gauge

D.G.C. McKeon Department of Applied Mathematics University of Western Ontario London CANADA N6A 5B7

email: dgmckeo2@uwo.ca Tel: (519)661-2111, ext. 88789 Fax: (519)661-3523

1 Abstract

It is shown how operator regularization can be used to obtain an expansion of the effective action in powers of derivatives of the background field. This is applied to massless scalar electrodynamics to find the one-loop corrections to the kinetic terms associated with both the scalar and vector fields in arbitrary gauge. This allows us to examine the radiatively induced masses arising in this model.

2 Introduction

The expansion of the effective action in powers of derivatives of the background field has in the past received considerable attention, both when the background field is a scalar [1- 9] and vector [10-16] field. Examination of the effective action when the background field is a constant scalar field has led to the idea of radiatively induced spontaneous symmetry breaking [1-4].

In this paper we first demonstrate how this derivative expansion can be derived when the effective action is computed using operator regularization [17-20]. This regulating technique provides a way of avoiding divergences when evaluating radiative corrections without having to introduce any modifications to the initial classical action. The approach used is similar to that employed in ref. [21].

Using this technique, we then compute the one loop radiative corrections to the kinetic terms in the effective action for massless scalar electrodynamics. This involves expanding up to the second derivative of the background field when examining the two point functions for the scalar and vector fields. This is done in a class of gauges similar to the R_ξ gauges [22-23].

3 The Derivative Expansion

To illustrate our approach, let us consider a simple scalar model with action S = ∫ d^4x [ − 1 2 (∂ϕ)^2 − 1 2 m^2ϕ^2 − 1 6 μϕ^3 − 1 24 λϕ^4 ] . (1)

The field ϕ is then split into the sum of a background field f and a quantum field h so that

ϕ = f + h. (2)

If now ∂ = ip, the contribution to S that is bilinear in h is given by

S_2 = ∫ d^4x [ − 1 2 h ( p^2 + m^2 + μf + 1 2 λf^2 ) h ] (3) so that at one loop order the effective action is

iS^{(1)} = ln det^{−1/2} ( p^2 + m^2 + μf + 1 2 λf^2 ) . (4)

In operator regularization [17-20], the zeta function [24-26] is used to regulate functional logarithms, ln H = − d ds | | | | |_0H −s . (5) This allows us to regulate iS^{(1)} in eq. (4),

iS^{(1)} = 1 2 d ds | | | | 0 ∫_∞ 0 dit(it)^{s−1}tr exp(−iHt) (6) where H is the operator appearing in eq. (4). This entails using tr ln H = ln detH and

Γ(s)H^{−s} = ∫_∞ 0 dit(it)^{s−1} exp(−iHt). (7) An expansion due to Schwinger [10] tr e^{−i(H0+H1 )t} = tr ( e^{−iH0t} + (−it)e^{−iH0t}H_1 + (−it)^2 2 ∫_1 0 du e^{−i(1−u)H0 t}H_1e^{−iuH0t}H_1 + . . . )

(8) can now be used to expand the exponential appearing in eq. (6) in powers of f.

In making a derivative expansion of iS^{(1)}, we first make the replacement

f → v + f (9)

where v is a constant; this permits one to retain all contributions that are independent of derivatives in the background field. With this, we find that

H_0 = p^2 + m^2 + μv + λv^2 2 (10)

H_1 = (μ + λv)f + λf^2 2 . (11)

Keeping terms in eq. (8) that are second order in f, we find that

iS^{(1)}_2 = 1 2 d ds | | | | |_0 κ^{2s} Γ(s) ∫_∞ 0 d it(it)^{s−1}tr { (−it)e^{−i(p2+m2 +μv+ λv22 )t} ( (μ + λv)f + λf^2 2 )

+ (−it)^2 2 ∫_1 0 du e^{−i(1−u)(p2+m2 +μv+ λv22 )t}(μ + λv)fe^{−iu} ( p^2+m^2 +μv+^{λv2}_2 ) t (μ + λv)f } . (12) The factor of κ^{2s} has been inserted to ensure that t is dimensionless.

The first functional trace we compute in eq. (12) is T_1 = tr e^{−ip2t}f^2 = ∫ dx ∫ dp < x|e^{−ip2t}|p >< p|f^2|x > . (13) If now |x > and |p > are the usual position and momentum eigenstates so that (2π)^2 < x|p >= e^{ip·x} (14) then eq. (13) becomes T_1 = ∫ dx ∫ dp (2π)^4 e^{−ip2t}f^2(x) = i (4πit)^2 ∫ dxf^2(x). (15) For the other functional trace in eq. (12), T_2 = tr e^{−i(1−u)p2t}fe^{−iup2 t}f = ∫ dx ∫ dy δ(x − y) ∫ dp dq ∫ dz < x|e^{−i(1−u)p2t}|p >< p|f|z >< z|e^{−iup2t}|q >< q|f|y > = ∫ dx dyδ(x − y) ∫ dp dq ∫ dz e^{ip·(x−z)}e^{iq·(z−y)} (2π)^8

(16) e^{−i[(1−u)p2+uq2 ]t}f(z)f(y). We now expand f(z) about y, stopping at the second derivative, so that ∫ dq e^{−iuq2 t}f(z)e^{iq·(z−y)} (17) = ∫ dq e^{−iuq2t} [ f(y) + (z − y)^λf_{,λ}(y) + 1 2 (z − y)^λ(z − y)^σf_{,λσ}(y) ] e^{iq·(z−y)}. Noting that (z − y)^λe^{iq·(z−y)} = −i ∂ ∂q^λ e^{iq·(z−y)} (18) and integrating by parts with respect to q, eq. (17) becomes = ∫ dq e^{iq·(z−y)} ( f(y) + ( i ∂ ∂q ) λ f_{,λ}(y)

+ 1 2 ( i ∂ ∂q ) λ ( i ∂ ∂q ) σ f_{,λσ}(y) ) e^{−iuq2 t} = ∫ dq e^{iq·(z−y)} [ f(y) + (2uq^λt)f_{,λ}(y) + 1 2 ( (2uq^λt)(2uq^σt) + 2iutg^{λσ} ) f_{,λσ}(y) ] e^{−iuq2 t}. (19) Substitution of eq. (19) into eq. (16) leads to some standard integrals; we obtain after integration over z, y, q then p in succession,

T_2 = ∫ dx i (4πit)^2 ( f^2(x) + (it)u(1 − u)f(x)∂^2f(x) ) . (20)

Together, eqs. (15) and (20) bring eq. (12) into the form

iS^{(1)}_2 = 1 2 d ds | | | |_0 κ^{2s} Γ(s) ∫_∞ 0 dit(it)^{s−1} i (4πit)^2 e^{−i(m2 +μv+ 12 λv2 )t} (21) [∫ dx(−it) ( (μ + λv)f(x) + 1 2 λf^2(x) )

+ (−it)^2 2 ∫_1 0 du(μ + λv)^2 ( f^2(x) + (it)u(1 − u)f(x)∂^2f(x) ) ] , which by eq. (7) becomes = i 32π^2 d ds | | | | |_0 κ^{2s} Γ(s) ∫ dx [ − ( (μ + λv)f(x) + 1 2 λf^2(x) ) Γ(s − 1) ( m^2 + μv + 1 2 λv^2 )_{1−s}

+ 1 2 (μ + λv)^2f^2(x)Γ(s) ( m^2 + μv + 1 2 λv^2 )_{−s}

+ 1 12 (μ + λv)^2f(x)∂^2f(x)Γ(s + 1) ( m^2 + μv + 1 2 λv^2 )_{−1−s}] . (22)

Since Γ(x + 1) = xΓ(x), eq. (22) becomes

iS^{(1)}_2 = i 32π^2 ∫ dx {[ (μ + λσ)f(x) + 1 2 λf^2(x) ] [ m^2 + μv + 1 2 λσ^2 ] [ 1 − ln ( m^2 + μv +^1_2 λv^2 κ^2 )]

− 1 2 (μ + λv)^2f^2(x) ln [ m^2 + μv +^1_2 λv^2 κ^2 ] + 1 12 (μ + λv)^2f(x)∂^2f(x) (m^2 + μv +^1_2 λv^2) } . (23)

This agrees with the result of ref. [5-9].

The terms in the classical actions that are linear and bilinear in f are

S^{(0)}_2 = ∫ dx [ − ( m^2v + 1 2 μv^2 + λv^3 6 ) f − 1 2 f ( p^2 + m^2 + μv + 1 2 λv^2 ) f ] . (24)

We can now write ( S^{(0)}_2 + S^{(1)}_2 ) in the form ( S^{(0)}_2 + S^{(1)}_2 ) = ∫ dx [ Z(v)f(x)∂^2f(x) − V^′(v)f(x) − V^{′′}(v)f^2(x) ] (25)

so that the vacuum expectations value of ϕ is given by v where [2]

V^′(v) = 0 (26)

and the radiatively corrected mass for ϕ(x) is

M^2 = V^{′′}(v)/Z(v). (27)

We now apply this technique to massless scalar electrodynamics.

4 Massless Scalar Electrodynamics

The classical action we consider is given by

S_{c1} = ∫ dx [ −(∂ + ieV )_μϕ^∗(∂ − ieV )^μϕ − λ (ϕ^∗ϕ)^2 − 1 4 (∂_μV_ν − ∂_ν V_μ)^2 ] . (28)

If now the scalar field √ 2ϕ is written as the sum of a background field f and quantum field h, √ 2ϕ = f + h (29) the Lagrangian possesses the infinitesimal gauge invariance

δV_μ = 0 δf = 0 δh = ie(f + h)Ω. (30)

This gauge invariance is broken by a modified form of the R_ξ gauge [22,23] so we supplement S_{c1} with S_{gf} = ∫ dx ( − 1 2α ) ( ∂ · V + ieα 2 (f^∗h − fh^∗) )_2

, (31) which necessitates a ghost action [22,23] S_{gh} = ∫ dx c [ ∂^2 − 1 2 e^2α (2f^∗f + f^∗h + fh^∗) ] c. (32)

The action S^{(0)} = S_{c1} + S_{gf} + S_{gh} has a portion bilinear in the quantum fields V_μ, h, c and c given by S^{(0)}_2 = −cH_gc − 1 2 Φ^T H_B Φ (33) where H_g = p^2 + e^2α ( f^2_1 + f^2_2 ) (34)

H_B = p^2 + 3λf^2_1 + (λ + αe^2)f^2_2 (2λ − αe^2)f_1f_2 −2e(∂_ν f_2) (2λ − αe^2)f_1f_2 p^2 + (λ + αe^2)f_1 + 3λf_2 2e(∂_ν f_1) −2e(∂_μf_2) 2e(∂_μf_1) p^2(T +^1_α L)_{μν} +e^2 (f^2_1 + f^2_2 ) g_{μν}

(35)

Φ^T = (h_1, h_2, V_μ) (36) and we have set f = f_1 + if_2, h = h_1 + ih_2.

The replacement f_1 → v + f_1 as in eq. (9) leads to H_g = H^0_g + H^1_g + H^2_g and H_B = H^0_B + H^1_B + H^2_B with H^0_g = p^2 + e^2αv^2 (37) H^1_g = 2e^2αvf, (38) H^2_g = e^2α ( f^2_1 + f^2_2 ) (39) and H^0_B = p^2 + 3λv^2 0 0 0 p^2 + (λ + αe^2)v^2 0 0 0 p^2(T +^1_α L)_{μν} + e^2v^2g_{μν}

(40)

H^1_B =

6λvf_1 2 ( λ −^1_2 αe^2 ) vf_2 −2e(∂_ν f_2) 2 ( λ −^1_2 αe^2 ) vf_2 2 (λ + αe^2) vf_1 2e (∂_ν f_1) −2e (∂_μf_2) 2e (∂_μf_1) 2e^2vf_1g_{μν}

(41)

H^2_B =

3λf^2_1 + (λ + αe^2) f^2_2 (2λ − αe^2)f_1f_2 0 (2λ − αe^2) f_1f_2 (λ + αe^2) f^2_1 + 3λf^2_2 0 0 0 e^2 (f^2_1 + f^2_2 ) g_{μν}

. (42)

(Derivatives appearing in eq. (41) act only on the classical field; i.e. (∂_μf) ≡ (_∂ ∂x^μ f(x) ) .) We have used a complete set of orthogonal projection operators T_{μν} = g_{μν} − ∂_μ∂_ν /∂^2, L_{μν} = ∂_μ∂_ν /∂^2.

The one loop contribution to the effective action is now given by S^{(1)} = S^{(1)}_g + S^{(1)}_B where

iS^{(1)}_g = ln detH_g , iS^{(1)}_B = ln det^{−1/2}H_B . (43)

Through using eqs. (5,7,8), we find that to second order in f_1 and f_2,

iS^{(1)} = d ds | | | | |_0 κ^{2s} Γ(s) ∫_∞ 0 dit(it)^{s−1}tr { − [ (−it)e^{−iH 0g t} ( H^1_g + H^2_g ) + (−it)^2 2 ∫_1 0 du e^{−i(1−u)H 0g t}H^1_g e^{−iuH 0g t}H^1_g ]

+ 1 2 [ (−it)e^{−iH 0B t} ( H^1_B + H^2_B ) + (−it)^2 2 ∫_1 0 du e^{−i(1−u)H 0B t}H^1_B e^{−iuH 0B t}H^1_B ]} . (44) Upon substitution of eqs. (37-42) into eq. (44), we are left with functional traces of the form of T_1 and T_2 in eqs. (15) and (20) respectively, as well as

T_3 = tr ( e^{−i(1−u)p2t} ∂_μf ( e^{−iup2 (T + 1α L)t} )_{μν} ∂_ν f ) (45) and T_4 = tr (( e^{−i(1−u)p2}(^{T + 1α L})^t ) μν f ( e^{−iup2(T + 1α L)t} )_{νμ} f ) . (46) Since T and L are a complete set of orthogonal projection operators, it follows that ( e^{−ip2}(^{T + 1α L})^t ) μν = e^{−ip2t}T_{μν} + e^{−ip2t/α}L_{μν} . (47) Through insertion of complete sets of states as was done in eq. (16), we find then that

T_3 = ∫ dx dyδ(x − y) ∫ dp dq ∫ dz e^{ip·(x−z)}e^{iq·(z−y)} (2π)^8 [ e^{−i(1−u)p2 t} ( g_{μν} − p_μp_ν p^2 ) + e^{−i(1−u)p2t/α} p_μp_ν p^2 ] ∂^μf(z)e^{−iuq2 t}∂^ν f(y). (48)

Since we are only interested in retaining contributions to S^{(1)} that have at most two derivatives of the background field, in eq. (48) we can make the approximation ∂^μf(z) ∼= ∂^μf(y). The integrals over z, y then q lead to

T_3 = ∫ dx ∫ dp (2π)^4 (∂_μf(x)∂^μf(x)) ( e^{−ip2t} ( g_{μν} − p_μp_ν p^2 ) + e^{−i((1−u)+u/α)p2t} ( p_μp_ν p^2 )) (49)

= ∫ dx (∂f)^2 4 ( i (4πit)^2 ) 3 + 1 ( 1 − u +^u_α

)_2 . (50) The trace T_4 can also be reduced by the insertion of complete sets of states as in eq. (16), leaving us with T_4 = ∫ dx dyδ(x − y) ∫ dp dq ∫ dz e^{ip·(x−z)}e^{iq·(z−y)} [ e^{−i(1−u)p2t} ( g_{μν} − p_μp_ν p^2 ) + e^{−iup2t} p_μp_ν p^2 ] f(z) (51) [ e^{−iuq2 t} ( g^{μν} − q_μq_ν q^2 ) + e^{−iuq2 t/α} q_μq_ν q^2 ] f(y). We now can expand f(z) about y up to the second derivative

f(z) = f(y) + (z − y)^λf_{,λ}(y) + 1 2 (z − y)^λ(z − y)^σf_{,λσ}(y) (52)

and then in analogy with eqs. (17-19) we are able to recast T_4 in a form that makes it possible to evaluate all integrals appearing in eq. (51). We are left with

T_4 = i (4πit)^2 ∫ dx { f^2(3 + α^2) + itf∂^2f [ (3 + α)u(1 − u) + 3 4 α^2(1 − u) + u − α α(1 − u) + u ]} . (54)

When the functional traces of eqs. (15), (20), (50) and (54) are all taken into account, then from eq. (44) iS^{(1)}_g = i (4π)^2 { 2α^2e^4v^3f_1 ( ln ( αe^2v^2

κ^2 ) − 1 ) (55)

+α^2e^4v^2 [ f^2_1 ( ln ( αe^2v^2

κ^2 ) − 1 ) + f^2_2 ( 3 ln ( αe^2v^2

κ^2 ) − 1 )] − 1 3 αe^2f_1∂^2f_1 }

and iS^{(1)}_B = i 2(4π)^2

∫_1 0 du { − [ (6λ)(3λv^2) ( ln 3λv^2 κ^2 − 1 ) (56)

+2(λ + αe^2) (( λ + αe^2 ) v^2 ) ( ln (λ + αe^2) v^2

κ^2 − 1 )

+(3 + α^2)(2e^2)(e^2v^2) ( ln e^2v^2 κ^2 − 1 )] (vf_1) − [( 3λf^2_1 + (λ + αe^2)f^2_2 ) (3λv^2) ( ln 3λv^2 κ^2 − 1 )

+ (( λ + αe^2 ) f^2_1 + 3λf^2_2 ) (( λ + αe^2 ) v^2 ) ( ln (λ + αe^2)v^2

κ^2 − 1 )

+(3 + α^2)e^2 ( f^2_1 + f^2_2 ) ( e^2v^2 ) ( ln e^2v^2 κ^2 − 1 )]

+ 1 2 [ (6λv)^2 ( −f^2_1 ln 3λv^2 κ^2 + u(1 − u)f_1∂^2f_1 3λv^2 )

( 2(λ + αe^2)v

)_2 ( −f^2_1 ln

(λ + αe^2)v^2

κ^2 + u(1 − u)f_1∂^2f_1 (λ + αe^2)v^2 )

+(2e^2v)^2 ( −(3 + α^2)f^2_1 ln e^2v^2 κ^2 + ( 3 4 α^2(1 − u) + u − α α(1 − u) + u + (3 + α)(1 − u) ) f_1∂^2f_1 e^2v^2 )

+2(2λ − αe^2)^2v^2 ( −f^2_2 ln

(1 − u)(3λv^2) + u(λ + αe^2)v^2 κ^2 + u(1 − u)f_2∂^2f_2 (1 − u)(3λv^2) + u(λ + αe^2)v^2 )

+2e^2 ( 3 + 1 (1 − u +^u_α )^2 ) ( −(∂f_2)^2 ln ( (1 − u)(3λv^2) + ue^2v^2 κ^2 )

−(∂f_1)^2 ln ( (1 − u)(λ + αe^2)v^2 + ue^2v^2 κ^2 ))]} . Integrals over the Schwinger parameter u in eq. (56) are straightforward, albeit tedious:

∫_1 0 du u(1 − u) = 1 6 (57)

∫_1 0 du ln(A(1 − u) + Bu) = B ln B − A ln A B − A − 1 (58)

∫_1 0 du α^2(1 − u) + u − α α(1 − u) + u = (1 + α) +

2α ln α 1 − α (59)

∫_1 0 du u(1 − u) A(1 − u) + Bu = 1 (B − A)^3 [ 1 2 (B^2 − A^2) − AB ln B A ] (60)

∫_1 0 du ln(A(1 − u) + Bu) (1 − u +^u_α )^2 = α 1 − α [ ln A − α ln B + α(A − B) A − αB ln (αB A )] . (61)

When eqs. (57-61) are used, eqs. (55,56) provide the one loop contribution to Z, V^′ and V^{′′} of eq. (25) in the gauge of eq. (31).

We now turn to the self energy of the vector field, computing the expansion of the one loop correction to the effective potential that is bilinear in the background vector field and second order in its derivatives. This entails decomposing V_μ and √ 2ϕ in eq. (28) into a sum of classical (A_μ, v) and quantum (a_μ, h_1 + ih_2) parts so that

V_μ(x) = A_μ(x) + a_μ(x) (62) √ 2ϕ(x) = v + h_1(x) + ih_2(x). (63) The classical action now contains the bilinear contributions

S^{(2)}_{c1} = − 1 2 (h_1, h_2, a_μ) (64)

p^2 + 3λv^2 + e^2A^2 −ie(p_μA^μ + A^μp_μ) 2e^2vA_ν ie(p_μA^μ + A^μp_μ) p^2 + (λ + αe^2)v^2 + e^2A^2 0 2e^2vA_μ 0 p^2(T +^a_α L)_{μν} +g_{μν} e^2v^2 h_1 h_2 a_ν .

The only contribution to the one loop classical action now is given by

iS^{(1)}_A = ln det^{−1/2}H_A (65)

where H_A is the operator appearing in eq. (64). Again regulating this expression through use of eq. (6) and expanding to second order in A_μ by use of eq. (7), we find that

iS^{(1)}_A = 1 2 d ds | | | | |_0 κ^{2s} Γ(s) ∫_∞ 0 d it(it)^{s−1}tr { (−it)e^{−ip2t} ( e^{−i(3λv2)t} + e^{−i(λ+αe2)v2t} ) (e^2A^2) (66)

+ (−it)^2 2 ∫_1 0 du [ 2e^2e^{−i[(1−u)(λ+αe2)+u(3λ)]v2t} ( e^{−i(1−u)p2t}(p · A + A · p)e^{−iup2 t}(p · A + A · p) )

+2(2e^2v)^2e^{−i[(1−u)e2 +u(3λ)]v2t} ( e^{−i(1−u)p2(T + 1α L)t} ) μν A^μe^{−iup2t}A^ν ]} . In addition to a functional trace of the form of T_1 appearing in eq. (13), we have in eq. (66) two more functional traces T_5 = tr e^{−i(1−u)p2t}(p · A + A · p)e^{−iup2 t}(p · A + A · p) (67) and T_6 = tr [( e^{−i(1−u)p2t}T_{μν} + e^{−i(1−u)p2t/α}L_{μν} ) A^μe^{−iup2 t}A^ν ] . (68) For T_5, we again insert complete sets of eigenstates, as in eq. (16), so that

T_5 = ∫ dx dyδ(x − y) [∫ dp dq ∫ dz e^{ip·(x−z)}e^{iq·(z−y)} (2π)^8 ( e^{−i[(1−u)p2+uq2 ]t}(p + q)_μq_ν A^μ(z)A^ν (y) ) (69) + ∫ dp dq dr ∫ dz dw e^{ip·(x−z)iq·(z−w)}e^{ir·(w−y)} (2π)^{12} ( e^{−i[(1−u)p2+uq2 ]t}(p + q)_μr_ν A^μ(z)A^ν (w) )] . In eq. (69), we effect the expansions

A^μ(z)A^ν (y) = [ A^μ(y) + (z − y)^λA^μ_{,λ}(y) + 1 2 (z − y)^λ(z − y)^σA^μ_{,λσ}(y) ] A^ν (y) (70) and A^μ(z)A^ν (w) = [ A^μ(x) + (z − x)^λA^μ_{,λ}(x) + 1 2 (z − x)^λ(z − x)^σA^μ_{,λσ}(x) ]

[ A^ν (y) + (w − y)^ρA^ν_{,ρ}(y) + 1 2 (w − y)^ρ(w − y)^κA^ν_{,ρκ}(y) ] . (71) The sorts of manipulation used in eqs. (18) and (19) then reduce eq. (69) to a form in which the integrations can be carried out and we find that

T_5 = i (4πit)^2 ∫ dx [ 2A^2 (it) + ( −1 + 4(1 − u) − 4(1 − u)^2 ) A^μ∂_μ∂_ν A^ν + ( 2(1 − u) − 2(1 − u)^2 ) A^μ∂^2A_ν ] . (72) Last of all, for T_6 we find that insertion of complete sets of states leads to

T_6 = ∫ dx dyδ(x − y) ∫ dp dq ∫ dz e^{ip·(x−z)}e^{iq·(z−y)} (2π)^8

(73) [ e^{−i(1−u)p2t} ( g_{μν} − p_μp_ν /p^2 ) + e^{−i(1−u)p2t/α}p_ν p_ν /p^2 ] [ A^μ(z)e^{−iuq2t}A^ν (y) ] . In eq. (73), A^μ(z) can now be expanded about y up to second order in the derivatives of A^μ(y); following the steps outlined in computing T_2 · · · T_5 above we arrive at

T_6 = i (4πit)^2 ∫ dx {[ 3 4 + 1 4(1 − u +^u_α )^2 ] A^2 + (it)A_μ∂^2A^μ

[ − 5 6 u^2 + 3 4 u − 1 6 u^2 (1 − u +^u_α )^3 + 1 4 u (1 − u +^u_α )^2 ] + (it)A^μ∂_μ∂_ν A^ν [ u^2 3 − u^2 3(1 − u +^u_α )^3 ]} . (74) Together, eqs. (72) and (74) reduce eq. (66) to

iS^{(1)}_A = i 32π^2 { e^2A^2v^2 [ 3λ ( 1 − ln 3λv^2 κ^2 ) + (λ + αe^2) ( 1 − ln

(λ + αe^2)v^2 κ^2 )]

+ ∫_1 0 du [ 2A^2v^2 ( (λ + αe^2)(1 − u) + 3λu ) ( 1 − ln

((λ + αe^2)(1 − u) + 3λu)v^2 κ^2 )

+A^μ∂_μ∂_ν A^ν (−1 + 4u(1 − u)) ( − ln

((λ + αe^2)(1 − u) + 3λu)v^2 κ^2 )

+A^μ∂^2A_μ(2u(1 − u)) ( − ln

((λ + αe^2)(1 − u) + 3λu)v^2 κ^2 )] (75)

+(2e^2v)^2

∫_1 0 du [ A^2 ( 3 4 + 1 4(1 − u +^u_α )^2 ) ( − ln

(e^2(1 − u) + 3λu)v^2 κ^2 )

+ 1 (e^2(1 − u) + 3λu)v^2 ( A^μ∂^2A_μ ( − 5 6 u^2 + 3 4 u − 1 6 u^2 (1 − u +^u_α )^3 + u 4 1 (1 − u +^u_α )^2 ) + A^μ∂_μ∂_ν A^ν u^2 3 ( 1 − 1 (1 − u +^u_α )^3 ))]} . This is the contribution to the one loop effective action that is bilinear inthe vector field up to the second derivative of this field, in the gauge of eq. (31). Transversality is recovered in the limit v → 0.

5 Discussion

We have demonstrated how operator regularization can be used to compute the expansion of the effective action in powers of derivates of the background field. This is illustrated in the context of a self interacting scalar model and in massless scalar electrodynamics. In the latter calculation, the full dependence on the gauge parameter α of the two point function to second order in the derivatives of background fields has been determined. It is not clear how to reconcile the implied gauge dependence of the radiatively induced masses with the result of ref. [27-29]. Indeed the extension of the BRS identities given in refs. [29,30] and further extended in ref. [31] has been applied in refs. [32,33] to show that if eq. (26) holds, then^{∂V}_{∂α} also vanishes in a class of gauges similar to those of eq. (31). In ref. (33), an expansion of the scalar mass m^2 given by eq. (27) was also shown to satisfy^{∂m2}_{∂α} = 0. This expansion was taken to be (_{λv2} 2 ) + ∑_{(1)}

(0) + (_{λv2} 2 ) ∑_{(1)′} (0) where

∑_{(1)}

is the one-loop contribution to the scalar self-energy taken only to order e^2λ. There is, however, an argument [34] that when one considers the exact effective potential in massless models, the effective potential is either background field independent or there is no spontaneous symmetry breaking.

There are alternate methods of making an expansion of the effective Lagrangian in powers of derivatives of the background field; these are the techniques of refs. [5-9] as well as these of refs. [35,36,37]. The approach of these last two references may well be more efficient than the one employed here.

6 Acknowledgements

The author would like to thank A. Buchel, V. Elias, V. Miransky and A. Rebhan for thoughtful comments. The hospitality of the Technical University of Vienna and the Perimeter Institute where much of this work was done is appreciated. NSERC provided financial support. Roger Macleod made a useful suggestion.

References

[1] S. Coleman and E. Weinberg, Phys. Rev. D7, 1888 (1973).

[2] S. Weinberg, Phys. Rev. D7, 1883 (1973).

[3] R. Jackiw, Phys. Rev. D9, 1686 (1974).

[4] A. Salam and J. Strathdee, Phys. Rev. D9, 1129 (1974).

[5] J. Iliopoulos, C. Itzykson and A. Martin, Rev. Mod. Phys. 47, 165 (1975).

[6] L.H. Chan, Phys. Rev. Lett. 54, 1222 (1985); 57, 1199 (1986), Phys. Rev. D38, 3739 (1988).

[7] C.M. Fraser, Z. Phys. C28, 101 (1985).

[8] I.J.R. Aitchison and C.M. Fraser, Phys. Lett. 146B, 63 (1984); Phys. Rev. D31, 2605 (1985); 32, 2190 (1985).

[9] O. Cheyette, Phys. Rev. Lett. 55, 2394 (1985). [10] J. Schwinger, Phys. Rev. 82, 664 (1951). [11] Johan Hauknes, Ann. Phys. (N.Y.) 156, 303 (1984) [12] H.W. Lee, P.Y. Pac and H.K. Shin, Phys. Rev. D40, 4202 (1989). [13] D. Cangemi, E. D’Hoker and G. Dunne, Phys. Rev. D51, 2513 (1995). [14] V. Gusynin and I.A. Shovkovy, Can. J. Phys. 74, 282 (1996). [15] V. Vanyashin and M. Terentev, JETP 21, 375 (1965). [16] D.G.C. McKeon, Phys. Rev. D55, 7989 (1997). [17] D.G.C. McKeon and T.N. Sherry, Phys. Rev. D35, 3854 (1987).

[18] R.B. Mann, M. Leblanc, D.G.C. McKeon, T.N. Sherry, L. Culumovic, Phys. Rev. D41, 514 (1990).

[19] L. Culumovic, D.G.C. McKeon, and T.N. Sherry, Ann. of Phys. (N.Y.) 197, 94 (1989). [20] D.G.C. McKeon and T.N. Sherry, Ann. of Phys. (N.Y.) 218, 325 (1992). [21] L. Culumovic and D.G.C. McKeon, Phys. Rev. D38, 3831 (1988). [22] G. ’t Hooft, Nucl. Phys. B35, 167 (1971).

[23] K. Fujikawa, B.W. Lee and A.I. Sanda, Phys. Rev. D6, 2923 (1972).

[24] A. Salam and J. Strathdee, Nucl. Phys. B90, 203 (1975). [25] J.S. Dowker and R. Critchley, Phys. Rev. D13, 3224 (1976). [26] S. Hawking, Comm. Math. Phys. 58, 133 (1977). [27] L. Dolan and R. Jackiw, Phys. Rev. D9, 2904 (1974). [28] J.S. Kang, Phys. Rev. D10, 3455 (1974). [29] N.K. Nielsen, Nucl. Phys. B101, 173 (1975).

[30] H. Kluberg-Stern and J.B. Zuber, Phys. Rev. D12, 482 (1975). [31] O. Piguet and K. Sibold, Nucl. Phys. B253, 517 (1985). [32] I.J.R. Aitcheson and C.M. Fraser, Ann. of Phys. 156, 1 (1984). [33] D. Johnson, Nucl. Phys. B253, 687 (1985).

[34] F. Brandt, F. Chishtie and D.G.C. McKeon, Mod. Phys. Lett., 20, 2215 (2005). [35] J. Gasser and H. Leutwyler, Ann. of Phys. 158, 142 (1984). [36] V. Gusynin and V. Kushnir, Sov. J. Nucl. Phys. 51, 587 (1990). [37] V. Gusynin and V. Kushnir, Class. and Quantum Grav. 8, 279 (1991).