arXiv:hep-th/0510029 v4 7 Sep 2006

hep-th/0510029 SNB/October/2005

Superfield Approach To Exact And Unique Nilpotent Symmetries

R.P.Malik^∗ S. N. Bose National Centre for Basic Sciences, Block-JD, Sector-III, Salt Lake, Calcutta-700 098, India E-mail: malik@boson.bose.res.in

Abstract: In the framework of usual superfield approach, we derive the exact local, covariant, continuous and off-shell nilpotent Becchi-Rouet-Stora-Tyutin (BRST) and anti-BRST symmetry transformations for the U(1) gauge field (A_μ) and the (anti-)ghost fields ((C̄)C) of the Lagrangian density of a four (3+1)-dimensional QED by exploiting the horizontality condition defined on the six (4, 2)-dimensional supermanifold. The long-standing problem of the exact derivation of the above nilpotent symmetry transformations for the matter (Dirac) fields (ψ̄, ψ), in the framework of superfield formulation, is resolved by a new restriction on the (4, 2)-dimensional supermanifold. This new gauge invariant restriction on the supermanifold, due to the augmented superfield formalism, owes its origin to the (super) covariant derivatives. The geometrical interpretations for all the above off-shell nilpotent transformations are provided in the framework of augmented superfield formalism.

PACS: 11.15.-q; 12.20.-m; 03.40.+k

Keywords: Usual superfield formalism; augmented superfield formalism; exact nilpotent (anti-)BRST symmetries; geometrical interpretations; QED in four-dimensions

∗Talk delivered in the International Workshop on “Supersymmetries and Quantum Symmetries” (27-31 July 2005) held at the Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna (Moscow), Russia.

The current year 2005 has been declared as the “world year of physics” to mark the 100th anniversary of the epoch-making discoveries made by Einstein in his miraculous year 1905. The year 2005 has also been a landmark year for the researchers, working in the realm of Becchi-Rouet-Stora-Tyutin (BRST) formalism, because it has celebrated the 30th birth anniversary of the discovery of BRST symmetries in the context of gauge theories [1,2]. This formalism, during its three decades of existence, has found applications in some of the frontier areas of research like topological field theories [3,4] and string field theories [5].

The key ideas of the BRST formalism have deep connections with the mathematics of differential geometry and (theoretical) physics of gauge theories as well as supersymmetries. One of its intuitive connections is with supersymmetry through the usual superfield formulation [6] which provides the geometrical interpretations for the nilpotent (Q^2_{(a)b} = 0) and anticommuting (Q_bQ_{ab} + Q_{ab}Q_b = 0) (anti-)BRST charges (Q_{(a)b}) in a beautiful manner. There exist, however, some long-standing problems in this domain of research which have defied their resolutions during the last 25 years. In our presentation, we shall touch upon one such long-standing problem (connected with the superfield approach to BRST formalism) and provide its resolution by exploiting the importance of gauge invariance.

Under the usual superfield approach [6], a D-dimensional Abelian gauge theory (endowed with the first-class constraints in the language of Dirac’s prescription [7,8]) is considered on a (D, 2)-dimensional supermanifold parameterized by D-number of spacetime (even) co-ordinates x^μ (μ = 0, 1, 2, 3....D − 1) and a couple of (odd) Grassmannian variables θ and θ̄ (with θ^2 = θ̄^2 = 0, θθ̄ + θ̄θ = 0). In general, the (p + 1)-form super curvature F̃^{(p+1)} = d̃Ã^{(p)}, constructed from the super exterior derivative d̃ (with d̃^2 = 0) and the super p-form connection Ã^{(p)} (corresponding to a p-form (p = 1, 2...) Abelian gauge theory) is restricted to be flat along the Grassmannian directions of the (D, 2)-dimensional supermanifold due to the so-called horizontality condition^†. Mathematically, this condition implies F̃^{(p+1)} = F^{(p+1)} where F^{(p+1)} = dA^{(p)} is the (p + 1)-form curvature defined on the ordinary D-dimensional manifold through the ordinary exterior derivative d = dx^μ∂_μ (with d^2 = 0) and ordinary p-form Abelian connection A^{(p)} =^1_{p!} [dx^{μ1} ∧ dx^{μ2} ... ∧ dx^{μp} ] A_{μ1 μ2.....μp} .

The above horizontality condition on the six (4, 2)-dimensional supermanifold leads to the derivation of the nilpotent (anti-)BRST symmetry transformations for the gauge- and (anti-)ghost fields of the (anti-)BRST invariant Lagrangian density of a given four (3 + 1)- dimensional (4D) 1- and 2-form (non-)Abelian gauge theories [6]. However, it does not shed any light on the nilpotent (anti-)BRST symmetry transformations that are associated with the matter (Dirac) fields of the interacting 1-form (non-)Abelian gauge theories where there is a coupling between the gauge field and the matter conserved current, constructed by the Dirac fields. This issue (i.e. the derivation of the nilpotent transformations for matter fields) has been a long-standing problem in the superfield approach to BRST formalism.

In a recent set of papers^‡ [10-13], the usual superfield formalism has been consistently

†Nakanishi and Ojima call it the “soul-flatness” condition [9]. For the 1-form non-Abelian gauge theory, F̃ (2) = d̃Ã(1) + Ã(1) ∧ Ã(1) and F (2) = dA(1) + A(1) ∧ A(1) in the horizontality condition F̃ (2) = F (2) [6].

‡The author is grateful to the “Dubna School” for his training in supersymmetry and related topics.

extended by invoking the additional restrictions on the six (4, 2)-dimensional supermanifold that are complimentary to the horizontality condition [6]. These additional restrictions on the supermanifold are the equality of (i) the conserved (super) matter current [10,11] (as well as other conserved quantities [11]), and (ii) the gauge invariant quantities owing their origin to the (super) covariant derivatives on the (super) matter fields [12,13].

The former set of restrictions [10,11] lead to the consistent derivation of the nilpotent symmetry transformations for the matter fields. On the other hand, the latter restrictions [12,13] lead to the exact and unique derivation of the nilpotent symmetry transformations for the matter fields. We christen these extended versions of the usual superfield approach to BRST formalism as the augmented superfield formalism. Both types of extensions have their own merits and advantages. Any further (consistent) extension of the usual superfield approach would be a welcome sign for the future of this area of research.

In our presentation, we first focus on the strength of the horizontality condition in the exact and unique derivation of the nilpotent symmetry transformations for the gauge and (anti-)ghost fields of a 4D interacting U(1) gauge theory with the Dirac fields. This interacting Abelian system has been taken into consideration only for the sake of simplicity. The ideas, proposed in our presentation, can be generalized to a non-Abelian interacting gauge theory in a straightforward manner. Second, we concentrate on the consistent derivation of the nilpotent transformations for the matter (Dirac) fields by exploiting the equality of the conserved matter (super) current on the six (4, 2)-dimensional supermanifold. Finally, we obtain the exact and unique nilpotent symmetry transformations for the Dirac fields by exploiting the equality of the gauge invariant quantity on the above supermanifold that owes its origin to the (super) covariant derivatives on the (super) Dirac fields.

Let us begin with the (anti-)BRST invariant Lagrangian density L_b for the interacting four (3 + 1)-dimensional U(1) gauge theory in the Feynman gauge [14]

L_b = −^1_4 F^{μν} F_{μν} + ψ̄ (iγ^μD_μ − m) ψ + B (∂ · A) +^1_2 B^2 − i ∂_μC̄∂^μC, (1)

where F_{μν} = ∂_μA_ν − ∂_ν A_μ is the antisymmetric field strength tensor for the U(1) Abelian gauge theory that is derived from the 2-form dA^{(1)} =^1_2 (dx^μ ∧ dx^ν )F_{μν}^§. As is evident, the latter is constructed by the application of the exterior derivative d = dx^μ∂_μ (with d^2 = 0) on the 1-form A^{(1)} = dx^μA_μ which defines the Abelian vector potential A_μ. The gaugefixing term (∂ · A) is derived through the operation of the co-exterior derivative δ (with δ = −∗d∗, δ^2 = 0) on the one-form A^{(1)} (i.e. δA^{(1)} = −∗d∗A = (∂·A)) where ∗ is the Hodge duality operation. The fermionic Dirac fields (ψ, ψ̄), with the mass m and charge e, couple to the U(1) gauge field A_μ (i.e. −eψ̄γ^μA_μψ) through the conserved current J_μ = ψ̄γ_μψ.

§We adopt here the conventions and notations such that the 4D flat Minkowski metric is: η_{μν} = diag (+1, −1, −1, −1) and □ = η^{μν} ∂_μ∂_ν = (∂_0)^2 − (∂_i)^2, F_{0i} = E_i = ∂_0A_i − ∂_iA_0 = F^{i0}, F_{ij} = ϵ_{ijk}B_k, B_i = (1/2)ϵ_{ijk}F_{jk}, D_μψ = ∂_μψ+ieA_μψ where ϵ_{ijk} is the 3D totally antisymmetric Levi-Civita tensor and electric and magnetic fields are E_i and B_i, respectively. In equation (1), γ’s are the usual 4 × 4 Dirac matrices. Furthermore, the Greek indices: μ, ν, ρ... = 0, 1, 2, 3 in (1), correspond to the spacetime directions and Latin indices i, j, k... = 1, 2, 3 stand only for the space directions on the 4D spacetime manifold.

The anticommuting (CC̄ + C̄C = 0, C^2 = C̄^2 = 0, Cψ + ψC = 0 etc.) (anti-)ghost fields (C̄)C are required to maintain the unitarity and “quantum” gauge (i.e. BRST) invariance together at any arbitrary order of perturbation theory for a given physical process^¶. The Nakanishi-Lautrup auxiliary field B is required to linearize the quadratic gauge-fixing term −^1_2 (∂ · A)^2, present in the Lagrangian density (1), in a subtle way.

The above Lagrangian density (1) respects the following off-shell nilpotent (s^2_{(a)b} = 0) and anticommuting (s_bs_{ab} + s_{ab}s_b = 0) (anti-)BRST (s_{(a)b})^‖ symmetry transformations [14] s_bA_μ = ∂_μC, s_bC = 0, s_bC̄ = iB, s_bψ = −ieCψ, s_bψ̄ = −ieψ̄C, s_bB = 0, s_bF_{μν} = 0, s_b(∂ · A) = □C, s_{ab}A_μ = ∂_μC̄, s_{ab}C̄ = 0, s_{ab}C = −iB, s_{ab}ψ = −ieC̄ψ, s_{ab}ψ̄ = −ieψ̄C̄, s_{ab}B = 0, s_{ab}F_{μν} = 0, s_{ab}(∂ · A) = □C̄. (2)

The noteworthy points, at this stage, are (i) under the nilpotent (anti-)BRST transformations, it is the kinetic energy term (more precisely F_{μν} itself) that remains invariant. (ii) The electric and magnetic fields E_i and B_i (that are components of F_{μν} ) owe their origin to the operation of cohomological operator d on the one-form A^{(1)}. (iii) The symmetry transformations in (2) are generated by the local, conserved and nilpotent charges Q_{(a)b}. This statement, for the local generic field Σ(x), can be succinctly expressed as

s_r Σ(x) = −i [ Σ(x), Q_r ]_±, r = b, ab, (3)

where Σ(x) = A_μ(x), C(x), C̄(x), ψ(x), ψ̄(x), B(x) and the (+)− signs, as the subscripts on the square bracket, correspond to the (anti-)commutators for the generic local field Σ(x) (of the Lagrangian density (1)) being (fermionic)bosonic in nature.

To derive the above anticommuting and nilpotent transformations s_{(a)b} for the bosonic U(1) gauge field A_μ and the fermionic (anti-)ghost fields (C̄)C, we exploit the usual superfield formalism, endowed with the horizontality restriction on a six (4, 2)-dimensional supermanifold. This supermanifold is parametrized by the superspace coordinates Z^M = (x^μ, θ, θ̄) where x^μ (μ = 0, 1, 2, 3) are a set of four even (bosonic) spacetime coordinates and fermionic θ and θ̄ are a set of two odd (Grassmannian) coordinates. One can define a super 1-form Ã^{(1)} = dZ^M Ã_M where the supervector superfield Ã_M (with Ã_M = (B_μ(x, θ, θ̄), F(x, θ, θ̄), F̄(x, θ, θ̄)) has the component multiplet superfields B_μ, F, F̄. These component superfields can be expanded in terms of the basic fields (A_μ, C, C̄), auxiliary field (B) of the Lagrangian density (1) and some extra secondary fields, as [6] B_μ(x, θ, θ̄) = A_μ(x) + θ R̄_μ(x) + θ̄ R_μ(x) + i θ θ̄S_μ(x), F(x, θ, θ̄) = C(x) + i θB̄(x) + i θ̄ B(x) + i θ θ̄ s(x), F̄(x, θ, θ̄) = C̄(x) + i θ B̄(x) + i θ̄ B(x) + i θ θ̄ s̄(x). (4) ¶The full strength of the (anti-)ghost fields turns up in the discussion of the unitarity and “quantum” gauge (i.e. BRST) invariance for the perturbative computations in the realm of non-Abelian gauge theory where, for each loop diagram of the gauge (gluon) fields corresponding to a physical process, a loop diagram consisting of only the (anti-)ghost fields is required to exist as its counterpart (see, e.g., [15] for details).

‖We adopt here the notations and conventions followed in [14]. In fact, in its full glory, a nilpotent (δ^2_B = 0) BRST transformation δ_B is equivalent to the product of an anticommuting (ηC = −Cη, ηC̄ = −C̄η, ηψ = −ψη, ηψ̄ = −ψ̄η etc.) spacetime independent parameter η and s_b (i.e. δ_B = η s_b) where s^2_b = 0.

It is straightforward to note that the local fields R_μ(x), R̄_μ(x), C(x), C̄(x), s(x), s̄(x) are fermionic (anticommuting) in nature and their number matches with the bosonic (commuting) local fields A_μ(x), S_μ(x), B(x), B̄(x), B(x), B̄(x) in (4).

All the secondary fields will be expressed in terms of basic fields (A_μ, C, C̄) and the auxiliary field (B) due to the restrictions emerging from the application of horizontality condition. The explicit forms of F̃^{(2)} and F^{(2)}, in the horizontality restriction, are:

F̃^{(2)} = F^{(2)}, F̃^{(2)} = d̃Ã^{(1)} =^1_2 (dZ^M ∧ dZ^N )F̃_{M N} , F^{(2)} = dA^{(1)} =^1_2 (dx^μ ∧ dx^ν )F_{μν} . (5)

The super exterior derivative d̃ and the connection super one-form Ã^{(1)}, in (5), are d̃ = dZ M ∂_M = dxμ ∂_μ + dθ ∂_θ + dθ̄ ∂_{θ̄}, Ã^{(1)} = dZ^M Ã_M = dx^μ B_μ(x, θ, θ̄) + dθ F̄(x, θ, θ̄) + dθ̄ F(x, θ, θ̄). (6) Mathematically, the above condition (5) implies the “flatness” of all the components of the (anti-)symmetric super curvature tensor F̃_{M N} that are directed along the θ and/or θ̄ directions of the supermanifold. Ultimately, the soul-flatness (horizontality) condition (d̃Ã^{(1)} = dA^{(1)}) of the equation (5) (with F̃^{(2)} = F^{(2)}), yields^{∗∗}

R_μ (x) = ∂_μ C(x), R̄_μ (x) = ∂_μ C̄(x), s (x) = s̄ (x) = 0, S_μ (x) = ∂_μB (x) B (x) + B̄ (x) = 0, B (x) = B̄(x) = 0. (7) The insertion of all the above values in expansion (4) leads to the derivation of (anti-)BRST symmetries for the gauge- and (anti-)ghost fields of the theory as^{††}

B^{(h)}_μ (x, θ, θ̄) = A_μ(x) + θ (s_{ab}A_μ(x)) + θ̄ (s_bA_μ(x)) + θ θ̄ (s_bs_{ab}A_μ(x)), F^{(h)} (x, θ, θ̄) = C(x) + θ (s_{ab}C(x)) + θ̄ (s_bC(x)) + θ θ̄ (s_b s_{ab}C(x)), F̄^{(h)} (x, θ, θ̄) = C̄(x) + θ (s_{ab}C̄(x)) + θ̄ (s_bC̄(x)) + θ θ̄ (s_b s_{ab}C̄(x)). (8) The above exercise provides the physical interpretation for the (anti-)BRST charges Q_{(a)b} as simply the generators (cf. (3)) of translations (i.e. Lim¯_{θ→0}(∂/∂θ), Lim_{θ→0}(∂/∂θ̄)) along the Grassmannian directions of the supermanifold. It is obvious that now d̃Ã^{(1)}_{(h)} = dA^{(1)}, where Ã^{(1)}_{(h)} = dxμB(h)_μ + dθF̄ (h) + dθ̄F (h) is the modified version of the 1-form super connection Ã^{(1)} (cf. (6)) after the application of the horizontality (soul-flatness) condition.

We now derive the nilpotent symmetry transformations for the matter (Dirac) fields (ψ, ψ̄) due to the invariance of the conserved matter current of the theory on the supermanifold. We start off with the super expansion of the superfields (Ψ, Ψ̄)(x, θ, θ̄)), corresponding to the ordinary Dirac fields (ψ, ψ̄)(x) of the Lagrangian density (1), as [10,12] Ψ(x, θ, θ̄) = ψ(x) + i θ b̄_1(x) + i θ̄ b_2(x) + i θ θ̄ f(x), Ψ̄(x, θ, θ̄) = ψ̄(x) + i θ b̄_2(x) + i θ̄ b_1(x) + i θ θ̄ f̄ (x). (9)

∗∗In the explicit computation of d̃Ã^{(1)}, we have taken into account dx^μ ∧ dx^ν = −dx^ν ∧ dx^μ, dx^μ ∧ dθ = −dθ ∧ dx^μ, dθ ∧ dθ̄ = dθ̄ ∧ dθ, etc., that emerge from the requirement of the nilpotency of d̃ (i.e. d̃^2 = 0).

††For the non-Abelian gauge theory where F^{(2)} = dA^{(1)} + A^{(1)} ∧ A^{(1)}, the off-shell nilpotent symmetry transformations for the gauge (i.e. s_bA_μ = D_μC) and (anti-)ghost fields (with s_bC =^1_2 C × C, etc.) were found in a beautiful paper by Bonora and Tonin with exactly the same kind of expansion as given in (8) (see, [6] for details). The horizontality condition (F̃^{(2)} = F^{(2)}) plays an important role in this case, too.

In the limit (θ, θ̄) → 0, from the above expansions, we get back the usual Dirac fields (ψ, ψ̄) (of the Lagrangian density (1)) and the number of bosonic fields (b_1, b̄_1, b_2, b̄_2) match with the fermionic fields (ψ, ψ̄, f, f̄) for the consistency with supersymmetry.

We construct the supercurrent J̃_μ(x, θ, θ̄) with the following general super expansion J̃_μ(x, θ, θ̄) = Ψ̄(x, θ, θ̄) γ_μ Ψ(x, θ, θ̄) = J_μ(x) + θ K̄_μ(x) + θ̄ K_μ(x) + i θ θ̄ L_μ(x), (10) where the above components (i.e. K̄_μ, K_μ, L_μ, J_μ), can be expressed in terms of the components of the basic super expansions (9), as (see, e.g., [10])

K̄_μ(x) = i(b̄_2γ_μψ − ψ̄γ_μb̄_1), K_μ(x) = i(b_1γ_μψ − ψ̄γ_μb_2), L_μ(x) = f̄γ_μψ + ψ̄γ_μf + i(b̄_2γ_μb_2 − b_1γ_μb̄_1), J_μ(x) = ψ̄γ_μψ.

(11)

To be consistent with our earlier observation that the (anti-)BRST transformations (s_{(a)b}) are equivalent to the translations along the (θ)θ̄-directions of the supermanifold, it is straightforward to re-express the expansion in (10) as

J̃_μ(x, θ, θ̄) = J_μ(x) + θ (s_{ab}J_μ(x)) + θ̄ (s_bJ_μ(x)) + θ θ̄ (s_bs_{ab}J_μ(x)). (12)

It can be checked explicitly that, under the (anti-)BRST transformations (2), the conserved current J_μ(x) remains invariant (i.e. s_bJ_μ(x) = s_{ab}J_μ(x) = 0). Thus, from (11), we have

b_1γ_μψ = ψ̄γ_μb_2, b̄_2γ_μψ = ψ̄γ_μb̄_1, f̄ γ_μψ + ψ̄γ_μf = i(b_1γ_μb̄_1 − b̄_2γ_μb_2), (13)

as the conditions for s_{(a)b}J_μ = 0. This, ultimately, implies: K_μ = L_μ = K̄_μ = 0 in (10).

One of the possible solutions to the above restrictions, present in (13), is [10] b_1 = −eψ̄C, b_2 = −eCψ, b̄_1 = −eC̄ψ, b̄_2 = −eψ̄C̄, f = −ie [ B + eC̄C ] ψ, f̄ = +ie ψ̄ [ B + eCC̄ ]. (14)

It is evident that the above expressions are consistent but not uniquely determined by the restriction J̃_μ(x, θ, θ̄) = J_μ(x) on the supermanifold. However, it should be emphasized that, barring the constant factors, the above solutions are very logical. For instance, for the validity of b_1γ_μψ = ψ̄γ_μb_2, the pair of bosonic fields b_1 and b_2 should be proportional to the fermionic fields ψ̄ and ψ, respectively. The corresponding equality can be achieved, only by bringing in, the (anti-)ghost fields of the theory. There is no other possible choice. Thus, we judiciously choose b_1 ∼ ψ̄C and b_2 ∼ Cψ. Rest of the consistent choices of (14) are made on similar line of arguments with appropriate constants i and e thrown in.

The stage is now set for the exact derivation of (14). To this end in mind, we begin with the following gauge invariant restriction on the supermanifold [12]

Ψ̄(x, θ, θ̄) (d̃ + ieÃ^{(1)}_{(h)}) Ψ(x, θ, θ̄) = ψ̄(x) (d + ieA(1)) ψ(x), (15)

where the superfields Ψ and Ψ̄ are from (9). The r.h.s. of the above equation, expressed in terms of the differential dx^μ (as dx^μψ̄(∂_μ + ieA_μ)ψ), is obviously a U(1) gauge invariant quantity. The l.h.s. of the above equation yields the coefficients of the differentials dx^μ, dθ and dθ̄. The analogues of the latter two, as is evident from (15), do not exist on the r.h.s.

It is straightforward to note that the coefficients of dθ, collected from the l.h.s., should be set equal to zero. This requirement leads to the following two independent relationships

−i ψ̄ (b̄_1 + eC̄ψ) = 0, ψ̄ (if + eC̄b_2 − eBψ) = 0. (16)

Similarly, the coefficients of dθ̄ equal to zero, implies the following relationships [12]

−i ψ̄ (b_2 + eCψ) = 0, ψ̄ (−if + eCb̄_1 + eBψ) = 0. (17)

Together, the above two equations, lead to the following results (for ψ̄ ≠ 0) b̄_1 = −e C̄ ψ, b_2 = −e C ψ, f = −ie (B + eC̄C) ψ. (18) In fact, out of exactly four relations, only two in (16) and (17), are independent [12].

We shall focus now on the collection of the coefficients of dx^μ, dx^μ(θ), dx^μ(θ̄) and dx^μ(θθ̄). The coefficient of the “pure” dx^μ match from the l.h.s. and r.h.s. Exploiting the inputs from (18), we set equal to zero the coefficient of dx^μ(θ) and dx^μ(θ̄). These imply

i [ b̄_2 + e ψ̄C̄ ] [ D_μψ ] = 0, i [ b_1 + e ψ̄C ] [ D_μψ ] = 0. (19)

The above conditions lead to the exact determination of b_1 and b̄_2 as: b_1 = −eψ̄C, b̄_2 = −eψ̄C̄. Here, it will be noted that D_μψ ≠ 0 for the QED with Dirac fields. Finally, we collect the coefficients of dx^μ(θθ̄) and set them equal to zero. This condition implies [12]

[ if̄ + eψ̄ (B + eCC̄) ] [ D_μψ ] = 0, (20)

where we have exploited the inputs from (18) and have inserted the values of b_1 and b̄_2 that were obtained earlier. It is obvious that, for D_μψ ≠ 0, we obtain the exact value of f̄ as: f̄ = ie[B + eCC̄]ψ̄. Thus, from the restriction (15), we obtain exactly all the values of (14). Insertions of the values of (14) into (9) leads to the following (see, [12] for details) Ψ (x, θ, θ̄) = ψ(x) + θ (s_{ab}ψ(x)) + θ̄ (s_bψ(x)) + θ θ̄ (s_b s_{ab}ψ(x)), Ψ̄ (x, θ, θ̄) = ψ̄(x) + θ (s_{ab}ψ̄(x)) + θ̄ (s_bψ̄(x)) + θ θ̄ (s_b s_{ab}ψ̄(x)). (21)

This establishes the fact that the nilpotent (anti-)BRST charges Q_{(a)b} are the translations generators (Lim¯_{θ→0}(∂/∂θ)) Lim_{θ→0}(∂/∂θ̄) along the (θ)θ̄ directions of the supermanifold.

To summarize, the geometrical interpretations for (i) the (anti-)BRST transformations s_{(a)b} and their corresponding generators Q_{(a)b}, (ii) the nilpotency property of s_{(a)b} and Q_{(a)b}, and (iii) the anticommutativity property of s_{(a)b} and Q_{(a)b}, for all the fields of QED with Dirac fields, emerge in the framework of augmented superfield formalism. Mathematically, these can be expressed, in an explicit manner, as illustrated below

s_b ⇔ Q_b ⇔ Lim_{θ→0} ∂ ∂θ̄ , s_{ab} ⇔ Q_{ab} ⇔ Lim¯_{θ→0} ∂ ∂θ , s^2_{(a)b} = 0 ⇔ Q^2_{(a)b} = 0 ⇔ ( ∂ ∂θ )_2

= 0, ( ∂ ∂θ̄ )_2

= 0,

s_bs_{ab} + s_{ab}s_b = 0 ⇔ Q_bQ_{ab} + Q_{ab}Q_b = 0 ⇔ ∂ ∂θ̄ ∂ ∂θ + ∂ ∂θ ∂ ∂θ̄ = 0.

(22)

The exact nilpotent (anti-)BRST symmetries for the matter (Dirac) fields are obtained from the gauge invariant restriction (15) on the supermanifold which is different in nature than the gauge covariant restriction of the horizontality condition (5) (see, [13] for details).

References

[1] C. Becchi, A. Rouet, R. Stora, Phys. Lett. B 52 (1974) 244; Commun. Math. Phys. 42 (1975) 127; Ann. Phys. (N. Y.) 98 (1976) 287.

[2] I. V. Tyutin, Lebedev Preprint, FIAN-39 (1975) (Unpublished).

[3] E. Witten, Commun. Math. Phys. 117 (1988) 353; ibid. 121 (1989) 351.

[4] For a review, see, e.g., D. Birmingham, M. Blau, M. Rakowski, G. Thompson, Phys.

Rep. 209 (1991) 129.

[5] For details, see, e.g., E. Witten, Nucl. Phys. B 268 (1986) 253.

[6] J. Thierry-Mieg, J. Math. Phys. 21 (1980) 2834; Nuovo Cimento 56 A (1980) 396;

M. Quiros, F. J. De Urries, J. Hoyos, M. L. Mazon, E. Rodrigues, J. Math. Phys. 22 (1981) 767; R. Delbourgo, P. D. Jarvis, J. Phys. A: Math. Gen. 15 (1981) 611; R. Delbourgo, P. D. Jarvis, G. Thompson, Phys. Lett. B 109 (1982) 25; L. Bonora, M. Tonin, Phys. Lett. B 98 (1981) 48; L. Bonora, P. Pasti, M. Tonin, Nuovo Cimento 63 A (1981) 353; L. Baulieu, J. Thierry-Mieg, Nucl. Phys. B 197 (1982) 477; L. Baulieu, J. Thierry-Mieg, Nucl. Phys. B 228 (1982) 259; L. Alvarez-Gaumé, L. Baulieu, Nucl. Phys. B 212 (1983) 255; D. S. Hwang, C. -Y. Lee, J. Math. Phys. 38 (1997) 30.

[7] P. A. M. Dirac, Lectures on Quantum Mechanics, Belfer Graduate School of Science, Yeshiva University Press, New York, 1964.

[8] For a review, see, e.g., K. Sundermeyer, Constrained Dynamics, Lecture Notes in Physics, Vol. 169, Springer-Verlag, Berlin, 1982.

[9] N. Nakanishi, I. Ojima, Covariant Operator Formalism of Gauge Theories and Quantum Gravity, World Scientific, Singapore, 1990.

[10] R. P. Malik, Phys. Lett. B 584 (2004) 210, [hep-th/0311001]; J. Phys. A: Math. Gen.

37 (2004) 5261 [hep-th/0311193]; Int. J. Geom. Meth. Mod. Phys. 1 (2004) 467 [hepth/0403230]; Mod. Phys. Lett. A 20 (2005) 1767 [hep-th/0402123]; Int. J. Mod. Phys. A 20 (2005) 4899 [hep-th/0402005].

[11] R. P. Malik, Nilpotent Symmetries for a Spinning Relativistic Particle in Augmented Superfield Formalism, (Preprint hep-th/0506109).

[12] R. P. Malik, Unique Nilpotent Symmetry Transformations for Matter Fields in QED:

Augmented Superfield Formalism (Preprint hep-th/0507127).

[13] R. P. Malik, Augmented Superfield Approach to Unique Nilpotent Symmetries for Complex Scalar Fields in QED (Preprint hep-th/0508226).

[14] S. Weinberg, The Quantum Theory of Fields: Modern Applications, Vol. 2, Cambridge University Press, Cambridge, 1996; M. Henneaux, C. Teitelboim, Quantization of Gauge Systems, Princeton University Press, New Jersey, Princeton, 1992.

[15] I. J. R. Aitchison, A. J. G. Hey, Gauge Theories in Particle Physics: A Practical Introduction, Adam Hilger, Bristol, 1982.