arXiv:hep-th/0510071 v1 10 Oct 2005

Lagrangian formulation of classical fields within Riemann-Liouville fractional derivatives

October 10, 2005

Dumitru Baleanu^1

Department of Mathematics and Computer Sciences, Faculty of Arts and Sciences, Çankaya University- 06530, Ankara, Turkey

Sami I. Muslih^2

Department of Physics, Al-Azhar University, Gaza, Palestine and International Center for Theoretical Physics(ICTP), Trieste, Italy

Abstract

The classical fields with fractional derivatives are investigated by using the fractional Lagrangian formulation.The fractional Euler-Lagrange equations were obtained and two examples were studied.

PACS: 03.65.Pm, 11.10.Ef-Lagrangian and Hamiltonian approach.

1On leave of absence from Institute of Space Sciences, P.O.BOX, MG-23, R 76900, Magurele-Bucharest, Romania,E-mails: dumitru@cankaya.edu.tr, baleanu@venus.nipne.ro 2E-mail: smuslih@ictp.trieste.it

1 Introduction

Fractional derivatives [1, 2, 3], have played a significant role in physics, mathematics and engineering during the last decade [4, 5, 6, 7, 8]. Fractional calculus found many interesting applications in recent studies of scaling phenomena [9, 10, 11] or in classical mechanics [12, 13, 14, 15, 16].

Riewe has used the fractional calculus to develop a formalism which can be used for both conservative and non conservative systems [12, 13]. Although many laws of nature can be obtained using certain functionals and the theory of calculus of variations, not all laws can be obtained by using this way. For example, almost all systems contain internal damping, yet traditional energy based approach cannot be used to obtain equations describing the behavior of a non conservative system [12, 13]. Using the fractional approach, one can obtain the Euler-Lagrange and the Hamiltonian equations of motion for the nonconservative systems. The simple solutions of the fractional Dirac equation of order^2_3 were investigated recently [17, 18].Even more recently the fractional variational principle in macroscopic picture was discussed in [19].

Recently, an extension of the simplest fractional problem and the fractional variational problem of Lagrange was obtained [15, 16]. A natural generalization of Agrawal’s approach, was to apply the fractional calculus to constrained systems [20] and to obtain both the fractional Euler-Lagrange equations [21] and the fractional Hamiltonian formulation of constrained systems [22, 23].

The fractional Lagrangian is non-local, therefore we should take care of this property in handling with its corresponding Hamiltonian. An interesting proposal for the Hamiltonian formalism corresponding to the non-local Lagrangian systems was considered in [24]. The physical degrees of freedom of non-local theories was investigated very recently in [25]. Besides,the Hamiltonian formalism for non-local field theories [26] in d space-time dimensions was developed recently in [27].

For these reasons the fractional variational problems for fields are interesting to be investigated.

The aim of this paper is to obtain the Euler-Lagrange equations for the classical fields with Riemann-Liouville fractional derivatives.

The present paper is organized as follows. In section 2 the fractional Euler-Lagrange equations for fields are obtained. In section 3 the fractional Klein-Gordon equations and Dirac’s equation of order^2_3 are obtained.Finally, the section 4 is dedicated to our conclusions.

2 Lagrangian formulation of field systems with fractional derivatives

2.1 Riemann-Liouville partial fractional derivative

Let us consider a function f depending on n variables, x_1, x_2, · · · x_n.A partial left Riemann-Liouville fractional derivative of order α_k, 0 < α_k < 1, in the k-th variable is defined as [1,2]

(D^{αk}_{ak +}f)(x) = 1 Γ(1 − α_k) ∂ ∂x_k ∫_{xk} a_k f(x_1, · · · , x_{k−1}, u, x_{k+1}, · · · , x_n) (x_k − u)^{αk} du (1) and a partial right Riemann-Liouville fractional derivative of order α_k has the form

(D^{αk}_{ak −}f)(x) = − 1 Γ(1 − α_k ) ∂ ∂x_k ∫_{ak} x_k f(x_1, · · · , x_{k−1}, u, x_{k+1}, · · · , x_n) (−x_k + u)^{αk} du (2) If the function f is differentiable we obtain

(D^{αk}_{ak +}f)(x) = 1 Γ(1 − α_k) [ f(x_1, · · · , x_{k−1}, a_k, x_{k+1}, · · · , x_n) (x_k − a_k)^{αk} + ∫_{xk} a_k ∂f ∂u (x_1, · · · , x_{k−1}, u, x_{k+1}, · · · , x_n) (x_k − u)^{αk} ]du. (3) We notice that the last term of the equation (3) represents the Caputo derivative [28]. This derivative has the advantage that certain initial conditions are easier to interpret.

2.2 Fractional classical fields

A covariant form of the action would involve a Lagrangian density L via S = ∫ Ld^4x = ∫ Ld^3xdt where L = L(ϕ, ∂_μϕ) and with L = ∫ Ld^3x. The corresponding covariant Euler-Lagrange equations are

∂L ∂ϕ − ∂_μ ∂L ∂(∂_μϕ) = 0, (4)

where ϕ is the field variable .

Now we shall investigate the fractional generalization of the above Lagrangian density.

Let us consider the action function of the form S = ∫ L ( ϕ(x), (D^{αk}_{ak −})ϕ(x), (D^{αk}_{ak +})ϕ(x), x ) d^3xdt. (5) Here 0 < α_k ≤ 1 and a_k correspond to x_1, x_2, x_3 and t respectively. For each partial derivative we may have a specific order α_k and a given limit a_k.

In this paper the integration limits are −∞ and ∞ respectively.Under this conditions D^{αk}_{ak +} would become D^{αk}_{−∞+} and D^{αk}_{ak −} would become D^{αk}_{∞−}.

Let us consider the ϵ finite variation of the functional S(ϕ), that we write with explicit dependence from the fields and their fractional derivatives

Δ_ϵS(ϕ) = ∫ [L(x, ϕ + ϵδϕ, (D^{αk}_{∞−})ϕ(x) + ϵ(D^{αk}_{∞−})δϕ, (D^{αk}_{−∞+})ϕ(x) + ϵ(D^{αk}_{−∞+})δϕ) − L(x, ϕ, (D^{αk}_{∞−})ϕ(x), (D^{αk}_{−∞+})ϕ(x))]d^3xdt. (6) We will develop the first term in square brackets, which is a function on ϵ as a Taylor series in ϵ, stopping at the first order. Therefore from (6) we obtain

Δ_ϵS(ϕ) = ∫ [L(x, ϕ, (D^{αk}_{∞−})ϕ(x), (D^{αk}_{∞+})ϕ(x)) + ( ∂L ∂ϕ δϕ)ϵ + 1,4∑ k ∂L ∂(D^{αk}_{∞−}ϕ) δ(D^{αk}_{∞−}ϕ)ϵ + 1,4∑ k ∂L ∂(D^{αk}_{−∞+}ϕ) δ(D^{αk}_{−∞+}ϕ)ϵ + O(ϵ) − L(x, ϕ, (D^{αk}_{∞−})ϕ(x), (D^{αk}_{−∞+})ϕ(x))]d^3xdt (7) Taking into account (7) the form of (6) becomes

Δ_ϵS(ϕ) = ϵ ∫ [ ∂L ∂ϕ δϕ + 1,4∑ k ∂L ∂(D^{αk}_{∞−}ϕ) (D^{αk}_{∞−}δϕ) + 1,4∑ k ∂L ∂(D^{αk}_{−∞+}ϕ) (D^{αk}_{−∞+}δϕ) + O(ϵ)]d^3xdt. (8)

We now perform a fractional integration by parts of the second term in (8) by using the formula [1, 29] ∫_∞ −∞ f(x)(D^{αk}_{−∞+}g)(x)dx = ∫_∞ −∞ g(x)(D^{αk}_{∞−}f)(x)dx. (9) Therefore we obtain

Δ_ϵS(ϕ) = ϵ ∫ [ ∂L ∂ϕ δϕ + 1,4∑ k {(D^{αk}_{−∞+}) ∂L ∂(D^{αk}_{∞−})ϕ }δϕ + 1,4∑ k {(D^{αk}_{∞−}) ∂L ∂(D^{αk}_{−∞+})ϕ }δϕ]d^3xdt + ∫ O(ϵ)d^3xdt. (10) After taking the limit lim_{ϵ−→0}^{Δϵ S(ϕ)}_ϵ we obtain the fractional Euler-Lagrange equations as follows ∂L ∂ϕ + 1,4∑ k {(D^{αk}_{−∞+}) ∂L ∂(D^{αk}_{∞−})ϕ + (D^{αk}_{∞−}) ∂L ∂(D^{αk}_{−∞+})ϕ } = 0. (11)

It is worth commenting that for α_k → 1, the equations (11) are the usual Euler-Lagrange equations for classical fields.

3 Examples

In this section we shall analyze two systems. The first one is the Klein- Gordon field and the second one is the Dirac field.

3.1 Fractional Klein-Gordon equation

As a first example let us consider the following Lagrangian density as L_{KG} = 1 2 [∂_μϕ∂^μϕ − m^2ϕ^2] (12) or L_{KG} = 1 2 [(ϕ̇)^2 − (∇ϕ)^2 − m^2ϕ^2]. (13)

The fractional generalization of (13) is given by

L_{FKG} = 1 2 [(D^{αt}_{−∞+}ϕ)^2 − (D^{αx}_{−∞+}ϕ)^2 − (D^{αy}_{−∞+}ϕ)^2 − (D^{αz}_{−∞+}ϕ)^2 − m^2ϕ^2]. (14)

By using (11), the fractional Euler-Lagrange equations are obtain as follows

D^{αt}_{∞−}(D^{αt}_{−∞+})ϕ−D^{αx}_{∞−}(D^{αx}_{−∞+})ϕ−D^{αy}_{∞−}(D^{αy}_{−∞+})ϕ−D^{αz}_{∞−}(D^{αz}_{−∞+})ϕ−m^2ϕ = 0. (15) For all α_k → 1 we obtain the usual Klein-Gordon equation.

3.2 Fractional Dirac equation

The Dirac Lagrangian is given by L_D = ψ̄(iγ^μ∂_μ − m)ψ. (16) In [17, 18] a detailed analysis of the solutions of the fractional Dirac equation of^2_3 was done.

We propose the Lagrangian density for Dirac field of order^2_3 as follows L_{FD} = ψ̄ ( γ^αD^{2/3}_{α−} ψ(x) + (m)^{2/3} ) ψ(x). (17)

Taking into account (11) and (17) the corresponding Dirac equation becomes

γ^αD^{2/3}_{α+} Ψ(x) + (m)^{2/3}Ψ(x) = 0. (18)

We would like to stress that in (17) and (18) the expressions of D^{2/3}_{α−} and D^{2/3}_{α+} have the same meaning as it was introduced in the previous paragraph but for the sake of simplicity we kept the compact form for summations γ^αD^{2/3}_{α−} and γ^αD^{2/3}_{α+} respectively.

This result is the same as the fractional Dirac equation obtained in references [17, 18].

4 Conclusion

The fractional Lagrangian is not unique due to the fact that we have several choices to replace the fractional derivatives in the usual one.This property of the fractional Lagrangian is an advantage of this theory. For a specific problem we have several options to obtain, under the limit process, the usual Euler-Lagrange equations for fields.

In this paper we have extended the derivation of the usual Euler-Lagrange equations of motion for classical field to the case the Lagrangian contains fractional derivatives of fields. This method has been applied with the variational principle to obtain the corresponding fractional Euler-Lagrange equations. The fractional Klein-Gordon equations were obtained by using the fractional variational principle. This approach allows to obtain the Dirac equation with fractional derivatives of order 2/3 recently obtained in [17, 18].

Acknowledgments

D.B would like to thank J.A.Machado for many stimulating discussions. This work is partially supported by the Scientific and Technical Research Council of Turkey.

References

[1] Samko, S. G., Kilbas, A. A. and Marichev,O. I. , ”Fractional Integrals and Derivatives- Theory and Applications” (Gordon and Breach, Linghorne, PA,1993), p.28.

[2] Oldham, K. B. and Spanier, J., ”The fractional calculus (Academic Press, New York, 1974), p. 1.

[3] Podlubny, I., ”Fractional Differential Equations”, (Academic Press, New York, 1999), p.261 .

[4] Hilfer, R.,”Applications of Fraction Calculus in Physics”, (World Scientific Publishing Company, Singapore, New Jersy, London and Hong Kong, 2000), p. 87.

[5] Tenreiro Machado, J.A.,Fract. Calc. Appl. Anal. 8(1),73 (2003).

Tenreiro Machado, J.A., Fract. Calc. Appl. Anal. 4(1), 47 (2001). [6] Klimek, M., Czech. J. Phys. 51,1348(2001); ibidem 52 1247 (2002). [7] Agrawal, O.P., Transactions of the ASME Journal of Vibration and Acoustics, 126 561 (2004).

[8] Agrawal, O.P., Gregory, J. and Spector, K.P., J. Math. Ann. Appl. 210, 702 (1997).

[9] Nonnenmacher, T.F., J. Phys. A 23, L697S (1990). [10] Metzler R. and Joseph K., Physica A. 278, 107 (2000). [11] Zaslavsky, G.M.,Phys. Rep. 371, 461 (2002). [12] Riewe, F., Phys. Rev. E 53, 1890 (1996). [13] Riewe, F., Phys. Rev. E 55, 3581 (1997).

[14] Rabei, E. and Alhalholy, T.S., Int. J. Mod. Phys. A., 19(17-18), 3083 (2004).

[15] Agrawal O.P., J. Math. Anal. Appl. 272, 368 (2002). [16] Agrawal O.P., J. Appl.Mech.,68, 339 (2001). [17] Raspini, A., Fizika B 9, 49 (2000). [18] Raspini, A., Physica Scripta, 64, 20 (2001). [19] Gaies, A. and El-Akrmi, A., Physica Scripta, 70, 7 (2004). [20] Dirac P.M.D., ”Lectures on Quantum Mechanics”, (Yeshiva University, New York, 1964) p.1.

[21] Baleanu, D. and Avkar T., Nuovo Cimento ,B119, 73 (2004). [22] Baleanu, D., ”Constrained systems and Riemann-Liouville fractional derivative”, Proceedings of 1^{st} IFAC Workshop on Fractional Differentiation and its Applications, (Edited by Le Mehaute, A., Tenreiro Machado, J.A., Trigeassou, J.C. and Sabatier, J.) (Bordeaux, France, July 19-21 (2004))p. 597.

[23] Muslih, S. and Baleanu, D., J. Math. Anal. Appl. 304, 599 (2005). [24] Llosa J. and Vives J., J.Math.Phys. ,35(6), 2856 (1994). [25] Gomis J., Kamimura K. and Ramirez T., Nucl.Phys.B696, 263(2004). [26] Seiberg N., Susskind L. and Toumbas, T.,JHEP, 0006, 044 (2000). [27] Gomis J., Kamimura, K. and Llosa J., Phys. Rev.,D63, 045003 (2001). [28] Caputo M., Geophys.J.R.Astron. Soc 13, 529 (1967). [29] Love E.R. and Young L.C., London Math.Soc. 44 ,1 (1938).