arXiv:hep-th/0510139 v3 16 Jan 2006

Stockholm USITP 05-05

Geometry of Higher-Dimensional Black Hole Thermodynamics

Jan E. Åman^∗ and Narit Pidokrajt^† Quantum and Field Theory group, Department of Physics, AlbaNova Stockholm University, SE-106 91 Stockholm, Sweden.^‡ (Dated: January 16, 2006)

We investigate thermodynamic curvatures of the Kerr and Reissner-Nordström (RN) black holes in spacetime dimensions higher than four. These black holes possess thermodynamic geometries similar to those in four dimensional spacetime. The thermodynamic geometries are the Ruppeiner geometry and the conformally related Weinhold geometry. The Ruppeiner geometry for d = 5 Kerr black hole is curved and divergent in the extremal limit. For d ≥ 6 Kerr black hole there is no extremality but the Ruppeiner curvature diverges where one suspects that the black hole becomes unstable. The Weinhold geometry of the Kerr black hole in arbitrary dimension is a flat geometry. For RN black hole the Ruppeiner geometry is flat in all spacetime dimensions, whereas its Weinhold geometry is curved. In d ≥ 5 the Kerr black hole can possess more than one angular momentum. Finally we discuss the Ruppeiner geometry for the Kerr black hole in d = 5 with double angular momenta.

PACS numbers: 04.50.+h, 04.70.Dy

I. INTRODUCTION

The Hessian matrix of the thermodynamic entropy is known as the Ruppeiner metric [1]. It is a metric defined on the state space by g^R_{ij} = −∂_i∂_jS(M, N^a), (1) where S is the entropy, M denotes the energy and N^a are other extensive variables of the system. There have been a number of results indicating that this geometry measures the underlying statistical mechanics of the system. In particular for systems with no statistical mechanical interactions (e.g. the ideal gas), the Ruppeiner geometry is flat and vice versa. Furthermore it appears that a divergent Ruppeiner curvature indicates a phase transition [1, 2, 3]. There is another metric which is defined as the Hessian of the energy (mass), it is known as the Weinhold metric [4, 5]

g^W_{ij} = ∂_i∂_j M (S, N^a). (2)

∗Electronic address: ja@physto.se †Electronic address: narit@physto.se ‡URL: www.kof.physto.se

The Ruppeiner and Weinhold metrics are related to each other [6, 7] via

ds^2_R = 1 T ds^2_W . (3)

Since black holes are regarded as thermodynamic systems [8], it is then natural to investigate their thermodynamic geometries. Previous studies [9, 10] suggest that the thermodynamic geometry of the black holes has a pattern from which one may possibly deduce physical insights. In [9] it is found that the divergence of the Ruppeiner curvature of the Kerr black hold indicates a phase transition.

As a generalization of our previous work [9], we will apply the Ruppeiner thermodynamic theory to the higher dimensional black hole solutions which were first derived by Myers and Perry in 1986 [11], in hopes to obtain further structure of black holes and the Ruppeiner theory itself. As it turns out, we obtain interesting results which may be a justification for a possible application of the Ruppeiner theory to black hole solutions that exist in various gravity theories e.g. string theory.

II. REISSNER-NORDSTRÖM BLACK HOLE

The Reissner-Nordström black hole is a solution of the Einstein equation coupled to the Maxwell field. In arbitrary spacetime dimension it is given by

ds^2 = −V dt^2 + V^{−1}dr^2 + r^2dΩ^2_{(d−2)} (4)

where dΩ^2_{(d−2)} is the line element on the (d − 2) unit sphere with d being a spacetime dimension. The volume of the (d − 2) unit sphere is given by

Ω_{(d−2)} = 2π^{d−12} Γ(^{d−1}_2 )

. (5)

V is a function of mass and charge given in terms of parameters μ and q

V = 1 − μ r^{d−3} + q^2 r^{2(d−3)} (6) where μ = 16πGM (d − 2)Ω_{(d−2)} (7) and q = √ 8πG (d − 2)(d − 3) Q. (8) An event horizon of the RN black hole is where V = 0, which can be solved analytically in arbitrary dimension. For the sake of tidiness and simplicity, we set Newton’s gravitational constant to be G = Ω^2_{(d−2)}/16π in order to eliminate all the π’s under the square root in (9). There are two roots, one of which is an outer horizon, r_+ while the other is called a Cauchy horizon

r_± = ( μ 2 ± μ 2 √ 1 − 4q^2 μ^2 )1/(d−3) . (9)

It is obviously seen that

r^{d−3}_+ + r^{d−3}_− = μ and r^{d−3}_+ r^{d−3}_− = q^2. (10)

This solution develops a singularity when q^2 > μ^2/4 with the singularity at r = 0. When q^2 < μ^2/4, we have the outer event horizon as in (9). We note that μ and q are the ADM mass and electric charge of the black hole respectively [11]. When expressed in terms of the mass, charge and dimensionality of the RN black hole, we obtain

r^{d−3}_+ =

M Ω_{(d−2)} 2(d − 2) ( 1 + √ 1 − d − 2 2(d − 3)

Q^2 M^2 ) . (11)

In arbitrary dimension the black hole becomes extremal when Q^2 M^2 = 2(d − 3) d − 2 . (12)

The area of the event horizon of the RN black hole is thus given by

A = Ω_{(d−2)}r^{(d−2)}_+ . (13)

The entropy of the hole [12] takes the form S = k_BA 4Gℏ = k_B 4G Ω_{(d−2)}r^{(d−2)}_+ , (14)

with ℏ = 1 for simplicity. We can further introduce Boltzmann’s constant to absorb the π’s and other numbers in the following way,

k_B =

[2(d − 2)]^{d−2d−3} 4πΩ^{1d−3}_{(d−2)}

. (15)

Hence we obtain the entropy function as

S = r^{(d−2)}_+ = ( r^{d−3}_+ )^{d−2}_{d−3} . (16)

Explicitly in terms of mass and charge, it reads

S = ( M + M √ 1 − d − 2 2(d − 3)

Q^2 M^2 ) d − 2 d − 3 . (17)

We have learned from our previous work [9] that for the RN black hole, it is simpler to work in Weinhold coordinates. An inversion of (17) gives M as M = S^{d−3d−2} 2 + d − 2 4(d − 3)

Q^2 S^{d−3d−2} . (18)

In d = 4 it takes a simple form M = √ S 2 ( 1 + Q^2 S ) . (19)

The Weinhold metric of the RN black hole is diagonalizable in any dimension by choosing the new coordinate u = √ d − 2 2(d − 3) Q S^{d−3d−2} , (20)

FIG. 1: The state space of the four-dimensional Reissner-Nordström black holes shown as a wedge in a flat Minkowski space. Note that the curves of constant entropy reach the edge the wedge.

where −1 ≤ u ≤ 1. Thus we obtain the diagonal Weinhold metric as ds^2_W = S^{− d−1d−2} [ − 1 2 d − 3 (d − 2)^2

(1 − u^2) dS^2 + S^2 du^2 ] . (21) This metric is curved and Lorentzian. By means of conformal transformation (3), we obtain the diagonalized Ruppeiner metric for the d-dimensional RN black hole in the new coordinates as

ds^2_R = −dS^2 (d − 2)S + 2(d − 2)S (d − 3) du^2 1 − u^2

, (22)

which is a flat metric. The black hole’s temperature is given by T = ∂M ∂S = d − 3 2(d − 2)

1 − u^2 S^{1/(d−2)} . (23)

Furthermore, we can introduce new coordinates so that the metric in (22) can be written in Rindler coordinates as

ds^2 = −dτ^2 + τ^2dσ^2, (24)

using

τ = 2 √ S d − 2 and sin σ √ 2(d − 3) d − 2 = u. (25)

It is readily seen that σ lies within the following interval − d − 2 2 √ 2(d − 3) π ≤ σ ≤ d − 2 2 √ 2(d − 3) π. (26)

This can be turned into Minkowski coordinates t and x via the following coordinate transformations

t = τ cosh σ, x = τ sinh σ,

(27)

such that

ds^2 = −dt^2 + dx^2 = −dτ^2 + τ^2dσ^2. (28)

Hence we obtain a Rindler wedge whose opening angle depends on the dimensionality of the RN black hole, i.e.

tanh − (d − 2)π 2 √ 2(d − 3) ≤ x t ≤ tanh (d − 2)π 2 √ 2(d − 3)

. (29)

For d = 4 the resulting wedge is shown in FIG. 1. It is noticeable that the opening angle of the wedge of the RN black hole grows and reaches the lightcone as d → ∞. We represent the entropy function of the d = 4 RN black hole in the Minkowskian coordinates as S = 1 2 (t^2 − x^2). (30)

Curves of constant S are segments of hyperbolas.

III. KERR BLACK HOLE

The electrically charged rotating black hole is known as the Kerr-Newman black hole [13, 14]. The limiting case where the electric charge is zero is known as the Kerr solution. In higher dimensional spacetime there can be more than one angular momentum in the Kerr solution. For the Kerr black hole with a single nonzero spin [11, 15, 16, 17], we obtain the outermost event horizon by solving the equation

r^2_+ + a^2 − μ r^{d−5}_+ = 0. (31)

We take our liberty to set the Newton’s constant G = Ω_{(d−2)}/4π for the sake of simplification. The area of the event horizon is given by

A = Ω_{(d−2)}r^{d−4}_+ (r^2_+ + a^2). (32)

The ADM mass of the hole is defined by μ = 4M d − 2 . (33)

The angular momentum per unit mass is dimensiondependent, namely a = d − 2 2 J M . (34)

By setting k_B = 1/π we obtain the entropy function of the Kerr black hole in d-dimension as

S = r^{d−4}_+ (r^2_+ + a^2) = r_+μ. (35)

With further algebraic manipulation, we find that even though an explicit entropy function in arbitrary dimension cannot be obtained, we can still work in d dimensions via the Weinhold metric. The mass function in arbitrary d can be written in terms of S and J as

M = d − 2 4 S^{d−3d−2} ( 1 + 4J^2 S^2 )_{1/(d−2)} . (36)

The Weinhold metric g^W_{ij} = ∂_i∂_jM (S, J) of the d-dimensional Kerr black hole takes a complicated form, but it is found to be flat as anticipated a priori based on our previous work [9]. It takes the form

ds^2_W = λ ( [ −48(d − 5)J^4 + 24S^2J^2 − (d − 3)S^4 ] dS^2 + [ 64(d − 5)J^3S − 16(d − 1)JS^3 ] dSdJ + [ −32(d − 4)J^2S^2 + 8(d − 2)S^4 ] dJ^2 ) . (37)

where λ = 1 4(d − 2)(S^2 + 4J^2)^{2d−5d−2} S^{d+1d−2}

. (38)

This metric can be brought into a diagonal form via coordinate transformations u = J S (39) and τ = √ d − 2 d − 3 S^{d−32(d−2)} (1 + 4u^2)^{12(d−2)} . (40)

The Weinhold metric in a diagonal form now reads:

ds^2_W = −dτ^2 +

2(d − 3) (d − 2)

(1 − 4^{d−5}_{d−3} u^2) (1 + 4u^2)^2 τ^2du^2. (41)

This metric is a flat metric. In d = 4 we can write it in Rindler coordinates as

ds^2_W = −dτ^2 + τ^2dσ^2 (42)

by using u = 1 2 sinh 2σ. (43)

In four dimensional spacetime we have the extremal limit along J/M^2 = 1 hence u is bounded by |u| ≤ 1 2 ⇔ |σ| ≤ 1 2 sinh^{−1} 1 ≈ 0.4406. (44)

FIG. 2: The state space of d = 4 Kerr black holes shown as a wedge in a flat Minkowski space. The slope of the wedge measures approximately 80^∘ from the x-axis. Curves of constant entropy give causal structure to the state space of the black hole.

By using (27) we obtain the wedge of the state space of the Kerr black hole (see FIG. 2) in a flat Minkowski space whose edge is bounded by

− √ √ 2 − 1 √ 2 + 1 ≤ x t ≤ √ √ 2 − 1 √ 2 + 1

. (45)

In five dimensions, the extremal limit is given by

J^2/M^3 = 16/27 and −∞ ≤ u ≤ ∞ where u = 1 2 tan √ 3σ. (46)

Hence we obtain a wedge with a different opening angle since σ falls in the range |σ| ≤ 1 √ 3 arctan ∞ = π 2 √ 3 ≈ 0.9069. (47)

The opening angle of the wedge for the d = 5 Kerr black hole is wider than that of d = 4. Remarkably, the wedge of the d ≥ 6 Kerr black hole fills the entire light cone. This is because for black holes in d ≥ 6 there are no extremal limits. It is noteworthy that there is a causal structure of state space, but it is determined by curves of constant entropy rather than by the lightcone itself. The curves of constant entropy for d = 4 Kerr black hole in Minkowskian coordinates are given by S = (t^2 − x^2)^4 4(t^2 + x^2)^2

. (48)

Differentiation of the mass function (36) with respect to the entropy gives the temperature of the Kerr black hole in arbitrary d as

T = (d − 3) ( 1 + 4^{d−5}_{d−3}^{J 2}_{S2} )

4S^{1d−2} ( 1 + 4^{J 2}_{S2}

)^{d−3}_{d−2} . (49)

This temperature shrinks to zero at extremality for d = 4, 5. According to [11, 16] for d ≥ 6 there is no extremal limit, the black hole’s temperature does not vanish but reaches minimum and starts to behave differently as T ∼ r^{−1}_+ . In any dimension, we obtain the Ruppeiner metric by using the conformal relation (3). It is found to be a curved metric with the curvature scalar of the form

R = − 1 S 1 − 12 d − 5 d − 3 J^2 S^2 ( 1 − 4 d − 5 d − 3 J^2 S^2 ) ( 1 + 4 d − 5 d − 3 J^2 S^2

). (50)

In d = 4 the curvature scalar diverges along the curve 4J^2 = S^2 which is consistent with the previous result [9]. The Ruppeiner curvature scalar in (50) is valid in any dimension higher than three. In d = 5 the curvature is reduced to R = − 1 S (51) which diverges in the extremal limit of the d = 5 Kerr black hole. For d ≥ 6 we have a curvature blow-up but not in the limit of extremal black hole, rather at

4J^2 = d − 3 d − 5 S^2. (52)

This is where Emparan and Myers [16] suggest that the Kerr black hole becomes unstable and changes its behavior to be like a black membrane. Note that in d = 5 for some values of the parameters, there exist “black ring” solutions [18] whose entropy is larger than that of the black hole studied in this paper. A careful observation of (51) indicates that nothing special happens to the Gibbs surface of the Kerr black hole à la Myers-Perry.

IV. MULTIPLE-SPIN KERR BLACK HOLE

This is a case where the entropy of the black hole is a function of three parameters, namely the function of mass and two spins. Another example of the threeparameter thermodynamic geometry can be found in [9] where the Ruppeiner and Weinhold geometries of the Kerr-Newman black hole were investigated. The general Kerr metric in arbitrary dimension d is available in, e.g. [11, 16, 19]. The black holes have (d−1)/2 angular momenta if d is odd and (d−2)/2 if d is even. The multiple-spin Kerr black hole’s metric in Boyer-Lindquist coordinates for odd d is given by ds^2 = − dt̄^2 + (r^2 + a^2_i )(dμ^2_i + μ^2_i dϕ̄^2_i ) + μr^2 ΠF (dt̄ + a_iμ^2_i dϕ̄_i)^2 + ΠF Π − μr^2 dr^2, (53)

where dt̄ = dt − μr^2 Π − μr^2 dr, (54)

dϕ̄_i = dϕ_i + Π Π − μr^2 a_i r^2 + a^2_i dr, (55) with the constraint

μ^2_i = 1. (56)

The functions Π and F are defined as follows: Π = (d−1)/2 ∏ i=1 (r^2 + a^2_i ),

F = 1 − a^2_i μ^2_i r^2 + a^2_i . (57)

The metric is slightly modified for even d [11]. The event horizons in the Boyer-Linquist coordinates will occur where g_{rr} = 1/g_{rr} vanishes. They are the largest roots of

Π − μr = 0 even d (58)

Π − μr^2 = 0 odd d. (59)

The areas of the event horizon are given by A = Ω_{(d−2)}

r_+ ∏ i (r^2_+ + a^2_i ) odd d, (60)

A = Ω_{(d−2)} ∏ i (r^2_+ + a^2_i ) even d. (61)

In d = 5 there can be only two angular momenta associated with the Kerr black hole, thus the area of the event horizon reads A = 2π^2 r_+

(r^2_+ + a^2_1)(r^2_+ + a^2). (62)

The temperature of the d = 5 Kerr black hole with two spins is the Hawking temperature T = κ/2π where the surface gravity κ is given by

κ = r_+ ( 1 r^2_+ + a^2_1 + 1 r^2_+ + a^2 ) − 1 r_+

. (63)

Since there are two angular momenta, hence two angular velocities are associated with this black hole,

Ω_{a1} = a_1 r^2_+ + a^2_1

, Ω_{a2} = a_2 r^2_+ + a^2

. (64)

The first law of thermodynamics for this black hole takes the form [19]

dM = T dS + Ω_{a1} dJ_{a1} + Ω_{a2} dJ_{a2} . (65)

The entropy of the d = 5 Kerr black hole with double spins is given by S = k_BA 4G = k_B 4G 2π^2 r_+

(r^2_+ + a^2_1)(r^2_+ + a^2). (66)

We can choose k_B and G such that S simplifies as

S = 1 r_+

(r^2_+ + a^2_1)(r^2_+ + a^2), (67)

where r_+ is the largest root of

(r^2 + a^2_1)(r^2 + a^2) − μr^2 = 0, (68) where μ is the ADM mass defined in (33) with d = 5 and a_i = 3J_i/2M . The temperature of the d = 5 double-spin Kerr black hole reaches zero in the extremal limit which is given by

a_1 + a_2 = √ μ (69)

or explicitly in terms of mass and the two spins as

J_1 + J_2 =

4M^{3/2} 3 √ 3 . (70)

Since solving for the entropy function directly is rather complicated, we thus use the same procedure as in the case of the single-spin Kerr black hole and obtain the mass as a function of entropy and two angular momenta as

M = 3S^{2/3} 4 ( 1 + 4J^2_1 S^2

) 1_3 ( 1 + 4J^2_2 S^2

) 1_3 . (71)

The Hessian of M with respect to the entropy and two angular momenta yields the Weinhold metric, which is found to be curved. The curvature scalar of the Weinhold metric takes the form

R_{W einhold} = 16 3 S^{23} (S^8 + 3S^6J^2_1 + 3S^6J^2_2 + 4S^4J^2_1 J^2_2 + 64J^4_1 J^4_2 ) (S^2 + 4J^2_1 )^13 (S^2 + 4J^2_2 )^13 (S^2 − 4J_1J_2)^2(S^2 + 4J_1J_2)^2

. (72)

We next transform it into the Ruppeiner metric via the conformal relation with an inverse temperature as a conformal factor. The temperature of the double-

Spacetime dimension Black hole family Ruppeiner Weinhold d = 4 Kerr Curved Flat RN Flat Curved d = 5 Kerr Curved Flat double-spin Kerr Curved Curved RN Flat Curved d = 6 Kerr Curved Flat RN Flat Curved any d Kerr Curved Flat RN Flat Curved

TABLE I: Geometry of higher-dimensional black hole thermodynamics.

spin Kerr black hole in five dimensions is given by

T = 1 2S^{5/3}

(S^2 + 4J_1J_2)(S^2 − 4J_1J_2) (S^2 + 4J^2_1 )^{2/3}(S^2 + 4J^2_2 )^{2/3}

. (73)

The Ruppeiner curvature scalar of the double-spin Kerr black hole in five dimensions reads

R_{Ruppeiner} = − S^8 + 20S^6J^2_1 + 20S^6J^2_2 + 256S^4J^2_1 J^2_2 + 192J^4_1 J^2_2 S^2 + 192J^2_1 J^4_2 S^2 − 256J^4_1 J^4_2 2S(S^2 + 4J^2_1 )(S^2 + 4J^2_2 )(S^2 − 4J_1J_2)(S^2 + 4J_1J_2)

. (74)

Note that both the Weinhold and Ruppeiner curvature scalars are divergent at

J_1J_2 =

S^2 4 , (75)

which is the extremal limit of the d = 5 double-spin Kerr black hole. Note also that this curvature scalar does not vanish either in the limit of J_1 = 0 or J_2 = 0.

V. DISCUSSION

The geometry of black hole thermodynamics in higher dimensional spacetime has a pattern similar to the previous study in d = 4 spacetime. Since microstructures of black holes are unknown, we cannot yet conclude our findings along the same line as those done for the ideal gas [2]. Examination of our examples shows that when a flat thermodynamic curvature arises, it is the Hessian of a function of the form ψ(x, y) = x^af ( x y ) (76) with a a constant. We have checked that such a function always gives a flat thermodynamic metric, regardless of a, and regardless of the function f.

It is worthwhile to observe that inclusion of a cosmological constant leads to curved thermodynamic geometries [9]; see [20] for a discussion of the higher dimensional cases. We note that the calculations of the three-parameter thermodynamic curvature scalars are best achievable by utilization of computer programs for algebraic computations such as CLASSI [21] and GRTensor [22] for Maple.

VI. SUMMARY AND OUTLOOK

In this paper, we study thermodynamic geometries of the black hole families and obtain some interesting results, coinciding with our previous findings. We speculate some sort of duality between entropy and mass of the black hole, which is somewhat corresponding to the very distinction between a rotation parameter and an electric charge.

We summarize our results in the TABLE I. Furthermore, we have seen that the Ruppeiner curvature, in all the systems we have studied so far, behaves in a physically very suggestive way. The question why we have this pattern may be answered by the quantum theory of gravity in the future.

Acknowledgments

We would like to thank Ingemar Bengtsson for encouraging and insightful discussions as well as valuable comments on this manuscript. N.P. wishes to thank his parents for financial support.

Added Note: Ref. [23] contains very relevant information about the five-dimensional case.

[1] G. Ruppeiner, Rev. Mod. Phys. 67, 605. (1995) [2] J. D. Nulton and P. Salomon, Phys. Rev. A31, 2520. (1985) [3] D.A. Johnston, W. Janke and R. Kenna, Acta Phys. Pol. B34, 4923. (2003) [4] F. Weinhold, J. Chem. Phys. 63, 2479. (1975) [5] S. Ferrara, G. Gibbons and R. Kallosh, Nucl.

Phys. B500, 75. (1997) [6] R. Mrugała, Physica 125A, 631. (1984) [7] P. Salamon, J. D. Nulton and E. Ihrig, J. Chem.

Phys. 80, 436. (1984) [8] S. W. Hawking, Phys. Rev. Lett. 26, 1344.

(1971) [9] J. E. Åman, I. Bengtsson and N. Pidokrajt, Gen.

Rel. Grav. 35, 1733. (2003) [10] R-G Cai and J-H Cho, Phys. Rev. D60, 067502.

(1999) [11] R. C. Myers and M. J. Perry, Ann. Phys. (N.Y.)

172, 304. (1986) [12] H. Falcke and F. W. Hehl (eds.), The Galactic Black Hole: Lectures on General Relativity and Astrophysics (IoP, Bristol 2003) [13] C. W. Misner, K.S. Thorne and J.A. Wheeler, Gravitation (Freeman, San Francisco, 1973) [14] V. P. Frolov and I. D. Novikov, Black Hole Physics: Basic Concepts and New Developments

(Kluwer, Dordrecht, 1998) [15] G. T. Horowitz, gr-qc/0507080, to appear in Kerr spacetime: Rotating Black Holes, eds. S. Scott, M. Visser, and D. Wiltshire (Cambridge University Press).

[16] R. Emparan and R. C. Myers, JHEP 09 (2003) 025.

[17] V. Frolov and D. Stojković, Phys. Rev. D68, 064011. (2003) [18] R. Emparan and H. S. Reall, Phys. Rev. Lett.

88, 101101. (2002) [19] G. W. Gibbons, M.J. Perry and C.N. Pope, Class. Quant. Grav. 22, 1503. (2005) [20] B. M. N. Carter and I. P. Neupane, Phys. Rev.

D72, 043534. (2005).

[21] J. E. Åman, Manual for CLASSI: Classification Programs for Geometries in General Relativity, Department of Physics. Stockholm University, Technical Report, Provisional edition. Distributed with the sources for SHEEP and CLASSI. (2002) [22] http://grtensor.phy.queensu.ca/, cited on October 9, 2005.

[23] G. Arcioni and E. Lozano-Tellechea, Phys. Rev.

D72, 104021. (2005)