arXiv:hep-th/0510151 v1 18 Oct 2005

RE-INTERPRETATION OF SPONTANEOUS SYMMETRY BREAKING IN QUANTUM FIELD THEORY AND GOLDSTONE THEOREM

T. Fujita,^{1, ∗} M. Hiramoto,^1 T. Homma,^1 M. Matsumoto,^1 and H. Takahashi^{1 , †} 1 Department of Physics, Faculty of Science and Technology Nihon University, Tokyo, Japan (Dated: October 18, 2005)

We present a new picture of global symmetry breaking in quantum field theory and propose a novel realization of symmetry breaking phenomena in terms of the conserved charge associated with its symmetry. In particular, the fermion condensate of the vacuum state is examined when the spontaneous chiral symmetry breaking takes place. It is shown that the fermion condensate of the vacuum vanishes if the system is solved exactly, and therefore we cannot make use of the Goldstone theorem. As a perfect example, we present the Bethe ansatz vacuum of the Thirring model which shows the spontaneous chiral symmetry breaking with no fermion condensate.

I. INTRODUCTION

The spontaneous symmetry breaking has been extensively studied in particle physics as well as in condensed matter physics. The physics of the symmetry breaking is related to many interesting phenomena such as the phase transition of ferromagnetism, dynamical mass generation, Higgs mechanism and so on.

In fermion field theory, the chiral symmetry breaking has played an important role for understanding the vacuum structure, and indeed it has been discussed repeatedly by many people [1, 2, 3, 4]. The importance of the chiral symmetry and its breaking is related to the nonperturbative aspect of the vacuum of the field theory. The property of the spontaneous chiral symmetry breaking cannot be discussed in the perturbation theory, but it should be evaluated in an exact or non-perturbative fashion.

The chiral symmetry broken vacuum is first obtained by Nambu and Jona-Lasinio [3] who solved the current current interaction model (NJL model) in terms of the Bogoliubov transformation technique, and this is indeed a non-perturbative method. However, it is, at the same time, clear that the Bogoliubov vacuum is not exact, that is, it is not the eigenstate of the Hamiltonian even though it may give a good description of the spectrum of the field theory model. In this sense, we have to carefully examine the calculated results of the NJL model concerning the physics related to the spontaneous chiral symmetry breaking.

In two dimensions, the situation becomes quite different for the symmetry breaking phenomena from the four dimensions. There is the Coleman theorem [5]. Since a massless scalar field is not well defined in two dimensions because of the infrared singularity of the massless scalar field, the Nambu-Goldstone (NG) boson cannot exist. Due to the Goldstone theorem, Coleman concluded that the spontaneous symmetry breaking should not oc-

∗Electronic address: fffujita@phys.cst.nihon-u.ac.jp †Electronic address: htaka@phys.ge.cst.nihon-u.ac.jp

cur in two dimensional field theory. Here, it is important to note that the Coleman theorem is meaningful only if the Goldstone theorem holds true.

However, recent careful studies clarify that there appears no massless boson after the spontaneous chiral symmetry breaking in fermion field theory models [6, 7, 8, 9, 11, 12]. There, it is shown that the Goldstone theorem only proves that there must be a free massless fermion and anti-fermion pair, instead of the NG boson if one starts from the finite fermion condensate value.

In addition, the spontaneous chiral symmetry breaking takes place in the Thirring model as well as in QCD_2 which are in fact two dimensional field theory models. Further, the calculations of bosons after the spontaneous chiral symmetry breaking in the fermion field theory models of the NJL, Thirring and QCD_2 predict always a finite boson mass or no bosonic excitation (only a gap in the excitation spectrum) as long as one starts from the proper symmetry broken vacuum state. For the boson mass calculation after the symmetry breaking, one should take the true vacuum state which breaks the symmetry. It should be noted that, if one takes the perturbative vacuum [12] for the boson mass evaluation, then one obtains unphysical spectrum.

In this paper, we reformulate the global symmetry breaking phenomena of quantum field theory in terms of the eigenvalue problem of the conserved charge associated with the symmetry. In particular, it is shown that the fermion condensate of the fermion field theory models must vanish for the exact vacuum which breaks the chiral symmetry spontaneously. Here, we show a good example of the spontaneous chiral symmetry breaking which satisfies all the above conditions with zero fermion condensate. This is the Bethe ansatz solution of the massless Thirring model, and the exact eigenstate of the vacuum is described analytically [9, 10]. This vacuum shows that the chiral symmetry is broken, but there is no fermion condensate. The spectrum of the Thirring model is also known, and the Bethe ansatz solutions show that the excitation spectrum of the Thirring model has a finite gap, but there is no boson.

Further, if we solve the Thirring model in terms of the Bogoliubov transformation method, then we find that the Bogoliubov vacuum has a finite condensate [6, 7, 13]. Clearly, the finite condensate arises from the approximation made in the Bogoliubov vacuum state which is not the eigenstate of the Hamiltonian. Therefore, it is important to understand that the symmetry breaking has nothing to do with the fermion condensate since the condensate vanishes in the true vacuum state. In this respect, one sees that the fermion condensate acts as the indicator of the approximation rather than the index of the symmetry breaking.

This paper is organized as follows. In the next section, we critically review the shortcomings of the common understanding of the symmetry breaking physics as well as Goldstone theorem. In section III, we reformulate the symmetry breaking physics in terms of the conserved charge. Further, we explain the Thirring model as an example of the chiral symmetry breaking. Section IV describes the condensate in the chiral symmetry breaking phenomena. We show that the condensate value vanishes in the exact vacuum state in the Thirring model. Also we reexamine the validity of the Coleman theorem. In section V, we discuss the condensate value of the two dimensional gauge theories. Section VI summarizes what we have learned about the spontaneous symmetry breaking physics in this paper.

II. OLD PICTURE OF SYMMETRY BREAKING

A. Charge of symmetry

In this section, we review the symmetry breaking phenomena in quantum field theory which has been discussed repeatedly until now. Here, the basic notations concerning the spontaneous symmetry breaking physics are introduced.

Suppose that D-dimensional system is invariant under the global symmetry group G. In this case, there is a conserved current j^a_μ (a = 1, 2, · · · , dimG) which satisfies

∂^μj^a_μ = 0. (2.1)

The Hamiltonian H of the system is also invariant under the symmetry G whose unitary transformation is given by U_a(α) = e^{iαQ̂a} , (2.2)

where

Q̂_a = ∫ d^Dx j^a_0 (x). (2.3)

Here, we can write

U_a(α)HU_a(α)^{−1} = H. (2.4)

Therefore, the charge Q̂_a of the symmetry G commutes with the Hamiltonian H,

Q̂_aH = HQ̂_a. (2.5)

Now, the vacuum state can break the symmetry, and we define the symmetry unbroken vacuum |0⟩ and symmetry broken vacuum |Ω⟩, respectively, which satisfy the following equations,

U_a(α)|0⟩ = |0⟩, (2.6a)

U_a(α)|Ω⟩ ≠ |Ω⟩. (2.6b) These equations can be written in terms of the charge operator Q̂_a as

Q̂_a|0⟩ = 0, (2.7a)

Q̂_a|Ω⟩ ≠ 0. (2.7b)

Now, suppose the |Ω⟩ has the lowest eigenvalue E_Ω. From eq.(2.5), we have

HQ̂_a|Ω⟩ = E_ΩQ̂_a|Ω⟩. (2.8)

Therefore, the broken vacuum is degenerate. Further, we see that ⟨Q_a|Q_a⟩ = ⟨Ω|Q̂^†_aQ̂_a|Ω⟩ = ∫ d^Dx ⟨Ω|j^a_0 (x, t)Q̂_a|Ω⟩. In terms of the translation property, we have ⟨Q_a|Q_a⟩ = ∫ d^Dx ⟨Ω|j^a_0 (0, t)Q̂_a|Ω⟩. (2.9)

However, the right hand side of eq.(2.9) should not be finite when symmetry is broken. Therefore, we may conclude that the charge of broken symmetry is not welldefined [17, 18].

On the other hand, we also have the relation ⟨0|Q̂_a|0⟩ = ∫ d^Dx ⟨0|j^a_0 (0, t)|0⟩. (2.10)

In this case, the right hand side of eq.(2.10) should not be finite even though symmetry is unbroken. Now, it is clear that the illness of eq.(2.9) and eq.(2.10) has nothing to do with the property of the charge operator. Further, the operator of the system should have the meaning only with the states. Therefore, the commutation relation (2.5) between Hamiltonian Ĥ and broken charge Q̂_a does not change before and after the symmetry breaking. In this sense, the property of the charge operator does not change even after the symmetry breaking. In this respect, the statement that the charge operator is ill-defined does not make sense.

B. Goldstone theorem

The Goldstone theorem claims that, when a continuous symmetry is spontaneously broken, a massless scalar field should emerge. This massless boson is called Nambu- Goldstone(NG) boson [1, 2, 3]. The outline of the proof of the theorem is the following. When the symmetry is broken, the charge Q̂ of the symmetry should satisfy Q̂|Ω⟩ ≠ 0. This should be equivalent to the existence of the relation

δϕ(x) = i [ Q̂, ϕ(x) ] = i ∫ d^4y [ j_0(y), ϕ(x) ] , (2.11a)

where ϕ(y) is assumed to be a scalar field operator and

Φ_0 ≡ ⟨Ω|δϕ(x)|Ω⟩ ≠ 0. (2.11b)

Suppose that ϕ(x) can be written in terms of the invariant delta function Δ(x − y) of the scalar field (Källen- Lehmann representation) [18, 19] Δ(x − y) ≡ ⟨Ω| [ϕ(x), ϕ(y)] |Ω⟩ = ∫_∞ 0 dσ^2ρ(σ^2)iΔ^{(0)}(x − y; σ^2) (2.12)

where ρ(σ^2) is the spectral function and

iΔ^{(0)}(x − y; m^2) ≡ ⟨Ω| [ϕ_f (x), ϕ_f (y)] |Ω⟩ (2.13)

is the invariant delta function of the free scalar field ϕ_f (x) with mass m.

Now, we consider the vacuum expectation value ⟨Ω| [j_μ(x), ϕ(y)] |Ω⟩. It can be easily verified in terms of the Källen-Lehmann representation of scalar field eq.(2.12) that [2, 19] ⟨Ω| [ j_μ(x), ϕ(y) ] |Ω⟩ = ∫_∞ 0 dσ^2ρ(σ^2)i∂_μΔ^{(0)}(x − y; σ^2).

(2.14a) Further, ⟨Ω| Tj_μ(x) ϕ(y) |Ω⟩ = ∫_∞ 0 dσ^2ρ(σ^2)i∂_μΔ^{(0)}_F (x − y; σ^2),

(2.14b) where Δ^{(0)}_F (x − y; m^2) is the Feynman propagator of a massive scalar boson which is given by

Δ^{(0)}_F (x − y; m^2) = ∫ d^4k i(2π)^4 e^{−ik·(x−y)} m^2 − k^2 − iϵ

. (2.14c)

On the other hand, we have ⟨Ω|δϕ(y)|Ω⟩ = ⟨Ω|i [ Q̂, ϕ(y) ] |Ω⟩ = ∫ d^4x i∂_μ ⟨Ω| Tj_μ(x) ϕ(y) |Ω⟩ .

Finally, eq.(2.14b) becomes

Φ_0 = − lim_{k→0} ∫_∞ 0 dσ^2 k^2ρ(σ^2) σ^2 − k^2 − iϵ

. (2.15)

Since we have assumed Φ_0 ≠ 0, the spectral function can be written by

ρ(σ^2) = Φ_0δ(σ^2) + ρ^′(σ^2), (2.16)

where ρ^′(σ^2) is some function which vanishes in the limit eq.(2.15). In general, the spectral function can be written separable in terms of the one particle state whose mass is m for the scalar field as

ρ(σ^2) = Zδ(σ^2 − m^2) + ρ^′(σ^2), (2.17)

where Z is a constant with 0 ≤ Z < 1.

Correspondingly, if the symmetry is broken or the vacuum expectation value of the scalar field has finite value, ⟨Ω|δϕ(x)|Ω⟩ ≠ 0, then one expects a massless boson.

C. Coleman theorem

In two dimensions, the Feynman propagator (2.14c) becomes

Δ^{(0)}_F (x; m^2) = ∫ dk_1 4πi e^{−ik·x} √ k^2_1 + m^2

. (2.18)

Therefore, the Feynman propagator of a massless scalar field has an infrared singularity. In this case, according to Coleman, the vacuum expectation value of the scalar field operator δϕ becomes

Φ_0 = 0 (2.19)

owing to the Wightman axiom. It means that the spectral function (2.16) has no massless distribution. Therefore, we can conclude with help of Goldstone theorem that the symmetry breaking does not occur in two dimensions because of absence of a massless boson.

However, it is well-known that there is a counter example of Coleman theorem. The chiral invariant Gross- Neveu model, which is the two dimensional version of the NJL model, has the chiral symmetry broken vacuum and the massless fermion acquires an effective mass [14]. One attempt to resolve this difficulty is that it may be the Berezinski-Kosterlitz-Thouless phenomena [15]. However, there is another difficulty of existence of the massless boson in massless QCD_2 in which ’t Hooft predicted a massless boson in the 1/N expansion technique. This difficulty should be partially caused by the formulation of the auxiliary field and the intrinsic problem of the 1/N expansion [16] and therefore, there should exist no massless boson in QCD_2 if calculated properly [8]. Further, recent investigations of the massless Thirring model show that the chiral symmetry of the Thirring model is indeed broken [9, 23] spontaneously without any boson.

This contradiction will be resolved when we examine the Goldstone theorem and solve the intrinsic problem of the theorem.

D. Intrinsic problem of Goldstone theorem

As seen in the previous subsection, the Goldstone theorem has been considered to be valid in the models which have a broken symmetry. It seems that the Nambu- Goldstone boson always appears after the spontaneously symmetry breaking.

However, it should become a completely different story when we consider the fermion field theory models. In fermion field theory models, i.e. the NJL model and Thirring model, for examples, there is no bosonic degree of freedom in the Lagrangian density. Therefore, the boson state must be constructed as a bound state of fermions.

Why can the Goldstone theorem predict a massless boson state without considering the bound state problem ? This is simply because it is a priori assumption in the Goldstone theorem. That is, the existence of the scalar field operator ϕ (here, we called it NG field) as well as the spectral property of the boson field, which is represented in terms of eq.(2.12), is assumed without considering any physical verification. However, for the case of NJL model and Thirring model, we cannot accept such a assumption since there is no boson field. Therefore, we must prove the theorem without eq.(2.12) for the case of fermion field theory models.

For the NJL model, Nambu and Jona-Lasinio considered the bound state problem in terms of the Bethe- Salpeter equation [3] and claimed that there is a NG boson after the spontaneous symmetry breaking. Unfortunately, however, their calculation of the boson spectrum was based on the perturbative vacuum even though the real vacuum is not perturbative one after the symmetry breaking occurred. Therefore, their proof of the existence of a massless boson cannot be justified [11].

On the contrary, careful calculations in terms of the Bogoliubov method, which is the same as Nambu and Jona-Lasinio’s formulation, show that the boson state becomes always massive if one employs the symmetry broken vacuum state or proper Bogoliubov vacuum state. Further, the Thirring model of two-dimensional fermion model has also a massive boson after the spontaneous symmetry breaking.

It should be noted that, even though the Bogoliubov transformation method predict that there exists a massive boson in the NJL and Thirring models after the chiral symmetry breaking, the existence of the massive boson itself is not a confirmed statement since the Bogoliubov transformation method is only an approximate scheme. Naively, fermions move with the speed of light and the interaction of the Thirring model is a delta function type. Further, there is no gauge field. That is, the interaction between the fermions is effectively the elastic scattering. Therefore, it should be quite difficult to construct any bound state of fermions.

Indeed, the results calculated by Bethe Ansatz method which is an exact method in two dimensional field theory model show that there is no boson state in the massless Thirring model.

In this respect, we cannot take the assumption of the existence of the NG scalar field for fermion field models from the physical point of view. Therefore, the Goldstone theorem does not hold for the case of fermion field theory, and the Nambu-Goldstone boson does not exist even after the chiral symmetry breaking of the NJL and Thirring models.

The absence of the NG boson is natural for the symmetry breaking of the two dimensional field theory since any massless boson should not exist. Therefore, the Thirring and the Gross-Neveu models have a chiral broken phase, and as the result, the fermion seems to acquire its mass.

It is important to comment, here, on the condensate value with respect to the chiral symmetry breaking. The chiral symmetry breaking of the vacuum must be judged by the following equation,

Q̂_5|Ω⟩ ≠ 0 (2.20)

where Q̂_5 denotes the chiral charge operator and the |Ω⟩ is the symmetry broken vacuum state. Further, in this case, eq.(2.11b) becomes

Φ_0 = ⟨Ω|ψ̄ψ|Ω⟩.

Since, in the spontaneous chiral symmetry breaking, the chiral charge must be conserved, it commutes with the Hamiltonian. In this case, the exact vacuum state must be the eigenstate of the Hamiltonian, and therefore the chiral charge has the same eigenstate as the vacuum state of the Hamiltonian. If we take this fact into account, then it is easy to prove that the fermion condensate of the exact vacuum state must vanish. But at the same time, we can show that if we operate the chiral charge Q̂_5 onto the exact vacuum state, then we obtain eq.(2.20), which means that the chiral symmetry is indeed broken.

In this sense, the equation (2.15) employed in the Goldstone theorem has lost its meaning. Instead, one should discuss the symmetry breaking in terms of the operatorinduced equation. If one takes the expectation value of the operator-induced equation, then one obtains identical equation of ”0 = 0” due to the orthogonality condition between the vacuum state and other states induced by the operators, as we will show in the later section.

III. NEW PICTURE OF SYMMETRY BREAKING

A. General interpretation

In quantum mechanics, the system has finite degree of freedom, and therefore one representation is equivalent to another representation whenever they link each other in the unitary transformation. Therefore, we can construct a physical spectrum (Fock space) based on one definite vacuum. On the other hand, it is well-known that, in quantum field theory which is the system of infinite degrees of freedom, there are different Fock spaces in one theory. This means that it is possible that there exist degenerate vacuums and these vacuums are diagonal to each other. In this case, we can represent the system in terms of the creation and annihilation operator for each vacuum. However, the constructed Fock spaces are not unitary equivalent to each other. Therefore, we must take one Fock space vacuum for physical observation. Here, it is important to note that when one Fock space is preferred in the possible spaces, the others are forbidden and never realized in nature.

We are lead to an interesting consequence in the spontaneous symmetry breaking phenomena by the possibility of the existence for the degenerate vacuums. In this phenomena, there are symmetry unbroken vacuum |0⟩ as well as the symmetry broken (degenerate) vacuums |Ω, α⟩ which satisfy eq.(2.7). Here, the label α in the broken vacuum is some distinguishable label of degeneracy.

|0⟩

Unbroken vacuum

|Ω, α1⟩ |Ω, α2⟩ |Ω, α3⟩ . . broken vacuum

FIG. 1: The physical vacuum of the symmetry broken phase becomes one of the degenerate vacuums

When the broken vacuum has a lower energy than unbroken vacuum, the physical vacuum becomes one of the degenerate symmetry broken vacuums, which is sketched in FIG.1. In this case, the degenerate vacuum can be diagonal to each other, ⟨Ω, α| Ω, β⟩ = δ_{αβ} (3.1) as well as the eigenstate of the Hamiltonian. Therefore, after one broken vacuum |Ω, α_1⟩ is selected by the symmetry breaking, the other vacuums |Ω, α⟩ (α ≠ α_1) are forbidden and never realized in nature except that some external disturbance are put into the system by hand. In this respect, the instanton picture in which the instanton can make transitions from vacuum to vacuum of the θ vacua in QCD is only a semi-classical picture.

Now, we consider how the broken vacuum is parameterized. Let Q̂_A be a charge (generator) of a considering symmetry. Let the system be described by the Hamiltonian Ĥ and the Hamiltonian be invariant under the symmetry. That is, [ Q̂_A, Ĥ ] = 0. (3.2)

Under the transformation which is generated by Q̂_A, the state of the system |Φ⟩ transforms to another state |Φ^′⟩ as |Φ^′⟩ = U (Q̂_A)|Φ⟩, (3.3)

where U (Q̂_A) is a unitary operator of the symmetry. When the symmetry is spontaneously broken and the vacuum change from the symmetry unbroken (perturbative) vacuum |0⟩ to the symmetry broken vacuum |Ω⟩, we can write

U (Q̂_A)|0⟩ = |0⟩, (3.4a)

U (Q̂_A)|Ω⟩ ≠ |Ω⟩. (3.4b)

This means that Q̂_A|0⟩ = 0, (3.5a)

Q̂_A|Ω⟩ ≠ 0. (3.5b)

It is important to note that the Hamiltonian Ĥ and the charge Q̂_A always commute with each other regardless the symmetry breaking. The conserved current and its associated charge are derived by the Noether theorem. How can we realize eq.(3.5b) ? From the commutation relation eq.(3.2) of Q̂_A and Ĥ, one sees that the Hamiltonian and the charge are simultaneously diagonalized. Therefore, we can write the eigenvalue equations of the Hamiltonian Ĥ and the charge Q̂_A as Ĥ|Ω⟩ = E_Ω|Ω⟩, (3.6a)

Q̂_A|Ω⟩ = Q_A|Ω⟩. (3.6b)

That is, the vacuum is an eigenstate of the Hamiltonian as well as the charge operator Q̂_A. It means that the vacuum can be specified by the breaking charge as

|Ω⟩ = |E_Ω, Q_A⟩, (3.7)

where

⟨E_Ω, Q^′_A| E_Ω, Q_A⟩ = δ_Q′_{A QA} . (3.8)

Therefore, the broken vacuums are degenerate and are specified by the eigenvalue of the symmetry breaking charge. Further, it should be noted that the eigenvalue of the continuous symmetry is not necessarily a continuous value. For example, the eigenvalue of the angular momentum in quantum mechanics has discrete values.

B. Chiral symmetry breaking and Thirring model

As seen in previous subsection, the symmetry breaking phenomena can be described in terms of the vacuum’s eigenvalue of the symmetry breaking charge. However, since the symmetry breaking phenomena should be a non-perturbative physics, we must find the vacuum in a non-perturbative way. Unfortunately, it is difficult to find the non-perturbative vacuum of the quantum field theory even in an approximate scheme except for free fields. However, fortunately, the chiral invariant Thirring model which is a non-trivial field theory in two dimensions is exactly solved by the Bethe ansatz technique [9]. It is found that there are two types of vacuum. One is that the chiral symmetry is preserved and the other is that the chiral symmetry is not preserved. Further, the symmetry broken state has the lower energy than the symmetry preserved vacuum. Therefore, the physical vacuum of the Thirring model becomes a symmetry broken vacuum. We sketch the dispersion relations of the broken vacuum in FIG. 2 whose analytic formulation [9] will be given in the next section. (a) p Ep

(b) p Ep

FIG. 2: The dispersion relation of the broken vacuum for the Thirring model. One has Q5 = 1 (a) and the other Q5 = −1 (b).

Note that the chiral charge is the subtraction between the number of the left mover and the right mover fermions,

Q_5 = N_L − N_R, (3.9)

where N_{L,R} are the number of the left mover and the right mover, respectively. Indeed the number of the right mover and left mover fermions is different by one in the broken vacuum. Therefore, one corresponds to the eigenstate of the chiral charge Q_5 = 1 and the other corresponds to the charge Q_5 = −1. Accordingly, the chiral symmetry of the Thirring model is spontaneously broken and the physical vacuum becomes one of the eigenstate of the chiral charge operator whose eigenvalue is ±1. After all, the vacuum of the Thirring model is classified by the chiral charge.

C. Coleman theorem and symmetry breaking phenomena in two dimensions

The above results seem to be inconsistent with the Coleman theorem as well as Goldstone theorem. However, as we have learned above, there is an intrinsic problem in Goldstone theorem. The NG boson does not necessarily exist after symmetry breaking. Further, it is important to note that the Coleman theorem cannot be verified since the vacuum expectation value of the scalar operator δϕ becomes zero in two dimensions. Finally, we can conclude in usual sense that the chiral symmetry of the Thirring and Gross-Neveu models is spontaneously broken and fermion seems to acquire its mass.

However, there seems to be a problem since Coleman theorem indicates that

⟨Ω|ψ̄ψ|Ω⟩ = 0 (3.10)

for the case of chiral symmetry breaking. The condensate value ⟨Ω|ψ̄ψ|Ω⟩ has been believed to be an order parameter of the chiral symmetry breaking although there is no proof as to in which way the condensate value can measure the chiral symmetry breaking.

Surprisingly, we can find a good example for this case. This is the Thirring model. In the next section, we will show that the condensate value of the Thirring model is exactly zero even though the symmetry is spontaneously broken. Therefore, we conclude that the Coleman theorem in the Thirring model only states that the condensate value vanishes in two dimensions.

IV. CHIRAL SYMMETRY BREAKING AND CONDENSATE

A. General interpretation

First, we review and reexamine the Goldstone theorem that has played a central role for understanding the symmetry breaking and its massless boson after the spontaneous chiral symmetry breaking [1, 2]. When the Lagrangian density has the chiral symmetry which can be represented by the unitary operator U (α), there is a conserved current associated with the symmetry

∂_μj^μ_5 = 0. (4.1)

In this case, there is a conserved chiral charge Q̂_5 which is defined as

Q̂_5 = ∫ j^0_5 (x)d^3x. (4.2)

The Hamiltonian H of this system is invariant under the unitary transformation U (α),

U (α)HU (α)^{−1} = H. (4.3)

Therefore, the chiral charge Q̂_5 commutes with the Hamiltonian H,

Q̂_5H = HQ̂_5. (4.4)

Now, the vacuum state can break the symmetry, and we define the symmetric vacuum |0⟩ and symmetry broken vacuum |Ω⟩, respectively, which satisfy the following equations,

Q̂_5|0⟩ = 0, (4.5a)

Q̂_5|Ω⟩ ≠ 0. (4.5b)

Since the Q̂_5 commutes with the Hamiltonian, the Q̂_5 has the same eigenstate as the Hamiltonian. If we define the symmetry broken vacuum state |Ω⟩ by the eigenstate of the Hamiltonian H with its energy eigenvalue E_Ω, then we can write

H|Ω⟩ = E_Ω|Ω⟩. (4.6)

In this case, we can also write the eigenvalue equation for the Q̂_5

Q̂_5|Ω⟩ = Q_5|Ω⟩ (4.7)

with its eigenvalue Q_5. These equations should hold for the exact eigenstates of the Hamiltonian.

In the Goldstone theorem, one starts from the following commutation relation which is an identity equation, [ Q̂_5, ∫ ψ̄(x)γ_5ψ(x)d^3x ] = −2 ∫ ψ̄(x)ψ(x)d^3x. (4.8)

Now, if we take the expectation value of the symmetry broken vacuum |Ω⟩ which is the eigenstate of the Hamiltonian as well as Q̂_5, then we obtain for the left hand side as

⟨Ω| [ Q̂_5, ∫ ψ̄(x)γ_5ψ(x)d^3x ] |Ω⟩ = ⟨Ω|Q_5 ∫ ψ̄(x)γ_5ψ(x)d^3x − (∫ ψ̄(x)γ_5ψ(x)d^3x ) Q_5|Ω⟩ = 0 (4.9)

with the help of eq.(4.7). This means that the right hand side of eq.(4.8) must vanish, that is, ⟨Ω| ∫ ψ̄(x)ψ(x)d^3x|Ω⟩ = 0. (4.10)

Therefore, the exact eigenstate has no condensate in the symmetry broken vacuum. What does this mean ? The relation of eq.(4.8) has repeatedly been used, and if there is a finite condensate, then the symmetry of the vacuum must be broken since the left hand side of eq.(4.8) vanishes due to eq.(4.5a) for the symmetric vacuum state. However, the exact eigenstate shows that the condensate must vanish if the vacuum is the eigenstate of the Hamiltonian even for the symmetry broken vacuum state.

The way out of this dilemma is simple. One should not take the expectation value of the vacuum state. Instead, the index of the symmetry breaking in connection with the condensate operator Γ̂,

Γ̂ ≡ ∫ d^3x ψ̄(x)ψ(x), (4.11)

should be the following equation

Γ̂|Ω⟩ = |Ω^′⟩ + C_1|Ω⟩ (4.12)

where |Ω^′⟩ denotes an operator-induced state which is orthogonal to the |Ω⟩. C_1 is related to the condensate value. For the exact eigenstate which breaks the chiral symmetry, we find

C_1 = 0.

In this case, the identity equation of (4.8) can be applied to the state |Ω⟩ and we obtain

(Q̂_5 − Q_5) ∫ ψ̄(x)γ_5ψ(x)d^3x|Ω⟩ = −2|Ω^′⟩ (4.13)

with the help of eq.(4.7). Eq.(4.13) indeed holds true for the exact eigenstate. It is now clear that one should not take the expectation value of eq.(4.8).

B. Exact solution of Thirring model

There is one example which perfectly satisfies the above requirements of the spontaneous chiral symmetry breaking and zero fermion condensate. That is the Bethe ansatz vacuum of the massless Thirring model [9, 10]. In the Bethe ansatz solution, the vacuum state is obtained exactly [20, 21, 22, 24, 25], and this vacuum state breaks the chiral symmetry, contrary to Coleman’s theorem [5]. However, it is shown that there is no bosonic state, and it has only a finite gap. Therefore, there is no contradiction with the fact that there should not exist any massless boson in two dimensions, which is the basis of Coleman’s theorem.

Now, we denote the right and left mover fermion creation operators by a^†_k, b^†_k, respectively, and thus the vacuum state |Ω⟩ can be written as |Ω⟩ = ∏ k^r_i a^†_kr_i ∏ k^ℓ_j b^†_{kℓj} |0_v⟩ (4.14)

where |0_v⟩ denotes the null vacuum state with

a_kr_i |0_v⟩ = 0, b_kℓ_j |0_v⟩ = 0.

The Bethe ansatz solution tells us that the momenta k^r_i and k^ℓ_j should satisfy the periodic boundary condition (PBC) equations. These PBC equations are solved analytically and the momenta k^r_i for right mover and k^ℓ_j for left mover are given as [9]

k^r_i = 2πn_i L − 2(N_0 + 1) L tan^{−1} ( g 2 ) (4.15a)

for n_i = −1, −2, · · · , −N_0.

k^ℓ_1 =

2N_0 L tan^{−1} ( g 2 ) (4.15b) for n_1 = 0,

k^ℓ_j = 2πn_j L + 2N_0 L tan^{−1} ( g 2 ) (4.15c)

for n_j = 1, 2, · · · , N_0.

Here, g, L and N_0 denote the coupling constant, the box length and the particle number in the negative energy state, respectively. The cutoff Λ is defined as Λ = 2πN_0 L . We note that the negative energy E_v of the vacuum state can be written as

E_v = k^r_i for right mover

E_v = −k^ℓ_j for left mover.

Now, the condensate operator Γ̂ can be written as

Γ̂ = ∫ ψ̄(x)ψ(x)dx = ∑ n (b^†_na_n + a^†_nb_n). (4.16)

Therefore, eq.(4.12) becomes

∑ n (b^†_na_n + a^†_nb_n)|Ω⟩ = ∑ n ∏ k^r_i ,k^r_i ≠n a^†_kr_i ∏ k^ℓ_j b^†_{kℓj} b^†_n|0_v⟩ + ∏ k^r_i a^†_kr_i ∏ k^ℓ_j ,k^ℓ_j ≠n b^†_{kℓj} a^†_n|0_v⟩ . (4.17)

Clearly, the right hand side of eq.(4.17) is different from the vacuum state of the Bethe ansatz solution of eq.(4.14), and therefore denoting the right hand side of eq.(4.17) by |Ω^′⟩, we obtain

Γ̂|Ω⟩ = ∑ n (b^†_na_n + a^†_nb_n)|Ω⟩ = |Ω^′⟩. (4.18)

Obviously, the C_1 of eq.(4.12) is zero in the massless Thirring model, and indeed this confirms eq.(4.10).

It is now clear and most important to note that one cannot learn the basic dynamics of the symmetry breaking phenomena from the identity equation. If one wishes to study the symmetry breaking physics in depth, then one has to solve the dynamics of the field theory model properly.

C. Bogoliubov vacuum of Thirring model

Now, the massless Thirring model is also solved by the Bogoliubov transformation method [6, 7, 13]. In this case, the fermion condensate has a finite value as

⟨Ω| ∫ ψ̄(x)ψ(x)dx|Ω⟩ = ΛL g sinh (_π g ).

Further, the calculation shows that there is one massive boson. Comparing this result with the Bethe ansatz solution, we get to know where the Bogoliubov approximation goes wrong as far as the condensate evaluation is concerned. That is, the Bethe ansatz solutions show that the negative energy states of the left and right mover fermions are not mixed up with each other while the energy dispersions of the two fermions in the Bogoliubov vacuum are connected to each other. This causes the finite fermion condensate in the Thirring model in the Bogoliubov transformed vacuum which is not the eigenstate of the Hamiltonian.

V. CONDENSATE AND TWO DIMENSIONAL GAUGE THEORY

A. Schwinger model

The Schwinger model is known to be solved exactly and can be converted to a free massive boson Hamiltonian. The mass of the Schwinger boson is given as M = g √ π (5.1)

where g denotes the gauge coupling constant.

It also breaks the chiral symmetry. However, in this model, the chiral charge Q̂_5 is not conserved due to the anomaly [26, 27, 28]. Therefore, the symmetry breaking is not spontaneous, and thus we cannot discuss the symmetry breaking in the same way as we discussed in section IV. The basic point is of course that the chiral charge does not commute with the Hamiltonian. The Schwinger model has indeed a finite condensate value ⟨Ω| 1 L ∫ ψ̄(x)ψ(x)dx|Ω⟩ = 0.283 g√ π . (5.2)

In this respect, the finite fermion condensate of the Schwinger vacuum is not inconsistent with the chiral symmetry breaking as discussed in section IV. However, the condensate value is just the same as the one that is calculated by the vacuum state which is obtained from the Bogoliubov transformation. Since the Bogoliubov vacuum is not exact, it is not very clear whether the condensate vaule is exact or not. In any case, it should be carefully examined whether the fermion condensate of the vacuum state has any physical meaning or not.

B. QCD in two dimensions

Recently, careful studies of QCD_2 in two dimensions have been carried out by employing the Bogoliubov transformation method [8]. The calculated results show that the vacuum has the finite fermion condensate which agrees very well with the calculation of the 1/N_c expansion method. This condensate value is given as ⟨Ω| 1 L ∫ ψ̄(x)ψ(x)dx|Ω⟩ = − N^c√ 12 √ N_cg^2 2π . (5.3)

The spectrum obtained in [8] shows that there is one bound state (a massive boson), and the boson mass is expressed as M_{Nc} = 2 3 √ N_cg^2 3π (5.4)

where the formula must be good for large N_c region.

From the argument in section IV, the fermion condensate must vanish for QCD_2 if it is solved exactly. Up to now, the vacuum of QCD_2 has been solved only in terms of the 1/N_c expansion approximation or the Bogoliubov transformation. It would be extremely interesting to find the exact vacuum state of QCD_2, and this is indeed a good problem to be solved in future.

VI. CONCLUSIONS

In the recent papers, we have shown that the Goldstone theorem in the fermion field theory models does not lead to the existence of the massless boson after the spontaneous chiral symmetry breaking [6, 7, 8, 9, 11, 12]. There, we started from the finite fermion condensate value and showed that the identity equation of eq.(4.8) cannot be used for proving the appearance of the massless boson. Also, it has been shown by numerical calculations that there is indeed no Goldstone boson in the fermion field theory models of the NJL, Thirring and QCD_2 after the spontaneous symmetry breaking takes place.

Here, it is even more surprising that the exact eigenstate of the Hamiltonian leads to the conclusion that the fermion condensate must vanish for the symmetry broken vacuum state. Therefore, we cannot make use of the identity equation of the Goldstone theorem since the right hand side of the equation, that is, the fermion condensate vanishes for the exact symmetry broken vacuum.

In this paper, we have shown that the Bethe ansatz solutions of the Thirring model present a perfect example that satisfies all the necessary and sufficient conditions in the spontaneous chiral symmetry breaking and its vacuum structure. The fermion condensate vanishes for the exact vacuum which breaks the chiral symmetry. The identity equation of the Goldstone theorem holds as the operator-induced equation, but has no meaning as the expectation value. All the requirements of the symmetry breaking phenomena are realized in the Bethe ansatz vacuum of the Thirring model.

Unfortunately, there is no exact solvable model in four dimensions. However, the NJL model is quite similar to the Thirring model apart from the renormalizability in the perturbative calculation, and the solution of the NJL model must be quite similar to that of the Thirring model, concerning the zero condensate and a finite gap in the excitation spectrum.

Further, we should comment on QCD in four dimensions since real nature must be described by QCD in four dimensions. However, there is no chiral symmetry in QCD in four dimensions due to the finite mass of quarks, and therefore there is no point to discuss the chiral symmetry breaking in QCD in four dimensions.

We thank Prof. K. Fujikawa for useful discussions and helpful comments.

[1] J. Goldstone, Nuovo Cimento, 19, 154 (1961). [2] J. Goldstone, A. Salam and S. Weinberg, Phys. Rev. 127, 965 (1962).

[3] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961).

[4] S. Klevansky, Rev. Mod. Phys. 64, 649 (1992). [5] S. Coleman, Comm. Math. Phys. 31, 259 (1973). [6] M. Hiramoto and T. Fujita, hep-th/0306083. [7] T. Fujita, M. Hiramoto and H. Takahashi, hep-th/0306110.

[8] T. Fujita, M. Hiramoto and T. Homma, hep-th/0306085. [9] T. Fujita, M. Hiramoto, T. Homma and H. Takahashi, J.

Phys. Soc. Japan, 74, 1143 (2005).

[10] T. Fujita, T. Kobayashi, M. Hiramoto, H. Takahashi, Eur. Phys. J. C 39, 511 (2005).

[11] T. Fujita, M. Hiramoto, and H. Takahashi, hep-th/0410220.

[12] T. Fujita, M. Hiramoto, and H. Takahashi, “Boson after symmetry breaking in quantum field theory”, in Focus on Boson Research (Nova Science Publisher, 2005) [13] M. Hiramoto and T. Fujita, Phys. Rev. D 66, 045007 (2002).

[14] D. Gross and A. Neveu: Phys. Rev. D 10, 3235 (1974). [15] E. Witten, Nucl. Phys. B 145, 111 (1979). [16] T. Fujita and H. Takahashi, “Intrinsic problem of 1/N expansion at massless two dimensional QCD”, to be published.

[17] E. Fabri and L.E. Picasso, Phys. Rev. Lett. 16, 408 (1966).

[18] C. Itzykson and J.B. Zuber, Quantum Field Theory (McGraw-Hill, 1985).

[19] S. Weinberg, The Quantum Theory of Fields (Cambridge University Press, 1996) [20] H. Bergknoff and H.B. Thacker, Phys. Rev. Lett. 42, 135 (1979).

[21] K. Odaka and S. Tokitake, J. Phys. Soc. Japan, 56, 3062 (1987).

[22] N. Andrei and J. H. Lowenstein, Phys. Rev. Lett. 43, 1698 (1979).

[23] M. Faber and A.N. Ivanov, Eur. Phys. J. C 20, 723 (2001).

[24] T. Fujita, Y. Sekiguchi and K. Yamamoto, Ann. Phys.

255, 204 (1997).

[25] T. Fujita, T. Kake and H. Takahashi, Ann. Phys. 282, 100 (2000).

[26] J. Schwinger, Phys. Rev. 128, 2425 (1962). [27] N. S. Manton, Ann. Phys. 159, 220 (1985). [28] T. Tomachi and T. Fujita, Ann. Phys. 223, 197 (1993).