arXiv:hep-th/0510188 v1 21 Oct 2005

LMU-ASC 69/05 MPP-2005-120

Noncommutative Spaces and Gravity

Frank Meyer

Max–Planck–Institut für Physik (Werner-Heisenberg Institut) Föhringer Ring 6, D-80805 München, Germany

Arnold Sommerfeld Center, Department für Physik Ludwig-Maximilians-Universität München, Theresienstraße 37 D-80333 München, Germany

E–mail: meyerf@theorie.physik.uni-muenchen.de

Abstract We give an introduction to an algebraic construction of a gravity theory on noncommutative spaces which is based on a deformed algebra of (infinitesimal) diffeomorphisms. We start with some fundamental ideas and concepts of noncommutative spaces. Then the θ-deformation of diffeomorphisms is studied and a tensor calculus is defined. A deformed Einstein-Hilbert action invariant with respect to deformed diffeomorphisms is given. Finally, all noncommutative fields are expressed in terms of their commutative counterparts up to second order of the deformation parameter using the ⋆-product. This allows to study explicitly deviations to Einstein’s gravity theory in orders of θ. This lecture is based on joined work with P. Aschieri, C. Blohmann, M. Dimitrijević, P. Schupp and J. Wess.

Based on talks given at the First Modave Summer School in Mathematical Physics, June 2005, Modave (Belgium); HEP 2005, July 2005, Lisboa (Portugal); XXVIII Spanish Relativity Meeting, September 2005, Oviedo (Spain)

Contents

1 Noncommutative Spaces 2 2 Symmetries on Deformed Spaces 5 3 Diffeomorphisms 5 4 Deformed Diffeomorphisms 8 5 Noncommutative Geometry 11 6 Star Products and Expanded Einstein-Hilbert Action 14

1 Noncommutative Spaces

In field theories one usually considers differential space-time manifolds. In the noncommutative realm, the notion of a point is no longer well-defined and we have to give up the concept of differentiable manifolds. However, the space of functions on a manifold is an algebra. A generalization of this algebra can be considered in the noncommutative case. We take the algebra freely generated by the noncommutative coordinates x̂^i which respects commutation relations of the type

[x̂^μ, x̂^ν ] = C^{μν} (x̂) ≠ 0 . (1) Without bothering about convergence, we take the space of formal power series in the coordinates x̂^i and divide by the ideal generated by the above relations ^A_{x̂} = C ⟨⟨x̂^0 , . . . , x̂^n⟩⟩/([x̂^μ, x̂^ν ] − C^{μν} (x̂)) . The function C^{μν} (x̂) is unknown. For physical reasons it should be a function that vanishes at large distances where we experience the commutative world and may be determined by experiments. Nevertheless, one can consider a power-series expansion C^{μν} (x̂) = iθ^{μν} + iC^{μν}_ρx̂^ρ + (qR̂^{μν}_{ρσ} − δ^ν_ρ δ^μ_σ )x̂^ρx̂^σ + . . . ,

where θ^{μν} , C^{μν}_ρ and qR̂^{μν}_{ρσ} are constants, and study cases where the commutation relations are constant, linear or quadratic in the coordinates. At very short distances those cases provide a reasonable approximation for C^{μν} (x̂) and lead to the following three structures

1. canonical or θ-deformed case:

[x̂^μ, x̂^ν ] = iθ^{μν} . (2)

2. Lie algebra case:

[x̂^μ, x̂^ν ] = iC^{μν}_ρx̂^ρ. (3)

3. Quantum Spaces:

x̂^μx̂^ν = qR̂^{μν}_{ρσ}x̂^ρx̂^σ. (4)

We denote the algebra generated by noncommutative coordinates x̂^μ which are subject to the relations (2) by Â. We shall often call it the algebra of noncommutative functions. Commutative functions will be denoted by A. In what follows we will exclusively consider the θ-deformed case (2) but we note that the algebraic construction presented here can be generalized to more complicated noncommutative structures of the above type which possess the Poincaré-Birkhoff-Witt (PBW) property. The PBW-property states that the space of polynomials in noncommutative coordinates of a given degree is isomorphic to the space of polynomials in the commutative coordinates. Such an isomorphism between polynomials of a fixed degree is given by an ordering prescription. One example is the symmetric ordering (or Weyl-ordering) W which assigns to any monomial the totally symmetric ordered monomial W : A → Â x^μ → x̂^μ (5) x^μx^ν → 1 2 (x̂^μx̂^ν + x̂^νx̂^μ) · · · . To study the dynamics of fields we need a differential calculus on the noncommutative algebra Â. Derivatives are maps on the deformed coordinate space [1] ^∂_μ : Â → Â . This means that they have to be consistent with the commutation relations of the coordinates. In the θ-constant case a consistent differential calculus can be defined very easily by^1

[ ^∂_μ, x̂^ν ] = δ^ν_μ ( ^∂_μx̂^ν ) = δ^ν_μ

[ ^∂_μ, ^∂_ν ] = 0. (6)

1We use brackets to distinguish the action of a differential operator from the multiplication in the algebra of differential operators.

It is the fully undeformed differential calculus. The above definitions yield the usual Leibniz-rule for the derivatives ^∂_μ

( ^∂_μf̂ĝ) = ( ^∂_μf̂)ĝ + f̂ ( ^∂_μĝ). (7)

This is a special feature of the fact that θ^{μν} are constants. In the more complicated examples of noncommutative structures this undeformed Leibniz-rule usually cannot be preserved but one has to consider deformed Leibniz-rules for the derivatives [2]. Note that (6) also implies that

( ^∂_μf̂) = ^(∂_μf). (8)

The Weyl ordering (5) can be formally implemented by the map f → W (f) = 1 (2π)^n2 ∫ d^nk e^{ikμx̂μ}f̃(k) where f̃ is the Fourier transform of f

f̃ (k) = 1

(2π)^n2 ∫ d^nx e^{−ikμ xμ} f(x). This is due to the fact that the exponential is a fully symmetric function. Using the Baker-Campbell-Hausdorff formula one finds e^{ikμx̂μ} e^{ipνx̂ν} = e^{i(kμ+pμ)x̂μ− i2 kμθμν pν} . (9) This immediately leads to the following observation

f̂ĝ = W (f)W (g) = 1 (2π)^n ∫ d^nkd^np e^{ikμx̂μ} e^{ipν x̂ν} f̃ (k)g̃(p) = 1 (2π)^n ∫ d^nkd^np e^{i(kμ+pμ)x̂μ} e^{− i2 kμ θμν pν} f̃(k)g̃(p) = W (μ ∘ e^{i2 θμν ∂μ⊗∂ν} f ⊗ g), (10) where μ(f ⊗ g) := fg is the multiplication map. With (8) we deduce from (10) the equation μ ∘ e^{− i2 θμν ^∂μ⊗ ^∂ν} f̂ ⊗ ĝ = ^fg. (11) The above formula shows us how the commutative and the noncommutative product are related. It will be important for us later on.

2 Symmetries on Deformed Spaces

In general the commutation relations (1) are not covariant with respect to undeformed symmetries. For example the canonical commutation relations (2) break Lorentz symmetry if we assume that the noncommutativity parameters θ^{μν} do not transform.

The question arises whether we can deform the symmetry in such a way that it acts consistently on the deformed space (i.e. leaves the deformed space invariant) and such that it reduces to the undeformed symmetry in the commutative limit. The answer is yes: Lie algebras can be deformed in the category of Hopf algebras (Hopf algebras coming from a Lie algebra are also called Quantum Groups)^2. Important examples of such deformations are q-deformations: Drinfeld and Jimbo have shown that there exists a q-deformation of the universal enveloping algebra of an arbitrary semisimple Lie algebra^3. Module algebras of this q-deformed universal enveloping algebras are noncommutative spaces with commutation relations of type (4). There exists also a so-called κ-deformation of the Poincaré algebra [3, 4] which leads to a noncommutative space of the Lie type (3). A Hopf algebra symmetry acting on the θ-deformed space was for a long time unknown. But recently also a θ-deformation of the Poincaré algebra leading to the algebra (2) was constructed [5–8].

Quantum group symmetries lead to new features of field theories on noncommutative spaces. Because of its simplicity, θ-deformed spaces are very well-suited to study those. First results on the consequences of the θ-deformed Poincaré algebra have already been obtained [6, 8]. However, it remains unknown and subject of future investigations in which precise way this recently discovered quantum group symmetry restricts the degrees of freedom of the noncommutative field theory.

In the following we will construct explicitly a θ-deformed version of diffeomorphisms which consistently act on the noncommutative space (2). Then we present a gravity theory which is invariant with respect to this deformed diffeomorphisms [8,9].

3 Diffeomorphisms

Gravity is a theory invariant with respect to diffeomorphisms. However, to generalize the Einstein formalism to noncommutative spaces in order to establish a gravity

2To be more precise the universal enveloping algebra of a Lie algebra can be deformed. The universal enveloping algebra of any Lie algebra is a Hopf algebra and this gives rise to deformations in the category of Hopf algebras.

3It is called q-deformation since it is a deformation in terms of a parameter q.

theory, it is important to first understand that diffeomorphisms possess more mathematical structure than the algebraic one: They are naturally equipped with a Hopf algebra structure. In the common formulations of physical theories this additional Hopf structure is hidden and does not play a crucial role. It is our aim to deform the algebra of diffeomorphism in such a way that it acts consistently on a noncommutative space. This can be done by exploiting the full Hopf structure. In this section we first introduce the concept of diffeomorphisms as Hopf algebra in the undeformed setting.

Diffeomorphisms are generated by vector-fields ξ. Acting on functions, vectorfields are represented as linear differential operators ξ = ξ^μ∂_μ. Vector-fields form a Lie algebra Ξ over the field C with the Lie bracket given by [ξ, η] = ξ × η where ξ × η is defined by its action on functions

(ξ × η)(f) = (ξ^μ(∂_μη^ν )∂_ν − η^μ(∂_μξ^ν )∂_ν )(f).

The Lie algebra of infinitesimal diffeomorphisms Ξ can be embedded into its universal enveloping algebra which we want to denote by U(Ξ) . The universal enveloping algebra is an associative algebra and possesses a natural Hopf algebra structure. It is given by the following structure maps^4:

• An algebra homomorphism called coproduct defined by

Δ : U(Ξ) → U(Ξ) ⊗ U(Ξ) Ξ ∋ ξ → Δ(ξ) := ξ ⊗ 1 + 1 ⊗ ξ. (12)

• An algebra homomorphism called counit defined by ε : U(Ξ) → C Ξ ∋ ξ → ε(ξ) = 0. (13)

• An anti-algebra homomorphism called antipode defined by

S : U(Ξ) → U(Ξ) Ξ ∋ ξ → S(ξ) = −ξ. (14) 4The structure maps are defined on the generators ξ ∈ Ξ and the universal property of the universal enveloping algebra U(Ξ) assures that they can be uniquely extended as algebra homomorphisms (respectively anti-algebra homomorphism in case of the antipode S) to the whole algebra U(Ξ).

For a precise definition and more details on Hopf algebras we refer the reader to text books [10–12]. For our purposes it shall be sufficient to note that the coproduct implements how the Hopf algebra acts on a product in a representation algebra (Leibniz-rule). Below we will make this more transparent. It is now possible to study deformations of U(Ξ) in the category of Hopf algebras. This leads to a deformed version of diffeomorphisms - the fundamental building block of our approach to a gravity theory on noncommutative spaces. Before studying this in detail, let us shortly review the Einstein formalism. This way we first understand better the meaning of the structure maps of a Hopf algebra introduced above.

Scalar fields are defined by their transformation property with respect to infinitesimal coordinate transformations: δ_ξϕ = −ξϕ = −ξ^μ(∂_μϕ). (15) The product of two scalar fields is transformed using the Leibniz-rule

δ_ξ(ϕψ) = (δ_ξϕ)ψ + ϕ(δ_ξψ) = −ξ^μ(∂_μϕψ) (16)

such that the product of two scalar fields transforms again as a scalar. The above Leibniz-rule can be understood in mathematical terms as follows: The Hopf algebra U(Ξ) is represented on the space of scalar fields by infinitesimal coordinate transformations δ_ξ. On scalar fields the action of δ_ξ is explicitly given by the differential operator −ξ^μ∂_μ. Of course, the space of scalar fields is not only a vector space - it possesses also an algebra structure - such as U(Ξ) is not only an algebra but also a Hopf algebra - it possesses in addition the co-structure maps defined above. We say that a Hopf algebra H acts on an algebra A (or more precisely we say that A is a left H-module algebra) if A is a module with respect to the algebra H and if in addition for all h ∈ H and a, b ∈ A h(ab) = μ ∘ Δh(a ⊗ b) (17) h(1) = ε(h). (18)

Here μ is the multiplication map defined by μ(a ⊗ b) = ab. In our concrete example where H = U(Ξ) and A is the algebra of scalar fields we indeed have that the algebra of scalar fields is a U(Ξ)−module algebra. This can be seen easily if we rewrite (16) using (12) for the generators ξ ∈ Ξ for U(Ξ): δ_ξ(ϕψ) = (δ_ξϕ)ψ + ϕ(δ_ξψ) = μ ∘ Δξ(ϕ ⊗ ψ). It is also evident that δ_ξ1 = 0 = ε(ξ)1.

Now we are in the right mathematical framework: We study a Lie algebra (here infinitesimal diffeomorphisms Ξ) and embed it in its universal enveloping algebra (here U(Ξ)). This universal enveloping algebra is a Hopf algebra via a natural Hopf structure induced by (12,13,14).

Physical quantities live in representations of this Hopf algebras. For instance, the algebra of scalar fields is a U(Ξ)-module algebra. The action of U(Ξ) on scalar fields is given in terms of infinitesimal coordinate transformations δ_ξ.

Similarly one studies tensor representations of U(Ξ). For example vector fields are introduced by the transformation property

δ_ξV_α = −ξ^μ(∂_μV_α) − (∂_αξ^μ)V_μ δ_ξV^α = −ξ^μ(∂_μV^α) + (∂_μξ^α)V^μ.

The generalization to arbitrary tensor fields is straight forward: δ_ξT^{μ1···μn} ν_1 ···ν_n = −ξ μ(∂_μT^{μ1···μn}_{ν1···νn} ) + (∂_μξ^{μ1} )T^{μ···μn}_{ν1···νn} + · · · + (∂_μξ^{μn} )T^{μ1···μ}_{ν1···νn} −(∂_{ν1} ξ^ν )T^{μ1···μn}_{ν···νn} − · · · − (∂_{νn} ξ^ν )T^{μ1···μn}_{ν1···ν} . As for scalar fields, we also find that the product of two tensors transforms like a tensor. Summarizing, we have seen that scalar fields, vector fields and tensor fields are representations of the Hopf algebra U(Ξ), the universal enveloping algebra of infinitesimal diffeomorphisms. The Hopf algebra U(Ξ) acts via infinitesimal coordinate transformations δ_ξ which are subject to the relations:

[δ_ξ, δ_η] = δ_{ξ×η} ε(δ_ξ) = 0 Δδ_ξ = δ_ξ ⊗ 1 + 1 ⊗ δ_ξ S(δ_ξ) = −δ_ξ. (19)

The transformation operator δ_ξ is explicitly given by differential operators which depend on the representation under consideration. In case of scalar fields this differential operator is given by −ξ^μ∂_μ.

4 Deformed Diffeomorphisms

The concepts introduced in the previous subsection can be deformed in order to establish a consistent tensor calculus on the noncommutative space-time algebra (2). In this context it is necessary to account the full Hopf algebra structure of the universal enveloping algebra U(Ξ).

In our setting the algebra Â possesses a noncommutative product defined by

[x̂^μ, x̂^ν ] = iθ^{μν} , (20)

We want to deform the structure maps (19) of the Hopf algebra U(Ξ) in such a way that the resulting deformed Hopf algebra which we denote by U(Ξ̂) consistently acts on Â. In the language introduced in the previous section this means that we want Â to be a U(Ξ̂)-module algebra. We claim that the following deformation of U(Ξ) does the job. Let U(Ξ̂) be generated as algebra by elements δ̂_ξ, ξ ∈ Ξ. We leave the algebra relation undeformed and demand

[δ̂_ξ, δ̂_η] = δ̂_{ξ×η} (21)

but we deform the co-sector Δδ̂_ξ = e^{− i2 hθρσ ^∂ρ⊗ ^∂σ} (δ̂_ξ ⊗ 1 + 1 ⊗ δ̂_ξ)e^{i2 hθρσ ^∂ρ⊗ ^∂σ} , (22) where [ ^∂_ρ, δ̂_ξ] = δ̂_{(∂ρξ)}.

The deformed coproduct (22) reduces to the undeformed one (19) in the limit θ → 0. Antipode and counit remain undeformed

S(δ̂_ξ) = −δ̂_ξ ε(δ̂_ξ) = 0. (23)

We have to check whether the above deformation is a good one in the sense that it leads to a consistent action on Â. First we need a differential operator acting on fields in Â which represents the algebra (21). Let us consider the differential operator

X̂_ξ := ∞∑ n=0 1 n! (− i 2 )^nθ^{ρ1 σ1} · · · θ^{ρnσn} ( ^∂_{ρ1} · · · ^∂_{ρn}ξ̂^μ) ^∂_μ ^∂_{σ1} · · · ^∂_{σn} . (24)

This is to be understood like that: A vector-field ξ = ξ^μ∂_μ is determined by its coefficient functions ξ^μ. In Section 1 we saw that there is a vectorspace isomorphism W from the space of commutative to the space of noncommutative functions which is given by the symmetric ordering prescription. The image of a commutative function f under the isomorphism W is denoted by f̂ W : f → W (f) = f̂. In (24) ξ̂^μ is therefore to be interpreted as the image of ξ^μ with respect to W . Then indeed we have [X̂_ξ, X̂_η] = X̂_{ξ×η}. (25)

To see this we use result (11) to rewrite (X̂_ξϕ̂) :

(X̂_ξϕ̂) = ∞∑ n=0 1 n! (− i 2 )^nθ^{ρ1σ1} · · · θ^{ρnσn} ( ^∂_{ρ1} · · · ^∂_{ρn}ξ̂^μ)( ^∂_μ ^∂_{σ1} · · · ^∂_{σn}ϕ̂)

= ∞∑ n=0 1 n! (− i 2 )^nθ^{ρ1σ1} · · · θ^{ρnσn} ( ^∂_{ρ1} · · · ^∂_{ρn}ξ̂^μ)( ^∂_{σ1} · · · ^∂_{σn} ^∂_μϕ) = ^ ξ^μ(∂_μϕ) = ^(ξϕ). (26)

From (26) follows

(X̂_ξ (X̂_ηϕ̂)) − (X̂_η(X̂_ξϕ̂)) = ^([ξ, η]ϕ) = (X̂_{ξ×η}ϕ̂),

which amounts to (25) and this is what we wanted to show.

It is therefore reasonable to introduce scalar fields ϕ̂ ∈ Â by the transformation property δ̂_ξϕ̂ = −(X̂_ξϕ̂).

The next step is to work out the action of the differential operators X̂_ξ on the product of two fields. A calculation [8] shows that (X̂_ξ (ϕ̂ψ̂)) = μ ∘ (e^{− i2 hθρσ ^∂ρ⊗ ^∂σ} (X̂_ξ ⊗ 1 + 1 ⊗ X̂_ξ)e^{i2 hθρσ ^∂ρ⊗ ^∂σ}ϕ̂ ⊗ ψ̂). This means that the differential operators X̂_ξ act via a deformed Leibniz rule on the product of two fields. Comparing with (22) we see that the deformed Leibniz rule of the differential operator X̂_ξ is exactly the one induced by the deformed coproduct (22):

δ̂_ξ(ϕ̂ψ̂) = e^{− i}2^{hθρσ ^∂}ρ^{⊗ ^∂}σ (δ̂_ξ ⊗ 1 + 1 ⊗ δ̂_ξ)e^i2^{hθρσ ^∂}ρ^{⊗ ^∂}σ (ϕ̂ψ̂) = −X̂_ξ ▷ (ϕ̂ψ̂).

Hence, the deformed Hopf algebra U(Ξ̂) is indeed represented on scalar fields ϕ̂ ∈ Â by the differential operator X̂_ξ. The scalar fields form a U(Ξ̂)-module algebra.

In analogy to the previous section we can introduce vector and tensor fields as representations of the Hopf algebra U(Ξ̂). The transformation property for an arbitrary tensor reads δ̂_ξT̂^μ1^{···μ}r ν_1···ν_s = −(X̂ξT̂ μ_1···μ_n ν_1···ν_n ) + (X̂(∂μξ^{μ1} )T̂ μ···μ_n ν_1···ν_n ) + · · · + (X̂(∂μξ^{μn} )T̂ μ_1···μ ν_1 ···ν_n ) −(X̂_{(∂ν1 ξ}ν_)T̂^{μ1···μn}_{ν···νn} ) − · · · − (X̂_{(∂νn ξ}ν_)T̂^{μ1···μn}_{ν1···ν} ). Up to now we have seen the following:

• Diffeomorphisms are generated by vector-fields ξ ∈ Ξ and the universal enveloping algebra U(Ξ) of the Lie algebra Ξ of vector-fields possesses a natural Hopf algebra structure defined by (19).

• The algebra of scalar fields ϕ ∈ A is a U(Ξ)-module algebra.

• The universal enveloping algebra U(Ξ) can be deformed to a Hopf algebra U(Ξ̂) defined in (21,22,23).

• U(Ξ̂) consistently acts on the algebra of noncommutative functions Â, i.e. the algebra of noncommutative functions is a U(Ξ̂)-module algebra.

• Regarding U(Ξ̂) as the underlying “symmetry” of the gravity theory to be built on the noncommutative space Â, we established a full tensor calculus as representations of the Hopf algebra U(Ξ̂).

5 Noncommutative Geometry

The deformed algebra of infinitesimal diffeomorphisms and the tensor calculus covariant with respect to it is the fundamental building-block for the definition of a noncommutative geometry on θ−deformed spaces. In this section we sketch the important steps towards a deformed Einstein-Hilbert action [8]. A first ingredient is the covariant derivative D̂_μ. Algebraically, it can be defined by demanding that acting on a vector-field it produces a tensor-field

δ̂_ξD̂_μV̂_ν^!= −(X̂_ξD̂_μV̂_ν ) − (X̂_{(∂μξα)}D̂_αV̂_ν ) − (X̂_{(∂ν ξα)}D̂_μV̂_α) (27)

The covariant derivative is given by a connection Γ̂_{μν}^ρ

D̂_μV̂_ν = ^∂_μV̂_ν − Γ̂_{μν}^ρV̂_ρ.

From (27) it is possible to deduce the transformation property of Γ̂_{μν}^ρ

δ̂_ξΓ̂_{μν}^ρ = (X̂_ξΓ̂_{μν}^ρ) − (X̂_{(∂μξα)}Γ̂_{αν}^ρ) − (X̂_{(∂ν ξα)}Γ̂_{μα}^ρ) + (X̂_{(∂αξρ)}Γ̂_{μν}^α) − ( ^∂_μ ^∂_νξ̂^ρ).

The metric Ĝ_{μν} is defined as a symmetric tensor of rank two. It can be obtained for example by a set of vector-fields Ê_μ^a, a = 0, . . . , 3, where a is to be understood as a mere label. These vector-fields are called vierbeins. Then the symmetrized product of those vector-fields is indeed a symmetric tensor of rank two

Ĝ_{μν} := 1 2 (Ê_μ^aÊ_ν^b + Ê_ν^bÊ_μ^a)η_{ab}.

Here η_{ab} stands for the usual flat Minkowski space metric with signature (− + ++). Let us assume that we can choose the vierbeins Ê_μ^a such that they reduce in the commutative limit to the usual vierbeins e_μ^a. Then also the metric Ĝ_{μν} reduces to the usual, undeformed metric g_{μν} .

The inverse metric tensor we denote by upper indices Ĝ_{μν}Ĝ^{νρ} = δ^ρ_μ. We use Ĝ_{μν} respectively Ĝ^{μν} to raise and lower indices.

The curvature and torsion tensors are obtained by taking the commutator of two covariant derivatives^5

[D̂_μ, D̂_ν ]V̂_ρ = R̂_{μνρ}^αV̂_α + T̂_{μν}^αD̂_αV̂_ρ

which leads to the expressions R̂_{μνρ}^σ = ^∂_νΓ̂_{μρ}^σ − ^∂_μΓ̂_{νρ}^σ + Γ̂_{νρ}^βΓ̂_{μβ}^σ − Γ̂_{μρ}^βΓ̂_{νβ}^σ T̂_{μν}^α = Γ̂_{νμ}^α − Γ̂_{νμ}^α.

If we assume the torsion-free case, i.e. Γ̂_{μν}^σ = Γ̂_{νμ}^σ,

we find an unique expression for the metric connection (Christoffel symbol) defined by D̂_αĜ_{βγ}^!= 0 in terms of the metric and its inverse^6

Γ̂_{αβ}^σ = 1 2 ( ^∂_αĜ_{βγ} + ^∂_βĜ_{αγ} − ^∂_γĜ_{αβ})Ĝ^{γσ} .

From the curvature tensor R̂_{μνρ}^σ we get the curvature scalar by contracting the indices R̂ := Ĝ^{μν} R̂_{νμρ}^ρ. R̂ indeed transforms as a scalar which may be checked explicitly by taking the deformed coproduct (22) into account.

5The generalization of covariant derivatives acting on tensors is straight forward [8]. 6We don’t introduce a new symbol for the metric connection.

To obtain an integral which is invariant with respect to the Hopf algebra of deformed infinitesimal diffeomorphisms we need a measure function Ê. We demand the transformation property δ̂_ξÊ = −X̂_ξÊ − X̂_{(∂μξμ)}Ê. (28) Then it follows with the deformed coproduct (22) that for any scalar field Ŝ

δ̂_ξÊŜ = − ^∂_μ(X̂_{ξμ} (ÊŜ)).

Hence, transforming the product of an arbitrary scalar field with a measure function Ê we obtain a total derivative which vanishes under the integral. A suitable measure function with the desired transformation property (28) is for instance given by the determinant of the vierbein Ê_μ^a

Ê = det(Ê_μ^a) := 1 4! ε^{μ1···μ4} ε_{a1···a4}Ê_{μ1}^{a1}Ê_{μ2}^{a2}Ê_{μ3}^{a3}Ê_{μ4}^{a4} .

That Ê transforms correctly can be shown by using that the product of four Ê_{μi}^{ai} transforms as a tensor of fourth rank and some combinatorics.

Now we have all ingredients to write down an Einstein-Hilbert action. Note that having chosen a differential calculus as in (6), the integral is uniquely determined up to a normalization factor by requiring^7 [13] ∫ ^∂_μf̂ = 0

for all f̂ ∈ Â. Then we define the Einstein-Hilbert action on Â as

Ŝ_{EH} := ∫ det(Ê_μ^a)R̂ + complex conj..

It is by construction invariant with respect to deformed diffeomorphisms meaning that δ̂_ξŜ_{EH} = 0.

In this section we have presented the fundamentals of a noncommutative geometry on the algebra Â and defined an invariant Einstein-Hilbert action. There is however one important step missing which is subject of the following section: We want to make contact of the noncommutative gravity theory with Einstein’s gravity theory. This we achieve by introducing the ⋆-product formalism.

7We consider functions that “vanish at infinity”.

6 Star Products and Expanded Einstein-Hilbert Action

To express the noncommutative fields in terms of their commutative counterparts we first observe that we can map the whole algebraic construction of the previous sections to the algebra of commutative functions via the vector space isomorphism W introduced in Section 1. By equipping the algebra of commutative functions with a new product denoted by ⋆ be can render W an algebra isomorphism. We define

f ⋆ g := W^{−1}(W (f)W (g)) = W^{−1}(f̂ĝ) (29)

and obtain (A, ⋆) ∼= Â. The ⋆-product corresponding to the symmetric ordering prescription W is then given explicitly by the Moyal-Weyl product^8 f ⋆ g = μ ∘ e^{i2 θμν ∂μ⊗∂ν} f ⊗ g = fg + i 2 θ^{μν} (∂_μf)(∂_ν g) + O(θ^2).

It is a deformation of the commutative point-wise product to which it reduces in the limit θ → 0.

In virtue of the isomorphism W we can map all noncommutative fields to commutative functions in A F̂ → W^{−1}(F̂ ) ≡ F. We then expand the image F in orders of the deformation parameter θ

F = F^{(0)} + F^{(1)} + F^{(2)} + O(θ^3),

where the zeroth order always corresponds to the undeformed quantity. Products of functions in Â are simply mapped to ⋆-products of the corresponding functions in A. The same can be done for the action of the derivative ^∂_μ and consequently for an arbitrary differential operator acting on Â [8].

The fundamental dynamical field of our gravity theory is the vierbein field Ê_μ^a. All other quantities such as metric, connection and curvature can be expressed in terms of it. Its image with respect to W^{−1} is denoted by E_μ^a. In first approximation we study the case E_μ^a = e_μ^a,

8This is an immediate consequence of (10).

where e_μ^a is the usual vierbein field. Then for instance the metric is given up to second order in θ by G_{μν} = 1 2 (E_μ^a ⋆ E_ν^b + E_ν^b ⋆ E_μ^a)η_{ab} = 1 2 (e_μ^a ⋆ e_ν^b + e_ν^b ⋆ e_μ^a)η_{ab} = g_{μν} − 1 8 θ^{α1β1} θ^{α2β2} (∂_{α1} ∂_{α2} e_μ^a)(∂_{β1} ∂_{β2} e_ν^b)η_{ab} + . . . ,

where g_{μν} is the usual, undeformed metric. For the Christoffel symbol one finds up to second order: The zeroths order is the undeformed expression

Γ^{(0)ρ}_{μν} = 1 2 (∂_μg_{νγ} + ∂_ν g_{μγ} − ∂_γ g_{μν} )g^{γρ}, (30)

the first order reads Γ^{(1)}_{μν}^ρ = i 2 θ^{αβ} (∂_αΓ^{(0)σ}_{μν} )g_{στ} (∂_β g^{τ ρ}) (31) and the second order

Γ^{(2)}_{μν}^ρ = = − 1 8 θ^{α1β1} θ^{α2β2} ( (∂_{α1} ∂_{α2} Γ^{(0)}_{μνσ} )(∂_{β1} ∂_{β2} g^{σρ}) − 2(∂_{α1} Γ^{(0)}_{μνσ} )∂_{β1} ((∂_{α2} g^{στ} )(∂_{β2} g_{τ ξ})g^{ξρ})

− Γ^{(0)}_{μνσ} ( (∂_{α1} ∂_{α2} g^{στ} )(∂_{β1} ∂_{β2} g_{τ ξ}) + g^{στ} (∂_{α1} ∂_{α2} e_τ^a)(∂_{β1} ∂_{β2} e_ξ^b)η_{ab}

− 2∂_{α1} ((∂_{α2} g^{στ} )(∂_{β2} g_{τ λ})g^{λκ})(∂_{β1} g_{κξ} ) ) g^{ξρ} + 1 2 ( ∂_μ((∂_{α1} ∂_{α2} e^a_ν )(∂_{β1} ∂_{β2} e^b_σ ))

+ ∂_ν ((∂_{α1} ∂_{α2} e^a_σ )(∂_{β1} ∂_{β2} e^b_μ )) − ∂_σ((∂_{α1} ∂_{α2} e^a_μ )(∂_{β1} ∂_{β2} e^b_ν )) ) η_{ab}g^{σρ} ) , (32)

where Γ^{(0)}_{μνσ} = Γ^{(0)ρ}_{μν} g_{ρσ} . (33) The expressions for the curvature tensor read

R^{(1)}_{μνρ}^σ = − i 2 θ^{κλ} ( (∂_κR^{(0)}_{μνρ}^τ )(∂_λg_{τ γ} )g^{γσ} − (∂_κΓ^{(0)}_{νρ}^β ) ( Γ^{(0)}_{μβ}^τ (∂_λg_{τ γ} )g^{γσ}

−Γ^{(0)}_{μτ}^σ(∂_λg_{βγ} )g^{γτ} + ∂_μ((∂_λg_{βγ} )g^{γσ} ) + (∂_λΓ^{(0)}_{μβ}^σ) )

+(∂_κΓ^{(0)}_{μρ}^β) ( Γ^{(0)}_{νβ}^τ (∂_λg_{τ γ} )g^{γσ} − Γ^{(0)}_{ντ}^σ(∂_λg_{βγ} )g^{γτ}

+∂_ν ((∂_λg_{βγ} )g^{γσ} ) + (∂_λΓ^{(0)}_{νβ}^σ) )) (34)

R^{(2)}_{μνρ}^σ = ∂_ν Γ^{(2)}_{μρ}^σ + Γ^{(2)}_{νρ}^γ Γ^{(0)}_{μγ}^σ + Γ^{(0)}_{νρ}^γ Γ^{(2)}_{μγ}^σ + i 2 θ^{αβ} ( (∂_αΓ^{(1)}_{νρ}^γ )(∂_βΓ^{(0)}_{μγ}^σ) + (∂_αΓ^{(0)}_{νρ}^γ )(∂_βΓ^{(1)}_{μγ}^σ ) )

− 1 8 θ^{α1β1} θ^{α2β2} (∂_{α1} ∂_{α2} Γ^{(0)}_{νρ}^γ )(∂_{β1} ∂_{β2} Γ^{(0)}_{μγ}^σ) − (μ ↔ ν), (35) where the second order is given implicitly in terms of the Christoffel symbol.

The deformed Einstein-Hilbert action is given by

S_{EH} = 1 2 ∫ d^4x det_⋆e_μ^a ⋆ R + c.c. = 1 2 ∫ d^4x det_⋆e_μ^a ⋆ (R + R̄) = 1 2 ∫ d^4x det_⋆e_μ^a(R + R̄)

= S^{(0)}_{EH} + ∫ d^4x (dete_μ^a)R^{(2)} + (det_⋆e_μ^a)^{(2)}R^{(0)}, (36)

where we used that the integral together with the Moyal-Weyl product has the property^9 ∫ d^4x f ⋆ g = ∫ d^4x fg = ∫ d^4x g ⋆ f. In (36) det_⋆e_μ^a is the ⋆-determinant

det_⋆e_μ^a = 1 4! ε^{μ1···μ4} ε_{a1···a4} e_{μ1}^{a1} ⋆ e_{μ2}^{a2} ⋆ e_{μ3}^{a3} ⋆ e_{μ4}^{a4} = dete_μ^a + (det_⋆e_μ^a)^{(2)} + . . . ,

where

(det_⋆)^{(2)} = − 1 8 1 4! θ^{α1β1} θ^{α2β2} ε^{μ1...μ4} ε_{a1...a4} ( (∂_{α1} ∂_{α2} e_{μ1}^{a1} )(∂_{β1} ∂_{β2} e_{μ2}^{a2} )e_{μ3}^{a3} e_{μ4}^{a4} + ∂_{α1} ∂_{α2} (e_{μ1}^{a1} e_{μ2}^{a2} )(∂_{β1} ∂_{β2} e_{μ3}^{a3} )e_{μ4}^{a4} + ∂_{α1} ∂_{α2} (e_{μ1}^{a1} e_{μ2}^{a2} e_{μ3}^{a3} )(∂_{β1} ∂_{β2} e_{μ4}^{a4} ) ) . (37)

The odd orders of θ vanish in (36) but the even orders of θ give nontrivial contributions.

Equation (36) shows explicitly the corrections to Einsteins gravity predicted by the noncommutative theory.

9This follows by partial integration.

Remarks

For an introduction to field theories on noncommutative spaces, we recommend the review articles [13, 14]. To learn more about related approaches to noncommutative geometry the reader is referred to [15, 16]. More about Hopf algebras and Quantum Groups can be found in [10–12]. A good pedagogical introduction to ⋆-products can be found in [17]. The construction of a gravity theory presented in this lecture is based on [8, 9].

Acknowledgments

The results presented in this lecture were obtained together with P. Aschieri, C. Blohmann, M. Dimitrijević, P. Schupp and J. Wess and I would like to thank them for their collaboration from which I learned so much.

References

[1] J. Wess, Deformed coordinate spaces: Derivatives, Lecture given at the Balkan workshop BW2003, August 2003, Vrnjačka Banja, Serbia , hep-th/0408080.

[2] J. Wess and B. Zumino, Covariant Differential Calculus on the Quantum Hyperplane, Nucl. Phys. Proc. Suppl. 18B, 302 (1991).

[3] M. Dimitrijević, L. Möller, E. Tsouchnika, J. Wess, and M. Wohlgenannt, Deformed field theory on kappa-spacetime, Eur. Phys. J. C31, 129 (2003), hepth/0307149.

[4] M. Dimitrijević, F. Meyer, L. Möller, and J. Wess, Gauge theories on the kappa- Minkowski spacetime, Eur. Phys. J. C36, 117 (2004), hep-th/0310116.

[5] R. Oeckl, Untwisting noncommutative R^d and the equivalence of quantum field theories, Nucl. Phys. B581, 559 (2000), hep-th/0003018.

[6] M. Chaichian, P. Kulish, K. Nishijima, and A. Tureanu, On a Lorentz-invariant interpretation of noncommutative space-time and its implications on noncommutative QFT, Phys. Lett. B604, 98 (2004), hep-th/0408069.

[7] F. Koch and E. Tsouchnika, Construction of θ-Poincare algebras and their invariants on M_θ , Nucl. Phys. B717, 387 (2005), hep-th/0409012.

[8] P. Aschieri, C. Blohmann, M. Dimitijević, F. Meyer, P. Schupp, and J. Wess, A gravity theory on noncommutative spaces, Class. Quant. Grav. 22, 3511 (2005), hep-th/0504183.

[9] P. Aschieri, M. Dimitrijević, F. Meyer, and J. Wess, Noncommutative geometry and gravity, (2005), hep-th/0510059.

[10] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge: University Press (1995) 651 p.

[11] A. Klimyk and K. Schmüdgen, Quantum groups and their representations, Berlin, Germany: Springer (1997) 552 p.

[12] S. Majid, Foundations of Quantum Group Theory, Cambridge: University Press (200) 640 p.

[13] M. R. Douglas and N. A. Nekrasov, Noncommutative field theory, Rev. Mod.

Phys. 73, 977 (2001), hep-th/0106048.

[14] R. J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378, 207 (2003), hep-th/0109162.

[15] A. Connes, Noncommutative Geometry, Academic Press Inc., San Diego, New York, Boston, (1994).

[16] J. Madore, An introduction to noncommutative differential geometry and physical applications, Cambridge, UK: Univ. Pr. (2000) 371 p.

[17] S. Waldmann, An Introduction to Deformation Quantization, (2002), http://idefix.physik.uni-freiburg.de/ stefan/Skripte/intro/index.html, Lecture notes.