arXiv:hep-th/0510193 v1 22 Oct 2005

Relativistic non-instantaneous action-at-a-distance interactions

Domingo J. Louis-Martinez

Science One Program and Department of Physics and Astronomy, University of British Columbia Vancouver, Canada

Abstract Relativistic action-at-a-distance theories with interactions that propagate at the speed of light in vacuum are investigated. We consider the most general action depending on the velocities and relative positions of the particles. The Poincaré invariant parameters that label successive events along the world lines can be identified with the proper times of the particles provided that certain conditions are impossed on the interaction terms in the action. Further conditions on the interaction terms arise from the requirement that mass be a scalar. A generic class of theories with interactions that satisfy these conditions is found. The relativistic equations of motion for these theories are presented. We obtain exact circular orbits solutions of the relativistic one-body problem. The exact relativistic one-body Hamiltonian is also derived. The theory has three components: a linearly rising potential, a Coulomb-like interaction and a dynamical component to the Poincaré invariant mass. At the quantum level we obtain the generalized Klein-Gordon-Fock equation and the Dirac equation.

In the past thirty years or so, a great deal of work has been focused on the problem of relativistic bound states [1] - [14], particularly on the relativistic equations for quark-antiquark bound states and the problem of deriving the meson spectrum[15], [16]. Within the relativistic action-at-a-distance formulation of Wheeler and Feynman [17] - [22] (for electrodynamics) solutions of the two-body Dirac equations [23], [24] have been found for positronium [23]. The spectrum obtained by this method agrees with the result of quantum field theory [25], [26] at least up to the α^4 order. The approach has also been applied to mesons [27]. There is strong experimental evidence that for large separations the interaction between quarks can be effectively described by a linearly rising potential [16]. Several relativistic generalizations of a linearly rising potential have been studied [28] - [32]. From quantum chromodynamics, using the Wilson loops approach [33], it has been established that the quark-antiquark bound states are effectively described by a static potential, which is a sum of a linearly rising potential and a Coulomb-like interaction: V = σr −^k_r [34].

In this Letter we extend the approach of Wheeler and Feynman to explore what types of interparticle interactions are allowed in special relativity. We assume that the interactions travel at the speed of light in vacuum and that the theory can be described by an action principle for which the interaction terms in the action do not depend on the four-vector accelerations or on higher derivatives.

We find explicitly the most general theory that satisfies these conditions. In the static limit we find the theory has three components: a linearly rising potential, a Coulomb-like interaction and a dynamical component to the Poincaré invariant mass.

We obtain the relativistic equations of motion for N particles and apply these results to the relativistic one-body problem, for which we obtain explicitly the Hamiltonian. Quantum mechanical equations for spinless particles and for spin -^1_2 particles are presented at the end of the Letter. The possibility of considering the effect of a dynamical component to the quark masses in current phenomenological models is naturally suggested by the results obtained here.

Let us consider a system of N interacting relativistic particles. Let m_i (i = 1, 2, ..., N) be the mass of particle i, c is the speed of light and λ_i a Poincaré invariant parameter labelling the events along the world line z^μ_i (λ_i) of particle i in Minkowski spacetime. We denote ż^μ_i =^{dzμi}_{dλi} . The metric tensor: η_{μν} = diag(+1, −1, −1, −1). We can write the Poincaré invariants [3], [4]:

ζ_i = ż^2_i (1)

ξ_{ij} = (ż_iż_j ) (2)

γ_{ij} = (ż_i(z_j − z_i)) (3)

ρ_{ij} = (z_i − z_j )^2 (4) Let us consider the action:

S = ∑ i m_ic ∫ dλ_iζ_i + ∑ i ∑ j≠i g_ig_j c ∫ ∫ dλ_idλ_j F (ξ_{ij} , γ_{ij} , γ_{ji}, ζ_i, ζ_j ) δ (ρ_{ij} ) (5) The Dirac delta function in (5) accounts for the interactions propagating at the speed of light forward and backward in time.

Without loss of generality, we assume the function F to be symmetric: F (ξ_{ij} , γ_{ij} , γ_{ji}, ζ_i, ζ_j ) = F (ξ_{ij} , γ_{ji}, γ_{ij} , ζ_j , ζ_i) (6) The Minkowski equations of motion for N interacting relativistic particles can be derived from the action (5) using the variational principle. We find^1:

m_iz̈^μ_i = K^μ_i (7)

1Equations (7 - 11) are derived from (5) by varying z_{iμ} in the action and integrating by parts, taking into account that: d dλ_i (δ(ρij )) = (_{dρij} dλi ) (_{dρij} dλj ) d dλ_j (δ(ρij )) = γ_{ij} γ_{ji} d dλ_j (δ(ρij))

where,

K^μ_i = g_i c^2 ∑ j≠i g_j ∫ dλ_j δ (ρ_{ij} ) ( A^μ_{ij} + B^{μν}_{ij} z̈_{iν} + C^{μν}_{ij} z̈_{jν} ) (8)

A^μ_{ij} = ∂F ∂z_{iμ} − ∂^2F ∂z^η_i ∂ż_{iμ} ż^η_i + ζ_j γ^2_{ji} ( (z^μ_i − z^μ_j )F + γ_{ij} ∂F ∂ż_{iμ} )

+ 1 γ_{ji} ( −ż^μ_j F + (z^μ_i − z^μ_j ) ∂F ∂z^η_j ż^η_j + ξ_{ij} ∂F ∂ż_{iμ} + γ_{ij} ∂^2F ∂z^η_j ∂ż_{iμ} ż^η_j ) (9)

B^{μν}_{ij} = − ∂^2F ∂ż_{iμ}∂ż_{iν} (10)

C^{μν}_{ij} = (z^μ_i − z^μ_j ) γ_{ji} ( ∂F ∂ż_{jν} − (z^ν_i − z^ν_j ) γ_{ji} F ) + γ_{ij} γ_{ji} ( ∂^2F ∂ż_{iμ}∂ż_{jν} − (z^ν_i − z^ν_j ) γ_{ji} ∂F ∂ż_{iμ} ) (11)

In order to identify λ_i with s_i = cτ_i, where τ_i is the particle’s proper time in flat spacetime, one needs to impose the well known conditions:

(K_iż_i) = 0 (12)

The conditions (12) guarantee that, for all solutions of the equations of motion, ζ_i (i = 1, 2, ..., N) are constants (which by simple scaling can be made equal to 1):

dλ^2_i = η_{μν} dz^μ_i dz^ν_i (13)

Taking into account Eqs (8) and (9, 10, 11) we can see that Eqs (12) lead to the following conditions on F :

γ_{ji}ż_{iη} ∂F̃ ∂z_{iη} − γ_{ij}ż_{jη} ∂F̃ ∂z_{jη} − ( ξ_{ij} + ζ_j γ_{ij} γ_{ji} ) F̃ = 0 (14)

∂F̃ ∂ż_{iν} = 0 (15)

(z^ν_i − z^ν_j )F̃ − γ_{ji} ∂F̃ ∂ż_{jν} = 0 (16)

where,

F̃ = F − ż_{iμ} ∂F ∂ż_{iμ} (17)

F is a function of the invariants ξ_{ij} , γ_{ij} , γ_{ji}, ζ_i and ζ_j . From (15) it follows that F̃ does not depend on ξ_{ij} , γ_{ij} and ζ_i. Therefore, we can rewrite the conditions (14) and (16) on F̃ (γ_{ji}, ζ_j ) as follows: ( ξ_{ij} + ζ_j γ_{ij} γ_{ji} ) ( γ_{ji} ∂F̃ ∂γ_{ji} − F̃ ) = 0 (18)

(z^ν_i − z^ν_j ) ( γ_{ji} ∂F̃ ∂γ_{ji} − F̃ ) + 2ż^ν_j γ_{ji} ∂F̃ ∂ζ_j = 0 (19)

From (18) and (19) it follows that F̃ must satisfy the partial differential equations:

γ_{ji} ∂F̃ ∂γ_{ji} − F̃ = 0 (20)

∂F̃ ∂ζ_j = 0 (21)

From (20) and (21) it follows that F̃ must be of the form: F̃ = κγ_{ji}, where κ is a constant. Therefore, from this result and (17), it follows that F must obey the following two conditions:

F − ξ_{ij} ∂F ∂ξ_{ij} − γ_{ij} ∂F ∂γ_{ij} − 2ζ_i ∂F ∂ζ_i = κγ_{ji} (22)

F − ξ_{ij} ∂F ∂ξ_{ij} − γ_{ji} ∂F ∂γ_{ji} − 2ζ_j ∂F ∂ζ_j = κγ_{ij} (23)

The most general solution to the system of partial differential equations (22) and (23) can be written in the form:

F = κ (γ_{ij} + γ_{ji}) + f (ξ_{ij} , ζ_{ij} , η_{ij} , η_{ji}) (24)

where,

ζ_{ij} = √ ζ_iζ_j (25)

η_{ij} = γ_{ij} √ ζ_i (26)

η_{ji} = γ_{ji} √ ζ_j (27)

and the function f is homogeneous of degree one in the first two arguments and symmetric:

f (tξ_{ij} , tζ_{ij} , η_{ij} , η_{ji}) = tf (ξ_{ij} , ζ_{ij} , η_{ij} , η_{ji}) (28)

f (ξ_{ij} , ζ_{ij} , η_{ji}, η_{ij} ) = f (ξ_{ij} , ζ_{ij} , η_{ij} , η_{ji}) (29) We have considered the most general action depending on the velocities and relative positions for N relativistic interacting particles (5). We have found that, in order to identify the Poincaré invariant parameters λ_i with s_i = cτ_i, the interation terms in the action must be of the form (24).

The equations of motion (7) can be rewritten as follows:

M̄^{μν}_i z̈_{iν} = K̄^μ_i (30)

where,

M̄^{μν}_i = m_iη^{μν} − g^i c^2 ∑ j≠i g_j ∫ ds_j δ (ρ_{ij} ) B^{μν}_{ij} (31)

K̄^μ_i = g^i

c^2 ∑ j≠i g_j ∫ ds_j δ (ρ_{ij} ) ( A^μ_{ij} + C^{μν}_{ij} z̈_{jν} ) (32)

Notice that the four-vector force K̄_i does not depend on z̈_i.

In (30) M̄_i can be interpreted as the particle’s mass, a tensor under Poincaré’s transformations.

If we assume mass to be a scalar quantity, which we denote as m̄_i (i = 1, 2, ..., N), then the tensor M̄_i should be of the form:

M̄^{μν}_i = m̄_iη^{μν} + n̄^μ_i ż^ν_i (33)

From the expressions (31), (10) and (24) we find that the requirement of a Poincaré invariant mass (33) translates into the following new conditions on the interaction function f: ∂^2f ∂η^2_{ij} = 0 (34)

∂^2f ∂η^2_{ji} = 0 (35)

∂^2f ∂ξ^2_{ij} = 0 (36)

∂^2f ∂ξ_{ij} ∂η_{ij} = 0 (37)

∂^2f ∂ξ_{ij} ∂η_{ji} = 0 (38)

∂ ∂ξ_{ij} ( ζ_{ij} ∂f ∂ζ_{ij} − η_{ij} ∂f ∂η_{ij} ) = 0 (39)

∂ ∂ξ_{ij} ( ζ_{ij} ∂f ∂ζ_{ij} − η_{ji} ∂f ∂η_{ji} ) = 0 (40)

∂ ∂η_{ij} ( ζ_{ij} ∂f ∂ζ_{ij} − η_{ij} ∂f ∂η_{ij} ) = 0 (41)

∂ ∂η_{ji} ( ζ_{ij} ∂f ∂ζ_{ij} − η_{ji} ∂f ∂η_{ji} ) = 0 (42)

The most general solution to the system of differential equations (34 - 42) that also satisfies the conditions (28) and (29) can be written in the following form:

f = αζ_{ij} η_{ij} η_{ji} + βξ_{ij} + γζ_{ij} + δζ_{ij} (η_{ij} + η_{ji}) (43) where α, β, γ and δ are constants.

Substituting (24) and (43) into the expression (5) for the action functional we obtain:

S = ∑ i m_ic ∫ dλ_iζ_i + ∑ i ∑ j≠i g_ig_j c ∫ ∫ dλ_idλ_j δ (ρ_{ij} ) (( κ + δζ^{12}_j ) γ_{ij} + ( κ + δζ^{12}_i ) γ_{ji} )

+ ∑ i ∑ j≠i g_ig_j c ∫ ∫ dλ_idλ_j δ (ρ_{ij} ) ( αγ_{ij} γ_{ji} + βξ_{ij} + γζ^{12}_i ζ^{12}_j ) (44)

Notice that the second term in (44) vanishes identically, since: ∫ dλ_j δ (ρ_{ij} ) γ_{ji} = 1 2 ∑ s=−,+ ∫ dλ_j δ ( λ_j − λ^{(i,s)}_j ) γ_{ji} |γ_{ji}| = 0 (45)

In (45), λ^{(i,s)}_j are the two roots of the equation: ( z_i(λ_i) − z_j (λ^{(i,s)}_j )

)_2

= 0 (46)

Therefore, we have found that the most general theory with an action functional of the form (5) for which:

1. the Poincaré invariant parameters λ_i = s_i = cτ_i, 2. all the masses are scalars under Poincaré transformations, is given by the action:

S = ∑ i m_ic ∫ dλ_iζ_i + + ∑ i ∑ j≠i g_ig_j c ∫ ∫ dλ_idλ_j δ (ρ_{ij} ) ( αγ_{ij} γ_{ji} + βξ_{ij} + γζ^{12}_i ζ^{12}_j ) (47)

From the action (47), we obtain the equations of motion for a system of N interacting relativistic particles:

m̄_iz̈^μ_i = K̄^μ_i (48)

The Poincare invariant masses are equal to:

m̄_i = m_i + γ g_i c^2 ∑ j≠i g_j ∫ ds_j δ ( (z_i − z_j )^2 ) (49)

The four-vector forces K̄^μ_i , (i = 1, 2, ..., N) can be expressed in the compact form:

K̄^μ_i = g_i ( F^{μν}_i ż_{iν} + Γ^μ_{iαβ}ż^α_i ż^β_i ) (50)

where F^{μν}_i is an antisymmetric tensor (F^{νμ}_i = −F^{μν}_i ) given by the following formula:

F^{μν}_i = ∑ j≠i g_j c^2 ∫ ds_j δ (ρ_{ij} ) γ^2_{ji} [ αγ^2_{ji} [ (z^μ_i − z^μ_j )ż^ν_j − ż^μ_j (z^ν_i − z^ν_j ) ]

+β [( (z^μ_i − z^μ_j )ż^ν_j − ż^μ_j (z^ν_i − z^ν_j ) ) (1 − σ_{ji}) + ( (z^μ_i − z^μ_j )z̈^ν_j − z̈^μ_j (z^ν_i − z^ν_j ) ) γ_{ji} ]] (51)

and Γ^μ_{iαβ} is a symmetric tensor in flat space-time (Γ^μ_{iαβ} = Γ^μ_{iβα}) given by the expression:

Γ^μ_{iαβ} = γ ∑ j≠i g_j c^2 ∫ ds_j δ ( ρ^2_{ij} ) γ^2_{ji} [( (z^μ_i − z^μ_j )η_{αβ} − 1 2 ( δ^μ_α(z_{iβ} − z_{jβ}) + δ^μ_β (z_{iα} − z_{jα}) ) ) (1 − σ_{ji}) − ( ż^μ_j η_{αβ} − 1 2 (δ^μ_αż_{jβ} + δ^μ_βż_{jα}) ) γ_{ji} ] (52)

In (51, 52):

σ_{ji} = (z̈_j (z_i − z_j )) (53)

The relativistic equations of motion (48 - 52) admit exact solutions for any number of particles. The details of the calculation will be given in a future publication.

In the remaining part of this Letter we will consider the relativistic one-body problem. Consider a particle of mass m_1 = m and charge g_1 = g interacting with a heavy particle (of mass m_2 ≫ m_1 and charge g_2 = g̃) at rest (⃗v_2 = 0). We obtain the equations of motion:

( m + γgg̃ c^2r ) ( ⃗a + (⃗v⃗a) c^2 ( 1 −^{v2}_{c2} )⃗v ) = gg̃ r [( 1 − v^2 c^2

) 1_2 ( α + β r^2 ) ⃗r + γ r^2 (( 1 − v^2 c^2 ) ⃗r + (⃗r⃗v) c^2 ⃗v )] (54)

These equations follow from (48 - 52).

The one-body equations of motion (54) can also be derived from the Lagrangian:

L = −mc^2 ( 1 + γgg̃ mc^2r ) ( 1 − v^2 c^2

) 1_2 + gg̃ ( αr − β r ) (55)

The exact relativistic one-body Hamiltonian is given by the expression:

H = mc^2 (( 1 + γgg̃ mc^2r )_2 + p^2 m^2c^2

) 1_2 − gg̃ ( αr − β r ) (56)

The conserved energy E and angular momentum ⃗L can be found to be:

E = ( mc^2 +^{γgg̃}_r ) ( 1 −^{v2}_{c2}

) 1_2 − gg̃ ( αr − β r ) (57)

⃗L = ( m +^{γgg̃}_{c2 r} ) ( 1 −^{v2}_{c2}

)^1_2 ⃗r × ⃗v (58)

The motion of the relativistic particle is planar, with polar coordinates (r, ϕ) obeying the equations: dϕ dt = c^2L r^2 ( E + gg̃ ( αr −^β_r )) (59)

1 c^2 ( dr dt )_2

= 1 − (( m +^{γgg̃}_{c2 r} )_2

c^4 +^{L2c2}_{r2} ) ( E + gg̃ ( αr −^β_r ))_2 (60)

The equations of motion admit circular orbits solutions with the angular frequency ω and the radius r obeying the generalized Kepler relation:

ω^2 = − gg̃ mr^3 [ γ + ( αr^2 + β ) (( 1 + γgg̃ mc^2r + g^2g̃^2(αr^2 + β)^2

4m^2c^4r^2

) 1_2 + gg̃(αr^2 + β) 2mc^2r )] (61)

For circular orbits the energy is given by the expression:

E = mc^2 ( 1 + γgg̃ mc^2r + g^2g̃^2(αr^2 + β)^2 4m^2c^4r^2

) 1_2 + gg̃ 2 ( −3αr + β r ) (62)

and the angular momentum is:

L = ( 1 + γgg̃ mc^2r ) [ −gg̃mr [ γ + (αr^2 + β) (( 1 +^{γgg̃}_{mc2r} +^{g2g̃2(αr2+β)2}

4m^2 c^4r^2

) 1_2 +^{gg̃(αr2+β)} 2mc^2r )]] 1_2 [( 1 +^{γgg̃}_{mc2 r} +^{g2g̃2(αr2+β)2}

4m^2c^4 r^2

) 1_2 +^{gg̃(αr2+β)} 2mc^2 r ] (63) At the quantum level for spinless particles we obtain the relativistic Klein-Gordon-Fock equation as follows:

( ih̄ ∂ ∂t + gg̃ ( αr − β r ))_2 Ψ (t, ⃗r) = m^2c^4 ( 1 + γgg̃ mc^2r )_2

Ψ (t, ⃗r) − h̄^2c^2∇^2Ψ (t, ⃗r) (64)

For stationary states, Ψ(t, ⃗r) = e^{− iEt}h̄ ψ(⃗r), in spherical coordinates we can separate the radial and angular parts of the wave function in the standard way:

ψ(⃗r) = R(r)Y_{lm} (θ, ϕ) (65) where Y_{lm} (θ, ϕ) are the spherical harmonics. For the radial part we obtain the equation:

( − 1 r^2 d dr ( r^2 d dr ) + l(l + 1) r^2 ) R = 1 h̄^2c^2 [( E + gg̃ ( αr − β r ))_2 − m^2c^4 ( 1 + γgg̃ mc^2r )_2] R (66) For spin-^1_2 particles we can write the Dirac equation as follows:

ih̄ ∂ ∂t Ψ = ĤΨ (67)

where,

Ĥ = ih̄c⃗α_o ⃗∇ − β_om ( 1 + γgg̃ mc^2r ) − gg̃ ( αr − β r ) (68)

One can easily check that the total angular momentum ⃗L +^1_2h̄⃗σ_o commutes with the Hamiltonian operator (68).

The matrices ⃗α_o, β_o and ⃗σ_o may be written in the standard way in terms of the Pauli matrices ⃗σ and the unit matrix I.

References

[1] J.L. Anderson, “Principles of Relativity Physics” (Academic Press, New York, 1967).

[2] C.M. Andersen and H.C. von Baeyer, Ann. Phys. (N.Y.) 60, 67 (1970).

[3] A. Schild, Ann. Phys. (N.Y.) 93, 88 (1975).

[4] P. Ramond, Phys. Rev. D7, 449 (1973).

[5] I.T. Todorov, in “Relativistic Action at a Distance: Classical and Quantum Aspects”, Ed. by J. Llosa, Lectures Notes in Physics 162, Spinger-Verlag (1982).

[6] P. Droz-Vincent, Phys. Rev. D19, 702 (1979).

[7] L.P. Horwitz and F. Rohrlich, Phys. Rev. D24, 1528 (1981)

[8] A.O. Barut and F.M. Saradzhev, Ann. Phys. (N.Y.) 235, 220 (1994).

[9] R.B. Mann, D. Robbins and T. Ohta, Phys. Rev. D60, 104048 (1999). [10] A. Buonanno and T. Damour, Phys. Rev. D59, 084006 (1999). [11] P.P. Fiziev and I.T. Todorov, Phys. Rev. D63, 104007 (2001). [12] J. Bijtebier, Nucl. Phys. A696, 581 (2001). [13] P. Droz-Vincent, hep-th/0505163 (2005). [14] J. De Luca, Phys. Rev. E71, 056210 (2005).

[15] A. Barchielli, E. Montaldi and G.M. Prosperi, Nucl. Phys. B296, 625 (1988). [16] M.G. Olsson and K. Williams, Phys. Rev. D48, 417 (1993).

[17] J. A. Wheeler and R. P. Feynman, Rev. Mod. Phys. 17, 157 (1945); 21, 425 (1949). [18] A. O. Barut, “Electrodynamics and Classical Theory of Fields and Particles”, (Dover Publications Inc, New York, 1980).

[19] R.A. Moore, T.C. Scott and M.B. Monagan, Phys. Rev. Lett. 59, 525 (1987). [20] F. Hoyle and J.V. Narlikar, “Lectures on Cosmology and Action at a Distance Electrodynamics”, (World Scientific, 1996).

[21] A. Schild, Phys. Rev. 131, 2762 (1963). [22] D. Louis-Martinez, Phys. Lett. A 320, 103 (2003).

[23] H.W. Crater, R.L. Becker, C.Y. Wong and P. Van Alstine, Phys. Rev. D46, 5117 (1992). [24] J. Mourad and H. Sazdjian, J. Phys. G: Nucl. Part. Phys. 21, 267 (1995). [25] E. Brezin, C. Itzytson and J. Zinn-Justin, Phys. Rev. D1, 2349 (1970). [26] H.A. Bethe and E.E. Salpeter, “Quantum Mechanics of One and Two Electron Atoms” (Springer, Berlin, 1957).

[27] H. W. Crater and P. Van Alstine, Found. Phys. 24, 297 (1994). [28] A. Katz, J. Math. Phys. 10, 1929 (1969); 10, 2215 (1969). [29] A. Degasperis, Phys. Rev. D3, 273 (1971). [30] J.M. Cornwall, Nucl. Phys. B128, 75 (1977). [31] A. Rivacoba, Nuovo Cim. B84, 35 (1984). [32] J. Weiss, J. Math. Phys. 27, 1015 (1986).

[33] F. Jugeau and H. Sazdjian, Nucl. Phys. B670, 221 (2003). [34] T.J. Allen and M.G. Olsson, Phys. Rev D68, 054022 (2003).