arXiv:hep-th/0510224 v2 1 Nov 2005

KEK-TH-1045 hep-th/0510224

Analytical Tachyonic Lump Solutions in Open Superstring Field Theory

Isao Kishimoto^{1,∗} and Tomohiko Takahashi^{2,†}

1High Energy Accelerator Research Organization (KEK), Tsukuba, Ibaraki 305-0801, Japan 2Department of Physics, Nara Women’s University, Nara 630-8506, Japan October, 2005

Abstract We construct a classical solution in the GSO(−) sector in the framework of a Wess-Zumino-Witten-like open superstring field theory on a non-BPS D-brane. We use an su(2) supercurrent, which is obtained by compactifying a direction to a circle with the critical radius, in order to get analytical tachyonic lump solutions to the equation of motion. By investigating the action expanded around a solution we find that it represents a deformation from a non-BPS D-brane to a D-brane-anti- D-brane system at the critical value of a parameter which is contained in classical solutions. Although such a process was discussed in terms of boundary conformal field theory before, our study is based on open superstring field theory including interaction terms.

∗E-mail address: ikishimo@post.kek.jp †E-mail address: tomo@asuka.phys.nara-wu.ac.jp

1 Introduction

Analytic classical solutions have been found in open superstring field theory [1, 2, 3] on BPS D-branes formulated in terms of the Wess-Zemuno-Witten (WZW) like action [4, 5].^1 The solutions in ref. [1] are constructed from supercurrents, ghost fields and the identity string field. The characteristic features of the solution are its correspondence to the marginal deformation generated by the supercurrent and a well-defined Fock space expression of the solution.

In open bosonic string field theory, similar classical solutions have been constructed by using currents [1, 8, 9, 10, 11, 12]. They also correspond to marginal deformations and have a well-defined Fock space expression. Unfortunately, the vacuum energy of the bosonic solution is provided as a kind of indefinite quantities. In the absence of appropriate regularization, we have nothing else to do but evaluate it by indirect calculation. However, the remarkable feature of the supersymmetric solutions is that their vacuum energy vanishes exactly by a direct calculation [1] as expected from their correspondence to marginal deformations [13]. The supersymmetric case may provide a clue for solving the vacuum energy problem in the bosonic case.

Even on non-BPS D-branes, we can formulate string field theory in terms of the WZW like action [5, 14]. Since non-BPS D-branes have tachyonic modes in the GSO(−) sector, the theory enables us to investigate D-brane decay processes. A tachyonic lump solution, for instance, describes a deformation from a non-BPS D-brane to a D-brane-anti-D-brane pair. Actually, several analyses were performed by using the level truncation scheme [14, 15, 16, 17]. If one of the directions is compactified on the circle with the critical radius, the above process is realized by a marginal deformation [18]. Accordingly, we have only to extend the solution on the BPS D-brane to the non-BPS case in order to construct the solution corresponding to the tachyonic lump. In this paper, we will construct an analytical solution of this tachyonic lump.

In open superstring field theory on a single non-BPS D-brane, the action of the NS sector string field is given by [5, 14]

S[Φ̂; Q̂_B] = 1 4g^2 ⟨⟨ (e^{−Φ̂}Q̂_Be^{Φ̂})(e^{−Φ̂}η̂_0e^{Φ̂}) −

∫_1 0 dt (e^{−tΦ̂}∂_te^{tΦ̂}) { (e^{−tΦ̂}Q̂_Be^{tΦ̂}), (e^{−tΦ̂}η̂_0e^{tΦ̂}) } ⟩⟩ ,(1.1)

where Φ̂ denotes a string field of NS sector which corresponds to a vertex operator of ghost number 0 and picture number 0 in the conformal field theory (CFT). In order to incorporate

1A string field theory around the solutions in ref. [2] was analyzed in refs. [6, 7]

GSO(−) sector into the theory on a BPS D-brane, we have to introduce internal Chan-Paton factors:

Φ̂ = Φ_+ ⊗ 1 + Φ_− ⊗ σ_1, (1.2)

where the subscript + (−) implies that the corresponding vertex operator is in the GSO(+) (GSO(−)) sector. The operators Q̂_B and η̂_0 are defined as

Q̂_B = Q_B ⊗ σ_3, η̂_0 = η_0 ⊗ σ_3, (1.3)

where Q_B and η_0 are the ordinary operators without cocycle factors. The bracket ⟨⟨· · ·⟩⟩ is defined by a CFT correlator in the large Hilbert space and a trace over internal Chan- Paton matrices. The action is invariant under the infinitesimal gauge transformation, δe^{Φ̂} = (Q̂_BδΛ̂)∗e^{Φ̂} +e^{Φ̂} ∗(η̂_0δΛ̂^′), where δΛ̂ and δΛ̂^′ are infinitesimal parameters. Variating the action (1.1), we can derive the equation of motion to be

η̂_0(e^{−Φ̂} ∗ Q̂_Be^{Φ̂}) = 0. (1.4)

This is the equation to be solved in this paper. For details of the definition, see for instance ref. [14].

This paper is organized as follows. In section 2, we will construct a tachyonic lump solution. In the bosonic case at the critical radius, there is an su(2) current algebra which is useful to discuss descent relations of bosonic D-branes and to construct analytical lump solutions. At first, we find that a similar su(2) supercurrent algebra exists even in the theory on a non- BPS D-brane. Using this supercurrent, we can solve the equation of motion and find an analytic lump solution. The vacuum energy of the resulting solution vanishes exactly as well as the BPS case. In section 3, we will discuss the theory expanded around the tachyonic lump solution. To interpret physical meanings of the expanded theory, fermionization of the compactified direction plays a key role, that is used to discuss a tachyonic lump in the context of boundary conformal field theory [19, 18]. Finally, we find that at the critical value of the solution the expanded theory is equivalent to the theory on a D-brane-anti-D-brane pair. Although this result is expected from boundary conformal field theory, we will provide a complete proof including interaction terms based on the analytic classical solution to eq. (1.4) in open superstring field theory. In section 4 we conclude with a brief summary and open problems.

2 Tachyonic lump solutions

2.1 su(2) supercurrent algebra

We compactify one of tangential directions to the brane on a circle of radius R = √ 2α^′. We take it as the 9-th direction and write the string coordinate as X^9(z, z̄) = (X^9(z) + X^9(z̄))/2 and its supersymmetric partner as ψ^9(z). The operator product expansions (OPEs) of these fields are given by X^9(y)X^9(z) ∼ −2α^′ log(y − z) and ψ^9(y)ψ^9(z) ∼ 1/(y − z).

Similarly to the bosonic case, we can find a level one su(2) supercurrent algebra at the critical radius, although the critical radius in the superstring case is inequivalent to that of bosonic case. The three supercurrents are given by

J^1(z, θ) = √ 2 sin ( X^9 √ 2α^′ ) (z)c_1 + θ √ 2ψ^9 cos ( X^9 √ 2α^′ ) (z)c_2 , (2.1)

J^2(z, θ) = √ 2 cos ( X^9 √ 2α^′ ) (z)c_1 + θ(− √ 2)ψ^9 sin ( X^9 √ 2α^′ ) (z)c_2 , (2.2)

J^3(z, θ) = ψ^9(z)c_3 + θ i √ 2α^′ ∂X^9(z) . (2.3)

Here, we have introduced the cocycle factors c_i defined as

c^2_3 = 1, c_ic_j = δ_{ij} + iϵ_{ijk}c_k i, j, k = 1, 2, 3, ϵ_{123} = +1 , (2.4)

where ϵ_{ijk} is the totally antisymmetric tensor. Writing J^a(z, θ) ≡ ψ^a(z) + θJ^a(z) (a = 1, 2, 3), we obtain the following current algebra,

ψ^a(y)ψ^b(z) ∼ (y − z)^{−1}δ_{ab} , (2.5) J^a(y)ψ^b(z) ∼ (y − z)^{−1}(−iϵ_{abc}ψ^c(z)) , (2.6) J^a(y)J^b(z) ∼ (y − z)^{−2}δ_{ab} + (y − z)^{−1}(−iϵ_{abc}J^c(z)) . (2.7)

This is the same as su(2) supercurrent algebra obtained by substituting Ω^{ab} = 2δ_{ab} and f^{ab}_c = −iϵ_{abc} in eqs. (3.1–3.3) in ref. [1].

From these supercurrents, we can construct the energy-momentum tensor by using the Sugawara method. First, we can find the following equations,

− : ψ^1∂ψ^1 : (z) = − 1 4α^′ (∂X^9)^2(z) − cos ( 2X^9 √ 2α^′ ) (z) , (2.8)

− : ψ^2∂ψ^2 : (z) = − 1 4α^′ (∂X^9)^2(z) + cos ( 2X^9 √ 2α^′ ) (z) , (2.9)

: J^1J^1 : (z) = −ψ^9∂ψ^9(z) + cos ( 2X^9 √ 2α^′ ) (z) − 1 4α^′ (∂X^9)^2(z) , (2.10)

: J^2J^2 : (z) = −ψ^9∂ψ^9(z) − cos ( 2X^9 √ 2α^′ ) (z) − 1 4α^′ (∂X^9)^2(z) , (2.11)

: ψ^aψ^b : (z) = −iϵ_{abc}J^c(z) (a ≠ b) , (2.12) : ψ^aJ^b : (z) − : J^aψ^b : (z) = iϵ_{abc}∂ψ^c(z) , (a ≠ b) , (2.13) : J^1ψ^1 : (z) = : J^2ψ^2 : (z) = : J^3ψ^3 : (z) = i √ 2α^′ ψ^9∂X^9(z)c_3 . (2.14)

Then, we obtain the energy-momentum tensor and the world-sheet supercurrent as^2

T^9(z) = 1 2 : (J^aJ^a + ∂ψ^aψ^a) : (z) − i 6 ϵ_{abc} : (J^a : ψ^bψ^c : +ψ^a : (ψ^bJ^c − J^bψ^c) :) : (z) = − 1 4α^′ (∂X^9)^2(z) − 1 2 ψ^9∂ψ^9(z) , (2.15)

G^9(z) = : J^aψ^a : (z) − i 3 ϵ_{abc} : ψ^a : ψ^bψ^c :: (z) = i √ 2α^′ ψ^9∂X^9(z)c_3 . (2.16)

Here, we should note that the world-sheet supercurrent G^9(z) contains the cocycle factor c_3. In the existence of cocycle factors, the operators, T^9(z), G^9(z), ψ^a(z) and J^a(z), satisfy a superconformal current algebra with c = 3/2.

To incorporate the GSO(−) states into a string field, we have to introduce internal Chan- Paton indices as in ref. [5, 14]. In the theory on a non-BPS D-brane, fermionic operators like the BRS charge are tensored with a Pauli matrix as seen in eq. (1.3). Since the world-sheet supercurrent G^9(z) is a fermionic operator and it is tensored with c_3, we identify the cocycle factors c_i with Pauli matrices representing the internal Chan-Paton factors:

c_3 = σ_3, c_1 = σ_2, c_2 = −σ_1. (2.17)

We note that the SU(2) symmetry does not realized on a non-BPS D-brane in spite of the fact that the su(2) supercurrent algebra exists in the theory. In fact, J^a_0 = ∮_{dz} 2πi J^a(z) is not to be a derivation with respect to the star product although [Q̂_B, J^a_0 ] = [η̂_0, J^a_0 ] = 0. Because we find that J^a_0 (Ψ̂_1 ∗ Ψ̂_2) = (J^a_0 Ψ̂_1) ∗ Ψ̂_2 + ((−1)^{F̂ +n̂}Ψ̂_1) ∗ (J^a_0 Ψ̂_2) for a = 1, 2 due to cocycle factors and quantized momentum along the 9-th direction, where F̂ and n̂ are operators counting fermion number and the 9-th momentum as defined later by (3.10) and (3.13). But, at the same time, J^3_0 (Ψ̂_1 ∗ Ψ̂_2) = (J^3_0 Ψ̂_1) ∗ Ψ̂_2 + Ψ̂_1 ∗ (J^3_0 Ψ̂_2). Thus, the SU(2) symmetry is broken to U(1) by the interaction terms in the action (1.1).

2We have used the definition in ref. [1].

2.2 Classical solutions via supercurrents

In ref. [1], we have constructed analytic classical solutions in the theory on BPS D-branes by means of supercurrent algebra. Now that we possess the supercurrent algebra including GSO(−) sector, we can apply the same method to the theory on the non-BPS D-branes. Taken J^1(z, θ) as the supercurrent, the classical solution is given by Φ̂_0 = −Ṽ_L(F )I , (2.18) Ṽ_L(F ) = ∫ C_{left} dz 2πi F (z)ṽ(z), (2.19)

ṽ(z) = 1 √ 2 cξe^{−ϕ}(z) ⊗ σ_3 × ψ^1(z), (2.20)

where I is the identity string field and C_{left} denotes a counter-clockwise path along a half of the unit circle, i.e., −π/2 < σ < π/2 for z = e^{iσ}. F (z) is a function on the unit circle |z| = 1 satisfying F (−1/z) = z^2F (z) [1].^3 We must impose an additional constraint on F (z) due to the reality condition of the string field as in ref. [1]. The cocycle factor σ_3 should be attached in ṽ(z) since the ghost factor cξe^{−ϕ}(z) is Grassmann odd.^4 Substituting ψ^1(z) of eq. (2.1) into eq. (2.20), the operator ṽ(z) is rewritten as^5 ṽ(z) = −i cξe^{−ϕ} sin ( X^9(z) √ 2α^′ ) ⊗ σ_1. (2.21)

It turns out that this classical solution represents a non-trivial configuration of the GSO(−) string field. Since the GSO(−) states include a tachyonic mode, this solution can be regarded as a kind of tachyonic lump solutions.

Now, we can easily find that the equation of motion actually holds. First, we define the operator V_L(g) as

V_L(g) = ∫ C_{left} dz 2πi g(z)v(z), (2.22)

v(z) = [Q̂_B, ṽ(z)] = 1 √ 2 (c(z) ⊗ σ_3)J^1(z) + 1 √ 2 ηe^ϕψ^1(z). (2.23)

For the operators V_L and Ṽ_L, we find the commutation relations [Q̂_B, Ṽ_L(g)] = V_L(g), (2.24) [Ṽ_L(g_1), V_L(g_2)] = − 1 2 C_L(g_1g_2) ⊗ σ_3, (2.25)

3Under this condition, F (z) cannot be a non-zero constant.

4We note that e^{qϕ} (q : odd) is a fermionic operator. More precisely, we need a cocycle factor to represent statistical property of the operator.

5We have adjusted c_1 = σ_2, c_2 = −σ_1 in eq. (2.17) so that ṽ(z) has the cocycle factor σ_1. If we choose ψ^2 instead of ψ^1 in eq. (2.20), we get cosine-type solution. These sine and cosine type solutions are related by U (1)-symmetry, which is generated by J^3_0 .

where C_L(g) ≡ ∫ C_{left} dz 2πi g(z)c(z). Then, taking into account of the properties of these operators associated with the star product [1], we can obtain

e^{−Φ̂0} ∗ Q̂_Be^{Φ̂0} = (e^{ṼL(F )}Q̂_Be^{−ṼL(F )})I = −V_L(F )I + 1 4 C_L(F^2)I ⊗ σ_3. (2.26)

The ξ zero mode is not contained in both operators V_L(F ) and C_L(F^2) and the identity string field satisfies η_0I = 0. As a result, we find that η̂_0(e^{−Φ̂0} ∗ Q̂_Be^{Φ̂0} ) = 0 and the equation of motion holds.

Concerning the vacuum energy, we can obtain it by calculating the correlation function ⟨⟨ (η̂_0Φ̂_0)(e^{−tΦ̂0}Q̂_Be^{tΦ̂0} ) ⟩⟩ . Similarly, it can be seen that there is no ξ zero mode in e^{−tΦ̂0}Q̂_Be^{tΦ̂0} for arbitrary t. This fact is sufficient to show that the vacuum energy of the classical solution vanishes exactly in the same way as that of the GSO(+) solution in ref. [1],

3 Superstring field theory around the solution

We consider the action expanded around the classical solution in order to provide physical interpretation of the solution. If we expand the string field as e^{Φ̂} = e^{Φ̂0} e^{Φ̂′} , the action (1.1) becomes

S[Φ̂; Q̂_B] = S[Φ̂_0; Q̂_B] + S[Φ̂^′; Q̂^′_B]. (3.1)

The first term of the right-hand side corresponds to the vacuum energy of the solution, which is seen to be zero as discussed above. Then, the expanded action takes the same form as the original action except that the BRS charge is changed depending on the classical solution. Accordingly, we will investigate the new BRS charge Q̂^′_B to determine the spectrum around the solution.

3.1 Fermionization and rebosonization

To find the spectrum around the classical solution, it is convenient to fermionize the scalar field X^9(z) as in refs. [19, 18]: e^{± i√2α′ X 9(z)} = 1 √ 2 (ξ^9(z) ± iη^9(z)) ⊗ τ_1, (3.2)

where ξ^9(z) and η^9(z) are fermionic fields and the Pauli matrices τ_i denote cocycle factors. To ensure correct (anti-)commutation relations between various fields, we also attach a cocycle factor τ_3 to all other fermionic fields. For example, ψ^9(z) is replaced with ψ^9(z) ⊗ τ_3, and the derivation operator η̂_0 is written as η̂_0 = η_0 ⊗ σ_3 ⊗ τ_3. Using the fermionization rule (3.2), the supercurrents (2.1), (2.2) and (2.3) can be expressed as

J^1(z, θ) = η^9(z) ⊗ σ_2 ⊗ τ_1 + θ (−iψ^9ξ^9(z)) ⊗ σ_1 ⊗ τ_2 , (3.3) J^2(z, θ) = ξ^9(z) ⊗ σ_2 ⊗ τ_1 + θ (iψ^9η^9(z)) ⊗ σ_1 ⊗ τ_2 , (3.4) J^3(z, θ) = ψ^9(z) ⊗ σ_3 ⊗ τ_3 + θ (−iξ^9η^9(z)) ⊗ 1 ⊗ 1 . (3.5)

Similarly, the energy-momentum tensor (2.15) and the world-sheet supercurrent (2.16) are rewritten as

T^9(z) = ( − 1 2 ξ^9∂ξ^9(z) − 1 2 η^9∂η^9(z) − 1 2 ψ^9∂ψ^9(z) ) ⊗ 1 ⊗ 1 , (3.6) G^9(z) = −iξ^9η^9ψ^9(z) ⊗ σ_3 ⊗ τ_3 . (3.7)

Then, the BRS charge is expressed as Q̂_B = Q_B ⊗ σ_3 ⊗ τ_3.

Since we compactify the 9-th direction to the circle, the momentum along this direction is quantized and it is labeled by even and odd integers. Applying the fermionization rule to the string field, the GSO(+) states with the odd momentum carry the cocycle factor τ_1. Since the GSO(−) states correspond to fermionic vertex operators, the cocycle factor τ_3 (τ_2) is attached to the GSO(−) states with even (odd) momentum. Then, we can express the string field as

Φ̂ = Φ^e_+ ⊗ 1 ⊗ 1 + Φ^o_+ ⊗ 1 ⊗ τ_1 + Φ^e_− ⊗ σ_1 ⊗ τ_3 + Φ^o_− ⊗ σ_1 ⊗ τ_2, (3.8)

where the subscript ± denotes GSO parity and the superscript e (o) implies the state with even (odd) momentum. For details, the world-sheet fermion number is defined as

(−1)^{F̂} |Φ_±⟩ = ±|Φ_±⟩ , (3.9)

where the operator F̂ in our convention is^6

F̂ = ∮ dz 2πi (_5 ∑ k=1 : ψ^k_+ψ^k_− : (z) − ∂ϕ(z) ) , (3.10)

ψ^1_± ≡ i √ 2 (ψ^0 ± ψ^1), ψ^k_± ≡ 1 √ 2 (ψ^{2k−2} ± iψ^{2k−1}), k = 2, 3, 4, 5. (3.11)

The momentum parity is defined as

(−1)^{n̂}|Φ^e⟩ = +|Φ^e⟩ , (−1)^{n̂}|Φ^o⟩ = −|Φ^o⟩ , (3.12)

6Here ϕ is a bosonized ghost coming from γ = ηe^ϕ, β = e^{−ϕ}∂ξ, and ψ^μ (μ = 0, 1, · · ·, 9) are matter fermions. The reader should not confuse them with ϕ^9 in eq. (3.15) and the lowest components ψ^a of the su(2) supercurrent J^a(z, θ) (a = 1, 2, 3).

where the operator n̂ counting the 9-th momentum is given by

n̂ = ∮ dz 2πi i √ 2α^′ ∂X^9(z) = ∮ dz 2πi iη^9ξ^9(z) . (3.13)

In general, the string field of an even ghost number is expanded by the same cocycle factors. The string field of an odd ghost number, like gauge transformation parameters, can be written as Λ̂ = Φ^e_+ ⊗ σ_3 ⊗ τ_3 + Φ^o_+ ⊗ σ_3 ⊗ τ_2 + Φ^e_− ⊗ σ_2 ⊗ 1 + Φ^o_− ⊗ σ_2 ⊗ τ_1. (3.14)

We can find another representation of the conformal field theory for (ψ^9, ξ^9, η^9) by the rebosonization [19, 18]

(ξ^9(z) ± iψ^9(z)) = √ 2e^{± i√2α′ ϕ9(z)} ⊗ τ̃_1, (3.15)

where the Pauli matrices τ̃_i are cocycle factors and we assign the cocycle τ̃_3 to fermionic fields except ψ^9(z) and ξ^9(z). We can easily rewrite all operators and the string field using the bosonization rule (3.15). In particular, the supercurrents (3.3), (3.4) and (3.5) are expressed as J^1(z, θ) = η^9 ⊗ σ_2 ⊗ τ_1 ⊗ τ̃_3 − θ i √ 2α^′ ∂ϕ^9(z) ⊗ σ_1 ⊗ τ_2 ⊗ 1, (3.16)

J^2(z, θ) = √ 2 cos ( ϕ^9 √ 2α^′ ) (z) ⊗ σ_2 ⊗ τ_1 ⊗ τ̃_1 + θ √ 2η^9 sin ( ϕ^9 √ 2α^′ ) (z) ⊗ σ_1 ⊗ τ_2 ⊗ τ̃_2,(3.17)

J^3(z, θ) = √ 2 sin ( ϕ^9 √ 2α^′ ) (z) ⊗ σ_3 ⊗ τ_3 ⊗ τ̃_1 − θ √ 2η^9 cos ( ϕ^9 √ 2α^′ ) (z) ⊗ 1 ⊗ 1 ⊗ τ̃_2. (3.18)

We note that we have to change the normalization of the action if we apply the fermionization or the rebosonization to the string field. In the action (1.1), we take the trace of all Chan-Paton indeces. If we fermionize X^9, the Chan-Paton factors τ_i with their trace produce an extra factor of two for the action. Consequently, we must divide the action by two in order to provide the same action for the component fields. Furthermore, if we rebosonize and introduce the additional Chan-Paton factors τ̃_i, we need to divide the action by four.

3.2 The theory expanded around the solution

The new BRS operator in the expanded action S[Φ̂^′; Q̂^′_B] in (3.1) around a solution Φ̂_0 to the equation of motion (1.4) is generically expressed as

Q̂^′_BΨ̂ = Q̂_BΨ̂ + Â_0 ∗ Ψ̂ − (−)^{gh(Ψ̂)}Ψ̂ ∗ Â_0, Â_0 = e^{−Φ̂}0 ∗ Q̂_Be^{Φ̂}0 for^∀Ψ̂. (3.19)

This formula can be derived as appendix B in ref. [1], for example, because algebraic relations are almost the same as the original GSO projected theory [14]. Here gh(Ψ̂) denotes ghost number of Ψ̂ and it is counted by n_{gh} = − ∮_{dz} 2πi (: bc : + : ξη :). A string field Ψ̂ takes the form of (3.8) for even ghost number and (3.14) for odd ghost number. The sign factor (−)^{gh(Ψ̂)} instead of “Grassmannality” appears because Q̂^′_B should be an anti-derivation as original Q̂_B in the sense that Q̂^′_B(Ψ̂_1 ∗ Ψ̂_2) = (Q̂^′_BΨ̂_1) ∗ Ψ̂_2 + (−)^{gh(Ψ̂1 )}Ψ̂_1 ∗ (Q̂^′_BΨ̂_2) [20].

We rewrite the operator ṽ(z) in the solution (2.18) by using the fermionic fields (ψ^9, ξ^9, η^9) through the fermionization rule (3.2):

ṽ(z) = 1 √ 2 cξe^{−ϕ} η^9(z) ⊗ σ_1 ⊗ τ_2. (3.20)

The operator (2.23) can be written as v(z) = ( −i √ 2 cψ^9ξ^9(z) + 1 √ 2 ηe^ϕη^9(z) ) ⊗ σ_2 ⊗ τ_1. (3.21)

The operator Q̂^′_B (3.19) for the solution (3.20) can be found as

Q̂^′_B = (Q_B + 1 4 C(F^2)) ⊗ σ_3 ⊗ τ_3 − V_L(F ) − (−1)^{F̂ +n̂}V_R(F ), (3.22)

where C(F^2) = C_L(F^2)+C_R(F^2), C_R(g) ≡ ∫ C_{right} dz 2πi g(z)c(z), V_R(g) ≡ ∫ C_{right} dz 2πi g(z)v(z), C_{right} is a counter-clockwise path along a half of the unit circle:(|z| = 1, Re z < 0) as in ref. [1], and the operators F̂ and n̂ are given by eqs. (3.10) and (3.13). The extra sign factor (−1)^{F̂ +n̂} in front of V_R(F ) comes from exchange of order of Ψ̂ and v(z) in eq. (3.19). This new BRS operator can be rewritten in terms of a similarity transformation from the original operator,

Q̂^′_B = e^ṼL^{(F )+(−1)F̂ +n̂Ṽ}R^{(F )} Q̂_B e^{−Ṽ}L^{(F )−(−1)F̂ +n̂Ṽ}R^{(F )}. (3.23)

We notice that this relation cannot be used for a field redefinition in the expanded action because of [η̂_0, Ṽ_L(F ) + (−1)^{F̂ +n̂}Ṽ_R(F )] ≠ 0.

Furthermore, we can find another expression of the new BRS charge in terms of (ϕ^9, η^9). If the new BRS charge acts on the state of (−1)^{F̂ +n̂} = +1, it becomes

Q̂^′_B = e^{− i}_2^√_α′^{(ϕ9}L^{(F )+ϕ9}R^{(F ))⊗σ1 ⊗τ2} Q̂_B e^i_2^√_α′^{(ϕ9}L^{(F )+ϕ9}R^{(F ))⊗σ1 ⊗τ2} , (3.24)

and for the case of (−1)^{F̂ +n̂} = −1,

Q̂^′_B = e^{− i}_2^√_α′^{(ϕ9}L^{(F )−ϕ9}R^{(F ))⊗σ1 ⊗τ2} Q̂_B e^i_2^√_α′^{(ϕ9}L^{(F )−ϕ9}R^{(F ))⊗σ1 ⊗τ2} , (3.25) where ϕ^9_{L/R}(F ) ≡ ∫ C_{left/right} dz 2πi F (z)ϕ^9(z). They are derived from the direct calculation or from the expression (3.23) and the following anti-commutation relation,

{Q̂_B, Ω_{L/R}(F )} = 2 √ α^′Ṽ^1_{L/R}(F ) + iϕ^9_{L/R}(F ) ⊗ σ_1 ⊗ τ_2 , (3.26) Ω_{L/R}(F ) ≡ − ∫ C_{left/right} dz 2πi F (z) i cξ∂ξe^{−2ϕ} ϕ^9(z) ⊗ σ_2 ⊗ τ_1. (3.27)

Noting [η̂_0, ϕ^9_{L/R}(F ) ⊗ σ_1 ⊗ τ_2] = 0, these expressions given in eqs. (3.24) and (3.25) for the new BRS operator imply that the expanded action around the solution can be transformed back to the original action by the string field redefinition,

Φ̂^{′′} = e^i_2^√_α′^{ϕ9}L^{(F )I⊗σ1⊗τ2} ∗ Φ̂^′ ∗ e^{− i}_2^√_α′^{ϕ9}L^{(F )I⊗σ1 ⊗τ2} . (3.28)

Actually, this string field redefinition does not change the interaction terms in the action and, depending on the (−1)^{F̂ +n̂} parity of the string field, the redefinition can be rewritten as

Φ̂^{′′} = e^{i2√α′ (ϕ9L(F )+ϕ9R (F ))⊗σ1⊗τ2}Φ̂^′ on (−1)^{F̂ +n̂} = +1 e^{i2√α′ (ϕ9L(F )−ϕ9R (F ))⊗σ1⊗τ2}Φ̂^′ on (−1)^{F̂ +n̂} = −1.

(3.29)

The difference in sign in the right-hand side arises from (anti-)commutation relations of Chan- Paton factors. For the string field (3.8), the (−1)^{F̂ +n̂} = +1 sector involves cocycle factors 1⊗1 and σ_1 ⊗τ_2, which commute with the generator σ_1 ⊗τ_2 of the string field redefinition. However, the generator anti-commutes with the cocycle factors 1 ⊗ τ_1 and σ_1 ⊗ τ_3 and then the minus sign appears for the (−1)^{F̂ +n̂} = −1 sector, Φ^o_+ and Φ^e_− in eq. (3.8).

Though the expanded action is transformed to the original one, the string field redefinition has a physical effect. As discussed for the case of the Wilson line solution in ref. [1], the spectrum is changed from that of the original theory due to the zero-mode of the operator ϕ^9(z). We have no zero-mode in the operator ϕ^9(F ) ≡ ϕ^9_L(F ) + ϕ^9_R(F ) because we impose the condition F (−1/z) = z^2F (z) in the solution (2.18) and then the coefficients of the zero-mode cancel as ∫ C_{left} dz 2πi F (z) + ∫ C_{right} dz 2πi F (z) = 0 , (3.30)

whereas ϕ^9_Δ(F ) ≡ ϕ^9_L(F ) − ϕ^9_R(F ) includes the zero-mode. As a result, the (−1)^{F̂ +n̂} = −1 sector is multiplied by the extra factor, exp ( i f √ α^′ ϕ̂^9_0 ⊗ σ_1 ⊗ σ_2 ) , f ≡ ∫ C_{left} dz 2πi F (z), (3.31) where ϕ̂^9_0 denotes the zero-mode operator of ϕ^9(z). This zero-mode factor changes the momentum of the string field along the ϕ^9 direction as p_ϕ9 → p_ϕ9 + f/ √ α^′. The momentum shift only for the (−1)^{F̂ +n̂} = −1 sector is exactly the same effect as that of a tachyonic lump solution as discussed in the context of boundary conformal field theory [18]. Hence, our analytic solution (2.18) represents the same tachyonic lump solution in open superstring field theory, and the half integration mode, f, corresponds to the Wilson line along the ϕ^9 direction.

3.3 The expanded theory at the critical value of f

We discuss a tachyonic lump solution corresponding to the critical value of f in (3.31), namely f = 2m + 1 √ 2 , m ∈ Z. (3.32)

At the critical value, the redefined field Φ̂^{′′} (3.29) can be rewritten again by the fermionic fields (ψ^9, ξ^9, η^9) instead of (ϕ^9, η^9). Moreover, we can write its string field by the original string coordinates (X^9, ψ^9) through the rebosonization of (ξ^9, η^9) to X^9.

Using the fermionic fields (ψ^9, ξ^9, η^9), we can write the redefined field as

Φ̂^{′′} = e^i_2^√_α′^{ϕ9 (F )⊗σ1⊗τ2} (Φ^e_+ ⊗ 1 ⊗ 1 + Φ^o_− ⊗ σ_1 ⊗ τ_2)

+e^{i2√α′ ϕ9Δ(F )⊗σ1 ⊗τ2} (Φ^o_+ ⊗ 1 ⊗ τ_1 + Φ^e_− ⊗ σ_1 ⊗ τ_3) = ( cos ( ϕ^9(F ) 2 √ α^′ ) Φ^e_+ + i sin ( ϕ^9(F ) 2 √ α^′ ) Φ^o_− ) ⊗ 1 ⊗ 1 + ( i sin ( ϕ^9(F ) 2 √ α^′ ) Φ^e_+ + cos ( ϕ^9(F ) 2 √ α^′ ) Φ^o_− ) ⊗ σ_1 ⊗ τ_2 + ( cos ( ϕ^9_Δ(F ) 2 √ α^′ ) Φ^o_+ − sin ( ϕ^9_Δ(F ) 2 √ α^′ ) Φ^e_− ) ⊗ 1 ⊗ τ_1 + ( sin ( ϕ^9_Δ(F ) 2 √ α^′ ) Φ^o_+ + cos ( ϕ^9_Δ(F ) 2 √ α^′ ) Φ^e_− ) ⊗ σ_1 ⊗ τ_3. (3.33)

Here, the operators, cos(ϕ^9_{(Δ)}(F )/2 √ α^′) and sin(ϕ^9_{(Δ)}(F )/2 √ α^′), are represented in terms of the fermionic fields ξ^9 and ψ^9 instead of ϕ^9 thanks to (3.15) and ∂ϕ^9 = − √ 2α^′ξ^9ψ^9.

At first, we consider the operators cos(ϕ^9_Δ(F )/2 √ α^′) and sin(ϕ^9_Δ(F )/2 √ α^′). When we introduce the operator counting ϕ^9 momenta as n̂_ϕ9 = ∮ dz 2πi i∂ϕ^9/ √ 2α^′, the operators appeared in the redefinition have (−1)^{n̂ϕ9} = −1 because they carry the ϕ^9 momentum p_ϕ9 = f/ √ α^′ = (2m + 1)/ √ 2α^′. In addition, as in refs. [18, 19], we define the operator F̂_ϕ9 counting the fermion number of η^9 and other spectator fermions, ψ^μ (μ = 0, 1, · · · , 8) and e^{qϕ} (q:odd).

With this definition, the operators have (−1)^{F̂ϕ9} = +1. Then, we find that the operators have (−1)^{F̂ϕ9 +n̂ϕ9} = −1.

Next, we consider the original fermion number and momenta of the operators. If we change the sign of ϕ^9, the fermions ξ^9, ψ^9 are transformed as

ξ^9 → ξ^9, ψ^9 → −ψ^9, (3.34)

because ϕ^9 is related to ξ^9 and ψ^9 through the rebosonization rule (3.15). Therefore we can determine the (−1)^{F̂} parity of some operators by means of the parity transformation of ϕ^9. We can find that cos(ϕ^9_Δ(F )/2 √ α^′) has (−1)^{F̂} = +1 and sin(ϕ^9_Δ(F )/2 √ α^′) has (−1)^{F̂} = −1.

As discussed in ref. [18], we have the relation:

(−1)^{F̂} (−1)^{n̂} = (−1)^{F̂ϕ9} (−1)^{n̂ϕ9} . (3.35)

Combining these results, we can determine the values of (−1)^{F̂} and (−1)^{n̂} individually for these operators. The resulting parities for operators are listed in the following table:

(−1)^{F̂} (−1)^{n̂} (−1)^{F̂ϕ9} (−1)^{n̂ϕ9} cos ( ϕ^9_Δ(F ) 2 √ α^′ ) + − + − sin ( ϕ^9_Δ(F ) 2 √ α^′ ) − + + −

(3.36)

Based on a similar consideration, we have the following results for other operators:

(−1)^{F̂} (−1)^{n̂} (−1)^{F̂ϕ9} (−1)^{n̂ϕ9} cos ( ϕ^9(F ) 2 √ α^′ ) + + + + sin ( ϕ^9(F ) 2 √ α^′ ) − − + +

(3.37)

From these results, we find that the first and second terms in eq. (3.33) have (−1)^{F̂} = +1 and (−1)^{n̂} = +1 and the third and fourth have (−1)^{F̂} = −1 and (−1)^{n̂} = −1, and then all components in the redefined string field (3.33) have (−1)^{F̂ +n̂} = +1. Before the redefinition, the fields with 1⊗τ_1 and σ_1 ⊗τ_3 have (−1)^{F̂ +n̂} = −1. The parity of these states is changed after the redefinition. Alternatively, the quantum number of F̂ + n̂ can be regarded as the fermion number assigning +1 to the fields ψ^9, ξ^9, η^9 in the fermionic representation. Consequently, with the fermionic representation, the statistical property of the fields with 1 ⊗ τ_1 and σ_1 ⊗ τ_3 are changed under the string field redefinition. In order to ensure correct (anti-)commutation relations, we have to assign a cocycle factor of τ̃_1 to these fields, and assign a cocycle factor τ̃_3 to the derivations Q̂_B and η̂_0. After all, the redefined string field can be expressed using the fermionic representation as

Φ̂^{′′} = Ψ^e_+ ⊗ 1 ⊗ 1 ⊗ 1 + Ψ^{′e}_+ ⊗ 1 ⊗ τ_1 ⊗ τ̃_1 + Ψ^o_− ⊗ σ_1 ⊗ τ_3 ⊗ τ̃_1 + Ψ^{′o}_− ⊗ σ_1 ⊗ τ_2 ⊗ 1. (3.38) Now, let us express the string field (3.38) in terms of the fields (X^9, ψ^9) through the rule (3.2). When we rebosonize (ξ^9, η^9) to X^9, we have to assign a cocycle factor τ_1 to states with an odd momentum and retain the cocycle factors τ_i under the earlier fermionization. According to this procedure, the string fields Ψ^o_− and Ψ^{′o}_− acquire an additional cocycle factor of τ_1 under the rebosonization. Hence, with the fields (X^9, ψ^9), the string field can be rewritten as Φ̂^{′′} = Ψ^e_+ ⊗ 1 ⊗ 1 ⊗ 1 + Ψ^{′e}_+ ⊗ 1 ⊗ τ_1 ⊗ τ̃_1 + Ψ^o_− ⊗ σ_1 ⊗ τ_2 ⊗ τ̃_1 + Ψ^{′o}_− ⊗ σ_1 ⊗ τ_3 ⊗ 1. (3.39) The derivations are expressed as same as before:

Q̂_B = Q_B ⊗ σ_3 ⊗ τ_3 ⊗ τ̃_3, η̂_0 = η_0 ⊗ σ_3 ⊗ τ_3 ⊗ τ̃_3. (3.40) Here, we write the cocycle factors appeared in the string field (3.39) and the derivations (3.40) as Σ_3 = 1 ⊗ τ_1 ⊗ τ̃_1, Σ_1 = σ_1 ⊗ τ_2 ⊗ τ̃_1, Σ_2 = σ_1 ⊗ τ_3 ⊗ 1, σ = σ_3 ⊗ τ_3 ⊗ τ̃_3. (3.41) These matrices satisfy the following relations: Σ^2_1 = Σ^2 = Σ^2_3 = σ^2 = 1 , (3.42) [σ, Σ_3] = {σ, Σ_1} = {σ, Σ_2} = 0 , (3.43) Σ_iΣ_j = iϵ_{ijk}Σ_k , (i ≠ j) . (3.44) We can represent the same algebra by the alternative Pauli matrices σ_i and τ_i: Σ^′_1 = σ_1 ⊗ τ_1, Σ^′_2 = σ_1 ⊗ τ_2, Σ^′_3 = 1 ⊗ τ_3, σ^′ = σ_3 ⊗ 1. (3.45) Therefore, we can identify (Σ^′_i, σ^′) with (Σ_i, σ) if we divide the action by two to compensate their different normalization.

Finally, under the above identification, we can represent the redefined string field in terms of (X^9, ψ^9) as Φ̂^{′′} = Ψ^e_+ ⊗ 1 ⊗ 1 + Ψ^{′e}_+ ⊗ 1 ⊗ τ_3 + Ψ^o_− ⊗ σ_1 ⊗ τ_1 + Ψ^{′o}_− ⊗ σ_1 ⊗ τ_2, (3.46) and the derivations as

Q̂_B = Q_B ⊗ σ_3 ⊗ 1, η̂_0 = η_0 ⊗ σ_3 ⊗ 1. (3.47)

The resulting string field theory including this string field and the derivations is exactly the same theory on a D-brane-anti-D-brane pair discussed in ref. [14], in which σ_i are the internal Chan-Paton indices to include the GSO(−) sector and τ_i correspond to the conventional Chan- Paton indices introduced for a pair of branes. The string fields connecting a D-brane and an anti-D-brane have odd momenta along the X^9 direction, and the string fields attached both ends of the string to a single brane have even momenta. Consequently, the string field theory at the critical value of f describes the D-brane-anti-D-brane system in which a D-brane and an anti-D-brane are situated at antipodal points along the circle with the critical radius in the T-dual picture.

Thus, we find that the tachyonic lump solution corresponding to the critical value of f changes the theory on a single non-BPS D-brane to that of a D-brane-anti-D-brane pair. This is physically the same result obtained before in terms of boundary conformal field theory [18]. But, we should comment on a superficial difference between these results. In our case, the resulting branes are put on the X^9 direction, while in ref. [18] the branes are on the direction represented by ϕ^{′9}(z), which is another bosonic field given by a rebosonization of (η^9, ψ^9). As discussed in the previous section, the theory possesses the su(2) supercurrent algebra but the SU(2) symmetry is broken on a non-BPS D-brane. However, it turns out that the SU(2) symmetry is restored in the NS sector of the theory with the critical value of f and the bosonic coordinates (X^9, ϕ^9, ϕ^{′9}) can be rotated under this symmetry because all sectors have (−1)^{F̂ +n̂} = +1 after the string field redefinition around the solution. Therefore, the difference is resolved by the SU(2) rotation of X^9 to ϕ^{′9}.

4 Concluding remarks

We constructed the analytic classical solution in superstring field theory on the non-BPS Dbrane in which the one direction X^9 is compactified to a circle with the critical radius. The solution corresponds to the tachyonic lump solution which corresponds to the Wilson line along the ϕ^9 direction. The vacuum energy of the solution vanishes exactly as that of the BPS case. At the critical value of f, the theory expanded around the solution is equivalent to the theory on a D-brane-anti-D-brane pair, including the interaction terms. These results agree with the facts expected from boundary conformal field theory. The su(2) supercurrent algebra was useful for the analyses of the solution.

In ref. [1], we found some features of the solution on BPS D-branes. The solution has a well-defined Fock space expression and the half integration mode f is invariant under a class of gauge transformations in superstring field theory but other modes are not. Employing the same technique in ref. [1], we can easily find that the same is true in the case of non-BPS D-branes.

We should discuss the Ramond sector, which was out of the scope of this paper, to complete the correspondence of our solution to the tachyonic lump. The action on non-BPS D-branes including the Ramond sector is supposed to be constructed by extending the action on BPS D-branes given by ref. [21]. In the extended theory including the Ramond sector, our solution will satisfy the equation of motion. The problem is whether the string field redefinition, especially at the critical value of f, reproduces the expected result of the Wilson line along the ϕ^9 direction. It seems complicated to incorporate GSO(−) states in the Ramond sector and assign appropriate cocycle factors consistently.

We can apply our method constructing the analytical solution to other cases of marginal deformations; a solution on non-BPS D-branes on an orbifold [18] and a vortex solution on a D-brane-anti-D-brane pair [19]. To realize marginal deformations, we have to take the critical radius of the compactified direction and the vacuum energy is always to be zero for these cases. If we deform the radius away from the critical value, we may be able to find more general solutions with a non-trivial vacuum energy. This problem is interesting because such a general solution may teach us how the closed string moduli changing the radius includes in open string field.

In this paper we show that there exists an analytic solution taking the value in the GSO(−) sector. This fact indicates the possible existence of the analytic tachyon vacuum solution, at which non-BPS D-branes completely disappear, in open superstring field theory. If we find the analytic solution, we could prove the non-existence of open strings and the exact cancellation of the vacuum energy, as discussed in the bosonic case [22, 24, 23]. We expect that the evaluation of the vacuum energy in the supersymmetric case sheds lights on the problem what sort of regularization should be applied to the bosonic theory.

Acknowledgements

The authors would like to thank Yuji Igarashi and Katsumi Itoh for useful discussions and the Yukawa Institute for Theoretical Physics at Kyoto University for providing a stimulating atmosphere. Discussions during the YITP workshop YITP-W-05-08 on “String Theory and Quantum Field Theory” were useful to complete this work. They are also grateful to “Summer Institute String Theory 2005” at Sapporo during which part of this work was done. I. K. wishes to express his gratitude to Seiji Terashima for valuable comments.

References

[1] I. Kishimoto and T. Takahashi, “Marginal deformations and classical solutions in open superstring field theory,” arXiv:hep-th/0506240.

[2] O. Lechtenfeld, A. D. Popov and S. Uhlmann, “Exact solutions of Berkovits’ string field theory,” Nucl. Phys. B 637, 119 (2002) [arXiv:hep-th/0204155].

[3] J. Kluson, “Some solutions of Berkovits’ superstring field theory,” arXiv:hep-th/0201054.

[4] N. Berkovits, “SuperPoincare invariant superstring field theory,” Nucl. Phys. B 450, 90 (1995) [Erratum-ibid. B 459, 439 (1996)] [arXiv:hep-th/9503099].

[5] N. Berkovits, “The tachyon potential in open Neveu-Schwarz string field theory,” JHEP 0004, 022 (2000) [arXiv:hep-th/0001084].

[6] A. Kling, O. Lechtenfeld, A. D. Popov and S. Uhlmann, “On nonperturbative solutions of superstring field theory,” Phys. Lett. B 551, 193 (2003) [arXiv:hep-th/0209186].

[7] A. Kling, O. Lechtenfeld, A. D. Popov and S. Uhlmann, “Solving string field equations:

New uses for old tools,” Fortsch. Phys. 51, 775 (2003) [arXiv:hep-th/0212335].

[8] T. Takahashi and S. Tanimoto, “Wilson lines and classical solutions in cubic open string field theory,” Prog. Theor. Phys. 106, 863 (2001) [arXiv:hep-th/0107046].

[9] T. Takahashi and S. Tanimoto, “Marginal and scalar solutions in cubic open string field theory,” JHEP 0203, 033 (2002) [arXiv:hep-th/0202133].

[10] F. Katsumata, T. Takahashi and S. Zeze, “Marginal Deformations and Closed String Couplings in Open String Field Theory,” JHEP 0411, 050 (2004) [arXiv:hep-th/0409249].

[11] J. Kluson, “Exact solutions in SFT and marginal deformation in BCFT,” JHEP 0312, 050 (2003) [arXiv:hep-th/0303199].

[12] J. Kluson, “Exact solutions in open bosonic string field theory and marginal deformation in CFT,” Int. J. Mod. Phys. A 19, 4695 (2004) [arXiv:hep-th/0209255].

[13] A. Sen and B. Zwiebach, “Large marginal deformations in string field theory,” JHEP 0010, 009 (2000) [arXiv:hep-th/0007153].

[14] N. Berkovits, A. Sen and B. Zwiebach, “Tachyon condensation in superstring field theory,” Nucl. Phys. B 587, 147 (2000) [arXiv:hep-th/0002211].

[15] P. J. De Smet and J. Raeymaekers, “Level four approximation to the tachyon potential in superstring field theory,” JHEP 0005, 051 (2000) [arXiv:hep-th/0003220].

[16] A. Iqbal and A. Naqvi, “Tachyon condensation on a non-BPS D-brane,” arXiv:hep-th/0004015.

[17] K. Ohmori, “Tachyonic kink and lump-like solutions in superstring field theory,” JHEP 0105, 035 (2001) [arXiv:hep-th/0104230].

[18] A. Sen, “BPS D-branes on non-supersymmetric cycles,” JHEP 9812, 021 (1998) [arXiv:hep-th/9812031].

[19] J. Majumder and A. Sen, “Vortex pair creation on brane-antibrane pair via marginal deformation,” JHEP 0006, 010 (2000) [arXiv:hep-th/0003124].

[20] K. Ohmori, “On ghost structure of vacuum superstring field theory,” Nucl. Phys. B 648, 94 (2003) [arXiv:hep-th/0208009].

[21] Y. Michishita, “A covariant action with a constraint and Feynman rules for fermions in open superstring field theory,” JHEP 0501, 012 (2005) [arXiv:hep-th/0412215].

[22] I. Kishimoto and T. Takahashi, “Open string field theory around universal solutions,” Prog. Theor. Phys. 108, 591 (2002) [arXiv:hep-th/0205275].

[23] T. Takahashi, “Tachyon condensation and universal solutions in string field theory,” Nucl.

Phys. B 670, 161 (2003) [arXiv:hep-th/0302182].

[24] T. Takahashi and S. Zeze, “Gauge fixing and scattering amplitudes in string field theory around universal solutions,” Prog. Theor. Phys. 110 (2003) 159 [arXiv:hep-th/0304261].