arXiv:hep-th/0510242 v2 15 Nov 2005

TU-754 AS-ITP-2005-004

Twisted boundary states and representation of generalized fusion algebra

Hiroshi Ishikawa^1 and Taro Tani^{2 †}

1Department of Physics, Tohoku University Sendai 980-8578, JAPAN

2Interdisciplinary Center of Theoretical Studies Institute of Theoretical Physics Chinese Academy of Sciences Beijing 100080, CHINA

1ishikawa@tuhep.phys.tohoku.ac.jp
        2tani@itp.ac.cn

The mutual consistency of boundary conditions twisted by an automorphism group G of the chiral algebra is studied for general modular invariants of rational conformal field theories. We show that a consistent set of twisted boundary states associated with any modular invariant realizes a non-negative integer matrix representation (NIM-rep) of the generalized fusion algebra, an extension of the fusion algebra by representations of the twisted chiral algebra associated with the automorphism group G. We check this result for several concrete cases. In particular, we find that two NIM-reps of the fusion algebra for su(3)_k (k = 3, 5) are organized into a NIM-rep of the generalized fusion algebra for the chargeconjugation automorphism of su(3)_k . We point out that the generalized fusion algebra is non-commutative if G is non-abelian and provide some examples for G ∼= S_3. Finally, we give an argument that the graph fusion algebra associated with simple current extensions coincides with the generalized fusion algebra for the extended chiral algebra, and thereby explain that the graph fusion algebra contains the fusion algebra of the extended theory as a subalgebra.

†Address after September 2005: Kurume National College of Technology, 1-1-1 Komorino, Kurume 830- 8555, Japan. E-mail: tani@kurume-nct.ac.jp

1 Introduction

The classification of conformally invariant boundary states in two-dimensional conformal field theories (CFTs) is an interesting subject of research, both from the point of view of purely field theoretical problems and applications to condensed matter physics or string theory. In string theory, conformally invariant boundary states correspond to D-branes, which are considered to be submanifolds embedded in the target space of strings. The classification of boundary states is therefore the classification of D-branes, which might be helpful in understanding the nature of stringy geometry.

This classification problem of boundary states is hard to treat in full generality, and one would need some restriction on the problem to make it tractable. A natural choice for such a restriction is to consider only rational CFTs (RCFTs)^1 and boundary states that preserve the full chiral algebra of RCFTs. Actually, in a RCFT, every consistent set of boundary states should satisfy a set of simple algebraic equations, the so-called Cardy equation [1], if the full chiral algebra is preserved in the open-string channel. Finding a set of Cardy states, i.e., the states satisfying the Cardy equation, is equivalent to finding a non-negative integer matrix representation (NIM-rep) of the fusion algebra [2]^2 assuming that the set of boundary states is ‘complete’ in a sense of [3]. The classification of boundary states for this case is therefore related to the classification of NIM-reps of the fusion algebra [7].

Clearly, the boundary states preserving the full chiral algebra constitute only a subset of conformally invariant boundary states, since the chiral algebra in general contains the Virasoro algebra as a proper subalgebra. In order to obtain, and classify, more states other than those preserving the full chiral algebra, we need some way to reduce the symmetry preserved by boundary states in a controlled manner. One way to accomplish this is to modify (or ‘twist’) the boundary condition of the chiral currents by an automorphism group G of the chiral algebra. The corresponding ‘twisted boundary states’ preserve the Virasoro algebra if G keeps it fixed. The states preserving the full chiral algebra (the ‘untwisted’ states) correspond to the identity element of G and are considered to be a particular case of the twisted states. In this sense, the twisted states associated with the automorphism group G realize a generalization of untwisted states.

The classification problem of twisted boundary states is systematically studied by several groups [8, 9, 10, 11].^3 In particular, it is pointed out in [10] (see also [9, 15]) that the mutual consistency of twisted boundary states in the charge-conjugation modular invariant follows from the integrality of the structure constants of a certain algebra called the generalized fusion algebra. This algebra is defined by the fusion of representations of the twisted chiral algebra and hence contains, as a subalgebra, the ordinary fusion algebra consisting of only representations of the (untwisted) chiral algebra. This relation of twisted boundary states with the generalized fusion algebra is quite analogous to the relation of untwisted boundary states with the ordinary fusion algebra, and suggests that the generalized fusion algebra also

1For the current status of the research about non-rational cases, see e.g. [21].

2It should be noted that the Cardy condition is a necessary condition on boundary states [4, 5, 6]. Actually, there is a NIM-rep which does not give rise to any consistent boundary states, such as the tadpole NIM-rep of su(2)_{2n−1} (see e.g. [2, 7]).

3For the other approaches to boundary states with less symmetry, see, e.g., [12, 13, 14].

plays some role in the classification problem of twisted boundary states.

In this paper, we give an answer to the above question concerning the role of the generalized fusion algebra in the classification problem of twisted boundary states. Namely, we show that a set of mutually consistent twisted boundary states realizes a NIM-rep of the generalized fusion algebra. Our result is valid for any finite automorphism group including non-abelian ones. We point out that the generalized fusion algebra for a non-abelian automorphism group is non-commutative and provide some examples for the case of the symmetric group S_3. We develop the representation theory of the generalized fusion algebras and find their irreducible representations, which generalize quantum dimensions for the case of the ordinary fusion algebras. Unlike quantum dimensions, irreducible representations of the generalized fusion algebras are possible to have dimension greater than one, reflecting the non-commutativity of the generalized fusion algebras. We also point out that a NIM-rep of the generalized fusion algebra is decomposed into NIM-reps of the ordinary fusion algebra, since the former contains the latter as a subalgebra. As a check of our argument, we explicitly construct twisted boundary states in several concrete cases and show that their overlap matrices indeed form a NIM-rep of the corresponding generalized fusion algebra. In particular, we find that two NIM-reps of su(3)_k (k = 3, 5) are combined into a NIM-rep of the generalized fusion algebra of su(3)_k for the automorphism group {1, ω_c}, where ω_c is the charge-conjugation automorphism of su(3)_k. We also give an argument that some graph fusion algebra [19, 20, 2] can be regarded as the generalized fusion algebra. More precisely, we show that the graph fusion algebra associated with boundary states in a simple current extension [16] coincides with the generalized fusion algebra of the extended chiral algebra for an appropriate automorphism group. This result naturally explains the observation [19] that the graph fusion algebra contains the fusion algebra of the extended theory as a subalgebra.

An algebraic structure of twisted boundary states is also studied in [8, 9] and we should clarify the difference of our analysis from that of [8, 9]. In [8], the case that a chiral algebra A is obtained by a simple current extension is considered. In this setting, the unextended chiral algebra A_0 is characterized as the fixed point algebra of some finite abelian automorphism group G of A, which is the dual of the simple current group used in the extension. The authors of [8] classify boundary states that preserve A_0 in the charge-conjugation invariant of A using simple current techniques, and show that the states preserving A_0 can be regarded as the G-twisted states. They also show that the G-twisted boundary states correspond to one-dimensional representations of some commutative algebra called the classifying algebra [17]. In [9], the structure of twisted boundary states in the charge-conjugation invariant is investigated for an arbitrary chiral algebra, in particular untwisted affine Lie algebras, with the automorphism group G ∼= Z_2, and the corresponding generalized fusion algebra together with the classifying algebra are studied. Our stance on the problem is slightly different from these studies. We do not intend to construct twisted boundary states explicitly; rather we clarify a consistency condition of twisted states assuming their existence. We impose no restrictions on the model we consider. The charge-conjugation modular invariant, as well as an abelian automorphism group, is a particular case of our analysis. Finally, the expression [9] for the case of the Z_2 automorphism suggests that the classifying algebra in [8] is the dual of the generalized fusion algebra for abelian automorphism groups in the sense of C-algebras

[18, 19, 20], although we have no proof for this statement. Since this duality exchanges the irreducible representations with the elements of the algebra, the result of [8] is consistent with the observation [10, 15] that the twisted boundary states in the charge-conjugation invariant realize the generalized fusion algebra, which is the starting point of our analysis.

This paper is organized as follows. In the next section, we give the definition of the generalized fusion algebras using the twisted boundary states in the charge-conjugation modular invariant along the lines of [10]. The case of the affine Lie algebra so(8)_1 and its triality automorphism group is treated in detail. In Section 3, we show that the fusion coefficients of the generalized fusion algebras can be expressed in a form similar to the Verlinde formula even in the case of non-abelian automorphisms, and obtain the irreducible representations of the generalized fusion algebras. Based on this result, we show in Section 4 that the overlap matrices of mutually consistent twisted boundary states in any modular invariant form a NIM-rep of the generalized fusion algebra. Some examples including the case of non-abelian automorphisms are presented in Section 5. In Section 6, we argue the relation of graph fusion algebras with the generalized fusion algebras. The final section is devoted to discussions. In the appendices, we present the details of the calculation in our examples. In Appendix A, we give an explicit realization of the algebra embedding su(3)_3 ⊂ so(8)_1 and show that the charge-conjugation automorphism group {1, ω_c} of su(3) has a lift to so(8), which is isomorphic to the symmetric group S_3. In Appendix B, the generalized fusion algebra of su(3)_k (k = 3, 5) for the charge-conjugation automorphism group is determined and it is shown that the twisted boundary states associated with non-trivial modular invariants yield a NIM-rep of the generalized fusion algebra. The same calculation is done in Appendix C for su(3)^{⊕3}_1 and its permutation automorphism of three factors.

2 Generalized fusion algebra

In this section, we give a definition of the generalized fusion algebra for the chiral algebra A with the automorphism group G by using the cylinder amplitude for the (twisted) boundary states in the charge-conjugation modular invariant of A.

2.1 Untwisted boundary states and ordinary fusion algebra

We start from the construction of the untwisted boundary states and their relation with the ordinary fusion algebra [1].

Let I be the set of all the irreducible representations of the chiral algebra A. Since we consider only rational cases, I is a finite set. The vacuum representation of A is denoted by 0 ∈ I. For each λ ∈ I, the character χ_λ(q) of the representation λ is defined as

χ_λ(q) = Tr_{Hλ} q^{L0− c24} , (2.1)

where q = e^{2πiτ} , c is the central charge of the theory and the trace is taken in the irreducible representation space H_λ with the highest-weight λ. Under the modular transformation τ → −1/τ , the characters χ_λ(q) transform as follows

χ_λ(q) = ∑ μ∈I S_{λμ}χ_μ(q̃) (q̃ = e^{−2πi/τ} ) . (2.2)

The modular transformation matrix S is unitary and symmetric. The (ordinary) fusion algebra is an associative commutative algebra defined by the fusion of two representations in I, (λ) × (μ) = ∑ ν∈I N_{λμ}^ν (ν) (λ, μ ∈ I) , (2.3) where the fusion coefficients N_{λμ}^ν take values in non-negative integers and are related with the modular transformation matrix via the Verlinde formula [22], N_{λμ}^ν = ∑ σ∈I S_{λσ}S_{μσ} S_{νσ} S_{0σ} . (2.4)

A boundary state |α⟩ is a coherent state in the closed-string channel that preserves a half of the (super) conformal symmetry on the worldsheet. We also require that |α⟩ keep the full chiral algebra A. In terms of modes, the boundary condition can be written as

(W_n − (−1)^h ~W_{−n})|α⟩ = 0 , (2.5)

where W_n and ~W_{−n} are respectively the modes of the current W (z) of the holomorphic chiral algebra A with conformal dimension h and its counterpart ~W (z̄) of the anti-holomorphic chiral algebra ~A. For each λ ∈ I, we can construct a building block |(λ, λ^∗)⟩⟩ of boundary states satisfying (2.5), |(λ, λ^∗)⟩⟩ = 1 √ S_{0λ} ∑ N |λ; N⟩ ⊗ |λ; N⟩ ∈ H_λ ⊗ ~H_λ∗ , (2.6) which is called the Ishibashi state [23]. Here |λ; N⟩ is an orthonormal basis of the representation space H_λ and we denote by λ^∗ ∈ I the conjugate representation of λ ∈ I. This notation for Ishibashi states is slightly different from that used in other references, such as |λ⟩⟩. We adopt |(λ, λ^∗)⟩⟩, instead of |λ⟩⟩, to indicate explicitly that this state is composed of the states in H_λ ⊗ ~H_λ∗ with the highest-weight state |λ⟩ ⊗ |λ^∗⟩ of A × ~A. Since the boundary condition (2.5) is linear, multiplying |(λ, λ^∗)⟩⟩ by some constant still gives a solution to (2.5). The above normalization (2.6) is chosen so that the following equation is satisfied, ⟨⟨(λ, λ^∗)|q̃^{12 Hc} |(λ^′, λ^{′∗})⟩⟩ = δ_{λλ}′ 1 S_{0λ} ∑ N ⟨λ; N|q̃^{L0− c24} |λ; N⟩ = δ_{λλ}′ 1 S_{0λ} χ_λ(q̃) . (2.7)

Here H_c is the closed string Hamiltonian

H_c = L_0 + L̃_0 − c 12 (2.8)

and we used (L_0 − L̃_0)|(λ, λ^∗)⟩⟩ = 0 to eliminate L̃_0.

In order to find solutions to (2.5), we have to specify the spectrum of bulk fields, or equivalently the modular invariant Z = ∑ λ,μ∈I M_{λμ}χ_λχ_μ , (2.9)

where χ_λχ_μ corresponds to a bulk field Φ_{(λ,μ}∗_) which carries a representation (λ, μ^∗) of A× ~A. In (2.9), there are M_{λμ} fields with representation (λ, μ^∗) and we should distinguish them by putting an index like Φ_{(λ,μ}∗_{)i} if M_{λμ} > 1. In order to keep the notation simple, however, we omit the extra index i and simply use Φ_{(λ,μ}∗_) understanding that they appear in (2.9) with the multiplicity M_{λμ}. We denote by Spec(Z) the set of labels for bulk fields available in (2.9), Spec(Z) = {(λ, μ^∗) | Φ_{(λ,μ}∗_) exists in (2.9)} . (2.10)

Note that a symbol (λ, μ^∗) appears M_{λμ} times in Spec(Z) corresponding to M_{λμ} independent bulk fields with the label (λ, μ^∗). In this section, we restrict ourselves to the case of the charge-conjugation modular invariant

Z_c = ∑ λ∈I |χ_λ|^2 , (2.11)

for which the spectrum of bulk fields reads

Spec(Z_c) = {(λ, λ^∗) | λ ∈ I} . (2.12)

We have one Ishibashi state |(λ, λ^∗)⟩⟩ for each bulk field Φ_{(λ,λ}∗_). A general boundary state |α⟩ satisfying (2.5) are therefore a linear combination of |(λ, λ^∗)⟩⟩ (λ ∈ I), |α⟩ = ∑ λ∈I Ψ_{α(λ,λ}∗_)|(λ, λ^∗)⟩⟩ . (2.13) A consistent set of boundary states is obtained by considering the cylinder amplitude Z_{αβ} with boundary conditions α and β. This amplitude can be calculated in two ways: a closedstring propagation between two boundary states, and an open-string one-loop amplitude. In the closed-string channel, the cylinder amplitude can be expressed as Z_{αβ} = ⟨β|q̃^{12 Hc} |α⟩ , (2.14) where q̃ = e^{−2π/t} and t is the circumference of the cylinder. On the other hand, the calculation in the open-string channel yields Z_{αβ} = ∑ λ∈I (n_λ)_α^β χ_λ(q) , (2.15)

where q = e^{−2πt} and (n_λ)_α^β is the multiplicity of representation λ in the spectrum of open string with boundary condition [β, α]. Note that this form of open-string spectrum,

⨁ λ∈I (n_λ)_α^β H_λ, follows from the requirement that the boundary conditions α and β of open string preserve the chiral algebra A. Comparing two expressions for Z_{αβ} , one obtains ⟨β|q̃^{12 Hc} |α⟩ = ∑ λ∈I (n_λ)_α^β χ_λ(q) . (2.16)

The multiplicity (n_λ)_α^β takes values in non-negative integers. In particular, (n_0)_α^α = 1, since an open string with the same boundary condition at both ends should have the unique vacuum. We therefore obtain

⟨α|q̃^{12 Hc} |α⟩ = χ_0(q) + · · · , (2.17)

for any boundary state |α⟩. Clearly, the simplest situation is that the right-hand side contains only the vacuum character χ_0. We denote such a state by |0⟩,

⟨0|q̃^{12 Hc} |0⟩ = χ_0(q) . (2.18)

This state can be realized in the charge-conjugation modular invariant using the Ishibashi states, |0⟩ = ∑ λ∈I S_{0λ}|(λ, λ^∗)⟩⟩ . (2.19) One can check that this state has the desired overlap with itself, ⟨0|q̃^{12 Hc} |0⟩ = ∑ λ S_{0λ}S_{0λ} 1 S_{0λ} χ_λ(q̃) = ∑ λ S_{0λ}χ_λ(q̃) = χ_0(q) . (2.20)

The remaining states satisfying the boundary condition (2.5) are determined by requiring that their overlap with |0⟩ contain a single character χ_λ,

⟨0|q̃^{12 Hc} |λ⟩ = χ_λ(q) (λ ∈ I) . (2.21)

One can solve this equation to obtain |λ⟩ in the form |λ⟩ = ∑ μ∈I S_{λμ}|(μ, μ^∗)⟩⟩ . (2.22) Actually, the overlap of this state with |0⟩ yields χ_λ, ⟨0|q̃^{12 Hc} |λ⟩ = ∑ μ S_{0μ}S_{λμ} 1 S_{0μ} χ_μ(q̃) = ∑ μ S_{λμ}χ_μ(q̃) = χ_λ(q) . (2.23)

Taking the complex conjugation of this equation, we obtain the conjugate representation λ^∗ of λ ∈ I, ⟨λ|q̃^{12 Hc} |0⟩ = χ_λ∗ (q) . (2.24) One can relate the overlap of two boundary states with the fusion rule coefficients. Suppose that we have two open strings, one of which has the boundary condition [λ^∗, 0] and the other has [0, μ] (see Fig.1). The spectrum of these two can be calculated as

Figure 1: Joining two open strings with boundary condition [λ^∗, 0] and [0, μ] yields a string with [λ^∗, μ].

⟨λ^∗|q̃^{12 Hc} |0⟩ = χ_λ(q) , ⟨0|q̃^{12 Hc} |μ⟩ = χ_μ(q) . (2.25)

Since the boundary condition ‘0’ is common to both strings, one can join two strings at the boundary ‘0’ to yield a string with the boundary condition [λ^∗, μ]. The spectrum of this string can be determined by the fusion of the spectra of the initial strings. In the present case, this is nothing but the fusion of λ and μ. Hence we obtain ⟨λ^∗|q̃^{12 Hc} |μ⟩ = ∑ ν∈I N_{λμ}^ν χ_ν (q) . (2.26)

On the other hand, we can explicitly calculate the left-hand side using the Ishibashi states, ⟨λ^∗|q̃^{12 Hc} |μ⟩ = ∑ σ∈I S_λ∗_σS_{μσ} 1 S_{0σ} χ_σ(q̃) = ∑ σ∈I S_λ∗_σS_{μσ} 1 S_{0σ} ∑ ν∈I (S^{−1})_{σν} χ_ν (q)

= ∑ ν,σ∈I S_{λσ}S_{μσ} S_{νσ} S_{0σ} χ_ν (q) , (2.27)

where we used the unitarity of S and the property

S_{λμ} = S_λ∗_μ . (2.28)

Comparison of these two expressions for ⟨λ^∗|q̃^12^{Hc} |μ⟩ yields [1] the Verlinde formula (2.4).

2.2 Twisted boundary states and generalized fusion algebra

We next turn to the case of twisted boundary states and define the generalized fusion algebra [9, 10, 15].

Let G be a group of automorphisms of the chiral algebra A, which is in general a subgroup of the full automorphism group Aut(A). We restrict ourselves to the case that G is finite

(but not necessarily abelian). We also require that G fixes the Virasoro algebra in A. Then we can modify the boundary condition of the chiral algebra using ω ∈ G as follows,

(ω(W_n) − (−1)^h ~W_{−n})|α̃⟩ = 0 , (2.29)

which we call twisted boundary conditions while the condition (2.5) the untwisted one. This boundary condition preserves the conformal symmetry since G fixes the Virasoro algebra by assumption.

An automorphism ω ∈ G determines a unitary operator R(ω) on the representation space ⨁ λ∈I H_λ of A through the relation

ω(W_n) = R(ω)W_n R(ω)^{−1} . (2.30)

The operator R(ω) in general maps the representation space H_λ to the different one, which we denote by H_{ω(λ)}, R(ω) : H_λ → H_{ω(λ)} . (2.31)

Using this R(ω), the basis of solutions to (2.29) can be constructed from the Ishibashi states (2.6) for the untwisted condition (2.5) in the following manner, |(λ, μ^∗); ω⟩⟩ = R(ω)|(μ, μ^∗)⟩⟩ = 1 √ S_{0μ} ∑ N R(ω)|μ; N⟩ ⊗ |μ; N⟩ ∈ H_λ ⊗ ~H_μ∗ (λ = ω(μ)) , (2.32) where R(ω) acts only on the holomorphic sector and λ = ω(μ). One can verify that this state satisfies the twisted boundary condition (2.29) as follows (−1)^h ~W_{−n}|(λ, μ^∗); ω⟩⟩ = R(ω)(−1)^h ~W_{−n}|(μ, μ^∗)⟩⟩ = R(ω)W_n|(μ, μ^∗)⟩⟩ = R(ω)W_nR(ω)^{−1}R(ω)|(μ, μ^∗)⟩⟩ = ω(W_n)|(λ, μ^∗); ω⟩⟩ . (2.33)

We call these states |(λ, μ^∗); ω⟩⟩ twisted Ishibashi states. The untwisted one (2.6) can be considered as the particular case ω = 1 of twisted states. Note that the ω-twisted Ishibashi state |(λ, μ^∗); ω⟩⟩ exists if and only if λ = ω(μ).

The overlap of twisted Ishibashi states can be calculated in the same way as the untwisted case, ⟨⟨(λ, μ^∗); ω|q̃^{12 Hc} |(λ^′, μ^{′∗}); ω^′⟩⟩ = ⟨⟨(μ, μ^∗)|R(ω)^†q̃^{12 Hc} R(ω^′)|(μ^′, μ^{′∗})⟩⟩ = δ_{μμ}′ 1 S_{0μ} ∑ N ⟨μ; N|R(ω^{−1} ω^′)q̃^{L0− c24} |μ; N⟩ . (2.34)

Clearly, this expression vanishes unless ω^{−1}ω^′(μ) = μ, or equivalently ω^{−1}ω^′ ∈ S(μ), where S(μ) ⊂ G is the stabilizer of μ ∈ I, S(μ) = {ω ∈ G | ω(μ) = μ} . (2.35)

Using the relations λ = ω(μ) and λ^′ = ω^′(μ^′) = ω^′(μ), we can rewrite the condition ω^{−1}ω^′ ∈ S(μ) into that for λ and λ^′, λ^′ = ω^′(μ) = ωω^{−1}ω^′(μ) = ω(μ) = λ . (2.36) Conversely, λ = λ^′ implies ω^{−1}ω^′ ∈ S(μ), ω^{−1}ω^′(μ) = ω^{−1}(λ^′) = ω^{−1}(λ) = μ . (2.37) Putting these things together, we can express the overlap of twisted Ishibashi states in the following form ⟨⟨(λ, μ^∗); ω|q̃^{12 Hc} |(λ^′, μ^{′∗}); ω^′⟩⟩ = δ_{(λ,μ}∗_{)(λ}′_{,μ}′∗_) 1 S_{0μ} χ^{ω−1ω′}_μ (q̃) (λ = ω(μ), λ^′ = ω^′(μ^′)) , (2.38)

where χ^ω_μ (ω ∈ S(μ)) is the twining character [24] of A, χ^ω_μ (q) = Tr_{Hμ} R(ω)q^{L0− c24} . (2.39) As we have noted above, χ^ω_μ for a given μ ∈ I vanishes unless ω ∈ S(μ). Equivalently, for a given ω ∈ G, χ^ω_μ exists if and only if ω(μ) = μ. To express the condition for non-vanishing χ^ω_λ for a given ω ∈ G, we introduce a set I(ω) which consists of representations of A fixed by ω I(ω) = {λ ∈ I | ω(λ) = λ} . (2.40) It is useful to note that the following two conditions are equivalent, λ ∈ I(ω) ⇔ ω ∈ S(λ) . (2.41) Since the twisted Ishibashi state |(λ, μ^∗); ω⟩⟩ composed from the representation (λ, μ^∗) exists only when λ = ω(μ), the set of ω-twisted Ishibashi states available in the chargeconjugation invariant (2.11) have the form {|(λ, λ^∗); ω⟩⟩ | λ ∈ I(ω)} . (2.42) A general boundary state |α̃⟩ satisfying the boundary condition (2.29) in the charge-conjugation modular invariant is therefore expressed as follows, |α̃⟩ = ∑ λ∈I(ω) Ψ^ω_{α̃(λ,λ}∗_)|(λ, λ^∗); ω⟩⟩ . (2.43)

In order to determine the coefficients Ψ^ω_{α̃(λ,λ}∗_), we consider the cylinder amplitude ⟨0|q̃^{12 Hc} |α̃⟩ with boundary conditions 0 ∈ I and α̃. Since the boundary condition of the corresponding open string is twisted by ω at only one end (see Fig.2), the chiral algebra in the open-string channel is the twisted chiral algebra A^ω of A associated with ω ∈ G, which is generated by the currents of A with the twisted boundary condition, W (e^{2πi}z) = ω(W (z)) . (2.44)

The cylinder amplitude ⟨0|q̃^12^{Hc} |α̃⟩ is therefore expanded into the characters of A^ω.

We denote by I^ω the set of all the irreducible representations of the twisted chiral algebra A^ω and by χ~_λ the character of λ̃ ∈ I^ω. The modular transformation of χ~_λ can be expanded into the twining characters (2.39) of A. Actually, evaluating the cylinder amplitude ⟨0|q̃^{12 Hc} |α̃⟩ in the closed-string channel yields a linear combination of the overlap ⟨⟨(λ, λ^∗)|q̃^12^{Hc} |(λ, λ^∗); ω⟩⟩, which in turn provides the twining character χ^ω_λ (q̃) as we have shown in (2.38).^4 Accordingly, we can express the modular transformation of the character χ~_λ in the following form,

χ~_λ(q) = ∑ μ∈I(ω) S^ω_{λ̃μ}χ^ω_μ (q̃) (λ̃ ∈ I^ω) . (2.45)

The matrix S^ω relates the representations of A^ω with those of A fixed by ω. We assume that S^ω is unitary. In particular, two sets, I^ω and I(ω), have the same order, |I^ω| = |I(ω)|. This holds for many examples including the case of an affine Lie algebra of untwisted type with the diagram automorphism of its horizontal Lie algebra as an automorphism ω.^5 We can determine the coefficients of twisted Ishibashi states in a way parallel to the untwisted one, namely we require the condition

⟨0|q̃^{12 Hc} |λ̃⟩ = χ~_λ(q) (λ̃ ∈ I^ω) . (2.46)

In the same way as the untwisted case, twisted boundary states satisfying the above condition can be constructed using the modular transformation matrix of the chiral algebra in the open-string channel, this time A^ω, |λ̃⟩ = ∑ μ∈I(ω) S^ω_{λ̃μ}|(μ, μ^∗); ω⟩⟩ . (2.47) We can check this expression yields the desired overlap (2.46) with |0⟩, ⟨0|q̃^{12 Hc} |λ̃⟩ = ∑ μ∈I(ω) S_{0μ}S^ω_{λ̃μ} 1 S_{0μ} χ^ω_μ (q̃) = ∑ μ∈I(ω) S^ω_{λ̃μ}χ^ω_μ (q̃) = χ~_λ(q) . (2.48)

Having obtained the explicit form of the twisted states, one can calculate the overlap of the twisted state |μ̃⟩ (μ̃ ∈ I^ω) with generic untwisted states, ⟨λ^∗|q̃^{12 Hc} |μ̃⟩ = ∑ σ∈I(ω) S_λ∗_σS^ω_{μ̃σ} 1 S_{0σ} χ^ω_σ (q̃) = ∑ σ∈I(ω) S_λ∗_σS^ω_{μ̃σ} 1 S_{0σ} ∑ ν̃∈I^ω (S^ω)^{−1}_{σν̃} χ_{ν̃} (q)

= ∑ ν̃∈I^ω , σ∈I(ω) S_{λσ}S^ω_{μ̃σ} S^ω_{ν̃σ} S_{0σ} χ_{ν̃} (q) .

(2.49)

4This argument gives an explanation for the fact [24] that the twining character for an affine Lie algebra g^{(1)} with the diagram automorphism of its horizontal Lie algebra as an automorphism ω of order r can be expressed by characters of a twisted affine Lie algebra g^{′(r)}, since the modular transformation of characters of a twisted affine Lie algebra g^{(r)} is expanded into characters of a (generally different) twisted affine Lie algebra g^{′(r)} [32].

5A detailed study of the matrix S^ω for the case of ω^2 = 1 is given in [9].

Figure 2: Joining two open strings with boundary condition [λ^∗, 0] and [0, μ̃] yields a string with [λ^∗, μ̃]. The thick line stands for a twist by the automorphism ω ∈ G.

In the same way as the case of untwisted states, one can regard this as the fusion of two open strings, [λ^∗, 0] and [0, μ̃] (see Fig.2). The spectrum of these two strings contains only one representation, λ and μ̃, respectively. Therefore the spectrum of the joined string [λ^∗, μ̃] can be considered to express the fusion (λ)×(μ̃) of two representations, λ ∈ I and μ̃ ∈ I^ω. Since the string [λ^∗, μ̃] has a twist by ω at only one end μ̃, its spectrum consists of representations of the twisted chiral algebra A^ω. Hence one can conclude that the product (λ) × (μ̃) is expanded into representations of A^ω,

(λ) × (μ̃) = ∑ ν̃∈I^ω N_{λμ̃}^{ν̃} (ν̃) (λ ∈ I, μ̃ ∈ I^ω) . (2.50)

The coefficients N_{λμ̃}^{ν̃} express the multiplicity of representation (ν̃) in the product (λ) × (μ̃) and take values in non-negative integers. In terms of these coefficients, the overlap of untwisted states with twisted states can be written in the following form, ⟨λ^∗|q̃^{12 Hc} |μ̃⟩ = ∑ ν̃∈I^ω N_{λμ̃}^{ν̃} χ_{ν̃} (q) . (2.51)

Comparing this with the closed-string channel calculation (2.49), one can obtain a formula for N_{λμ̃}^{ν̃} ,

N_{λμ̃}^{ν̃} = ∑ ρ∈I(ω) S_{λρ}S^ω_{μ̃ρ}S^ω_{ν̃ρ} S_{0ρ} (λ ∈ I; μ̃, ν̃ ∈ I^ω) . (2.52)

The above result can be readily generalized to the fusion of two generic representations. To state the result in a concise form, we treat the untwisted states as the particular case ω = 1 of the twisted states, and introduce a set Î of all the representations of twisted chiral algebras A^ω for ω ∈ G, Î = ∐ ω∈G I^ω , (2.53)

which contains I = I^{ω=1} as a subset. We use a capital letter such as L for expressing an element of Î and denote the automorphism type of L ∈ Î by putting a subscript like ω_L ∈ G.

In this notation, the modular transformation, eqs.(2.2) and (2.45), of characters of A^ω can be written as follows, χ_L(q) = ∑ λ∈I(ω_L) S^{ωL}_{Lλ} χ^{ωL}_λ (q̃) (L ∈ Î) . (2.54)

If L is a representation of A, L ∈ I, the modular transformation matrix S^{ωL} is the ordinary S-matrix and the twining character χ^{ωL}_λ is nothing but the character χ_λ of A. The boundary states are labeled by the element of Î and take the form given in eqs.(2.22) and (2.47), |L⟩ = ∑ λ∈I(ω_L) S^{ωL}_{Lλ} |(λ, λ^∗); ω_L⟩⟩ (L ∈ Î) . (2.55)

The overlap of |L⟩ with the untwisted state |0⟩ yields the character χ_L in the open-string channel, ⟨0|q̃^{12 Hc} |L⟩ = χ_L(q) (L ∈ Î) , (2.56)

which means that the open string [0, L] has a spectrum consisting of only one representation L ∈ Î. Taking the complex conjugation of this equation, one obtains the spectrum of the string [L, 0]. Since the string [L, 0] has an orientation opposite to that of [0, L], its chiral algebra has a boundary condition twisted by ω^{−1}_L instead of ω_L. The spectrum of the string [L, 0] is therefore expanded into characters of A^{ω−1L} . Since the string [0, L] has only one representation, the spectrum of the string [L, 0] also consists of only one representation. We call this the conjugate representation of L and denote it by L^∗ ∈ I^{ω−1L} ⊂ Î,

⟨L|q̃^{12 Hc} |0⟩ = χ_L∗ (q) (L ∈ Î) . (2.57)

This generalizes the complex conjugation of ordinary representations (see (2.24)). Calculating the left-hand side of eq.(2.57) in terms of the Ishibashi states yields

χ_L∗ (q) = ∑ λ∈I(ω_L) S^{ωL}_{Lλ} χ^{ω−1L}_λ (q̃) . (2.58)

Comparing this with eq.(2.54), we obtain the following formula

S^{ωL}_{Lλ} = S^{ω−1L}_L∗_λ (L ∈ Î) , (2.59)

which reduces to eq.(2.28) for the case of ω_L = 1.

Since the spectrum of two open strings, [L^∗, 0] and [0, M], consists of only one representation, L and M, respectively, the spectrum of the joined string [L^∗, M] is given by the fusion of two representations L and M. From the expression given in eq.(2.55), one can calculate the overlap of |L^∗⟩ and |M⟩ as follows, ⟨L^∗|q̃^{12 Hc} |M⟩ = ∑ λ∈I(ω_L)∩I(ω_M ) S^{ω−1L}_L∗_λ S^{ωM}_{M λ} ⟨⟨(λ, λ^∗); ω^{−1}_L |q̃^{12 Hc} |(λ, λ^∗); ω_M ⟩⟩ = ∑ λ∈I(ω_L)∩I(ω_M ) S^{ωL}_{Lλ} S^{ωM}_{M λ} 1 S_{0λ} χ^{ωLωM}_λ (q̃) = ∑ λ∈I(ω_L)∩I(ω_M ) S^{ωL}_{Lλ} S^{ωM}_{M λ} 1 S_{0λ} ∑ N ∈I^{ωLωM} (S^{ωLωM} )^{−1}_{λN} χ_N (q)

= ∑ N ∈I^{ωL ωM} ∑ λ∈I(ω_L)∩I(ω_M ) S^{ωL}_{Lλ} S^{ωM}_{M λ}S^{ωLωM}_{N λ} S_{0λ} χ_N (q) ,

(2.60)

where we used the formula (2.38) and the unitarity of S^{ωLωM} . This equation shows that the fusion of two representations L and M (L, M ∈ Î) can be expanded into representations of the automorphism type ω_Lω_M ∈ G, which are also the elements of Î. Therefore the set Î is closed under the fusion of representations and forms an algebra

(L) × (M) = ∑ N ∈Î ^N_{LM}^N (N) , (2.61)

which generalizes the fusion algebra of ordinary untwisted representations. We call this the generalized fusion algebra and denote it by F(A; G).^6 The coefficients ^N_{LM}^N take values in non-negative integers and we call them the generalized fusion coefficients. As is shown in the overlap (2.60), the generalized fusion coefficients are given by the following formula ^N_{LM}^N = ∑ λ∈I(ω_L)∩I(ω_M ) S^{ωL}_{Lλ} S^{ωM}_{M λ}S^{ωN}_{N λ} S_{0λ} × δ_{ωLωM , ωN} , (2.62) which generalizes the Verlinde formula (2.4) for the ordinary fusion coefficients.

As we have argued above, the fusion of a representation L with M has the automorphism type ω_Lω_M and is given by a linear combination of the elements in I^{ωLωM} . An immediate consequence of this fact is that (L) × (M) ≠ (M) × (L) in general, since two sets I^{ωLωM} and I^{ωM ωL} are distinct from each other if ω_Lω_M ≠ ω_M ω_L. Therefore the generalized fusion algebra F(A; G) is non-commutative if the automorphism group G is non-abelian. In contrast to this, there seems to be no special reason for a generalized fusion algebra to be non-commutative for an abelian G. Actually, it follows from the definition (2.62) of the generalized fusion coefficients that (L) × (M) = (M) × (L) if ω_Lω_M = ω_M ω_L. In particular, F(A; G) is commutative if G is abelian. The ordinary fusion algebra F(A) corresponds to the trivial case F(A; {1}) and is hence commutative.

2.3 An example: generalized fusion algebras for so(8)_1

As an illustration of our argument, we give the explicit form of the generalized fusion algebra for the affine Lie algebra so(8)_1 and its triality automorphism group, which is iso-

6F stands for fusion.

morphic to the symmetric group S_3. Since S_3 is non-abelian, the generalized fusion algebra F(so(8)_1; S_3)^7 is non-commutative.

There are four irreducible representations for so(8)_1,

I = {O = Λ_0, V = Λ_1, S = Λ_3, C = Λ_4}, (2.63)

where Λ_i is the fundamental weight of so(8)_1 and each symbol stands for the vacuum, vector, spinor and conjugate spinor representation, respectively. The modular transformation matrix reads S = 1 2 1 1 1 1 1 1 −1 −1 1 −1 1 −1 1 −1 −1 1

, (2.64)

where the rows and the columns are ordered as (2.63).

The chiral algebra so(8)_1 has an automorphism group consisting of all the permutations of three legs of the Dynkin diagram for the horizontal subalgebra so(8) ⊂ so(8)_1, which is isomorphic to the symmetric group S_3. The automorphism group S_3 is generated by two elements π and σ, which act on the elements of I as π : V → S → C → V , O → O , σ : O → O , V → V , S → C → S . (2.65)

In terms of π and σ, the elements of S_3 can be expressed as follows, S_3 = ⟨π, σ⟩ = {1, π, π^2, σ, πσ, π^2σ} . (2.66) In order to obtain the generalized fusion algebra, we need to know twisted representations and their modular transformation for each element of S_3. For π and π^2, the fixed point set of the automorphism consists of a single element

I(π) = I(π^2) = {O} . (2.67)

Correspondingly, there is only one representation for each twisted chiral algebra, which is isomorphic to the twisted affine Lie algebra D^{(3)}_4 at level 1. (The irreducible representations and their modular transformation matrix for the affine Lie algebra D^{(r)}_4 (r = 1, 2, 3) are presented, e.g., in [25].) We denote the twisted representations for π and π^2 as follows,

I^π = {(0)_π } , I^{π2} = {(0)_π2 } . (2.68)

The modular transformation matrix in this case is simply a number

S^π = (1) , S^{π2} = (1) . (2.69)

There are two representations fixed by σ ∈ S_3, I(σ) = {O, V } . (2.70) 7For brevity, we denote the automorphism group itself by S_3.

The twisted chiral algebra for this case is isomorphic to D^{(2)}_4 at level 1. There are two representations of the twisted chiral algebra for σ, which we denote as

I^σ = {(0)_σ , (1)_σ } . (2.71)

The modular transformation matrix reads

S^σ = 1 √ 2 ( 1 1 1 −1 ) . (2.72)

For the other elements πσ and π^2σ, one can proceed in the same way as σ to obtain

I(πσ) = {O, C} , I^{πσ} = {(0)_{πσ} , (1)_{πσ} } , (2.73) I(π^2σ) = {O, S} , I^{π2σ} = {(0)_π2_σ , (1)_π2_σ} . (2.74)

The modular transformation matrix is the same as that for σ,

S^{πσ} = S^{π2 σ} = S^σ . (2.75)

Consequently, the set Î of all the twisted representations consists of 12 elements,

|Î| = |I| + |I^π| + |I^{π2} | + |I^σ| + |I^{πσ} | + |I^{π2σ}| = 4 + 1 + 1 + 2 + 2 + 2 = 12 . (2.76)

Since all the modular transformation matrices are real, the relation (2.59) implies that the representations in I, I^σ, I^{πσ} and I^{π2 σ} are self-conjugate. On the other hand, for the representations in I^π and I^{π2} , the conjugation changes the automorphism type, (0)^∗_π = (0)_π2 , since π^{−1} = π^2.

Having obtained twisted representations and their modular transformation matrices, it is straightforward to calculate the generalized fusion coefficients of F(so(8)_1; S_3) using the formula (2.62). For example, the coefficient ^N_{(0)π(0)σ}^{(0)πσ} can be obtained as follows,

^N_{(0)π (0)σ}^{(0)}πσ = ∑ λ∈I(π)∩I(σ) S^π_{(0)π λ} S^σ_{(0)σ λ} S^{πσ}_{(0)πσ λ} S_{Oλ} = S^π_{(0)π O} S^σ_{(0)σ O} S^{πσ}_{(0)πσ O} S_{OO} = 1 . (2.77)

The other cases can be calculated in the same manner; we give the result in Table 1. As this table shows explicitly, the generalized fusion algebra F(so(8)_1; S_3) is non-commutative. For instance, the fusion of (0)_π with (0)_σ yields

(0)_π × (0)_σ = (0)_{πσ} + (1)_{πσ} , (0)_σ × (0)_π = (0)_π2_σ + (1)_π2_σ .

(2.78)

Since π^2σ ≠ πσ, these two expressions are distinct from each other, namely (0)_σ × (0)_π ≠ (0)_π × (0)_σ , which shows the non-commutativity of this algebra. One can also check the associativity of this algebra, for example,

(0)_π × ( (0)_π × (0)_σ ) = (0)_π × (0)_{πσ} + (0)_π × (1)_{πσ} = 2 (0)_π2_σ + 2 (1)_π2_σ , ( (0)_π × (0)_π ) × (0)_σ = 2 (0)_π2 × (0)_σ = 2 (0)_π2_σ + 2 (1)_π2_σ .

(2.79)

O V S C (0)_π (0)_π2 O O V S C (0)_π (0)_π2 V V O C S (0)_π (0)_π2 S S C O V (0)_π (0)_π2 C C S V O (0)_π (0)_π2 (0)_π (0)_π (0)_π (0)_π (0)_π 2 (0)_π2 O + V + S + C (0)_π2 (0)_π2 (0)_π2 (0)_π2 (0)_π2 O + V + S + C 2 (0)_π (0)_σ (0)_σ (0)_σ (1)_σ (1)_σ (0)_π2_σ + (1)_π2_σ (0)_{πσ} + (1)_{πσ} (1)_σ (1)_σ (1)_σ (0)_σ (0)_σ (0)_π2_σ + (1)_π2_σ (0)_{πσ} + (1)_{πσ} (0)_{πσ} (0)_{πσ} (1)_{πσ} (1)_{πσ} (0)_{πσ} (0)_σ + (1)_σ (0)_π2_σ + (1)_π2_σ (1)_{πσ} (1)_{πσ} (0)_{πσ} (0)_{πσ} (1)_{πσ} (0)_σ + (1)_σ (0)_π2_σ + (1)_π2_σ (0)_π2_σ (0)_π2_σ (1)_π2_σ (0)_π2_σ (1)_π2_σ (0)_{πσ} + (1)_{πσ} (0)_σ + (1)_σ (1)_π2_σ (1)_π2_σ (0)_π2_σ (1)_π2_σ (0)_π2_σ (0)_{πσ} + (1)_{πσ} (0)_σ + (1)_σ

(0)_σ (1)_σ (0)_{πσ} (1)_{πσ} (0)_π2_σ (1)_π2_σ O (0)_σ (1)_σ (0)_{πσ} (1)_{πσ} (0)_π2_σ (1)_π2_σ V (0)_σ (1)_σ (1)_{πσ} (0)_{πσ} (1)_π2_σ (0)_π2_σ S (1)_σ (0)_σ (1)_{πσ} (0)_{πσ} (0)_π2_σ (1)_π2_σ C (1)_σ (0)_σ (0)_{πσ} (1)_{πσ} (1)_π2_σ (0)_π2_σ (0)_π (0)_{πσ} + (1)_{πσ} (0)_{πσ} + (1)_{πσ} (0)_π2_σ + (1)_π2_σ (0)_π2_σ + (1)_π2_σ (0)_σ + (1)_σ (0)_σ + (1)_σ (0)_π2 (0)_π2_σ + (1)_π2_σ (0)_π2_σ + (1)_π2_σ (0)_σ + (1)_σ (0)_σ + (1)_σ (0)_{πσ} + (1)_{πσ} (0)_{πσ} + (1)_{πσ} (0)_σ O + V S + C (0)_π2 (0)_π2 (0)_π (0)_π (1)_σ S + C O + V (0)_π2 (0)_π2 (0)_π (0)_π (0)_{πσ} (0)_π (0)_π O + C V + S (0)_π2 (0)_π2 (1)_{πσ} (0)_π (0)_π V + S O + C (0)_π2 (0)_π2 (0)_π2_σ (0)_π2 (0)_π2 (0)_π (0)_π O + S V + C (1)_π2_σ (0)_π2 (0)_π2 (0)_π (0)_π V + C O + S

Table 1: Multiplication table of the generalized fusion algebra F(so(8)_1; S_3). The subscripts stand for the automorphism type of twisted representations. Since σπ = π^2σ ≠ πσ, this algebra is non-commutative.

A proof for the associativity of the generalized fusion algebras is given in the next section.

The generalized fusion algebra F(so(8)_1; S_3) contains non-trivial subalgebras other than the ordinary fusion algebra F(so(8)_1). Actually, a subalgebra of F(so(8)_1; S_3) exists for each subgroup of S_3, {1}, ⟨σ⟩, ⟨πσ⟩, ⟨π^2σ⟩, ⟨π⟩ = A_3 ∼= Z_3 . (2.80) For example, corresponding to the three elements {1, π, π^2} of the alternating group A_3 ⊂ S_3, the representations in I, I^π and I^{π2} form a subalgebra which we denote as F(so(8)_1; A_3). The generalized fusion algebra F(so(8)_1; S_3) is then decomposed into representations of F(so(8)_1; A_3). Indeed, from Table 1, one can check that the set I^σ ∐ I^{πσ} ∐ I^{π2σ} is invariant under the action of F(so(8)_1; A_3) and hence gives a representation of it. Together with the regular representation of F(so(8)_1; A_3) on I ∐ I^π ∐ I^{π2} , we eventually obtain two representations of F(so(8)_1; A_3) from the decomposition of the regular representation of F(so(8)_1; S_3).

3 Irreducible representations

For ordinary fusion algebras, the formula (2.62) for the generalized fusion coefficients reduces to the ordinary Verlinde formula

N_{LM}^N = ∑ λ∈I S_{Lλ}S_{M λ}S_{N λ} S_{0λ} , (3.1)

from which one can show that the generalized quantum dimension

b_λ(L) = S_{Lλ} S_{0λ} (λ ∈ I) (3.2)

realizes a one-dimensional representation of the fusion algebra F(A),

b_λ(L)b_λ(M) = ∑ N ∈I N_{LM}^N b_λ(N) . (3.3)

The aim of this section is to extend this result to the case of the generalized fusion algebra F(A; G) for a general finite group G. As we shall show below, we have irreducible representations with dimension greater than 1 due to the non-commutativity of F(A; G) if G is non-abelian.

We start our analysis by introducing a new basis for twining characters. Namely, we define the following linear combination

χ^{ab}_{(λ;ρ)}(q) = √ dim ρ |S(λ)| ∑ ω∈S(λ) ρ^{ab}(ω) χ^ω_λ(q) = √ dim ρ |S(λ)| Tr_λ ( ∑ ω∈S(λ) R(ρ^{ab}(ω) ω) q^{L0− c24} ) . (3.4)

Here S(λ) ⊂ G is the stabilizer of λ defined in (2.35), and ρ ∈ Irr(S(λ)) is a unitary irreducible representation of S(λ), ρ(ω) = ( ρ^{ab}(ω) ) 1≤ a, b ≤n ∈ U(n; C ) (n = dim ρ) . (3.5)

The set {χ^{ab}_{(λ;ρ)} | ρ ∈ Irr(S(λ)); 1 ≤ a, b ≤ dim ρ} forms a basis for the twining characters of λ ∈ I. Actually, one can express χ^ω_λ in terms of χ^{ab}_{(λ;ρ)},

χ^ω_λ(q) = 1 √ |S(λ)| ∑ ρ∈Irr(S(λ)) 1≤a,b≤dim ρ √ dim ρ ρ^{ab}(ω) χ^{ab}_{(λ;ρ)}(q) . (3.6)

Here we used the orthogonality relations for matrix elements of irreducible representations 1 |H| ∑ h∈H ρ^{ab}_i (h) ρ^{cd}_j (h) = δ_{ij} δ^{ac}δ^{bd} dim ρ_i

(ρ_i, ρ_j ∈ Irr(H)), (3.7a) 1 |H| ∑ ρ∈Irr(H) 1≤a,b≤dim ρ (dim ρ) ρ^{ab}(h) ρ^{ab}(h^′) = δ_{hh}′ (h, h^′ ∈ H) , (3.7b)

which hold for any finite group H.

In terms of χ^{ab}_{(λ;ρ)}, the modular transformation of the character χ_L (L ∈ Î) can be expressed as follows,

χ_L(q) = ∑ λ∈I(ω_L) S^{ωL}_{Lλ} χ^{ωL}_λ (q̃) = ∑ λ∈I(ω_L) S^{ωL}_{Lλ} 1 √ |S(λ)| ∑ ρ∈Irr(S(λ)) 1≤a,b≤dim ρ √ dim ρ ρ^{ab}(ω_L) χ^{ab}_{(λ;ρ)}(q̃)

= ∑ λ∈I(ω_L) ∑ ρ∈Irr(S(λ)) 1≤a,b≤dim ρ S^{ωL}_{Lλ} √ dim ρ |S(λ)| ρ^{ab}(ω_L) χ^{ab}_{(λ;ρ)}(q̃) . (3.8)

We write this in the following form,

χ_L(q) = ∑ (λ;ρ)∈Î^∗ ∑ 1≤a,b≤dim ρ Ŝ^{ab}_{L(λ;ρ)}χ^{ab}_{(λ;ρ)}(q̃) . (3.9)

Here the set Î^∗ and the matrix Ŝ are defined as follows,

Î^∗ = {(λ; ρ) | λ ∈ I; ρ ∈ Irr(S(λ))} , (3.10) Ŝ^{ab}_{L(λ;ρ)} = { S^{ωL}_{Lλ} √_{dim ρ} |S(λ)| ρ ab(ω_L) (λ ∈ I(ω_L), ρ ∈ Irr(S(λ))) , 0 (λ /∈ I(ω_L)). (3.11)

We call Ŝ the generalized S-matrix of the chiral algebra A. This matrix Ŝ is square since |Î| = ∑ ω∈G |I^ω| = ∑ ω∈G |I(ω)| = ∑ λ∈I |S(λ)| = ∑ λ∈I ∑ ρ∈Irr(S(λ)) (dim ρ)^2 = ∑ (λ;ρ)∈Î^∗ (dim ρ)^2 . (3.12)

Moreover, Ŝ is unitary, ∑ (λ;ρ)∈Î^∗;a,b Ŝ^{ab}_{L(λ;ρ)} Ŝab_{M (λ;ρ)} = ∑ λ∈I(ω_L)∩I(ω_M ) S^{ωL}_{Lλ} S^{ωM}_{M λ} ∑ ρ∈Irr(S(λ)) ∑ a,b dim ρ |S(λ)| ρ^{ab}(ω_L)ρ^{ab}(ω_M ) = ∑ λ∈I(ω_L) S^{ωL}_{Lλ} S^{ωL}_{M λ} × δ_{ωLωM} = δ_{LM} , (3.13)

where we used the orthogonality relation (3.7b). The same matrix for the case of G ∼= Z_2 is found in [9, 10].

One can express the generalized fusion coefficients (2.62) in a form completely parallel to the ordinary Verlinde formula (3.1) using the generalized S-matrix (3.11) in place of the ordinary S-matrix. Namely, we can prove the following formula ^N_{LM}^N = ∑ (λ;ρ)∈Î^∗;a,b,c Ŝab_{L(λ;ρ)}Ŝbc_{M (λ;ρ)}Ŝac_{N (λ;ρ)} Ŝ11_{0(λ;ρ)} . (3.14)

This can be readily checked by a straightforward calculation,

r.h.s. of (3.14) = ∑ λ∈I(ω_L)∩I(ω_M )∩I(ω_N ) S^{ωL}_{Lλ} S^{ωM}_{M λ} S^{ωN}_{N λ} S_{0λ} ∑ ρ∈Irr(S(λ)) ∑ a,b,c dim ρ |S(λ)| ρ^{ab}(ω_L)ρ^{bc}(ω_M )ρ^{ac}(ω_N )

= ∑ λ∈I(ω_L)∩I(ω_M )∩I(ω_N ) S^{ωL}_{Lλ} S^{ωM}_{M λ} S^{ωN}_{N λ} S_{0λ} ∑ ρ∈Irr(S(λ)) ∑ a dim ρ |S(λ)| ρ^{aa}(ω_Lω_M ω^{−1}_N )

= ∑ λ∈I(ω_L)∩I(ω_M ) S^{ωL}_{Lλ} S^{ωM}_{M λ} S^{ωN}_{N λ} S_{0λ} × δ_{ωLωM ,ωN} = ^N_{LM}^N ,

(3.15)

where we used the orthogonality relation (3.7b) for h^′ = 1. We call eq.(3.14) the generalized Verlinde formula.

The similarity of eq.(3.14) to the ordinary Verlinde formula (3.1) suggests that the quantum dimension (3.2) is also generalized to the case of generalized fusion algebras. Actually, one can prove the following

b_{(λ;ρ)}(L) b_{(λ;ρ)}(M) = ∑ N ∈Î ^N_{LM}^N b_{(λ;ρ)}(N) , (3.16)

where b_{(λ;ρ)}(L) is a matrix defined as

b_{(λ;ρ)}(L) = ( Ŝab_{L(λ;ρ)} Ŝ11_{0(λ;ρ)} ) 1≤a,b≤n ∈ M_n(C ) (n = dim ρ, (λ; ρ) ∈ Î^∗) . (3.17)

The proof of eq.(3.16) is straightforward, ∑ N ∈Î ^N_{LM}^N b^{ab}_{(λ;ρ)}(N) = ∑ N ∈Î ∑ (λ^′;ρ^′)∈Î^∗;a^′,b^′,c^′ Ŝ^{a′b′}_{L(λ′;ρ′)}Ŝ^{b′c′}_{M (λ′;ρ′)}Ŝa^′c^′_{N (λ′;ρ′ )} Ŝ11_{0(λ′;ρ′ )} Ŝ^{ab}_{N (λ;ρ)} Ŝ11_{0(λ;ρ)} = ∑ (λ^′;ρ^′)∈Î^∗;a^′,b^′,c^′ Ŝ^{a′b′}_{L(λ′;ρ′)}Ŝ^{b′c′}_{M (λ′;ρ′)} Ŝ11_{0(λ′;ρ′)}Ŝ11_{0(λ;ρ)} δ^{λ′λ}δ^{ρ′ρ}δ a^′aδc^′b

= ∑ b^′ Ŝab^′_{L(λ;ρ)} Ŝ11_{0(λ;ρ)} Ŝb^′b_{M (λ;ρ)} Ŝ11_{0(λ;ρ)} = ∑ b^′ b^{ab′}_{(λ;ρ)}(L) b^{b′b}_{(λ;ρ)}(M) .

(3.18)

The above equation (3.16) means that b_{(λ;ρ)} defined in (3.17) realizes a representation of the generalized fusion algebra F(A; G) by linearly extending its action on the basis (L) to the entire algebra. For the case of ordinary fusion algebras, b_{(λ;ρ)} reduces to the quantum dimension b_λ since the generalized S-matrix Ŝ coincides with the ordinary S-matrix for ordinary fusion algebras. Therefore b_{(λ;ρ)} actually gives a generalization of the one-dimensional representations b_λ to the case of generalized fusion algebras.

Since we define the generalized fusion algebra by products of the boundary vertex operators, we can expect that the generalized fusion algebra is associative. However the associativity is not manifest from the definition (2.62) of the generalized fusion coefficients and its proof is desirable. Let ^N_L be a matrix ( ^N_L)_M^N = ^N_{M L}^N . The associativity of the generalized fusion algebra is equivalent with the following condition for ^N_L, ^N_L ^N_M = ∑ N ∈Î ^N_{LM}^N ^N_N . (3.19)

One can easily see that this follows from the generalized Verlinde formula (3.14). First note that

( ^N_L)_M^N = ^N_{M L}^N = ∑ (λ;ρ);a,b ∑ (λ^′;ρ^′);a^′,b^′ Ŝ^{ab}_{M (λ;ρ)} δ_{λλ′} δ_{ρρ′} δ^{aa′} Ŝ^{bb′}_{L(λ;ρ)} Ŝ11_{0(λ;ρ)} Ŝa^′b^′_{N (λ′;ρ′)}

= ∑ (λ;ρ);a,b ∑ (λ^′;ρ^′);a^′,b^′ Ŝ^{ab}_{M (λ;ρ)} δ_{λλ′} δ_{ρρ′} δ^{aa′} b^{bb′}_{(λ;ρ)}(L) Ŝa^′b^′_{N (λ′;ρ′)}

= [ Ŝ ⨁ (λ;ρ) ( b_{(λ;ρ)}(L) ⊕ · · · ⊕ b_{(λ;ρ)}(L)

(dim ρ) terms )^ S^† ]_N M , (3.20)

which shows that the matrix ^N_L is similar to a direct sum of b_{(λ;ρ)}(L). The equation (3.19) is an immediate consequence of this fact since b_{(λ;ρ)}(L) satisfies the generalized fusion algebra (3.16) for all (λ; ρ) ∈ Î^∗. The generalized fusion algebra is therefore associative and the matrix ^N_L realizes the (right) regular representation of the generalized fusion algebra.

We next show the mutual independence, in particular irreducibility, of b_{(λ;ρ)} for (λ; ρ) ∈ Î ∗. To see this, we use the explicit form of b_{(λ;ρ)}(L),

b_{(λ;ρ)}(L) = {_{SωLLλ} S_{0λ} ρ(ωL) (ωL ∈ S(λ)) , 0 (otherwise) ,

(3.21)

which follows from eq.(3.11). Suppose that b_{(λ;ρ)} is reducible. Then there exists a matrix X such that Xb_{(λ;ρ)}(L)X^{−1} = ( ∗ ∗ 0 ∗ ) for all L ∈ Î . (3.22)

However this implies that ρ ∈ Irr(S(λ)) is also reducible, since there exists at least one representation L ∈ I^ω for each ω ∈ S(λ) such that S^ω_{Lλ} ≠ 0 and ρ(ω) =^{S0λ}_{SωLλ} b_{(λ;ρ)}(L). This contradiction proves that b_{(λ;ρ)} is irreducible for all (λ; ρ) ∈ Î^∗.

In order to show the mutual independence of b_{(λ;ρ)}, we introduce the character of b_{(λ;ρ)},

b̂_{(λ;ρ)}(L) = ∑ a b^{aa}_{(λ;ρ)}(L) = {_{SωLLλ} S_{0λ} ψ(ωL) (ωL ∈ S(λ)) , 0 (otherwise) ,

(3.23)

where ψ is the group character of the representation ρ ∈ Irr(S(λ)). These characters satisfy the following orthogonality relation ∑ L∈Î b̂_{(λ;ρ)}(L) b̂_{(λ′;ρ′)}(L) = ∑ a,b ∑ L Ŝ^{aa}_{L(λ;ρ)} Ŝ11_{0(λ;ρ)} Ŝbb_{L(λ′;ρ′)} Ŝ11_{0(λ′;ρ′)} = ∑ a δ_{λλ}′ δ_{ρρ}′ δ^{aa} (S_{0λ})^{2 dim ρ}_{|S(λ)|} = δ_{λλ}′ δ_{ρρ}′ 1 |S(λ)| (S0λ) 2 . (3.24)

Suppose that two representations b_{(λ;ρ)} and b_{(λ}′_{;ρ}′_) are similar, i.e., there exists a matrix Y such that b_{(λ;ρ)}(L) = Y b_{(λ}′_{;ρ}′_)(L)Y^{−1} for all L ∈ Î . (3.25)

Then the corresponding characters are the same, b̂_{(λ;ρ)}(L) = b̂_{(λ}′_{;ρ}′_)(L). However this implies that (λ; ρ) = (λ^′; ρ^′) since ∑ L∈Î b̂_{(λ;ρ)}(L) b̂_{(λ′;ρ′)}(L) = ∑ L |b̂_{(λ;ρ)}(L)|^2 > 0 (3.26)

which is not possible for (λ; ρ) ≠ (λ^′; ρ^′) from the orthogonality relation (3.24). Therefore two representations b_{(λ;ρ)} and b_{(λ}′_{;ρ}′_) are distinct if (λ; ρ) ≠ (λ^′; ρ^′). To summarize, we have shown that {b_{(λ;ρ)}|(λ; ρ) ∈ Î^∗} is a set of mutually independent irreducible representations of the generalized fusion algebra.

We illustrate our results by the generalized fusion algebra F(so(8)_1; S_3) presented in Section 2.3. The stabilizer (2.35) for the representations (2.63) of so(8)_1 is determined from the action (2.65) of S_3 on the representations, S(O) = S_3 , S(V ) = {1, σ} , S(S) = {1, π^2σ} , S(C) = {1, πσ} . (3.27)

1 π π^2 σ πσ π^2σ

ρ_0 1 1 1 1 1 1

ρ_1 1 1 1 −1 −1 −1

ρ_2 ( 1 0 0 1 ) ( κ 0 0 κ̄ ) ( κ̄ 0 0 κ ) ( 0 1 1 0 ) ( 0 κ κ̄ 0 ) ( 0 κ̄ κ 0 )

Table 2: Irreducible representations ρ_0, ρ_1, ρ_2 of the symmetric group S_3 = ⟨π, σ⟩. κ is a

cube root of 1, κ = e^{2πi3} .

The stabilizers for V, S, C are isomorphic to Z_2, for which there are two irreducible repre-

sentations. We denote them as ρ_± ∈ Irr(Z_2), which are defined for the case of S(V ) as

ρ_±(1) = 1 , ρ_±(σ) = ±1 . (3.28)

For the symmetric group S_3, there are three irreducible representations, ρ_0, ρ_1 and ρ_2, two

of which are one-dimensional while the remaining one is two-dimensional (see Table 2).

Accordingly, the set Î^∗ in (3.10) takes the form Î^∗ = {(λ; ρ) | λ ∈ I; ρ ∈ Irr(S(λ))} = {(O; 0), (O; 1), (O; 2), (V ; +), (V ; −), (S; +), (S; −), (C; +), (C; −)} ,

(3.29)

where we write ρ_a (a = 0, 1, 2; ±) as a for simplicity. The generalized S-matrix (3.11), which

is a 12 × 12 matrix in the present case, is then obtained in the following form,

Ŝ = 1 2 √ 6 × (O; 0) (O; 1) (O; 2)_{11} (O; 2)_{22} (O; 2)_{12} (O; 2)_{21} (V ; +) (V ; −) (S; +) (S; −) (C; +) (C; −)

O 1 1 √ 2 √ 2 0 0 √ 3 √ 3 √ 3 √ 3 √ 3 √ 3 V 1 1 √ 2 √ 2 0 0 √ 3 √ 3 − √ 3 − √ 3 − √ 3 − √ 3 S 1 1 √ 2 √ 2 0 0 − √ 3 − √ 3 √ 3 √ 3 − √ 3 − √ 3 C 1 1 √ 2 √ 2 0 0 − √ 3 − √ 3 − √ 3 − √ 3 √ 3 √ 3 (0)_π 2 2 √ 8κ √ 8κ̄ 0 0 0 0 0 0 0 0

(0)_π2 2 2 √ 8κ̄ √ 8κ 0 0 0 0 0 0 0 0

(0)_σ √ 2 − √ 2 0 0 2 2 √ 6 − √ 6 0 0 0 0

(1)_σ √ 2 − √ 2 0 0 2 2 − √ 6 √ 6 0 0 0 0

(0)_{πσ} √ 2 − √ 2 0 0 2κ 2κ̄ 0 0 0 0 √ 6 − √ 6 (1)_{πσ} √ 2 − √ 2 0 0 2κ 2κ̄ 0 0 0 0 − √ 6 √ 6 (0)_π2_σ √ 2 − √ 2 0 0 2κ̄ 2κ 0 0 √ 6 − √ 6 0 0

(1)_π2_σ √ 2 − √ 2 0 0 2κ̄ 2κ 0 0 − √ 6 √ 6 0 0

,

(3.30) where κ = e^{2πi}3 . One can readily check that this matrix is unitary and that the generalized Verlinde formula (3.14) reproduces the generalized fusion coefficients of F(so(8)_1; S_3) given in Table 1. From this matrix Ŝ, one can construct the irreducible representations (3.17) of F(so(8)_1; S_3). We give the result in Table 3. From this table, one can check that b_{(λ;ρ)}(L) ((λ; ρ) ∈ Î^∗) indeed satisfies the generalized fusion algebra in Table 1 and realizes a representation of F(so(8)_1; S_3).

Before concluding this section, we comment on the case that the automorphism group G is abelian. Since all the irreducible representations are one-dimensional for an abelian G, the representation matrix ρ(ω) has only one component ρ^{11}(ω). Therefore we can omit the suffix and write ρ(ω) instead of ρ^{11}(ω). This enables us to express the formulas we have given above in a simple form. First, the basis (3.4) of twining characters and its modular transformation can be written as follows,

χ_{(λ;ρ)}(q) = 1 √ |S(λ)| ∑ ω∈S(λ) ρ(ω) χ^ω_λ (q) , (3.31)

χ_L(q) = ∑ (λ;ρ)∈Î^∗ Ŝ_{L(λ;ρ)}χ_{(λ;ρ)}(q̃) , (3.32)

where the generalized S-matrix is defined as

Ŝ_{L(λ;ρ)} = { S^{ωL}_{Lλ}^1√_{|S(λ)|} ρ(ω_L) (λ ∈ I(ω_L), ρ ∈ Irr(S(λ))) , 0 (λ /∈ I(ω_L)). (3.33)

The generalized Verlinde formula (3.14) then takes the form ^N_{LM}^N = ∑ (λ;ρ)∈Î^∗ Ŝ_{L(λ;ρ)}Ŝ_{M (λ;ρ)}Ŝ_{N (λ;ρ)} Ŝ_{0(λ;ρ)} . (3.34)

For G ∼= Z_2, the generalized S-matrix (3.33) and the generalized Verlinde formula (3.34) reproduce the result given in [9, 10]. The matrix Ŝ is denoted as S̃ in [9], which is considered to be a particular case of the same matrix in [8] for a general finite abelian G. This suggests that two matrices Ŝ in (3.33) and S̃ in [8] are the same, although we have no proof for this statement. If this is the case, the classifying algebra in [8] is the dual of the generalized fusion algebra (3.34) in the sense of C-algebras [18, 19, 20] with the structure constants M_{(λ;ρ)(λ}′_{;ρ}′_)^{(λ′′;ρ′′)} = ∑ L∈Î Ŝ_{L(λ;ρ)}Ŝ_{L(λ′;ρ′)}Ŝ_{L(λ′′;ρ′′)} Ŝ_{L(0;ρ0)} , (3.35)

where ρ_0 is the identity representation ρ_0(ω) = 1 (∀ω ∈ G) of G. Clearly, the irreducible representation of this algebra takes the form (λ; ρ) →^{ŜL(λ;ρ)}_{ŜL(0;ρ0 )} and is labeled by L ∈ Î.

O V S C (0)_π (0)_π2 (0)_σ (1)_σ (0)_{πσ} (1)_{πσ} (0)_π2_σ (1)_π2_σ

b_{(O;0)} 1 1 1 1 2 2 √ 2 √ 2 √ 2 √ 2 √ 2 √ 2 b_{(O;1)} 1 1 1 1 2 2 − √ 2 − √ 2 − √ 2 − √ 2 − √ 2 − √ 2 b_{(O;2)}

(_{1 0} 0 1 ) (_{1 0} 0 1 ) (_{1 0} 0 1 ) (_{1 0} 0 1 ) 2 (_{κ 0} 0 κ̄ ) 2 (_{κ̄ 0} 0 κ ) √ 2 (_{0 1} 1 0 ) √ 2 (_{0 1} 1 0 ) √ 2 (_{0 κ}

κ̄ 0 ) √ 2 (_{0 κ}

κ̄ 0 ) √ 2 (_{0 κ̄} κ 0 ) √ 2 (_{0 κ̄} κ 0 ) b_{(V ;+)} 1 1 −1 −1 0 0 √ 2 − √ 2 0 0 0 0

b_{(V ;−)} 1 1 −1 −1 0 0 − √ 2 √ 2 0 0 0 0

b_{(S;+)} 1 −1 1 −1 0 0 0 0 0 0 √ 2 − √ 2 b_{(S;−)} 1 −1 1 −1 0 0 0 0 0 0 − √ 2 √ 2 b_{(C;+)} 1 −1 −1 1 0 0 0 0 √ 2 − √ 2 0 0

b_{(C;−)} 1 −1 −1 1 0 0 0 0 − √ 2 √ 2 0 0

Table 3: Irreducible representations of the generalized fusion algebra F(so(8)_1; S_3). κ is a

cube root of 1, κ = e^{2πi}3 . Unlike ordinary fusion algebras, there is an irreducible representa-

tion of dimension 2 due to the non-commutativity of F(so(8)_1; S_3).

4 Boundary states as a NIM-rep of generalized fusion

algebras

It is now well understood that boundary states preserving a chiral algebra A form a non-

negative integer matrix representation (NIM-rep) of the fusion algebra F(A) [2]. Since the

generalized fusion algebra F(A; G) is defined through the twisted boundary states associated

with the charge-conjugation modular invariant, it is natural to expect a close relationship

between F(A; G) and twisted boundary states for general modular invariants, such as simple

current invariants [16] or exceptional ones. As we shall show below, this expectation turns

out to be true; a set of mutually consistent boundary states associated with any modular

invariant realizes a NIM-rep of the generalized fusion algebra.

4.1 Charge-conjugation invariants

We begin our analysis by rewriting the twisted boundary states for the charge-conjugation

modular invariant in the form that the relation to the generalized fusion algebra is more

apparent. We call them the regular states since their mutual overlap is expressed by the

generalized fusion coefficients, which realize the regular representation of the generalized

fusion algebra.

Corresponding to the character χ^{ab}_{(λ;ρ)} defined in eq.(3.4), we introduce a new basis for

the twisted Ishibashi states, |((λ, λ^∗); ρ)_{ab}⟩⟩ = √ dim ρ |S(λ)| ∑ ω∈S(λ) ρ^{ab}(ω) |(λ, λ^∗); ω⟩⟩ (ρ ∈ Irr(S(λ))) . (4.1)

One can express the original basis in terms of |((λ, λ^∗); ρ)_{ab}⟩⟩ as |(λ, λ^∗); ω⟩⟩ = 1 √ |S(λ)| ∑ ρ∈Irr(S(λ)) 1≤a,b≤dim ρ √ dim ρ ρ^{ab}(ω) |((λ, λ^∗); ρ)_{ab}⟩⟩ , (4.2)

where we used the orthogonality relation (3.7b) for the matrix elements of ρ. We denote the set of labels for the new basis |((λ, λ^∗); ρ)_{ab}⟩⟩ of twisted Ishibashi states by Ê_0,

Ê_0 = {((λ, λ^∗); ρ) | λ ∈ I; ρ ∈ Irr(S(λ))} . (4.3)

This is essentially the same set as Î^∗ defined in (3.10). We have introduced the new symbol Ê_0 for the labels of Ishibashi states in order to reserve Î ∗ for expressing the chiral quantity. The overlap of |((λ, λ^∗); ρ)_{ab}⟩⟩ with |((λ, λ^∗); ρ^′)_a′_b′ ⟩⟩ yields χ^{b′b}_{(λ;ρ)}, ⟨⟨((λ, λ^∗); ρ^′)_a′_b′ |q̃^{12 Hc} |((λ, λ^∗); ρ)_{ab}⟩⟩ = √ dim ρ^′ √ dim ρ |S(λ)| ∑ ω,ω^′ ∈S(λ) ρ^{′a′b′} (ω^′)ρ^{ab}(ω) 1 S_{0λ} χ^{ω′−1ω}_λ (q̃)

= √ dim ρ^′ √ dim ρ |S(λ)| ∑ ω,ω^′ ∈S(λ) ρ^{′a′b′} (ω^′)ρ^{ab}(ω^′ω) 1 S_{0λ} χ^ω_λ (q̃) = δ_{ρρ}′ δ^{aa′} ∑ ω∈S(λ) ρ^{b′ b}(ω) 1 S_{0λ} χ^ω_λ (q̃) (4.4)

= δ_{ρρ}′ δ^{aa′} 1 S_{0λ} √ |S(λ)| dim ρ χ^{b′b}_{(λ;ρ)}(q̃) = δ_{ρρ}′ δ^{aa′} 1 Ŝ11_{0(λ;ρ)} χ^b ′b (λ;ρ)(q̃) . Using |((λ, λ^∗); ρ)_{ab}⟩⟩, we can rewrite the regular state |L⟩ (L ∈ Î) as follows |L⟩ = ∑ λ∈I(ω_L) S^{ωL}_{Lλ} |(λ, λ^∗); ω_L⟩⟩ = ∑ λ∈I(ω_L) S^{ωL}_{Lλ} 1 √ |S(λ)| ∑ ρ∈Irr(S(λ)) 1≤a,b≤dim ρ √ dim ρ ρ^{ab}(ω_L)|((λ, λ^∗); ρ)_{ab}⟩⟩

= ∑ ((λ,λ^∗);ρ)∈Ê_0 ∑ a,b Ŝ^{ab}_{L(λ;ρ)}|((λ, λ^∗); ρ)_{ab}⟩⟩ . (4.5)

The boundary state coefficients of the regular state |L⟩ are therefore given by the generalized S-matrix Ŝ. It is instructive to calculate the overlaps of |L⟩ starting from the form given above, ⟨M|q̃^{12 Hc} |L⟩ = ∑ (λ;ρ)∈Î^∗ ∑ a,b ∑ a^′,b^′ Ŝa^′b^′_{M (λ;ρ)}Ŝ^{ab}_{L(λ;ρ)}δ^{aa′} 1 Ŝ11_{0(λ;ρ)} χ b^′b (λ;ρ)(q̃) = ∑ (λ;ρ) ∑ a,b ∑ b^′ Ŝab^′_{M (λ;ρ)}Ŝ^{ab}_{L(λ;ρ)} 1 Ŝ11_{0(λ;ρ)} ∑ N Ŝb^′b_{N (λ;ρ)} χ_N (q)

= ∑ N ∑ (λ;ρ);a,b,b^′ Ŝ^{ab}_{L(λ;ρ)}Ŝ^{bb′}_{N ∗(λ;ρ)} Ŝab^′_{M (λ;ρ)} Ŝ11_{0(λ;ρ)} χ^N (q) = ∑ N ^N_{LN}^M χ_{N ∗} (q) = ∑ N ( ^N_N )_L^M χ_N ∗ (q) ,

(4.6)

where we used the formula Ŝab_{L(λ;ρ)} = Ŝ^{ba}_{L∗(λ;ρ)} (4.7) which follows from eq.(2.59). In this way, we reproduce the regular representation ^N_L of the generalized fusion algebra as the overlap matrices of the regular states.

4.2 General cases

We next turn to the case of twisted boundary states associated with a general modular invariant Z (see (2.9)) of the chiral algebra A. In order to express twisted boundary states, we have to determine what kinds of twisted Ishibashi states are available in the modular invariant (2.9). As we have argued in Section 2.2, the twisted Ishibashi state |(λ, μ^∗); ω⟩⟩ exists if and only if λ = ω(μ). Accordingly, the set of labels for ω-twisted Ishibashi states, which we denote by E(ω), takes the following form

E(ω) = {(λ, μ^∗) | (λ, μ^∗) ∈ Spec(Z); λ = ω(μ)} , (4.8)

where Spec(Z) is the spectrum of bulk fields in Z (see (2.10)). A general boundary state |A⟩ satisfying the boundary condition (2.29) is then written as |A⟩ = ∑ (λ,μ^∗)∈E(ω) Ψ^ω_{A(λ,μ}∗_)|(λ, μ^∗); ω⟩⟩ (A ∈ V^ω ⊂ V̂) . (4.9) Here V^ω is the set of labels for the ω-twisted boundary states. We have also introduced the set V̂ of all the labels of twisted boundary states,

V̂ = ∐ ω∈G V^ω . (4.10)

As in the case of the regular states, we assume that the number of twisted boundary states is equal to that of twisted Ishibashi states [3], |V^ω| = |E(ω)| (ω ∈ G) . (4.11)

This condition together with the mutual consistency of boundary states implies that the boundary states labeled by V^ω form a NIM-rep of the (ordinary) fusion algebra F(A) of A [2]. In particular, the matrix (Ψ^ω)_{A (λ,μ}∗_) = Ψ^ω_{A(λ,μ}∗_) is unitary.

In the same way as the regular states (2.60), the overlap of two twisted boundary states can be expanded into a sum of the characters for representations of twisted chiral algebras, ⟨B|q̃^{12 Hc} |A⟩ = ∑ (λ,μ^∗)∈E(ω_A)∩E(ω_B) Ψ^{ωA}_{A(λ,μ∗)}Ψ^{ωB}_{B(λ,μ∗)} 1 S_{0μ} χ^{ω−1B ωA} μ (q̃)

= ∑ (λ,μ^∗)∈E(ω_A)∩E(ω_B) Ψ^{ωA}_{A(λ,μ∗)}Ψ^{ωB}_{B(λ,μ∗)} 1 S_{0μ} ∑ N ∈I^{ω−1}B^{ωA} S^{ω−1B ωA} N μ χ_N (q)

= ∑ N ∈I^{ω−1A ωB} ∑ (λ,μ^∗)∈E(ω_A)∩E(ω_B) Ψ^{ωA}_{A(λ,μ∗)} S^{ω−1A ωB} N μ S_{0μ} Ψ^{ωB}_{B(λ,μ∗)} χ_N ∗ (q) = ∑ N ∈I^{ω−1}A^{ωB} (n̂_N )_A^B χ_N ∗ (q) ,

(4.12)

where ω_A is the automorphism type of |A⟩ and we used the formula (2.38). A |V̂| × |V̂| matrix n̂_N is defined for each N ∈ Î as

(n̂_N )_A^B = ∑ (λ,μ^∗)∈E(ω_A)∩E(ω_B) Ψ^{ωA}_{A(λ,μ∗)} S^{ωN}_{N μ} S_{0μ} Ψ^{ωB}_{B(λ,μ∗)} × δ_{ωAωN ,ωB} . (4.13) The entry of n̂_N should be non-negative integer for the mutual consistency of boundary states, since it represents the multiplicity of representation N^∗ ∈ Î in the open-string spectrum. In the rest of this section, we show that these matrices {n̂_N |N ∈ Î} satisfy the generalized fusion algebra F(A; G).

We first rewrite the boundary states (4.9) in a form similar to the regular case (4.5). To do so, we have to generalize the basis (4.1) of Ishibashi states for (λ, λ^∗) ∈ Spec(Z_c) to that for (λ, μ^∗) ∈ Spec(Z). In contrast with the case of the charge-conjugation invariant Z_c, the label (λ, μ^∗) of bulk fields is in general not symmetric; there exists some (λ, μ^∗) ∈ Spec(Z) with λ ≠ μ. Although the untwisted Ishibashi state can not be constructed for (λ, μ^∗) with λ ≠ μ, it is possible to obtain twisted states for (λ, μ^∗) if λ = ω(μ) for some ω ∈ G. In other words, twisted Ishibashi states are available for (λ, μ^∗) if λ belongs to the G-orbit Gμ of μ, Gμ = {ω(μ) | ω ∈ G} ⊂ I . (4.14) In the following, we consider only the case of λ ∈ Gμ, since the label (λ, μ^∗) with λ /∈ Gμ does not appear in the twisted boundary states for the automorphism group G.

Let ω_{λμ} be an element of G that relates λ ∈ Gμ with μ, namely λ = ω_{λμ}(μ). In general, this element ω_{λμ} can not be determined uniquely due to the stabilizer S(μ) of μ. Suppose that we have another element ω^′_{λμ} ∈ G satisfying λ = ω^′_{λμ}(μ). Then ω^{−1}_{λμ} ω^′_{λμ} is an element of S(μ) since ω^{−1}_{λμ} ω^′_{λμ}(μ) = ω^{−1}_{λμ} (λ) = μ. In other words, ω^′_{λμ} belongs to the coset ω_{λμ}S(μ) = {ω_{λμ}ω | ω ∈ S(μ)} ⊂ G . (4.15)

This result shows that, for a given (λ, μ^∗) ∈ Spec(Z), the twisted Ishibashi state |(λ, μ^∗); ω⟩⟩ exists if and only if ω ∈ ω_{λμ}S(μ).

Based on this fact, one can generalize the basis (4.1) of twisted Ishibashi states in the following manner, |((λ, μ^∗); ρ)_{ab}⟩⟩ = √ dim ρ |S(μ)| ∑ ω∈S(μ) ρ^{ab}(ω) |(λ, μ^∗); ω_{λμ}ω⟩⟩ (λ = ω_{λμ}(μ); ρ ∈ Irr(S(μ))) . (4.16) Similarly to eq.(4.2), one can express the original basis |(λ, μ^∗); ω⟩⟩ in terms of |((λ, μ^∗); ρ)_{ab}⟩⟩,

|(λ, μ^∗); ω⟩⟩ = 1 √ |S(μ)| ∑ ρ∈Irr(S(μ)) 1≤a,b≤dim ρ √ dim ρ ρ^{ab}(ω^{−1}_{λμ} ω)|((λ, μ^∗); ρ)_{ab}⟩⟩ (ω ∈ ω_{λμ}S(μ)) . (4.17)

The overlap of |((λ, μ^∗); ρ)_{ab}⟩⟩ with |((λ, μ^∗); ρ^′)_a′_b′ ⟩⟩ can be calculated in exactly the same way as |((λ, λ^∗); ρ)_{ab}⟩⟩, ⟨⟨((λ, μ^∗); ρ^′)_a′_b′ |q̃^{12 Hc} |((λ, μ^∗); ρ)_{ab}⟩⟩ = √ dim ρ^′ √ dim ρ |S(μ)| ∑ ω,ω^′∈S(μ) ρ^{′a′b′} (ω^′)ρ^{ab}(ω)⟨⟨(λ, μ^∗); ω_{λμ}ω^′|q̃^{12 Hc} |(λ, μ^∗); ω_{λμ}ω⟩⟩

= √ dim ρ^′ √ dim ρ |S(μ)| ∑ ω,ω^′∈S(μ) ρ^{′a′b′} (ω^′)ρ^{ab}(ω) 1 S_{0μ} χ^{ω′−1ω}_μ (q̃)

= √ dim ρ^′ √ dim ρ |S(μ)| ∑ ω,ω^′∈S(μ) ρ^{′a′b′} (ω^′)ρ^{ab}(ω^′ω) 1 S_{0μ} χ^ω_μ (q̃) = δ_{ρρ}′ δ^{aa′} ∑ ω∈S(μ) ρ^{b′ b}(ω) 1 S_{0μ} χ^ω_μ (q̃) = δ_{ρρ}′ δ^{aa′} 1 Ŝ11_{0(μ;ρ)} χ b^′b (μ;ρ)(q̃) .

(4.18)

The overlap between two states with different labels, (λ^′, μ^{′∗}) ≠ (λ, μ^∗), vanishes from the formula (2.38).

Substituting (4.17) in (4.9), the boundary state |A⟩ can be brought to the following form,

|A⟩ = ∑ (λ,μ^∗)∈E(ω) Ψ^{ωA}_{A(λ,μ∗)}|(λ, μ^∗); ω_A⟩⟩ = ∑ (λ,μ^∗)∈E(ω) Ψ^{ωA}_{A(λ,μ∗)} 1 √ |S(μ)| ∑ ρ∈Irr(S(μ)) 1≤a,b≤dim ρ √ dim ρ ρ^{ab}(ω^{−1}_{λμ} ω_A)|((λ, μ^∗); ρ)_{ab}⟩⟩

= ∑ ((λ,μ^∗);ρ)∈Ê ∑ a,b Ψ̂^{ab}_{A((λ,μ∗);ρ)}|((λ, μ^∗); ρ)_{ab}⟩⟩ , (4.19) where we denote by Ê the set of labels for the basis |((λ, μ^∗); ρ)_{ab}⟩⟩ available in the modular invariant (2.9),

Ê = { ((λ, μ^∗); ρ) | | | | (λ, μ^∗) ∈ ⋃ ω∈G E(ω); ρ ∈ Irr(S(μ)) } . (4.20)

It should be noted that some (λ, μ^∗) may appear more than once in Ê corresponding to the multiple occurrence of bulk fields with representation (λ, μ^∗) in the modular invariant (2.9). The boundary state coefficient Ψ̂^{ab}_{A((λ,μ∗);ρ)} is related to the original coefficient Ψ^{ωA}_{A(λ,μ∗)} as follows Ψ̂^{ab}_{A((λ,μ∗);ρ)} = { Ψ^{ωA}_{A(λ,μ∗)} √_{dim ρ} |S(μ)| ρ ab(ω^{−1}_{λμ} ω_A) ((λ, μ^∗) ∈ E(ω_A ), ρ ∈ Irr(S(μ))) , 0 ((λ, μ^∗) /∈ E(ω_A )) .

(4.21)

This form is completely parallel to the generalized S-matrix (3.11). Actually, from the unitarity of Ψ^ω for all ω ∈ G, one can prove that the matrix Ψ̂ is also unitary, |V̂| = ∑ ω∈G |V^ω| = ∑ ω∈G |E(ω)| = ∑ (λ,μ^∗)∈ ⋃ ω∈G E(ω) |S(μ)| = ∑ ((λ,μ^∗);ρ)∈Ê (dim ρ)^2 , (4.22)

∑ ((λ,μ^∗);ρ)∈Ê;a,b Ψ̂^{ab}_{A((λ,μ∗);ρ)} Ψ̂ab_{B((λ,μ∗);ρ)}

= ∑ (λ,μ^∗)∈E(ω_A)∩E(ω_B) Ψ^{ωA}_{A(λ,μ∗)} Ψ^{ωB}_{B(λ,μ∗)} ∑ ρ∈Irr(S(μ)) ∑ a,b dim ρ |S(μ)| ρ^{ab}(ω^{−1}_{λμ} ω_A)ρ^{ab}(ω^{−1}_{λμ} ω_B ) = ∑ (λ,μ^∗)∈E(ω_A) Ψ^{ωA}_{A(λ,μ∗)} Ψ^{ωA}_{B(λ,μ∗)} × δ_{ωAωB} = δ_{AB} ,

(4.23)

where we used the fact that ω^{−1}_{λμ} ω_A = ω^{−1}_{λμ} ω_B in S(μ) ⊂ G implies ω_A = ω_B in G.

Using the form given in (4.19) together with the formula (4.18), one can calculate the overlap of two boundary states |A⟩ and |B⟩ in the following way, ⟨B|q̃^{12 Hc} |A⟩ = ∑ ((λ,μ^∗);ρ)∈Ê ∑ a,b ∑ a^′,b^′ Ψ̂a^′b^′_{B((λ,μ∗);ρ)}Ψ̂^{ab}_{A((λ,μ∗);ρ)} δ^{aa′} 1 Ŝ11_{0(μ;ρ)} χ b^′b (μ;ρ)(q̃) = ∑ ((λ,μ^∗);ρ)∈Ê ∑ a,b ∑ b^′ Ψ̂ab^′_{B((λ,μ∗);ρ)}Ψ̂^{ab}_{A((λ,μ∗);ρ)} 1 Ŝ11_{0(μ;ρ)} ∑ N ∈Î Ŝb^′ b_{N (μ;ρ)} χ_N (q)

= ∑ ((λ,μ^∗);ρ)∈Ê ∑ a,b ∑ b^′ Ψ̂ab^′_{B((λ,μ∗);ρ)}Ψ̂^{ab}_{A((λ,μ∗);ρ)} ∑ N ∈Î Ŝbb^′_{N ∗(μ;ρ)} Ŝ11_{0(μ;ρ)} χ^N (q) = ∑ N ∈Î ∑ ((λ,μ^∗);ρ)∈Ê ∑ a,b ∑ a^′b^′ Ψ̂^{ab}_{A((λ,μ∗);ρ)} δ^{aa′} b^{bb′}_{(μ;ρ)}(N^∗)Ψ̂a^′b^′_{B((λ,μ∗);ρ)} χ_N (q) .

(4.24)

Comparing this with eq.(4.12), we obtain the following expression for the overlap matrix n̂_N ,

n̂_N = Ψ̂ [ ⨁ ((λ,μ^∗);ρ)∈Ê ( b_{(μ;ρ)}(N) ⊕ · · · ⊕ b_{(μ;ρ)}(N)

(dim ρ) terms ) ] Ψ̂^† . (4.25)

This has exactly the same structure as eq.(3.20) for the regular representation matrix ^N_N , from which we have shown ^N_N satisfies the generalized fusion algebra. We can repeat the same thing here since the matrix Ψ̂ is unitary from the assumption (4.11) of completeness. For a unitary Ψ̂, the above expression (4.25) for the overlap matrix n̂_N means that n̂_N is similar to a direct sum of b_{(μ;ρ)}(N). Since b_{(μ;ρ)}(N) satisfies the generalized fusion algebra for all (μ; ρ) ∈ Î^∗, the matrix n̂_N also satisfies the generalized fusion algebra. The mutual consistency of twisted boundary states requires that the coefficients (n̂_N )_A^B of χ_{N ∗} in the cylinder amplitude take values in non-negative integers for all N ∈ Î. Hence we are led to the conclusion that the overlap matrix n̂_N for a set of mutually consistent boundary states realizes a NIM-rep of the generalized fusion algebra F(A; G) if the condition (4.11) is satisfied.

5 Examples

As we have shown in the previous section, a consistent set of twisted boundary states in any modular invariant form a NIM-rep of the generalized fusion algebra. In this section, we check this for three concrete chiral algebras, u(1)_k, su(3)_k and su(3)^{⊕3}_1 , by explicitly constructing twisted boundary states for each case.

5.1 u(1)_k

The simplest chiral algebra with non-trivial automorphisms is u(1)_k, where the level k is a positive integer. There are 2k irreducible representations labeled by positive integer n mod 2k, I = {(n) | n = 0, 1, . . . , 2k − 1} , (5.1) for which the modular transformation matrix takes the form S_{mn} = 1 √ 2k e^{− πik mn} . (5.2) Therefore, for the charge-conjugation modular invariant, we have 2k untwisted boundary states, |m⟩ = ∑ n∈I S_{mn}|(n, n^∗)⟩⟩ (m ∈ I) . (5.3) The charge-conjugation ω_c is an automorphism of u(1)_k , which acts on I as

ω_c : (n) → (n^∗) = (−n) = (2k − n) (n ∈ I) . (5.4)

There are two representations fixed by ω_c,

I(ω_c) = {(0), (k)} . (5.5)

Corresponding to this, we have two twisted boundary states, which we denote by |±⟩, |±⟩ = 1 √ 2 (|(0, 0); ω_c⟩⟩ ± |(k, k); ω_c⟩⟩) . (5.6) The overlap of |±⟩ with the untwisted state |0⟩ yields the character χ_± of the twisted chiral algebra u(1)^{ωc}_k (see eq.(2.46)), χ_±(q) = ⟨0|q̃^{12 Hc} |±⟩ = 1 √ 2 (χ^{ωc}_0 (q̃) ± χ^{ωc}_k (q̃)) , (5.7)

where χ^{ωc}_n is the twining character of (n) for ω_c. From this equation, one obtains the modular transformation matrix S^{ωc} S^{ωc} = 1 √ 2 ( 1 1 1 −1 ) , (5.8)

where the rows and the columns are ordered as I^{ωc} = {+, −} and I(ω_c) = {0, k}, respectively. Since ω^{−1}_c = ω_c and S^{ωc} is real, the relation (2.59) implies that the twisted representations (±) ∈ I^{ωc} are self-conjugate, (±^∗) = (±).

Using these data and the formula (see eq.(2.60)) ⟨L^∗|q̃^{12 Hc} |M⟩ = (L) × (M) = ∑ N ∈Î ^N_{LM}^N χ_N (q) (L, M ∈ Î) , (5.9)

one can determine the generalized fusion coefficients ^N_{LM}^N for the chiral algebra u(1)_k and the automorphism group G_c = {1, ω_c} ∼= Z_2. The result is as follows,

(l) × (m) = (l + m) ,

(l) × (±) = (±) × (l) = { (±) (l = 0 mod 2) (∓) (l = 1 mod 2) , (+) × (+) = (−) × (−) = (0) + (2) + · · · + (2k − 2) , (+) × (−) = (−) × (+) = (1) + (3) + · · · + (2k − 1) ,

(5.10)

where (l), (m) ∈ I and (±) ∈ I^{ωc} . This defines the generalized fusion algebra F(u(1)_k; G_c) for G_c = {1, ω_c} ∼= Z_2. As is easily seen, this algebra is generated by (1) and (+). Hence F(u(1)_k; G_c) is an extension of the ordinary fusion algebra F(u(1)_k), which is the group algebra of Z_{2k}, by the twisted representation (+). Note that F(u(1)_k; G_c) is commutative, (L) × (M) = (M) × (L), reflecting the fact that the automorphism group G_c ∼= Z_2 is abelian.

We next turn to the case of modular invariants other than the charge-conjugation one and check that the associated boundary states form a NIM-rep of the generalized fusion algebra

(5.10). We consider two cases: a simple current extension of k = 4 and a non-diagonal invariant of k = 6.

k = 4

For k = 4, we have the following block-diagonal invariant

Z = |χ_0 + χ_4|^2 + |χ_2 + χ_6|^2 , (5.11)

which is a simple current extension [16] of u(1)_4 by (4) ∈ I. The chiral algebra of the extended theory is u(1)_1 and each block corresponds to an irreducible representation of u(1)_1. Since there are two irreducible representations for u(1)_1, we have two untwisted boundary states that keep u(1)_1 (see eq.(5.3)) 1 √ 2 (|(0^′, 0^′)⟩⟩ ± |(1^′, 1^′)⟩⟩) , (5.12)

where we distinguish representations of u(1)_1 from those of u(1)_4 by putting a prime. Since u(1)_1 contains u(1)_4 as a subalgebra, we can regard these states as untwisted boundary states of u(1)_4 associated with the modular invariant (5.11). From the branching rule

(0^′) = (0) ⊕ (4) , (1^′) = (2) ⊕ (6) , (5.13)

and our normalization (2.7) for Ishibashi states, we can express Ishibashi states of u(1)_1 by those of u(1)_4,

|(0^′, 0^′)⟩⟩ = 1 √ 2 (|(0, 0)⟩⟩ + |(4, 4)⟩⟩) , |(1^′, 1^′)⟩⟩ = 1 √ 2 (|(2, 2^∗)⟩⟩ + |(6, 6^∗)⟩⟩) . (5.14)

Substituting this into eq.(5.12), we obtain two untwisted boundary states of u(1)_4, |~0⟩ = 1 2 (|(0, 0)⟩⟩ + |(4, 4)⟩⟩) + 1 2 (|(2, 2^∗)⟩⟩ + |(6, 6^∗)⟩⟩) , |~2⟩ = 1 2 (|(0, 0)⟩⟩ + |(4, 4)⟩⟩) − 1 2 (|(2, 2^∗)⟩⟩ + |(6, 6^∗)⟩⟩) .

(5.15)

Since there are four untwisted Ishibashi states in (5.11),

E(1) = {(0, 0), (2, 2^∗), (4, 4), (6, 6^∗)} , (5.16)

we need two more boundary states for completeness. The remaining two can be constructed by, e.g., the fusion with representations of the unextended chiral algebra [26, 2, 27]. (See [27] for a detailed exposition of this procedure.) The result is as follows, |~1⟩ = 1 2 (|(0, 0)⟩⟩ − |(4, 4)⟩⟩) − i 2 (|(2, 2^∗)⟩⟩ − |(6, 6^∗)⟩⟩) , |~3⟩ = 1 2 (|(0, 0)⟩⟩ − |(4, 4)⟩⟩) + i 2 (|(2, 2^∗)⟩⟩ − |(6, 6^∗)⟩⟩) . (5.17)

Consequently, the boundary state coefficients Ψ for untwisted boundary states associated with (5.11) take the following form

Ψ = 1 2 1 1 1 1 1 −i −1 i 1 −1 1 −1 1 i −1 −i , (5.18)

where the column is ordered as in (5.16).

The restriction of the charge-conjugation of u(1)_1 to the subalgebra u(1)_4 is clearly the charge-conjugation of u(1)_4. In other words, the charge-conjugation of u(1)_4 has a lift to the extended chiral algebra u(1)_1. (The lifting of automorphisms for RCFTs is studied in [28].) This enables us to construct twisted boundary states of u(1)_4 starting from those of u(1)_1. Since two representations of u(1)_1 are fixed by the charge-conjugation, we have two twisted boundary states of u(1)_1, 1 √ 2 (|(0^′, 0^′); ω_c⟩⟩ ± |(1^′, 1^′); ω_c⟩⟩) . (5.19)

This is completely the same form as the untwisted states. Hence one can proceed in the same way as the untwisted states to obtain four twisted states of u(1)_4. The boundary state coefficients Ψ^{ωc} of twisted states coincide with Ψ given in (5.18) with the spectrum

E(ω_c ) = {(0, 0), (6, 2^∗), (4, 4), (2, 6^∗)} (5.20)

instead of E(1).

From these data, one can calculate the mutual overlap of boundary states and the associated open string spectrum n̂ defined in (4.13). Since we have 4 + 4 = 8 boundary states, n̂ is a 8 × 8 matrix and takes the form

n̂_l = ( (n^{(4)}_1 )^l O O (n^{(4)}_1 )^l ) (l = 0, 1, . . . , 7), n̂_± = ( O n_± n_± O ) , (5.21)

where O is a 4 × 4 matrix with all entries being 0 and n_{1,±} are defined as

n^{(4)}_1 =

0 1 0 0 0 0 1 0 0 0 0 1 1 0 0 0

, n^+ =

1 0 1 0 0 1 0 1 1 0 1 0 0 1 0 1 , n^− = 0 1 0 1 1 0 1 0 0 1 0 1 1 0 1 0

. (5.22)

One can confirm that these 10 matrices actually satisfy the generalized fusion algebra (5.10) for k = 4, namely,

(n̂_1)^8 = 1 , n̂_1n̂_+ = n̂_− , n̂_+n̂_+ = n̂_0 + n̂_2 + n̂_4 + n̂_6 . (5.23)

The boundary states associated with the simple current extension (5.10) therefore realize a NIM-rep of the generalized fusion algebra F(u(1)_4; G_c). Note that this 8-dimensional NIMrep is distinct from the regular one, which is 8+2 = 10 dimensional. Hence we have obtained two NIM-reps of F(u(1)_4; G_c); one of them corresponds to the charge-conjugation invariant whereas the other originates from the block diagonal invariant (5.10).

Since the generalized fusion algebra contains the ordinary fusion algebra as a subalgebra, one can decompose a NIM-rep of the former into NIM-reps of the latter. Conversely, several NIM-reps (more precisely, |G| NIM-reps) of the ordinary fusion algebra may be combined to yield a NIM-rep of the generalized fusion algebra. For u(1)_4, there are four NIM-reps of the ordinary fusion algebra F(u(1)_4) corresponding to four subgroups of the simple current group Z_8 [7]. Two of them, the regular NIM-rep and the two-dimensional one, form the regular NIM-rep of the generalized fusion algebra. The four-dimensional one (5.18) is paired with itself to form a 8-dimensional NIM-rep of the generalized fusion algebra, as we have seen above. The remaining one, which is one-dimensional and unphysical, is also paired with itself to yield a two-dimensional NIM-rep of the generalized fusion algebra. Consequently, there are three NIM-reps for the generalized fusion algebra F(u(1)_4; G_c); two of them are physical and correspond to the charge-conjugation modular invariant and the simple current extension (5.10), respectively, while the remaining one is unphysical and has no associated modular invariant.

k = 6

For k = 6, we have the following non-diagonal invariant,

Z = |χ_0|^2 + |χ_2|^2 + |χ_4|^2 + |χ_6|^2 + |χ_8|^2 + |χ_{10}|^2 + χ_1χ_7 + χ_3χ_9 + χ_5χ_{11} + χ_7χ_1 + χ_9χ_3 + χ_{11}χ_5 ,

(5.24)

which is the Z_2-orbifold of u(1)_6. Let |m⟩ (m ∈ I = {0, 1, 2, · · · , 11}) be the untwisted boundary state in the charge-conjugation modular invariant of u(1)_6 defined in (5.3). The orbifold action on |m⟩ reads |m⟩ → |m+6⟩, and the untwisted state in (5.24) can be obtained by averaging |m⟩ over the Z_2-orbit, |m⟩_{Z2} = 1 √ 2 (|m⟩ + |m + 6⟩) = 1 √ 6 ∑ n=0,1,...,5 e^{− πi3 mn}|(2n, 2n^∗)⟩⟩ . (5.25)

The ω_c-twisted boundary states in (5.24) can be constructed as the untwisted states in the Z_3-orbifold of u(1)_6, since the Z_3-orbifold is the T-dual of (5.24). The untwisted states in the Z_3-orbifold are obtained by averaging |m⟩ over the Z_3-orbit, |m⟩_{Z3} = 1 √ 3 (|m⟩ + |m + 4⟩ + |m + 8⟩) = 1 2 ∑ n=0,1,2,3 e^{− πi2 mn}|(3n, 3n^∗)⟩⟩ . (5.26)

The ω_c-twisted states in the Z_2-orbifold (5.24), which we denote by |m; ω_c⟩_{Z2}, are constructed by acting ω_c on the holomorphic sector of |m⟩_{Z3},

|m; ω_c⟩_{Z2} = R(ω_c)|m⟩_{Z3} = 1 2 ∑ n=0,1,2,3 e^{− πi2 mn}|(12 − 3n, 3n^∗); ω_c⟩⟩ . (5.27)

In this way, we obtain 6 untwisted states and 4 twisted states in (5.24). The overlap matrix n̂ is a 10 × 10 matrix and takes the form,

n̂_l = ( (n^{(6)}_1 )^l O^{(6,4)} O^{(4,6)} (n^{(4)}_1 )^l ) (l = 0, 1, . . . , 11), n̂_± = ( O^{(6,6)} n_± n^T_± O^{(4,4)} ) , (5.28)

where n^{(4)}_1 is defined in (5.22), O^{(m,n)} is a m × n zero matrix and the other matrices are defined as

n^{(6)}_1 =

0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0

, n_+ =

1 0 1 0 0 1 0 1 1 0 1 0 0 1 0 1 1 0 1 0 0 1 0 1

, n_− =

0 1 0 1 1 0 1 0 0 1 0 1 1 0 1 0 0 1 0 1 1 0 1 0

. (5.29)

One can easily check that these matrices satisfy the generalized fusion algebra (5.10) for k = 6.

The simple current group of u(1)_6 is isomorphic to Z_{12}. Hence we have 6 NIM-reps of the ordinary fusion algebra F(u(1)_6) corresponding to 6 divisors {1, 2, 3, 4, 6, 12} of 12 [7]. In the same way as the case of k = 4, two of them, the regular and the two-dimensional ones, form the regular NIM-rep of the generalized fusion algebra F(u(1)_6; G_c). NIM-reps of dimension 6 and 4 are combined to yield another NIM-rep of F(u(1)_6; G_c) associated with the Z_2-orbifold (or equivalently, the Z_3-orbifold) of u(1)_6, as we have shown above. In contrast with the case of k = 4, however, the remaining two NIM-reps of dimension 1 and 3 can not form a NIM-rep of F(u(1)_6; G_c). Actually, one can show that the overlap matrices n̂ containing the one-dimensional NIM-rep of F(u(1)_6) as a factor and satisfying the generalized fusion algebra F(u(1)_6; G_c) necessarily have non-integral entries and can not be a NIM-rep. The case of the three-dimensional NIM-rep is shown in the same way. Consequently, we have two NIM-reps of F(u(1)_6; G_c), one of which corresponds to the charge-conjugation (or the diagonal) invariant while the other is associated with the Z_2-orbifold (or its T-dual) of u(1)_6.

5.2 su(3)_k

Our next example is su(3)_k with the charge-conjugation ω_c as an automorphism of the chiral algebra. Since the automorphism group G_c = {1, ω_c} consists of two elements, we can expect that two NIM-reps of the ordinary fusion algebra F(su(3)_k) are combined to yield a NIM-rep of the generalized fusion algebra F(su(3)_k; G_c). We check this for the case of k = 3 and k = 5, in which there are respectively four and six independent NIM-reps of F(su(3)_k). We present here only the outline of our analysis and give the details in Appendix B.

k = 3

For k = 3, there are four NIM-reps (A^{(6)}, A^{(6)∗}, D^{(6)} and D^{(6)∗ 8}) of the ordinary fusion algebra F(su(3)_3) [19, 2]. Two of them, A^{(6)} and A^{(6)∗}, correspond to respectively the

8The superscript stands for the sum k + h^∨ = k + 3, where h^∨ is the dual Coxeter number of su(3).

untwisted and the twisted boundary states in the charge-conjugation modular invariant and constitute the regular NIM-rep of the generalized fusion algebra F(su(3)_3; G_c). The remaining two, D^{(6)} and D^{(6)∗}, express respectively the untwisted and the twisted boundary states corresponding to the following block diagonal modular invariant,

Z_D(6) = |χ_{(0,0)} + χ_{(3,0)} + χ_{(0,3)}|^2 + 3|χ_{(1,1)}|^2 , (5.30)

which is a simple current extension of su(3)_3 by (3, 0). Here the subscripts of characters denote the Dynkin label of su(3). The extended chiral algebra of this invariant is so(8)_1 and one can construct the boundary states associated with (5.30) using the data of so(8)_1. Actually, as is shown in Appendix A, the automorphism group G_c has a lift G̃_c to so(8), which is isomorphic to the symmetric group S_3. Accordingly, the boundary states for D^{(6)} and D^{(6)∗} are obtained by the G̃_c-twisted states in so(8). By an explicit calculation of the overlap of the twisted states with the untwisted ones in su(3), we can show that two NIM-reps, D^{(6)} and D^{(6)∗}, of F(su(3)_3) form a NIM-rep of F(su(3)_3; G_c). In this way, four NIM-reps of the ordinary fusion algebra F(su(3)_3) are organized into two NIM-reps of the generalized fusion algebra F(su(3)_3; G_c); one corresponds to the charge-conjugation modular invariant while the other is originated from the simple current extension (5.30).

k = 5

For k = 5, there are six NIM-reps (A^{(8)}, A^{(8)∗}, D^{(8)}, D^{(8)∗}, E^{(8)} and E^{(8)∗}) of the ordinary fusion algebra F(su(3)_5) [19, 2]. Similarly to the case of k = 3, A^{(8)} and A^{(8)∗} express the boundary states in the charge-conjugation invariant and form the regular NIM-rep of the generalized fusion algebra F(su(3)_5; G_c). The remaining four correspond to other modular invariants. Two of them, D^{(8)} and D^{(8)∗}, represent the boundary states in the simple current invariant

Z_D(8) = |χ_{(0,0)}|^2 + |χ_{(1,1)}|^2 + |χ_{(2,2)}|^2 + |χ_{(3,0)}|^2 + |χ_{(0,3)}|^2 + |χ_{(4,1)}|^2 + |χ_{(1,4)}|^2 + ( χ_{(5,0)}χ_{(0,5)} + χ_{(3,1)}χ_{(1,3)} + χ_{(1,2)}χ_{(2,1)} + χ_{(2,3)}χ_{(0,2)} + χ_{(2,0)}χ_{(3,2)} + χ_{(0,4)}χ_{(1,0)} + χ_{(0,1)}χ_{(4,0)} + c.c ) , (5.31)

while E^{(8)} and E^{(8)∗} correspond to the exceptional invariant

Z_E(8) = |χ_{(0,0)} + χ_{(2,2)}|^2 + |χ_{(0,2)} + χ_{(3,2)}|^2 + |χ_{(1,2)} + χ_{(5,0)}|^2 + |χ_{(3,0)} + χ_{(0,3)}|^2 + |χ_{(2,1)} + χ_{(0,5)}|^2 + |χ_{(2,0)} + χ_{(2,3)}|^2 ,

(5.32)

which originates from the conformal embedding su(3)_5 ⊂ su(6)_1.

The invariant (5.31) is the Z_3-orbifold of su(3)_5 and we can obtain untwisted states by averaging the Z_3-orbit of untwisted states in the charge-conjugation invariant. On the other hand, the twisted states in the charge-conjugation invariant are fixed points of the orbifold action and we need an appropriate resolution of them by the Ishibashi states from the twisted sector of the orbifold to obtain twisted states in (5.31). For the invariant (5.32), one can construct twisted boundary states from the data of su(6), since the charge-conjugation of su(3) is lifted to that of su(6). One obtains six untwisted states together with two twisted states using the data of su(6). The remaining states of E^{(8)} and E^{(8)∗} can be obtained by, e.g., the fusion with representations of su(3).

From the explicit form of boundary states in (5.31) and (5.32), we can calculate the overlap of twisted states with untwisted ones to show that two NIM reps of F(su(3)_5) corresponding to the same modular invariant form a NIM-rep of F(su(3)_5; G_c). Consequently, we obtain three NIM-reps of the generalized fusion algebra F(su(3)_5; G_c) corresponding to three modular invariants available for k = 5.

5.3 su(3)^{⊕3}_1

The final example we consider is su(3)^{⊕3}_1 = su(3)_1 ⊕ su(3)_1 ⊕ su(3)_1. The details are given in Appendix C. This chiral algebra has the automorphism group consisting of all the permutations of three factors, which is isomorphic to S_3, and we obtain a non-commutative generalized fusion algebra F(su(3)^{⊕3}_1 ; S_3). For the chiral algebra su(3)^{⊕3}_1 , we have a nontrivial block-diagonal modular invariant

Z_{E6} = |χ_{(0,0,0)} + χ_{(1,1,1)} + χ_{(2,2,2)}|^2 + |χ_{(0,2,1)} + χ_{(1,0,2)} + χ_{(2,1,0)}|^2 + |χ_{(0,1,2)} + χ_{(2,0,1)} + χ_{(1,2,0)}|^2 ,

(5.33)

where the subscripts stands for the label of representations of su(3)^{⊕3}_1 and the numbers 0, 1, 2 correspond respectively to the fundamental weights Λ_0, Λ_1, Λ_2 of su(3)_1. This invariant originates from the conformal embedding su(3)^{⊕3}_1 ⊂ E_{6,1}.^9 Since the automorphism group S_3 of su(3)^{⊕3}_1 has a lift to E_{6,1}, we can construct twisted boundary states for S_3 [11, 29] in this invariant. In the same way as the case of su(3)_k, we can calculate the overlap of twisted states to check that the overlap matrices indeed form a NIM-rep of the generalized fusion algebra F(su(3)^{⊕3}_1 ; S_3).

6 Graph fusion algebras

Given a boundary state coefficient matrix Ψ_{αλ}(α ∈ V, λ ∈ E)^{10} and 0 ∈ V such that Ψ_{0λ} ≠ 0, one can define the graph fusion algebra [19, 20, 2]

(α) × (β) = ∑ γ∈V G_{αβ}^γ (γ) (α, β ∈ V) (6.1)

with the structure constant G_{αβ}^γ = ∑ λ∈E Ψ_{αλ}Ψ_{βλ}Ψ_{γλ} Ψ_{0λ}

. (6.2)

Since this has the same form as the Verlinde formula (3.1), one can consider the graph fusion algebra as a generalization of ordinary fusion algebras. Actually, for the case of boundary states associated with a block diagonal invariant, it is observed [19] that the graph fusion algebra contains the fusion algebra of the extended theory as a subalgebra.

9E_{6,1} means E_6 at level 1.

10In this section, we omit the label for the anti-holomorphic sector of Ishibashi states for simplicity.

For the case of simple current extensions, this relation of graph fusion algebras and the fusion algebra of the extended theory can be explained from the point of view of the generalized fusion algebra. As an illustration, we consider the D-type modular invariant of su(2)_4, Z = |χ_0 + χ_4|^2 + 2|χ_2|^2 , (6.3) where the subscript stands for the Dynkin label of su(2). This invariant is obtained from a simple current extension of su(2)_4 by the simple current group Γ = {(0), (4)} ∼= Z_2. The extended chiral algebra is su(3)_1 and one can regard (6.3) as the charge-conjugation invariant of su(3)_1 Z = |χ_{(0,0)}|^2 + |χ_{(1,0)}|^2 + |χ_{(0,1)}|^2 , (6.4) where representations are again denoted by their Dynkin labels. One obtains (6.3) from (6.4) using the branching rule for the representations of su(3)_1

(0, 0) = (0) ⊕ (4) , (1, 0) = (2) , (0, 1) = (2) . (6.5)

The unextended chiral algebra in simple current extensions can be characterized by the fixed point algebra of a certain automorphism group G of the extended chiral algebra [8], where G is the character group for the simple current group Γ used in the extension and hence isomorphic to Γ; G = Γ^∗ ∼= Γ. For the case of su(2)_4 ⊂ su(3)_1, G is nothing but the charge-conjugation automorphism group G_c of su(3)_1, since su(2)_4 is the fixed point algebra of the charge-conjugation ω_c. The eigenvalue of ω_c is ±1, since ω_c has order 2. The vacuum representation of su(3)_1 is therefore decomposed into two parts according to the eigenvalue of ω_c. Since ω_c fixes su(2)_4 ⊂ su(3)_1, this decomposition of (0, 0) coincides with the decomposition (6.5) into representations of su(2)_4. The representation (0) is su(2)_4 itself and corresponds to ω_c = 1. The representation (4) contains the highest root of su(3), whose sign is reversed under the exchange of two simple roots of su(3), i.e. the charge-conjugation ω_c. The representation (4) therefore corresponds to ω_c = −1,

ω_c : (0) → (0) , (4) → −(4) . (6.6)

From this action, one can express the Ishibashi states of su(3)_1 in terms of those of su(2)_4 as follows, |(0, 0)⟩⟩ = 1 √ 2 (|0⟩⟩ + |4⟩⟩) , |(0, 0); ω_c⟩⟩ = 1 √ 2 (|0⟩⟩ − |4⟩⟩) , (6.7) where we have used the definition (2.32) of twisted Ishibashi states. Conversely, one obtains |0⟩⟩ = 1 √ 2 (|(0, 0)⟩⟩ + |(0, 0); ω_c⟩⟩) = |((0, 0); +)⟩⟩ , |4⟩⟩ = 1 √ 2 (|(0, 0)⟩⟩ − |(0, 0); ω_c⟩⟩) = |((0, 0); −)⟩⟩ , (6.8)

where ± stands for the irreducible representations of G_c = {1, ω_c} ∼= Z_2. The remaining two representations of su(3)_1 have the trivial stabilizer S((1, 0)) = S((0, 1)) = {1} and we have only one basis for each of them

|2_1⟩⟩ = |(1, 0)⟩⟩ , |2_2⟩⟩ = |(0, 1)⟩⟩ . (6.9)

We have distinguished two bulk fields with representation (2) in (6.3) by putting the subscript.

In this way, the basis (4.1) of twisted Ishibashi states in su(3)_1 can be regarded as the (untwisted) Ishibashi states of su(2)_4. This implies that the regular states (4.5) of the generalized fusion algebra F(su(3)_1; G_c) yield a complete set of boundary states in (6.3), whose coefficient matrix Ψ is given by the generalized S-matrix (3.11)

Ψ = Ŝ = 1 √ 6 1 1 √ 2 √ 2 1 1 √ 2κ √ 2κ̄ 1 1 √ 2κ̄ √ 2κ √ 3 − √ 3 0 0 (κ = e 2πi 3 ) . (6.10)

Here the columns are ordered as {((0, 0); +), ((0, 0); −), (1, 0), (0, 1)}. The first three rows correspond to three representations {(0, 0), (1, 0), (0, 1)} of su(3)_1, respectively, while the fourth row stands for the representation of the twisted chiral algebra A^{(2)}_2 at level 1. The boundary states of (6.3) that preserve su(2)_4 are therefore labeled by L ∈ Î for the generalized fusion algebra F(su(3)_1; G_c).

The structure constants (6.2) of the graph fusion algebra associated with Ψ is defined by summing over the column indices of Ψ. Since Ψ = Ŝ in the present case, this is nothing but the generalized Verlinde formula (3.14) if we choose (0, 0) ∈ Î as the node 0 in (6.2). Namely, the structure constants of the graph fusion algebra are given by the generalized fusion coefficients of F(su(3)_1; G_c),

G_{LM}^N = ^N_{LM}^N . (6.11)

The graph fusion algebra associated with (6.3) therefore coincides with the generalized fusion algebra F(su(3)_1; G_c). Since the generalized fusion algebra contains the ordinary fusion algebra as a subalgebra, this identification of the graph fusion algebra with the generalized fusion algebra naturally explains the observation that the graph fusion algebra contains the fusion algebra of the extended theory as a subalgebra.

This argument for the relation of graph fusion algebras with the generalized fusion algebras of the extended theory is readily extended to simple current extensions other than su(2)_4 ⊂ su(3)_1. For instance, the case of su(3)_3 ⊂ so(8)_1 in (5.30) can be treated in completely the same way.

First, we give the branching rule for the representations (2.63) of so(8)_1,

O = (0, 0) ⊕ (3, 0) ⊕ (0, 3) , V = (1, 0) , S = (1, 0) , C = (1, 0) . (6.12)

As is shown in Appendix A, the unextended chiral algebra su(3)_3 is characterized as the fixed point algebra of an automorphism group ⟨π^′⟩ ∼= Z_3 of so(8)_1. Since π^′ has order 3, the eigenvalue of π^′ takes the form κ^n (κ = e^{2πi}3 ; n = 0, 1, 2). The decomposition (6.12) of the vacuum representation O of so(8)_1 into those of su(3)_3 corresponds to the decomposition according to the eigenvalue of π^′, since π^′ fixes su(3)_3. From the explicit realization of su(3)_3 ⊂ so(8)_1 given in Appendix A, one can show that π^′ acts on the vacuum representation O of so(8)_1 as follows

π^′ : (0, 0) → (0, 0) , (3, 0) → κ̄(3, 0) , (0, 3) → κ(0, 3) . (6.13)

The twisted Ishibashi states of so(8)_1 are then expressed in terms of the (untwisted) Ishibashi states of su(3)_3, |O⟩⟩ = 1 √ 3 (|(0, 0)⟩⟩ + |(3, 0)⟩⟩ + |(0, 3)⟩⟩) , |O; π^′⟩⟩ = 1 √ 3 (|(0, 0)⟩⟩ + κ̄|(3, 0)⟩⟩ + κ|(0, 3)⟩⟩) , |O; π^{′2}⟩⟩ = 1 √ 3 (|(0, 0)⟩⟩ + κ|(3, 0)⟩⟩ + κ̄|(0, 3)⟩⟩) , (6.14)

where we have used again the definition (2.32) of twisted Ishibashi states. From this expression, one obtains |(0, 0)⟩⟩ = 1 √ 3 (|O⟩⟩ + |O; π^′⟩⟩ + |O; π^{′2}⟩⟩) = |(O; ρ^′_0)⟩⟩ , |(3, 0)⟩⟩ = 1 √ 3 (|O⟩⟩ + κ|O; π^′⟩⟩ + κ̄|O; π^{′2}⟩⟩) = |(O; ρ^′_1)⟩⟩ , |(0, 3)⟩⟩ = 1 √ 3 (|O⟩⟩ + κ̄|O; π^′⟩⟩ + κ|O; π^{′2}⟩⟩) = |(O; ρ^′_2)⟩⟩ , (6.15)

where ρ^′_n (n = 0, 1, 2) are the irreducible representations of ⟨π^′⟩ defined as ρ^′_n(π^′) = κ^{2n}. The other three representations of so(8)_1 have the trivial stabilizer {1} ⊂ ⟨π^′⟩ and we can relate the corresponding Ishibashi states with those of su(3)_3 as follows, |(1, 1)_1⟩⟩ = |V ⟩⟩ , |(1, 1)_2⟩⟩ = |S⟩⟩ , |(1, 1)_3⟩⟩ = |C⟩⟩ . (6.16) We have distinguished three bulk fields with representation (1, 1) in (5.30) again by putting the subscript. The six untwisted Ishibashi states of su(3)_3 are thus identified with the six twisted Ishibashi states of so(8)_1 for the automorphism group ⟨π^′⟩ ∼= Z_3. Hence the boundary states of su(3)_3 associated with the modular invariant (5.30) are identified with the twisted boundary states of so(8)_1 for ⟨π^′⟩ ∼= Z_3.

Since π^′ is composed of the triality automorphism π and an inner automorphism of so(8)_1, the twisted chiral algebra for π^′ is also isomorphic to the twisted affine Lie algebra D^{(3)}_4 at level 1 and we have only one representation for π^′. The same argument holds for π^{′2}. The generalized fusion algebra F(so(8)_1; ⟨π^′⟩) therefore consists of 4 + 1 + 1 = 6 representations. From the definition (3.11), one obtains its generalized S-matrix in the form

Ŝ = 1 2 √ 3

1 1 1 √ 3 √ 3 √ 3 1 1 1 √ 3 − √ 3 − √ 3 1 1 1 − √ 3 √ 3 − √ 3 1 1 1 − √ 3 − √ 3 √ 3 2 2κ 2κ̄ 0 0 0 2 2κ̄ 2κ 0 0 0

. (6.17)

Here the columns are ordered as {(O; ρ^′_0), (O; ρ^′_1), (O; ρ^′_2), (V ), (S), (C)}. The first four rows express respectively the untwisted representations O, V, S and C, while the last two rows correspond to representations in I^{π′ 2} and I^{π′} . This matrix gives the boundary state coefficients for the regular states of F(so(8)_1; ⟨π^′⟩). Using the correspondence of Ishibashi states given in (6.15) and (6.16), we can regard this as the boundary state coefficient matrix Ψ_D(6) for the untwisted boundary states associated with (5.30). The graph fusion algebra corresponding to Ψ_D(6) is therefore identified with the generalized fusion algebra F(so(8)_1; ⟨π^′⟩). Since F(so(8)_1; ⟨π^′⟩) contains the ordinary fusion algebra F(so(8)_1), which is the group algebra of Z_2 × Z_2, the graph fusion algebra of Ψ_D(6) also contains it as a subalgebra.

In the modular invariant (5.30), in addition to the untwisted boundary states, we have the twisted boundary states for the charge-conjugation automorphism group G_c = {1, ω_c} of su(3)_3. As is shown in Appendix A, the automorphism group G_c has a lift G̃_c = ⟨π^′, σ^′⟩ to so(8)_1, which is isomorphic to the symmetric group S_3. Using this fact, we can construct the ω_c-twisted states in (5.30) starting from the G̃_c-twisted states of so(8)_1.

Since σ^′ ∈ G̃_c is composed of the chirality flip and an inner automorphism of so(8)_1, the twisted chiral algebra for σ^′ is isomorphic to D^{(2)}_4 at level 1 and the generalized fusion algebra F(so(8)_1; G̃_c) has exactly the same form as F(so(8)_1; S_3) presented in Section 2.3. Consequently, one obtains 12 twisted boundary states for G̃_c, of which six states for ⟨π^′⟩ = {1, π^′, π^{′2}} correspond to the untwisted states of su(3)_3 while the remaining six for the coset σ^′⟨π^′⟩ = {σ^′, π^′σ^′, π^{′2}σ^′} are regarded as the ω_c-twisted ones, since the restriction of σ^′⟨π^′⟩ to su(3)_3 yields ω_c. For example, two σ^′-twisted states of so(8)_1 take the form 1 √ 2 (|O; σ^′⟩⟩ ± |V ; σ^′⟩⟩) . (6.18) The σ^′-twisted Ishibashi states of so(8)_1 can be expressed in terms of the ω_c-twisted Ishibashi states of su(3)_3, |O; σ^′⟩⟩ = R(σ^′)|O⟩⟩ = 1 √ 3 R(ω_c)(|(0, 0)⟩⟩ + |(3, 0)⟩⟩ + |(0, 3)⟩⟩) = 1 √ 3 (|(0, 0); ω_c⟩⟩ + |(0, 3); ω_c⟩⟩ + |(3, 0); ω_c⟩⟩) , (6.19)

|V ; σ^′⟩⟩ = R(σ^′)|V ⟩⟩ = R(ω_c)|(1, 1)_1⟩⟩ = |(1, 1)_1; ω_c⟩⟩ . (6.20)

Substituting these expressions into (6.18), we obtain two ω_c-twisted states of su(3)_3, 1 √ 6 (|(0, 0); ω_c⟩⟩ + |(3, 0); ω_c⟩⟩ + |(0, 3); ω_c⟩⟩ ± √ 3|(1, 1)_1; ω_c⟩⟩) . (6.21)

The case of π^′σ^′ and π^{′2}σ^′ can be treated in the same way and we obtain four more ω_c-twisted states, 1 √ 2 (|O; π^′σ^′⟩⟩ ± |C; π^′σ^′⟩⟩) = 1 √ 6 (|(0, 0); ω_c⟩⟩ + κ̄|(3, 0); ω_c⟩⟩ + κ|(0, 3); ω_c⟩⟩ ± √ 3|(1, 1)_3; ω_c⟩⟩) , (6.22) 1 √ 2 (|O; π^{′2}σ^′⟩⟩ ± |S; π^{′2}σ^′⟩⟩) = 1 √ 6 (|(0, 0); ω_c⟩⟩ + κ|(3, 0); ω_c⟩⟩ + κ̄|(0, 3); ω_c⟩⟩ ± √ 3|(1, 1)_2; ω_c⟩⟩) . (6.23)

The ω_c-twisted boundary states obtained in this way form a complete set of twisted states, since the number of the twisted boundary states is the same as the number |E(ω_c )| of the twisted Ishibashi states available in (5.30). The resulting boundary states have the following coefficient matrix

Ψ_D(6)∗ = 1 √ 6

1 1 1 √ 3 0 0 1 1 1 − √ 3 0 0 1 κ κ̄ 0 √ 3 0 1 κ κ̄ 0 − √ 3 0 1 κ̄ κ 0 0 √ 3 1 κ̄ κ 0 0 − √ 3 , (6.24)

where the columns are ordered as {(0, 0), (3, 0), (0, 3), (1, 1)_1 , (1, 1)_2, (1, 1)_3}. This matrix Ψ_D(6)∗ realizes the D^{(6)∗} NIM-rep of the ordinary fusion algebra F(su(3)_3). By appropriately mixing three columns of Ψ_D(6)∗ corresponding to (1, 1)_n (n = 1, 2, 3), one can make the first row of Ψ_D(6)∗ consist of only non-vanishing entries. The graph fusion algebra for D^{(6)∗} is then constructed by taking the first row as the node 0. It would be interesting to relate this algebra with some generalized fusion algebra, possibly F(so(8)_1; G̃_c).

7 Summary and Discussion

In this paper, we have studied a consistency condition of boundary states satisfying the boundary condition twisted by an automorphism group G of the chiral algebra A and clarified the relation of twisted boundary states with the generalized fusion algebra. We have shown that the fusion coefficients of the generalized fusion algebra is expressed by a formula analogous to the Verlinde formula even for non-abelian cases and thereby determined irreducible representations of the generalized fusion algebra, which generalize quantum dimensions of the ordinary fusion algebras. For a non-abelian G, some irreducible representations have dimension greater than 1 reflecting the fact that the generalized fusion algebra is non-commutative. Based on these results, we have shown that a consistent set of twisted boundary states forms a NIM-rep of the generalized fusion algebra. As a check of our argument, we have considered twisted boundary states in several models, which includes non-diagonal modular invariants as well as the case of non-abelian automorphisms. We have seen that several NIM-reps of the ordinary fusion algebra are organized into a single NIM-rep of the generalized fusion algebra. In particular, the D and E type NIM-reps of su(3)_k (k = 3, 5) are paired with their counterpart D^∗ and E^∗, respectively, to yield a NIM-rep of the generalized fusion algebra for the charge-conjugation automorphism group of su(3)_k. Finally, we have given an argument that the graph fusion algebra associated with a simple current extension can be regarded as the generalized fusion algebra of the extended chiral algebra, which naturally explains the observation that the graph fusion algebra contains the fusion algebra of the extended theory as a subalgebra.

Having obtained these results, a natural problem is the classification of NIM-reps of the generalized fusion algebra, which generalizes the corresponding problem [2, 7] for the case of ordinary fusion algebras. These two problems are related with each other, since the generalized fusion algebra contains the ordinary fusion algebra as a subalgebra and a NIM-rep of the former is decomposed into NIM-reps of the latter. More generally, if the automorphism group G of the chiral algebra A has a subgroup H ⊊ G, the generalized fusion algebra F(A; G) has a subalgebra F(A; H), and a NIM-rep of F(A; G) is decomposed into NIM-reps of F(A; H). On the other hand, as we have pointed out in Section 5.1, there exist some unphysical NIM-reps of the ordinary fusion algebra F(u(1)_6) that are not originated from those of the generalized fusion algebra F(u(1)_6; G_c). This example shows that not all of the NIM-reps for F(A; H) can be obtained from those of F(A; G). It is interesting to find other examples with this property and understand its significance. In particular, any relation with the notion of physical NIM-reps [7] would be desirable.

The case of block diagonal modular invariants is of particular interest. In that case, the chiral algebra A has an extension A_{ext} and one can consider a lift of the automorphism group G of A to A_{ext}. If a lift G_{ext} of G exists,^{11} one can construct G_{ext}-twisted boundary states of the extended theory, which can also be regarded as G-twisted states of the unextended theory. This suggests that there is some relation between two generalized fusion algebras F(A; G) and F(A_{ext}; G_{ext}). Indeed, for the case of simple current extensions, NIM-reps of F(A_{ext}; G_{ext}) can be considered as NIM-reps of F(A; G), as we have seen in Section 6. Probably, this correspondence of NIM-reps is a common feature of the cases in which the unextended chiral algebra A is characterized as the fixed point algebra of a certain automorphism group H_{ext} ⊂ G_{ext} of A_{ext}. This is exactly the setting of the Galois theory for vertex operator algebras (see [28] and references therein) and the mutual relation of generalized fusion algebras in such cases might be described also by the Galois theory. For exceptional invariants, however, the unextended chiral algebra A can not be obtained as the fixed point algebra for any automorphism group of A_{ext} in general, and one would need another tool, such as the operator-algebraic methods [30, 31, 12], for a deep understanding of the mutual relation of generalized fusion algebras associated with an exceptional invariant.

11This is actually an assumption. There is in general an obstruction to lifting the automorphism group G of A to the extended chiral algebra A_{ext} [28].

A Algebra embedding su(3)_3 ⊂ so(8)_1

In this appendix, we give an explicit realization of the algebra embedding su(3)_3 ⊂ so(8)_1 and show that the charge-conjugation automorphism group G_c = {1, ω_c} ∼= Z_2 of su(3)_3 has a lift G̃_c to so(8)_1, which is isomorphic to the symmetric group S_3.

The affine Lie algebra so(8)_1 can be expressed by four pairs of complex fermions ψ^±_i (i = 1, 2, 3, 4). The Cartan element H̃_i and the simple root Ẽ^{αi} of so(8) have the form

H̃_i = ψ^+_i ψ^−_i , Ẽ^α1 = ψ^+_1 ψ^−_2 , Ẽ^α2 = ψ^+_2 ψ^−_3 , Ẽ^α3 = ψ^+_3 ψ^−_4 , Ẽ^α4 = ψ^+_3 ψ^+_4 . (A.1)

The other roots are written as ψ^±_i ψ^±_j or ψ^±_i ψ^∓_j with i ≠ j. The subalgebra su(3) ⊂ so(8) with embedding index 3 can be realized as follows,

H_1 = 1 √ 2 (−H̃_1 − 2H̃_2 + H̃_3) , H_2 = √ 3 2 (H̃_1 + H̃_3) ,

E^1 = ψ^−_1 ψ^+_3 + κ ψ^−_4 ψ^−_2 + κ̄ ψ^+_4 ψ^−_2 , E^2 = ψ^+_2 ψ^+_3 + κ ψ^+_1 ψ^+_4 + κ̄ ψ^+_1 ψ^−_4 , E^θ = Ẽ^{α1} + Ẽ^{α3} + Ẽ^{α4} = ψ^+_1 ψ^−_2 + ψ^+_3 ψ^−_4 + ψ^+_3 ψ^+_4 ,

(A.2)

where H_i (i = 1, 2) and E^i(i = 1, 2) stand for the Cartan elements and the simple roots of su(3), respectively. E^θ = [E^1, E^2] is the highest root of su(3) and κ = e^{2πi}3 . The 28 elements of so(8) can be decomposed into irreducible representations of this su(3) as 28 = 8⊕10⊕10, where 10 (10) is the highest weight representation with the Dynkin label (3, 0) ((0, 3)) and contains ψ^−_2 ψ^+_3 (ψ^+_1 ψ^+_3 ) as the highest weight state.

One can construct an automorphism of so(8) that fixes the su(3) subalgebra (A.2) from the triality of so(8). Let π be the triality automorphism of so(8), which generates an automorphism group ⟨π⟩ = {1, π, π^2} ∼= Z_3. The action of π on the simple roots of so(8) reads π : Ẽ^{α1} → Ẽ^{α3} → Ẽ^{α4} → Ẽ^{α1} , Ẽ^{α2} → Ẽ^{α2} , (A.3) which in turn implies the following action on the Cartan elements, π : H̃_1 → 1 2 (H̃_1 + H̃_2 + H̃_3 − H̃_4) ,

H̃_2 → 1 2 (H̃_1 + H̃_2 − H̃_3 + H̃_4) ,

H̃_3 → 1 2 (H̃_1 − H̃_2 + H̃_3 + H̃_4) ,

H̃_4 → 1 2 (H̃_1 − H̃_2 − H̃_3 − H̃_4) .

(A.4)

The action on the other elements of so(8) can be determined by the commutation relations and one obtains

π : ψ^+_1 ψ^−_3 → ψ^−_4 ψ^+_2 → ψ^+_4 ψ^+_2 → ψ^+_1 ψ^−_3 , ψ^+_2 ψ^+_3 → ψ^+_1 ψ^+_4 → ψ^+_1 ψ^−_4 → ψ^+_2 ψ^+_3 , ψ^+_1 ψ^+_3 → ψ^+_1 ψ^+_3 , ψ^+_1 ψ^+_2 → ψ^+_1 ψ^+_2 .

(A.5)

Here we give only the action on the positive roots; the action on the negative roots can be obtained by taking the hermitian conjugation of this equation. Since the order of π is 3, its eigenvalue is of the form κ^n (n = 0, 1, 2), and so(8) is decomposed into the eigenspaces of π as 28 = 14 ⊕ 7 ⊕ 7. The fixed point algebra of π has dimension 14 and coincides with G_2 ⊂ so(8) with embedding index 1.

π acts on su(3) in (A.2) as follows,

π : E^1 → κ E^1 , E^2 → κ̄ E^2 , E^θ → E^θ , H_i → H_i . (A.6)

Hence π almost fixes su(3). One can construct an automorphism π^′ fixing su(3) in the form π^′ = Ad_hπ, where Ad_h is an inner automorphism J → Ad_h(J) = hJh^{−1} with the element h = e^{2πi}3^{(H1+H2 )} ∈ SO(8). From the action of Ad_h on ψ^±_i ,

Ad_h : ψ^±_1 → κ^{±1}ψ^±_1 , ψ^±_2 → κ^{±1}ψ^±_2 , ψ^±_3 → ψ^±_3 , ψ^±_4 → ψ^±_4 , (A.7)

one can readily check that π^′ = Ad_hπ actually fixes su(3). Since Ad_h commutes with π and (Ad_h)^3 = 1, the automorphism π^′ has also order 3 and hence generates an automorphism group ⟨π^′⟩ = {1, π^′, π^{′2}} ∼= Z_3. The elements of so(8) are again decomposed according to the eigenvalue κ^n (n = 0, 1, 2) of π^′ as 28 = 8 ⊕ 10 ⊕ 10, which coincides with the decomposition into irreducible representations of su(3) mentioned above. In this way, the su(3) subalgebra (A.2) is characterized as the fixed point algebra of the automorphism group ⟨π^′⟩ ∼= Z_3 of so(8). The fact that su(3) in (A.2) is characterized as the fixed point algebra of π^′ implies that the identity automorphism of su(3) has a lift ⟨π^′⟩ ∼= Z_3 to so(8). One can show that the charge-conjugation automorphism ω_c of su(3) also has a lift to so(8). Consider the following automorphism σ^′ of so(8),

σ^′ : ψ^±_1 → ψ^∓_2 , ψ^±_2 → ψ^∓_1 , ψ^±_3 → ψ^±_3 , ψ^±_4 → −ψ^∓_4 , (A.8)

which has order 2. This is an outer automorphism of so(8), since σ^′ acts on eight real fermions as an element of O(8) with determinant −1. This automorphism σ^′ acts on su(3) in (A.2) as the exchange of two simple roots

σ^′ : E^1 → E^2 , E^θ → −E^θ . (A.9)

In particular, σ^′ keeps su(3) ⊂ so(8) invariant and can be restricted to su(3). Clearly, the restriction of σ^′ to su(3) is the charge-conjugation ω_c of su(3). In other words, σ^′ is a lift of ω_c to so(8). Together with π^′, σ^′ forms a lift G̃_c of G_c = {1, ω_c}. By explicit calculations, one can show that σ^′π^′σ^{′−1} = π^{′−1}, which means that G̃_c = ⟨π^′, σ^′⟩ is isomorphic to the symmetric group S_3; the charge-conjugation automorphism group G_c of su(3) ⊂ so(8) has a lift G̃_c to so(8), which is isomorphic to S_3. The restriction G_c of G̃_c can be identified with the quotient group of G̃_c by the stabilizer of su(3) ⊂ so(8) as G̃_c/⟨π^′⟩ ∼= S_3/Z_3 ∼= Z_2.

B Twisted boundary states for su(3)_k

In this appendix, we describe in detail the construction of twisted boundary states for the chiral algebra su(3)_k (k = 3, 5) and the charge-conjugation automorphism group G_c = {1, ω_c}, and check that the resulting boundary states realize a NIM-rep of the generalized fusion algebra F(su(3)_k; G_c).

Let us first calculate the explicit form of the generalized fusion algebra F(su(3)_k; G_c) for k = 3 and 5. The set I of the irreducible representations of su(3)_k reads I = P^k_+(su(3)) = {λ = (λ_1, λ_2)|λ_1 + λ_2 ≤ k}. (B.1) The modular transformation matrix of the characters of these representations is given by the Kac-Peterson formula [32]. The charge conjugation ω_c acts on I as ω_c : (λ_1, λ_2) → (λ_2, λ_1). (B.2) The corresponding twisted chiral algebra is the twisted affine Lie algebra A^{(2)}_2 . Since its horizontal subalgebra is so(3), the irreducible representations of A^{(2)}_2 are labeled by a single Dynkin label which we denote by λ̃, I^{ωc} = P^k_+(A^{(2)}_2 ) = {λ̃ | 2λ̃ ≤ k}. (B.3) The set I(ω_c) of representations fixed by ω_c reads I(ω_c) = {μ = (μ_1, μ_1) | 2μ_1 ≤ k}. (B.4) The modular transformation matrix S^{ωc} of the twisted representation λ̃ ∈ I^{ωc} takes the form [32] S^{ωc}_{λ̃μ} = 2 √ k + 3 sin ( 2π k + 3

(λ̃ + 1)(μ_1 + 1) ) . (B.5)

By using these data, one can construct untwisted and ω_c-twisted boundary states compatible with the charge conjugation modular invariant of su(3)_k. The total number |Î| of boundary states is |Î| = |I| + |I^{ωc} | = { 10 + 2 = 12 for k = 3, 21 + 3 = 24 for k = 5. (B.6) As we have shown in Section 2, the generalized fusion algebra F(su(3)_k; G_c), or equivalently the regular NIM-reps of F(su(3)_k; G_c), is obtained from the overlaps of these boundary states. We give only the part of F(su(3)_k; G_c) concerning the twisted representations. The part containing only the untwisted representations, i.e., the ordinary fusion algebra F(su(3)_k), is found in, e.g., [33]. k = 3

(λ_1, λ_2) × (0) = (λ_1, λ_2) × (1) = { (0) (λ_1, λ_2) ∈ {(0, 0), (3, 0), (0, 3)}, (0) + (1) (λ_1, λ_2) ∈ {(1, 0), (0, 1), (2, 0), (0, 2), (2, 1), (1, 2)}, (1, 1) × (0) = (0) + 2 (1), (1, 1) × (1) = 2 (0) + (1),

(0) × (0) = (1) × (1) = ∑ (λ_1,λ_2)∈I

(λ_1, λ_2),

(0) × (1) = (1, 0) + (0, 1) + (2, 0) + (0, 2) + (2, 1) + (1, 2) + 2 (1, 1). (B.7) k = 5

(λ_1, λ_2) × (λ̃) = (λ̃) (λ_1, λ_2) ∈ {(0, 0), (5, 0), (0, 5)}, λ̃ ∈ I^{ωc} = {0, 1, 2},

(λ_1, λ_2) ×

(0) = (0) + (1) (1) = (0) + (1) + (2) (2) = (1) + (2)

(λ_1, λ_2) ∈ {(1, 0), (0, 1), (4, 0), (0, 4), (4, 1), (1, 4)},

(λ_1, λ_2) ×

(0) = (0) + (1) + (2) (1) = (0) + 2 (1) + (2) (2) = (0) + (1) + (2)

(λ_1, λ_2) ∈ {(2, 0), (0, 2), (3, 0), (0, 3), (3, 2), (2, 3)},

(λ_1, λ_2) ×

(0) = (0) + 2 (1) + (2) (1) = 2 (0) + 2 (1) + 2 (2) (2) = (0) + 2 (1) + (2)

(λ_1, λ_2) ∈ {(1, 1), (3, 1), (1, 3)},

(λ_1, λ_2) ×

(0) = (0) + 2 (1) + 2 (2) (1) = 2 (0) + 3 (1) + 2 (2) (2) = 2 (0) + 2 (1) + (2)

(λ_1, λ_2) ∈ {(2, 1), (1, 2), (2, 2)},

(0) × (0) = (2) × (2) = ∑ (λ_1,λ_2)∈I

(λ_1, λ_2),

(1) × (1) = (0, 0) + (5, 0) + (0, 5) + (1, 0) + (0, 1) + (4, 0) + (0, 4) + (4, 1) + (1, 4) + 2 ( (2, 0) + (0, 2) + (3, 0) + (0, 3) + (3, 2) + (2, 3) + (1, 1) + (3, 1) + (1, 3) )

+ 3 ( (2, 1) + (1, 2) + (2, 2) ) , (0) × (1) = (1) × (2) = (1, 0) + (0, 1) + (4, 0) + (0, 4) + (4, 1) + (1, 4) + (2, 0) + (0, 2) + (3, 0) + (0, 3) + (3, 2) + (2, 3) + 2 ( (1, 1) + (3, 1) + (1, 3) + (2, 1) + (1, 2) + (2, 2) ) , (0) × (2) = (2, 0) + (0, 2) + (3, 0) + (0, 3) + (3, 2) + (2, 3) + (1, 1) + (3, 1) + (1, 3) + 2 ( (2, 1) + (1, 2) + (2, 2) ) . (B.8)

B.1 su(3)_3

The modular invariant

Z_D(6) = |χ_{(0,0)} + χ_{(3,0)} + χ_{(0,3)}|^2 + 3|χ_{(1,1)}|^2 (B.9)

is a simple current extension of su(3)_3 by (3, 0) and the corresponding extended chiral algebra is so(8)_1. As we have shown in Section 6, the twisted boundary states for the automorphism group G_c are obtained from those for G̃_c, a lift of G_c to so(8)_1. The resulting boundary state coefficients are given in (6.17) and (6.24). The set V̂ of all the twisted boundary states consists of 12 elements |V̂| = |V| + |V^{ωc} | = 6 + 6 = 12. (B.10)

By calculating the overlaps of these 12 boundary states, we obtain a set of 12 × 12 matrices {n̂_N |N ∈ Î} defined in (4.12). These matrices turn out to be non-negative integer valued. The explicit form is as follows,

n̂_{(0,0)} = n̂_{(3,0)} = n̂_{(0,3)} = ( I O O I ) , n̂_{(1,0)} = n̂_{(0,2)} = n̂_{(2,1)} = n̂^T_{(0,1)} = n̂^T_{(2,0)} = n̂^T_{(1,2)} = ( ϱ O O ϱ^′ ) , n̂_{(1,1)} = ( ϱ_{(1,1)} O O ϱ^′_{(1,1)} ) , n̂_{(0)} = ( O ϱ^T_0 ϱ_0 O ) , n̂_{(1)} = ( O ϱ^T_1 ϱ_1 O ) ,

(B.11)

where the first six rows and columns stand for the states of Ψ_D(6) in (6.17) and the last six for those of Ψ_D(6)∗ in (6.24). O and I are the 6 × 6 zero and the unit matrices, respectively, and the other matrices are defined as

ϱ = 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 2 1 1 1 1 0 0

, ϱ^′ =

0 0 0 0 1 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 0 0 0 0 0 0 1 1 0 0 0 0 1 1 0 0 ,

ϱ_{(1,1)} =

0 1 1 1 0 0 1 0 1 1 0 0 1 1 0 1 0 0 1 1 1 0 0 0 0 0 0 0 3 0 0 0 0 0 0 3

, ϱ^′_{(1,1)} =

1 2 0 0 0 0 2 1 0 0 0 0 0 0 1 2 0 0 0 0 2 1 0 0 0 0 0 0 1 2 0 0 0 0 2 1 ,

ϱ_0 =

1 1 0 0 1 1 0 0 1 1 1 1 1 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 0 1 1 0 1 1

, ϱ_1 =

0 0 1 1 1 1 1 1 0 0 1 1 0 1 0 1 1 1 1 0 1 0 1 1 0 1 1 0 1 1 1 0 0 1 1 1 .

(B.12)

One can check that these matrices n̂ form a NIM-rep of F(su(3)_3; G_c) defined in (B.7). For example, n̂ satisfies the following relation

n̂_{(1,1)} n̂_{(0)} = n̂_{(0)} + 2 n̂_{(1)}, n̂_{(1,1)} n̂_{(1)} = 2 n̂_{(0)} + n̂_{(1)}, n̂_{(0)} n̂_{(1)} = n̂_{(1,0)} + n̂_{(0,1)} + n̂_{(2,0)} + n̂_{(0,2)} + n̂_{(2,1)} + n̂_{(1,2)} + 2 n̂_{(1,1)}, etc.

(B.13)

In this way, two NIM-reps, D^{(6)} and D^{(6)∗}, associated with the simple current modular invariant (B.9) are combined to yield a NIM-rep of the generalized fusion algebra F(su(3)_3; G_c).

B.2 su(3)_5

We next turn to the construction of twisted boundary states associated with a non-trivial modular invariant of su(3)_5 and check that the resulting boundary states realize a NIM-rep of the generalized fusion algebra F(su(3)_5; G_c).

B.2.1 The case of Z_E(8)

We first consider the exceptional modular invariant of su(3)_5,

Z_E(8) = |χ_{(0,0)} + χ_{(2,2)}|^2 + |χ_{(0,2)} + χ_{(3,2)}|^2 + |χ_{(1,2)} + χ_{(5,0)}|^2 + |χ_{(3,0)} + χ_{(0,3)}|^2 + |χ_{(2,1)} + χ_{(0,5)}|^2 + |χ_{(2,0)} + χ_{(2,3)}|^2 .

(B.14)

This invariant is originated from the charge conjugation modular invariant of su(6)_1 through the conformal embedding su(3)_5 ⊂ su(6)_1, in which the representations of su(6)_1 branch to those of su(3)_5 as follows,

Λ_0 → (0, 0) ⊕ (2, 2), Λ_1 → (0, 2) ⊕ (3, 2), Λ_2 → (1, 2) ⊕ (5, 0), Λ_3 → (3, 0) ⊕ (0, 3), Λ_4 → (2, 1) ⊕ (0, 5), Λ_5 → (2, 0) ⊕ (2, 3).

(B.15)

In the modular invariant (B.14), there are twelve untwisted Ishibashi states available,^{12}

E = {(0, 0), (5, 0), (0, 5), (2, 2), (1, 2), (2, 1), (3, 0), (2, 3), (0, 2), (0, 3), (2, 0), (3, 2)}. (B.16)

Correspondingly, we have twelve untwisted boundary states. Six of them are identified with the untwisted states of su(6)_1 and the other six states are generated by using the fusion with the representations of su(3)_5. The resulting boundary state coefficient matrix Ψ_E(8) takes the following form

Ψ_E(8) = 1 2 a_1K a_2 K K K a_1K a_2 K − K − K a_2K −a_1 K i K −i K a_2K −a_1 K −i K i K , (B.17)

where a_1 = √ 2 sin^π_8 = √_{2−√2} 2 , a_2 = √ 2 cos^π_8 =

√_{2+√2} 2 and the matrix K is defined as

K = 1 √ 3 1 1 1 1 e^{2πi/3} e^{−2πi/3} 1 e^{−2πi/3} e^{2πi/3} . (B.18)

12For simplicity, we omit in this appendix the label for the anti-holomorphic representation of Ishibashi states.

Here the columns of Ψ_E(8) are ordered as in (B.16). The first six rows correspond to the states of the su(6)_1 theory. One can check that these untwisted states yield the E^{(8)} NIM-rep of the ordinary fusion algebra F(su(3)_5).

The labels of the available ω_c-twisted Ishibashi states are obtained from (B.14),

E(ω_c ) = {(0, 0), (2, 2), (0, 3), (3, 0)}. (B.19)

As is seen from the branching rule (B.15), the charge conjugation ω_c can be lifted to the charge conjugation ω̃_c of su(6)_1, which acts on the fundamental weights of su(6)_1 as follows,

ω̃_c : Λ_0 → Λ_0 , Λ_i ↔ Λ_{6−i} (i = 1, 2, 3, 4, 5). (B.20)

The ω̃_c-twisted boundary states in the su(6)_1 theory take the form |±⟩ = 1 √ 2 (|Λ_0; ω̃_c⟩⟩ ± |Λ_3; ω̃_c⟩⟩). (B.21)

One can express these states in terms of the ω-twisted Ishibashi states of su(3)_5 in the same way as the D^{(6)∗} states considered in Section 6. First, from the branching rule (B.15) and the modular transformation matrix of su(3)_5, the Ishibashi state for the vacuum representation of su(6)_1 can be decomposed as follows,

|Λ_0⟩⟩ = 1 √ 2 (a_1|(0, 0)⟩⟩ + a_2|(2, 2)⟩⟩) , (B.22)

where a_1, a_2 are the constants used in (B.17). The ω̃_c-twisted Ishibashi state |Λ_0; ω̃_c⟩⟩ is then obtained by the action of ω̃_c,

|Λ_0; ω̃_c⟩⟩ = R(ω̃_c)|Λ_0⟩⟩ = 1 √ 2 (a_1|(0, 0); ω_c⟩⟩ − a_2|(2, 2); ω_c⟩⟩) . (B.23)

Here we use the fact that the ω̃_c acts on (2, 2) as −1, which can be shown, for example, by the calculation of ⟨Λ_0|q̃^12^{Hc} |+⟩. In this way, we obtain two ω_c-twisted states. The remaining two states are generated by the fusion of su(3)_5 and we obtain four ω_c-twisted states, whose boundary state coefficient matrix takes the form

Ψ_E(8)∗ = 1 2 a_1 −a_2 1 1 a_1 −a_2 −1 −1 a_2 a_1 i −i a_2 a_1 −i i

. (B.24)

Here the columns are ordered as in (B.19) and the first (second) row corresponds to |+⟩ (|−⟩). These states form the E^{(8)∗} NIM-rep of F(su(3)_5).

The number of all the twisted boundary states is thus

|V̂| = |V| + |V^{ωc} | = 12 + 4 = 16 . (B.25)

From the explicit form of the boundary state coefficients, one can calculate the corresponding overlap matrices n̂, which are 16-dimensional. The result is as follows,

n̂_{(0,0)} = I_{16×16},

n̂_{(1,0)} = O O ς O O O O ς O O ς ς ς ς O ς ς O^′ I^′ O ς^′ I^′ + ς^′ ,

n̂_{(2,0)} =

O ς^t ς^t O ς^t O O ς^t O O ς^t ς^t 2 ς^t ς^t O 2 ς^t ς^t ς^′ I^′ O ς^′ I^′ + 2 ς^′

, n̂_{(1,1)} = O O I I O O I I O I I 2I 2I I I 2I 2I O^′ I^′ + ς^′ O I^′ + ς^′ 2(I^′ + ς^′) ,

n̂_{(3,0)} = O I O I I O I O O I O I 2I O I 2I I ς^′ ς^′ O I^′ I^′ + 2 ς^′

, n̂_{(2,1)} = ς O ς ς O ς ς ς O ς ς 3 ς 2 ς ς ς 2 ς 3 ς I^′ I^′ + ς^′ O I^′ + ς^′ 3I^′ + 2 ς^′ ,

n̂_{(4,0)} = O O O ς O O ς O O ς O ς ς O ς ς ς O^′ ς^′ O I^′ I^′ + ς^′

, n̂_{(3,1)} = O O ς^t ς^t O O ς^t ς^t O ς^t ς^t 2 ς^t 2 ς^t ς^t ς^t 2 ς^t 2 ς^t O^′ I^′ + ς^′ O I^′ + ς^′ 2(I^′ + ς^′) ,

n̂_{(2,2)} = I O I I O I I I O I I 3I 2I I I 2I 3I I^′ I^′ + ς^′ O I^′ + ς^′ 3I^′ + 2 ς^′

, n̂_{(5,0)} = ς^t O O O O ς^t O O O O O ς^t O O O O ς^t I^′ O^′ O O^′ I^′ ,

n̂_{(4,1)} = O O I O O O O I O O I I I I O I I O^′ I^′ O ς^′ I^′ + ς^′

, n̂_{(3,2)} = O ς ς O ς O O ς O O ς ς 2 ς ς O 2 ς ς ς^′ I^′ O ς^′ I^′ + 2 ς^′ ,

n̂_{(0)} = n̂_{(2)} = ( O A^t A O ) , n̂_{(1)} = ( O B^t B O ) . (B.26)

The matrices not presented above are obtained by n̂_{(λ2,λ1)} = n̂^T_{(λ1,λ2)}. The first 12 rows and columns of these matrices n̂ are ordered as in the rows of Ψ_E(8) in (B.17) and the last four are ordered as in Ψ_E(8)∗ defined in (B.24). O and O^′ (I and I^′) are respectively 3 × 3 and 2 × 2 zero (unit) matrices while the other matrices are defined as

ς = 0 1 0 0 0 1 1 0 0 , ς^′ = ( 0 1 1 0 ) , A = 0_6 1_6 0_6 1_6 1_6 2_6 1_6 2_6 , B = 1_6 1_6 1_6 1_6 1_6 3_6 1_6 3_6

, (B.27)

where m_6 (m = 0, 1) is a row vector with all entries being m, m_6 = (m, m, m, m, m, m). One can explicitly check that these non-negative integer valued matrices {n̂_N } satisfy the generalized fusion algebra F(su(3)_5; G_c) in (B.8), for example,

n̂_{(2,2)} n̂_{(0)} = n̂_{(0)} + 2 n̂_{(1)} + 2 n̂_{(2)}, n̂_{(2,2)} n̂_{(1)} = 2 n̂_{(0)} + 3 n̂_{(1)} + 2 n̂_{(2)}, n̂_{(2,2)} n̂_{(2)} = 2 n̂_{(0)} + 2 n̂_{(1)} + n̂_{(2)}, n̂_{(0)} n̂_{(2)} = n̂_{(2,0)} + n̂_{(0,2)} + n̂_{(3,0)} + n̂_{(0,3)} + n̂_{(3,2)} + n̂_{(2,3)} + n̂_{(1,1)} + n̂_{(3,1)} + n̂_{(1,3)} + 2 ( n̂_{(2,1)} + n̂_{(1,2)} + n̂_{(2,2)} ) etc.

(B.28)

B.2.2 The case of Z_D(8)

We next consider twisted boundary states associated with the simple current invariant

Z_D(8) =|χ_{(0,0)}|^2 + |χ_{(1,1)}|^2 + |χ_{(2,2)}|^2 + |χ_{(3,0)}|^2 + |χ_{(0,3)}|^2 + |χ_{(4,1)}|^2 + |χ_{(1,4)}|^2 + (χ_{(5,0)}χ_{(0,5)} + χ_{(3,1)}χ_{(1,3)} + χ_{(1,2)}χ_{(2,1)} + χ_{(2,3)}χ_{(0,2)} + χ_{(2,0)}χ_{(3,2)} + χ_{(0,4)}χ_{(1,0)} + χ_{(0,1)}χ_{(4,0)} + c.c) .

(B.29)

Since this invariant is the Z_3-orbifold of su(3)_5, one can obtain the boundary states for (B.29) by averaging the Z_3-orbit of boundary states for the charge-conjugation invariant. For the untwisted states, this procedure yields the following coefficient matrix,

Ψ_D(8) = 1 2 √ 2

1 −^{1√}_2 √ 2 1 +^{1√}_2 1 1^{1√}_2^{1√}_2 1√ 2 √ 2 −^{1√}_2 i −i i −^{1√}_2 −i −^{1√}_2 1 0 1 −1 + i −1 − i −i i √ 2 0 − √ 2 0 0 √ 2 √ 2 1 0 1 −1 − i −1 + i i −i 1√ 2 √ 2 −^{1√}_2 −i i −i −^{1√}_2 i −^{1√}_2 1 +^{1√}_2 − √ 2 1 −^{1√}_2 1 1 −^{1√}_2 −^{1√}_2

, (B.30)

where the columns are ordered as

E = {(0, 0), (1, 1), (2, 2), (3, 0), (0, 3), (4, 1), (1, 4)}. (B.31)

Since all of three ω_c-twisted states for the charge-conjugation invariant are the fixed point of the Z_3 action, we obtain 3 × 3 = 9 twisted states for (B.29) by an appropriate resolution of the fixed points. The resulting coefficient matrix takes the following form

Ψ_D(8)∗ = 1 √ 3 τ τ τ τ e^{2πi/3} τ e^{−2πi/3} τ τ e^{−2πi/3} τ e^{2πi/3} τ with τ = 1 2 1 √ 2 1 √ 2 0 − √ 2 1 − √ 2 1 . (B.32)

where the columns are ordered as

E(ω_c ) = {(0, 0), (1, 1), (2, 2), (5, 0), (3, 1), (1, 2), (0, 5), (1, 3), (2, 1)}. (B.33)

In this way, we obtain |V̂| = |V| + |V^{ωc} | = 7 + 9 = 16 (B.34)

boundary states associated with the modular invariant (B.29). By calculating the overlap of these states, we obtain a set of 16 × 16 matrices

n̂_{(0,0)} = I_{16×16},

n̂_{(1,0)} = ( A_D(8) O O A_D(8)∗ ) , (B.35)

where A_D(8) and A_D(8)∗ are the adjacency matrix for the graphs of type D^{(8)} and D^{(8)∗}, respectively,

A_D(8) =

0 1 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 1 1 0 0 1 0 0 0 0 0 1 1 0 0 1

, A_D(_{8)∗} = O O α α O O O α O , α = 1 1 0 1 1 1 0 1 1

. (B.36)

The remaining matrices for the untwisted representations take the following form,

n̂_{(2,0)} =

A_{(2,0)} O O α_{(2,0)} O O O O α_{(2,0)} α_{(2,0)} O O

, n̂^{(1,1)} =

A_{(1,1)} O α_{(1,1)} O O O O α_{(1,1)} O O O α_{(1,1)} ,

n̂_{(3,0)} =

A^t_{(2,0)} O α_{(2,0)} O O O O α_{(2,0)} O O O α_{(2,0)} , n̂^{(2,1)} =

A_{(2,2)} O O O α_{(2,2)} O α_{(2,2)} O O O α_{(2,2)} O ,

n̂_{(4,0)} =

A^t_{D(8)} O O O α O α O O O α O , n̂^{(3,1)} =

A_{(1,1)} O O α_{(1,1)} O O O O α_{(1,1)} α_{(1,1)} O O ,

n̂_{(2,2)} =

A_{(2,2)} O α_{(2,2)} O O O O α_{(2,2)} O O O α_{(2,2)} , n̂^{(5,0)} =

I_{7×7} O O 1_{3×3} O O O O 1_{3×3} 1_{3×3} O O ,

n̂_{(4,1)} =

A_D(8) O α O O O O α O O O α , n̂^{(3,2)} =

A_{(2,0)} O O O α_{(2,0)} O α_{(2,0)} O O O α_{(2,0)} O , (B.37)

where

A_{(2,0)} =

0 0 1 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 1 1 1 0 0 1 1 0 1 1 1 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 1 1 1 0 1

, A_{(1,1)} =

0 0 0 1 0 0 0 0 1 0 0 1 0 1 0 0 1 1 0 1 1 1 0 1 2 1 0 1 0 1 0 1 1 0 1 0 0 1 0 0 1 1 0 1 1 1 1 1 2

, A_{(2,2)} =

0 0 0 0 0 0 1 0 0 1 1 0 0 1 0 1 1 1 1 0 1 0 1 1 1 1 1 2 0 0 1 1 1 1 1 0 0 0 1 1 0 1 1 1 1 2 1 1 2

,

(B.38)

α_{(2,0)} =

1 1 1 1 2 1 1 1 1

, α_{(1,1)} =

1 2 1 2 2 2 1 2 1

, α_{(2,2)} =

1 2 2 2 3 2 2 2 1

. (B.39)

For the twisted representations, we obtain

n̂_{(0)} =

O B^t_0 B^t_0 B^t_0 B_0 B_0 O B_0

, n̂^{(1)} =

O B^t_1 B^t_1 B^t_1 B_1 B_1 O B_1

, n̂^{(2)} =

O B^t_2 B^t_2 B^t_2 B_2 B_2 O B_2 , (B.40) where

B_0 =

1 1 1 1 1 1 1 0 1 1 2 1 1 2 0 0 1 1 1 0 2

, B_1 =

0 1 1 2 1 1 2 1 1 2 2 2 1 3 0 1 1 2 1 1 2

, B_2 =

0 0 1 1 1 0 2 0 1 1 2 1 1 2 1 1 1 1 1 1 1

. (B.41)

We can check that these matrices form a NIM-rep of the generalized fusion algebra F(su(3)_5; G_c) given in (B.8).

In summary, we have checked that the twisted boundary states of su(3)_5 realize a NIMrep of the generalized fusion algebra F(su(3)_5; G_c). In other words, we have constructed three NIM-reps of F(su(3)_5; G_c). Besides the regular one, which has dimension 24, we have obtained a 12-dimensional one associated to the exceptional modular invariant Z_E(8) and a 16-dimensional one associated to the simple current invariant Z_D(8) .

C Twisted boundary states for su(3)^{⊕3}_1

In this appendix, we show that the S_3-twisted boundary states associated with the modular invariant (5.33) of su(3)^{⊕3}_1 yield a NIM-rep of the generalized fusion algebra F(su(3)^{⊕3}_1 ; S_3).

C.1 Generalized fusion algebra F(su(3)^{⊕3}_1 ; S_3)

For su(3)_1, there are three integrable representations corresponding to three fundamental weights Λ_0, Λ_1 and Λ_2. In the following, we denote them as (0) = (Λ_0), (1) = (Λ_1) and (2) = (Λ_2). In this notation, the modular transformation matrix of su(3)_1 can be written as S^{su(3)1} mn = 1 √ 3 e^{2πi3 mn} (m, n = 0, 1, 2) . (C.1)

Since this expression is invariant under the shift m → m + 3 (and also n → n + 3), we can consider that the representations of su(3)_1 are labeled by an integer modulo 3, namely, (m + 3) = (m). Actually, the fusion algebra of su(3)_1 is the group algebra of Z_3,

(m) × (n) = (m + n) . (C.2)

In this notation, the action of the charge-conjugation is expressed as

(m)^∗ = (−m) . (C.3)

The representations of su(3)^{⊕3}_1 are then labeled by three integers (n_1, n_2, n_3) and the set I of integrable representations reads

I = {(n_1, n_2, n_3) | n_i = 0, 1, 2} . (C.4)

Hence there are 3^3 = 27 representations for su(3)^{⊕3}_1 . The modular transformation matrix S is simply the tensor product of three S^{su(3)1} ,

S_{(m1,m2 ,m3)(n1,n2 ,n3)} = S^{su(3)1}_{m1 n1} S^{su(3)1}_{m2n2} S^{su(3)1}_{m3n3} = 1 3 √ 3 e^{2πi3 (m1n1+m2 n2 +m3 n3 )} . (C.5)

The fusion algebra of su(3)^{⊕3}_1 is the group algebra of Z_3 × Z_3 × Z_3, (m_1, m_2, m_3) × (n_1, n_2, n_3) = (m_1 + n_1, m_2 + n_2, m_3 + n_3) . (C.6) The automorphism group S_3 is generated by two elements π and σ, which act on the elements of I as π : (n_1, n_2, n_3) → (n_3, n_1, n_2) , σ : (n_1, n_2, n_3) → (n_1, n_3, n_2) .

(C.7)

In terms of π and σ, the elements of S_3 can be expressed as follows, S_3 = {1, π, π^2, σ, πσ, π^2σ} . (C.8) The fixed point of π ∈ S_3 is of the form (n, n, n), I(π) = {(n, n, n) | n = 0, 1, 2} . (C.9) Therefore we have three twining characters for π, which can be expressed by those of su(3)_1 as follows χ^π_{(n,n,n)}(q̃) = Tr_{(n,n,n)} π q̃^{L0− c24} = χ^{su(3)1}_n (q̃^3) . (C.10) As is shown in eq.(2.45), the π-twisted representations are obtained by the modular transformation of the twining characters χ^π, χ^{su(3)1}_m (q^{13} ) = ∑ n=0,1,2 S^{su(3)1} mn χ^{su(3)1}_n (q̃^3) = ∑ n=0,1,2 S^{su(3)1} mn χ^π_{(n,n,n)}(q̃) . (C.11)

Since the left-hand side is labeled by an integer m (mod 3), we denote by (m)_π the π-twisted representation of su(3)^{⊕3}_1 , I^π = {(m)_π | m = 0, 1, 2} . (C.12) From the above equation, the characters and the modular transformation matrix for (m)_π read χ_{(m)π} (q) = χ^{su(3)1}_m (q^{13} ) , S^π_{(m)π(n,n,n)} = S^{su(3)1}_{mn} . (C.13) For σ ∈ S_3, the fixed points and their twining characters have the form I(σ) = {(n_1, n_2, n_2) | n_1, n_2 = 0, 1, 2} , (C.14) χ^σ_{(n1,n2,n2 )}(q̃) = Tr_{(n1 ,n2,n2 )} σ q̃^{L0− c24} = χ^{su(3)1}_{n1} (q̃)χ^{su(3)1}_{n2} (q̃^2) . (C.15) We can therefore label the σ-twisted representations by a pair of integers, I^σ = {(m_1, m_2)_σ | m_1, m_2 = 0, 1, 2} , (C.16) for which the characters and the modular transformation matrix read

χ_{(m1,m2)σ} (q) = χ^{su(3)1}_{m1} (q) χ^{su(3)1}_{m2} (q^{12} ) , S^σ_{(m1,m2)σ (n1,n2 ,n2)} = S^{su(3)1}_{m1 n1} S^{su(3)1}_{m2n2} . (C.17)

(m_1, m_2, m_3) (m)_π (m)_π2 (l_1, l_2, l_3) (l_1 + m_1, l_2 + m_2, l_3 + m_3) (l_1 + l_2 + l_3 + m)_π (l_1 + l_2 + l_3 + m)_π2 (l)_π (l + m_1 + m_2 + m_3)_π 3(l + m)_π2 ∑ n_1+n_2+n_3=l+m (n1, n2, n3)

(l)_π2 (l + m_1 + m_2 + m_3)_π2 ∑ n_1+n_2+n_3 =l+m (n1, n2, n3) 3(l + m)π

(l_1, l_2)_σ (l_1 + m_1, l_2 + m_2 + m_3)_σ ∑ n_1+n_2=l_1 +l_2 +m(n1, n2)π^2 σ ∑ n_1+n_2=l_1 +l_2 +m(n1, n2)πσ

(l_1, l_2)_{πσ} (l_1 + m_1 + m_2, l_2 + m_3)_{πσ} ∑ n_1+n_2=l_1 +l_2 +m(n1, n2)σ ∑ n_1+n_2=l_1 +l_2 +m(n1, n2)π^2 σ

(l_1, l_2)_π2_σ (l_1 + m_1 + m_3, l_2 + m_2)_π2_σ ∑ n_1+n_2=l_1 +l_2 +m(n1, n2)πσ ∑ n_1+n_2 =l_1 +l_2 +m(n1, n2)σ

(m_1, m_2)_σ (m_1, m_2)_{πσ} (m_1, m_2)_π2_σ (l_1, l_2, l_3) (l_1 + m_1, l_2 + l_3 + m_2)_σ (l_1 + l_2 + m_1, l_3 + m_2)_{πσ} (l_1 + l_3 + m_1, l_2 + m_2)_π2_σ (l)_π ∑ n_1+n_2=l+m_1 +m_2 (n1, n2)πσ ∑ n_1+n_2=l+m_1 +m_2 (n1, n2)π^2σ ∑ n_1+n_2=l+m_1 +m_2 (n1, n2)σ

(l)_π2 ∑ n_1+n_2 =l+m_1 +m_2 (n1, n2)π^2 σ ∑ n_1+n_2=l+m_1 +m_2 (n1, n2)σ ∑ n_1+n_2=l+m_1 +m_2 (n1, n2)πσ

(l_1, l_2)_σ ∑ n_2+n_3=l_2 +m_2 (l1 + m1, n2, n3) (l1 + l2 + m1 + m2)π^2 (l1 + l2 + m1 + m2)π

(l_1, l_2)_{πσ} (l_1 + l_2 + m_1 + m_2)_π ∑ n_1+n_2=l_1 +m_1 (n1, n2, l2 + m2) (l1 + l2 + m1 + m2)π^2

(l_1, l_2)_π2_σ (l_1 + l_2 + m_1 + m_2)_π2 (l_1 + l_2 + m_1 + m_2)_π ∑ n_1+n_3 =l_1 +m_1 (n1, l2 + m2, n3)

Table 4: Multiplication table of the generalized fusion algebra F(su(3)^{⊕3}_1 ; S_3). The subscripts stand for the automorphism type of twisted representations. l_i, m_i and n_i take values in Z_3 = {0, 1, 2}. Since σπ = π^2σ ≠ πσ, this algebra is non-commutative.

The remaining cases are treated in the same way and we give only the results below, I^{π2} = {(m)_π2 | m = 0, 1, 2} , S^{π2}_{(m)π2 (n,n,n)} = S^{su(3)1}_{mn} , (C.18) I^{πσ} = {(m_1, m_2)_{πσ} | m_1, m_2 = 0, 1, 2} , S^{πσ}_{(m1,m2 )πσ(n1,n1 ,n2)} = S^{su(3)1}_{m1n1} S^{su(3)1}_{m2 n2} , (C.19) I^{π2σ} = {(m_1, m_2)_π2_σ | m_1, m_2 = 0, 1, 2} , S^{π2σ}_{(m1,m2)π2σ (n1,n2 ,n1)} = S^{su(3)1}_{m1n1} S^{su(3)1}_{m2 n2} . (C.20)

The set Î of all the representations eventually consists of 60 elements,

|Î| = |I| + |I^π| + |I^{π2} | + |I^σ | + |I^{πσ} | + |I^{π2σ} | = 3^3 + 3 × 2 + 3^2 × 3 = 60 . (C.21) From the formula (2.59), the conjugation acts on the twisted representations as follows, (m_1, m_2, m_3)^∗ = (−m_1, −m_2, −m_3) , (m)^∗_π = (−m)_π2 , (m_1, m_2)^∗_ω = (−m_1, −m_2)_ω (ω ∈ {σ, πσ, π^2σ}) .

(C.22)

Having obtained twisted representations and their modular transformation matrices, it is straightforward to calculate the generalized fusion coefficients of F(su(3)^{⊕3}_1 ; S_3) using the formula (2.62). For example, the coefficient ^N_{(l1,l2)σ (m)π}^{(n1 ,n2)π2σ} can be obtained as follows,

^N_{(l1,l2)σ (m)π}^{(n}1^{,n}2^)π2σ = ∑ λ∈I(σ)∩I(π) S^σ_{(l1,l2)σ λ} S^π_{(m)π λ} S^{π2 σ}_{(n1 ,n2)π2σ λ} S_{(0,0,0)λ} = ∑ p=0,1,2 S^σ_{(l1,l2)σ (p,p,p)} S^π_{(m)π(p,p,p)} S^{π2 σ}_{(n1 ,n2)π2σ (p,p,p)} S_{(0,0,0)(p,p,p)} = ∑ p=0,1,2 S^{su(3)1} l_1p S su(3)_1 l_2p S su(3)_1

mp S^{su(3)1}n_1p S^{su(3)1}n_2p (S^{su(3)1}_{0p} )^3 = 1 3 ∑ p=0,1,2 e^{2πi3 p(l1+l2+m−n1 −n2 )} = δ^{(3)}_{l1+l2+m, n1 +n2} ,

(C.23)

where δ^{(3)} is the Kronecker delta for Z_3. The other cases can be calculated in the same manner; we give the result in Table 4.

C.2 Non-trivial NIM-rep of F(su(3)^{⊕3}_1 ; S_3)

For the chiral algebra su(3)^{⊕3}_1 , the following block diagonal invariant is available,

Z_{E6} = |χ_{(0,0,0)} + χ_{(1,1,1)} + χ_{(2,2,2)}|^2 + |χ_{(0,2,1)} + χ_{(1,0,2)} + χ_{(2,1,0)}|^2 + |χ_{(0,1,2)} + χ_{(2,0,1)} + χ_{(1,2,0)}|^2 ,

(C.24)

which originates from the conformal embedding su(3)^{⊕3}_1 ⊂ E_{6,1} (see Fig. 3).^{13} For E_{6,1}, there are three integrable representations, (Λ̃_0), (Λ̃_1) and (Λ̃_5),^{14} and the charge-conjugation invariant reads Z = |χ~_{Λ0} |^2 + |χ~_{Λ1} |^2 + |χ~_{Λ5} |^2 . (C.25) From this together with the branching rule

(Λ̃_0) = (0, 0, 0) ⊕ (1, 1, 1) ⊕ (2, 2, 2) , (Λ̃_1) = (0, 2, 1) ⊕ (1, 0, 2) ⊕ (2, 1, 0) , (Λ̃_5) = (0, 1, 2) ⊕ (1, 2, 0) ⊕ (2, 0, 1) ,

(C.26)

one obtains the invariant (C.24).

There are three boundary states preserving E_{6,1} corresponding to three integrable representations,^{15} |Λ̃_i⟩ = ∑ j=0,1,5 S^{E6}_{Λ̃iΛ̃j} |Λ̃_j )⟩⟩ (i = 0, 1, 5) . (C.27)

13This invariant is also considered to be a simple current extension by (1, 1, 1) ∈ I. 14We distinguish the fundamental weights of E_{6,1} from those of su(3)_1 by putting a tilde. 15For simplicity, we omit in this appendix the label for the anti-holomorphic representation of Ishibashi states and denote by |λ; ω⟩⟩ instead of |(λ, μ^∗); ω⟩⟩.

Figure 3: Extended Dynkin diagram of E_6. θ stands for the highest root of E_6. Each box expresses the simple roots of su(3) ⊂ E_6.

S^{E6} is the modular transformation matrix of E_{6,1}

S^{E6} = 1 √ 3 1 1 1 1 e^{− 2πi}3 e^{2πi}3 1 e^{2πi}3 e^{− 2πi}3

, (C.28)

where the rows and the columns are ordered as {(Λ̃_0), (Λ̃_1), (Λ̃_5)}. From the branching rule (C.26), one can express the Ishibashi states of E_{6,1} in terms of those of su(3)^{⊕3}_1 ,

|Λ̃_0⟩⟩ = 1 √ 3 (|(0, 0, 0)⟩⟩ + |(1, 1, 1)⟩⟩ + |(2, 2, 2)⟩⟩) , |Λ̃_1⟩⟩ = 1 √ 3 (|(0, 2, 1)⟩⟩ + |(1, 0, 2)⟩⟩ + |(2, 1, 0)⟩⟩) , |Λ̃_5⟩⟩ = 1 √ 3 (|(0, 1, 2)⟩⟩ + |(1, 2, 0)⟩⟩ + |(2, 0, 1)⟩⟩) . (C.29)

Substituting this into (C.27), one obtains three boundary states preserving su(3)^{⊕3}_1 . The remaining 6 (= 9 − 3) states can be constructed by the fusion with (1, 0, 0) ∈ I. Since (1, 0, 0)^3 = (3, 0, 0) = (0, 0, 0), we obtain three boundary states for each state preserving E_{6,1}. We therefore label the resulting states as follows

V = {(0, 0) = (Λ̃_0), (0, 1), (0, 2), (1, 0) = (Λ̃_1), (1, 1), (1, 2), (2, 0) = (Λ̃_5), (2, 1), (2, 2)} .

(C.30)

The boundary state coefficient takes the form Ψ = 1 √ 3 K K K K e^{− 2πi}3 K e^{2πi}3 K K e^{2πi}3 K e^{− 2πi}3 K = 1√ 3 1 1 1 1 e^{− 2πi}3 e^{2πi}3 1 e^{2πi}3 e^{− 2πi}3 ⊗ K , (C.31)

where K is a 3 × 3 unitary matrix K = 1 √ 3 1 1 1 1 e^{2πi}3 e^{− 2πi}3 1 e^{− 2πi}3 e^{2πi}3

. (C.32)

Figure 4: The automorphism group S_3 of su(3)^{⊕3} has a lift to E_6.

The row of Ψ is ordered as (C.30) while the column is ordered as

E = {(0, 0, 0), (1, 1, 1), (2, 2, 2), (0, 2, 1), (1, 0, 2), (2, 1, 0), (0, 1, 2), (1, 2, 0), (2, 0, 1)} . (C.33)

The overlap matrices n̂ can be calculated using the formula (4.13), and the result is

(n̂_{(m1,m2,m3 )})_{(α,a)}^{(β,b)} = (P^{m2+2m3} )_α^β ⊗ (P^{m1 +m2 +m3} )_a^b , (C.34)

where (α, a), (β, b) ∈ V and P is a 3 × 3 permutation matrix

P = 0 1 0 0 0 1 1 0 0

. (C.35)

These matrices {n̂_{(m1,m2,m3 )}|(m_1, m_2, m_3) ∈ I} satisfy the ordinary fusion algebra F(su(3)^{⊕3}_1 )

n̂_{(l1,l2,l3)} n̂_{(m1,m2,m3 )} = P^{l2+2l3+m2 +2m3} ⊗ P^{l1+l2+l3+m1 +m2 +m3} = n̂_{(l1+m1 ,l2+m2 ,l3+m3 )} , (C.36)

which means that the untwisted boundary states (C.31) form a NIM-rep of F(su(3)^{⊕3}_1 ).

We turn to the construction of twisted boundary states in the invariant (C.24). The automorphism group S_3 of su(3)^{⊕3}_1 has a lift to E_{6,1} (see Fig. 4). The automorphism group Aut(E_6) of E_6 has a normal subgroup Aut_0(E_6) consisting of all the inner automorphisms. The quotient group Aut(E_6)/Aut_0(E_6) has two elements: one is the identity and corresponds to Aut_0(E_6) while the other comes from the outer automorphisms that contains the charge conjugation ω̃_c of E_6, ω̃_c : (Λ̃_0) → (Λ̃_0) , (Λ̃_1) ↔ (Λ̃_5) . (C.37)

As is seen from the definition (C.7) of π ∈ S_3 and the branching rule (C.26), π does not change any representation of E_6. Hence the lift of π to E_6 is an inner automorphism of E_6. On the other hand, σ ∈ S_3 exchanges (Λ̃_1) with (Λ̃_5) and its lift is an outer automorphism of E_6.

Let π̃ be the lift of π to E_6. Since π̃ is inner, the corresponding twisted boundary states of E_6 are expressed by the same boundary state coefficient as the untwisted ones, namely the modular transformation matrix (C.28). Therefore, applying the fusion (1, 0, 0) ∈ I to the π̃-twisted states, we obtain exactly the same boundary state coefficient for the π-twisted states as the untwisted ones, Ψ^π = Ψ . (C.38) Accordingly the labels of the π-twisted boundary states has the same structure as V, V^π = {(α, a)_π | α = 0, 1, 2; a = 0, 1, 2} , E(π) = E . (C.39) We can construct the π^2-twisted states in the same way as the case of π and obtain the result

Ψ^{π2} = Ψ , V^{π2} = {(α, a)_π2 | α = 0, 1, 2; a = 0, 1, 2} , E(π^2) = E . (C.40) The lift σ̃ of σ ∈ S_3 to E_6 is outer. Hence we have to start from a non-trivial boundary state coefficient in E_6 instead of the modular transformation matrix. Since σ̃ fixes only (Λ̃_0) among the integrable representations of E_{6,1}, there is only one σ̃-twisted boundary state^{16}

|(0)_σ ⟩ = |Λ̃_0; σ̃⟩⟩ = 1 √ 3 (|(0, 0, 0); σ⟩⟩ + |(1, 1, 1); σ⟩⟩ + |(2, 2, 2); σ⟩⟩) . (C.41)

Applying the fusion with (1, 0, 0) ∈ I yields the remaining two states. The result is as follows,

Ψ^σ = K , V^σ = {(a)_σ | a = 0, 1, 2} , E(σ) = {(0, 0, 0), (1, 1, 1), (2, 2, 2)} , (C.42) where K is the matrix defined in (C.32). The case of πσ and π^2σ can be treated in the same way as σ and yields the result

Ψ^{πσ} = K , V^{πσ} = {(a)_{πσ} | a = 0, 1, 2} , E(πσ) = E(σ) , (C.43) Ψ^{π2σ} = K , V^{π2σ} = {(a)_π2_σ | a = 0, 1, 2} , E(π^2σ) = E(σ) . (C.44) In this way, we obtain 36 boundary states in the block diagonal invariant (C.24), |V̂| = |V| + |V^π| + |V^{π2} | + |V^σ| + |V^{πσ}| + |V^{π2 σ}| = 9 × 3 + 3 × 3 = 36 . (C.45) From the boundary state coefficients obtained above, we can calculate the overlap matrices n̂ by the formula (4.13). In expressing n̂, which is a 36 × 36 matrix, it is convenient to factorize V̂ in the manner similar to (C.34), V̂ = {(0), (1), (2), (0)_π , (1)_π , (2)_π, (0)_{π2} , (1)_{π2} , (2)_{π2} , (0)_σ , (0)_{πσ} , (0)_{π2 σ}} ⊗ {(a) | a = 0, 1, 2} , (C.46)

16One can regard the boundary state coefficient of |(0)_σ⟩ as the modular transformation ‘matrix’ of the twisted chiral algebra E^{(2)}_6 at level 1.

which is related to the original notation as, e.g., (α)_π ⊗ (a) = (α, a)_π ∈ V^π, (0)_σ ⊗ (a) = (a)_σ ∈ V^σ. In this basis, one can show that the matrices n̂ take the following form,

n̂_{(m1 ,m2,m3)} =

P^{m2 +2m3} O O O O P^{m2 +2m3} O O O O P^{m2 +2m3} O O O O I ⊗ P^{m1 +m2 +m3} ,

n̂_{(m)π} = O T O O O O T O T O O O O O O 3P^2 ⊗ P^m , n̂^{(m)}π^2 = O O T O T O O O O T O O O O O 3P ⊗ P^m , (C.47)

n̂_{(m1,m2)σ} = O O O E_1 O O O E_2 O O O E_3 E^T_1 E^T_2 E^T_3 O ⊗ P^{m1+m2} , n̂^{(m1 ,m2)πσ} = O O O E_2 O O O E_3 O O O E_1 E^T_2 E^T_3 E^T_1 O ⊗ P^{m1 +m2} ,

n̂_{(m1,m2)π2σ} = O O O E_3 O O O E_1 O O O E_2 E^T_3 E^T_1 E^T_2 O ⊗ P^{m1+m2} ,

where P is a permutation matrix of (C.35) while O and I are the zero and the unit matrices, respectively. The matrices T, E_1, E_2 and E_3 are defined as follows,

T = 1 1 1 1 1 1 1 1 1

, E_1 =

1 0 0 1 0 0 1 0 0

, E_2 =

0 1 0 0 1 0 0 1 0

, E_3 =

0 0 1 0 0 1 0 0 1

. (C.48)

We have checked that these 60 matrices {n̂_N |N ∈ Î} satisfy the generalized fusion algebra F(su(3)^{⊕3}_1 ; S_3). For example, (0, 0)_σ × (0)_π = (0, 0)_π2_σ + (1, 2)_π2_σ + (2, 1)_π2_σ is satisfied as follows

n̂_{(0,0)σ} n̂_{(0)π} = O O O E_1 O O O E_2 O O O E_3 E^T_1 E^T_2 E^T_3 O

O T O O O O T O T O O O O O O 3P^2 ⊗ I

= O O O 3E_3 O O O 3E_1 O O O 3E_2 3E^T_3 3E^T_1 3E^T_2 O

⊗ I = n̂^{(0,0)}π^2σ + n̂^{(1,2)}π^2σ + n̂^{(2,1)}π^2σ .

(C.49)

The matrices {n̂_N } therefore form a 36-dimensional NIM-rep of F(su(3)^{⊕3}_1 ; S_3). Together with the regular NIM-rep, which is 60-dimensional, we have obtained two NIM-reps of F(su(3)^{⊕3}_1 ; S_3) corresponding to two modular invariants of su(3)^{⊕3}_1 .

References

[1] J. L. Cardy, “Boundary conditions, fusion rules and the Verlinde formula”, Nucl. Phys.

B 324 (1989) 581.

[2] R. E. Behrend, P. A. Pearce, V. B. Petkova and J. B. Zuber, “Boundary conditions in rational conformal field theories,” Nucl. Phys. B 570 (2000) 525 [Nucl. Phys. B 579 (2000) 707] [hep-th/9908036].

[3] G. Pradisi, A. Sagnotti and Y. S. Stanev, “Completeness Conditions for Boundary Operators in 2D Conformal Field Theory,” Phys. Lett. B 381 (1996) 97 [hep-th/9603097].

[4] J. L. Cardy and D. C. Lewellen, “Bulk and boundary operators in conformal field theory,” Phys. Lett. B 259 (1991) 274.

[5] D. C. Lewellen, “Sewing constraints for conformal field theories on surfaces with boundaries,” Nucl. Phys. B 372 (1992) 654.

[6] I. Runkel, “Boundary structure constants for the A-series Virasoro minimal models,” Nucl. Phys. B 549 (1999) 563 [hep-th/9811178]; “Structure constants for the D-series Virasoro minimal models,” Nucl. Phys. B 579 (2000) 561 [hep-th/9908046].

[7] T. Gannon, “Boundary conformal field theory and fusion ring representations,” Nucl.

Phys. B 627 (2002) 506 [hep-th/0106105].

[8] J. Fuchs and C. Schweigert, “Orbifold analysis of broken bulk symmetries,” Phys. Lett.

B 447 (1999) 266 [hep-th/9811211]; “Symmetry breaking boundaries. I: General theory,” Nucl. Phys. B 558 (1999) 419 [hep-th/9902132]; “Symmetry breaking boundaries. II: More structures, examples,” Nucl. Phys. B 568 (2000) 543 [hep-th/9908025].

[9] L. Birke, J. Fuchs and C. Schweigert, “Symmetry breaking boundary conditions and WZW orbifolds,” Adv. Theor. Math. Phys. 3 (1999) 671 [hep-th/9905038].

[10] M. R. Gaberdiel and T. Gannon, “Boundary states for WZW models,” Nucl. Phys. B 639 (2002) 471 [hep-th/0202067].

[11] A. Recknagel, “Permutation branes,” JHEP 0304 (2003) 041 [hep-th/0208119].

[12] J. Fuchs and C. Schweigert, “Solitonic sectors, alpha-induction and symmetry breaking boundaries,” Phys. Lett. B 490 (2000) 163 [hep-th/0006181].

[13] J. M. Maldacena, G. W. Moore and N. Seiberg, “Geometrical interpretation of D-branes in gauged WZW models,” JHEP 0107 (2001) 046 [hep-th/0105038].

[14] T. Quella and V. Schomerus, “Symmetry breaking boundary states and defect lines,” JHEP 0206 (2002) 028 [hep-th/0203161].

[15] H. Ishikawa, “Boundary states in coset conformal field theories,” Nucl. Phys. B 629 (2002) 209 [hep-th/0111230].

[16] A. N. Schellekens and S. Yankielowicz, “Extended chiral algebras and modular invariant partition functions,” Nucl. Phys. B 327 (1989) 673; “Simple currents, modular invariants and fixed points,” Int. J. Mod. Phys. A 5 (1990) 2903.

[17] J. Fuchs and C. Schweigert, “A classifying algebra for boundary conditions,” Phys. Lett.

B 414 (1997) 251 [hep-th/9708141].

[18] E. Bannai ant T. Ito, “Algebraic Combinatorics I: Association Schemes,” Benjamin/Cummings (1984).

[19] P. Di Francesco and J. B. Zuber, “SU(N) Lattice integrable models associated with graphs,” Nucl. Phys. B 338 (1990) 602; “SU(N) Lattice integrable models and modular invariance,” in Recent Developments in Conformal Field Theories (Trieste Conference 1989, S. Randjbar-Daemi, E. Sezgin and J.-B. Zuber eds.); P. Di Francesco, “Integrable lattice models, graphs and modular invariant conformal field theories,” Int. J. Mod. Phys. A7 (1992) 407.

[20] V. B. Petkova and J. B. Zuber, “From CFT’s to Graphs,” Nucl. Phys. B 463 (1996) 161 [hep-th/9510175].

[21] V. Schomerus, “Non-compact string backgrounds and non-rational CFT,”

hep-th/0509155.

[22] E. Verlinde, “Fusion rules and modular transformations in 2-D conformal field theory,” Nucl. Phys. B 300 (1988) 360.

[23] N. Ishibashi, “The boundary and crosscap states in conformal field theories”, Mod.

Phys. Lett. A4 (1989) 251.

[24] J. Fuchs, B. Schellekens and C. Schweigert, “From Dynkin diagram symmetries to fixed point structures,” Commun. Math. Phys. 180 (1996) 39 [hep-th/9506135].

[25] H. Ishikawa and A. Yamaguchi, “Twisted boundary states in c = 1 coset conformal field theories,” JHEP 0304 (2003) 026 [hep-th/0301040].

[26] I. Affleck, M. Oshikawa and H. Saleur, “Quantum Brownian motion on a triangular lattice and c = 2 boundary conformal field theory,” Nucl. Phys. B 594 (2001) 535 [cond-mat/0009084].

[27] H. Ishikawa and T. Tani, “Novel construction of boundary states in coset conformal field theories,” Nucl. Phys. B 649 (2003) 205 [hep-th/0207177].

[28] J. Fuchs, C. Schweigert and J. Walcher, “Projections in string theory and boundary states for Gepner models,” Nucl. Phys. B 588 (2000) 110 [hep-th/0003298].

[29] M. R. Gaberdiel and S. Schafer-Nameki, “D-branes in an asymmetric orbifold,” Nucl.

Phys. B 654 (2003) 177 [hep-th/0210137].

[30] F. Xu, “New braided endomorphisms from conformal inclusions, ” Commun. Math.

Phys. 192 (1998) 349.

[31] J. Böckenhauer and D. E. Evans, “Modular invariants, graphs and α-induction for nets of subfactors. I, II, III” Commun. Math. Phys. 197 (1998) 361 [hep-th/9801171]; ibid. 200 (1999) 57 [hep-th/9805023]; ibid. 205 (1999) 183 [hep-th/9812110]; J. Böckenhauer, D. E. Evans and Y. Kawahigashi, “Chiral structure of modular invariants for subfactors,” Commun. Math. Phys. 210 (2000) 733 [math.OA/9907149].

[32] V. G. Kac, “Infinite dimensional Lie algebras,” Cambridge University Press (1990).

[33] P. Di Francesco, P. Mathieu and D. Senechal, “Conformal Field Theory,” Springer- Verlag New York, Inc. (1997).