arXiv:hep-th/0510255 v4 12 Aug 2006

OCU-PHYS-234 OIQP-05-11

Partial Supersymmetry Breaking and N = 2 U(N_c) Gauge Model with Hypermultiplets in Harmonic Superspace

K. Fujiwara^{a∗} , H. Itoyama^{a†} and M. Sakaguchi^{b‡}

a Department of Mathematics and Physics, Graduate School of Science Osaka City University 3-3-138, Sugimoto, Sumiyoshi-ku, Osaka, 558-8585, Japan

b Okayama Institute for Quantum Physics 1-9-1 Kyoyama, Okayama 700-0015, Japan

Abstract

We provide a manifestly N = 2 supersymmetric formulation of the N = 2 U(N_c) gauge model constructed in terms of N = 1 superfields in hep-th/0409060. The model is composed of N = 2 vector multiplets in harmonic superspace and can be viewed as the N = 2 U(N_c) Yang-Mills effective action equipped with the electric and magnetic Fayet-Iliopoulos terms. We generalize this gauge model to an N = 2 U(N_c) QCD model by introducing N = 2 hypermultiplets in harmonic superspace which include both the fundamental representation of U(N_c) and the adjoint representation of U(N_c). The effect of the magnetic Fayet-Iliopoulos term is to shift the auxiliary field by an imaginary constant. Examining vacua of the model, we show that N = 2 supersymmetry is spontaneously broken down to N = 1.

∗e-mail: fujiwara@sci.osaka-cu.ac.jp
†e-mail: itoyama@sci.osaka-cu.ac.jp
‡e-mail: makoto sakaguchi@pref.okayama.jp

1 Introduction

It is widely appreciated that N = 2 supersymmetry imposes a strong constraint on the four-dimensional theory but yet leaves rich physical ingredients. For example, N = 2 supersymmetric field theories develop controllable quantum effects [1]. Unconstrained N = 2 superfields provide a manifestly N = 2 supersymmetric formulation of them.

There are two types of unconstrained N = 2 vector superfields. First type, developed in [2] for the abelian case and in [3][4] for the non-abelian case, is constructed on the usual N = 2 superspace R^{4|8} parametrized by (x^m, θ^i, θ̄^i). The second type is constructed on harmonic superspace R^{4|8} × S^2 developed in [5] [6] [7] [8] (see [9] for introduction), and parametrized by

(x^m_A , θ^±, θ̄^±, u^±_i ) = (x^m − 2iθ^iσ^mθ̄^j u^+_{(i}u^−_{j)}, θ^iu^±_i , θ̄^iu^±_i , u^±_i ) (1.1)

in the analytic basis. The S^2 = SU(2)/U(1) is parametrized by harmonic variables u^±_i

(u^+_i , u^−_i ) ∈ SU(2) , u^+_i = ε_{ij} u^{+j} , u^{+i}u^−_i = 1 , u^{+i} = u^−_i . (1.2)

For N = 2 hypermultiplets, harmonic superspace makes it possible to construct the off-shell N = 2 unconstrained hypermultiplets, the q^+- and ω-hypermultiplets. Thus harmonic superspace provides a manifestly N = 2 supersymmetric formulation of N = 2 supersymmetric theories in terms of off-shell N = 2 unconstrained superfields. This property is very useful in the quantum calculations [10] of supersymmetric models. In the present paper, N = 2 superfields in harmonic superspace are utilized in the construction of N = 2 U(N_c) gauge model coupled with N = 2 hypermultiplets.

In [11], the N = 2 U(N_c) gauge model is constructed in terms of N = 1 vector and chiral superfields in the adjoint representation of the gauge group U(N_c). This model is a non-abelian generalization of the U(1) gauge model with abelian constrained N = 2 vector superfields [13] constructed by Antoniadis, Partouche and Taylor (APT) in [12], and can be regarded as N = 2 U(N_c) Yang-Mills (YM) low-energy effective action (LEEA) specified by a holomorphic function F and equipped with the electric and magnetic Fayet- Iliopoulos (FI) terms. In [11] [14] [15], the vacua of the model are examined. The N = 2 and U(N_c) symmetry are spontaneously broken to N = 1 and ∏ n U(N_n) symmetry with ∑ n N_n = N_c, respectively. The associated Nambu-Goldstone (NG) fermion is shown to be provided by the overall U(1) part in U(N_c). In addition, the spectrum on the vacua is completely clarified in [15].^♯

The key for the partial supersymmetry breaking is the modification of the local version of the extended supersymmetry algebra by an additional spacetime independent term [18, 19]. This modification is caused by the magnetic FI term. An important observation made in the study of the APT model [12] [19] [20] [21] is that the effect of the magnetic FI term is to shift the auxiliary field in the N = 2 vector superfield by an imaginary constant (while that of the electric FI term is to shift the symplectic dual auxiliary field by an imaginary constant). This observation is shown to be useful in this paper in the construction of the magnetic FI term for N = 2 U(N_c) gauge model with/without hypermultiplets.

In this paper, we provide a manifestly N = 2 supersymmetric formulation of the N = 2 U(N_c) gauge model given in [11]. For this purpose we employ N = 2 vector multiplets V^{++} in harmonic superspace. The magnetic FI term is introduced so as to shift the auxiliary field in V^{++} by an imaginary constant. This causes N = 2 supersymmetry to be broken spontaneously to N = 1. In addition, we generalize this gauge model to an N = 2 U(N_c) QCD model coupled with N = 2 hypermultiplets, q^+ and ω, in harmonic superspace which include both the fundamental representation of U(N_c) and the adjoint representation of U(N_c). We determine the form of the magnetic FI term such that it shifts the auxiliary field in V^{++} by an imaginary constant. Examining vacua of the model, we show that this model also describes partial supersymmetry breaking. It should be noted that the magnetic FI term of the U(N_c) gauge model coupled with hypermultiplets in the adjoint representation is the same as that of the U(N_c) gauge model without hypermultiplets. However in presence of hypermultiplets in the fundamental representation the magnetic FI term develops an additional term. This additional term overcomes the difficulty [20] [21] in coupling fundamental hypermultiplets to the APT model.

This paper is organized as follows. In section 2, we introduce N = 2 vector multiplets V^{++} in harmonic superspace and construct an N = 2 U(N_c) gauge model equipped with the electric and magnetic FI terms. The vacua of the model are examined in section 3. We show that the model describes spontaneous partial supersymmetry breaking. Introducing N = 2 hypermultiplets, q^+ and ω, in harmonic superspace we generalize the model to the N = 2 U(N_c) QCD model equipped with the electric and magnetic FI terms in section 4. We introduce the magnetic FI term so as to shift the auxiliary field by an imaginary constant. In section 5, we show that owing to this property, N = 2 supersymmetry is

♯This series of works [11][14][15] is based on N = 1 superspace and construction of most general N = 2 Lagrangian based on special Kähler geometry [16] which were developed after tensor calculus [17].

broken down to N = 1 spontaneously. The supersymmetry transformation law of the components in the vector multiplet V^{++} and the hypermultiplets, q^+ and ω, is found in appendix B. In this paper, we follow the notation for harmonic superspace given in [9] (see appendix A) and one for spinors given in [23].

2 N = 2 U(N_c) gauge model

We introduce a set of N = 2 vector superfields V^{++} = V^{++a}t_a where N_c × N_c hermitian matrices t_a (a = 0, 1, ..., N^2_c − 1) generate u(N_c), [t_a, t_b] = if^a_{bc}t_a, and t_0 represents the overall u(1) generator. V^{++} is the analytic superfield satisfying D^+V^{++} = D̄^+ V^{++} = 0. In the analytic basis (x_A, θ^±, θ̄^±, u^±_i ) in (1.1), D^± and D̄^± are given as

D^+_α = ∂ ∂θ^{−α} , D^−_α = − ∂ ∂θ^{+α} + 2i(σ^mθ̄^−)_α ∂ ∂x^m_A , D̄^+_{α̇} = ∂ ∂θ̄^{−α̇} , D̄^−_{α̇} = − ∂ ∂θ̄^{+α̇} − 2i(θ^−σ^m)_{α̇} ∂ ∂x^m_A , (2.1)

and thus V^{++} is a superfield in analytic subspace (x_A, θ^+, θ̄^+, u^±_i ) . In the Wess-Zumino (WZ) gauge V^{++} is given as

V^{++} = −2iθ^+σ^mθ̄^+v_m(x_A) − i √ 2(θ^+)^2ϕ̄(x_A) + i √ 2(θ̄^+)^2ϕ(x_A) +4(θ̄^+)^2θ^+λ^i(x_A)u^−_i − 4(θ^+)^2θ̄^+λ̄^i(x_A)u^−_i + 3(θ^+)^2(θ̄^+)^2D^{ij} (x_A)u^−_i u^−_j , (2.2)

where v_m, ϕ, λ^i and D^{ij} are vector, complex scalar, SU(2) doublet Weyl spinor and auxiliary field, respectively. D^{ij} is symmetric with respect to (i, j) so that D^i_j = ε_{jk}D^{ik} is an SU(2) matrix, D^i_j = iD^A(τ_A)^i_j . The reality V^{++} = ~V^{++}, where the tilde “ ~ ” means the analyticity preserving conjugation [9] (see appendix A), implies that D^{ij} = D̄^{ij} because D^{ij} u^−_i u^−_j = D̄_{ij} u^{−i}u^{−j} = D̄^{ij} u^−_i u^−_j , and that the D^A is a real three vector D^A = D^A .

The field strength W is given by W = − 1 4 (D^+ )^2 ∞∑ n=1 ∫ dv_1 · · · dv_n(−i)^{n+1} V^{++}(v_1) · · · V^{++}(v_n) (u^+v^+_1 )(v^+_1 v^+_2 ) · · · (v^+_n u^+)

. (2.3)

It is straightforward to derive the following expression by using formulas given in [9](see also [6]): W = −i √ 2ϕ̄ − 2θ̄^iλ̄_i + θ̄^iθ̄^j D_{ij} + θ̄^iσ̄^{mn}θ̄_i v_{mn} + 4 3 i(θ̄^iθ̄^j ) D_mλ_iσ^mθ̄_j − 2 3 √ 2(θ̄^iθ̄^j )[ϕ, θ̄_iλ̄_j ] +i √ 2(θ̄)^4η^{mn}D_mD_nϕ + i(θ̄)^4 ε_{ij} [λ^i, λ^j ] + i √ 2(θ̄)^4[ϕ, [ϕ, ϕ̄]]−2iθ̄^+θ̄^−[ϕ, ϕ̄] + · · · (2.4) where

v_{mn} = ∂_mv_n − ∂_nv_m + i[v_m, v_n] , D_mϕ = ∂_mϕ + i[v_m, ϕ] , D_mλ = ∂_mλ + i[v_m, λ] (2.5)

and ellipsis represents terms which do not contribute to the action.

We consider the action

S_V = − i 4 ∫ d^4x [ (D)^4F(W ) − (D̄)^4F(W ) ] , (2.6)

where F is an analytic trace function of W = W^at_a and (D)^4 =^1_{16} (D^+)^2(D^−)^2. The S_V can be regarded as the leading contribution to the N = 2 YM LEEA. The action (2.6) reduces in component fields to

S_V = ∫ d^4x [ −g_{ab}D^mϕ^aD_mϕ̄^b − 1 2 F_{ab}|λ̄^{ai}σ̄^mD_mλ^b_i + 1 2 F_{ab}|λ^{ai}σ^mD_mλ̄^b_i − 1 4 g_{ab}v^a_{mn}v^{b mn} − 1 8 ReF_{ab}|ε^{mnpq} v^a_{mn}v^b_{pq} + 1 2 g_{ab} f^a_{cd}ϕ̄^cϕ^d f^b_{ef} ϕ̄^eϕ^f + 1 4 g_{ab}D^{a ij} D^b_{ij} + i 4 F_{abc}|λ^{ai}λ^{bj} D^c_{ij} − i 4 F_{abc}|λ̄^{ai}λ̄^{bj} D^c_{ij} − i 4 (F_{abc}|λ^{ai}σ^{mn}λ^b_i − F_{abc}|λ̄^{ai}σ̄^{mn}λ̄^b_i )v^c_{mn} + 1 2 g_{ab} [ λ̄^{ai}f^b_{cd}(i √ 2ϕ^c)λ̄^d_i + λ^{ai}f^b_{cd}(−i √ 2ϕ̄^c)λ^d_i ]

− i 12 F_{abcd}|(λ^{ai}λ^{bj} )(λ^c_i λ^d_j ) + i 12 F_{abcd}|(λ̄^{ai}λ̄^{bj} )(λ̄^c_i λ̄^d_j ) ] , (2.7) where F_{a1···an} ≡ ∂^nF/∂W^{a1} · · · ∂W^{an} and g_{ab} ≡ ImF_{ab}|. F_{ab···}| represents F_{ab···} evaluated at θ^± = θ̄^± = 0. We have used the relation f^c_{ba}F_c| = −f^c_{bd}(i √ 2ϕ^d)F_{ca}| (2.8)

which follows from the fact that ϕ^a and F_a| transform as adjoint under U(N_c).

2.1 electric & magnetic FI terms

We introduce the electric FI term [24]

S_e = ∫ dudζ^{(−4)}tr (Ξ^{++}V^{++}) + c.c. = ∫ d^4xξ^{ij} D^0_{ij} + c.c. , (2.9)

where dζ^{(−4)} = d^4x_Ad^4θ^+ and Ξ^{++} = ξ^{ij} u^+_i u^+_j is the electric FI parameter. This term develops a constant imaginary part in the dual auxiliary field D^{aij}_D of W^a_D ≡ F_a. To see this we derive the equation of motion for V^{++} from S_V + S_e. Rewriting S_V as an integral over the analytic subspace as was done in [25] for the bare theory in which F is quadratic, and then varying with respect to V^{++}, we obtain i 16 (D^+)^2F_a + Ξ^{++}δ^0_a + c.c = 0 . (2.10)

This may be rewritten as

(D^+)^2(F_a + 8iξ^{ij} θ_iθ_j δ^a_0 ) − (D̄^+ )^2(F_a − 8iξ̄^{ij}θ̄_iθ̄_j δ^a_0 ) = 0 . (2.11)

Because F_a = W^a_D = θ^iθ^j D^a_{Dij} + · · ·, the effect of the electric FI term is to shift the dual auxiliary field by an imaginary constant, D^{aij}_D → D^{aij}_D + 8iξ^{ij} δ^a_0 .

Next we introduce the magnetic FI term of the form

S^{YM}_m = ∫ d^4x (D)^4ξ^{ij}_D θ_iθ_j ( F_0 + 1 2 F_{00}4iξ^{kl}_D θ_kθ_l ) + c.c. = ∫ d^4x [ ξ^{ij}_D (F_{0a}|D^a_{ij} − F_{0ab}|λ^a_i λ^b_j ) + 2iF_{00}|ξ^{ij}_Dξ_{Dij} ) ] + c.c. . (2.12) We note that this term reduces to S_e + const. for the bare theory. The effect of this term is to shift the auxiliary field D^{aij} by an imaginary constant. This can be seen as follows. Observe that S^{YM}_m and the D-dependent terms in S_V may be rewritten as − i 4 ∫ d^4x(D^4) [ F_a|θ^iθ^j (D^a_{ij} ) + 1 2 F_{ab}| ( θ^iθ^j D^a_{ij} θ^kθ^lD^b_{kl} + 2θ^iθ^j D^a_{ij} (−2θ^k λ^b_k + θ^kσ^{mn}θ_kv^b_{mn}) ) + 1 6 F_{abc}|3θ^iθ^j D^a_{ij} (−2θ^lλ^b_k )(−2θ^lλ^c_l ) ] + c.c. (2.13)

where

D^{aij} = D^{aij} + 4iξ^{ij}_D δ^a_0 , D̄^{aij} = D^{aij} − 4iξ̄^{ij}_D δ^a_0 . (2.14)

This implies that

S_V + S^{YM}_m = − i 4 ∫ d^4x(D^4)F(Ŵ ) + c.c. (2.15)

where Ŵ is W with the replacement D^{aij} → D^{aij} (similarly Ŵ is W with the replacement D^{aij} → D̄^{aij} ). We note that due to this effect the supersymmetry transformation law δ_ηλ^{ai} = (D^a)^i_j η^j + · · · (see appendix B) changes to

δ_ηλ^{ai} = (D^a)^i_j η^j + · · · , δ_ηλ̄^{ai} = −(D̄^a)^i_jη̄^j + · · · . (2.16)

Gathering all together, the total action for the U(N_c) gauge model is

S_{YM} = S_V + S_e + S^{YM}_m . (2.17)

The terms including the auxiliary field D^a_{ij} ∫ d^4x [ 1 4 g_{ab}D^{aij} D^b_{ij} + (ξ^{ij} + ξ̄^{ij} )D^0_{ij} + (ξ^{ij}_D F_{0a}| + ξ̄^{ij}_D F_{0a}|)D^a_{ij} + i 4 F_{abc}|λ^{ai}λ^{bj} D^c_{ij} − i 4 F_{abc}|λ̄^{ai}λ̄^{bj} D^c_{ij} ] (2.18)

lead to D^{aij} = −2g^{ab} [ (ξ^{ij} + ξ̄^{ij} )δ^0_b + ξ^{ij}_D F_{0b}| + ξ̄^{ij}_D F_{0b}| + i 4 F_{bcd}|λ^{ci}λ^{dj} − i 4 F_{bcd}|λ̄^{ci}λ̄^{dj} ] . (2.19)

By eliminating the auxiliary field using this equation, the action S_{YM} becomes

S^′_{YM} = ∫ d^4x [ L_{kin} + L_{pot} + L_{Pauli} + L_{mass} + L_{4 fermi} ] (2.20)

where

L_{kin} = −g_{ab}D^mϕ^aD_mϕ̄^b − 1 2 F_{ab}|λ̄^{ai}σ̄^mD_mλ^b_i − 1 2 F_{ab}|λ^{ai}σ^mD_mλ̄^b_i − 1 4 g_{ab}v^a_{mn}v^{b mn} − 1 8 ReF_{ab}|ε^{mnpq}v^a_{mn}v^b_{pq} , (2.21) L_{pot} = −g_{ab}P^aP^b − 1 4 g^{ab}D^{aij} | D̄^a_{ij} | + 2iξ^{ij}_D ξ_{Dij} F_{00}| − 2iξ̄^{ij}_Dξ̄_{Dij} F_{00}| = −g_{ab}P^aP^b − 1 4 g^{ab}D^{aij} | D̄^a_{ij} | − 2i(ξ^{ij} + ξ̄^{ij} )(ξ_{Dij} − ξ̄_{Dij} ) , (2.22) L_{Pauli} = − i 4 (F_{abc}|λ^{ai}σ^{mn}λ^b_i − F_{abc}|λ̄^{ai}σ̄^{mn}λ̄^b_i )v^c_{mn} , (2.23) L_{mass} = + 1 2 g_{ab} [ λ̄^{ai}f^b_{cd}(i √ 2ϕ^c)λ̄^d_i + λ^{ai}f^b_{cd}(−i √ 2ϕ̄^c)λ^d_i ]

− i 2 g^{ab} ( (ξ^{ij} + ξ̄^{ij} )δ^0_a + ξ^{ij}_D F_{0a}| + ξ̄^{ij}_D F_{0a}| ) (F_{bcd}|λ^c_i λ^d_j − F_{bcd}|λ̄^c_iλ̄^d_j ) −ξ̄^{ij}_D F_{0ab}|λ̄^a_i λ̄^b_j − ξ^{ij}_D F_{0ab}|λ^a_i λ^b_j , = + 1 2 g_{ab} [ λ̄^{ai}f^b_{cd}(i √ 2ϕ^c)λ̄^d_i + λ^{ai}f^b_{cd}(−i √ 2ϕ̄^c)λ^d_i ]

+ i 4 D^{aij} | F_{abc}|λ^b_i λ^c_j − i 4 D̄^{aij} | F_{abc}|λ̄^b_i λ̄^c_j , (2.24) L_{4 fermi} = − i 12 F_{abcd}|(λ^{ai}λ^{bj} )(λ^c_i λ^d_j ) + i 12 F_{abcd}|(λ̄^{ai}λ̄^{bj} )(λ̄^c_iλ̄^d_j ) + 1 16 g^{ab}(F_{acd}|λ^{ci}λ^{dj} − F_{acd}|λ̄^{ci}λ̄^{dj} )(F_{bef} |λ^e_i λ^f_j − F_{acd}|λ̄^e_i λ̄^f_j ) , (2.25) and √ 2P^a = −if^a_{bc}ϕ̄^bϕ^c = −ik_b^aϕ̄^b = +ik^∗_b^aϕ^b , (2.26)

D^{aij} | = −2g^{ab} [ (ξ^{ij} + ξ̄^{ij} )δ^0_b + ξ^{ij}_D F_{0b}| + ξ̄^{ij}_D F_{0b}| ] , (2.27) D^{aij} | = D^{aij} | + 4iξ^{ij}_D δ^a_0 = −2g^{ab} [ (ξ^{ij} + ξ̄^{ij} )δ^0_b + (ξ^{ij}_D + ξ̄^{ij}_D )F_{0b}| ] . (2.28)

P_a is the Killing potential for the Killing vector k_a = k_a^b∂_b which generates U(N_c) isometry of the special Kähler geometry.

3 Vacua of N = 2 U(N_c) gauge model

We examine vacua of the model defined by S_{YM} = S_V + S_e + S^{YM}_m . The scalar potential V = −L_{pot} is V = 1 4 g_{ab}D^{aij} | D̄^b_{ij} | + g_{ab}P^aP^b + 2i(ξ^{ij} + ξ̄^{ij} )(ξ_{Dij} − ξ̄_{Dij} ) . (3.1) In the three-vector notation,

ξ^i_j = iξ^A(τ_A)^i_j , ξ_D^i_j = iξ^A_D(τ_A)^i_j , D^{ai}_j = iD^{aA}(τ_A)^i_j , A = 1, 2, 3, D^{aij}D̄^b_{ij} = −D^{ai}_jD̄^{bj}_i = D^{aA}D̄^{bB}tr(τ_Aτ_B) = 2 ∑ A D^{aA}D̄^{bA} (3.2)

this is written as V = 1 2 g_{ab}D^{aA}| D̄^{bA}| + g_{ab}P^aP^b + 4i(ξ^A + ξ̄^A)(ξ^A_D − ξ̄^A_D ) = 2g^{ab} | |[(ξ^A + ξ̄^A)δ^0_a + (ξ^A_D + ξ̄^A_D)F_{0a}|] | |^2 + g_{ab}P^aP^b + 4i(ξ^A + ξ̄^A)(ξ^A_D − ξ̄^A_D) . (3.3)

The last term is a constant. We demand positive definiteness of g_{ab}. In order to determine the vacuum, we examine ∂V/∂(W^a|) = 0. The second term g_{ab}P^aP^b in V tells us that ⟨ϕ^r⟩ = 0 where t_r represent non-Cartan generators and ⟨∗⟩ means the vacuum expectation value (vev) of ∗. The vacuum condition is [14] ⟨∂_aV⟩ =^i_4 ⟨F_{abc}| D^{bA}D^{cA}⟩ = 0 (3.4) where we note ⟨D^{cA}|⟩ = ⟨D^{cA}⟩ because fermions do not acquire vevs. Let us examine the case with F = ∑ n c_n n! tr(W )^n (3.5)

for concreteness. Let E_{ij}, i = 1, ..., N_c be the fundamental matrix which has 1 at the (i, j)-component and 0 otherwise. Cartan generators may be written as t_i = E_{ii}. We have ⟨∂_rV⟩ = 0, because F_{rii} = ⟨D^r⟩ = 0. Noting that the points specified by ⟨F_{iii}⟩ = 0 correspond to unstable vacua, we derive the vacuum condition ∑ A ⟨D^{iA}D^{iA}⟩ = 0 , i = 1, ..., N_c . (3.6)

This is solved by

⟨ϕ⟩ = diag(

N_1 a_1, · · · , a_1, N_2

a_2, · · · , a_2, · · ·) , (3.7)

which means that the gauge symmetry U(N_c) is broken down to ∏ n U(N_n) with ∑ N_n = N_c.

On the other hand, the supersymmetry transformation of λ^{ai} (2.16) reduces on the vacuum to

⟨δ_ηλ^{ii}⟩ = ⟨D^{ii}_j ⟩η^j = i⟨D^{iA}⟩(τ_A)^i_j η^j , ⟨δ_ηλ^{ri}⟩ = ⟨D^{ri}_j ⟩η^j = 0 . (3.8)

A necessary condition for the partial supersymmetry breaking is

⟨det D^{ii}_j ⟩ = 2 ∑ A ⟨D^{iA}D^{iA}⟩ = 0 (3.9)

for some i. This is obviously satisfied by the vacua (3.6). Let us look at the mass term for λ^i − i 4 ⟨F_{iii}|⟩λ^i⟨D^i⟩^i_j λ^{ij} = − i 4 ⟨F_{iii}|⟩⟨D^{iA}⟩λ^{ii}(τ_2τ_A)_{ij} λ^{ij} . (3.10)

Because of (3.9) , a half of the fermions λ^i, i = 1, 2, is massless. In fact, diagonalizing the mass matrix by a matrix U^i_j , we see that the supersymmetry transformation of the massless combination of λ^{ii}, say U^1_j λ^{ij} , is non-trivial. In the ordinary hermitian matrices t_a, a = 0, · · · , N^2_c − 1, of u(N_c), this means that U^1_j λ^{0j} is massless and δ_η(U^1_j λ^{0j} ) ≠ 0. Thus the Nambu-Goldstone fermion for partial supersymmetry breaking lies in the overall U(1) part of the massless combination of λ^{ii}, U^1_j λ^{0j} .

Let us make a comment on the relation between the present construction and that of [11]. The vacuum condition means that ( 2(ξ^A + ξ̄^A) + (ξ^A_D + ξ̄^A_D )⟨ReF_{ii}|⟩

)_2

= (ξ^A_D + ξ̄^A_D)^2⟨g_{ii}⟩^2 , (3.11) ( 2(ξ^A + ξ̄^A) + (ξ^A_D + ξ̄^A_D )⟨ReF_{ii}|⟩ ) (ξ^A_D + ξ̄^A_D)⟨g_{ii}⟩ = 0 . (3.12)

By using SU(2), we may choose (ξ^A_D + ξ̄^A_D) = (0, −m, 0) with a real constant m without loss of generality. Then (3.12) implies

⟨ReF_{ii}⟩ = 2 m (ξ^2 + ξ̄^2) ≡ −2 e m (3.13) with a real constant e. Substituting this into (3.11) we find

⟨g_{ii}⟩ = ± 2 m √ (ξ^1 + ξ̄^1)^2 + (ξ^3 + ξ̄^3)^2 . (3.14) By using U(1), residual rotational symmetry along 2-axis, we may choose (ξ^1 + ξ̄^1) = 0 and (ξ^3 + ξ̄^3) = ξ with a real constant ξ without loss of generality, so that

⟨g_{ii}⟩ = ∓2 ξ m . (3.15)

Thus we solve the vacuum condition by ⟨F_{ii}⟩ = −2(^e_m ±i^ξ_m ). By fixing SU(2) appropriately we have managed to reproduce the conclusion of [11].

4 N = 2 U(N_c) Gauge model with Hypermultiplets

We generalize the N = 2 U(N_c) gauge model to the N = 2 U(N_c) QCD model coupled with the q^+- and ω-hypermultiplets. We consider both the fundamental representation of U(N_c) and the adjoint representation of U(N_c).

4.1 q^+ hypermultiplets

The q^+ hypermultiplet is an analytic superfield satisfying D^+ q^+ = D̄^+ q^+ = 0, and can be expanded as

q^+ = F^+(x_A, u) + θ^+ψ(x_A, u) + θ̄^+κ̄(x_A, u) + (θ^+)^2M^−(x_A, u) + (θ̄^+)^2N^−(x_A, u) +iθ^+σ^mθ̄^+A^−_m(x_A, u) + (θ^+)^2θ̄^+γ̄^{(−2)}(x_A, u) + (θ̄^+)^2θ^+χ^{(−2)}(x_A, u) +(θ^+)^2(θ̄^+)^2P^{(−3)}(x_A, u) (4.1) in the analytic basis. The physical fields are SU(2)_A doublet complex scalars (to be denoted as f^i) contained in F^+ and a pair of SU(2)_A isosinglet spinors, ψ and κ, where SU(2)_A is the automorphism of N = 2.

We begin with a set of hypermultiplets q^{+μ} where μ ≡ u = 1, ..., N_c for fundamental q^+ while μ ≡ a = 0, 1, ..., N^2_c − 1 for adjoint q^+. The U(N_c) gauged matter action for q^+ is (see appendix C for the symplectic covariant form)

S^{gauged} q = − ∫ dudζ^{(−4)}q̃^+_μ D^{++} q^{+μ} , D^{++} q^{+μ} = D^{++} q^{+μ} + iV^{++a}(T_a)^μ_ν q^{+ν} (4.2)

where D^{++} = ∂^{++} − 2iθ^+σ^mθ̄^{+ ∂}_{∂xmA} + θ^{+α ∂}_{∂θ−α} + θ̄^{+α̇ ∂}_{∂θ̄−α̇} and ∂^{++} = u^{+i ∂}_{∂u−i} . T_a is understood as

(T_a)^μ_ν = { (t_a)^u_v for fundamental q^+ ad(t_a)^b_c = if^b_{ac} for adjoint q^+

. (4.3)

This action is invariant under the U(N_c) gauge transformation δq^{+μ} = iϵ^a(T_a)^μ_ν q^{+ν} , δq̃^+_μ = −iϵ^aq̃^+_ν (T_a)^ν_μ . (4.4) In other words, the U(N_c) isometry generated by the Killing vector λ^{+μ}_a ∂_{+μ} = i(T_a)^μ_ν q^{+ν} ∂_{+μ} has been gauged [22]. The Killing potential for λ^{+μ}_a is given by Λ^{++}_a = −q̃^+_μ λ^{+μ}_a = −iq̃^+_μ (T_a)^μ_ν q^{+ν} . (4.5) The equation of motion D^{++} q^{+μ} = 0 is expanded with respect to the order of θ as ∂^{++}F^+ = 0 , (4.6) ∂^{++}ψ = ∂^{++}κ̄ = 0 , (4.7) ∂^{++}M^− + √ 2ϕ̄F^+ = 0 , (4.8) ∂^{++}N^− − √ 2ϕF^+ = 0 , (4.9) ∂^{++}A^−_m − 2D_mF^+ = 0 , (4.10) ∂^{++}γ̄^{(−2)} − iσ̄^mD_mψ + √ 2ϕ̄κ̄ − 4iλ̄^iF^+u^−_i = 0 , (4.11) ∂^{++}χ^{(−2)} + iσ^mD_mκ̄ − √ 2ϕψ + 4iλ^iF^+u^−_i = 0 , (4.12) ∂^{++}P^{(−3)} − D^mA^−_m + √ 2ϕ̄N^− − √ 2ϕM^− − 2iλ^iψu^−_i + 2iλ̄^iκ̄u^−_i + 3iD^{ij} u^−_i u^−_j F^+ = 0 , (4.13) where D_m = ∂_m + iv_m. Here, we have omitted U(N_c) index understanding SW-NE contraction for the U(N_c) index. For example, ϕF^+ means ϕ^u_vF^{+v} = ϕ^a(t_a)^u_v F^{+v} for fundamental q^+, while ϕ^a_bF^{+b} = ϕ^cad(t_c)^a_bF^{+b} = ϕ^cif^a_{cb}F^{+b} for adjoint q^+. We find that these equations can be solved by (4.6) → F^+ = f^i(x_A)u^+_i , (4.14) (4.7) → ψ = ψ(x_A) , κ̄ = κ̄(x_A) , (4.15) (4.8) → M^− = − √ 2ϕ̄f^iu^−_i , (4.16) (4.9) → N^− = √ 2ϕf^iu^−_i , (4.17) (4.10) → A^−_m = 2D_mf^iu^−_i , (4.18) (4.11) → γ̄^{(−2)} = 2iλ̄^if^j u^−_i u^−_j , (4.19) iσ̄^mD_mψ − 2iλ̄^if_i − √ 2ϕ̄κ̄ = 0 , (4.20) (4.12) → χ^{(−2)} = −2iλ^if^j u^−_i u^−_j , (4.21) iσ^mD_mκ̄ − 2iλ^if_i − √ 2ϕψ = 0 , (4.22) (4.13) → P^{(−3)} = −iD^{ij} f^k u^−_i u^−_j u^−_k , (4.23) D^mD_mf^i − (ϕϕ̄ + ϕ̄ϕ)f^i + iλ^iψ − iλ̄^iκ̄ + iD^{ij} f_j = 0 . (4.24)

The infinitely many auxiliary fields contained in q^+ can be eliminated by using these equations except for (4.20), (4.22) and (4.24) which are dynamical. As a result, the action S^{gauged}_q reduces to

S^{gauged} q = ∫ d^4x [ −f̄^i_μD^mD_mf^μ_i − f̄_{iμ}(ϕϕ̄ + ϕ̄ϕ)^μ_ν f^{iν} + if̄_{iμ}D^{ij μ}_ν f^ν_j − i 2 ψ̄_μσ̄^mD_mψ^μ − i 2 κ_μσ^mD_mκ̄^μ + iψ̄_μλ̄^{iμ}_ν f^ν_i − if̄^i_μλ_i^μ_ν ψ^ν

+iκ_μλ^{iμ}_ν f^ν_i + if̄^i_μλ̄_i^μ_νκ̄^ν + 1 √ 2 κ_μϕ^μ_ν ψ^ν + 1 √ 2 ψ̄_μϕ̄^μ_νκ̄^ν ] . (4.25)

The gauge transformation and the Killing potential reduce respectively to δf^μ_i = ϵ^a(ℓ_a)^μ_i (δf̄^i_μ = ϵ^a(ℓ̄_a)^i_μ) and Λ^{++}_a | = Q^{ij}_a u^+_i u^+_j where

(ℓ_a)^μ_i = i(T_a)^μ_ν f^ν_i , (ℓ̄_a)^i_μ = if̄^i_ν (T_a)^ν_μ , Q^{ij}_a = i 2 (¯ f^i_μ(T_a)^μ_ν f^{jν} + f̄^j_μ(T_a)^μ_ν f^{iν} ) .(4.26)

Hence,

− f̄_i(ϕϕ̄ + ϕ̄ϕ)f^i = (ℓ̄_a)_i(ℓ_b)^i(ϕ^aϕ̄^b + ϕ̄^aϕ^b) , if̄_iD^{ij} f_j = Q^{ij}_a D^a_{ij} . (4.27)

We introduce flavors to the action S^{gauged}. We just regard the field q^{+μ} as an N_f - dimensional vector. The action is simply

S^{gauged} q = − ∫ dudζ^{(−4)}q̃^+_{μI} D^{++} q^{+μI} , (4.28)

where I = 1, ..., N_f . This implies that component fields f, ψ and κ are understood as N_f -dimensional vectors. We suppress the flavor index in the followings.

In summary, the N = 2 U(N_c) gauged action for N_f hypermultiplets q^{+u} in the fundamental representation of U(N_c) is

S^{gauged}

fund q = ∫ d^4x [ −f̄^i_uD^mD_mf^u_i − i 2 ψ̄_uσ̄^mD_mψ^u − i 2 κ_uσ^mD_mκ̄^u −f̄_{iu}(ϕϕ̄ + ϕ̄ϕ)^u_v f^{iv} + Q̂^{ij}_a D^a_{ij} + ( − if̄^i_uλ_i^u_vψ^v + iκ_uλ^{iu}_vf^v_i + 1 √ 2 κ_uϕ^u_vψ^v + c.c. )] (4.29)

where Q̂^{ij}_a ≡ Q^{ij}_a |_{Ta=ta} . On the other hand, the N = 2 U(N_c) gauged action for N_a hypermultiplets q^{+a} in the adjoint representation of U(N_c) is

S^{gauged}

adj q = ∫ d^4x [ −f̄^i_aD^mD_mf^a_i − i 2 ψ̄_aσ̄^mD_mψ^a − i 2 κ_aσ^mD_mκ̄^a −f̄_{ia}(ϕϕ̄ + ϕ̄ϕ)^a_bf^{ib} + Q̌^{ij}_a D^a_{ij} + ( − if̄^i_aλ_i^a_bψ^b + iκ_aλ^{ia}_bf^b_i + 1 √ 2 κ_aϕ^a_bψ^b + c.c. )] (4.30)

where Q̌^{ij}_a ≡ Q^{ij}_a |_{Ta=ad(ta)}.

4.2 ω hypermultiplets

The ω hypermultiplet is known as a real hypermultiplet, ω = ~ω. Here we combine two of them to a complex superfield, or equivalently we do not impose the reality condition. Such a complex ω hypermultiplet is expanded as

ω(ζ, u) = ω(x_A, u) + θ^+ψ^−(x_A, u) + θ̄^+κ̄^−(x_A, u) + (θ^+)^2M^{−−}(x_A, u) + (θ̄^+)^2N^{−−} (x_A, u) +iθ^+σ^mθ̄^+A^{−−}_m (x_A, u) + (θ^+)^2θ̄^+γ̄^{(−3)}(x_A, u) + (θ̄^+)^2θ^+χ^{(−3)}(x_A, u) +(θ^+)^4P^{(−4)}(x_A, u) . (4.31)

We consider the U(N_c) gauged action

S^{gauged} ω = 1 2 ∫ dudζ^{(−4)} ~ω(D^{++} )^2ω , D^{++} = D^{++} + iV^{++} , V^{++} = V^{++a}T_a , (4.32)

where T_a = (t_a)^u_v , u, v = 1, · · · , N_c for ω^u in the fundamental representation of U(N_c) , while T_a = ad(t_a)^b_c = if^b_{ac}, a, b = 0, 1, · · · , N^2_c − 1 for ω^a in the adjoint representation of U(N_c) . The equation of motion, (D^{++} )^2ω = 0, is expanded with respect to the order of θ as

(∂^{++})^2ω = 0 , (4.33) (∂^{++})^2ψ^− = (∂^{++})^2κ̄^− = 0 , (4.34) (∂^{++})^2M^{−−} + 2 √ 2ϕ̄∂^{++}ω = 0 , (4.35) (∂^{++})^2N^{−−} − 2 √ 2ϕ∂^{++}ω = 0 , (4.36) (∂^{++})^2A^{−−}_m − 4∂^{++}D_mω = 0 , (4.37) (∂^{++})^2γ̄^{(−3)} − 2iσ̄^mD_m∂^{++}ψ^− + 2 √ 2ϕ̄∂^{++}κ̄^− − 8iλ̄^iu^−_i ∂^{++}ω − 4iλ̄^iu^+_i ω = 0 ,(4.38) (∂^{++})^2χ^{(−3)} + 2iσ^mD_m∂^{++}κ̄^− − 2 √ 2ϕ∂^{++}ψ^− + 8iλ^iu^−_i ∂^{++}ω + 4iλ^iu^+_i ω = 0 ,(4.39) (∂^{++})^2P^{(−4)} − 2D^m ∂^{++}A^{−−}_m + 2D^mD_mω + 2 √ 2ϕ̄∂^{++}N^{−−} − 2 √ 2ϕ∂^{++}M^{−−} − 2iλ^iu^+_i ψ^− − 4iλ^iu^−_i ∂^{++}ψ^− + 2iλ̄^iu^+_i κ̄^− + 4iλ̄^iu^−_i ∂^{++}κ̄^− + 6iD^{ij} u^+_i u^−_j ω + 6iD^{ij} u^−_i u^−_j ∂^{++}ω − 2(ϕ̄ϕ + ϕϕ̄)ω = 0 . (4.40)

We find that these are solved by

(4.33) → ω(x_A, u) = 1 √ 2 ω(x_A) + ω^{ij} (x_A)u^+_{(i}u^−_{j)} , (4.41) (4.34) → ψ^−(x_A, u) = ψ^i(x_A)u^−_i , κ̄^−(x_A, u) = κ̄^i(x_A)u^−_i , (4.42) (4.35) → M^{−−}(x_A, u) = − √ 2ϕ̄ω^{ij} u^−_i u^−_j , (4.43) (4.36) → N^{−−}(x_A, u) = √ 2ϕω^{ij} u^−_i u^−_j , (4.44)

(4.37) → A^{−−}_m (x_A, u) = 2D_m ω^{ij} u^−_i u^−_j , (4.45) (4.38) → γ̄^{(−3)}(x_A, u) = 2iλ̄^iω^{jk} u^−_i u^−_j u^−_k , (4.46) iσ̄^mD_mψ^i − √ 2ϕ̄κ̄^i + 2iλ̄_j ω^{ji} + √ 2iλ̄^iω = 0 , (4.47) (4.39) → χ^{(−3)}(x_A, u) = −2iλ^iω^{jk} u^−_i u^−_j u^−_k , (4.48) iσ^mD_mκ̄^i − √ 2ϕψ^i + 2iλ_j ω^{ji} + √ 2iλ^iω = 0 , (4.49) (4.40) → P^{(−4)}(x_A, u) = −iD^{ij} ω^{kl}u^−_i u^−_j u^−_k u^−_l , (4.50) D^mD_mω^{ij} − (ϕ̄ϕ + ϕϕ̄)ω^{ij} − i √ 2 D^{ij} ω − iD^i_kω^{kj} + iλ^{(i}ψ^{j)} − iλ̄^{(i}κ̄^{j)} = 0 ,

(4.51) √ 2D^m D_mω + iD^{ij} ω_{ij} + iλ^iψ_i − iλ̄^iκ̄_i − √ 2(ϕ̄ϕ + ϕϕ̄)ω = 0 . (4.52)

Eliminating infinitely many auxiliary fields by using these equations except for (4.47), (4.49), (4.51) and (4.52) which are dynamical, the action reduces to

S^{gauged} ω = ∫ dx^4 [ + 1 2 ω̄^{ij} D^mD_mω_{ij} + 1 2 ω̄D^mD_mω − i 4 κ^iσ^mD_mκ̄_i + i 4 ψ̄^iσ̄^mD_mψ_i − 1 2 ω̄^{ij} (ϕ̄ϕ + ϕϕ̄)ω_{ij} − 1 2 ω̄(ϕ̄ϕ + ϕϕ̄)ω + S^{ij}_a D^a_{ij} + √ 2 4 κ^iϕψ_i + i 2 κ^iλ^j ω_{ij} − √ 2 4 iκ^iλ_iω + i 2 ω̄^{ij} λ_iψ_j + √ 2 4 iω̄λ^iψ_i − √ 2 4 ψ̄^iϕ̄κ̄_i − i 2 ω̄^{ij}λ̄_iκ̄_j − √ 2 4 iω̄λ̄^iκ̄_i − i 2 ψ̄^iλ̄^j ω_{ij} + √ 2 4 iψ̄^iλ̄_iω ] (4.53)

where S^{ij}_a ≡ i 2 ω̄^{ki}T_aω^j_k + √ 2 4 iω̄^{ij} T_aω − √ 2 4 iω̄T_aω^{ij} . (4.54)

It is easy to introduce flavors to the action by regarding ω as a vector ω^I

S^{gauged} ω = 1 2 ∫ dudζ^{(−4)} ~ω_I (D^{++})^2ω^I , (4.55)

where I = 1, · · · , N^ω_f for fundamental ω and I = 1, · · · , N^ω_a for adjoint ω. We omit the flavor index below.

In summary, the U(N_c) gauged action for N^ω_f hypermultiplets ω^u in the fundamental representation of U(N_c) is

S^{gauged}

fund ω = ∫ dx^4 [ 1 2 ω̄^{ij}_u D^mD_mω^u_{ij} + 1 2 ω̄_uD^mD_mω^u − i 4 κ^i_uσ^mD_mκ̄^u_i + i 4 ψ̄^i_uσ̄^mD_mψ^u_i − 1 2 ω̄^{ij}_u (ϕ̄ϕ + ϕϕ̄)^u_vω^v_{ij} − 1 2 ω̄_u(ϕ̄ϕ + ϕϕ̄)^u_vω^v + Ŝ^{ij}_a D^a_{ij} (4.56) + (√2 4 κ^i_uϕ^u_vψ^v_i + i 2 κ^i_uλ^{ju}_v ω^v_{ij} − √ 2 4 iκ^i_uλ_i^u_v ω^v + i 2 ω̄^{ij}_u λ^u_{i v} ψ^v_j + √ 2 4 iω̄_uλ^{iu}_v ψ^v_i + c.c. ) ] with Ŝ^{ij}_a = S^{ij}_a |_{Ta=ta} , while that for N^ω_a hypermultiplets ω^a in the adjoint representation of U(N_c) is

S^{gauged}

adj ω = ∫ dx^4 [ 1 2 ω̄^{ij}_a D^mD_mω^a_{ij} + 1 2 ω̄_aD^m D_mω^a − i 4 κ^i_aσ^mD_mκ̄^a_i + i 4 ψ̄^i_aσ̄^mD_mψ^a_i − 1 2 ω̄^{ij}_a (ϕ̄ϕ + ϕϕ̄)^a_bω^b_{ij} − 1 2 ω̄_a(ϕ̄ϕ + ϕϕ̄)^a_bω^b + Š^{ij}_a D^a_{ij} (4.57) + (√2 4 κ^i_aϕ^a_bψ^b_i + i 2 κ^i_aλ^{ja}_bω^b_{ij} − √ 2 4 iκ^i_aλ_i^a_bω^b + i 2 ω̄^{ij}_a λ^a_{i b}ψ^b_j + √ 2 4 iω̄_aλ^{ia}_bψ^b_i + c.c. ) ]

with Š^{ij}_a = S^{ij}_a |_{Ta=ad(ta)}.

The N = 2 U(N_c) QCD action coupled with N_f fundamental q^{+u}, N_a adjoint q^{+a}, N^ω_f fundamental ω^u and N^ω_a adjoint ω^a is given as

S_{V,q,ω} = S_V + S^{gauged}_{fund q} + S^{gauged}_{adj q} + S^{gauged}_{fund ω} + S^{gauged}_{adj ω} (4.58)

with (2.7), (4.29), (4.30), (4.56) and (4.57).

4.3 electric & magnetic FI terms

Next, we add the electric and magnetic FI terms to the action S_{V,q,ω} in (4.58). The electric FI term S_e is the same as (2.9). As was seen in subsection 2.1, the effect of the magnetic FI term is to shift the auxiliary field D by an imaginary constant. Thanks to this property the magnetic FI term does not affect the superinvariance of the total action which now includes S_e. This observation leads to the magnetic FI term of the form

S^{QCD}_m = S^{YM}_m + ∫ d^4x 2i(Q̂^{ij}_0 + Ŝ^{ij}_0 )(ξ^{ij}_D − ξ̄^{ij}_D ) (4.59)

where S^{YM}_m is given in (2.12). The last term in (4.59) shifts the terms, Q̂^{ij}_0 D^0_{ij} in S^{gauged}_{fund q} (4.29) and Ŝ^{ij}_0 D^0_{ij} in S^{gauged}_{fund ω} (4.56), as

Q̂^{ij}_a D^a_{ij} + Ŝ^{ij}_a D^a_{ij} + 2i(Q̂^{ij}_0 + Ŝ^{ij}_0 )(ξ^{ij}_D − ξ̄^{ij}_D ) = 1 2 (Q̂^{ij}_a + Ŝ^{ij}_a )D^a_{ij} + c.c. (4.60)

where D is given in (2.14). The terms, Q̌^{ij}_0 D^0_{ij} in S^{gauged}_{adj q} (4.30) and Š^{ij}_0 D^0_{ij} in S^{gauged}_{adj ω} (4.57), vanish because ad(t_0) = 0, and so the adjoint matters do not appear in (4.59). Thus, we observe that S_{V,q,ω} + S^{QCD}_m = S_{V,q,ω}|_{D→D} (4.61) where |_{D→D} means the replacement D^{aij} → D^{aij} (D^{aij} → D̄^{aij} ).

Gathering all together, the total action is

S_{QCD} = S_{V,q,ω} + S_e + S^{QCD}_m , (4.62)

with (4.58), (2.9) and (4.59). The auxiliary field D^{aij} is solved by D^{aij} = −2g^{ab} [ (ξ^{ij} + ξ̄^{ij} )δ^0_b + ξ^{ij}_D F_{0b}| + ξ̄^{ij}_D F_{0b}| + Q̂^{ij}_b + Q̌^{ij}_b + Ŝ^{ij}_b + Š^{ij}_b + i 4 F_{bcd}|λ^{ci}λ^{dj} − i 4 F_{bcd}|λ̄^{ci}λ̄^{dj} ] (4.63)

while the D^{aij} is given as D^{aij} = −2g^{ab} [ (ξ^{ij} + ξ̄^{ij} )δ^0_b + (ξ^{ij}_D + ξ̄^{ij}_D )F_{0b}| + Q̂^{ij}_b + Q̌^{ij}_b + Ŝ^{ij}_b + Š^{ij}_b + i 4 F_{bcd}|λ^{ci}λ^{dj} − i 4 F_{bcd}|λ̄^{ci}λ̄^{dj} ] . (4.64)

After eliminating auxiliary field D by using (4.63), the action of the N = 2 U(N_c) QCD model becomes

S^′_{QCD} = ∫ d^4x [ L_{kin} + L_{pot} + L_{Pauli} + L_{mass} + L_{4 fermi} ] (4.65)

where

L_{kin} = −g_{ab}D^mϕ^aD_mϕ̄^b − 1 2 F_{ab}|λ̄^{ai}σ̄^mD_mλ^b_i − 1 2 F_{ab}|λ^{ai}σ^mD_mλ̄^b_i − 1 4 g_{ab}v^a_{mn}v^{b mn} − 1 8 ReF_{ab}|ε^{mnpq}v^a_{mn}v^b_{pq} −f̄^i_uD^mD_mf^u_i − i 2 ψ̄_uσ̄^mD_mψ^u − i 2 κ_uσ^mD_mκ̄^u −f̄^i_aD^mD_mf^a_i − i 2 ψ̄_aσ̄^mD_mψ^a − i 2 κ_aσ^mD_mκ̄^a + 1 2 ω̄^{ij}_u D^mD_mω^u_{ij} + 1 2 ω̄_uD^mD_mω^u − i 4 κ^i_uσ^mD_mκ̄^u_i + i 4 ψ̄^i_uσ̄^mD_mψ^u_i + 1 2 ω̄^{ij}_a D^mD_mω^a_{ij} + 1 2 ω̄_aD^mD_mω^a − i 4 κ^i_aσ^mD_mκ̄^a_i + i 4 ψ̄^i_aσ̄^mD_mψ^a_i , (4.66)

L_{pot} = − 1 4 g_{ab}D^{aij} | D^b_{ij} | − g_{ab}P^aP^b + 2iξ^{ij}_D ξ_{Dij} F_{00}| − 2iξ̄^{ij}_Dξ̄_{Dij} F_{00}| +2i(Q̂_0 + Ŝ_0)(ξ^{ij}_D − ξ̄^{ij}_D ) − 2i(ξ^{ij} + ξ̄^{ij} )(ξ_{Dij} − ξ̄_{Dij} )

−f̄^i_u(ϕ̄ϕ + ϕϕ̄)^u_vf^v_i − 1 2 ω̄^{ij}_u (ϕ̄ϕ + ϕϕ̄)^u_vω^v_{ij} − 1 2 ω̄_u(ϕ̄ϕ + ϕϕ̄)^u_vω^v −f̄^i_a(ϕ̄ϕ + ϕϕ̄)^a_bf^b_i − 1 2 ω̄^{ij}_a (ϕ̄ϕ + ϕϕ̄)^a_bω^b_{ij} − 1 2 ω̄_a(ϕ̄ϕ + ϕϕ̄)^a_bω^b = − 1 4 g_{ab}D^{aij} | D̄^b_{ij} | − g_{ab}P^aP^b − 2i(ξ^{ij} + ξ̄^{ij} )(ξ_{Dij} − ξ̄_{Dij} )

−f̄^i_u(ϕ̄ϕ + ϕϕ̄)^u_vf^v_i − 1 2 ω̄^{ij}_u (ϕ̄ϕ + ϕϕ̄)^u_vω^v_{ij} − 1 2 ω̄_u(ϕ̄ϕ + ϕϕ̄)^u_vω^v −f̄^i_a(ϕ̄ϕ + ϕϕ̄)^a_bf^b_i − 1 2 ω̄^{ij}_a (ϕ̄ϕ + ϕϕ̄)^a_bω^b_{ij} − 1 2 ω̄_a(ϕ̄ϕ + ϕϕ̄)^a_bω^b , (4.67)

L_{mass} = + 1 2 g_{ab}λ^{ai}f^b_{cd}(−i √ 2ϕ̄^c)λ^d_i + i 4 D^{aij} | F_{abc}|λ^b_i λ^c_j −if̄^i_uλ_i^u_v ψ^v + iκ_uλ^{iu}_v f^v_i + 1 √ 2 κ_uϕ^u_v ψ^v − if̄^i_aλ_i^a_bψ^b + iκ_aλ^{ia}_bf^b_i + 1 √ 2 κ_aϕ^a_bψ^b + √ 2 4 κ^i_uϕ^u_v ψ^v_i + i 2 κ^i_uλ^{ju}_vω^v_{ij} − √ 2 4 iκ^i_uλ_i^u_vω^v + i 2 ω̄^{ij}_u λ^u_{i v}ψ^v_j + √ 2 4 iω̄_uλ^{iu}_v ψ^v_i + √ 2 4 κ^i_aϕ^a_bψ^b_i + i 2 κ^i_aλ^{ja}_bω^b_{ij} − √ 2 4 iκ^i_aλ_i^a_bω^b + i 2 ω̄^{ij}_a λ^a_{i b}ψ^b_j + √ 2 4 iω̄_aλ^{ia}_bψ^b_i +c.c. , (4.68) where D^{aij} | = −2g^{ab} [ (ξ^{ij} + ξ̄^{ij} )δ^0_b + ξ^{ij}_D F_{0b}| + ξ̄^{ij}_D F_{0b}| + Q̂^{ij}_b + Q̌^{ij}_b + Ŝ^{ij}_b + Š^{ij}_b ] , (4.69) D^{aij} | = D^{aij} | + 4iξ^{ij}_D δ^a_0 = −2g^{ab} [ (ξ^{ij} + ξ̄^{ij} )δ^0_b + (ξ^{ij}_D + ξ̄^{ij}_D )F_{0b}| + Q̂^{ij}_b + Q̌^{ij}_b + Ŝ^{ij}_b + Š^{ij}_b ] . (4.70)

L_{Pauli}, L_{4 fermi} and P^a are given in (2.23), (2.25) and (2.26), respectively. The action S^′_{QCD} without FI terms corresponds to the N = 2 action (see for example [16]) with flat four-dimensional space-time and with flat hyperkähler geometry of hypermultiplets.

5 Vacua of N = 2 U(N_c) QCD model

Let us examine vacua of the N = 2 U(N_c) QCD model coupled with hypermultiplets and equipped with the electric and magnetic FI terms, S^′_{QCD} in (4.65).

The vacua are determined by the scalar potential V = 1 4 g_{ab}D^{aij} | D̄^b_{ij} | + g_{ab}P^aP^b + 2i(ξ^{ij} + ξ̄^{ij} )(ξ_{Dij} − ξ̄_{Dij} ) +f^i_u(ϕ̄ϕ + ϕϕ̄)^u_vf^{iv} + 1 2 ω̄^{ij}_u (ϕ̄ϕ + ϕϕ̄)^u_vω^v_{ij} + 1 2 ω̄_u(ϕ̄ϕ + ϕϕ̄)^u_v ω^v

+f^i_a(ϕ̄ϕ + ϕϕ̄)^a_bf^{ib} + 1 2 ω̄^{ij}_a (ϕ̄ϕ + ϕϕ̄)^a_bω^b_{ij} + 1 2 ω̄_a(ϕ̄ϕ + ϕϕ̄)^a_bω^b . (5.1)

We demand positive definiteness of g_{ab}. The second term in the first line tells us that ⟨ϕ^r⟩ = 0 where r ∈ non-Cartan directions. The first term in the second line reduces to

⟨|ϕ^i|^2f^i_if^{ii}⟩ (5.2) because ⟨ϕϕ̄⟩ = ⟨|ϕ^i|^2⟩t_i. Let us examine the phase in which ⟨ϕ^i⟩ ≠ 0 (so called the Coulomb phase). This leads to ⟨f^i_i ⟩ = 0, i.e., ⟨f^i_u⟩ = 0, which implies that ⟨Q̂^{ij}_b ⟩ = 0. Similarly one finds that ⟨ω^u_{ij} ⟩ = ⟨ω^u⟩ = 0 and ⟨Ŝ^{ij}_b ⟩ = 0. On the other hand, the first term in the last line becomes

⟨f^i_rϕ^iϕ̄^j(f^r_{is}f^s_{jt} + f^r_{js}f^s_{it})f^t_i ⟩ (5.3)

and thus we derive ⟨f^i_r ⟩ = 0 where r ∈ non-Cartan directions, which implies that ⟨Q̌^{ij}_b ⟩ = 0. Similarly we derive ⟨ω^r_{ij} ⟩ = ⟨ω^r ⟩ = 0 and ⟨Š^{ij}_b ⟩ = 0. Summarizing we derived vevs at the vacua

⟨f^i_u⟩ = ⟨ω^{ij}_u ⟩ = ⟨ω_u ⟩ = 0 and ⟨f^i_r ⟩ = ⟨ω^{ij}_r ⟩ = ⟨ω_r⟩ = 0 . (5.4)

Finally we examine the first term in the first line in V, say V_1. By using (5.4), we derive ⟨∂_AV_1⟩ = 0 , A = {f^i_u, ω^{ij}_u , ω_u, f^i_a, ω^{ij}_a , ω_a, } . (5.5) We note here that ⟨f^i_i ⟩, ⟨ω^{ij}_i ⟩ and ⟨ω_i⟩ are not determined by the scalar potential V. In addition, ∂¯_A∂_AV = 0 for A = {f^i_i , ω^{ij}_i , ω_i}. This means that the adjoint matter scalars in the Cartan direction parametrize the flat directions in V. The non-trivial vacuum condition is ⟨∂_ϕa V_1⟩ = i 8 ⟨F_{abc}| D^{bij} D^c_{ij} ⟩ = i 4 ⟨F_{abc}| D^{bA}D^{cA}⟩ (5.6) where ⟨D^{aA}⟩ is the same as one without hypermultiplets in (2.28) because ⟨Q̂^{ij}_a ⟩ = ⟨Q̌^{ij}_a ⟩ = ⟨Ŝ^{ij}_a ⟩ = ⟨Š^{ij}_a ⟩ = 0. In this way, we arrive at the same vacuum condition as one for the model specified by S^′_{YM} in (2.20). As was explained in section 3, the supersymmetry transformation of λ^i on the vacua is

⟨δ_η(U^1_j λ^{ij} )⟩ ≠ 0 , ⟨δ_η(U^2_j λ^{ij} )⟩ = 0 , ⟨δ_ηλ^{ri}⟩ = 0 . (5.7)

The supersymmetry transformation of matter fermions in q^+ and ω is found in appendix B. Because the vevs of the supersymmetry transformation of matter fermions in the fundamental representation are proportional to those of matter bosons in the fundamental representation, they vanish. On the other hand, the vevs of the supersymmetry transformation of matter fermions in the adjoint representation are proportional to those of matter bosons in the adjoint representation which are in non-Cartan directions, and so they vanish. Thus we have for all matter fermions

⟨δ_ηΨ⟩ = 0 , Ψ = {κ^u, ψ^u, κ^a, ψ^a, κ^u_i , ψ^u_i , κ^a_i , ψ^a_i } . (5.8)

Let us look at the mass terms of λ^{ii} in (4.68). Because of (5.4) they reduce at the vacua to (3.10), and thus U^1_j λ^{ij} is massless. This means in the ordinary basis spanned by hermitian matrices t_a of U(N_c), that the overall U(1) fermion U^1_j λ^{0j} is the Nambu- Goldstone fermion associated with the spontaneous partial supersymmetry breaking N = 2 → N = 1.

In summary, we find that in the Coulomb phase ⟨ϕ^i⟩ ≠ 0 the N = 2 U(N_c) QCD model S_{QCD} (4.62) describes the spontaneous partial supersymmetry breaking N = 2 → N = 1.

Acknowledgments

The authors thank Keisuke Ohashi and Norisuke Sakai for useful discussions. This work is supported in part by the Grant-in-Aid for Scientific Research (No. 16540262, No. 17540262 and No. 17540091) from the Ministry of Education, Science and Culture, Japan. Support from the 21 century COE program “Constitution of wide-angle mathematical basis focused on knots” is gratefully appreciated. The preliminary version of this work was presented by M.S. at the YITP workshop on “String Theory and Quantum Field Theory” in the Yukawa Institute for Theoretical Physics, Kyoto University (19-23 August, 2005). We wish to acknowledge the participants for stimulating discussions.

A Notation

The bar “ ¯ ” means the complex conjugation f^i = f̄_i , (A.1) f_i = ϵ_{ij} f^j = ϵ_{ij}f̄_j = ϵ_{ij} ϵ_{jk}f̄^k = −f̄^i , (A.2) ξ^{ij} = ξ̄_{ij} , (A.3) ξ_{ij} = ϵ_{ik}ϵ_{jl}ξ^{kl} = ϵ_{ik}ϵ_{jl}ξ̄_{kl} = ϵ_{ik}ϵ_{jl}ϵ_{kp}ϵ_{lq}ξ̄^{pq} = ξ̄^{ij} . (A.4) The tilde “ ~ ” is the analyticity preserving conjugation, the product of the complex conjugation “ ¯ ” and the antipodal map “^⋆ ”: (u^{+i})^⋆ = u^{−i} and (u^{−i})^⋆ = −u^{+i} ~u±_i = u±i , ~u±i = −u±_i , (A.5) ~θ± = θ̄^± , ~θ̄± = −θ^± . (A.6) B N = 2 supersymmetry transformation

Under N = 2 supersymmetry, coordinates transform as

(x^m_A , θ^±_α , θ̄^{±α̇}, u^±_i ) → (x^m_A − 2i(η^iσ^mθ̄^+ + θ^+σ^mη̄^i)u^−_i , θ^±_α + u^±_i η^i_α, θ̄^{±α̇} + u^±_i η̄^{iα̇}, u^±_i ) ,(B.1) which is generated by the differential operator

ηQ + η̄Q̄ with { Q_{αi} = −2iσ^mθ̄^+u^−_i ∂_m + u^+_i ∂_θ+α + u^−_i ∂_θ−α Q̄_{α̇i} = −2iθ+σmu^−_i ∂_m + u^+_i ∂_{θ̄+α̇} + u^−_i ∂_{θ̄−α̇}

. (B.2)

The supersymmetry transformation law of component fields in V^{++} is derived by matching the components with the appropriate power of θ^±, θ̄^± in δ_ηV^{++} = (ηQ + η̄Q̄)V^{++} where the left hand side means transformations on the component fields. Because we are working in the WZ gauge, we gauge transform the resulting expression into the WZ gauge form. Thus we examine δ_ηV^{++} = (ηQ + η̄Q̄)V^{++} − δ_gV^{++}. (B.3) Because the supersymmetry transformation is an infinitesimal transformation, it is enough to consider the infinitesimal gauge transformation δ_gV^{++} = −D^{++}λ_g . Observe that by choosing an analytic superfield λ_g as

λ_g = F_g + θ^+λ^−_g + θ̄^+κ̄^−_g + (θ^+)^2M^{−−}_g + (θ̄^+)^2N^{−−}_g + iθ^+σ^mθ̄^+A^{−−}_{gm} +(θ^+)^2θ̄^+χ̄^{(−3)}_g + (θ̄^+)^2θ^+λ^{(−3)}_g + (θ^+)^4P^{(−4)}_g (B.4) with F_g = P^{(−3)}_g = 0 , (B.5) λ^−_{gα} = 2i( √ 2η^iϕ̄ + σ^mη̄^iv_m)u^−_i , (B.6) κ̄^{−α̇}_g = −2i( √ 2η̄^iϕ + σ̄^mη^iv_m)u^−_i , (B.7) M^{−−}_g = 2η̄^iλ̄^j u^−_i u^−_j , (B.8) N^{−−}_g = −2η^iλ^j u^−_i u^−_j , (B.9) A^{−−}_{gm} = 2i(η^iσ_mλ̄^j − λ^iσ_mη̄^j )u^−_i u^−_j , (B.10) λ^{(−3)}_g = −2η^iD^{jk} u^−_{(i} u^−_j u^−_{k)} , (B.11) χ̄^{(−3)}_g = −2η̄^iD^{jk} u^−_{(i} u^−_j u^−_{k)} , (B.12) the N = 2 supersymmetry transformation law is obtained as δ_ηϕ = −i √ 2ϵ_{ij} η^iλ^j , (B.13) δ_ηϕ̄ = −i √ 2ϵ_{ij}η̄^iλ̄^j , (B.14) δ_ηv_m = iϵ_{ij} (η^iσ_mλ̄^j + λ^iσ_mη̄^j ) , (B.15) δ_ηλ^i_α = 1 2 σ^mσ̄^nη^iv_{mn} + √ 2σ^mη̄^iD_mϕ − iη^i[ϕ, ϕ̄] + D^i_j η^j , (B.16) δ_ηλ̄^{iα̇} = 1 2 σ̄^mσ^nη̄^iv_{mn} − √ 2σ̄^mη^iD_mϕ̄ + iη̄^i[ϕ̄, ϕ] − D^i_jη̄^j , (B.17) δ_ηD^{ij} = −2iη^iσ^mD_mλ̄^j + 2iD_mλ^iσ^mη̄^j + 2 √ 2η̄^i[λ̄^j , ϕ] + 2 √ 2η^i[λ^j , ϕ̄] . (B.18) Because the U(N_c) gauged action for q^+ hypermultiplets is invariant under the infinitesimal gauge transformation, δ_gq^+ = iλq^+ and δ_gV^{++} = −D^{++}λ with an analytic superfield λ, the supersymmetry transformation of q^+ must be followed by the gauge transformation with λ ≡ λ_g. Thus the supersymmetry transformation of the component fields in the q^+ hypermultiplet can be read off from δ_ηq^+ = (ηQ + η̄Q̄)q^+ − δ_gq^+ (B.19) with δ_gq^+ = iλ_gq^+ as δ_ηf^i = η^iψ + η̄^iκ̄ , (B.20) δ_ηψ_α = 2i(σ^mη̄^i)_αD_mf_i − 2 √ 2η^i_αϕ̄f_i , (B.21) δ_ηκ̄_{α̇} = 2i(η^iσ^m)_{α̇}D_mf_i + 2 √ 2η̄^i_{α̇}ϕf_i . (B.22) Similarly by examining δ_ηω = (ηQ + η̄Q̄)ω − δ_gω, (B.23) with δ_gω = iλ_gω, the supersymmetry transformation of the component fields in ω hypermultiplet is obtained as δ_ηω = √ 2(η^iψ_i + η̄^iκ̄_i) , (B.24) δ_ηω^{ij} = 2(η^{(i}ψ^{j)} + η̄^{(i}ψ̄^{j)}) , (B.25) δ_ηψ^i_α = − √ 2i(σ^mη̄^i)_αD_mω + 2η^i_αϕ̄ω + 2i(σ^mη̄^j )_αD_mω_j^i − 2 √ 2η^j_αϕ̄ω_j^i , (B.26) δ_ηκ̄^i_{α̇} = − √ 2i(η^iσ^m)_{α̇}D_mω − 2η̄^i_{α̇}ϕω + 2i(η^j σ^m)_{α̇}D_mω_j^i + 2 √ 2η̄^j_{α̇}ϕω_j^i . (B.27)

In presence of the magnetic FI term, the auxiliary field D^{ij} is shifted by an imaginary constant. The U(N_c) gauge model (2.17) and the U(N_c) QCD model (4.62) are invariant under the above supersymmetry transformations with the replacement D → D.

C symplectic covariant form of S^{gauged}_q

Here, we give the symplectic covariant form of S^{gauged}_q . The q^+ can be written as

q^{+M} = F^{+M} (x_A, u) + θ^+Ψ^M (x_A, u) + θ̄^+Ψ̄^M (x_A, u) + (θ^+)^2M^{−M} (x_A, u) +(θ̄^+)^2N^{−M} (x_A, u) + iθ^+σ^mθ̄^+A^{−M}_m (x_A, u) + (θ^+)^2θ̄^+χ̄^{(−2)M} (x_A, u) +(θ̄^+)^2θ^+χ^{(−2)M} (x_A, u) + (θ^+)^2(θ̄^+)^2P^{(−3)M} (x_A, u)

where M runs from 1 to 2N_c for U(N_c) fundamental q^+ while from 0 to 2N^2_c − 1 for U(N_c) adjoint q^+. q^+_M is related to q^{+M} by ~q^+_M ≡ q^{+M} = Ω^{M N} q^+_N , where Ω^{M N} = Ω^{N M} is the invariant tensor of the symplectic group, Sp(N_c) for fundamental q^+ or Sp(N^2_c ) for adjoint q^+. The gauged action is

S^{gauged} q = 1 2 ∫ dudζ^{(−4)} [ q^+_M D^{++} q^{+M} ] , (C.1)

D^{++}q^{+M} = D^{++} q^{+M} + iV^{++M}_N q^{+N} , V^{++M}_N = V^{++a}T_a , T_a = ( −T^T_a 0 0 T_a ) . The fundamental or adjoint representation of the gauge group is embedded in the symplectic matrix, Sp(N_c) or Sp(N^2_c ), respectively. This action is invariant under U(N_c) gauge transformation δq^{+M} = ϵ^aλ^{+M}_a with λ^{+M}_a = i(T_a)^M_N q^{+N} .

References

[1] N. Seiberg and E. Witten, “Electric - magnetic duality, monopole condensation, and confinement in N=2 supersymmetric Yang-Mills theory,” Nucl. Phys. B 426 (1994) 19 [Erratum-ibid. B 430 (1994) 485] [arXiv:hep-th/9407087].

[2] L. Mezincescu, “On The Superfield Formulation Of O(2) Supersymmetry,” JINR-P2- 12572.

[3] P. S. Howe, K. S. Stelle and P. K. Townsend, “Miraculous Ultraviolet Cancellations In Supersymmetry Made Manifest,” Nucl. Phys. B 236 (1984) 125.

[4] J. Koller, “Unconstrained Prepotentials In Extended Superspace,” Phys. Lett. B 124 (1983) 324; “A Six-Dimensional Superspace Approach To Extended Superfields,” Nucl. Phys. B 222 (1983) 319.

[5] A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky and E. Sokatchev, “Unconstrained N=2 Matter, Yang-Mills And Supergravity Theories In Harmonic Superspace,” Class. Quant. Grav. 1 (1984) 469.

[6] A. Galperin, E. A. Ivanov, V. Ogievetsky and E. Sokatchev, “Harmonic Supergraphs.

Green Functions,” Class. Quant. Grav. 2 (1985) 601.

[7] A. Galperin, E. Ivanov, V. Ogievetsky and E. Sokatchev, “Harmonic Supergraphs.

Feynman Rules And Examples,” Class. Quant. Grav. 2 (1985) 617.

[8] A. S. Galperin, E. A. Ivanov and V. I. Ogievetsky, “Duality Transformations And Most General Matter Selfcoupling In N=2 Supersymmetry,” Nucl. Phys. B 282 (1987) 74.

[9] A. S. Galperin, E. A. Ivanov, V. I. Ogievetsky and E. S. Sokatchev, “Harmonic superspace,” Cambridge University Press, 2001.

[10] I. L. Buchbinder, E. I. Buchbinder, E. A. Ivanov, S. M. Kuzenko and B. A. Ovrut, “Effective action of the N = 2 Maxwell multiplet in harmonic superspace,” Phys. Lett. B 412 (1997) 309 [arXiv:hep-th/9703147]; I. L. Buchbinder, E. I. Buchbinder, S. M. Kuzenko and B. A. Ovrut, “The background field method for N = 2 super Yang-Mills theories in harmonic superspace,” Phys. Lett. B 417 (1998) 61 [arXiv:hep-th/9704214]; N. Dragon and S. M. Kuzenko, “The Higgs mechanism in N

= 2 superspace,” Nucl. Phys. B 508 (1997) 229 [arXiv:hep-th/9705027]; E. A. Ivanov, S. V. Ketov and B. M. Zupnik, “Induced hypermultiplet self-interactions in N = 2 gauge theories,” Nucl. Phys. B 509 (1998) 53 [arXiv:hep-th/9706078]; I. L. Buchbinder, S. M. Kuzenko and B. A. Ovrut, “On the D = 4, N = 2 non-renormalization theorem,” Phys. Lett. B 433 (1998) 335 [arXiv:hep-th/9710142]; I. Buchbinder, S. Kuzenko and B. A. Ovrut, “Covariant harmonic supergraphity for N = 2 super Yang-Mills theories,” arXiv:hep-th/9810040; E. I. Buchbinder, I. L. Buchbinder, E. A. Ivanov and S. M. Kuzenko, “Central charge as the origin of holomorphic effective action in N = 2 gauge theory,” Mod. Phys. Lett. A 13 (1998) 1071 [arXiv:hep-th/9803176]; I. L. Buchbinder and S. M. Kuzenko, “Comments on the background field method in harmonic superspace: Non-holomorphic corrections in N = 4 SYM,” Mod. Phys. Lett. A 13 (1998) 1623 [arXiv:hep-th/9804168]; E. I. Buchbinder, I. L. Buchbinder and S. M. Kuzenko, “Non-holomorphic effective potential in N = 4 SU(n) SYM,” Phys. Lett. B 446 (1999) 216 [arXiv:hep-th/9810239]; S. Eremin and E. Ivanov, “Holomorphic effective action of N = 2 SYM theory from harmonic superspace with central charges,” Mod. Phys. Lett. A 15 (2000) 1859 [arXiv:hep-th/9908054]; I. L. Buchbinder and I. B. Samsonov, “On holomorphic effective actions of hypermultiplets coupled to external gauge superfields,” Mod. Phys. Lett. A 14 (1999) 2537 [arXiv:hep-th/9909183]; I. L. Buchbinder, S. M. Kuzenko and A. A. Tseytlin, “On low-energy effective actions in N = 2,4 superconformal theories in four dimensions,” Phys. Rev. D 62 (2000) 045001 [arXiv:hep-th/9911221]; I. L. Buchbinder and A. Y. Petrov, “N = 4 super Yang-Mills low-energy effective action at three and four loops,” Phys. Lett. B 482 (2000) 429 [arXiv:hep-th/0003265]; S. M. Kuzenko and I. N. McArthur, “Effective action of N = 4 super Yang-Mills: N = 2 superspace approach,” Phys. Lett. B 506 (2001) 140 [arXiv:hep-th/0101127]; S. M. Kuzenko and I. N. McArthur, “Hypermultiplet effective action: N = 2 superspace approach,” Phys. Lett. B 513 (2001) 213 [arXiv:hep-th/0105121]; I. L. Buchbinder and E. A. Ivanov, “Complete N = 4 structure of low-energy effective action in N = 4 super Yang- Mills theories,” Phys. Lett. B 524 (2002) 208 [arXiv:hep-th/0111062]; I. L. Buchbinder, E. A. Ivanov and A. Y. Petrov, “Complete low-energy effective action in N = 4 SYM: A direct N = 2 supergraph calculation,” Nucl. Phys. B 653 (2003) 64 [arXiv:hep-th/0210241]; I. L. Buchbinder and N. G. Pletnev, “Construction of oneloop N = 4 SYM effective action on the mixed branch in the harmonic superspace approach,” JHEP 0509 (2005) 073 [arXiv:hep-th/0504216].

[11] K. Fujiwara, H. Itoyama and M. Sakaguchi, “Supersymmetric U(N) gauge model and partial breaking of N = 2 supersymmetry,” Prog. Theor. Phys. 113 (2005) 429 [arXiv:hep-th/0409060].

[12] I. Antoniadis, H. Partouche and T. R. Taylor, “Spontaneous Breaking of N=2 Global Supersymmetry,” Phys. Lett. B 372 (1996) 83 [arXiv:hep-th/9512006].

[13] R. Grimm, M. Sohnius and J. Wess, “Extended Supersymmetry And Gauge Theories,” Nucl. Phys. B 133 (1978) 275; M. F. Sohnius, “Bianchi Identities For Supersymmetric Gauge Theories,” Nucl. Phys. B 136 (1978) 461; M. de Roo, J. W. van Holten, B. de Wit and A. Van Proeyen, “Chiral Superfields In N=2 Supergravity,” Nucl. Phys. B 173 (1980) 175.

[14] K. Fujiwara, H. Itoyama and M. Sakaguchi, “U(N) gauge model and partial breaking of N = 2 supersymmetry,” in the proceedings of 12th International Conference on Supersymmetry and Unification of Fundamental Interactions (SUSY 04), Tsukuba, Japan, 17-23 Jun 2004 arXiv:hep-th/0410132.

[15] K. Fujiwara, H. Itoyama and M. Sakaguchi, “Partial breaking of N = 2 supersymmetry and of gauge symmetry in the U(N) gauge model,” Nucl. Phys. B 723 (2005) 33 [arXiv:hep-th/0503113].

[16] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara and P. Fre’, “General Matter Coupled N=2 Supergravity,” Nucl. Phys. B 476 (1996) 397 [arXiv:hep-th/9603004]; L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fre and T. Magri, “N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: Symplectic covariance, gaugings and the momentum map,” J. Geom. Phys. 23 (1997) 111 [arXiv:hep-th/9605032].

[17] B. de Wit, J. W. van Holten and A. Van Proeyen, “Transformation Rules Of N=2 Supergravity Multiplets,” Nucl. Phys. B 167 (1980) 186; J. Bagger and E. Witten, “Matter Couplings In N=2 Supergravity ,” Nucl. Phys. B 222 (1983) 1; B. de Wit, P. G. Lauwers, R. Philippe, S. Q. Su and A. Van Proeyen, “Gauge And Matter Fields Coupled To N=2 Supergravity,” Phys. Lett. B 134 (1984) 37; B. de Wit and A. Van Proeyen, “Potentials And Symmetries Of General Gauged N=2 Supergravity - Yang- Mills Models,” Nucl. Phys. B 245 (1984) 89; B. de Wit, P. G. Lauwers and A. Van Proeyen, “Lagrangians Of N=2 Supergravity - Matter Systems,” Nucl. Phys. B 255 (1985) 569; E. Cremmer, C. Kounnas, A. Van Proeyen, J. P. Derendinger, S. Ferrara,

B. de Wit and L. Girardello, “Vector Multiplets Coupled To N=2 Supergravity: Superhiggs Effect, Flat Potentials And Geometric Structure,” Nucl. Phys. B 250 (1985) 385; H. Itoyama, L. D. McLerran, T. R. Taylor and J. J. van der Bij, “N=2 No Scale Supergravity,” Nucl. Phys. B 279 (1987) 380; R. D’Auria, S. Ferrara and P. Fre, “Special And Quaternionic Isometries: General Couplings In N=2 Supergravity And The Scalar Potential,” Nucl. Phys. B 359 (1991) 705.

[18] J. T. Lopuszanski, “The Spontaneously Broken Supersymmetry In Quantum Field Theory,” Rept. Math. Phys. 13 (1978) 37.

[19] S. Ferrara, L. Girardello and M. Porrati, “Spontaneous Breaking of N=2 to N=1 in Rigid and Local Supersymmetric Theories,” Phys. Lett. B 376 (1996) 275 [arXiv:hep-th/9512180].

[20] H. Partouche and B. Pioline, “Partial spontaneous breaking of global supersymmetry,” Nucl. Phys. Proc. Suppl. 56B (1997) 322 [arXiv:hep-th/9702115].

[21] E. A. Ivanov and B. M. Zupnik, “Modified N = 2 supersymmetry and Fayet- Iliopoulos terms,” Phys. Atom. Nucl. 62 (1999) 1043 [Yad. Fiz. 62 (1999) 1110] [arXiv:hep-th/9710236]; “Modifying N = 2 supersymmetry via partial breaking,” arXiv:hep-th/9801016.

[22] J. A. Bagger, A. S. Galperin, E. A. Ivanov and V. I. Ogievetsky, “Gauging N=2 Sigma Models In Harmonic Superspace,” Nucl. Phys. B 303 (1988) 522.

[23] J. Wess and J. Bagger, “Supersymmetry and supergravity,” second edition, Princeton University Press, 1992.

[24] P. Fayet and J. Iliopoulos, “Spontaneously Broken Supergauge Symmetries And Goldstone Spinors,” Phys. Lett. B 51 (1974) 461; P. Fayet, “Fermi-Bose Hypersymmetry,” Nucl. Phys. B 113 (1976) 135.

[25] B. M. Zupnik, “The Action Of The Supersymmetric N=2 Gauge Theory In Harmonic Superspace,” Phys. Lett. B 183 (1987) 175.