arXiv:hep-th/0511054 v2 24 Nov 2005

hep-th/0511054

N = 8 Nonlinear Supersymmetric Mechanics

S. Bellucci^a, A. Beylin^b, S. Krivonos^b and A. Shcherbakov^b

aINFN-Laboratori Nazionali di Frascati, Via E. Fermi 40, 00044 Frascati, Italy

bellucci@lnf.infn.it

b Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia

beylin, krivonos, shcherb@theor.jinr.ru

Abstract

We construct a new two-dimensional N = 8 supersymmetric mechanics with nonlinear chiral supermultiplet. Being intrinsically nonlinear this multiplet describes 2 physical bosonic and 8 fermionic degrees of freedom. We construct the most general superfield action of the sigma-model type and propose its simplest extension by a Fayet-Iliopoulos term. The most interesting property of the constructed system is a new type of geometry in the bosonic subsector, which is different from the special Kähler one characterizing the case of the linear chiral N = 8 supermultiplet.

1 Introduction

Supersymmetric mechanics with N = 8 supersymmetry plays a special role among extended supersymmetric theories in one dimension. Firstly, like other theories with eight real supercharges, it admits an off-shell superfield formulation, which simplifies its analysis. At the same time, the restrictions which N = 8 extended supersymmetry imposes on the geometry of the target space (see e.g. [1]) are not too strong. Really speaking, the N = 8 supersymmetric mechanics is the highest-N case among theories in one dimension which have a non-trivial geometry of the bosonic sector. Another important property which selects just N = 8 supersymmetry is the structure of supermultiplets. It is shown in [2] that N = 8 is, once again, the highest-N case when the minimal supermultiplets contain N -bosons and N -fermions. For N > 8 supersymmetry the length of the supermultiplets grows dramatically, what makes the analysis cumbersome.

The first detailed investigation of the one-dimensional sigma-models with N = 8 supersymmetry is carried out in [3]. The relevant actions for 8 bosons and 8 fermions describe N = 8, d = 1 sigma-models with strong torsionful octonionic-Kähler (OKT) bosonic target geometries. In [4], a superconformal N = 8, d = 1 action is constructed for the supermultiplet with 5 bosons and 8 fermions (see also [5, 6, 7]). Other versions of N = 8 superconformal mechanics are considered in [8].

Within the off-shell superfield approach, the main ingredient one should know is the complete list of the corresponding off-shell supermultiplets. In [10] the full set of linear off-shell N = 8 supermultiplets was deduced by joining of two off-shell N = 4 supermultiplets and imposing the four extra supersymmetries mixing these two N = 4 superfields.

But the list of N = 8 off-shell supermultiplets includes also a variety of non-linear ones. Some of these supermultiplets may be constructed in the same way as in the case of N = 4 supersymmetry [9]. However, the case of N = 8 supersymmetry is more complicated, as compared to the N = 4 one, due to the existence of four non-equivalent N = 8 superconformal groups with numerous coset manifolds. Moreover, for some supermultiplets the constraints which follow from the method used in [9] are not enough to describe irreducible supermultiplets. Indeed, even for linear N = 8 supermultiplets [10] one should involve the second order (in spinor covariant derivatives) constraints which have no clear geometric meaning. So, up to now, we have no exhaustive list of off-shell irreducible N = 8, d = 1 supermultiplets.

Nevertheless, after completing the detailed investigation of the superfield structure of all linear N = 8, d = 1 supermultiplets in [10], new variants of N = 8 supersymmetric mechanics have been developed [11, 12, 13, 14]. A variety of the constructed N = 8, d = 1 systems still possesses the same property – the metrics of the bosonic sigma-models are conformally flat and obey n-dimensional Laplace equations for the systems with n physical bosons. In the case with two physical bosons this condition immediately yields a special Kähler geometry, while for 8 bosons it is equivalent to OKT geometry. The natural question then arises, whether it is possible to construct some variant of N = 8, d = 1 supersymmetric mechanics having a different type of geometry? The answer is, for sure, positive for the theories with 4 bosons and 8 fermions which can be obtained via dimensional reduction from any N = 2, d = 4 hyper-Kähler sigma-models. But all such theories admit off-shell formulations only in harmonic [15] or projective superspace [16], while in ordinary superspaces the constraints describing these supermutiplets are onshell. Moreover, all these theories will contain 4k bosons. But what about the simplest N = 8, d = 1 supermultiplet with 2 bosons and 8 fermions? Just this case seems to be rather interesting, owing to a deep relation to N = 2, d = 4 supersymmetric Yang-Mills theory. In the present paper we propose a new nonlinear N = 8 supermultiplet which describes 2 physical bosons and 8 fermions^1. In its construction we combined the constraints describing N = 4 nonlinear supermultiplet [9, 17] with the constraints for N = 8 linear (2, 8, 6) supermultiplet [10, 11, 12]. The action for this nonlinear chiral supermultiplet (NCM) may be written in terms of N = 8 superfields in the chiral sub-superspace of N = 8, d = 1 superspace. We analyze the properties of the components action and perform the Hamiltonian analysis of the constructed system. As we expected, the bosonic metrics of the model is not a special-Kähler one.

2 N=8 Nonlinear chiral supermultiplet in superspace

In the construction of N = 8 NCM we will combine two ideas. One is coming from the description of N = 4 NCM [9, 17], whereas the second one – from the structure of the (2, 8, 6) supermultiplet in d = 1

1We use the notation (n,N,N-n) to describe a supermultiplet with n physical bosons, N fermions and N − n auxiliary bosons. In this notation our supermultiplet is the (2,8,6) one.

[10, 11, 12]. Thus, in order to get the N = 8 superfield formulation of N = 8, d = 1 NCM, we introduce a complex scalar bosonic superfield Z obeying the constraints D^aZ = −αZD^aZ , ∇^αZ = −αZ∇^αZ, (2.1) ∇^αD^aZ + ∇^αD^aZ = 0. (2.2)

Here, the covariant spinor derivatives D^a, D_a, ∇^α, ∇_β are defined in the N = 8, d = 1 superspace R^{(1|8)}

R^{(1|8)} = (t, θ_a, θ̄^b , ϑ_α, ϑ̄^β ), (θ_a) = θ̄^a, (ϑ_α) = ϑ̄^α, a, b, α, β = 1, 2 (2.3) by D^a = ∂ ∂θ_a + iθ̄^a∂_t , D_a = ∂ ∂θ̄^a + iθ_a∂_t , {D^a, D_b} = 2iδ^a_b ∂_t, ∇^α = ∂ ∂ϑ_α + iϑ̄^α∂_t , ∇_α = ∂ ∂ϑ̄^α + iϑ_α∂_t , {∇^α, ∇_β} = 2iδ^α_β ∂_t. (2.4)

If the real parameter α does not vanish, it is always possible to pass to α = 1 by a redefinition of the superfields Z, Z. So, we are left with only two essential values α = 1 and α = 0. In what follows we will put α = 1.

With α = 0 the constraints (2.1),(2.2) describe the linear N = 8 (2, 8, 6) supermultiplet [10]. On the other hand, the subset (2.1) constitutes two copies of the N = 4 NCM constraints restricting the θ- and ϑ-dependence of the N = 8 superfields Z, Z.

The component structure of the N = 8 superfield Z, implied by (2.1), (2.2), is a bit involved in comparison with the N = 4 NCM or α = 0 cases. In order to define it, let us firstly consider the constraints (2.1). It immediately follows from (2.1) that the derivatives D^a and ∇^α of the superfield Z (or D^a, ∇^α of Z) can be expressed as D^a, ∇^α (or D^a, ∇^α) derivatives of the same superfield. Therefore, as in the case of chiral superfields, only the components appearing in the θ̄^a, ϑ̄^α expansion of Z and the θ^a, ϑ^α expansion of the Z superfield are independent. Let us define these components as follows^2:

Bosonic components z = Z, z̄ = Z, A = −iD^2Z, Ā = −iD^2Z, B = −i∇^2Z, B̄ = −i∇^2Z, Y^{aα} = D^a∇^αZ, Ȳ^{aα} = −D^a∇^αZ, X = D^2∇^2Z, X̄ = D^2∇^2Z

Fermionic components ψ_a = D_aZ, ψ̄_a = −D_aZ, ξ_α = ∇_αZ, ξ̄_α = −∇_αZ, τ_α = D^2∇_αZ, τ̄_α = D^2∇_αZ, σ_a = ∇^2D_aZ, σ̄_a = ∇^2D_aZ,

(2.5)

where the right hand side of each expression is supposed to be taken with θ = ϑ = 0. Thus, the first part of our constraints (2.1) leaves in the N = 8 superfields Z, Z 16 bosonic and 16 fermionic components.

Now it is time to consider the constraints (2.2). Besides the evident reality condition on the Y^{aα}

Y^{aα} = Ȳ^{aα}, (2.6)

they put the following restriction on the components (2.5):

X = 16¨z̄ − 4∂_t(z̄Ā + z̄B̄ − iψ̄^2 − iξ̄^2) + z̄ ( 4Y^{aα}Y_{aα} + 2ĀB̄ − z̄X̄ ) −2i [¯ Bψ̄^2 + Āξ̄^2 + 4iξ̄^αψ̄^aY_{aα} + 2iz̄(ψ̄^aσ̄_a + ξ̄^ατ̄_α) ] , X̄ = 16z̈ − 4∂_t(zA + zB − iψ^2 − iξ^2) + z (4Y^{aα}Y_{aα} + 2AB − zX) −2i [ Bψ^2 + Aξ^2 − 4iξ^αψ^aY_{aα} − 2iz(ψ^aσ_a + ξ^ατ_α) ] , 4 ˙Ā − [¯ AB̄ + 2(ψ̄^aσ̄_a + ξ̄^ατ̄_α) − z̄X̄ ] = 4Ḃ − [AB − 2(ψ^aσ_a + ξ^ατ_α) − zX] ,

4Ȧ − [AB − 2(ψ^aσ_a + ξ^ατ_α) − zX] = 4 ˙B̄ − [¯ AB̄ + 2(ψ̄^aσ̄_a + ξ̄^ατ̄_α) − z̄X̄ ] ,

(2.7)

τ^α = −4i ˙ξ̄^α + ( 2Y^{aα}ψ̄_a − τ̄^αz̄ + iĀξ̄^α ) , τ̄^α = −4iξ̇^α − (2Y^{aα}ψ_a − τ^αz − iAξ^α) , σ^a = −4i ˙ψ̄^a − ( 2Y^{aα}ξ̄_α + σ̄^az̄ − iB̄ψ̄^a ) , σ̄^a = −4iψ̇^a + (2Y^{aα}ξ_α + σ^az + iBψ^a ) .

(2.8)

2All implicit summations go from “up-left” to “down-right”, e.g., ψψ̄ ≡ ψ^iψ̄_i, ψ^2 ≡ ψ^i ψ_i, etc.

The first two equations in (2.7) and eq.(2.8) express the auxiliary bosonic components X, X̄ and fermionic ones τ^α, τ̄^α, σ^α, σ̄^α in terms of physical bosons and fermions and auxiliary bosons A, Ā, B, B̄. For these auxiliary bosons we have differential equations (two last lines in (2.7)) which should be somehow solved. In the α = 0 case, which corresponds to discarding all nonlinear terms, these equations read ∂_t (¯ A − B ) = 0, ∂_t ( A − B̄ ) = 0 (2.9)

and may be easily solved. In α ≠ 0 case we can also find a proper solution. In order to do this, we use the following ansatz: A = B + f, A = B − f, f̄ = −f (2.10) inspired by α = 0 limit of the constraints. Substituting (2.10) into the eqs.(2.7) we get the following equation:

(B + B) [ z ˙z̄ − z̄ż − i 2 (ξξ̄ + ψψ̄) + 1 4 (1 + zz̄)f ] − 4∂_t [ z ˙z̄ − z̄ż − i 2 (ξξ̄ + ψψ̄) + 1 4 (1 + zz̄)f ] = 0 (2.11)

with the obvious solution f = 4 z̄ż − z ˙z̄ 1 + zz̄

+ 2i ξξ̄ + ψψ̄ 1 + zz̄

. (2.12)

Thus, we have only six auxiliary fields, B, B̄, Y^{aα} and therefore our nonlinear supermultiplet is just the (2, 8, 6) one.

It is worth noticing that differential constraints of the considered type may be exactly solved (as in (2.12)) only in one dimension. In all other cases we have to insert these differential constraints (2.7) with Lagrange multipliers in the proper action. Due to the differential nature of the constraints, these Lagrangian multipliers will be vectors with respect to the corresponding Lorentz group. Varying over the auxiliary fields we will express them through field-strengths constructed from the Lagrangian multipliers. Thus, the corresponding theory will contain gauge fields. In one dimension we may also plug these constraints in the proper action. In contrast with higher dimensional cases this gives rise to a (4, 8, 4) supermultiplet in full analogy with the α = 0 case [12]. We will not consider this option here.

3 Action and Hamiltonian

Now one can write the most general N = 8 sigma-model type action in N = 8 superspace^3 S = ∫ dtd^2θ̄d^2ϑ̄ F(Z) + ∫ dtd^2θd^2ϑ F(Z) . (3.1)

Here F(Z) and F(Z) are arbitrary holomorphic functions depending only on Z and Z, respectively. Let us stress that in (3.1) we integrate over (anti)chiral superspace while our superfields are not (anti)chiral. Usually such a trick is forbidden, because the action fails to be invariant under supersymmetry. But for the NCM with the constraints (2.1), (2.2) the action (3.1) is invariant with respect to the full N = 8 supersymmetry. Indeed, the supersymmetry transformations of the integrand of, for example, the first term in (3.1) which seems to break supersymmetry read δF(Z) ∼ −ϵ^aD_aF(Z) = ϵ^aF_Z ZD_aZ. (3.2) It is evident that the right hand side can always be represented as a D-derivative of a function of Z. Hence, the variation in (3.2) disappears after integration over d^2θ̄ and therefore the action (3.1) is invariant with respect to the full N = 8 supersymmetry.

After integrating in (3.1) over the Grassmann variables and excluding the auxiliary fields B, B̄, Y^{aα}

3We use the convention ∫ d^2 θ =^1_4 D^iD_i , ∫ d^2θ̄ =^1_4 D_iD^i.

by their equations of motion, we will get the action in terms of physical components S = ∫ dt [ gż ˙z̄ + i 4 g(1 + zz̄) ( ˙ξ̄ξ − ξ̇ξ̄ + ˙ψ̄ψ − ψ̇ψ̄ ) + + i 4 g ( ˙z̄(ξ^2 + ψ^2) + ż(ξ̄^2 + ψ̄^2) ) + i 4 (ξξ̄ + ψψ̄) ( ˙z̄ ¯∂_zg̃ − ż∂_zg̃ ) − − 1 16 ( ∂_z∂_z γ + 2z̄ 1 + zz̄ ∂_zγ ) ψ^2ξ^2 − 1 16 ( ¯∂_z ¯∂_zγ + 2z 1 + zz̄ ¯∂_z γ ) ψ̄^2ξ̄^2 + (3.3) + g 8 ( ξ^2ξ̄^2 + ψ^2ψ̄^2 + ξ^2ψ̄^2 + ξ̄^2ψ^2 ) + 3 16 (∂_z γ)^2 γ ψ^2ξ^2 + 3 16 ( ¯∂_z γ)^2 γ ψ̄^2ξ̄^2 +

+ 1 16 ∂_zγ ¯∂_z γ γ ( ψ^2ψ̄^2 + ξ^2ξ̄^2 − 4ξξ̄ψψ̄ ) + 1 4 ¯∂_zγ 1 + zz̄ ( ξξ̄ψ^2 + ξ̄^2ψψ̄ ) − 1 4 ∂_zγ 1 + zz̄ ( ψψ̄ξ^2 + ψ^2ξξ̄ ) ] . Here, we define the metric g g(z, z̄) = F^{′′} + F^{′′} (1 + zz̄)^2 − 2 F^′z̄ + F^′z (1 + zz̄)^3 = ∂^2K ∂z∂z̄ , K = F^′z̄ + F^′z (1 + zz̄)

, (3.4)

and the auxiliary functions g̃ and γ

g̃ = (1 + zz̄)g, γ = (1 + zz̄)^2g . (3.5)

Thus, we see that the bosonic subsector of the action (3.3) describes a Kähler sigma-model with the metric (3.4). In contrast to α = 0 case with the special Kähler metric [9], the NCM supermultiplet describes the sigma-model with a different metric. It is not immediately clear which type of geometry corresponds to the metric (3.4). All we can say now is that the metric g is the solution to the following equation: ∂^2 ∂z∂z̄ [ (1 + zz̄)^2g ] = −2g. (3.6)

Let us also note that, using the gauge freedom, the Kähler potential (3.4) can be rewritten in the following equivalent form: K = F^′z̄ + F^′z (1 + zz̄) − F^′ z − F^′ z̄ = − H + H^′ (1 + zz̄)

, (3.7)

where H(z) ≡ F^′ z , H(z̄) ≡ F^′ z̄ . (3.8)

It is interesting that the simplest case with

F (z) = z^2 (3.9)

which corresponds to the free action for the linear chiral supermultiplet gives the following metric g for the NCM: g = 4 ( 1 − zz̄ 1 + zz̄ ) 1 (1 + zz̄)^2

(3.10)

which looks as a metric on the sphere deformed by the factor (_{1−zz̄} 1+zz̄ ) . One may easily check that in the limit ψ = 0 (or ξ = 0) the action (3.3) goes into the action of the N = 4 NCM [17].

Now it becomes clear that the net effect of using the N = 8 NCM with respect to standard ones is a new type of metric in the bosonic subsector which is not anymore of the special-Kähler kind.

In the next Section we will clarify the new features of the sigma-model with the NCM in the Hamiltonian formalism.

4 N=8 NCM: Hamiltonian approach

In order to find the classical Hamiltonian, we start from the action (3.3) and first of all define the momenta p, p̄, π^{(ψ)}_a , π̄^{(ψ)a}π^{(ξ)}_α , π̄^{(ξ)α} as

p = g ˙z̄ + i 4 ( g(ψ̄^2 + ξ̄^2) − ∂_zg̃(ψψ̄ + ξξ̄) ) , (4.1)

p̄ = gż + i 4 ( g(ψ^2 + ξ^2) + ¯∂_zg̃(ψψ̄ + ξξ̄) ) , (4.2)

π^{(ψ)}_a = − i 4 g̃ψ̄_a, π̄^{(ψ)a} = − i 4 g̃ψ^a, (4.3)

π^{(ξ)}_α = − i 4 g̃ξ̄_α, π̄^{(ξ)α} = − i 4 g̃ξ^α (4.4)

with the metric g and auxiliary expression g̃ given by eqs. (3.4) and (3.5). Because of the presence of the second-class constraints

χ^{(ψ)}_a = π^{(ψ)}_a + i 4 g̃ψ̄_a, χ̄^{(ψ)a} = π̄^{(ψ)a} + i 4 g̃ψ^a, χ^{(ξ)}_α = π^{(ξ)}_α + i 4 g̃ξ̄_α, χ̄^{(ξ)α} = π̄^{(ξ)α} + i 4 g̃ξ^α, { χ^{(ψ)}_a , χ̄^{(ψ)b} } = − i 2 g̃δ^b_a, { χ^{(ξ)}_α , χ̄^{(ξ)β} } = − i 2 g̃δ^β_α, (4.5)

we will pass to Dirac brackets {z, p̂} = 1, {z̄, p̂} = 1, {p̂, p̂} = − i 2 N g(1 + zz̄) (ψψ̄ + ξξ̄) − i 4 M 1 + zz̄

(ψ^2 + ξ^2) + i 4 M̄ 1 + zz̄

(ψ̄^2 + ξ̄^2), {p̂, ψ^a} = ∂_zg̃ g̃ ψ^a − ψ̄a 1 + zz̄ , {p̂, ξ^α} = ∂_zg̃ g̃ ξ^α − ξ̄α 1 + zz̄ , {p̂, ψ̄_a} = ¯∂_zg̃ g̃ ψ̄_a + ψ^a

1 + zz̄ , {p̂, ξ̄_α} = ¯∂_zg̃ g̃ ξ̄_α + ξ^α

1 + zz̄ , {ψ^a, ψ̄_b} = − 2i g̃ δ^a_b , {ξ^α, ξ̄_β} = − 2i g̃ δ^α_β . (4.6)

Here we have introduced new bosonic momenta p̂, p̂ as p̂ ≡ g ˙z̄ = p − i 4 g(ψ̄^2 + ξ̄^2) + i 4 ∂_zg̃(ψψ̄ + ξξ̄), p̂ ≡ gż = p̄ − i 4 g(ψ^2 + ξ^2) − i 4 ¯∂_zg̃(ψψ̄ + ξξ̄), (4.7)

and defined M, M̄ and N M ≡ (1 + zz̄)∂_zg + 2gz̄, M̄ ≡ (1 + zz̄) ¯∂_zg + 2gz, N = 2g^2(1 + 2zz̄) + 2g(z∂_z g + z̄ ¯∂_zg)(1 + zz̄) + ∂_z g ¯∂_zg(1 + zz̄)^2. (4.8)

Being expressed in terms of the new momenta (4.7), the Hamiltonian takes a canonical form H = 1 g p̂p̂ − 1 8 g(ψ^2ξ̄^2 + ψ̄^2ξ^2) + 1 4 ψψ̄(M ξ^2 − M̄ ξ̄^2) + 1 4 ξξ̄(M ψ^2 − M̄ψ̄^2) + 1 16g ( 4M M̄ψψ̄ξξ̄ + Kψ^2ξ^2 + K̄ψ̄^2ξ̄^2 − (ξ^2ξ̄^2 + ψ^2ψ̄^2)N ) (4.9)

with K = −6gz̄∂_z g(1 + zz̄) + (g∂_z∂_zg − 3(∂_z g)^2)(1 + zz̄)^2 − 6g^2z̄^2. (4.10)

Now one can check that the supercharges Q_a, Q̄_a, S_α, S̄_α

Q_a = p̂ψ_a − p̂z̄ψ̄_a + i 4 gψ_a(ψ̄^2 + 2z̄ξξ̄) − i 4 gψ̄_a(2ξξ̄ + z̄ψ^2) − i 4 ψ̄_aξ̄^2 ((1 + zz̄) ¯∂_zg + 2gz) − i 4 ψ_aξ^2z̄ ((1 + zz̄)∂_zg + 2gz̄)

S_α = p̂ξ_α − p̂z̄ξ̄_α + i 4 gξ_α(ξ̄^2 + 2z̄ψψ̄) − i 4 gξ̄_α(2ψψ̄ + z̄ξ^2) − i 4 ξ̄_αψ̄^2 ((1 + zz̄) ¯∂_z g + 2gz) − i 4 ξ_αψ^2z̄ ((1 + zz̄)∂_z g + 2gz̄) (4.11) S̄^α = (S_α)^† , Q̄^a = (Q_a)^† , (4.12)

form, together with the Hamiltonian H (4.9), the N = 8 Poincarè superalgebra {Q_a, Q̄_b} = −2iϵ_{ab}H, {S_α, S̄_β} = −2iϵ_{αβ}H. (4.13) Thus, we conclude that N = 8 supersymmetric mechanics with NCM corresponds to the rather non-trivial construction of supercharges and describes the sigma-model with the metric g in its bosonic sector.

5 N=8 NCM: Potential terms

Up to now we considered only the action of the sigma-model type. In full analogy with α = 0 case of [12] one may try to add Fayet-Iliopoulos terms to our action (3.1) in order to generate some potential terms. In the NCM supermultiplet we have two scalar auxiliary fields B, B̄, but due to the nonlinear nature of the NCM only their sum transforms through a full time derivative. Thus, we consider the following action:

S̃ = S + m ∫ dt ( B + B̄ ) . (5.1)

In physical components the action (5.1) reads

S̃ = S + ∫ dt [ im 4γ ( ∂_z γ(ψ^2 + ξ^2) + ¯∂_zγ(ψ̄^2 + ξ̄^2) ) − m^2 γ ] , (5.2)

with γ defined in (3.5).

The supercharges (4.11) and Hamiltonian are modified as follows:

Q̃_a = Q_a + m 1 + zz̄

(ψ̄_a + ψ_az̄), S̃_α = S_α + m 1 + zz̄

(ξ̄_α + ξ_αz̄), H̃ = H − imM g(1 + zz̄)

(ψ^2 + ξ^2) − imM̄ g(1 + zz̄)

(ψ̄^2 + ξ̄^2) + m^2 g(1 + zz̄)^2

, (5.3)

while the Dirac brackets (4.6) remain unchanged. It is interesting to stress that even for the trivial metric g = 1 the Hamiltonian still contains the potential term.

6 Conclusion

In the present paper we constructed N = 8 supersymmetric mechanics with the nonlinear chiral supermultiplet. The main interesting peculiarity of the constructed system is the appearance of the “modified” metric, which is not of the special Kähler type. We are still unable to identify this new geometry which is selected as the solution of the equation

∂^2 ∂z∂z̄ [ (1 + zz̄)^2g ] = −2g. We also introduced the Fayet-Iliopoulos term, in order to get potential terms in the action. Unfortunately, no interaction with the magnetic field could be implemented.^4

4Issues related to the possibility to exactly solve extended supersymmetric mechanics systems after inclusion of a constant magnetic field were treated for N = 4 in earlier papers [18, 19].

These results should be regarded as preparatory for a more detailed study of supersymmetric mechanics with nonlinear supermultiplets. It is clear now that the unique way to have an interesting geometry in the bosonic target space is to use nonlinear supermultiplets. In this respect it seems interesting to convert some of the auxiliary bosons into physical ones. In this way one could expect to find some new nonlinear supermultiplets with more than 2 physical bosons and, therefore, one could be able to construct a supersymmetric systems with a new type geometry of the target space.

Another related question concerns the possibility to extend NCM to higher dimensions. Indeed, it seems that it should be possible to extend the defining relations to higher dimensions, at least those where the spinor covariant derivative D^i_α and its conjugated expression D̄^i_α have the same Lorentz indices. The first case is evidently N = 4, d = 3 supersymmetry. Certain steps towards the construction of the nonlinear N = 4, d = 3 vector supermultiplet will be presented in a forthcoming paper [20].

Acknowledgements

We wish to thank A.P. Isaev, E.A. Ivanov and A.P. Nersessian for valuable discussions. We are indebted to the Referee for useful remarks.

This research was partially supported by the European Community’s Marie Curie Research Training Network under contract MRTN-CT-2004-005104 Forces Universe, and by the INTAS-00-00254 grant. S.K. and A.S. thank INFN — Laboratori Nazionali di Frascati for the warm hospitality extended to them during the course of this work.

References

[1] A. Van Proeyen, “Vector multiplets in N=2 supersymmetry and its associated moduli spaces,” Lectures given in the 1995 Trieste summer school in high energy physics and cosmology,

hep-th/9512139.

[2] S.J. Gates, Jr., L. Rana, Phys. Lett. B 342 (1995) 132, hep-th/9410150;

A. Pashnev, F. Toppan, J. Math. Phys. 42 (2001) 5257, hep-th/0010135.

[3] G.W. Gibbons, G. Papadopoulos, K.S. Stelle, Nucl. Phys. B 508 (1997) 623, hep-th/9706207.

[4] D.-E. Diaconescu, R. Entin, Phys. Rev. D 56 (1997) 8045, hep-th/9706059.

[5] B. Zupnik, Nucl. Phys. B 554 (1999) 365, Erratum-ibid. B 644 (2002) 405, hep-th/9902038.

[6] A.V. Smilga, Nucl. Phys. B 652 (2003) 93, hep-th/0209187.

[7] E.A. Ivanov, A.V. Smilga, Nucl. Phys. B 694 (2004) 473, hep-th/0402041.

[8] S. Bellucci, E. Ivanov, S. Krivonos, O. Lechtenfeld, Nucl. Phys. B 684 (2004) 321, hep-th/0312322.

[9] E. Ivanov, S. Krivonos, O. Lechtenfeld, Class. Quant. Grav. Phys. 21 (2004) 1031; hep-th/0310299.

[10] S. Bellucci, E. Ivanov, S. Krivonos, O. Lechtenfeld, Nucl. Phys. B 699 (2004) 226; hep-th/0406015.

[11] S. Bellucci, S. Krivonos, A. Nersessian, Phys. Lett. B 605 (2005) 181; hep-th/0410029;

S. Bellucci, S. Krivonos, A. Nersessian and A. Shcherbakov, “2k-dimensional N = 8 supersymmetric quantum mechanics,” hep-th/0410073.

[12] S. Bellucci, S. Krivonos, A. Shcherbakov, Phys. Lett. B612 (2005) 283; hep-th/0502245.

[13] S. Bellucci, S. Krivonos, A. Sutulin, Phys. Lett. B605 (2005) 406; hep-th/0410276.

[14] S. Bellucci, E. Ivanov, A. Sutulin, Nucl. Phys. B722 (2005) 297; hep-th/0504185.

[15] A.S. Galperin, E.A. Ivanov, S. Kalitzin, V.I. Ogievetsky, E.S. Sokatchev: Class. Quantum Grav. 1 (1984) 469;

A.S. Galperin, E.A. Ivanov, V.I. Ogievetsky, E.S. Sokatchev: Harmonic Superspace. Cambridge University Press, Cambridge 2001.

[16] A. Karlhede, U. Lindström, M. Roček: Phys. Lett. B 147 (1984) 297;

U. Lindström, M. Roček: Commun. Math. Phys. 115 (1988) 21; ibid. 128 (1990) 191. [17] S. Bellucci, A. Beylin, S. Krivonos, A. Nersessian, E. Orazi, Phys. Lett. B616 (2005) 228;

hep-th/0503244.

[18] S. Bellucci, A. Nersessian, Phys. Rev. D64 (2001) 021702(R), hep-th/0101065. [19] S. Bellucci, A. Nersessian and A. Yeranyan, Phys. Rev. D 70, 085013 (2004), hep-th/0406184. [20] S. Bellucci, S. Krivonos, A. Shcherbakov, in preparation.