arXiv:hep-th/0511074 v1 7 Nov 2005

Applications of the Gauge Principle to Gravitational Interactions

Ali H. Chamseddine^∗

Center for Advanced Mathematical Sciences (CAMS) and Physics Department, American University of Beirut, Lebanon.

Abstract

The idea of applying the gauge principle to formulate the general theory of relativity started with Utiyama in 1956. I review various applications of the gauge principle applied to different aspects of the gravitational interactions.

∗email: chams@aub.edu.lb

Contents

1 Introduction 1

2 Gauging the inhomogeneous Lorentz group 5

3 Massive gravity through spontaneous symmetry breaking 8

4 Gravity with Hermitian metric 13

5 Unifying space-time and internal symmetries 18

6 Supergravity from gauging graded Lie algebras 21

7 Topological gravity in odd dimensions 26

8 Noncommutative gravity 30

9 Conclusions 33

10 Acknowledgment 33

1 Introduction

Gauge invariance now plays a fundamental role in theoretical physics. In order to have a Lorentz invariant formulation of electromagnetism, one is forced to represent the two polarizations of the massless photon with a fourcomponent vector. The redundancy present in the additional components of the four-vector is then reflected by the fact that the Lagrangian is invariant under an additional gauge transformation that allows to fix one of the space components of the vector A_i, the other component A_0 being non dynamcial. In general relativity the problem is more difficult as one must represent the two polarizations of the massless graviton by a symmetric four-dimensional tensor with ten independent components. What makes this possible is the diffeomorphism invariance of the action which allows to fix four of the ten parameters, the other four components g_{0i} being non-dynamical [1]. This, however, is not the unique way to represent the gravitational field. The other possibility, originally due to Weyl [2] and Cartan [3], and in a more concrete form to Utiyama [4] and Kibble [5], is based on representing the two polarizations of the graviton by the vierbein e^a_μ with sixteen independent components which transform as a four-vector under diffeomorphisms and a Lorentz vector under Lorentz transformations. The action is constructed to be invariant under both diffeomorphism and local Lorentz transformations. The gauge field associated with local Lorentz invariance, ω^{ab}_μ is not taken to be an independent field, but rather determined by setting the generalized gauge covariant derivative of the field e^a_μ, with respect to both symmetries, to vanish [6] D_μe^a_ν = ∂_μe^a_ν + ω^{ab}_μ e^b_ν − Γ^ρ_{μν} e^a_ρ = 0,

where Γ^ρ_{μν} = Γ^ρ_{νμ} is a symmetric connection. This system of 64 independent equations allows to solve uniquely for the 24 components of the spinconnection ω^{ab}_μ and for the 40 independent components Γ^ρ_{μν} in function of e^a_μ provided that e^a_μ is invertible ω_{μab} (e) = 1 2 e^ν_ae^ρ_b (Ω_{μνρ} (e) − Ω_{νρμ} (e) + Ω_{ρμν} (e)) ,

Ω_{μνρ} = ( ∂_μe^c_ν − ∂_ν e^c_μ ) e_{ρc}, Γ^ρ_{μν} = 1 2 g^{ρσ} (g_{μσ,ν} + g_{νσ,μ} − g_{μν,σ} ) , g_{μν} = e^a_μe_{νa}, which shows that the connection Γ^ρ_{μν} is identical to the Christoffel connection. Taking the antisymmetrized derivative of the metric condition gives an identity between the curvature of the spin-connection and the curvature of the Christoffel connection 0 = R^{ab}_{μν} (ω) e_{ρb} − R^σ_{ρμν} (Γ) e^a_σ, R^{ab}_{μν} (ω) = ∂_μω^{ab}_ν − ∂_ν ω^{ab}_μ + ω^{ac}_μ ω^b_{νc} − ω^{ac}_ν ω^b_{μc}, R^σ_{ρμν} (Γ) = ∂_μΓ^σ_{νρ} − ∂_ν Γ^σ_{μρ} − Γ^λ_{μρ}Γ^σ_{νλ} + Γ^λ_{νρ} Γ^σ_{μλ},

This identity implies that an invariant Lagrangian can be formed out of either curvature e^μ_a e^ν_b R^{ab}_{μν} (ω) = g^{ρν} R^μ_{ρμν} (Γ) ≡ R. In this way, the Lorentz and diffeomorphism invariant Lagrangian becomes either a function of e^a_μ only or a function of g_{μν} only. The equivalence of both expressions can be seen by noting that the Lorentz gauge transformations can be used to fix the six antisymmetric components of e^a_μ to vanish. Then in both cases diffeomorphism invariance fixes four more components out of the six g_{ij} ,i, j = 1, 2, 3, with the four components g_{0i} being non dynamical, leaving only two dynamical degrees of freedom, as should be the case. This shows the equivalence of the vierbein and metric formulations of the general theory of relativity, a result which has been dealt with intensively in the literature. This classical equivalence was culminated in the work of Ashtekar [7], and collaborators where it was shown that the SL(2, C ) invariance can be written in such a way as to have a manifest invariance under the complex group SU(2) [8] so that the gauge fields could be separated into self-dual and anti self-dual parts. The main advantage of the Ashtekar formulation is that it allows to take the spin-connection as the canonical variables while the inverse of the soldering forms e^μ_a are taken as the conjugate variables, which allowed to formulate a theory for loop quantum gravity [9].

The requirement that the Lagrangian should have local SL(2, C ) invariance is powerful [10] and fits with the fact that space-time spinors do exist in nature. The Dirac equation in Minkowski space-time has global SL(2, C ) invariance, and it is natural to require that this invariance be promoted to become local by introducing the spin-connection as a gauge field. There is, however, a need to introduce the vierbein, or soldering form as an external field. Naturally, the idea of extending the homogeneous Lorentz invariance to the inhomegeneous Lorentz invariance was exploited [11], [12], [13]. In this case the group has translation generators in addition to the rotation generators. The field strengths associated with the translation generators are constrained to be zero, allowing the identification of the translation gauge parameters with the diffeomorphisms parameters. This is where a gauge theory of gravity differs from the usual Yang-Mills type gauge theory, as the constraint of vanishing translational field strength allows to solve for the spin connection as function of the vierbein, which in this case is the gauge field associated with translations. This makes the field strength associated with rotations depend on second derivatives of the vierbein, and becomes identified with the curvature of the metric formed from the vierbein, as shown above. The constraints render the theory non-renormalizable. This explains why the method of formulating gravity as a gauge theory of the inhomogeneous Lorentz group does not lead to improvements in the renormalizability of the theory. The main advantages lie in the simplicity of formulation, in having a polynomial structure, and in the prospect of extending the gravitational theory to be unified with the other interactions.

The gauge principle has played a prominent role in the formulation of different aspects of gravitational theories. This was one of the guiding principles of my research for the last thirty years. In this article I will review the various ways of formulating theories of gravity based on the gauge principle. The recent interest in models of bigravity resulting from brane models makes it necessary to study the mechanism of generating a small mass to one combination of the two metrics in a consistent way. For some time it was thought that a theory for a massive graviton is inconsistent because it does not have a smooth limit to the massless case [14],[15],[16]. We shall show that, in analogy with gauge theory for spin-1 fields, it is possible to have a consistent theory by generating the mass through spontaneous symmetry breaking and the use of the Higgs mechanism. I will also study the possibility of extending the general theory of relativity to describe a complex Hermitian metric, an idea first considered by Einstein in 1945 [17],[18], in his attempt to unify gravity with electromagnetism. It is now known that the antisymmetric part of the metric does not describe the electromagnetic field but rather an antisymmetric tensor [19], [20] , which for consistency at the non-linear level, should be massive [21]. The other possibility to be explored is the unification of internal symmetries and space-time symmetries. This corresponds to a theory of a complex U(N) valued metric [22], [23]. We shall also show that it is possible to construct simple supergravity [24] using the gauge method by considering graded algebras [25], [26],[27], [28], [29]. Finally, we show that when space-time coordinates do not commute, which makes it necessary to replace ordinary products with Moyal products [30], it is possible to deform Einstein’s gravity using the methods learned from the gauge formulations of gravity. The plan of this paper is as follows. In section two we briefly review the formulation of gravity as a gauge theory of the inhomogeneous Lorentz group. In section three we consider a gauge theory with two gravitons and show how to construct a consistent theory of one massless and one massive graviton by employing the Higgs mechanism. In section four we consider a gauge theory of gravity based on gauging the unitary group U(1, 3) and show that this is closely related to general relativity with Hermitian metric. In section five we consider unification of space-time and internal symmetries, and show that it is possible to construct a gauge theory of gravity with matrix valued metrics, where only one graviton remains massless with the other gravitons acquiring mass through the spontaneous breakdown of the larger symmetry. In section six we briefly discuss gauging graded algebras to construct simple supergravity. In section seven we consider topological gauge theories of gravity based on Chern-Simons forms with the gauge groups taken to be generalizations of the rotation groups in higher dimensions. In section eight we consider the noncommutative extension of the gauge formulation of gravity where usual products are replaced with Moyal products. Section nine is the conclusion.

2 Gauging the inhomogeneous Lorentz group

It is natural to generalize global invariance of the Dirac Lagrangian to a local one under Lorentz transformations δψ = Ωψ, where Ω = exp

(_1 4 λ^{ab}γ_{ab} ) and γ_{ab} =^1_2 [γ_a, γ_b] by allowing the gauge parameters λ^{ab} to depend on x^μ. The invariance is achieved by replacing the ordinary derivative ∂_μ with the covariant derivative [4], [5]

∇_μ = ∂_μ + 1 4 ω^{ab}_μ γ_{ab}. Utiyama proposed to realize gravity as a gauge theory of the homogeneous Lorentz group with local gauge invariance under space-time coordinate rotations. This step was then generalized to the inhomegeneous Lorentz group to enforce invariance under local translations as well. The connection associated with this group is given by [11], [12],[13],[31]

∇_μ = ∂_μ + e^a_μP_a + ω^{ab}_μ J_{ab},

where P_a are the group generators associated with translation and J_{ab} are the rotation generators, with e^a_μ and ω^{ab}_μ being the respective gauge fields. The curvature associated with this connection is evaluated to give

[∇_μ, ∇_ν ] = T^a_{μν} P_a + R^{ab}_{μν} J_{ab},

where T^a_{μν} = ∂_μe^a_ν + ω^{ab}_μ e_{νb} − μ ↔ ν, R^{ab}_{μν} = ∂_μω^{ab}_ν + ω^{ac}_μ ω^b_{νc} − μ ↔ ν.

The gauge transformation of the vierbein e^a_μ is given by

δe^a_μ = ∂_μζ^a + ω^{ab}_μ ζ_b + λ^{ab}e_{μb}.

Setting the torsion T^a_{μν} to zero allows to solve for ω^{ab}_μ uniquely provided that the field e^a_μ is invertible. This is the same equation as that obtained by antisymmetrizing the metric condition

D_μe^a_ν − D_ν e^a_μ = T^a_{μν} = 0.

The number of independent components in T^a_{μν} matches the number of independent components in ω^{ab}_μ . The presence of this constraint is the main difference between gravity and Yang-Mills gauge theories. This constraint breaks the translational gauge invariance. We note, however, that we can write for the gauge transformation of e^a_μ,

δe^a_μ = ∂_μζ^ν e^a_ν + ζ^ν ∂_μe^a_ν + ω^{ab}_μ ζ_b + λ^{ab}e_{μb} = ∂_μζ^ν e^a_ν + ζ^ν ( ∂_ν e^a_μ + ω^{ab}_ν e_{μb} − ω^{ab}_μ e_{νb} + T^a_{μν} ) + ω^{ab}_μ ζ_b + λ^{ab}e_{μb} = ∂_μζ^ν e^a_ν + ζ^ν ∂_ν e^a_μ + λ^{′ab}e_{μb} + ζ^ν T^a_{μν} ,

where ζ^ν = ζ^ae^ν_a becomes the parameter for general coordinate transformations provided that the torsion vanishes. One can require that the transformations of ω^{ab}_μ be modified so as to preserve the zero torsion constraint. The action is constructed in terms of the gauge covariant curvature R^{ab}_{μν} and the gauge fields e^a_μ I = ∫ d^4xϵ^{μνκλ}ϵ_{abcd}e^a_μe^b_ν R^{cd}_{κλ} (ω) . This is invariant under Lorentz rotations and diffeomorphisms. It is also invariant under translation invariance provided the torsion is set to zero: δI = 2 ∫ d^4xϵ^{μνκλ}ϵ_{abcd}∇_μζ^ae^b_ν R^{cd}_{κλ} (ω) = − ∫ d^4xϵ^{μνκλ}ϵ_{abcd}ζ^aT^b_{μν} R^{cd}_{κλ} (ω) = 0,

where we have integrated by parts and used the Bianchi identity ∇_{[μ} R^{cd}_{κλ]} (ω) = 0. Therefore enforcing the zero torsion constraint allows to consider an invariant action, without the need to define a metric on the four-dimensional manifold, by making use of the differential form representation. Thus, let [32] e^a = e^a_μdx^μ, ω^{ab} = ω^{ab}_μ dx^μ, and R^{ab} = dω^{ab} + ω^{ac} ∧ ω^b_c ≡ 1 2 R^{ab}_{μν} dx^μ ∧ dx^ν , so that the invariant action simplifies to I = ∫ M ϵ_{abcd}e^a ∧ e^b ∧ R^{cd}.

To this one can always add a cosmological constant ∫ M ϵ_{abcd}e^a ∧ e^b ∧ e^c ∧ e^d.

One can further write the above action in an index free notation be utilizing the SL(2, C ) invariance [10]. Thus, let e = e^aγ_a, ω = 1 4 ω^{ab}γ_{ab}, which transform as e → Ω^{−1}e Ω, ω → Ω^{−1}ω Ω + Ω^{−1}d Ω, under SL(2, C ) transformations. The action then simplifies to

I = 2 ∫ M T r (iγ_5e ∧ e ∧ R) ,

where R = dω + ω ∧ ω, and invariance of the action follows from the commutativity of γ_5 with Ω [33].

3 Massive gravity through spontaneous symmetry breaking

In the Kaluza-Klein approach of gravity in higher dimensions, the components of the higher dimensional metric tensor along the four-dimensional subspace is expanded in terms of Fourier components g_{μν} (x, y) = D−4∏ i=1 ∞∑ n_i=0 g_{μνn1 ···nD−4} (x) e^{iniyi} where y^i are the coordinates of the compact directions. Besides the zero mode representing the massless graviton, one gets an infinite number of massive gravitons whose masses which are multiples of the Planck mass. In brane models of gravity as well in gravitational models in noncommutative geometry it is possible to get gravitons with small mass [34]. The linearized Lagrangian for massive spin-2 field h_{μν} was found by Fierz and Pauli to be given by [35] I = − 1 4 ∫ d^4x ( ∂_λh_{μν} ∂^λh^{μν} − 2∂^ν h_{μν} ∂_λh^{μλ} + 2∂^ν h_{μν} ∂^μh^λ_λ − ∂_μh^ν_ν ∂^μh^λ_λ

+m^2 ( h_{μν} h^{μν} − bh^ν_ν h^λ_λ )) , where, for consistency b must be set to 1 so as to guarantee that only five components of h_{μν} propagate, instead of the expected six. The mass independent part of the above Lagrangian is the same as the one obtained by linearizing the Einstein-Hilbert action around a Minkowski background. The propagator for h_{μν} is [36]

Δ^{ρσ}_{μν} = 1 m^2 − k^2 (( δ^ρ_μ − k_μk^ρ m^2 ) ( δ^σ_ν − k_ν k^σ m^2 )

− 1 3 ( η_{μν} − k_μk_ν m^2 ) ( η^{ρσ} − k^ρk^σ m^2 )

+ 1 − b 2 (1 − b) k^2 + (1 − 4b) m^2 ( η_{μν} + 2k_μk_ν m^2 ) ( η^{ρσ} + 2k^ρk^σ m^2 )) . Notice that when b ≠ 1, the massive spin-2 field and the ghost of the spin-0 are coupled, and will only decouple for b = 1, which is the Fierz-Pauli choice. The choice b = 1 cannot be maintained at the quantum level and has to be tuned. The symmetric tensor h_{μν} has ten independent components but only the six components h_{ij} (i, j = 1, 2, 3) are dynamical. A massive spin-2 field must have only five dynamical degrees of freedom (2j + 1 = 5). This implies that there is an additional component, a spin-0 ghost, that does not decouple except for the choice b = 1. The limit of this propagator to the massless case m → 0 is singular and is similar to the propagator of a massive spin-1 field, which is also singular in the massless limit. This strongly suggests that in order to solve the problem of the singular zero mass limit, the mass of the spin-2 field should be acquired through spontaneous symmetry breaking and the Higgs mechanism. To achieve this, the Lagrangian must have a gauge symmetry to be broken. This makes it necessary to extend the symmetry of the system, but in such a way as not to increase the dynamical degrees of freedom of the system. This is where the gauge principle of formulating gravity enters.

To illustrate the mechanism, we consider a coupled system of one massless graviton and one massive graviton formulated as a gauge theory of SP (4) × SP (4) [37]. We start with the gauge fields

A^β_{μα} = ( ie^a_μγ_a + 1 4 ω^{ab}_μ γ_{ab} )_β α , A^{′ β}_{μα} = ( ie^{′a}_μ γ_a + 1 4 ω^{′ ab}_μ γ_{ab} )_β α , where (A_μC)_{αβ} = (A_μC)_{βα}, C being the charge conjugation matrix. These also satisfy the reality conditions

γ_0A^†_μγ_0 = −A_μ, γ_0A^{′†}_μ γ_0 = −A^′_μ.

These have the following gauge transformations

A_μ → ΩA_μΩ^{−1} + Ω∂_μΩ^{−1} A^′_μ → Ω^′ A^′_μΩ^{′−1} + Ω^′ ∂_μΩ^{′−1}

where Ω and Ω^′ denote independent symplectic matrices as gauge parameters

Ω = exp ( iλ^aγ_a + 1 4 λ^{ab}γ_{ab} ) , Ω^′ = exp ( iλ^{′a}γ_a + 1 4 λ^{′ ab}γ_{ab} ) , satisfying Ω^{−1} = CΩ^T C^{−1}. Notice that the field e^a_μ is now associated with translation in the internal space SP (4). In other words, the SL(2, C ) symmetry is now extended to SP (4). Next, introduce a Higgs fields G subject to the reality condition

γ_0G^†γ_0 = CG^T C^{−1} ≡ ~G

transforming under the product representation of SP (4) × SP (4) G → ΩGΩ^{′ −1}, which has the following expansion in the Clifford algebra basis G^{β′}_α = ( φ + iπγ_5 + iv^aγ_5γ_a + ig^aγ_a + g^{ab}γ_{ab} )_β^′ α . For the theory to possess a stable Poincaré invariant vacuum solution, we require G to have a non-vanishing vacuum: ⟨ G^{β′}_α ⟩ = (a + ibγ_5)^{β′}_α .

This breaks the symmetry spontaneously from SP (4) × SP (4) to SL(2, C ) through a non-linear realization [38]. The number of independent components of G needed to parametrize the homogeneous space SP (4) × SP (4) SL(2, C ) , is 10 + 10 − 6 = 14. Thus two constraints must be imposed on G to reduce the number of independent components from 16 to 14. For example these can be taken to be T r ( G ~G ) = 4c_1, T r (( G ~G )_2)

= 4c_2,

where ~G = CG^T C^{−1} → Ω^′ ~GΩ^{−1}. The action is taken to be of the form ∫ T r ( αG ~GF ∧ F + α^′ ~GGF^′ ∧ F^′ +β∇G ∧ ∇ ~G ∧ ∇G ∧ ∇ ~G + β^′ ∇G ∧ ∇ ~G ∧ ∇G ∧ ∇ ~G ) , where F = dA + A ∧ A, F^′ = dA^′ + A^′ ∧ A^′ , ∇G = dG + AG − GA^′ , ∇ ~G = d ~G + A^′ ~G − ~GA, To analyze the physical content of the Lagrangian we can eliminate the 14 remaining components of G by fixing 14 gauge conditions, with the remaining gauge freedom corresponding to the unbroken local SL(2, C ) invariance. To derive the component form of the Lagrangian in this unitary gauge, we write F = 1 2 ( iF^a_{μν} γ_a + F^{ab}_{μν} γ_{ab} ) dx^μ ∧ dx^ν F^′ = 1 2 ( iF^{′ a}_{μν} γ_a + F^{′ ab}_{μν} γ_{ab} ) dx^μ ∧ dx^ν F^a_{μν} = T^a_{μν} , F^{′ a}_{μν} = T^{′ a}_{μν} F^{ab}_{μν} = R^{ab}_{μν} − 4 ( e^a_μe^b_ν − e^a_ν e^b_μ ) , F^{′ ab}_{μν} = R^{′ ab}_{μν} − 4 ( e^{′a}_μ e^{′b}_ν − e^{′a}_ν e^{′b}_μ )

∇_μG = ( i ( ae^{a−}_μ − ibe^{a+}_μ γ_5 ) γ_a + 1 4 ω^{−ab}_μ (a + ibγ_5) γ_{ab} )

∇ ~_μG = ( −i ( ae^{a−}_μ + ibe^{a+}_μ γ_5 ) γ_a − 1 4 ω^{−ab}_μ (a + ibγ_5) γ_{ab} )

where e^{a±}_μ = e^a_μ ± e^{′a}_μ , ω^{−ab}_μ = ω^{ab}_μ − ω^{′ab}_μ .

One then finds that the action simplifies to [37] I = ∫ M d^4xϵ^{μνρσ} ( α_1F_{μνab}F^{ab}_{ρσ} + α^′_1F^′_{μνab}F^{′ ab}_{ρσ} )

+ ϵ_{abcd} ∫ M d^4xϵ^{μνρσ} ( β_1F^{ab}_{μν} F^{cd}_{ρσ} + β^′_1F^{′ ab}_{μν} F^{′ cd}_{ρσ} )

+ ϵ_{abcd} ∫ M d^4xϵ^{μνρσ} ( γ_1e^{a−}_μ e^{b−}_ν e^{c−}_ρ e^{d+}_σ + γ^′_1e^{a+}_μ e^{b+}_ν e^{c+}_ρ e^{d−}_σ )

+ ϵ_{abcd} ∫ M d^4xϵ^{μνρσ} ( δ_1 ( e^{a+}_μ e^−_{νe} − e^{a−}_μ e^e_{νe} ) ω^{−bc}_ρ ω^{−de}_σ + δ^′_1e^{a+}_μ e^{b−}_ν ω^{−be}_ρ ω^{−d}_{σe} ) ,

where the coefficients appearing above depend on α, α^′, β, β^′, γ, γ^′, a and b. Notice that no metric is needed to define this action and all terms appearing correspond to four-forms. It contains topological terms corresponding to Euler and Gauss-Bonnet invariants, as well as kinetic terms for the two metrics e^{a+}_μ and e^{a−}_μ . The physical spectrum of a similar Lagrangian was carried a long time ago [37], where it was shown that one obtains one combination of the two vierbeins to represent a massless graviton with the other combination representing a massive graviton whose mass can be adjusted to take very small values. The linearized form of the above Lagrangian is of the Pauli-Fierz type where there are two dynamical degrees of freedom for the massless graviton and five degrees for the massive graviton. As mentioned earlier, the propagator for the massive graviton is singular in the zero mass limit. It is then necessary to study such a limit in a non-unitary gauge, where the extended gauge invariance is manifest, and where the components of the Higgs field G are not gauge fixed. For example one can partially fix G to take the form G = a + iπγ_5 + iv^aγ_5γ_a.

In this case one can show that the physical degrees of freedom correspond to each of the two massless spin-2 polarizations for e^{a+}_μ and e^{a−}_μ as well as two degrees for the transverse polarizations in v^a and one degree for the spin-0 mode, which can be taken as the field π or the spin-0 longitudinal component of v^a. For details see [39]. The instability of the Fierz-Pauli choice of the mass terms would occur at the quantum level, but as explained in [40], the corrections would occur at a cut-off energy, where the ghost mode would start to propagate. At energies much lower than the cut-off scale, the corrections could be ignored, and the system is well behaved. We conclude that the proper way of formulating a consistent theory for massive gravity is to adopt the gauge principle for gravitation with extended symmetry and to use the Higgs mechanism to generate mass by breaking the symmetry spontaneously to SL(2, C ). 4 Gravity with Hermitian metric

In his attempt to unify gravity with electromagnetism, Einstein proposed to consider a Hermitian metric satisfying the property [17], [18] g_{μν} (x) = G_{μν} (x) + iB_{μν} (x) , g^†_{μν} (x) = g_{νμ} (x) , which implies the symmetries G_{μν} (x) = G_{νμ} (x) , B_{μν} (x) = −B_{νμ} (x) . In this picture the metric tensor of space-time G_{μν} (x) is unified geometrically with the field strength B_{μν} (x) of the electromagnetic field. There is some arbitrariness in the geometric construction due to the non-uniqueness of the connection and a certain choice was taken to remove this ambiguity.

The gauge formulation of gravity with a complex metric has the advantage that it removes the above ambiguity and is very elegant. Assume that we start with the U(1, 3) gauge fields ω^a_{μ b} [41] The U(1, 3) group of transformations is defined as the set of matrix transformations leaving the quadratic form (Z^a)^† η^a_b Z^b, invariant, where Z^a are 4 complex fields and η^a_b = diag (−1, 1, 1, 1) , with 3 positive entries. The gauge fields ω^a_{μ b} must then satisfy the condition ( ω^a_{μ b} )_† = −η^b_cω^c_{μ d}η^d_a. The curvature associated with this gauge field is

R^a_{μν b} = ∂_μω^a_{ν b} − ∂_ν ω^a_{μ b} + ω^a_{μ c}ω^c_{ν b} − ω^a_{ν c}ω^c_{μ b}.

Under gauge transformations we have gω^a_{μ b} = M^a_c ω^c_{μ d}M^{−1d}_b − M^a_c ∂_μM^{−1c}_b , where the matrices M are subject to the condition: (M^a_c )^† η^a_b M^b_d = η^c_d.

The curvature then transforms as gR^a_{μν b} = M^a_c R^c_{μν d}M^{−1d}_b . Next we introduce the complex vierbein e^a_μ and its inverse e^μ_a defined by e^ν_ae^a_μ = δ^ν_μ, e^a_ν e^ν_b = δ^a_b , which transform as ge^a_μ = M^a_b e^b_μ,^ge^μ_a = ~e^μ_b M^{−1b}_a .

It is also useful to define the complex conjugates e_{μa} ≡ ( e^a_μ )_† , e^{μa} ≡ (e^μ_a )^† .

With this, it is not difficult to see that e^μ_a R^a_{μν b}η^b_c e^{νc}, is hermitian and U(1, 3) invariant. The metric is defined by g_{μν} = ( e^a_μ )_† η^a_b e^b_ν , satisfy the property g^†_{μν} = g_{νμ}. When the metric is decomposed into its real and imaginary parts: g_{μν} = G_{μν} + iB_{μν} , the hermiticity property then implies the symmetries G_{μν} = G_{νμ}, B_{μν} = −B_{νμ}. The gauge invariant Hermitian action is given by I = ∫ d^4x √ e^†e^μ_a R^a_{μν b}η^b_c e^{νc} √ e, where e = det ( e^a_μ ) . One goes to the second order formalism by integrating out the spin connection and substituting its value in terms of the vierbein. The resulting action depends only on the fields g_{μν} . It is worthwhile to stress that the above action, unlike others proposed to describe nonsymmetric gravity [19] is unique, except for the measure, and unambiguous. Similar ideas have been proposed in the past based on gauging the groups O(4, 4) [42],[43] and GL(4) [44], in relation to string duality, but the results obtained there are different from what is presented here.

The infinitesimal gauge transformations for e^a_μ is δe^a_μ = Λ^a_be^b_μ, which can be decomposed into real and imaginary parts by writing

e^a_μ = e^a_{0μ} + ie^a_{1μ}, Λ^a_b = Λ^a_{0 b} + iΛ^a_{1 b}.

From the gauge transformations of e^a_{0μ} and e^a_{1μ} one can easily show that the gauge parameters Λ^a_{0 b} and Λ^a_{1 b} can be chosen to make e_{0μa} symmetric in μ and a and e_{1μa} antisymmetric in μ and a. This is equivalent to the statement that the Lagrangian should be completely expressible in terms of G_{μν} and B_{μν} only, after eliminating ω^a_{μ b} through its equations of motion. In reality we have

G_{μν} = e^a_{0μ}e^b_{0ν} η_{ab} + e^a_{1μ}e^b_{1ν} η_{ab}, B_{μν} = e^a_{0μ}e^b_{1ν} η_{ab} − e^a_{1μ}e^b_{0ν} η_{ab}.

In this special gauge, where we define

g_{0μν} = e^a_{0μ}e^b_{0ν} η_{ab}, g_{0μν} g^{νλ}_0 = δ^λ_μ,

and use e^a_{0μ} to raise and lower indices, we get B_{μν} = −2e_{1μν} , G_{μν} = g_{0μν} − 1 4 B_{μκ}B_{λν} g^{κλ}_0 . The last formula appears in the metric of the effective action in open string theory [45].

We can express the Lagrangian in terms of e^a_μ only by solving the ω^a_{μ b} equations of motion e^μ_a e^{νb}ω^c_{ν b} + e^ν_b e^{μc}ω^b_{ν a} − e^{μb}e^ν_aω^c_{ν b} − e^μ_b e^{νc}ω^b_{ν a} = 1 √ G ∂_ν (√ G (e^ν_ae^{μc} − e^μ_a e^{νc}) ) ≡ X^{μc}_a where X^{μc}_a satisfy (X^{μc}_a)^† = −X^{μa}_c. One has to be very careful in working with a nonsymmetric metric g_{μν} = e^a_μe_{νa}, g^{μν} = e^{μa}e_{νa}, g_{μν} g^{νρ} = δ^ρ_μ, g_{μν} g^{μρ} ≠ δ^ρ_μ. Care also should be taken when raising and lowering indices with the metric.

Before solving the ω equations, we point out that the trace part of ω^a_{μ b} (corresponding to the U(1) part in U(1, 3)) must decouple from the other gauge fields. It is thus undetermined and decouples from the Lagrangian after substituting its equation of motion. It imposes a condition on the e^a_μ 1 √ G ∂_ν (√ G (e^ν_ae^{μa} − e^μ_a e^{νa}) ) ≡ X^{μa}_a = 0.

We can therefore assume, without any loss in generality, that ω^a_{μ b} is traceless ( ω^a_{μ a} = 0 ) . The ω-equation gives

ω^μ_{κρ} + ω^μ_{ρ κ} = 1 8 δ^μ_κ ( 3X^μ_{ρμ} − X^μ_{μρ} ) + 1 8 δ^μ_ρ ( −X^μ_{κμ} + 3X^μ_{μκ} ) − X^μ_{ρκ} ≡ Y^μ_{ρκ}. We can rewrite this equation after contracting with e_{μc}e^c_σ to get ω_{κρσ} + e^μ_a e_{μc}e^c_σω^a_{ρ κ} = g_{σμ}Y^μ_{ρκ} ≡ Y_{σρκ}. By writing ω^a_{ρ κ} = ω_{ρνκ}e^{νa} we get ( δ^α_κ δ^β_ρ δ^γ_σ + g^{βμ}g_{σμ}δ^α_ρ δ^γ_κ ) ω_{αβγ} = Y_{σρκ}. To solve this equation we have to invert the tensor M^{αβγ}_{κρσ} = δ^α_κ δ^β_ρ δ^γ_σ + g^{βμ}g_{σμ}δ^α_ρ δ^γ_κ. In the conventional case when all fields are real, the metric g_{μν} is symmetric and g^{βμ}g_{σμ} = δ^β_σ so that the inverse of M^{αβγ}_{κρσ} is simple. In the present case, because of the nonsymmetry of g_{μν} this is fairly complicated and could only be solved by a perturbative expansion. Writing g_{μν} = G_{μν} + iB_{μν} , and defining G^{μν} G_{νρ} = δ^μ_ρ implies that g^{μα}g_{να} ≡ δ^μ_ν + L^μ_ν , L^μ_ν = iG^{μρ}B_{ρν} − 2G^{μρ} B_{ρσ}G^{σα}B_{αν} + O(B^3).

The inverse of M^{αβγ}_{κρσ} defined by N^{σρκ}_{αβγ} M^{α′β′γ′}_{σρκ} = δ^{α′}_α δ^{β′}_β δ^{γ′}_γ is evaluated to give N^{σρκ}_{αβγ} = 1 2 ( δ^σ_γ δ^ρ_β δ^κ_α + δ^σ_β δ^ρ_αδ^κ_γ − δ^σ_αδ^ρ_γ δ^κ_β ) − 1 4 ( δ^κ_β δ^σ_αL^ρ_γ + δ^κ_αδ^σ_γ L^ρ_β − δ^κ_γ δ^σ_β L^ρ_α ) + 1 4 ( L^κ_γ δ^σ_β δ^ρ_α + L^κ_β δ^σ_αδ^ρ_γ − L^κ_αδ^σ_γ δ^ρ_β ) − 1 4 ( δ^κ_αL^σ_γ δ^ρ_β + δ^κ_γ L^σ_β δ^ρ_α − δ^κ_β L^σ_αδ^ρ_γ ) + O(L^2).

This enables us to write ω_{αβγ} = N^{σρκ}_{αβγ} Y_{ρσκ}. It is clear that the leading term reproduces the Einstein-Hilbert action plus contributions proportional to B_{μν} and higher order terms. We can check that in the flat approximation for gravity with G_{μν} taken to be δ_{μν} , the B_{μν} field gets the correct kinetic terms. First we write

e^a_μ = δ^a_μ − i 2 B_{μa}, e_{μa} = δ^a_μ + i 2 B_{μa}. The ω^a_{μ a}equation implies the constraint

X^{μa}_a = ∂_ν (e^μ_a e^{νa} − e^ν_ae^{μa}) = 0.

This gives the gauge fixing condition ∂^ν B_{μν} = 0. This equation gave the motivation to Einstein to interpret B_{μν} as the electromagnetic field strength. We then evaluate ω_{μνρ} = − i 2 (∂_μB_{νρ} + ∂_ν B_{μρ}) .

When the ω_{μνρ} is substituted back into the Lagrangian, and after integration by parts one gets L = ω_{μνρ}ω^{νρμ} − ω^{μρ}_μ ω^ν_{νρ} = − 1 4 B_{μν} ∂^2B^{μν} . This is identical to the usual expression^1_{12} H_{μνρ}H^{μνρ}, where H_{μνρ} = ∂_μB_{νρ} + ∂_ν B_{ρμ} +∂_ρB_{μν} . The later developments of nonsymmetric gravity showed that the occurrence of the trace part of the spin-connection in a linear form would result in the propagation of ghosts in the field B_{μν} [20]. This can be traced to the fact that there is no gauge symmetry associated with the field B_{μν} . The inconsistency is avoided by adding to the action the gauge invariant cosmological term [21] ∫

d^4x ( det e_{μa} det e^a_μ

) 1_2

as this provides a mass term to the field B_{μν} .

5 Unifying space-time and internal symmetries

In D-branes, coordinates of space-time become noncommuting and U(N) matrix-valued [46] [ X^i, X^j ] ≠ 0. A metric on such spaces will also become matrix-valued. For example in the case of D-0 branes a matrix model action takes the form [47] T r ( G_{ij} (X) ∂_0X^i∂_0X^j ) . At very short distances coordinates of space-time can become noncommuting and represented by matrices.

Developing differential geometry on such spaces is ambiguous. Defining covariant derivatives, affine connections, contracting indices, will all depend on the order these operations are performed because of noncommutativity. Some of these developments lead to inconsistencies such as the occurrence of higher spin fields [48]. In many cases studies were limited to abelian (commuting) matrices with Fierz-Pauli interactions [49]. More recently the spectral approach was taken by Avramidi [50] which implies a well defined order for geometric constructs. Experimentally [51], there is only one massless graviton. Therefore in a consistent U(N) matrix-valued gravity only one massless field should result with all others corresponding to massive gravitons. The masses of the gravitons should be acquired through the Higgs mechanism.

The lesson we learned in the last section is that one should start with a large symmetry and break it spontaneously. The minimal non-trivial extension of SL(2, C ) and U(N) is SL(2N, C ). This is a non-compact group. It can be taken as a gauge group only in the first order formalism, in analogy with SL(2, C ). The vierbein e^a_μ and the spin-connection ω^{ab}_μ are conjugate variables related by the zero torsion condition. The number of conditions in T^a_{μν} = 0 is equal to the number of independent components of ω^{ab}_μ , which can be determined completely in terms of e^a_μ. The SL(2N, C ) gauge field can be expanded in the Dirac basis in the form [22],[52]

A_μ = ia_μ + γ_5b_μ + i 4 ω^{ab}_μ σ_{ab}, where

a_μ = a^I_μλ^I , b_μ = b^I_μλ^I , I = 1, · · · , N^2 − 1, ω^{ab}_μ = ω^{abi}_μ λ^i, i = 0, I. and λ^i are the U(N) Gell-Mann matrices. The analogue of e^a_μγ_a is

L_μ = e^a_μγ_a + f^a_μ γ_5γ_a,

where e^a_μ and f^a_μ are U(N) matrices. This is equivalent to having complex matrix gravity. The zero torsion condition T = dL + LA + AL = 0, will give two sets of conditions

T^a_{μν} = 0, T^{a5}_{μν} = 0,

which will overdetermined the variables ω^{ab}_μ .

The correct approach [52] is to consider SL(2N, C )×SL(2N, C ), or equivalently the complex extension of SL(2N, C ) as was done by Isham, Salam and Strathdee [22] for the massive spin-2 nonets. In this case

a_μ = a^1_μ + ia^2_μ, b_μ = b^1_μ + ib^2_μ, ω^{ab}_μ = B^{ab}_μ + iC^{ab}_μ ,

and the torsion zero constraints are enough to determine B^{ab}_μ and C^{ab}_μ in terms of e^a_μ, f^a_μ , a_μ and b_μ. One can write, almost uniquely, a metric independent gauge invariant action which will correspond to massless U(N) gravitons ∫ M T r ( i (α + βγ_5) LL^′ F + i ( α + βγ_5 ) L^′ LF + (iλ + γ_5η) LL^′ LL^′ ) , where L^′ is related to L. For illustration, the form of this action in the N = 1 case is − 1 2 ∫ M d^4xϵ^{μνκλ} (( (α_2 − β_1) e_{μa}e_{νb} + 1 2 (α_1 + β_2) ϵ_{abcd}e^c_μe^d_ν ) B^{ab}_{κλ}

+ ( (α_2 + β_1) f_{μa}f_{νb} − 1 2 (α_1 − β_2) ϵ_{abcd}f^c_μf^d_ν ) C^{ab}_{κλ} +ϵ_{abcd} ( (λ − η) e^a_μe^b_ν e^c_κe^d_λ + (λ + η) f^a_μ f^b_ν f^c_κf^d_λ )) . where B^{ab}_{κλ} C^{ab}_{κλ} are the curvatures associated with B^{ab}_μ and C^{ab}_μ respectively. To give masses to the spin-2 fields, introduce the Higgs fields H and H^′ transforming as L and L^′ and constrained in such a way as to break the symmetry non-linearly from SL(2N, C )×SL(2N, C ) to SL(2, C ) [38]. We can add the mass terms ∫ M T r ( (iτ + γ_5ξ) LH^′ LH^′ LL^′ + (iρ + γ_5ξ) HL^′ HL^′ LL^′ ) .

Some of the relevant terms in the quadratic parts of the action are, in component form [52], ∫ d^4xϵ^{μνκλ}T r ( α_1 { E^a_μ, E^′_{νa} } a^2_{κλ} + α_2 { F^a_μ , F^′_{νa} } b^2_{κλ} )

+ ϵ_{abcd}T r ( β_1 { E^a_μ, E^{′b}_ν } B^{cd}_{κλ} + β_2 { F^a_μ , F^{′b}_ν } C^{cd}_{κλ}+ +γ_1E^a_μE^{′b}_ν E^c_κE^{′d}_λ + γ_2F^a_μ F^{′b}_ν F^c_κF^{′d}_λ + δ_1E^a_μE^{′b}_ν E^c_κF^d_λ + δ_2F^a_μ F^{′b}_ν F^c_κ E^d_λ ) . This action is complicated because all expressions are matrix valued. Equations are solved perturbatively. The action can be determined to second order in the fields, and the spectrum found to be given by two sets of SU(N) matrix-valued massive gravitons, plus two singlets of gravitons, one massless and the other is massive, as well as SU(N) × SU(N) gauge fields.

We decompose E^I_{μa} into symmetric and antisymmetric parts E^I_{μa} = S^I_{μa} + T^I_{μa}, where S^I_{μa} = S^I_{aμ} is symmetric and T^I_{μa} = −T^I_{aμ} is antisymmetric. The symmetric part propagates while the antisymmetric part T^I_{μν} couples to the

Yang-Mills fields and act as auxiliary fields to give them kinetic energies. For example, besides the quadratic terms for T^{μνI} coming from the mass terms, we have ∫ M d^4x ( ∂_μa^{1I}_ν − ∂_ν a^{1I}_μ ) T^{μνI} , as well as similar couplings to a^{2I}_μ , b^{1I}_μ , b^{2I}_μ . By eliminating the field T^I_{μν} the fields a^{1I}_μ , a^{2I}_μ , b^{1I}_μ , b^{2I}_μ would acquire the regular SU(N) Yang-Mills gauge field strengths. A detalied study of this system is carried in [52]. Again, this shows the effectiveness of the gauge principle in generalizing unambiguosly the metric and gravitational interactions to become matrix valued. This is to be contrasted with the geometric approach, which is plagued with ambiguities.

6 Supergravity from gauging graded Lie algebras

The gauge formulation of gravity is simpler than the geometrical formulation. However, the simplifications are much more apparent in the derivation of the supergravity action based on gauging the supersymmetry algebra. In 1976 the supergravity action was constructed by extending the local supersymmetric invariance to the Einstein action by using the Noether’s method [24]. This is a perturbative approach of insuring the invariance order by order, up to quartic fermionic terms and is very complicated. It was natural to attempt construct this theory using the gauge approach, and indeed this was done soon after and resulted in the most elegant formulation of supergravity. The starting point is to consider the supersymmetry algebra. This is the graded extension of the Poincaré algebra by adding the following commutation relations [25]

[S_α, J_{ab}] = i 2 (γ_{ab})^β_α S_β,

[S_α, P_a] = 0, {S_α, S_β} = − (γ^aC)_{αβ} P_a, where P_a, J_{ab} and S_α are, respectively, the translation, rotation and fermionic generators and C_{αβ} is the charge conjugation matrix. Demanding invariance under local supersymmetry transformations, requires introducing the covariant derivative D_μ = ∂_μ + e^a_μP_a + ω^{ab}_μ J_{ab} + ψ^α_μ S_α

where e^a_μ, ω^{ab}_μ and ψ^α_μ are now gauge fields with the following fermionic transformations δe^a_μ = ηγ^aψ_μ δω^{ab}_μ = 0, δψ^α_μ = [ η ( ←− ∂_μ − 1 4 γ_{ab}ω^{ab}_μ )]_α . The fermionic gauge parameters η are dependent on the coordinates x^μ. The field strengths are found by computing the commutator

[D_μ, D_ν ] = C^a_{μν} P_a + 1 4 R^{ab}_{μν} γ_{ab} + D^α_{μν} S_α, where

C^a_{μν} = ∂_μe^a_ν + ω^{ab}_μ e_{νb} − 1 2 ψ_μγ^aψ_ν − μ ↔ ν, R^{ab}_{μν} = ∂_μω^{ab}_ν + ω^{ac}_μ ω^b_{μc} − μ ↔ ν, D^α_{μν} = ψ_{[ν} ( ←− ∂_{μ]} − 1 4 γ_{ab}ω^{ab}_{μ]} )_α − μ ↔ ν. The field strengths transform covariantly under supersymmetry transformations δC^a_{μν} = ηγ^aψ_{μν} , δR^{ab}_{μν} = 0, δψ^α_{μν} = 1 4 ( ηγ_{ab}R^{ab}_{μν} )_α In analogy with the bosonic case, we assume that the generalized torsion C^a_{μν} , which is the field strength associated with translational symmetry, to vanish. It is then necessary to modify the transformations of ω^{ab}_μ in order to maintain this condition, thus we must take δ^′ ω_{μab} = − 1 4 ( ηγ_aD_{μb} − ηγ_bD_{μa} + e^c_μe^ρ_ae^σ_b ηγ_cD_{ρσ} ) .

The action is then constructed as function of the remaining field strengths: I = 1 4 ∫ d^4xϵ^{μνρσ} ( ϵ_{abcd}e^a_μe^b_ν R^{cd}_{ρσ} + iαe^a_μψ_ν γ_5γ_aD_{ρσ} )

where the parameter α is determined by the requirement that the ω^{ab}_μ equation of motion, which appears linearly and quadratically, should result in the equation C^a_{μν} = 0. This fixes the parameter α = 1. Using the observation that the variation of the action with respect to ω^{ab}_μ drops out because δI δω^{ab}_μ | | | |_{e,ψ} = 0, proving the invariance of the action under supersymmetry transformations become an easy matter. Varying the Einstein term only gives one term 2ϵ_{abcd}ηγ^aψ_μe^b_ν R^{cd}_{ρσ} , while varying the fermionic term results in three terms iηγ^aψ_μψ_ν γ_5γ_aD_{ρσ} + ie^a_μη ←− D_ν γ_5γ_aD_{ρσ} − i 4 e^a_μψ_ν γ_5γ_aγ_{cd}ηR^{cd}_{ρσ} . Integrating by parts the middle term gives two terms, one proportional to D_{[μ} e^a_{ν]} which can be equated to^1_2 ψ_μγ^aψ_ν using the generalized torsion condition, while the other is proportional to D_{[ν} D_{ρσ]} which by the Bianchi identity is equal to^1_4 R^{cd}_{[νρ} γ_{cd}ψ_{σ]}. One can show by a simple Fierz reshuffle that these two terms cancel the first and third terms in the above expression. The simplicity of this derivation [25] should be contrasted with the extreme complexity of the Noether’s method which was originally used to derive this Lagrangian [24].

Another method of deriving the supergravity action is based on the observation that the supersymmetry algebra could be obtained by an Inonü- Wigner contraction of the Orthosymplectic algebra OSP (4, 1) [26],[27],[53]. The group is defined as the set of linear transformations which leave invariant the bilinear form (z, z) = z^Aη_{AB} z^B, where the linear space { z^A = θ^α, z } comprise one commuting coordinate z^5 = z and four anticommuting coordinates z^A = θ^α, A = 1, · · · , 4. The matrix η_{AB} is given by η_{AB} = ( C_{αβ} 0 0 1 ) , where C_{αβ} is an antisymmetric root of the unit matrix [27]. Indices are raised and lowered with η_{AB} and its inverse η^{AB} , where η^{AB}η_{BC} = δ^A_C , thus

z_A = η_{AB} z^B, z^A = η^{AB} z_B.

The tensor ϕ^B_A , a representation of OSP (1, 4), transforms like z_Az^B, contains three distinct irreducible representations. These are the graded trace (−1)^aϕ^A_A , the graded symmetric and traceless part, and the graded antisymmetric part. The grading number a for z^A is defined by

a = 0, A = 5 a = 1, A = 1, · · · , 4 so that z^Az^B = (−1)^{ab} z^Bz^A and the graded symmetric and antisymmetric tensors are defined by

ϕ^{(s)}_{AB} = (−1)^{ab} ϕ^{(s)}_{BA}, ϕ^{(a)}_{AB} = − (−1)^{ab} ϕ^{(a)}_{BA}, (−1)^aϕ^{(s) A}_A = 0,

where ϕ_{AB} = ϕ^C_A η_{CB} .

The matrix decomposition of these representations are given by [27]

ϕ^{(s)B}_A =

( (_1

4 φ + γπ + γ_aγ_5v^a )_β α λ_α −λ^α ϕ ) ,

ϕ^{(a)B}_A = ( ( γ_aϕ^a +^1_4 γ_{ab}ϕ^{ab} )_β α λ_α λ^α 0 ) , where the spinors used are Majorana, λ_α = C_{αβ}λ^β. The antisymmetric representation is the adjoint representation. Demanding local OSP (1, 4) gauge invariance is done along similar lines to the pure bosonic case. First introduce gauge potentials in the adjoint representation

Φ_μ = ( ( κ^{−1} (iγ_a)^β_α e^a_μ +^1_4 (γ_{ab})^β_α ω^{ab}_μ ) κ^{− 1}2 ψ_{μα} κ^{− 1}2 ψ^α_μ 0 )

which transforms according to

Φ_μ = ΩΦ_μΩ^{−1} + Ω∂_μΩ^{−1} where Ω are gauge parameters in the adjoint representation. The field strengths of the gauge potentials Φ_μ are defined by

Φ_{μν} = ∂_μΦ_ν − ∂_ν Φ_μ + [Φ_μ, Φ_ν ] = ( ( κ^{−1} (iγ_a)^β_α C^a_{μν} +^1_4 (γ_{ab})^β_α F^{ab}_{μν} ) κ^{− 1}2 χ_{μνα} κ^{− 12} χ^α_{μν} 0 )

where

C^a_{μν} = ∂_μe^a_ν + ω^{ab}_μ e_{νb} − i 4 ψ_μγ^aψ_ν − μ ↔ ν, F^{ab}_{μν} = R^{ab}_{μν} − 4κ^{−2} ( e^a_μe^b_ν − e^a_μe^b_ν ) − κ^{−1}ψ_μγ^{ab}ψ_ν , χ^α_{μν} = D^α_{μν} + 2κ^{−1} (iγ_a)^α_β e^a_{[μ} ψ^β_{ν]b}.

The orthosymplectic algebra OSP (4, 1) contracts to the supersymmetry algebra by taking the limit κ → ∞. This corresponds to the contraction of a de Sitter space with infinite radius to give Minkowski space. The component gauge fields transform according to

δe^a_μ = ∂_με^a + ω^{ab}_μ ε_b + ηγ^aψ_μ + ω^{ab}e_{μb} δω^{ab}_μ = ∂_μω^{ab} + 2ω^{[a c}ω^{b]}_{μc} + 2κ^{−2}e^{[a}_μ ε^{b]} + 2κ^{−1}ηγ^{ab}ψ_μ,

δψ_μ = ∂_μη + 1 4 ω^{ab}_μ γ_{ab}η + 1 4 ω^{ab}γ_{ab}ψ_μ + iκ^{−1}e^a_μγ_aη + iκ^{−1}ε^aγ_aψ_μ Imposing the constraint on the field strength of the translation generators

C^a_{μν} = 0

requires the modification of the transformations of ω^{ab}_μ in order to maintain this constraint. The invariant action is then formed from the other nonvanishing components of Φ_{μν} , and is given by I = ∫ d^4xϵ^{μνρσ} ( ϵ_{abcd}F^{ab}_{μν} F^{cd}_{ρσ} + αχ_{μν} γ_5χ_{ρσ} ) , where the parameter α is fixed by gauge invariance to be α = i 2 .

The above action splits into five parts ranging in powers of κ from κ^0 to κ^{−4}. The first is the Gauss-Bonnet topological invariant

I^{(0)} = 1 4 ∫ d^4xϵ^{μνρσ} ϵ_{abcd}R^{ab}_{μν} R^{cd}_{ρσ} . The second part is a boundary term and is given by

I^{(−1)} = iκ^{−1} ∫ d^4xϵ^{μνρσ} D_{μν} γ_5D_{ρσ} . The third part is the supergravity action

I^{(−2)} = 4κ^{−2} ∫ d^4xϵ^{μνρσ} ( ϵ_{abcd}e^a_μe^b_ν R^{cd}_{ρσ} + ie^a_μψ_ν γ_5D_{ρσ} ) . The fourth part part is a mass-like term for the gravitino

I^{(−2)} = 4iκ^{−3} ∫ d^4xϵ^{μνρσ}ϵ_{abcd}e^a_μe^b_ν ψ_ργ_5ψ_σ, and the last part is a cosmological term

I^{(−2)} = 16κ^{−4} ∫ d^4xϵ^{μνρσ} ϵ_{abcd}e^a_μe^b_ν e^c_ρe^d_σ. The total Lagrangian is that of supergravity with a cosmological constant, mass like term for the gravitino and boundary terms. Using the fact that the first two terms are boundary terms and can be discarded, we notice that in the limit κ → ∞, the action reduces to the supergravity action I^{(−2)} which is invariant under the supersymmetry algebra. This is to be expected because the supersymmetry algebra is obtained from the orthosymplectic algebra OSP (4, 1) by an Inonü-Wigner contraction by taking the limit κ → ∞. This analysis shows the power of the gauge idea, and reduce an intractable calculation to the evaluation of a simple trace. This was just the starting point for gauging graded Lie groups, and many applications of this idea followed soon after. This idea played an important role in the construction of extended supergravities [54] and conformal supergravity [29].

7 Topological gravity in odd dimensions

It was shown by Witten [55] that the Einstein-Hilbert action with or without a cosmological term for three dimensional gravity can be derived in the first order formalism as a gauge theory of SO(1, 4), SO(2, 3), or ISO(1, 3). The action is of the Chern-Simons type and is renormalizable. This formalism could be generalized to all odd dimensions. Consider the 2n+1 Chern-Simons form ω_{2n+1} defined by [56]

ω_{2n+1} = (n + 1) 1∫ 0 δt ⟨ A ( tdA + t^2A^2 )_n⟩ ,

where A is the gauge field for one of the gauge groups ISO(1, 2n), SO(1, 2n+ 1) or SO(2, 2n) depending on whether we want to gauge the Poincaré de Sitter or anti de Sitter groups [57],[58] in 2n + 1 dimensions. In the definition of the bracket ⟨· · · ⟩ it is essential to use the (n + 1) group-invariant form [55] ⟨J_{A1 B1} J_{A2 B2} · · · J_{AnBn} ⟩ = ϵ_{A1 B1A2 B2···An Bn} , where J_{AB} is the group generator and A, B = 0, 1, · · · , 2n + 1. The action is taken to be I_{2n+1} = k ∫ M^{2n+1}

ω_{2n+1}.

Under a gauge transformation the gauge field A transforms according to A^g = g^{−1}Ag + g^{−1}dg which implies that the Chern-Simons form transforms to

ω^g_{2n+1} = ω_{2n+1} + dα_{2n} + (−1)^n

(n)! (n + 1)! (2n + 1)! ⟨( g^{−1}dg )_{2n+1}⟩ , where α_{2n} is a two form which is a function of A and g^{−1}dg, and the last term is proportional to the winding number. For the groups ISO(1, 2n), SO(1, 2n + 1) or SO(2, 2n) the winding number is proportional to torsion, and thus vanishes. For example in the case of five-dimensional Chern-Simons form the homotopy elements are

π_5 (SO(1, 5)) = π_5 (SO(5)) = Z_2, π_5 (SO(2, 4)) = π_5 (SO(4)) = Z_2 + Z_2.

Thus for manifolds without boundary the Chern-Simons action is gauge invariant, which implies that the constant k is not quantized, which is desirable if the theory is to describe gravity. For manifolds with boundary the action is invariant provided that A or g^{−1}dg vanish at the boundary. We shall assume that the manifold M_{2n+1} is without boundary.

To make the connection to gravity we identify A^{ab} = ω^{ab}, A^{a,2n+1} = e^a, a = 0, 1, · · · , 2n. The remarkable thing is that the above Chern-Simons action when expressed in terms of the fields e^a and ω^{ab} takes the form

I_{2n+1} = ∫ M_{2n+1} n∑ l=0 1 2l + 1 λ^l ( n l ) · ϵ_{a1a2···a2n+1} R^{a1 a2} ∧ · · · R^{a2n−2l−1 a2n−2l} ∧ e^{a2n−2l+1} ∧ · · · ∧ e^{a2n+1} , where λ = 1 for SO(2, 2n) −1 for SO(1, 2n + 1) 0 for ISO(1, 2n) . Thus the Chern-Simons action in odd dimensions is seen to be the sum of Euler densities with fixed coefficients [59]. Notice that in the ISO(1, 2n) case only one term in the action remains

I_{2n+1} = ∫ M_{2n+1} ϵ_{a1a2···a2n+1} R^{a1 a2} ∧ · · · R^{a2n−1 a2n} ∧ e^{a2n+1} .

The variational equations of A^{aB} have a simple structure ϵ_{A1B1···AnBn} F^{A1B1} ∧ · · · ∧ F^{AnBn} = 0 where F^{AB} = dA^{AB} + A^{AC} ∧ A^B_C . Decomposing this equation with respect to the new variables gives two equations ϵ_{a1a2···a2n+1} (R^{a1 a2} + λe^{a1} e^{a2} ) ∧ · · · ∧ (R^{a2n−1a2n} + λe^{a2n−1} e^{a2n} ) = 0, ϵ_{a1a2···a2n+1} T^{a1} ∧ (R^{a2a3} + λe^{a2} e^{a3} ) ∧ · · · ∧ (R^{a2n−2 a2n−1} + λe^{a2n−2} e^{a2n−1} ) = 0, where T^a is the torsion given by

T^a = de^a + ω^{ab} ∧ e_b.

This scheme could be generalized to include fermions by gauging the graded extensions of the Poincaré and de-Sitter groups. The supersymmetric extension of the Poincaré group is known to exist in all dimensions, but those extending the de Sitter groups are limited. The list stops at the supersymmetric extension of O(2, 6) corresponding to a seven-dimensional space-time in this framework. The supergroups relevant to space-time dimensions of four or more are [60] { (O(2, 3) ⊕ O(N), (4, N)) , N = 1, 2, · · · ( O(1, 4) ⊕ U(1), ( 4 + 4 )) } D = 4 { ( O(2, 3) ⊕ O(N), (4, N) + ( 4, N )) , N = 1, 2, · · · ( O(2, 4) ⊕ SU(4), (4 + 4) + (4, 4) ) } D = 5 { (O(1, 6) ⊕ SU(2), (8, 2)) (O(2, 5) ⊕ SU(2), (8, 2)) } D = 6 (O(2, 6) ⊕ SU(N, q), (8, 2N)) , N = 1, 2, · · · D = 7 In this notation, the first part in the parentheses gives the bosonic parts of the group while the second part specifies the fermionic representations with respect to these bosonic groups. The supergravity actions are constructed using the Chern-Simons forms in odd dimensions with the gauge fields taking values in the graded Lie algebras corresponding to that dimension. The graded group invariant is now constructed using the supertrace. The super- Poincaré groups are easier to deal with and a general formula can be given. In dimensions higher than seven, the smallest extensions of the de Sitter groups are the orthosymplectic groups, which have many more generators than the minimum required. There are many further developments in this direction [61], for a review see [62].We therefore see that the gauge principle is very easy and powerful in determining topological theories of gravity in odd dimension. This is to be contrasted with the geometrical approach where such constructions are quite difficult.

8 Noncommutative gravity

Open string theories as well as D-branes in the presence of a background antisymmetric B-field give rise to noncommutative effective field theories [46],[45]. This is equivalent to field theories deformed with the star product [63]. The primary example of this is noncommutative U(N) Yang-Mills theory. It is natural then to ask whether it is possible to deform Einstein’s gravity with the star product. This is not easy to do in a geometrical setting, although there has been some recent progress [64]. On the other hand this is possible in the gauge approach using the same methods used before. To construct a noncommutative gravitational action in four dimensions one proceeds as follows. First the gauge field strength of the noncommutative gauge group SO(4, 1) is taken. This is followed by an Inonü-Wigner contraction to the group ISO(3, 1), thus determining the dependence of the deformed vierbein on the undeformed one.

The starting point is the assumption that space-time coordinates x^μ do not commute [x^μ, x^ν ] = iθ^{μν} where θ^{μν} are assumed to be constant. However, under diffeomorphism transformations, θ^{μν} becomes a function of x, and one has to generalize the definition of the star product to be applicable for a general manifold, but this is only known for symplectic manifolds [65]. The effect of this noncommutativity is that ordinary products are replaced with the star product defined by f ∗ g = e^{i2 θμν ∂∂ξμ ∂∂ην} f (x + ξ) g (x + η) |_{ξ=η=0}. In gauge theories one mainly uses U(N) gauge fields subject to the condition ^A^†_μ = − ^A_μ because such condition could be maintained under the gauge transformations [45] ^A^g_μ = ^g ∗ ^A_μ ∗ ^g^{−1}_∗ − ^g ∗ ∂_μ^g^{−1}_∗ , where ^g ∗ ^g^{−1}_∗ = 1 = ^g^{−1}_∗ ∗ ^g . To avoid using complex or Hermitian gravitational fields, we introduce the gauge fields ^ω^{AB}_μ [66] subject to the conditions [67],[68] ^ω^{AB†}_μ (x, θ) = −^ω^{BA}_μ (x, θ) , ^ω^{AB}_μ (x, θ)^r ≡ ^ω^{AB}_μ (x, −θ) = −^ω^{BA}_μ (x, θ) .

Expanding the gauge fields in powers of θ, we have ^ω^{AB}_μ (x, θ) = ω^{AB}_μ − iθ^{νρ}ω^{AB}_{μνρ} + · · · . The above conditions then imply the following ω^{AB}_μ = −ω^{BA}_μ , ω^{AB}_{μνρ} = ω^{BA}_{μνρ} . A basic assumption to be made is that there are no new degrees of freedom introduced by the new fields, and that these are related to the undeformed fields by the Seiberg-Witten map [45]. This is defined by the property ^ω^{AB}_μ (ω) + δ_{^λ}^ω^{AB}_μ (ω) = ^ω^{AB}_μ (ω + δ_λω) , where ^g = e^{^λ} and the infinitesimal transformation of ω^{AB}_μ is given by δ_λω^{AB}_μ = ∂_μλ^{AB} + ω^{AC}_μ λ^{CB} − λ^{AC} ω^B_{μC} , and for the deformed field it is δ_{^λ} ^ω^{AB}_μ = ∂_μ^λ^{AB} + ^ω^{AC}_μ ∗ ^λ^{CB} − ^λ^{AC} ∗ ^ω^{CB}_μ . To solve this equation we first write ^ω^{AB}_μ = ω^{AB}_μ + ω^{′ AB}_μ (ω) ^λ^{AB} = λ^{AB} + λ^{′AB} (λ, ω) where ω^{′AB}_μ (ω) and λ^{′ AB} (λ, ω) are functions of θ, and then substitute into the variational equation to get [45] ω^{′AB}_μ (ω + δω) − ω^{′AB}_μ (ω) = ∂_μλ^{′ AB} + ω^{AC}_μ λ^{′ B}_C − λ^{′AC} ω^B_{μC} + ω^{′ AC}_μ λ^B_C − λ^{AC} ω^{′ B}_{μC} + i 2 θ^{νρ} ( ∂_ν ω^{AC}_μ ∂_ρλ^B_C + ∂_ρλ^{AC} ∂_ν ω^B_{μC} ) This equation is solved, to first order in θ, by ^ω^{AB}_μ = ω^{AB}_μ − i 4 θ^{νρ} {ω_ν , ∂_ρω_μ + R_{ρμ}}^{AB} + O(θ^2) ^λ^{AB} = λ^{AB} + i 4 θ^{νρ} {∂_ν λ, ω_ρ}^{AB} + O(θ^2) where we have defined the anticommutator {α, β}^{AB} ≡ α^{AC} β^B_C + β^{AC} α^B_C . With this it is possible to derive the differential equation that govern the dependence of the deformed fields on θ to all orders δ^ω^{AB}_μ (θ) = − i 4 θ^{νρ} { ^ω_ν ,_∗ ∂_ρ ^ω_μ + ^R_{ρμ} }_{AB}

with the products in the anticommutator given by the star product, and where ^R^{AB}_{μν} = ∂_μ ^ω^{AB}_ν − ∂_ν ^ω^{AB}_μ + ^ω^{AC}_μ ∗ ^ω^B_{νC} − ^ω^{AC}_ν ∗ ^ω^{CB}_μ We are mainly interested in determining ^ω^{AB}_μ (θ) to second order in θ.

This is due to the fact that the deformed gravitational action is required to be hermitian. The undefomed fields being real, then implies that all odd powers of θ in the action must vanish. The above equation could be solved iteratively, by inserting the solution to first order in θ in the differential equation and integrating it. The second order corrections in θ to ^ω^{AB}_μ are 1 32 θ^{νρ}θ^{κσ} ( {ω_κ, 2 {R_{σν} , R_{μρ}} − {ω_ν , (D_ρR_{σμ} + ∂_ρR_{σμ}) } − ∂_σ {ω_{ν,} (∂_ρω_μ + R_{ρμ})}}^{AB} + [∂_ν ω_κ, ∂_ρ (∂_σω_μ + R_{σμ})]^{AB} − {{ω_ν , (∂_ρω_κ + R_{ρκ})} , (∂_σω_μ + R_{σμ})}^{AB} )

One problem remains of how to determine the dependence of the vierbein ^e^a_μ on the undeformed field as it is not a gauge field. To resolve this problem we adopt the strategy of considering the field e^a_μ as the gauge field of the translation generator of the inhomegenious Lorentz group, obtained through the contraction of the group SO(4, 1) to ISO(3, 1). We write ^ω^{a5}_μ = k^e^a_μ and ^ω^{55}_μ = k ^ϕ_μ. We shall only impose the condition T^a_{μν} = 0 and not ^T^a_{μν} = 0 because we are not interested in ϕ_μ which will drop out in the limit k → 0. The result for ^e^a_μ in the limit k → 0 is

^e^a_μ = e^a_μ − i 4 θ^{νρ} ( ω^{ac}_ν ∂_ρe_{μc} + ( ∂_ρω^{ac}_μ + R^{ac}_{ρμ} ) e_{νc} ) + 1 32 θ^{νρ}θ^{κσ} ( 2 {R_{σν} , R_{μρ}}^{ac} e_{κc} − ω^{ac}_κ ( D_ρR^{cd}_{σμ} + ∂_ρR^{cd}_{σμ} ) e_{νd} − {ω_ν , (D_ρR_{σμ} + ∂_ρR_{σμ})}^{ad} e_{κd} − ∂_σ {ω_ν , (∂_ρω_μ + R_{ρμ})}^{ac} e_{κc} − ω^{ac}_κ ∂_σ ( ω^d_{νc} ∂_ρe_{μd} + ( ∂_ρω^{cd}_μ + R^{cd}_{ρμ} ) e_{νd} ) + ∂_ν ω^{ac}_κ ∂_ρ∂_σe_{μc} − ∂_ρ ( ∂_σ ω^{ac}_μ + R^{ac}_{σμ} ) ∂_ν e_{κc} − {ω_ν , (∂_ρω_κ + R_{ρκ})}^{ac} ∂_σe_{μc} − ( ∂_σω^{ac}_μ + R^{ac}_{σμ} ) ( ω^d_{νc} ∂_ρe_{κd} + ( ∂_ρω^d_{κc} + R^{cd}_{ρκ} ) e_{νd} )) + O ( θ^3 )

At this point, it is possible to determine the deformed curvature and use it to calculate the deformed action given by [66] ∫ d^4xϵ^{μνρσ}ϵ_{abce}^e^a_μ ∗ ^R^{bc}_{νρ} ∗ ^e^d_σ Of course the actual expression obtained after substituting for the fields e^μ_{aρτ} , e^μ_{aρτ κσ}, ω^{ab}_{μρτ} and ω^{ab}_{μρτ κσ} is very complicated, and it is not clear whether one can associate a geometric structure with it. One can, however, take this expression and study the deformations to the graviton propagator, which will receive θ^2 corrections.

9 Conclusions

The simple idea that started with Utiyama to formulate the general theory of relativity as a gauge theory of the Lorentz group has grown to become a powerful tool in investigating gravitational theories. We have sampled only few of the known applications in the literature, the full extent of which is considerable. The main advantages are the simplicity and straightforwardness of the formalism. The idea can be applied to shed light on the various aspects of gravity. We have shown that a consistent formulation of massive gravity is possible through the use of spontaneous breakdown of gauge symmetry. When applied to graded Lie algebras it gives supergravity, and for the Chern-Simons action it gives topological gravity. By extending the gauge algebra to become complex, one obtains complex gravity with a Hermitian metric. It is also possible to give a consistent deformation of the Einstein action on spaces where ordinary products are replaced with star products. All this work gives the promise that the gauge principle can unify gravity with the other fundamental interactions, all of which are known to be based on the gauge theories.

10 Acknowledgment

This research is supported in part by the National Science Foundation under Grant No. Phys-0313416.

References

[1] R. Arnowitt, S. Deser and C. W. Misner, Gravitation: an introduction to current research, editor L. Witten, Wiley, New York, 1962, page 227.

[2] H. Weyl, Space, Time, Matter, (Dover, New York, 1952). [3] E. Cartan, The Theory of Spinors (Dover, New York 1981). [4] R. Utiyama, Phys. Rev. 101, (1956) 1597 . [5] T. W. B. Kibble, J. Math. Phys. 2 (1961) 212 . [6] P. van Nieuwenhuizen, Phys. Rep. 68, (1981) 189 . [7] A. Ashtekar, Phys. Rev. D36 (1987) 1587. [8] A. Sen, J. Math. Phys. 22 (1981) 1718 .

[9] L. Smolin, An Invitation to Loop Quantum Gravity, hep-th/0408048. [10] C. Isham, Abdus Salam and J. Strathdee, Nuovo Cimento Lett. 5 (1972) 969 .

[11] D. Ivanenko and G. Sardanashvily, Phys. Rep. 94 (1983) 1 . [12] K. Hayashi, T. Nakano, Prog. Theor. Phys. 38 (1967) 491. [13] K. Hayashi, A. Bergmann, Ann. Phys. 75 (1973) 562. [14] H. van Dam and M. Veltman, Nucl. Phys. B22 (1970) 397. [15] V. Zakharov, JETP Lett. 12 (1970) 312. [16] D. Boulware and S. Deser, Phys. Rev. D6 (1972) 3368. [17] A. Einstein, Ann. Math. 46, 578 (1945). [18] A. Einstein and E. Strauss, Ann. Math. 47 (1946) 731. [19] J. Moffat, J. Math. Phys. 36 (1995) 3722.

[20] T. Damour, S. Deser and J. G. McCarthy, Phys. Rev. D45 (1991) 3289.

[21] T. Damour, S. Deser and J. G. McCarthy, Phys. Rev. D47 (1993) 1541. [22] C. Isham, Abdus Salam and J. Strathdee, Phys. Rev. D 8 (1973) 2600. [23] A. H. Chamseddine, Phys. Rev. D60 (2004) 084006.

[24] D. Freedman, P. van Nieuwenhuizen and S. Ferrara, Phys. Rev. D13 (1976) 3214.

[25] A. Chamseddine, P. C. West, Nucl. Phys. B129 (1977) 39. [26] S. MacDowell and F. Mansouri, Phys. Rev.Lett. 38 (1977) 739. [27] A. Chamseddine, Ann. Phys. 113 (1978) 113. [28] A. Chamseddine, Nucl. Phys. B131 (1977) 494.

[29] P. van Niewenhuizen, M. Kaku, P. Townsend, Phys. Rev. D17 (1978) 3179.

[30] J. Hoppe, Phys. Lett. B250 (1990) 44. [31] Y. M. Cho, Phys. Rev. D14 (1976) 3341.

[32] C. Isham, Abdus Salam and J. Strathdee, Phys. Rev. D3 (1971) 867. [33] A. Chamseddine, Phys. Rev. D69 (2004) 024015. [34] T. Damour and I. Kogan, Phys. Rev. D66 (2002) 104024. [35] M. Fierz and W. Pauli, Proc. Roy. Soc. Lond. A173 (1939) 211. [36] C. Isham, Abdus Salam and J. Strathdee, Phys. Rev. D14 (1976) 2830. [37] A. Chamseddine, Abdus Salam and J. Strathdee, Nucl. Phys. B136 (1978) 248.

[38] S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177 (1969) 2239; C.

Callan, S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177 (1969) 2247.

[39] A. Chamseddine, Phys. Lett. B 557 (2003) 247.

[40] N. Arkani-Hamed, H. Georgi and M. Schwartz, Ann. Phys. 305 (2003) 96. [41] A. Chamseddine, Comm. Math. Phys. 218 (2001) 283. [42] M. Green and C. Thorn, Nucl. Phys. B367 (1991) 462. [43] J. Maharana and J. Schwarz, Nucl.Phys. B390 (1993) 3. [44] W. Siegel, Phys. Rev. D49 (1994) 4144. [45] N. Seiberg and E. Witten, JHEP 9909:032 (1999). [46] A. Connes, M. R. Douglas and A. Schwarz, JHEP 9802:003 (1998). [47] A. H. Chamseddine, Phys. Lett. B 462 (1999) 265. [48] S. Okubo and J. Maluf, Phys. Rev. D 31 (1985) 1327. [49] C. Cutler and R. Wald, Class. Quant. Grav. 4 (1987) 1267. [50] I. Avramidi, Phys. Lett. B 576 (2003) 195; Class. Quant. Grav. 21 (2004) 103.

[51] T. Damour, Experimental Tests of Gravitational Theory, in Particle Data Group, S. Eidelman et al, Phys. Lett. B 592 (2004) 1.

[52] A. H. Chamseddine, Phys. Rev. D70 (2004) 084006. [53] A. Chamseddine, Nucl. Phys. B131 (1977) 494. [54] E. Cremmer and J. Scherk, Nucl. Phys. B127 (1977) 259. [55] E. Witten, Nucl. Phys. B311 (1988) 46.

[56] B. Zumino, in Relativity, Groups and Topology II, Proc. Les Houches Summer School (1983), eds. R. Stora and B. DeWitt (North-Holland, Amsterdam, 1984).

[57] A. Chamseddine, Phys. Lett. B233 (1989) 291. [58] A. Chamseddine, Nucl. Phys. B346 (1990) 213. [59] D. Lovelock, J. Math. Phys. 12 (1971) 498.

[60] W. Nahm, Nucl. Phys. B135 (1978) 149. [61] H. Banados, Phys. Rev.Lett. 88 (2002) 031301.

[62] J. Zanelli, Lecture Notes on Chern-Simons Supergravities, hepth/0502193.

[63] F. Ardalan, H. Arfaei and M. M. Sheikh-Jabbari, JHEP 9902:016 (1999).

[64] P. Aschieri, M. Dimitrijevic, F. Meyer and J. Wess, Noncommutative Geometry and Gravity, hep-th/0510059.

[65] M. Kontsevich, Lett. Math. Phys. 66 (2003) 157. [66] A. Chamseddine, Phys. Lett. B504 (2001) 33.

[67] L. Bonora, M. Schnabl, M. Sheikh-Jabbari, A. Tomasiello, Nucl. Phys.

B589 (2000) 461.

[68] B. Jurco, S. Schraml, P. Schupp, J. Wess, Eur. Phys. J. C17 (2000) 521.