arXiv:hep-th/0511139 v2 25 Nov 2005

Preprint typeset in JHEP style - HYPER VERSION hep-th/0511139

UT-05-16 OU-HET 546 KEK-TH-1030

Open Spinning Strings and AdS/dCFT Duality

Keisuke Okamura

Department of Physics, Faculty of Science, University of Tokyo, Bunkyo-ku, Tokyo 113-0033, Japan E-mail: okamura@hep-th.phys.s.u-tokyo.ac.jp

Yastoshi Takayama

Department of Physics, Graduate School of Science, Osaka University, Toyonaka, Osaka 560-0043, Japan E-mail: takayama@het.phys.sci.osaka-u.ac.jp

Kentaroh Yoshida

Theory Division, Institute of Particle and Nuclear Studies, High Energy Accelerator Research Organization (KEK), Tsukuba, Ibaraki 305-0801, Japan E-mail: kyoshida@post.kek.jp

Abstract: We consider open spinning string solutions on an AdS_4×S^2-brane (D5-brane) in the bulk AdS_5 ×S^5 background. By taking account of the breaking of SO(6)_R to SO(3)_H × SO(3)_V due to the presence of the AdS-brane, the open rotating string ansatz is discussed. We construct the elliptic folded/circular open string solutions in the SU(2) and the SL(2) sectors, so that they satisfy the appropriate boundary conditions. On the other hand, in the SU(2) sector of the gauge theory, we compute the matrix of anomalous dimension of the defect operator, which turns out to be the Hamiltonian of an open integrable spin chain. Then we consider the coordinate Bethe ansatz with arbitrary number of impurities, and compare the boundary condition of the Bethe wavefunction with that of the corresponding open string solution. We also discuss the Bethe ansatz for the open SL(2) spin chain with several supports from the string theory side. Then, in both SU(2) and SL(2) sectors, we analyze the Bethe equations in the thermodynamic limit and formulate the ‘doubling trick’ on the Riemann surface associated with the gauge theory.

Keywords: AdS-CFT Correspondence, Conformal Field Models in String Theory, D-branes, Bethe Ansatz.

Contents

1. Introduction 2

2. Open Spinning Strings 4 2.1 The Coordinate System 4 2.2 String Sigma Model Action of Open String on AdS_4 × S^2 6 2.3 Rotating String Ansatz and Sigma Model Charges 7 2.4 One-loop String Energy and Ratio of Spins 11 2.5 Spectroscopy of One-loop Energy via Ratio of Spins 13

3. Open Integrable Spin Chain from dCFT : Perturbative Calculation 15 3.1 One-Loop Analysis of SU(2) sector 16

4. Coordinate Bethe Ansatz 20 4.1 Open SU(2) Chain 21 4.2 Open SL(2) Chain 25

5. Scaling Limit of Open Heisenberg Chain 27 5.1 Doubling Trick in Gauge Theory 27 5.2 Riemann-Hilbert Problem 29 5.3 One-loop Anomalous Dimension and Filling Fraction 31 5.4 Endpoints of Bethe String 33 5.5 Rational Limit in Gauge Theory 34 5.6 SU(3) sector 36

6. Conclusion and Discussion 36

A. Elliptic Solutions for Higher Loops 37 A.1 Bethe Ansatz for Higher Loops 38 A.2 Anomalous Dimension Formula at the Three-Loop Level 38

B. Elliptic Integrals and Elliptic Functions 43 B.1 Complete Elliptic Integrals 43 B.2 Jacobi Elliptic Function 44 B.3 Some Useful Integral Formulae 44

– 1 –

1. Introduction

Now we have a laboratory to check the AdS/CFT correspondence [1] in a non-BPS region by considering a large spin limit [2, 3, 4]. In this story, the classical rotating string solutions with energies analytic in the ’t Hooft coupling divided by the large-spin [3, 4, 5, 6, 7] (for a review, see [8]) correspond to composite operators with definite scaling dimensions in a super Yang-Mills (SYM) theory. The diagonalization of the matrix of anomalous dimension can be performed by using the Bethe ansatz because it is remarkably represented by an integrable spin chain Hamiltonian [9].

This type of AdS/CFT duality in the non-BPS regime is investigated in each of subsectors of the full superconformal group P SU(2, 2|4), which is closed under the operator mixing. The SU(2) [10, 11, 12], SL(2) [11, 13, 14, 15, 16], SU(2|3) [17, 18] sectors as well as P SU(2, 2|4) [13] are completely closed under the operator mixing. The SO(6) [9, 10] and SU(3) sector [16, 19, 20] has been shown to be closed under the one-loop renormalization. In particular, the SU(2) sector has been well studied. The higher-loop contributions are discussed in [21, 22], and the full-loop Bethe ansatz are also proposed in [22]. In both the BMN (near-BPS) and the Frolov-Tseytlin (far-from-BPS) sectors, the results of the perturbative computation in the SYM side have seen a remarkable agreement with those in the string side up to the two-loop level, and the disagreement appears from the three-loop level.

On the other hand, the classical integrability of type IIB superstring on the AdS_5 × S^5 [23] plays a key role in the correspondence [24]. The matching of the spectra and the integrable structures between the string sigma models and the spin chains are confirmed up to and including the two-loop effects in some cases [25] (See also [26]). It is possible to capture the corrections of the half-integer powers of the ’t Hooft coupling by investigating the integrable supercoset model Osp(2m + 2|2m), which gives the classical string equation of motion in the SU(2) sector in the classical limit [27].

It is an interesting problem to generalize the correspondence to the open string cases, and indeed the concern with this topic has been growing. In order to consider the open string sector, we need to insert some D-branes or orientifolds in the bulk AdS_5 ×S^5 . One of such examples is the D3-D7-O7 system, for which the AdS/CFT duality in the near-BPS region is studied in [29, 30], and in the far-from BPS region in [31, 32, 33, 34]. Another example is the open strings on giant gravitons, for which the duality in the near-BPS region is studied in [35, 36] and in the far-from BPS region in [37, 38]. In addition, a set of long-range Bethe ansatz equations for open quantum strings on AdS_5 × S^5 are presented and indeed diagonalized in bosonic SU(2) and SL(2) sectors in the near pp-wave limit in [39].

Except the cases mentioned above, the AdS_4 × S^2 case is interesting to study. In this paper, we consider open strings on the AdS_4 × S^2-brane (D5-brane) in the AdS_4 × S^2 . This setup is proposed by Karch and Randall [40]. This AdS-brane leads to a three-dimensional defect in four-dimensional Minkowski spacetime. The 3-5 strings supply defect fields which couple to N = 4 SYM fields. The presence of the AdS-brane breaks the isometry (4D conformal ×SO(6)_R symmetry), SO(2, 4)×SO(6) → SO(2, 3)×SO(3)_H ×SO(3)_V , where the

– 2 –

SO(3)_H denotes the isometry of the S^2 part of the AdS_4 × S^2 and the SO(2, 3) implies the three-dimensional conformal group . The theory on the defect is superconformal and the action has been constructed by DeWolfe-Freedman-Ooguri [41]. The superconformality in the non-abelian case has been shown in [42]. The BMN operator correspondence for open strings in this setup has been shown by Lee and Park [43]. Then the anomalous dimension matrix for the defect composite operators consisting of SO(6) scalars has been computed by DeWolfe and Mann [44], and it is represented by an integrable open SO(6) spin chain Hamiltonian. In our previous works we concentrate on the SO(3)_H sector by truncating the SO(6) sector. In [45], the matching at the level of the effective action is shown by using a coherent state method [46] (For a review of the effective action approach, see [47]). In [48], by focusing upon the open pulsating string in the SO(3)_H sector, the agreement between the energy and the anomalous dimension has been shown at the two-loop level. It has also been shown that the discrepancy starts from the three-loop level. In the gauge theory side, the ‘doubling trick’ has been discussed on the Riemann surface. The doubling trick also works well for the energy of the open pulsating string solution.

We continue to consider the large-spin limit of the AdS/dCFT correspondence that has been discussed in [45, 48]. In this paper we discuss rotating string solutions in the holomorphic sectors such as the SU(2) and the SL(2) sectors, rather than non-holomorphic sectors such as the SO(6) and the SO(3)_H sectors. Recall that the SO(6)_R symmetry is spontaneously broken to SO(3)_H × SO(3)_V . Then the four-dimensional conformal symmetry SO(2, 4) is also broken to the three-dimensional conformal symmetry SO(2, 3).

Firstly, we propose the rotating string ansatz for the open string case and specify the boundary conditions to be satisfied. As such open string solutions, we found an elliptic folded and an elliptic circular solutions in the SU(2) sector, including a rational circular solution as a limiting case of the elliptic circular one. In the SL(2) sector, we found an elliptic folded solution. We also discuss the generic formulae for the one-loop string energy and the ratio of two spins, both in the SU(2) and the SL(2) sectors.

Secondly, we discuss the SYM dual for these solutions. In the SU(2) sector, we compute the matrix of anomalous dimension of the corresponding defect operators. It is shown to have the same structure as the Hamiltonian of an open SU(2) integrable spin chain. We use the coordinate Bethe ansatz, and discuss the Bethe wavefunction on the open spin chain. The boundary condition of the resulting Bethe wavefunction turns out to be the Dirichlet one, that is fairly consistent with the boundary condition for its string dual whose endpoints sit on the D5-brane.

We also comment on the SU(3) sector. In contrast to the closed string case, in both the string and the gauge theory sides, the SU(3) sector is not closed even at the one-loop level in our setup,

This paper is organized as follows: In section 2 we discuss a rotating string ansatz for open strings in the SU(2) and the SL(2) sectors and find solutions satisfying the boundary conditions supplied by the D5-brane. In section 3 we compute the matrix of anomalous dimension of the defect composite operator in the SU(2) sector. The result is represented

– 3 – by an open spin chain Hamiltonian with integrable boundaries. In section 4 we perform the Bethe ansatz via the coordinate approach, obtaining the Bethe wavefunction and the dispersion relation with arbitrary number of impurities. Then we discuss the boundary condition for the wavefunction, and compare with that for the open string solution in the string theory side. In section 5 we consider the elliptic solutions for the open spin chain, which can be obtained from the symmetric two-cut solutions of the closed spin chain case via the ‘doubling trick’ technique. This technique is formulated and presented to give the halved version of the ‘double contour’ and the ‘imaginary root’ solution, which are well explored in the closed chain case. These solutions for the closed cases are ‘opened’ to give the elliptic solutions of the open spin chain associated with our dCFT setup. We then solve the Bethe equation in the scaling limit, obtaining a generic formulae for the oneloop anomalous dimension and the filling fraction, as well as the endpoints of the Bethe strings. Section 6 is devoted to a conclusion and discussions. In Appendix A we solve the Riemann-Hilbert problem in the elliptic sector, and present a generic formula for the anomalous dimension at the three-loop level. Some basic facts of complete elliptic integrals and the integral formulae are also summarized.

2. Open Spinning Strings

We are interested in open rotating string solutions. To find them we consider the holomorphic sector, rather than non-holomorphic sector where pulsating string or rotating pulsating string solutions are allowed. In the open string case, the presence of D-branes leads to a spontaneous symmetry breaking, and so we need to take account of it into the rotating string ansatz. As a matter of course, boundary conditions should be also satisfied.

First we will fix the coordinate system that is available in our setup. Then rotating string ansatze are proposed both in SU(2) and SL(2) sectors to find open rotating string solutions with two spins satisfying the boundary conditions. In the SU(2) sector, we will find the elliptic folded, the elliptic circular and the rational circular open string solutions. In the SL(2) sector, on the other hand, the elliptic folded string solution is allowed.

2.1 The Coordinate System

We consider the near-horizon limit of the D3/D5 system. The AdS/CFT study for this system has been developed in [40, 41]. The probe D5-brane lives on an AdS_4 × S^2 subspace of AdS_5 × S^5, and the spacetime coordinates occupied by these branes are as follows:

x_0 x_1 x_2 x_3 x_4 x_5 x_6 x_7 x_8 x_9 D3 ◯ ◯ ◯ × × × ◯ × × × D5 ◯ ◯ ◯ ◯ ◯ ◯ × × × × Then the near-horizon geometry is described by the coordinates (t_M, ⃗y) ≡ (x_0, x_1, x_2), x ≡ x_6, u (radial coordinate) and the five angles (Ψ, ϕ, φ, χ, ς):

x_3 = u cos Ψ sin ϕ cos φ , x_4 = u cos Ψ sin ϕ sin φ , x_5 = u cos Ψ cos ϕ , x_7 = u sin Ψ sin χ cos ς , x_8 = u sin Ψ sin χ sin ς , x_9 = u sin Ψ cos χ . (2.1)

– 4 –

In this setup the D5-brane sits at x = Ψ = 0 , filling the AdS_4 defined by the coordinates u, t_M, ⃗y and wrapping the S^2 parameterized by ϕ and φ . The metric for the near-horizon geometry in this coordinate system is

ds^2_{AdS5} = R^2 [ du^2 u^2

+ u^2(−dt^2_M + d⃗y^2 + dx^2) ] , ⃗y = (y^1, y^2) , (2.2)

ds^2_S5 = R^2 [ dΨ^2 + cos^2 Ψ ( dϕ^2 + sin^2 ϕ dφ^2 ) + sin^2 Ψ ( dχ^2 + sin^2 χ dς^2 )] , (2.3)

with R^4 = 4πα^{′2}g_sN .

We should remind that the physical target-space interpretation of the solutions depends on a particular choice of the coordinates. As is the case with the closed string, for our purpose to study the open strings on the AdS_4 × S^2, the following global coordinate system are useful :

Y_1 + iY_2 ≡ s_1 e^{iϕ1} = sinh ρ cos θ e^{iϕ1} , X_1 + iX_2 ≡ r_1 e^{iφ1} = sin γ cos ψ e^{iφ1} , (2.4) Y_3 + iY_4 ≡ s_2 e^{iϕ2} = sinh ρ sin θ e^{iϕ2} , X_3 + iX_4 ≡ r_2 e^{iφ2} = sin γ sin ψ e^{iφ2} , (2.5) Y_5 + iY_0 ≡ s_0 e^{it} = cosh ρ e^{it} . X_5 + iX_6 ≡ r_3 e^{iφ3} = cos γ e^{iφ3} . (2.6)

Here Y_P (P = 0, . . ., 5) and X_M (M = 1, . . ., 6) are the embedding coordinates of AdS_5 and S^5, respectively . For these coordinate system, the metric of the AdS_5 × S^5 is written as ds^2_{(AdS5 )} = R^2 [ dρ^2 − cosh^2 ρ dt^2 + sinh^2 ρ ( dθ^2 + cos^2 θ dϕ^2_1 + sin^2 θ dϕ^2 )] , (2.7) ds^2_{(S}5_) = R^2 [ dγ^2 + cos^2 γ dφ^2_3 + sin^2 γ ( dψ^2 + cos^2 ψ dφ^2_1 + sin^2 ψ dφ^2 )] (2.8)

for the AdS_5 and the S^5 part respectively.

Now let us see where the D5-brane is sitting in the present coordinate system (2.7) and (2.8). Note that the metric (2.2) can be obtained from (2.7) by the following transformation,

Y_1 = iu t_M , Y_i = u x^i where x^i = (⃗y, x) (i = 2, 3, 4) , (2.9)

Y_0 = i 2u [ 1 − u^2(1 − ⃗x^2 + t^2_M) ] , Y_5 = 1 2u [ 1 + u^2(1 + ⃗x^2 − t^2_M) ] , (2.10)

which is embedded in the six-dimensional flat space,

ds^2 = R^2 ( −dY^2_0 − dY^2_5 + 4∑ i=1 dY^2_i ) with Y^2_0 + Y^2_5 − 4∑ i=1 Y^2_i = 1 . (2.11)

Thus in the AdS space, we may take the position of the D5-brane as ϕ_2 = 0 without loss of generality. In the S^5 part, we may identify the location of the brane as ψ = φ_3 = 0.

Finally, the metric of embedding space of the AdS_4 × S^2 where our D5-brane (in the near-horizon limit) lives is given by

ds^2_{(AdS4 ×S}2_) = R^2 [ dρ^2 − cosh^2 ρ dt^2 + sinh^2 ρ ( dθ^2 + cos^2 θ dϕ^2_1 ) + dγ^2 + sin^2 γ dφ^2_1 ] . (2.12)

– 5 –

2.2 String Sigma Model Action of Open String on AdS_4 × S^2

The string sigma model for an open string is given by S = √ λ 2 ∫ dτ ∫_π 0 dσ π [ L_{AdS5} + L_S5 ] , (2.13)

where R^2/α^′ is rewritten in terms of the ’t Hooft coupling λ via the fundamental relation of the AdS/CFT correspondence, R^4/α^{′2} = Ng^2 ≡ λ, and the Lagrangians for the AdS_5 and the S^5 are given by

L_{AdS5} = − 1 2 η^{P Q}∂_aY_P ∂^aY_Q + 1 2 ~Λ (η^{P Q}Y_P Y_Q + 1) , (2.14)

L_S5 = − 1 2 ∂_aX_M ∂^aX_M + 1 2 Λ (X_M X_M − 1) . (2.15)

The index a denotes the world-sheet coordinates (τ, σ) and η^{P Q} = (−1, +1, +1, +1, +1, −1). The functions ~Λ and Λ are the Lagrange multipliers which depend on τ and σ . As in the closed string case, we use the usual conformal gauge and so the action (2.13) is supplemented with the Virasoro conditions to ensure the vanishing of the total two-dimensional energy-momentum tensor: η^{P Q} ( Ẏ_P Ẏ_Q + Y^′_P Y^′_Q ) + Ẋ_M Ẋ_M + X^′_M X^′_M = 0 , (2.16)

η^{P Q}Ẏ_P Y^′_Q + Ẋ_M X^′_M = 0 , (2.17)

where the dot and the prime denote ∂_τ and ∂_σ , respectively.

We can obtain the sigma model charges as

S_{P Q} = √ λ 2 ∫_π 0 dσ π ( Y_P Ẏ_Q − Y_QẎ_P ) , J_{M N} = √ λ 2 ∫_π 0 dσ π ( X_MẊ_N − X_NẊ_M ) .(2.18)

The only difference from the closed string case is the range of σ, which now runs from 0 to π. Then the AdS energy E, the AdS spins S_1 and S_2 , and the S^5 spins J_1, J_2 and J_3 associated with the shifts of t , ϕ_1 , ϕ_2 , φ_1 φ_2 and φ_3 , respectively, are given by

E = S_{50} = √ λ E , S_1 = S_{12} = √ λ S_1 , S_2 = S_{34} = √ λ S_2 ; (2.19) J_1 = J_{12} = √ λ J_1 , J_2 = J_{34} = √ λ J_2 , J_3 = J_{56} = √ λ J_3 , (2.20)

Now we consider the boundary effects. The action (2.13) has an SO(2, 4) × SO(6) global symmetry, but it is spontaneously broken to SO(2, 3) × SO(3)_H × SO(3)_V due to the presence of the AdS-brane. We remark that the charge densities of S_2, J_2 and J_3 should vanish at the boundaries. Here we should also comment on the three-dimensional conformal group SO(2, 3). The four-dimensional conformal group SO(2, 4) is generated by

S_{μν} = M_{μν} , S_{μ4} = 1 2 (K_μ − P_μ) , S_{μ5} = 1 2 (K_μ + P_μ) , S_{54} = D , (2.21)

where μ, ν = 0, 1, 2, 3. The generators M_{μν} , P_μ , K_μ , D are representation of 4D rotation, 4D translation, special conformal and dilatation respectively. One can identify the standard

– 6 – spin with S_1 = S_{12} = M_{12} , and the second (conformal) spin with S_2 = S_{34} =^1_2 (K_3 − P_3) . The conformal energy is the rotation generator in the 0-5 plane, i.e., the AdS energy E = S_{05} =^1_2 (K_0 + P_0) . As we have mentioned above, the four-dimensional conformal group (dim(SO(2, 4))=15) is spontaneously broken to the three-dimensional conformal group (dim(SO(2, 3))=10). Concretely speaking, S_{34} and S_{35} as well as M_{03} , M_{13} , M_{23} are broken. In particular, the broken S_{34} and S_{35} imply the broken P_3 and K_3. As a result, S_2 is also broken. These results reflects the vanishing ϕ_2 on the AdS-brane.

The crucially different point is, as compared to the closed string case, that the open strings on a D-brane (without coupling to a gauge field on the brane) should satisfy either Neumann or Dirichlet boundary condition at their endpoints. Since the D-brane sits on ϕ_2 = 0 in the AdS_5 and ψ = φ_3 = 0 in the S^5 as we have already mentioned, the angular variables ϕ_2, ψ and φ_3 should vanish at both σ = 0 and π : ϕ_2(τ, σ) | |_{σ=0,π} = 0 and ψ(τ, σ) | |_{σ=0,π} = φ3(τ, σ) | |_{σ=0,π} = 0 . (2.22)

We are interested in classical solutions of the sigma model (2.13) satisfying (2.22) .

Here recall that an open string is reduced to half of a closed string via the doubling trick. If we find open string solutions, then those may be related to the solutions of the closed string sigma model via the doubling trick. But the inverse argument does not hold generally. All of the closed string solutions do not lead to open string solutions. Some of the closed string solutions can be ‘opened’ to satisfy the boundary conditions (2.22) and others not. We argue that if and only if the folding number of the folded string or the winding number of the circular string takes the even integer value, those closed string solutions can be split into two open string solutions in our brane setup. This condition for the doubling trick to work can also be found in the gauge theory side. We will make a sufficient argument on this point later in section 5.1.

2.3 Rotating String Ansatz and Sigma Model Charges

We are interested in the string solutions whose energy can be expanded regularly in powers of λ/J^2. They can be obtained by imposing appropriate ansatz on the string sigma model action.

Field Equations and Virasoro Constraints

In the elliptic sectors where the angular variables ϕ_a and φ_i depend only on τ, the original AdS_5 × S^5 Neumann-Rosochatius system reduces to the sum of two Neumann systems, namely one for the AdS_5 and the other for the S^5 [8]. Then the equations of motion in terms of the global coordinates completely decouple into two Neumann systems; one for the (ρ, θ)-system,

for ρ , ρ^{′′} − sinh ρ cosh ρ ( κ^2 + θ^{′2} − ω^2_1 cos^2 θ − ω^2 sin^2 θ ) = 0 , (2.23) for θ , ( sinh^2 ρ θ^′ )_′ − ( ω^2_1 − ω^2 ) sinh^2 ρ sin θ cos θ = 0 , (2.24)

– 7 – and the other for the (γ, ψ)-system,

for γ , γ^{′′} − sin γ cos γ ( w^2_3 + ψ^{′2} − w^2_1 cos^2 ψ − w^2 sin^2 ψ ) = 0 , (2.25) for ψ , ( sin^2 γ ψ^′ )_′ − ( w^2_1 − w^2 ) sin^2 γ sin ψ cos ψ = 0 . (2.26)

Coupled as above at the level of the field equations, those four angular variables are subject to one nontrivial Virasoro constraint,

ρ^{′2} − κ^2 cosh^2 ρ + sinh^2 ρ ( θ^{′2} + ω^2_1 cos^2 θ + ω^2 sin^2 θ ) + γ^{′2} + w^2_3 cos^2 γ + sin^2 γ ( ψ^{′2} + w^2_1 cos^2 ψ + w^2 sin^2 ψ ) = 0 . (2.27)

In both SU(2) and SL(2) sectors, there is a rotating string solution called a folded string, which has a topology of an interval. The folded string in the SU(2) sector and the one in the SL(2) sector are related via an ‘analytic continuation’ of global coordinates, as we will see below. In the SU(2) sector, there is another kind of elliptic solution known as a circular string which has a topology of a circle, and it generally winds around the great circle of the S^5. This circular solution includes a rational circular solution as a certain limit.

In the following, we will see each of the solutions in turn.

Elliptic Folded/Circular Open Strings in SU(2) Sector

The elliptic folded open string in the SU(2) sector is stretched in the ψ-direction within the equator γ = π/2 of S^5 and rotates around its collocated endpoints with angular momentum (or ‘spin’) J_2. The endpoints move along another orthogonal great circle of S^5 with the spin J_1.

On the other hand, the elliptic circular open string wraps around the equator γ = π/2 of S^5. In this circular case, two endpoints have the ψ-coordinate in common at ψ = 0, which is the location of the D5-brane in S^5, whereas the φ_i-coordinate may be different between them, thus it can be distinguished from the elliptic circular closed string.

Figure 1: Open spinning string solutions in far-from-BPS (Frolov-Tseytlin) sector; (a): elliptic folded open string in the SU (2) sector, (b): elliptic circular open string in the SU (2) sector, (c): elliptic folded open string in the SL(2) sector. Here “B.C.” stands for the boundary condition.

– 8 –

The rotating string ansatz for both types of the elliptic strings (folded/circular) in the SU(2) sector is as follows:

AdS_5 side : ρ = 0 , θ = 0 , ϕ_1 = 0 , ϕ_2 = 0 , t = κτ ; (2.28)

S^5 side : γ = π 2 , ψ = ψ (σ) , φ_1 = w_1τ , φ_2 = w_2τ , φ_3 = 0 . (2.29)

This ansatz is endowed with the following boundary condition,

ψ (0) = ψ (π) = 0 , (2.30)

instead of the periodic condition of the closed case. With the ansatz (2.28), the AdS_5- and S^5-charges become

S_1 = 0 , S_2 = 0 , E = κ ; (2.31)

J_1 = w_1 ∫_π 0 dσ π cos^2 ψ , J_2 = w_2 ∫_π 0 dσ π sin^2 ψ , J_3 = 0 . (2.32)

Integrating the field equation (2.26) once, we obtain

ψ^{′2} = ( w^2 − w^2_1 ) ( C − sin^2 ψ ) , (2.33)

where C is an integration constant. The arguments we have held so far are valid for both folded and circular string solutions; the topology of the open string depends completely on the value of C.

Let us first see the 0 < C < 1 case. In this case we can set C ≡ sin^2 ψ_0. Then from (2.33), we obtain ψ^′ = ± √( w^2 − w^2_1 ) ( sin^2 ψ_0 − sin^2 ψ ) , (2.34)

where we assumed |w_2| ≥ |w_1|. This is an elliptic folded open string folded in the interval ψ ∈ [0, ψ_0]. The charges are calculated by using the condition (2.34) as { J_1 J_2 } = { w_1 w_2 } ∫_{ψ0} 0 2n dσ π { cos^2 ψ(σ) sin^2 ψ(σ) }/√ ( w^2 − w^2_1 ) ( sin^2 ψ_0 − sin^2 ψ(σ) ) . (2.35)

which can be expressed via complete elliptic integrals of the first and the second, as we will see in section 2.4. Here the integer n counts how many times the open string repeats the period ψ = 0 → ψ_0 → 0. For example, the folding number 1, 3/2, 2 corresponds to those have the shape of “>”, “Z”, “Σ”, respectively. Hence the n-folded open string consists of 2n segments. For example, when n = 1, ψ(σ) increases from 0 to ψ_0 when σ increases from 0 to π/2, and then decreases back toward ψ = 0 when σ goes on to π. This is just the half trajectory of the closed string case. The radial coordinates for an elliptic folded open string in the SU(2) sector are given by

r_1 (σ; n; x) = cos ψ (σ) = dn (_{2n} π K(1 − x) σ, 1 − x ) , (2.36) r_2 (σ; n; x) = sin ψ (σ) = √ 1 − x sn (_{2n} π K(1 − x) σ, 1 − x ) , (2.37)

– 9 – where σ runs from 0 to π. Here x ∈ [0, 1] is the elliptic moduli for the folded string which has the following geometrical interpretation,^1

x = cos^2 ψ_0 , (2.38)

where ψ_0 is the maximum value of ψ for the folded string in S^5.

On the other hand, an open elliptic circular string appears when C > 1. In this case, the radii are given by

r_1 (σ; n; y) = cos ψ (σ) = cn (_{2n} π K(y) σ, y ) , (2.39) r_2 (σ; n; y) = sin ψ (σ) = sn (_{2n} π K(y) σ, y ) , (2.40)

with y ∈ [0, 1]. This time the elliptic moduli y controls the distribution of the energy density in the open string, and the integer n counts how many times the open string winds around the equator of γ = 0 in the ψ-direction. As is obvious from (2.39) and (2.40), only even-n cases can satisfy the B.C. (2.30) for our open strings. We also note that the position vector ⃗r = (r_1, r_2) for both the folded and the circular strings are invariant under the shift σ → σ + π for the even-n cases, which we can see from Eqs. (B.14)-(B.16).

Clearly, in both folded and circular cases, the doubling trick in terms of the energy-spin relation reads

δ_{(o)}(J^{(o)}_1 , J^{(o)}_2 ) = 1 2 δ_{(c)}(J^{(c)}_1 , J^{(c)}_2 ) , J^{(c)}_i = 2J^{(o)}_i (i = 1, 2) , (2.41)

where the subscripts “c” and “o” indicate the charges of closed and open strings, respectively.

Rational Circular Open String in SU(2) Sector A rational circular string appears in the limit y → 0 of the elliptic circular string:

(r_1 (σ; n; y), r_2 (σ; n; y)) −−−→_{y→0} (cos nσ, sin nσ) . (2.42)

Obviously, only for even n, this solution makes sense as an open string satisfying the boundary condition (2.30). This type of string solution can be also realized as the equal two-spin limit of the so-called ‘constant radii’ (r_i = const.) solution in the SU(2) sector via a global SU(2) rotation, see the arguments below (2.60).

Elliptic Folded Open String in SL(2) Sector In the SL(2) sector, we consider the following two-spin ansatz:

AdS_5 side : ρ = ρ (σ) , θ = 0 , ϕ_1 = ω_1τ , ϕ_2 = 0 , t = κτ ; (2.43)

S^5 side : γ = π 2 , ψ = 0 , φ_1 = w_1τ , φ_2 = 0 , φ_3 = 0 . (2.44)

1 Our definition of x is related to the moduli q used in [8] by the relation x = 1 − q.

– 10 –

With this ansatz, we can construct the elliptic folded open string which is stretched in the ρdirection of AdS_5 and rotates around its collocated endpoints with spin S_1. The endpoints also move in the S^5 side with the spin J_1, along one of the great circle. In contrast to the SU(2) case, the boundary conditions supplied by the D-brane are automatically satisfied within the ansatz (2.44). The charges in this sector are given by

S_1 = ω_1 ∫_π 0 dσ π sinh^2 ρ (≡ S) , S_2 = 0 , E = κ ∫_π 0 dσ π cosh^2 ρ ; (2.45)

J_1 = w_1 (≡ J ) , J_2 = 0 , J_3 = 0 . (2.46)

These charges can be written in terms of the moduli x ∈ [1, ∞), which indicates the maximum value of ρ (which we denote ρ_0) by the relation

x = cosh^2 ρ_0 . (2.47)

One important observation [6, 11] is that, when we reduce the equations of motion and the Virasoro constraint according to our ansatze for the SU(2) (2.28) and the SL(2) (2.44) sector, they map to themselves via the following transformations,

SL(2) : ρ ω_1 κ w_1 ↕ ↕ ↕ ↕ . (2.48) SU(2) : iψ −w_2 −w_1 −κ This can be regarded as a kind of ‘analytic continuation’ between the two metrics (2.7) and (2.8). We can see that the charges in the SL(2) sector are related to those in the SU(2) sigma model via the following analytic continuation:

SL(2) : S_1 E J_1 ↕ ↕ ↕ . (2.49) SU(2) : J_2 −J_1 −E

Note that, in this SL(2) sector, the ρ-coordinates do not have to start with or end with ρ = 0 as σ increases from 0 to π, but we impose these constraints, so that the open string approaches point-like (BPS) string in the limit S − E → 0.

2.4 One-loop String Energy and Ratio of Spins In the string theory side we expand the classical energy in powers of λ divided by the large-spin squared, e.g.,

E (J_1, J_2) = J [ 1 + λ J^2 ϵ^{(1)} (_{J2} J ) + λ^2 J^4 ϵ^{(2)} (_{J2} J ) + . . . ] , (2.50)

with J ≡ J_1 + J_2 for the SU(2) sector, and E (S, J) = S + J [ 1 + λ J^2 ϵ^{(1)} (_S J ) + λ^2 J^4 ϵ^{(2)} (_S J ) + . . . ] , (2.51)

with S ≡ S_1 and J ≡ J_1 for the SL(2) sector.

From now on we present the general expression for the one-loop energy δ_s ≡ ϵ^{(1)}λ/J, and then reduce it to obtain a particular string solution such as folded and circular string.

– 11 –

Generic Form

The ‘ratio-of-spins’ and the one-loop (in λ) string energy of the generic elliptic open string can be written as α_s (x) =

E(x) + i (E(1 − x) − K(1 − x)) K(x) − iK(1 − x)

, (2.52) and δ_s (n; x) = − n^2λ 2π^2J

(−K(x) + iK(1 − x))

× [E(x) + i (E(1 − x) − K(1 − x)) (−K(x) + iK(1 − x))] , (2.53)

respectively, where the moduli x of the complete elliptic integrals takes a real value in [0, 1]. Here the ratio-of-spins α_s represents the ratio of J_2 to the total spin J_1 + J_2 for the (J_1, J_2)-solution in the SU(2) sector, whereas in the SL(2) sector where we consider (S, J)-solution, it plays the role of the ratio of J to S multiplied by −1.

Elliptic Folded Open String

Let us see the case of the folded open string solution in the SU(2) sector. The ratio-of-spins and the one-loop (in λ) energy of the elliptic folded open string are obtained from the generic formulae (2.52) and (2.53) by analytic continuing them past x = 0, which lead to α_{fold} (x) = 1 −

E(1 − x) K(1 − x)

(2.54)

for the ratio-of-spins, and

δ_{fold} (n; x) = − n^2λ 2π^2J

K(1 − x) [−E(1 − x) + xK(1 − x)] , (2.55)

for the energy, respectively. When n = 2, the open string repeats the period of ψ = 0 → ψ_0 → 0 twice, and the energy equals to that of the folded closed string solution whose ψ-coordinate changes 0 → ψ_0 → 0 → −ψ_0 → 0 as σ runs from 0 to 2π. Namely, δ_{fold} (n = 2; 1 − x_0) and α_{fold} (1 − x_0) are equal to Eq. (2.7) of [11].

The folded open string in the SL(2) sector has almost the same expressions as (2.54) and (2.55), only to multiply an extra minus sign in both the energy and the ratio-of-spins, i.e.,

~α_{fold} (z) = −1 +

E(1 − z) K(1 − z)

, (2.56)

~δ_{fold} (n; z) = n^2λ 2π^2J

K(1 − z) [−E(1 − z) + zK(1 − z)] . (2.57)

Again, ~δ_{fold} (n = 2; 1 − x_0) and ~α_{fold} (1 − x_0) are equal to Eq. (B.18) and (B.19) of [11].

– 12 –

Elliptic Circular Open String The ratio-of-spins and the one-loop energy of the elliptic circular string are obtained by the following procedure. First, let us analytically continue the generic function (2.52) and (2.53) past x = 1, and perform a modular transformation making use of the relations (B.4)-(B.5). This gives α_{circ} (y) =

E(y) − (1 − y) K(y) yK(y) (2.58)

for the ratio-of-spins, and δ_{circ} (n; y) =

2n^2λ π^2J

E(y)K(y) (2.59)

for the one-loop energy, where the new moduli is related to the old one via y = 1/x ∈ [0, 1].

In this circular case, contrast to the folded case, the integer n counts how many times the open string winds around the equator. Thus δ_{circ} (n; y) is equal to the energy of the closed string solution with winding number n, which is n^2 times Eq. (D.9) of [11].^2

Rational Circular Open String Let us take the rational limit y → 0 in the ratio-of-spins (2.58) and the one-loop energy (2.59). We have α_{circ} (y) −−−→_{y→0} 1 2 , δ_{circ} (n, y) −−−→_{y→0} n^2λ 2J , (2.60)

which is known as the ‘simplest circular string’ solution in the SU(2) sector. This solution can be also realized as the α_s → 1/2 limit of the ‘constant-radii string’ solution, which follows from the following ansatz,

X_1 + iX_2 = a_1 e^{i(w1 τ +n1 σ)} , X_3 + iX_4 = a_2 e^{i(w2 τ +n2 σ)} (2.61)

with constants a_i. The constant-radii solution can be regarded as the rational limit of the elliptic circular solution when

n_1 = −n_2 ≡ n , and w_1 = w_2 . (2.62)

In this case, the constant-radii-string (2.61) has the same one-loop energy and the ratio-of-spins as (2.60), see Fig. 2 in the next subsection. In fact, they are related through a global SU(2) rotation. We can say that the constant-radii solution can be ‘opened’ to satisfy the boundary conditions (2.30) only when (2.62) are satisfied with an even winding number n; for unequal two-spin cases, the doubling trick does not work well in general.

2.5 Spectroscopy of One-loop Energy via Ratio of Spins

Let us see how one-loop energy behaves as a function of the ratio-of-spins, for each solution in turn.^3 See Figs. 2 and 3. When α_s is zero, (x = 1 in terms of the elliptic moduli,) the

2 The ratio-of-spins α in Eq. (D.9) of [11] is related to (2.58) via α = 1 − αcirc. 3 We thank K. Sakai for useful discussions on this subject.

– 13 –

Figure 2: One-loop string energy vs. ratio of spins. The one-loop energy δ_s (divided by λ/L) for each string solution is shown as a function of α_s. Here the folding number for the elliptic folded open string is n = 2, the winding number for the circular open string is n = 2 and the winding number for the rational circular open string is n = 2. To obtain an open string solution from a closed one via the doubling trick, the folding/winding number of the closed string has to be even.

Figure 3: Distribution of the energy density of an open folded (upper) and an open circular (lower) spinning string at various values of the ratio-of-spins. The upper figures represent the folded open string with folding number n = 1, where the small circles are plotted for σ = kπ/8 (k = 0, . . ., 8). The lower ones represent the circular open string with winding number n = 1, where the small circles are plotted for σ = kπ/16 (k = 0, . . . , 16).

folded open string shrinks to a point-like string on the D5-brane where the string energy does not depend on λ, i.e., BPS. As α_s increases from zero, the point-like open string begins to stretch into the ψ-direction. Starting with the almost point-like (BMN) string

– 14 – near x = 1, let us follow the curve of δ_{fold} as a function of α_{fold} (‘Folded’ branch) in the direction of increasing α_{fold}. The ratio of J_2 to J_1 increases as we follow up the curve. Then the energy density (or tension) of the folded open string begins, as α_{fold} approaches one, to concentrate on around the turning point where ψ-coordinate takes the maximum value ψ_0. This fact can be immediately seen from the σ-dependence of the radii r_i (2.36) and (2.37), and it may well be considered as the effect of ‘centrifugal force’ associated with the dominant J_2-rotation. At the critical point x = 0 where α_{fold} = 1, the folded open string can make a transition into the shape of a circular open string if and only if the folding number is even, say 2n.

Next let us follow the ‘Circular’ branch, which is another branch allowed in the physical region x < 0 of δ_s (2n; x), in the direction of lowering α_{circ}. Then the energy density begins to uniformly distribute all over the open string. In the limit x → −∞ where α_{circ} = 1/2, the density takes the same value at any σ ∈ [0, π]. In this case, the string rotates with equal two spins — this is the rational (simplest) circular open string.

Finally let us follow the ‘Folded’ branch where the ratio-of-spins takes a negative value. This branch corresponds to x ∈ [1, ∞), and the energy vs. ratio-of-spins curve in this region represents the elliptic folded open string in the SL(2) sector.

3. Open Integrable Spin Chain from dCFT : Perturbative Calculation

In this section we discuss the anomalous dimension matrix for the SU(2) sector in the defect conformal field theory (dCFT). First we briefly review the dCFT. Then we calculate the one-loop anomalous dimension matrix for the SU(2) sector, which turns out to be an open SU(2) spin chain Hamiltonian with diagonal boundaries.

Let us make a short review on the dCFT [41]. The total action of the dCFT is given by the action of N = 4 SYM,

S_{N =4} = 1 g^2 ∫ d^4x Tr { 1 2 F_{μν} F^{μν} − iλ^αγ^μD_μλ^α

+ D_μX^iD^μX^j − 1 2 [X^a, X^b]^2 + C^i_{αβ}λ^α[X^i, λ^β] } , (3.1)

together with the actions for the defect fundamental fields (q, Ψ):

S_3 = S_{kin} + S_{yuk} + S_{pot} , (3.2)

S_{kin} = 1 g^2 ∫ d^3x [ (D^kq^m)^†D_kq^m − iΨ^aρ^kD_kΨ^a ] , (3.3)

S_{yuk} = 1 g^2 ∫ d^3x [ iΨ^aP_+λ_{am}q^m − iq^mλ_{ma}P_+Ψ^a + Ψ^aσ^A_{ab}X^A_V Ψ^a ] , (3.4)

S_{pot} = 1 g^2 ∫ d^3x [ q^mX^A_V X^A_V q^m + iϵ_{IJK} q^mσ^I_{mn}X^J_HX^K_H q^n ]

+ 1 g^2 ∫ d^3x [ q^mσ^I_{mn}(D_3X^I_H)q^n + 1 4 δ(0) Tr(q^mσ^I_{mn}q^n)^2 ] . (3.5)

– 15 –

Here the covariant derivative is defined as D_μ∗ = ∂_μ ∗ −i[A_μ, ∗] for the N = 4 adjoint fields and D_k∗ = ∂_k ∗ −iA_k∗ for the fundamental defect fields. The coupling to the defect fields breaks the SO(6)_R symmetry to SO(3)_H × SO(3)_V. As a result, the N = 4 vector multiplet is decomposed into the following two multiplets,

3D vector multiplet : {A_k , P_+λ^α, X^A_V , D_3X^I_H} , (3.6) 3D hyper multiplet : {A_3, P_−λ^α, X^I_H, D_3X^A_V } , (3.7)

where the suffixes k (= 0, 1, 2) and i (= 1, . . ., 6) of SO(6)_R are decomposed into 3 of the SO(3)_V (A = 1, 2, 3) and 3 of the SO(3)_H (I = 4, 5, 6). The defect fields q^m and Ψ^a transform in (2, 1) and in (1, 2) of SO(3)_H × SO(3)_V, respectively.

3.1 One-Loop Analysis of SU(2) sector

Now we concentrate on the SU(2) sector. The SU(2) defect operator consists of J_1 Z’s and J_2 W ’s with two defect fields q^m and q^m on both ends,

O = q_1Z^{J1} W^{J2} q_2 + · · · , (3.8)

where “· · · ” indicates the operator mixing. The ‘length’ of the operator (3.8) is defined by its bare dimension, L + 1 ≡ J_1 + J_2 + 1, and the complex scalars are built out of SO(6) scalars such that Z ≡ ( X^1_H + iX^2_H ) / √ 2 , W ≡ ( X^3_V + iX^4_V ) / √ 2 . (3.9)

The chiral primary operator is given by

O = q_1Z^Lq_2 , (3.10)

which corresponds to the Bethe reference state when we diagonalize the anomalous dimension matrix by using Bethe ansatz techniques. It should be noted that, when we associate this system with an open spin chain system later, the definition of the ‘endpoints’ of the open chain is not the location of the first and the last (L-th) sites of the chain. Instead, we have to identify the endpoints with half-step past the first and the last sites (i.e., the ‘1/2-th’ and the ‘L + 1/2-th’ sites) [44].

In the one-loop level analysis, the defect interactions give additional contributions to the anomalous dimension matrix, whereas the bulk interactions lead to the same result in the closed string case [9]. (See Figs. 4 (a), (b) and (c))

Since Z and W have different flavor symmetries (SO(3)_H and SO(3)_V respectively), these fields give different contributions to the anomalous dimension through flavor-dependent defect interactions. These flavor-dependent defect interactions (of our interest) come from (3.5):

S_{pot} = 1 g^2 ∫ d^3x [ q^mW W q^m + q^mW W q^m + q^mσ^3_{mn}[Z, Z]q_n + · · · ] . (3.11)

– 16 –

Figure 4: The diagrams (a), (b) and (c) show the bulk interactions. The diagrams (d)-(h) contribute to the defect interactions.

In order to obtain the additional contributions, let us concentrate on the left endpoint of (3.8) and consider the following correlation function

Γ_L = ⟨[ q_1X(0) ] X(z_2)q_1(y_1) ⟩ . (3.12)

Here the adjoint scalar complex field X denotes either Z or W . By considering the Callan- Symanzik equation, the one-loop anomalous dimension for Γ_L is obtained as

γ_LΓ^{tree}_L = −Λ ∂ ∂Λ [ Γ^{1-loop}

∂ + Γ^{1-loop}_A + Γ^{1-loop}_q ] − Λ 2 ∂ ∂Λ Γ^{1-loop} X − [ γ_q + γ_X 2 ] Γ^{tree}_L . (3.13)

– 17 –

Each term in the above expression is evaluated as

Λ ∂ ∂Λ Γ^{1-loop} ∂ = λ 8π^2

(four vertex for q_1 and Z : Fig. 1 (d)) − λ 8π^2

(four vertex for q_1 and W : Fig. 1 (e))

, (3.14)

Λ ∂ ∂Λ Γ^{1-loop} A = λ 16π^2

(gluon exchange : Fig. 1 (f)) , (3.15) Λ ∂ ∂Λ Γ^{1-loop} q = − λ 4π^2

(self energy for q^m : Fig. 1 (g)) , (3.16) Λ ∂ ∂Λ Γ^{1-loop} X = λ 8π^2

(self energy for X : Fig. 1 (h)) , (3.17)

γ_q = γ_X = λ 8π^2

(anomalous dimensions for q^m and X), (3.18)

with λ = g^2N. (The common coordinate-dependent factor Γ^{tree}_L = Nδ^3(y_1)δ^4(z_2) is ignored in these equations.) The result (3.14) comes from the flavor-dependent interactions (3.11). By inserting (3.14)-(3.18) into (3.13), the anomalous dimension for Γ_L is obtained as

γ_L =

0 for X = Z 4λ 16π^2 for X = W

. (3.19)

One also obtains the additional contribution to the anomalous dimension from the right endpoint of (3.8) in the same way.

Hence the resulting anomalous dimension matrix for the SU(2) sector is given by

Γ_{SU (2)} = λ 16π^2 L−1∑ l=1 H_{l,l+1} + 4λ 16π^2 ( 1 − Q^W_1 ) + 4λ 16π^2 ( 1 − Q^W_L ) , (3.20)

with H_{l,l+1} = 2I_{l,l+1} − 2P_{l,l+1}.

The bulk part (the first term in (3.20)) is the same as the closed SU(2) spin chain case [9] except the periodicity, and it is written in terms of the identity operator I and the permutation operator P as I^{ilil+1}_{jljl+1} = δ^{il}_{jl} δ^{il+1}_{jl+1} , P^{il il+1}_{jl jl+1} = δ^{il}_{jl+1} δ^{il+1}_{jl} . The projection operators Q^W_{1,L} in the second and the third terms in (3.20) act on the first and the last (L-th) site of the open chain in the following way: Q^W_1 |W · · ·⟩ = 0 , Q^W_1 |Z · · ·⟩ = |Z · · ·⟩ , (3.21) Q^W_L |· · · W ⟩ = 0 , Q^W_L |· · · Z⟩ = |· · · Z⟩ . (3.22) In the matrix notation, Eq. (3.20) can be rewritten as

Γ_{SU (2)} = λ 16π^2 L−1∑ l=1 H_{l,l+1} + λ 16π^2

(4Σ_1 + 4Σ_L) , (3.23)

with H_{l,l+1} = I_{l,l+1} − 3∑ a=1 σ^a_l σ^a_{l+1} ,

– 18 – with

Σ_1 = [ 0 0 0 1 ] (⊗I_{2×2})^L, Σ_L = (I_{2×2}⊗)^L [ 0 0 0 1 ] , I = I_{2×2}^{⊗(L+1)}. (3.24)

The last two terms in (3.23) are the additional contributions coming from the defect interactions. Thus the open spin chain Hamiltonian consists of the bulk part and the integrable boundaries, which ensure the integrability as will be shown below. From the viewpoint of the integrability, the integrable boundaries satisfy the boundary Yang-Baxter relation in addition to the bulk Yang-Baxter relation.^4

The Γ_{SU (2)} is shown to be an open SU(2) integrable spin chain Hamiltonian with diagonal boundaries as follows. The most general Hamiltonian of an integrable SU(n) open spin chain is given by [49, 50, 51, 52]

H_{SU (n)} = L−1∑ l=1 ~H_{l,l+1} + 1 4ξ_− d du K^−_{1,(p)}(u, ξ_−) | | u=0 + tr_0 [ K^+_{0,(p)}(0, ξ_+) ~H_{L,0} ] tr K^+_{(p)}(0, ξ_+)

, (3.25)

together with the n × n diagonal K-matrix

K^±_{(p)}(u, ξ_±) = diag(a^±, . . ., a^± p , b^±, . . ., b^± n−p ) , (3.26)

with

a^− = iξ_− + u , b^− = iξ_− − u , (3.27) a^+ = i (ξ_+ − n) − u , b^+ = iξ_+ + u (3.28)

for any p ∈ {1, ..., n−1}. In the Hamiltonian (3.25), K^+_{l,(p)} denotes the K-matrix which acts on the Hilbert space associated with the l-th site, where we assign l = 0 to the auxiliary space. The two-site (antiferromagnetic) Hamiltonian ~H_{l,l+1} ≡ (P − I)_{l,l+1} /4 acts on the product of the vector spaces C^n × C^n . Here the arbitrary parameters ξ_± may be regarded as certain boundary magnetic fields. They should be determined according to the setup of the dCFT and be evaluated with the perturbative calculation as we have just done for the SU(2) sector.

4 This line of study has been done for the N = 2 Sp(N/2) SYM theory in [33]

– 19 –

The algebraic Bethe equations corresponding to the Hamiltonian (3.25) are given by 1 = [ e_{−2ξ−+p}(u^{(p)}_i )e_{2ξ+−p}(u^{(p)}_i )δ_{p,k} + (1 − δ_{p,k}) ]

× M^{(k−1)}∏

j=1 e_{−1}(u^{(k)}_i − u^{(k−1)}_j )e_{−1}(u^{(k)}_i + u^{(k−1)}_j )

× M^{(k)}∏

j=1(j≠i) e_2(u^{(k)}_i − u^{(k)}_j )e_2(u^{(k)}_i + u^{(k)}_j )

× M^{(k+1)}∏

j=1 e_{−1}(u^{(k)}_i − u^{(k+1)}_j )e_{−1}(u^{(k)}_i + u^{(k+1)}_j ) (3.29)

with e_m(u) ≡ u +^{im}_2 u −^{im}_2 , for i = 1, . . ., M^{(k)} and k = 1, . . ., n − 1. Here we have defined M^{(0)} = L, M^{(n)} = 0, and u^{(0)}_i = u^{(n)}_i = 0.

Turning to the present dCFT case where n = 2 and p = 1, the Hamiltonian (3.25) translates to (up to a constant term),

H^{(p=1)}

SU (2) = − 1 4 [_{L−1} ∑ l=1 H_{l,l+1} + 2 ξ_− Σ_1 + 2 1 − ξ_+

Σ_L ] , (3.30)

with Σ_{1,L} defined by (3.24), and the Bethe equations (denoting M ≡ M^{(1)}), ( u_i + i/2 u_i − i/2 )_{2L} = 2u + i (−2ξ_− + 1) 2u − i (−2ξ_− + 1) · 2u + i (2ξ_+ − 1) 2u − i (2ξ_+ − 1) M∏ j(≠i) u_i − u_j + i u_i − u_j − i · u_i + u_j + i u_i + u_j − i

,(3.31)

for i = 1, . . ., M. The r.h.s. of (3.31) consists of two boundary S-matrices defined at both ends of the chain, and the product of the bulk two-body S-matrices. It should be remarked that the boundary magnetic parameters ξ_± cannot be determined just by assuming the integrability and the SU(2) symmetry. In our case, they should be fixed by the configuration of the D-branes. Indeed, we can see from (3.23) that the defect interaction in the dCFT corresponds to choosing ξ_± = 1/2 in the open SU(2) Hamiltonian (3.30), in which case the boundary S-matrices in (3.31) become trivial.

In the next section, we will derive these results with the coordinate Bethe ansatz approach, where the Bethe wavefunction plays a central role. The analysis of the wavefunction helps us to understand how the boundary conditions of an open string is encoded into the spin chain.

4. Coordinate Bethe Ansatz

In this section we consider the Bethe ansatz equations for the open Heisenberg XXX_{±1/2} chain by the coordinate Bethe ansatz approach. Here XXX_{1/2} chain corresponds to the

– 20 – integrable spin chain model for the SU(2) sector, while XXX_{−1/2} to the SL(2) sector. In the previous section, our one-loop analysis is restricted to the SU(2) sector. It is basically because the direct perturbative calculation for the SL(2) sector of the dCFT is technically difficult. In this section, however, the analysis of the SL(2) sector will be included with some assumption on the boundary terms, which is deduced from the boundary condition for the corresponding open string.

4.1 Open SU(2) Chain

As we previously mentioned, the boundary coefficients of the open SU(2) spin chain cannot be fixed only by assuming the symmetry and the integrability. In this section we pay a special attention to the open spin chain Hamiltonian of the form^5

H^{open}_{XXX1/2} = L−1∑ l=1 (I_{l,l+1} − P_{l,l+1}) + C_1 ( I − Q^W_1 ) + C_L ( I − Q^W_L ) . (4.1)

As we have seen in the previous section, the SU(2) sector of the dCFT has the boundary coefficients C_1 = C_L = 2, but it would be useful not to fix them for the moment and argue the boundary effects in general.

Following [53], we will show how to derive Bethe ansatz equations for the open Heisenberg Hamiltonian (4.1).

M = 1 Case

First we consider the single-magnon case. For the magnon at site x, the eigenvalue equation becomes H|Ψ^{(1)}⟩ = E^{(1)}|Ψ^{(1)}⟩ , (4.2)

with the Hamiltonian (4.1) and the trial eigenfunction x ↓ |Ψ^{(1)}(p)⟩ = ∑ 1≤x≤L ψ(x) |Z . . . ZW Z . . .Z⟩ , (4.3)

with ψ(x) = A(p)e^{ipx} − A(−p)e^{−ipx} . (4.4) The condition that the wavefunction |Ψ^{(1)}⟩ is an eigenstate of H translates to:

E^{(1)}ψ(x) = 2ψ(x) − ψ(x − 1) − ψ(x + 1) , x = 2, . . ., L − 1 , (4.5)

and the boundary conditions are

E^{(1)}ψ(1) = (1 + C_1) ψ(1) − ψ(2) , for x = 1 , (4.6) E^{(1)}ψ(L) = (1 + C_1) ψ(L) − ψ(L − 1) , for x = L . (4.7)

5 In this section we will omit the prefactor λ/(8π^2 ) in front of H^{open}_{XXX1/2} , since it is not essential to our arguments.

– 21 –

Requiring that the condition (4.5) also holds for the boundaries x = 1 and x = L, (4.6) and (4.7) reduce to the following conditions:

ψ(0) = (1 − C_1) ψ(1) , ψ(L + 1) = (1 − C_L) ψ(L) . (4.8)

Plugging (4.4) with (4.8), we obtain

1 = e^{2ipL}B_1(−p)B_L(p) (4.9)

with the boundary S-matrices,

B_1(p) ≡ e^{−ip/2}A(−p) e^{ip/2}A(p) = e^{−ip} − (1 − C_1) 1 − (1 − C_1) e^{−ip}

, (4.10) B_L(p) ≡ e^{−ip}(^{12 +L})A(−p) e^{ip}(^{12 +L})A(p) = e^{ip} − (1 − C_L) 1 − (1 − C_L) e^{ip}

. (4.11)

The factors e^{±ip/2} and e^{±ip}(^{12 +L}) in (4.10) and (4.11) are necessary to take account of the correct identification of the endpoints as we mentioned just below (3.10). The energy can be obtained by plugging the ansatz (4.4) with the eigenvalue equation (4.5), we have

E^{(1)} = 4 sin^2 ( p 2 ) . (4.12)

It can also be written in terms of the rapidity u defined by u ≡ 1 2 cot p 2 , (4.13)

in which case we have E^{(1)} = 1 u^2 +^1_4

. (4.14)

Note that the energy does not depend on the boundary coefficients.

One can determine the wavefunction ψ(x; p) up to a factor that is invariant by the negation of the quasi-momentum p ↔ −p. We have

ψ(x; p) = a(p) {[1 − B_1(p)] cos (p (x − 1/2)) + i [1 + B_1(p)] sin (p (x − 1/2))} , (4.15) = b(p) {[1 − B_L(p)] cos (p (x − L − 1/2)) + i [1 + B_L(p)] sin (p (x − L − 1/2))} (4.16)

in terms of B_1(p) and of B_L(p), respectively. Here a(p) and b(p) are some normalization constants. It can be readily seen that at boundaries the wavefunction satisfies the Dirichlet boundary condition when B_1 = B_L = 1, and Neumann boundary condition when B_1 = B_L = −1. In both cases the condition (4.9) reduces to

1 = e^{2ipL} ⇒ p = πn L (n ∈ Z) . (4.17)

Turning to our actual case where C_1 = C_L = 2, the boundary S-matrices are B_1 = B_L = 1, hence the wavefunction of our concern is determined as x ↓ |Ψ^{(1)}(p)⟩_{SU (2)} = a_n ∑ 1≤x≤L sin [_{πn} L ( x −^1_2 )] |Z . . . ZW Z . . . Z⟩ (4.18)

– 22 –

M = 2 Case Next we turn to the two-magnon case,

H|Ψ^{(2)}⟩ = E^{(2)}|Ψ^{(2)}⟩ . (4.19)

The ansatz for the wavefunction is

x_1 ↓ x_2 ↓ |Ψ^{(2)}⟩ = ∑ 1≤x_1<x_2 ≤L ψ(x_1, x_2) |Z . . .ZW Z . . . ZW Z . . . Z⟩ , (4.20)

with ψ(x_1, x_2) = A(p_1, p_2)e^{i(p1x1+p2x2 )} − A(−p_1, p_2)e^{−i(p1x1 −p2x2)} − A(p_1, −p_2)e^{i(p1 x1−p2x2)} + A(−p_1, −p_2)e^{−i(p1x1+p2x2)} − A(p_2, p_1)e^{i(p2x1+p1 x2)} + A(p_2, −p_1)e^{i(p2x1 −p1x2)} + A(−p_2, p_1)e^{−i(p2x1−p1 x2)} − A(−p_2, −p_1)e^{−i(p2x1+p1 x2)} .(4.21)

Let us first consider the bulk conditions. Here whether the two magnons are nearest neighbors or not is crucial. They read:

for x_2 > x_1 + 1, E^{(2)}ψ(x_1, x_2) = 4ψ(x_1, x_2) − ψ(x_1 − 1, x_2) − ψ(x_1 + 1, x_2) − − ψ(x_1, x_2 − 1) − ψ(x_1, x_2 + 1) , (4.22) for x_2 = x_1 + 1, E^{(2)}ψ(x_1, x_2) = 2ψ(x_1, x_2) − ψ(x_1 − 1, x_2) − ψ(x_1, x_2 + 1) .(4.23)

From these conditions we get the following consistency condition (known as ‘meeting condition’), 0 = 2ψ(x_1, x_1 + 1) − ψ(x_1, x_1) − ψ(x_1, x_1) , (4.24) with the dispersion relation

E^{(2)} = 4 sin^2 (p_1 2 ) + 4 sin^2 ( p_2 2 ) . (4.25)

In addition to these conditions, we also have the boundary conditions

ψ(0, x_2) = (1 − C_1) ψ(1, x_2) , ψ(x_1, L + 1) = (1 − C_L) ψ(x_1, L) . (4.26)

Then from the condition (4.24) with the ansatz (4.21), we have the following necessary conditions: A(p_1, p_2) A(p_2, p_1) = 2 − e^{−ip1} − e^{ip2} 2 − e^{ip1} − e^{−ip2} , (4.27)

giving four conditions in total, corresponding to all the possible permutations and negations. On the other hand, from the boundary condition (4.26), we have 4 + 4 conditions, A(−p_1, p_2) A(p_1, p_2) = 1 − (1 − C_1) e^{ip1} 1 − (1 − C_1) e^{−ip1} , A(p_1, −p_2) A(p_1, p_2) = 1 − (1 − C_L) e^{−ip2} 1 − (1 − C_L) e^{ip2} e^{2i(L+1)p2} . (4.28)

– 23 –

Collecting all these twelve conditions, we arrive at the following compatibility conditions:

e^{2ip1L} = B_1(−p_1)B_L(p_1)S_{SU (2)} (p_1, p_2) S_{SU (2)} (p_1, −p_2) , (4.29) and e^{2ip2L} = B_1(−p_2)B_L(p_2)S_{SU (2)} (p_2, p_1) S_{SU (2)} (p_2, −p_1) , (4.30)

where, as before, B_1 (p) and B_L (p) are the boundary S-matrices defined at the endpoints, and S_{SU (2)}(p) is the bulk S-matrix defined by the negation of l.h.s. of (4.27):

S_{SU (2)} (p_1, p_2) = − 2 − e^{−ip1} − e^{ip2} 2 − e^{ip1} − e^{−ip2} . (4.31)

These conditions can be rewritten in terms of the rapidities u_1, u_2 as ( u_1 + i/2 u_1 − i/2 )_{2L} = 2C_1u_1 + (2 − C_1) i 2C_1u_1 − (2 − C_1) i · 2C_Lu_1 + (2 − C_L) i 2C_Lu_1 − (2 − C_L) i · u_1 − u_2 + i u_1 − u_2 − i · u_1 + u_2 + i u_1 + u_2 − i , (4.32) ( u_2 + i/2 u_2 − i/2 )_{2L} = 2C_1u_2 + (2 − C_1) i 2C_1u_2 − (2 − C_1) i · 2C_Lu_2 + (2 − C_L) i 2C_Lu_2 − (2 − C_L) i · u_2 − u_1 + i u_2 − u_1 − i · u_2 + u_1 + i u_2 + u_1 − i . (4.33)

These are the Bethe ansatz equations for the open Heisenberg chain with Hamiltonian (4.1) with two magnons. We can determine the coefficient A(p_1, p_2) from the conditions (4.27)-(4.28) up to a factor which is invariant under the interchange of two momenta and the negation of either of the momenta. One finds that

A(p_1, p_2) = e^{−i(L+1)(p1+p2 )} ( 1 − (1 − C_L) e^{ip1} ) ( 1 − (1 − C_L) e^{ip2} ) × × e^{−ip2} ( 1 − 2e^{ip1} + e^{i(p1+p2 )} ) ( 1 − 2e^{ip2} + e^{i(−p1+p2 )} ) (4.34)

solves the twelve conditions and the Bethe ansatz equations.

General Case We extend the argument to the general M-magnon case, where the Bethe wavefunction is given by ψ (x_1, . . ., x_M ) = ∑ P,N ϵ_{P,N} A (p_1, . . ., p_M ) e^{i(p1x1+···+pM xM )} , (4.35) where the sum is taken over all the permutations and the negations of {p_1, . . ., p_M }, and for each of such mutations, ϵ_{P,N} changes sign. The coefficients are found to be

A (p_1, . . ., p_M ) = M∏ j=1 e^{−i(L+1)pj} ( 1 − (1 − C_L) e^{ipj} ) × × ∏ 1≤j<k≤M e^{−ipk} ( 1 − 2e^{ipj} + e^{i(pj +pk )} ) ( 1 − 2e^{ipk} + e^{i(−pj +pk )} ) .(4.36)

The quasi-momenta {p_j} satisfy the following Bethe ansatz equation:

e^{2ipjL} = B_1(−p_j )B_L(p_j) M∏ k=1,k≠j S_{SU (2)}(p_j, p_k)S_{SU (2)}(−p_j , p_k) , (4.37)

– 24 – or in terms of the rapidities, ( u_j + i/2 u_j − i/2 )_{2L} = 2C_1u_j + (2 − C_1) i 2C_1u_j − (2 − C_1) i · 2C_Lu_j + (2 − C_L) i 2C_Lu_j − (2 − C_L) i × × M∏ k=1,k≠j ( u_j − u_k + i u_j − u_k − i ) ( u_j + u_k + i u_j + u_k − i ) , (4.38)

for j = 1, . . ., M. The energy of the M-magnon state is given by the sum of that of each magnon state,

E^{(M )} = 2 M∑ j=1 (1 − cos k_j ) = M∑ j=1 1 u^2_j +^1_4

, (4.39)

which is still independent of the boundary terms C_{1,L}.

4.2 Open SL(2) Chain

In the closed chain case, the coordinate Bethe ansatz for the SL(2) sector has been studied by Staudacher in [54], where the other two-spin sectors, SU(2) and SU(1|1), are also studied. We will briefly review the idea below.

The closed spin chain Hamiltonian in the SL(2) sector of N = 4 SYM has been obtained in [55] and is given by

H_{XXX−1/2} = L∑ l=1 H^{l,l+1}_{XXX−1/2} . (4.40)

The Hamiltonian density acts on the state vector |. . . k_l, k_{l+1}, . . .⟩ in the following way: H^{l,l+1}_{XXX−1/2} |n, n − k⟩ = n∑ k^′=0 ( δ_{k=k}′ (h(k) + h(n − k)) − δ_{k≠k}′ |k − k^′| ) |k^′, n − k^′⟩ , (4.41)

where h(k) are harmonic numbers defined by h(k) = ∑_k j=1 1/j, and δ_{k=k}′ ≡ δ_{k,k}′ and δ_{k≠k}′ ≡ 1 − δ_{k,k}′ in terms of the standard Kronecker delta.

As we are interested in the open spin chain Hamiltonian for this sector, we need to calculate the boundary terms associated with the defect interaction in the SL(2) sector by using the dCFT, where the operator with the magnon number S takes the form

O = q_1 ( D^{S1} Z ) . . . ( D^{SL} Z ) q_2 + · · · , S ≡ S_1 + · · · + S_L , D ≡ D_0 + iD_1 . (4.42)

In the SU(2) case, we have determined them through the perturbative calculation of oneloop diagrams in Section 3, and then derived the Bethe ansatz equations for the open spin chain. In the SL(2) sector, however, we have not yet succeeded in performing a direct perturbative calculation in the dCFT of our concern, such as ⟨ [q_1DZ (0)] Z (z_2) q_1 (y_1) ⟩ . (4.43)

Nevertheless we can expect that the resultant contribution of the defect interaction vanishes from the following argument. According to our ansatz (2.44), the string solution in the

– 25 –

SL(2) sector cannot obey the Dirichlet boundary condition, since the AdS_3 × S^1-subspace,

in which the whole of the open string of this sector is immersed, is completely contained in

the AdS_4 × S^2-brane where the endpoints of the open string can freely move. As we know

from the well-established scenario for other bosonic sectors [44, 34], in light of AdS/CFT

duality, the excitations propagating on the open string can be naturally mapped to the

magnon wave states on the corresponding open spin chain. These observations lead us to

argue that in our SL(2) sector of the dCFT have vanishing boundary terms so that the

endpoints also subject to the Neumann boundary condition.

Thus it would be sufficient to consider an open SL(2) spin chain Hamiltonian with

free boundary (no boundary terms), which takes the same form as the closed case (without

periodicity),

H^{open}_{XXX−1/2} = L−1∑ l=1 H^{l,l+1}_{XXX−1/2} , (4.44)

only to reduce the number of sites by one. The Bethe wavefunction for the single-impurity

case is given by x ↓ |Ψ^{(1)}(p)⟩_{SL(2)} = ∑ 1≤x≤L ψ(x) |Z . . . Z (DZ) Z . . . Z⟩ , (4.45)

and for the two-impurity case,

x_1 ↓ x_2 ↓ |Ψ^{(2)}(p_1, p_2)⟩_{SL(2)} = ∑ 1≤x_1≤x_2 ≤L ψ(x_1, x_2) |Z . . .Z(DZ)Z . . . Z(DZ)Z . . . Z⟩ , (4.46)

where ψ(x) and ψ(x_1, x_2) are defined as (4.4) and (4.21), respectively. Note that the two

impurities can occupy the same site in this case. We can read off from (4.41) the action of

the Hamiltonian density on the neighboring spin states: H |. . . (DZ) Z . . .⟩ = |. . .(DZ) Z . . .⟩ − |. . . Z (DZ) . . .⟩ , H |. . . Z (DZ) . . .⟩ = − |. . . (DZ) Z . . .⟩ + |. . . Z (DZ) . . .⟩ , H | |. . .(D2Z) Z . . .⟩ =^3_2 | |. . .(D2Z) Z . . .⟩ − |. . .(DZ) (DZ) . . .⟩ −^1_2 | |. . . Z (D2Z) . . .⟩ , H |. . . (DZ) (DZ) . . .⟩ = − | . . . ( D^2Z ) Z . . . ⟩ + 2 |. . .(DZ) (DZ) . . .⟩ − | . . . Z ( D^2Z ) . . . ⟩ , H | . . .Z ( D^2Z ) . . . ⟩ = −^1_2 | . . . ( D^2Z ) Z . . . ⟩ − |. . . (DZ) (DZ) . . .⟩ +^3_2 | . . .Z ( D^2Z ) . . . ⟩ , H | . . . ( D^3Z ) Z . . . ⟩ =^{11}_6 | . . . ( D^3Z ) Z . . . ⟩ − | . . . ( D^2Z ) (DZ) . . . ⟩ − −^1_2 | . . . (DZ) ( D^2Z ) . . . ⟩ −^1_3 | . . .Z ( D^3Z ) . . . ⟩ , and so on. Thus we have

for x_2 > x_1, E^{(2)}ψ(x_1, x_2) = 4ψ(x_1, x_2) − ψ(x_1 − 1, x_2) − ψ(x_1 + 1, x_2) −

− ψ(x_1, x_2 − 1) − ψ(x_1, x_2 + 1) , (4.47)

for x_2 = x_1, E^{(2)}ψ(x_1, x_2) = 3ψ(x_1, x_2) − ψ(x_1 − 1, x_2) − ψ(x_1, x_2 + 1) − − 1 2 ψ(x_1 − 1, x_2 − 1) − 1 2 ψ(x_1 + 1, x_2 + 1) . (4.48)

– 26 – and the ‘meeting condition’ becomes,

0 = 2ψ(x_1, x_1)−2ψ(x_1+1, x_1)−2ψ(x_1, x_1 −1)+ψ(x_1−1, x_1 −1)+ψ(x_1+1, x_1 +1) , (4.49)

with the same dispersion relation as (4.25). From this condition we get the Bethe ansatz equations for the SL(2) sector as

e^{2ip1L} = S_{SL(2)} (p_1, p_2) S_{SL(2)} (p_1, −p_2) and e^{2ip2L} = S_{SL(2)} (p_2, p_1) S_{SL(2)} (p_2, −p_1) , (4.50) with the bulk S-matrix

S_{SL(2)} (p_1, p_2) = − 2 − e^{−ip2} − e^{ip1} 2 − e^{ip2} − e^{−ip1} , (4.51)

which is just the reciprocal of that in the SU(2) sector (4.31). As we have done for the SU(2) sector, we can rewrite these equations in terms of the rapidities {u_i}, which take real values for the SL(2) sector. In the general M-magmon case (where now M is replaced by S in (4.42)), the energy is given by (4.39) just as in the SU(2) case.

We conclude that the bulk S-matrix for the SL(2) sector is given by (4.51) and the boundary S-matrix is expected to equal −1 on both sides of the chain, ensuring the Neumann boundary conditions.

5. Scaling Limit of Open Heisenberg Chain

So far we have explored the finite L case. Now let us take the scaling limit. Then the problem of solving the Bethe ansatz equation can be translated into solving the associated Riemann-Hilbert problem. We are mainly interested in the solutions which can be obtained by ‘opening’ the two-cut solutions, which have been well studied in the closed spin chain case [10, 11, 12, 15]. For these solutions, the filling fraction and the anomalous dimension are expressed by means of the complete elliptic integrals. Among them, so-called ‘double contour’ solutions in the SU(2) and the SL(2) sector, and ‘imaginary root’ solutions in the SU(2) sector are important. They are known to be the gauge duals of the elliptic folded and the elliptic circular strings, respectively.

In this section we examine the elliptic solutions of those kinds in the open spin chain case. First we take the scaling limit and construct the Bethe string solutions for the open Bethe equation (4.38) by formulating the ‘doubling trick’ in the spin chain language. Then we show the large L expanded expression of the anomalous dimensions of the open operators (3.8), for each solution in turn. We also discuss the relation between the rational (single-cut) solution and the half-filling limit of the imaginary root solution. Finally we make some comments on the SU(3) sector.

5.1 Doubling Trick in Gauge Theory Let us consider the scaling limit of the Bethe equation. As usual, by rescaling u_j → Lx_j after taking log, the Bethe equation (4.38) can be recast into the following form, ± 2 x_j − 2πn = 2 L M∑ k=1, k≠j ( 1 x_j − x_k + 1 x_j + x_k ) , (5.1)

– 27 – with arbitrary mode number n. The “±” signature in front of the l.h.s. of (5.1) corresponds, respectively, to the SU(2) (“+”) and to the SL(2) (“−”) case. Here the symbol M denotes the ‘magnon’ number, which is either J_2 (the number of W -impurity) in the SU(2) case, or S (the number of D-impurity) in the SL(2) case. Note that in both cases the contribution of the boundary S-matrices have been dropped in the strict scaling limit L → ∞, for it scales as 1/L.^6

In formulating the ‘doubling trick’ in the SU(2) and the SL(2) sectors of the gauge theory, we assume that all the rescaled Bethe roots {x_j } have the same mode-number n, and they form a single contour in the rescaled complex plane. Now let us add another set of M Bethe roots defined by {x_{M +k}}_{k=1,...,M} ≡ {−x_k}_{k=1,...,M} . These new Bethe roots have the mode number −n and form another contour in the complex plane that is just the symmetric image of the original Bethe string. Then we can rewrite (5.1) as ± 1 x_j − πn = 2 2L 2M∑ k=1, k≠j 1 x_j − x_k , (5.2)

which is just the Bethe ansatz equation for the closed chain whose length is now 2L with 2M impurities. The point is that, in order for this reinterpretation to work well, the mode number n has to be an even integer rather than arbitrary one. This feature can be compared to the fact that the folding or the winding number has to be even in the string theory side.

There are several types of the Bethe string solutions for the Bethe equation for the closed spin chain (5.2). One of the examples is the double contour solution, which has two cuts which distribute symmetrically with respect to the imaginary axis. The cuts in the SU(2) sector stretch in the imaginary direction (the upper of Fig. 5), whereas those in the SL(2) sector are known to lie completely on the real axis (the lower of Fig. 5). The imaginary root solution (Fig. 6) is another example, which exists for the SU(2) sector. It has symmetric two cuts on the imaginary axis, with a ‘condensate’ of the Bethe roots between the inner branch points of the two cuts.

To extract the open spin chain solutions from the closed ones listed above, we have only to divide the Bethe roots on the complex plane into two sets which are symmetric with respect to the origin [33, 48]. After we take the scaling limit, this operation means to extract either one of the symmetric two cuts, identifying the other as its mirror. This corresponds, in the string theory side, to extract only one of the modes (left/right modes) propagating on a closed string, namely the doubling trick. As is obvious from the anomalous dimension/Bethe root relation as well as the quasi-momentum/Bethe root relation, γ = M∑ j=1 1 1 4 + u^2_j

, u_j = 1 2 cot p_j 2 , (5.3)

6 This feature can also be captured from the viewpoint of the Landau-Lifshitz sigma model approach. When we construct a coherent state for the open SU(2) chain with the Hamiltonian (4.1), the long wavelength macroscopic spin wave ‘feels’ not only the L − 1 bulk sites (here L is taken to be sufficiently large), but also the 1/2 + 1/2 extra sites which correspond to the two defect fields q^m , q^m . Hence, in effect, there are L sites in total, giving the same spatial occupation to the spin wave as in the closed case.

– 28 – those roots symmetric about the origin have the same anomalous dimensions and can be viewed as a pair of an ‘incident wave’ and a ‘reflected wave’ propagating on an open string. Thus we have the relation

γ_{(o)}(J^{(o)}_1 , J^{(o)}_2 ) = 1 2 γ_{(c)}(J^{(c)}_1 , J^{(c)}_2 ) , J^{(c)}_i = 2J^{(o)}_i (i = 1, 2) , (5.4)

i.e., the doubling trick for both the SU(2) and the SL(2) sectors holds just as in the string theory case (2.41).^7

It is meaningful to comment on how this doubling trick works for the various values of the boundary coefficients C_{1,L} in the SU(2) sector. In the case of C_{1,L} = 0 (Neumann) or C_{1,L} = 2 (Dirichlet), this trick works well for arbitrary L. (For the comparison with the string theory side, we should take L large enough). In these cases the boundary S-matrices reduce to B_{1,L} = −1 for C_{1,L} = 0 case and B_{1,L} = 1 for C_{1,L} = 2 case; they do not depend on the quasi-momenta, or spectral parameters. As a result, it is allowed to compare the boundary conditions in the dCFT side with those of the open spinning strings. In fact, for the SU(2) sector, we find that the boundary conditions match on both sides at finite (but large) L. That is to say, the doubling trick works interestingly even at the finite L case.

It is also valuable to comment on the C_{1,L} ≠ 0, 2 cases, though those are out of our present scope. In our setup, the D5-brane is supposed not to be a dynamical object and furthermore it does not couple to the gauge fields on the brane. Hence the endpoints of the open string cannot satisfy the boundary conditions other than Neumann or Dirichlet one. In the gauge theory side, on the other hand, C_{1,L} ≠ 0, 2 correspond to the cases where the endpoints of the open spin chain satisfy neither Neumann nor Dirichlet boundary condition, with rapidity-dependent phase shifts. Thus it would be difficult to extend our analysis to see the AdS/dCFT correspondence to the cases of C_{1,L} ≠ 0, 2.

Nevertheless, eve in the C_{1,L} ≠ 0, 2 cases, the spin chain solutions can be a comparable object to the classical spinning string solutions, once we take the scaling limit L → ∞. In this limit, as we have mentioned, the contribution of the boundary S-matrices drops out of the Bethe equations written in terms of the rescaled spectral parameters. Then we can naturally take one of the symmetric two cuts, which are the solutions of the closed spin chain, to obtain the open chain solutions. That is, in these cases, the analysis of an open spin chain is nothing more than that of a closed spin chain, without any intrinsic feature to an open object.

5.2 Riemann-Hilbert Problem In this subsection we review some basic facts about the Riemann-Hilbert problem in the closed SU(2) and SL(2) sector. For details, see [12, 15].^8 The extension to the open cases

7 In fact, one can establish a doubling trick for the gauge theory at the level of the un-rescaled Bethe roots. In this case, the set of roots to be doubled by the trick is, one of the Bethe strings ±[a, b] for the double contour solution, and similarly, one of ±[is, it] for the imaginary root solution.

8 The algebraic curve for the SO(6) sector (Rt × S^5) has been constructed in [56] and the one for the SO(4, 2) sector (AdS5 × S^1) is done in [57]. This line of study has been extended further to the full P SU(2, 2|4) sector (AdS5 × S^5) in [58].

– 29 – is straightforward, since, in the scaling limit, all we have to do is to restrict the solution of closed case to the case of even n (mode number), just as we have seen in the previous subsection.

First note that the Bethe equation (4.38) in the scaling limit can also be written in the following integral form ± 1 x + 2πn_l = 2 − ∫ C_l dx^′ σ(x^′) x − x^′ + 2 ∑ k(≠l) ∫ C_k dx^′ σ(x^′) x − x^′ , x ∈ C_l , (5.5)

where − ∫ dx^′ means an integration for the principal value. As before, the “±” signatures in front of the l.h.s. of (5.5) correspond, respectively, to the SU(2) (“+”) and to the SL(2) (“−”) case. The anomalous dimension (4.39) also translates to γ = λ 8π^2L ∑ k ∫ C_k σ(x) x^2 dx . (5.6)

Denoting the scaling dimension of the SYM operator (3.8) or (4.42) as Δ, the anomalous dimension (5.6) represents Δ − L in the SU(2) case, and Δ − L − S in the SL(2) case.

In both cases the Bethe root density for x_j is defined as σ(x) ≡ 1 L M∑ j=1 δ(x − x_j ) , (5.7)

which is assumed to have the support on a set of disconnected contours {C_k}_{k=1,...,K} in the complex plane. The normalization is α ≡ ∑ k ∫ C_k σ(x)dx = M L , (5.8)

where M = J_2 for the SU(2) case and M = S for the SL(2). It is useful to introduce the following resolvent in solving the integral equation, G(x) ≡ ∑ k ∫ C_k dx^′ σ(x^′) x − x^′ . (5.9)

Then the integral equation (5.5) becomes

G(x + i0) + G(x − i0) = ± 1 x + 2πn_l, x ∈ C_l, (5.10)

together with the one-loop anomalous dimension (5.6), γ = − λ 8π^2L

G^′(0) . (5.11)

Now introduce the Riemann surface Σ for the general K-cut problem in the following form:

Σ : y^2 = x^{2K} + c_1x^{2K−1} + · · · + c_{2K−1}x + c_{2K} = K∏ k=1 [(x − a_k) (x − b_k)] , (5.12)

– 30 – where a_k , b_k is the endpoints of the k-th cut C_k, endowed with the reality constraint. For this general elliptic curve, the resolvent can be written as G (x) = − c_{2K−1} 4c_{2K} + x ( − c_{2K−2} 4c_{2K} + c^2_{K−1} 16c^2_K + a √ c_{2K} ) + O ( x^2 ) , (5.13)

from which one can obtain the general formula for the one-loop anomalous dimension (using (5.11)) [12, 15], γ = λ 8π^2L ( c_{2K−2} 4c_{2K} − c^2_{K−1} 16c^2_K − a √ c_{2K} ) . (5.14)

The parameter a is related to the filling fraction α as ±α = 1 2 − a , (5.15)

where the upper sign corresponds to the SU(2) case and the lower to the SL(2). We will use this formula to discuss the general anomalous dimension formula for K = 1 (rational) and K = 2 (elliptic) cases in the following subsections.

5.3 One-loop Anomalous Dimension and Filling Fraction The anomalous dimension and the filling fraction of the general elliptic solution for the closed spin chain case can be seen from Appendix A, where the Riemann-Hilbert problem associated with the elliptic solutions is solved up to the three-loop level. Consequently, the generic formula for the one-loop anomalous dimension can be extracted from (A.21). The anomalous dimension of the defect operator (3.8) is related to that of a single trace operator as (5.4), and is given by

γ_g (n; ξ) = − n^2λ 8π^2L

(K(1 − ξ) + iK(ξ))

× [−2E(1 − ξ) + 2iE(ξ) + (1 + ξ) K(1 − ξ) − i (1 − ξ) K(ξ)] . (5.16)

Here the real part of the elliptic moduli ξ takes a value in [0, 1], and the integer n is the mode number for the single (elliptic) contour associated with the open spin chain solution. When n is an even integer, say 2n^′, (5.16) is equal to the one-loop anomalous dimension for the closed spin chain with mode number n^′. As is obvious from the ‘doubling trick’ procedure, the filling fraction for the open spin chain is just the same as the closed spin chain case, which we see from (A.19) as

α_g (ξ) = 1 2 − 1 2 √ ξ E(1 − ξ) − i (E(ξ) − K(ξ)) K(1 − ξ) + iK(ξ)

. (5.17)

Halved Double Contour Solution The filling fraction and the one-loop anomalous dimension of the halved double contour solution in the SU(2) sector can be obtained from the generic formulae (5.17) and (5.16) by analytic continuing them past ξ = 0. These are given by

α_{DC} (ξ) = 1 2 − 1 2 √ ξ E(1 − ξ) K(1 − ξ)

, (5.18)

– 31 –

Figure 5: (Halved) double contour solution in the SU (2) (upper) and the SL(2) (lower) sectors.

and γ_{DC} (n; ξ) = − n^2λ 8π^2L

K(1 − ξ) [−2E(1 − ξ) + (1 + ξ) K(1 − ξ)] . (5.19)

The halved double contour solution in the SL(2) sector has almost the same expressions as (5.18) and (5.19), only to be negated, i.e.,

~α_{DC} (ζ) = − 1 2 + 1 2 √ ζ E(1 − ζ) K(1 − ζ)

, (5.20)

~γ_{DC} (n; ζ) = n^2λ 8π^2L

K(1 − ζ) [−2E(1 − ζ) + (1 + ζ) K(1 − ζ)] . (5.21)

As we have mentioned before, in order for (5.19) and (5.21) to represent the one-loop anomalous dimension of the open spin chain solution, which results from the closed one via the ‘doubling trick’, the mode number n has to be an even integer. Indeed, γ_{DC} (2n; ξ) and ~γ_{DC} (2n; ζ) (i.e., the anomalous dimensions of the open spin chains with the mode number 2n) are equal to those of the corresponding closed spin chains with mode number n, which are n^2 times Eqs. (2.8) and (C.12) of [11], respectively.

Halved Imaginary Root Solution

The filling fraction and the one-loop anomalous dimension of the halved imaginary root solution are obtained by the following procedure. First, let us analytic continue the generic functions (5.17) and (5.16) past ξ = 1, then modular transform the resulting expressions

– 32 –

Figure 6: (Halved) imaginary root solution in the SU (2) sector.

using the relations (B.4)-(B.5). As the result, we obtain the filling fraction,

α_{IR} (η) =

K(η) − E(η) + √ η K(η) 2 √ η K(η) , (5.22)

and the one-loop anomalous dimension,

γ_{IR} (n; η) = n^2λ 8π^2L

K(η) [2E(η) − (1 − η) K(η)] , (5.23)

where the new moduli is related to the old one via η = 1/ξ ∈ [0, 1]. Similar to the halved double contour case, γ_{IR} (2n; η) is equal to the one-loop anomalous dimension of closed spin chain solution having a condensate of density n, which is n^2 times Eq. (D.4) of [11].^9

5.4 Endpoints of Bethe String It is valuable to note the expressions for the endpoints of the elliptic solutions just we have seen. We denote the four endpoints of the elliptic solution (after taking the scaling limit) as ±a (n; ξ) and ±b (n; ξ) where ξ is the same moduli parameter utilized to describe the filling fraction and the one-loop anomalous dimension in the previous subsection. Their generic forms can be cast into the forms,

a (n; ξ) = 1 4n (K(1 − ξ) + iK(ξ)) , b (n; ξ) = 1 4n √ ξ (K(1 − ξ) + iK(ξ))

. (5.24)

The endpoints of the double contour solution can be obtained by analytic continuing them past ξ = 0, and we obtain a (n; ξ) ≡ 1 4nK(1 − ξ) , b (n; ξ) ≡ 1 4n √ ξ K(1 − ξ)

, (5.25)

where 0 < Re ξ < 1. To get the endpoints of the imaginary root case, all we have to do is to rewrite the moduli from ξ to η = 1/ξ. As a result we have −it (n; η) ≡ − i 4n √ η K(η) , −is (n; η) ≡ − i 4nK(η) . (5.26)

9 The filling fraction α in Eq. (D.4) of [11] is related to (5.22) as α = 1 − αIR.

– 33 –

Note that the elliptic moduli are related to the endpoints as ξ = a (n; ξ)^2 b (n; ξ)^2 , η = s (n; η)^2 t (n; η)^2

. (5.27)

Here the region 0 < Re ξ < 1 corresponds to the double contour solution, whereas 1 < Re ξ, i.e., 0 < Re η < 1, to the imaginary root one.

Figure 7: One-loop anomalous dimension vs. filling fraction. The anomalous dimension γ_g (divided by λ/L) for each string solution is shown as a function of α_g. Here the mode number (B-cycle) for the halved double contour solution is n = 2, the condensation density (A-cycle) for the halved imaginary root solution is n = 4 and the mode number for the rational (single-cut) solution is n = 2. To obtain an elliptic open spin chain solution from a closed one via the doubling trick, the A- or B-cycle associated with the closed case has to be even. The figure can be compared to the α_s < 1/2 region of Fig. 2 in the string theory side. We also note that the curve for the double contour distribution has a singular point (turning point) at ξ = −1.

5.5 Rational Limit in Gauge Theory In this subsection we consider the rational solutions in the spin chain side. We can reach a rational solution by taking η → 0 limit in the imaginary root solution [10, 12]. In this limit the outer branch points ±it in the rescaled complex plane go to infinity, whereas the inner ones remain at finite distance from the origin: (±is(n; η), ±it(n; η)) −−−→_{η→0} ( ± i 2nπ , ±i∞ ) . (5.28)

Thus the original Riemann surface with two cuts reduces to the one with single-cut, with nonzero condensate between two branch points, giving a non-vanishing A-cycle for the cut. In this limit the filling fraction and the one-loop anomalous dimension become α_{IR} (η) −−−→_{η→0} 1 2 , γ_{IR} (n; η) −−−→_{η→0} n^2λ 8L . (5.29)

– 34 –

We see that they match to the string theory results (2.60) via the identification: n_{gauge} = 2n_{string} and L = J.

This type of rational solution can be physically equivalent to another configuration of Bethe string; a single-cut solution of the Riemann-Hilbert problem [12]: 2 − ∫ C dξ ρ (ξ) q − ξ = 1 q + 2πn , (q ∈ C) , (5.30)

where C denotes the single Bethe string. In the closed spin chain case, the ratio of the momentum, which is given by P = 1 L J∑ k=1 1 q − q_k ≡ m , (5.31)

to the mode number n defines the filling fraction, α = m n . (5.32)

In terms of these parameters the elliptic curve on the Riemann surface is represented by

y^2 = q^2 − 2α − 1 πn q + 1 4π^2n^2

, (5.33)

from which we can read off the coefficients defining the Riemann surface (5.12) as

c_1 = − 2α − 1 πn , c_2 = 1 4π^2n^2

. (5.34)

Finally we get the one-loop energy for the single cut solution by inserting these coefficients to the general formula (5.14) as γ = λ 8π^2L ( 1 4r_2 − r_1^2 16r_2^2 ) = λn^2α (1 − α) 2L . (5.35)

It takes the maximum value at α = 1/2, which turns out to give the same result as the α_{IR} → 1/2 limit of the elliptic imaginary root case (5.29).

The single-cut solution in the SL(2) sector [15] can be obtained just by negating the α and γ simultaneously, as we have noted before, as a realization of the ‘analytic continuation’ in gauge theory.

Here we should remark when and how the doubling trick works for the single-cut solution above. Let us remind that the Bethe roots for the closed spin chain have to distribute symmetrically with respect to the origin, in order for the doubling trick to work well. With this in mind, we see that the doubling trick works only for the single-cut solution in the SU(2) sector with α = 1/2. In this case, the two branch points of the single-cut go to ±i/(2nπ) on the imaginary axis, and the configuration of the Bethe string in the Riemann surface becomes equivalent to that of the α → 1/2 limit of the imaginary root solution, which has a well-established doubling trick interpretation between the closed and open cases. Note that we have encountered similar situation in the string theory side, see the argument below (2.62).

– 35 –

5.6 SU(3) sector

We conclude this section by making some comments on the duality in the SU(3) sector. In the closed case, the SU(3) sector of N = 4 SYM is closed at one-loop level. But, in the open case, the SU(3) sector is not closed any more due to the presence of defect interactions. To see this, let us concentrate on the left endpoint of the dCFT operator, q_1X, where X is either one of Z, W and V with Z = ( X^1_H + iX^2_H ) / √ 2 , W = ( X^3_V + iX^4_V ) / √ 2 , V = ( X^5_H + iX^6_V ) / √ 2 . (5.36)

One can show from a direct computation that the operator q_1X mixes with 3 q_1V − q_1V + 2q_2Z as well as q_1Z and q_1W from the one-loop effect. This implies that the SU(3) sector is not closed in this open case. This observation is consistent with the analysis in the open string side where we cannot construct three-spin solutions satisfying the boundary conditions supplied by the D5-brane. Concretely speaking, the Cartan charge J_3 ≡ J_{56} defined by (2.18) has to be zero in our brane setup.

6. Conclusion and Discussion

In the string theory side, we have considered rotating string solutions for open strings on an AdS_4 × S^2-brane in the bulk AdS_5 × S^5 background. We have first formulated the coordinate system to specify the sigma model charges such as energy and spins, then we considered two-spin solution in the SL(2) and the SU(2) sectors with appropriate rotating string ansatze. On the other hand, in the gauge theory side, we computed the matrix of anomalous dimension for the SU(2) sector and showed it was represented by an open integrable spin chain with diagonal boundary. Then we carried out the Bethe ansatz to diagonalize the anomalous dimension matrix, and showed the boundary condition for the Bethe wavefunction matched to that of the open string in the SU(2) sector of string theory. For the SL(2) sector, we discussed what the contribution of the defect interaction to the anomalous dimension should be to satisfy the boundary condition, that is expected from that of corresponding string feature in light of the AdS/CFT duality.

We now make some comments on the duality at the higher-loop level. In the string theory side, the doubling trick relation (2.41) still holds for the higher-loop level, really for the all-loop level. But It is not the case with the gauge theory side, where we must prove the relation (5.4) order-by-order in λ. In section 3 we computed the anomalous dimension matrix for the operators (3.8) at the one-loop level and showed it was represented by an integrable open chain Hamiltonian. At the higher loop level, however, the integrability of the anomalous dimension matrix including the defect interactions has not been proved yet. Hence it would be interesting to examine whether or not it supplies integrable boundaries, and if it should be integrable, then what open spin chain model corresponds to the SU(2) sector of the dCFT at the higher loop. In closed case, it is known that the SU(2) sector can be mapped to the Inozemtsev spin chain model up to the three-loop level [21], and it may be the case of our open spin chain with boundary conditions.

– 36 –

It is also interesting to investigate how the doubling trick relations on both sides of the duality are affected by the finite-size correction. But it is not easy to compare the string energy corrected in powers of 1/J with the anomalous dimension of the SYM operators corrected by 1/L, even in the closed case.^{10}

As another direction, it would be interesting to consider other AdS-brane cases (for the classification of 1/2 BPS AdS-branes, see [61]-[64]). The action of the dCFT is wellestablished in the AdS_4 × S^2 case, but otherwise it is not the case. Hence it may seem impossible to compute the matrix of anomalous dimension in the standard perturbative calculation. However, assuming the integrability of the dCFT, one may obtain the expression of the anomalous dimension matrix by the symmetry argument. That is to say, the boundary terms may be determined from the unbroken symmetries in the presence of the AdS-brane. Studies in this direction should give a promising way to clarify the AdS/dCFT duality.

Furthermore, our formulation developed in this paper can be applied to the (dual) giant graviton case. In this case the anomalous dimension matrix is represented by an open integrable spin chain as shown in [37, 38]. It is interesting to consider open rotating strings on the giant graviton according to our method. It would be also interesting to examine a non-supersymmetric background case [65], where the open string states (open chains) attaching to the giant graviton acquire some extra deformation parameters. We will report on these subjects in the near future as another publication.

We hope that our arguments for boundary conditions could be a clue to discuss open strings in studying the AdS/CFT duality at far-from BPS regime.

Acknowledgments

We would like to thank H. Fuji, M. Hatsuda, Y. Hikida, K. Ideguchi, Y. Imamura, V. Kazakov, B. MacCoy, Y. Nakayama, K. Sakai, M. Staudacher, Y. Susaki, D. Tomino and A. Yamaguchi for useful discussion. The work of Y. T. is supported in part by The 21st Century COE Program “Towards a New Basic Science; Depth and Synthesis.” The work of K. Y. is supported in part by JSPS Research Fellowships for Young Scientists.

Appendices

A. Elliptic Solutions for Higher Loops

Let us compute the anomalous dimensions of the SYM operators in the SU(2) elliptic sector (for the rational case, see Appendix of [66]). We consider the “long” single trace operators composed of two complex scalars Z and W , Tr ( Z^{J1} W^{J2} ) + perm. (A.1)

10 The one-loop correction to the energy of closed spinning strings in the SU(2) and the SL(2) sectors are calculated in [59] and [60] respectively.

– 37 – in the limit where both J_1 and J_2 are sufficiently large (i.e., in the Frolov-Tseytlin sector). Here J_2 is the ‘magnon’ (or ‘impurity’) number. The general solution for the one-loop anomalous dimension matrix of (A.1) has been derived in [12] from the viewpoint of the Riemann-Hilbert problem. We extend this result to the three-loop level.

A.1 Bethe Ansatz for Higher Loops

Let us brush up the notion of Bethe ansatz and the associated Riemann-Hilbert problem. In [21], the integrable structure in the SU(2) sector of SYM is identified with that of the Inozemtsev spin chain up to the three-loop level. The asymptotic Bethe ansatz equations for the SU(2) sector are given by ( u_j + i/2 u_j − i/2 )_L = J_2∏

k=1 k≠j φ_j − φ_k + i φ_j − φ_k − i . (A.2)

The rapidities {φ_j} are related to the quasi-momenta {p_j } as^{11}

φ (p) = 1 2 cot p 2 + 2 ∑ n>0 t^n sin p (1 − t^n)^2 + 4t^n sin^{2 p}_2

, (A.3)

where the parameter t = t (λ) is defined by the relation λ 16π^2 = ∑ n>0 t^n (1 − t^n)^2

. (A.4)

By using these relations, the anomalous dimensions of two typical distributions of Bethe roots, the double contour and the imaginary root solution, are calculated up to the third order in [21]. There the Bethe equations are solved for each of the concrete distributions of the Bethe roots. On the other hand, in the one-loop analysis, it is shown in [12] that both of the solutions can be considered as the special cases of a single, general elliptic solution that has symmetric two cuts on the Riemann surfaces. In the following, we generalize the one-loop results of [12] to the three-loops.

A.2 Anomalous Dimension Formula at the Three-Loop Level

We shall give a recipe for a general two-cut, three-loop formula of the anomalous dimension in the SU(2) sector.^{12}

11 The rapidity function φ(p) has been conjectured to have the all-loop form

φ(p) = 1 2 cot ( p 2 ) √ 1 + λ π^2 sin^2 ( p 2 )

for the SU(2) sector. The all-loop (asymptotic) physics has been also studied intensively [22, 54].

12 The general two-cut problem is also discussed in [67] at the one-loop level.

– 38 –

General Two-Cut Case

The anomalous dimension per unit length of the spin chain, or ‘energy density’, at the three-loop level can be computed from the resolvent G (x):

γ L = − ∮ dx 2πi G (x) ( ~λ 8π^2 1 x^2 + 3~λ^2 128π^4 1 x^4 + 5~λ^3 1024π^6 1 x^6

+ O(~λ^4) ) , (A.5)

where ~λ = λ/L^2 is the BMN coupling constant, and the length of the spin chain is L. In order to compute the energy density, all we have to do is to find out the form of G(x) expanded around x = 0. The Riemann surface of a general two-cut solution is given by

y^2 = x^4 + c_1x^3 + c_2x^2 + c_3x + c_4 , (A.6)

and the two-cut solution of Bethe equations are constructed with a meromorphic differential on (A.6). Following the procedure proposed in [12], we introduce the three-loop level quasimomentum,

p (x) = G (x) − 1 2x − ~λ 16π^2 1 x^3 − 3~λ^2 256π^4 1 x^5

. (A.7)

Here we have used the result of [21] to write down the coefficients in the r.h.s. of Eq. (A.7). Then the most general form of the differential is given by

dp = dx y (a_{−5} x^6 + a_{−4} x^5 + a_{−3} x^4 + a_{−2} x^3 + a_{−1} x^2 + a_0 x + a_1 ) , (A.8)

and the coefficients a_0, . . ., a_{−5} are fixed by the condition that the integration of (A.8)

– 39 – matches up to (A.7). Thus we find the coefficients to be

a_0 = 3 32768π^4c_4^{9/2} ( −5λ^2c^2_3 + 20λ^2c_2c_4 + 128π^2λc^2_4 ) ( 5c^3 − 12c_2c_3c_4 + 8c_1c^2_4 )

+ 3 32768π^4c_4^{9/2} ( −3c^2_3 + 4c_2c_4 ) ( 5λ^2c^3 − 20λ^2c_2c_3c_4 + 40λ^2c_1c^2_4 + 128π^2λc_3c^2_4 )

− 15λ^2c_3 65536π^4c_4^{9/2} ( 35c^4_3 − 120c_2c^2_3c_4 + 96c_1c_3c^2_4 + 16 ( 3c^2 − 4c_4 ) c^2_4 )

− 15λ^2 65536π^4c_4^{9/2} ( −63c_3^5 + 280c_2c^3c_4 − 240c_1c^2_3c^2_4 − 48c_3 ( 5c^2 − 4c_4 ) c^2_4 + 192c_1c_2c^3_4 ) − c_3 65536π^4c_4^{9/2} ( 75λ^2c^4_3 − 360λ^2c_2c^2_3c_4 + 240λ^2c^2c^2_4 + 480λ^2c_1c_3c^2_4

+ 768π^2λc^2_3c^2_4 − 960λ^2c^3_4 − 3072π^2λc_2c^3_4 − 16384π^4c^4 ) , a_{−1} = − 1 32768π^4c_4^{7/2} ( 75λ^2c^4_3 − 360λ^2c_2c^2_3c_4 + 240λ^2c^2c^2_4 + 480λ^2c_1c_3c^2_4

+ 768π^2λc^2_3c^2_4 − 960λ^2c^3_4 − 3072π^2λc_2c^3_4 − 16384π^4c^4 ) , a_{−2} = 3 4096π^4c_4^{5/2} ( 5λ^2c^3 − 20λ^2c_2c_3c_4 + 40λ^2c_1c^2_4 + 128π^2λc_3c^2_4 ) , a_{−3} = 3 2048π^4c_4^{3/2} ( −5λ^2c^2_3 + 20λ^2c_2c_4 + 128π^2λc^2_4 ) , a_{−4} =

15λ^2c_3 512π^4 √ c_4 , a_{−5} =

15λ^2 √ c_4 256π^4 , and the normalization condition fixes a_1 as

a_1 = 1 2 − α , (A.9)

where α is the filling fraction. Putting all the ingredients into the pot (A.5), we obtain that γ L = ~λ 8π^2 ( c^2_3 16c^2_4 − c_2 4c_4 + a_1 √ c_4 )

+ ~λ2 128π^4 ( 45c^4_3 256c^4 − 27c_2c^2_3 32c^3_4 + 3a_1c^2_3 8c_4^{5/2} + 9c^2 16c^2_4 + c_1c_3 c^2_4 − a_1c_2 2c_4^{3/2} − 7 4c_4 )

+ ~λ3 1024π^6 ( 285c_3^6 1024c_4^6 − 467c_2c^4_3 256c_4^5 + 35a_1c^4_3 128c_4^{9/2} + 195c^2c^2_3 64c^4 + 2c_1c^3 c^4 − 15a_1c_2c^2_3 16c_4^{7/2} − 13c^3_2 16c^3_4

− 9c_1c_2c_3 2c^3_4 − 39c^2_3 16c^3_4 + 3a_1c^2 8c_4^{5/2} + 3a_1c_1c_3 4c_4^{5/2} + 21c^2_1 16c^2_4 + 3c_2 c^2_4 − a_1 2c_4^{3/2} ) ~λ^3 + O(~λ^4) . (A.10)

– 40 –

Symmetric Two-Cut Case

Now we consider the symmetric two-cut cases, where the Riemann surface (A.6) is given by y^2 = ( x^2 − a^2 ) ( x^2 − b^2 ) , (A.11)

with two cuts (a, b) and (−b, −a) on a double cover of the complex plane. The differential (A.8) now reduces to dp = − dx √ (b^2 − x^2) (x^2 − a^2) [ 1 2 − α − ab 2x^2 + 3~λ 16π^2 ( − ab x^4 + 1 2x^2 a^2 + b^2 ab )

+ 15~λ^2 256π^4 ( − ab x^6 + 1 2x^4 a^2 + b^2 ab + 1 8x^2 ( a^2 − b^2

)_2

a^3b^3 )] , (A.12)

and the periods of dp can be expressed through the complete integrals of the first and the second kind. We assign the mode number n and −n to the two cuts, normalizing the B-period of dp to 4πn. We also put a condensate of density m between the cuts, giving the A-period 2πm, i.e., ∮ A dp = 2πm , ∮ B dp = 4πn . (A.13)

Converting them into the standard Legendre form with the help of the elliptic integral formulae listed in Appendix B, we obtain the following expressions: 2πim = 1 b √ r [ (1 − 2α) √ r K(1 − r) − E(1 − r) ]

+ ~λ 16π^2 1 b^3r √ r [2rK(1 − r) − (1 + r) E(1 − r)] + 3~λ^2 1024π^4 1 b^5r^2 √ r [ 4r (1 + r) K(1 − r) − ( 3 + 2r + 3r^2 ) E(1 − r) ] ,(A.14) 2πn = 1 b √ r [ (1 − 2α) √ r K(r) − E(r) − K(r) ]

+ ~λ 16π^2 1 b^3r √ r [(1 + r) E(r) − (1 − r) K(r)] + 3~λ^2 1024π^4 1 b^5r^2 √ r [( 3 + 2r + 3r^2 ) E(r) − ( 3 − 2r − r^2 ) K(r) ] , (A.15)

where the moduli r is defined by r = a^2 b^2

. (A.16)

Let us expand both the moduli r and one of the endpoints b in powers of ~λ:

r = r_0 + r_1~λ + r_2~λ^2 + O(~λ^3) , (A.17) b = b_0 + b_1~λ + b_2~λ^2 + O(~λ^3) , (A.18)

– 41 – and eliminate the unwanted parameters by using Eqs. (A.14) and (A.15). Then from the O(~λ) relation

1 − 2α = 1 √ r_0 nE(1 − r_0) + im [E(r_0) − K(r_0)] nK(1 − r_0) − imK(r_0)

, (A.19)

we can determine the moduli r_0, with which we can express γ/L as

γ L = − ~λ 2π^2 (n ~K − imK) [ − 2n~E − 2imE + n (1 + r_0) ~K + im (1 − r_0) K ]

− ~λ2 8π^4 (n ~K − imK)^3 [ − 4n (1 + r_0) ~E − 4im(1 + r_0)E

+ n(1 + 6r_0 + r^2_0) ~K + im(3 − 2r_0 − r^2_0)K ]

− ~λ3 4π^6 (n ~K − imK)^5 { − [ n~E + im(E − K) ]2 (3n~E + 3imE − n ~K − 2imK) − [ n~E + im(E − K) ][ 2n^2 ~E^2 − 2m^2E^2 + 3n^2 ~K^2 + 5imn ~KK + 6m^2K^2 − mE(11in ~K + 7mK) + in~E(4mE + 11in ~K + 7mK) ] ρ_0 + [ − 3n^3 ~E^3 + 3im^3E^3 + 4n^3 ~K^3 + 6imn^2 ~K^2K + 13m^2n ~KK^2 − 6im^3K^3 + n^2 ~E^2(−9imE + 11n ~K − 2imK) + m^2E^2(−11n ~K + 2imK) + imE(−18n^2 ~K^2 + 14imn ~KK + 5m^2K^2) + n~E(9m^2E^2 − 18n^2 ~K^2 + 14imn ~KK + 5m^2K^2 + 2mE(11in ~K + 2mK)) ] ρ_0^2 + (n ~K − imK) [ n^2 ~E^2 − m^2E^2 + 4n^2 ~K^2 − 5imn ~KK − 2m^2K^2

− mE(3in ~K + mK) + in~E(2mE + 3in ~K + mK) ] ρ_0^3 }

× { (n~E + imE − n ~K)[n~E + im(E − K) + (−n ~K + imK)ρ_0] }_{−1} + O(~λ^4) . (A.20)

Here we have denoted K(r_0), E(r_0), K(1 − r_0) and E(1 − r_0) as K, E, ~K and ~E, respectively, for simplicity. Equation (A.20) is the general elliptic, three-loop formula with general periods (n, m). It can be used to compute the anomalous dimension in the planar SU(2) sector. It is easy to check that the formula (A.20) correctly reproduces the known results of the double contour and the imaginary root solution. For example, when we set (n, m) = (1, 0), it reduces to the double contour (or ‘folded’) case. It exactly agrees with Eq. (51) in [21] at the three-loop level. As another case, (n, m) = (0, 2) corresponds to the imaginary root (or ‘circular’) case, reproducing Eq. (69) in [21]. Thus we have rederived the known results for the elliptic sector.

Finally we will make some comments on the relation between the double contour and the imaginary root solution. It can be shown that the two allowed solutions are considered as different branches of the same function. To see this, let us set m = −n, then the formula

– 42 –

(A.20) reduces to γ L = − n^2~λ 2π^2 ( ~K + iK ) ( −2~E + 2iE + (1 + r_0) ~K − i (1 − r_0) K )

− n^4~λ^2 8π^4

( ~K + iK)^3[−4 (1 + r_0) ~E + 4i(1 + r_0)E + (1 + 6r_0 + r^2_0) ~K − i(3 − 2r_0 − r^2_0)K] − n^6~λ^3 4π^6

( ~K + iK)^5 { − [~E − i(E − K)]^2(3~E − 3iE − ~K + 2iK) − [~E − i(E − K)]

×[2~E^2 − 2E^2 + 3 ~K^2 − 5i ~KK + 6K^2 + E(11i ~K − 7K) + i~E(−4E + 11i ~K − 7K)]ρ_0 + [−3~E^3 − 3iE^3 + 4 ~K^3 − 6i ~K^2K + 13 ~KK^2 + 6iK^3 + ~E^2(9iE + 11 ~K + 2iK) + E^2(−11 ~K − 2iK) − iE(−18 ~K^2 − 14i ~KK + 5K^2) + ~E(9E^2 − 18 ~K^2 − 14i ~KK + 5K^2 − 2E(11i ~K − 2K))]ρ_0^2

+ ( ~K + iK) [ ~E^2 − E^2 + 4 ~K^2 + 5i ~KK − 2K^2 + E(3i ~K − K) + i~E(−2E + 3i ~K − K) ] ρ_0^3 }

× { (n~E − iE − ~K)[~E − i(E − K) + (− ~K − iK)ρ_0] }_{−1} + O(~λ^4) . (A.21)

Complete elliptic integrals E(x) and K(x) have a logarithmic branch-point at x = 1, which turns out to be r_0 = 0 and r_0 = 1 in our case. Taking account of the discontinuities, which come from the analytical continuation through the singular points, one can show that the double contour solution is obtained as a branch continued past r_0 = 0, while the imaginary root solution as a branch continued past r_0 = 1. The former corresponds to a folded rotating string folding n times onto itself, and the latter to a circular rotating string winding 2n times around itself.

B. Elliptic Integrals and Elliptic Functions

B.1 Complete Elliptic Integrals

Definition Our convention for the complete elliptic integrals of the first and the second kind are as follows:

K(r) ≡ ∫_1 0 dx √ (1 − x^2) (1 − rx^2) = ∫_{π/2} 0 dφ √ 1 − r sin^2 φ

, (B.1) E(r) ≡ ∫_1 0 dx √ 1 − rx^2 1 − x^2 = ∫_{π/2} 0 dφ √ 1 − r sin^2 φ . (B.2)

These are related to the hypergeometric functions as

2F_1

(_1 2 ,^1_2 ; 1; x ) = 2 π K(x) ,_2F_1 ( −^1_2 ,^1_2 ; 1; x ) = 2 π E(x) . (B.3)

– 43 –

Modular Transformation The complete elliptic integrals transform under r → 1/r as follows: K (_1 r ) = √ r (K(r) − iK(1 − r)) , (B.4) E (_1 r ) = √ r [E(r) + iE(1 − r) − (1 − r) K(r) − irK(1 − r)] , (B.5) K ( 1 −^1_r ) = √ r K(1 − r) , (B.6) E ( 1 −^1_r ) =^{1√}_r E(1 − r) . (B.7)

Legendre Relation

K(r)E(1 − r) − K(r)K(1 − r) + E(r)K(1 − r) = π 2 . (B.8)

B.2 Jacobi Elliptic Function Definition The elliptic function sn (u, r) is defined by u ≡ ∫_{sn(u,r)} 0 dx √ (1 − x^2) (1 − rx^2)

. (B.9)

The other two elliptic functions cn (u, r) and dn (u, r) are related to sn (u, r) as

1 = cn^2 (u, r) + sn^2 (u, r) , (B.10) 1 = dn^2 (u, r) + r sn^2 (u, r) , (B.11)

and they are defined by

cn (u, r) = √ 1 − sn^2 (u, r) , (B.12) dn (u, r) = √ 1 − r sn^2 (u, r) . (B.13)

The sign of the square root is determined so that they are positive definite in the interval u ∈ (0, K(r)).

Periodicity There are following relation between the complete elliptic integral of the first kind K(r) and the Jacobi elliptic functions sn (u, r), cn (u, r):

sn (u + 2 K(r), r) = −sn (u, r) , (B.14) cn (u + 2 K(r), r) = −cn (u, r) , (B.15) dn (u + 2 K(r), r) = dn (u, r) , (B.16)

i.e., 4 K(r) is the period of sn (u, r) and cn (u, r), while the period of dn (u, r) is 2 K(r).

B.3 Some Useful Integral Formulae Elliptic integral formulae listed below are useful in the intermediate calculation in Appendix A. The moduli parameter r is defined as r = a^2/b^2. Then the following integral formulae

– 44 – are useful for computing the A-cycle of the (n, m)-elliptic solution: ∫_b a dx √ (b^2 − x^2) (x^2 − a^2) = 1 b K(1 − r) , (B.17) ∫_b a dx x^2 √ (b^2 − x^2) (x^2 − a^2) = 1 a^2b

E(1 − r) , (B.18) ∫_b a dx x^4 √ (b^2 − x^2) (x^2 − a^2) = 1 3a^4b^3 [ 2 ( a^2 + b^2 ) E(1 − r) − a^2K(1 − r) ] , (B.19) ∫_b a dx x^6 √ (b^2 − x^2) (x^2 − a^2) = 1 15a^6b^5 [( 8a^4 + 7a^2b^2 + 8b^4 ) E(1 − r)

− 4a^2 ( a^2 + b^2 ) K(1 − r) ] ,(B.20)

and the same for the B-cycle: ∫_∞ b dx √ (x^2 − a^2) (x^2 − b^2) = 1 b K(r) , (B.21) ∫_∞ b dx x^2 √ (x^2 − a^2) (x^2 − b^2) = 1 a^2b

[K(r) − E(r)] , (B.22) ∫_∞ b dx x^4 √ (x^2 − a^2) (x^2 − b^2) = 1 3a^4b^3 [( a^2 + 2b^2 ) K(r) − 2 ( a^2 + b^2 ) E(r) ] , (B.23) ∫_∞ b dx x^6 √ (x^2 − a^2) (x^2 − b^2) = 1 15a^6b^5 [( 4a^4 + 3a^2b^2 + 8b^4 ) K(r) − ( 8a^4 + 7a^2b^2 + 8b^4 ) E(r) ] .(B.24)

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv.

Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [arXiv:hep-th/9711200]; S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical string theory,” Phys. Lett. B 428 (1998) 105 [arXiv:hep-th/9802109]; E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998) 253 [arXiv:hep-th/9802150].

[2] D. Berenstein, J. M. Maldacena and H. Nastase, “Strings in flat space and pp waves from N = 4 super Yang Mills,” JHEP 0204 (2002) 013 [arXiv:hep-th/0202021].

[3] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “A semi-classical limit of the gauge/string correspondence,” Nucl. Phys. B 636 (2002) 99 [arXiv:hep-th/0204051].

[4] S. Frolov and A. A. Tseytlin, “Semiclassical quantization of rotating superstring in AdS_5×S^5,” JHEP 0206 (2002) 007 [arXiv:hep-th/0204226].

[5] S. Frolov and A. A. Tseytlin, “Multi-spin string solutions in AdS_5×S^5,” Nucl. Phys. B 668 (2003) 77 [arXiv:hep-th/0304255]; “Quantizing three-spin string solution in AdS_5×S^5,” JHEP 0307 (2003) 016 [arXiv:hep-th/0306130]; “Rotating string solutions: AdS/CFT duality in non-supersymmetric sectors,” Phys. Lett. B 570 (2003) 96 [arXiv:hep-th/0306143].

– 45 –

[6] G. Arutyunov, S. Frolov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS_5×S^5 and integrable systems,” Nucl. Phys. B 671 (2003) 3 [arXiv:hep-th/0307191]; G. Arutyunov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS_5×S^5: New integrable system relations,” Phys. Rev. D 69 (2004) 086009 [arXiv:hep-th/0311004].

[7] G. Arutyunov, S. Frolov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS_5×S^5 and integrable systems,” Nucl. Phys. B 671 (2003) 3 [arXiv:hep-th/0307191]. G. Arutyunov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS_5×S^5: New integrable system relations,” Phys. Rev. D 69 (2004) 086009 [arXiv:hep-th/0311004]. G. Arutyunov and S. Frolov, “Integrable Hamiltonian for classical strings on AdS_5×S^5,” JHEP 0502 (2005) 059 [arXiv:hep-th/0411089].

[8] A. A. Tseytlin,“Spinning strings and AdS/CFT duality,” arXiv:hep-th/0311139.

[9] J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N = 4 super Yang-Mills,” JHEP 0303 (2003) 013 [arXiv:hep-th/0212208].

[10] N. Beisert, J. A. Minahan, M. Staudacher and K. Zarembo, “Stringing spins and spinning strings,” JHEP 0309 (2003) 010 [arXiv:hep-th/0306139].

[11] N. Beisert, S. Frolov, M. Staudacher and A. A. Tseytlin, “Precision spectroscopy of AdS/CFT,” JHEP 0310 (2003) 037 [arXiv:hep-th/0308117].

[12] V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, “Classical / quantum integrability in AdS/CFT,” JHEP 0405 (2004) 024 [arXiv:hep-th/0402207].

[13] N. Beisert and M. Staudacher, “The N = 4 SYM integrable super spin chain,” Nucl. Phys. B 670 (2003) 439 [arXiv:hep-th/0307042].

[14] A. V. Belitsky, A. S. Gorsky and G. P. Korchemsky, “Gauge / string duality for QCD conformal operators,” Nucl. Phys. B 667 (2003) 3 [arXiv:hep-th/0304028]; A. V. Belitsky, S. E. Derkachov, G. P. Korchemsky and A. N. Manashov, “Quantum integrability in (super) Yang-Mills theory on the light-cone,” Phys. Lett. B 594 (2004) 385 [arXiv:hep-th/0403085], “Dilatation operator in (super-)Yang-Mills theories on the light-cone,” arXiv:hep-th/0409120. N. Gromov and V. Kazakov, “Double scaling and finite size corrections in sl(2) spin chain,” arXiv:hep-th/0510194.

[15] V. A. Kazakov and K. Zarembo, “Classical/quantum integrability in non-compact sector of AdS/CFT,” arXiv:hep-th/0410105.

[16] B. Stefanski, Jr., and A. A. Tseytlin, “Large spin limits of AdS/CFT and generalized Landau-Lifshitz equations,” JHEP 0405 (2004) 042 [arXiv:hep-th/0404133].

[17] N. Beisert, “The su(2|3) dynamic spin chain,” Nucl. Phys. B 682 (2004) 487 [arXiv:hep-th/0310252].

[18] B. J. Stefanski and A. A. Tseytlin, “Super spin chain coherent state actions and AdS_5×S^5 superstring,” Nucl. Phys. B 718, 83 (2005) [arXiv:hep-th/0503185].

[19] R. Hernandez and E. Lopez, “The SU (3) spin chain sigma model and string theory,” JHEP 0404 (2004) 052 [arXiv:hep-th/0403139].

[20] C. Kristjansen, “Three-spin strings on AdS_5×S^5 from N = 4 SYM,” Phys. Lett. B 586 (2004) 106 [arXiv:hep-th/0402033]; L. Freyhult, “Bethe ansatz and fluctuations in SU (3) Yang-Mills operators,” JHEP 0406 (2004) 010 [arXiv:hep-th/0405167]; C. Kristjansen and T. Mansson, “The circular, elliptic three-spin string from the SU (3) spin chain,” Phys. Lett. B 596 (2004) 265 [arXiv:hep-th/0406176].

– 46 –

[21] D. Serban and M. Staudacher, “Planar N = 4 gauge theory and the Inozemtsev long range spin chain,” JHEP 0406 (2004) 001 [arXiv:hep-th/0401057].

[22] N. Beisert, V. Dippel and M. Staudacher, “A novel long range spin chain and planar N = 4 super Yang-Mills,” JHEP 0407 (2004) 075 [arXiv:hep-th/0405001].

[23] G. Mandal, N. V. Suryanarayana and S. R. Wadia, “Aspects of semiclassical strings in AdS_5,” Phys. Lett. B 543 (2002) 81 [arXiv:hep-th/0206103], I. Bena, J. Polchinski and R. Roiban, “Hidden symmetries of the AdS_5×S^5 superstring,” Phys. Rev. D 69 (2004) 046002 [arXiv:hep-th/0305116], L. F. Alday, “Nonlocal charges on AdS_5×S^5 and pp-waves,” JHEP 0312 (2003) 033 [arXiv:hep-th/0310146], M. Hatsuda and K. Yoshida, “Classical integrability and super Yangian of superstring on AdS_5×S^5,” arXiv:hep-th/0407044, to appear in Adv. Theor. Math. Phys. A. Das, J. Maharana, A. Melikyan and M. Sato, “The algebra of transition matrices for the AdS_5×S^5 superstring,” JHEP 0412 (2004) 055 [arXiv:hep-th/0411200]. A. Das, A. Melikyan and M. Sato, “The algebra of flat currents for the string on AdS_5×S^5 in the light-cone gauge,” arXiv:hep-th/0508183.

L. F. Alday, G. Arutyunov and A. A. Tseytlin, “On integrability of classical superstrings in AdS_5×S^5,” JHEP 0507 (2005) 002 [arXiv:hep-th/0502240].

[24] L. Dolan, C. R. Nappi and E. Witten, “A relation between approaches to integrability in superconformal Yang-Mills theory,” JHEP 0310 (2003) 017 [arXiv:hep-th/0308089]; “Yangian symmetry in D = 4 superconformal Yang-Mills theory,” arXiv:hep-th/0401243.

[25] G. Arutyunov and M. Staudacher, “Matching higher conserved charges for strings and spins,” JHEP 0403 (2004) 004 [arXiv:hep-th/0310182]; “Two-loop commuting charges and the string / gauge duality,” arXiv:hep-th/0403077.

[26] G. Arutyunov and M. Zamaklar, “Linking Baecklund and monodromy charges for strings on AdS_5×S^5,” JHEP 0507, 026 (2005) [arXiv:hep-th/0504144].

[27] N. Mann and J. Polchinski, “Bethe ansatz for a quantum supercoset sigma model,” Phys.

Rev. D 72 (2005) 086002 [arXiv:hep-th/0508232].

[28] K. Ideguchi, “Semiclassical strings on AdS_5×S^5/Z_M and operators in orbifold field theories,” JHEP 0409 (2004) 008 [arXiv:hep-th/0408014].

[29] D. Berenstein, E. Gava, J. M. Maldacena, K. S. Narain and H. Nastase, “Open strings on plane waves and their Yang-Mills duals,” arXiv:hep-th/0203249.

[30] Y. Imamura, “Open string: BMN operator correspondence in the weak coupling regime,” Prog. Theor. Phys. 108 (2003) 1077 [arXiv:hep-th/0208079].

[31] B. Stefanski, Jr., “Open spinning strings,” JHEP 0403 (2004) 057 [arXiv:hep-th/0312091].

[32] B. Chen, X. J. Wang and Y. S. Wu, “Integrable open spin chain in super Yang-Mills and the plane-wave / SYM duality,” JHEP 0402 (2004) 029 [arXiv:hep-th/0401016].

[33] B. Chen, X. J. Wang and Y. S. Wu, “Open spin chain and open spinning string,” Phys. Lett.

B 591 (2004) 170 [arXiv:hep-th/0403004].

[34] T. G. Erler and N. Mann, “Integrable Open Spin Chains and the Doubling Trick in N = 2 SYM with Fundamental Matter,” [arXiv:hep-th/0508064].

[35] V. Balasubramanian, M. Huang, T. S. Levi and A. Naqvi, “Open strings from N = 4 super Yang-Mills,” JHEP 0208 (2002) 037 [arXiv:hep-th/0204196].

– 47 –

[36] H. Takayanagi and T. Takayanagi, “Notes on giant gravitons on pp-waves,” JHEP 0212 (2002) 018 [arXiv:hep-th/0209160].

[37] D. Berenstein and S. E. Vazquez, “Integrable open spin chains from giant gravitons,” JHEP 0506 (2005) 059 [arXiv:hep-th/0501078].

[38] D. Berenstein, D. H. Correa and S. E. Vazquez, “Quantizing open spin chains with variable length: An example from giant gravitons,” arXiv:hep-th/0502172.

[39] T. McLoughlin and I. J. Swanson, “Open string integrability and AdS/CFT,” Nucl. Phys. B 723 (2005) 132 [arXiv:hep-th/0504203].

[40] A. Karch and L. Randall, “Localized gravity in string theory,” Phys. Rev. Lett. 87 (2001) 061601 [arXiv:hep-th/0105108]; “Open and closed string interpretation of SUSY CFT’s on branes with boundaries,” JHEP 0106 (2001) 063 [arXiv:hep-th/0105132].

[41] O. DeWolfe, D. Z. Freedman and H. Ooguri, “Holography and defect conformal field theories,” Phys. Rev. D 66 (2002) 025009 [arXiv:hep-th/0111135].

[42] J. Erdmenger, Z. Guralnik and I. Kirsch, “Four-dimensional superconformal theories with interacting boundaries or defects,” Phys. Rev. D 66 (2002) 025020 [arXiv:hep-th/0203020].

[43] P. Lee and J. Park, “Open strings in PP-wave background from defect conformal field theory,” Phys. Rev. D 67 (2003) 026002 [arXiv:hep-th/0203257].

[44] O. DeWolfe and N. Mann, “Integrable open spin chains in defect conformal field theory,” JHEP 0404 (2004) 035 [arXiv:hep-th/0401041].

[45] Y. Susaki, Y. Takayama and K. Yoshida, “Open semiclassical strings and long defect operators in AdS/dCFT correspondence,” Phys. Rev. D 71 (2005) 126006 [arXiv:hep-th/0410139].

[46] M. Kruczenski, “Spin chains and string theory,” Phys. Rev. Lett. 93 (2004) 161602 [arXiv:hep-th/0311203].

[47] A. A. Tseytlin, “Semiclassical strings in AdS_5×S^5 and scalar operators in N = 4 SYM theory,” arXiv:hep-th/0407218; “Semiclassical strings and AdS/CFT,” arXiv:hep-th/0409296.

[48] Y. Susaki, Y. Takayama and K. Yoshida, “Integrability and higher loops in AdS/dCFT correspondence,” Phys. Lett. B 624 (2005) 115 [arXiv:hep-th/0504209].

[49] E. K. Sklyanin, “Boundary conditions for integrable quantum system,” J. Phys. A 21 (1988) 2375.

[50] H. J. de Vega and A. Gonzalez-Ruiz, “Boundary K matrices for the XYZ, XXZ and XXX spin chains,” J. Phys. A 27 (1994) 6129 [arXiv:hep-th/9306089].

[51] M. T. Grisaru, L. Mezincescu and R. I. Nepomechie, “Direct calculation of the boundary S matrix for the open Heisenberg chain,” J. Phys. A 28 (1995) 1027 [arXiv:hep-th/9407089].

[52] A. Doikou and R. I. Nepomechie, “Bulk and boundary S matrices for the SU (N ) chain,” Nucl. Phys. B 521 (1998) 547 [arXiv:hep-th/9803118].

[53] F. C. Alcaraz, M. N. Barber, M. T. Batchelor, R. J. Baxter and G. R. W. Quispel, “Surface exponents of the quantum XXZ, Ashlin-Teller and Potts models,” J. Phys. A : Math. Gen. 20 (1987) 6397.

[54] M. Staudacher, “The factorized S-matrix of CFT/AdS,” arXiv:hep-th/0412188.

– 48 –

[55] N. Beisert, “The complete one-loop dilatation operator of N = 4 super Yang-Mills theory,” Nucl. Phys. B 676 (2004) 3 [arXiv:hep-th/0307015].

[56] N. Beisert, V. A. Kazakov, K. Sakai, “Algebraic Curve for the SO(6) sector of AdS/CFT,” [arXiv:hep-th/0410253].

[57] S. Schafer-Nameki, “The algebraic curve of 1-loop planar N = 4 SYM, Nucl. Phys. B 714 (2005) 3 [arXiv:hep-th/0412254].

[58] N. Beisert, V. A. Kazakov, K. Sakai, K. Zarembo, “The Algebraic Curve of Classical Superstrings on AdS_5 × S^5,” [arXiv:hep-th/0502226].

[59] S. A. Frolov, I. Y. Park and A. A. Tseytlin, “On one-loop correction to energy of spinning strings in S^5,” Phys. Rev. D 71, 026006 (2005) [arXiv:hep-th/0408187].

[60] I. Y. Park, A. Tirziu and A. A. Tseytlin, “Spinning strings in AdS_5×S^5: One-loop correction to energy in SL(2) sector,” JHEP 0503, 013 (2005) [arXiv:hep-th/0501203].

[61] K. Skenderis and M. Taylor, “Branes in AdS and pp-wave spacetimes,” JHEP 0206 (2002) 025 [arXiv:hep-th/0204054].

[62] P. Bain, P. Meessen and M. Zamaklar, “Supergravity solutions for D-branes in Hpp-wave backgrounds,” Class. Quant. Grav. 20, 913 (2003) [arXiv:hep-th/0205106].

[63] M. Sakaguchi and K. Yoshida, “D-branes of covariant AdS superstrings,” Nucl. Phys. B 684 (2004) 100 [arXiv:hep-th/0310228]; “Notes on D-branes of type IIB string on AdS_5×S^5,” Phys. Lett. B 591 (2004) 318 [arXiv:hep-th/0403243].

[64] P. Bain, K. Peeters and M. Zamaklar, “D-branes in a plane wave from covariant open strings,” Phys. Rev. D 67, 066001 (2003) [arXiv:hep-th/0208038].

[65] R. de Mello Koch, N. Ives, J. Smolic and M. Smolic, “Unstable giants,”

arXiv:hep-th/0509007.

[66] J. A. Minahan,“Higher loops beyond the SU (2) sector,” arXiv:hep-th/0405243.

[67] H. Y. Chen and S. P. Kumar, “Precision test of AdS/CFT in Lunin-Maldacena background,” arXiv:hep-th/0511164.

– 49 –