arXiv:hep-th/0511189 v2 12 Dec 2005

IHES/P/05/48

A Chiral Perturbation Expansion for Gravity

M. Abou-Zeid^1 and C. M. Hull^2

1Theoretische Natuurkunde, Vrije Universiteit Brussel & The International Solvay Institutes, Pleinlaan 2, 1050 Brussels, Belgium

1Institut des Hautes Etudes Scientifiques, 35 route de Chartres, Le Bois-Marie, 91440 Bures-sur-Yvette, France

2Theoretical Physics Group, The Blackett Laboratory, Imperial College London, Prince Consort Road, London SW7 2BW, United Kingdom

2The Institute for Mathematical Sciences, Imperial College London, 48 Princes Gardens, London SW7 2AZ, United Kingdom

Abstract

A formulation of Einstein gravity, analogous to that for gauge theory arising from the Chalmers-Siegel action, leads to a perturbation theory about an asymmetric weak coupling limit that treats positive and negative helicities differently. We find power counting rules for amplitudes that suggest the theory could find a natural interpretation in terms of a twistor-string theory for gravity with amplitudes supported on holomorphic curves in twistor space.

November 2005

1abouzeid@tena4.vub.ac.be 2c.hull@imperial.ac.uk

Tree-level MHV amplitudes for (super)Yang-Mills theory [1, 2] have an elegant formulation in twistor space [3], and Witten considered the extension of this to general amplitudes in [4], where it was conjectured that amplitudes are non-zero only if all the external particles in a scattering process are represented by points in twistor space that lie on an algebraic curve of degree d given by

d = q − 1 + l, (1)

where q is the number of negative helicity particles and l is the number of loops. This can be understood as resulting from an underlying twistor string theory [4, 5, 6] and twistor string theory also leads to conformal (super)gravity, where similar results apply [7]. There has since been great progress in understanding general super-Yang-Mills amplitudes in twistor space; see e.g. [8] and references therein.

The twistor strings of [4, 5, 6] have the problem that conformal supergravity is inextricably mixed in with the gauge theory, so that conformal supergravity modes propagate on internal lines in gauge theory loop amplitudes and there appears to be no decoupling limit giving pure super-Yang-Mills amplitudes. A twistor string that gave Einstein supergravity coupled to super Yang-Mills would be much more useful, and might have a limit in which the gravity could be decoupled.

It is known that MHV amplitudes for Einstein (super) gravity [9] also have an elegant formulation in twistor space [4, 10, 11, 12]. Our purpose here is to seek further evidence that (super)gravity amplitudes could arise from a twistor string theory. An interesting way of understanding (1) in gauge theory [4] is that it follows naturally from the perturbation theory of the Chalmers-Siegel chiral formulation of Yang-Mills theory [13], in which positive and negative helicities are treated very differently. Moreover, the Chalmers-Siegel formulation is precisely the form of the gauge theory that arises from the perturbative twistor string of ref. [4]. We will investigate here chiral formulations of gravity, and show that perturbation theory about them again leads to the relation (1), suggesting that such a chiral formulation of gravity might arise from a twistor string.

The action for Yang-Mills can be written as ∫ d^4xTr ( G^{μν} F_{μν} − ϵ 2 G^{μν} G_{μν} ) , (2)

where F = dA + A ∧ A is the Yang-Mills field strength and G = ∗G is a self-dual auxiliary 2-form taking values in the gauge algebra. Eliminating the auxiliary field G_{μν} from (2) gives the Yang-Mills action 1 2ϵ ∫ d^4xTr ( F^{(+)}_{μν} F^{(+)μν} ) , (3)

where F^{(±)} are the self-dual and anti-self dual parts of the field strength: F^{(±)} =^1_2 (F ±∗F ) in signatures (2, 2) and (4, 0), or F^{(±)} =^1_2 (F ±i∗F ) in Lorentzian signature. Here we will present formulae for signatures (2, 2) and (4, 0) so that all fields are real; the generalisation to signature (3, 1) is straightforward, but involves complex actions. The action (2) is 1 4g^2_{Y M} ∫ Tr (F ∧ ∗F ) + 1 4g^2_{Y M} ∫ Tr (F ∧ F ) , (4)

where g^2_{Y M} = ϵ/2. The first term is the usual Yang-Mills action, and the second is a topological term proportional to the 2nd Chern number that does not affect the equations of motion or perturbation theory.

The weak coupling limit given by setting ϵ = 0 in (2) gives Siegel’s chiral theory [14] (see also [15]) with action ∫ Tr (G ∧ F ) = ∫ d^4xTr ( G ∧ F^{(+)} ) . (5)

The field G is a Lagrange multiplier field whose variation gives the constraint

F^{(+)}(A) = 0, (6)

implying F = F^{(−)}, so that the field strength is anti-self-dual. The field equation obtained by varying A is

D^μG_{μν} = 0, (7)

where D_μ = ∂_μ − A_μ is the gauge covariant derivative. Eq. (7) is of the same form as the Yang-Mills equation D^μF_{μν} = 0. The theory describes a helicity +1 particle represented by the Yang-Mills field A with field strength satisfying (6) (so that F = F^{(−)} satisfies D^μF^{(−)}μν = 0) and a helicity −1 particle represented by the independent field G^{(+)} satisfying D^μG^{(+)}_{μν} = 0. The linearized spectrum is the same for (5) and (4), but the interactions are different: the action (5) has an AAG term, describing a vertex of three fields with helicities + + −, but, in contrast to Yang-Mills theory, it has no − − + vertex.

The theory with action (5) has the same spectrum as Yang-Mills theory, viz. particles of helicities +1 (represented by A) and −1 (represented by G), but differs in the interactions, and it is a non-trivial weak coupling limit of the standard theory written in the form (2). Perturbation theory in ϵ based on the action (2) is an expansion about Siegel’s theory (5) and treats positive and negative helicity gluons rather differently.

It is useful to attribute to the independent fields A and G the weights w[A] = 0 and w[G] = −1 under a U(1) transformation, related to the ‘anomalous’ U(1) R-symmetry S in the N = 4 supersymmetric extension of action (4) [4], with S = 4w. The Yang-Mills action (4) then has weight w = 0 while the Siegel action (5) has weight w = −1 and the second term in (2) has weight w = −2. In [4], the w = −1 term (5) was interpreted as the transform to space-time of holomorphic Chern-Simons theory on twistor space, while the w = −2 interaction term was related to nonperturbative D-instanton contributions in twistor-string theory.

Consider the perturbation theory in ϵ for the action (2), which was analysed in [4]. If one attributes weights w = 1 to ϵ and w = −1 to the Planck constant ℏ, then the action rescaled by 1/ℏ has weight w = 0. The generating functional of scattering matrix elements at l-loops must be a sum of terms of the form

ℏ^{l−1}f(A)ϵ^dG^q (8) for some function f, and for this to have total weight zero it is necessary that the relation (1) holds for each term in the effective action [4]. The power q of G is the number of negative helicity gluons in an l-loop scattering process, while the power d of ϵ is the instanton number, given by the degree of the holomorphic curve in twistor space.

We now turn to gravity, formulated in terms of a vierbein e^a_μ and spin-connection ω_μ^{bc}, with corresponding one-forms e^a, ω^{bc}. The torsion and curvature 2-forms are given by T^a = de^a + ω^a_b ∧ e^b (9) and R^a_b(ω) = dω^a_b + ω^a_c ∧ w^c_b. (10) In a second order formalism, one imposes the constraint

T^a = 0, (11) which determines the spin-connection in terms of the vierbein:

ω_{μab} = Ω_{μab}(e). (12) Here Ω_{μab}(e) is the usual expression for the Lorentz connection in terms of the vierbein, Ω_μ^{ab}(e) ≡ e^{νa}∂_{[μ}e_{ν]}^b − e^{νb}∂_{[μ}e_{ν]}^a − e^{ρa}e^{σb}∂_{[ρ}e_{σ]c}e_μ^c. (13) The Einstein-Hilbert action is 1 4κ^2 ∫ e^a ∧ e^b ∧ R^{cd}(ω)ε_{abcd}. (14) The same action can be used in the first order formalism, in which the torsion is unconstrained and the vierbein e_μ^a and the connection ω_μ^{ab} are treated as independent variables. The field equation obtained by varying ω is (11), which implies that the Lorentz connection is the Levi-Civita connection (12). The vielbein field equation then gives the Einstein equation.

In Euclidean signature (4, 0), the spin group factorises as Spin(4) = SU(2) × SU(2) while in split signature it factorises as Spin(2, 2) = SU(1, 1) × SU(1, 1). The spinconnection decomposes into the self-dual piece ω^{(+)ab} and the anti-self-dual piece ω^{(−)ab}, ω^{(±)}_{bc} ≡ 1 2 ( ω_{bc} ± 1 2 ε_{bc}^{de}ω_{de} ) , (15)

which are the independent gauge fields for the two factors of the spin group.

The curvature 2-form can also be split into self-dual and anti-self-dual pieces R^{(±)}_{bc} ≡ 1 2 ( R_{bc} ± 1 2 ε_{bc}^{de}R_{de} ) , (16)

and it is easily seen that R^{(+)ab} depends only on ω^{(+)} while R^{(−)ab} depends only on ω^{(−)}, with

R^{(±)a}_b(ω) = dω^{(±)a}_b + ω^{(±)a}_c ∧ ω^{(±)c}_b. (17)

In 2-component spinor notation, where α, β transform under the first SU(2) or SU(1, 1) factor and α̇, β̇ transform under the second, ω^{(+)ab} becomes ω^{αβ} and ω^{(−)ab} becomes ω^{α̇β̇}.

An equivalent form of the Einstein-Hilbert action (14) is given using R^{(+)} instead of R by 1 2κ^2 ∫ e^a ∧ e^b ∧ R^{(+)}_{ab} (ω). (18)

This gives the action (14) plus the topological term 1 2κ^2 ∫ e^a ∧ e^b ∧ R_{ab}(ω). (19)

Using (9) and (10) this can be written as 1 2κ^2 ∫ d(T^a ∧ e_a), (20)

which vanishes in the second order formalism in which one sets T^a = 0, and in the first order formalism is a total derivative that does not contribute to the field equations or Feynman diagrams. As R^{(+)} depends only on ω^{(+)}, the action (18) is independent of ω^{(−)} and depends only on the vierbein and the self-dual spin-connection. Moreover, the first order action is polynomial in these variables.

The form (18) of the action has been used as a covariant basis for the reformulation of general relativity in terms of Ashtekar variables, and can be rewritten in two-component spinor notation as [18, 19] ∫ Σ^{αβ} ∧ R_{αβ} − 1 2 ψ_{αβγδ}Σ^{αβ} ∧ Σ^{γδ} (21) where the curvature 2-form R_{αβ} of ω^{αβ} is given in eq. (17) and Σ is a a self-dual 2-form acting as a Lagrange multiplier. The totally symmetric Lagrange multiplier field ψ_{αβγδ} imposes the constraint

Σ^{(αβ} ∧ Σ^{γδ)} = 0 (22) which implies that

Σ^{αβ} = e^α_{α̇} ∧ e^{βα̇} (23) for some tetrad e^{αα̇}. Solving for Σ^{αβ} as in (23) and substituting in (21) yields (18).

It is remarkable that one only needs the self-dual part of the spin-connection in order to formulate gravity. The torsion constructed from e, ω^{(+)} is (setting ω^{(−)} = 0 in (9)) T̃^a = de^a + ω^{(+)a}_b ∧ e^b. (24) If one imposes the constraint T̃^a = 0, one obtains

ω^{(+)ab} = Ω^{(+)ab}(e) (25) and Ω^{(−)ab}(e) = 0. (26) Now (26) implies in turn that

R^{(−)ab}(e) = 0, (27) where R^{(−)ab}(e) is the anti-self-dual part of the curvature of the connection Ω(e). Then the Riemann curvature constructed from the vierbein is self-dual and hence Ricci-flat, so that the torsion constraint T̃^a = 0 imposes the field equations of self-dual gravity as well as solving for the spin-connection in terms of the vierbein [20].

Siegel [20] gave a remarkable asymmetric action for gravity that is analogous to the asymmetric gauge theory action (5) by introducing a Lagrange multiplier field to impose the constraint T̃ = 0. In the second order formalism, ω^{(+)ab} is given in terms of e by (25) and the remaining part of T̃^a = 0 is imposed by a Lagrange multiplier σ_μ^{(−)ab} which is anti-self-dual, or in spinor notation σ_μ^{α̇β̇}. This has the same index structure as the missing anti-self-dual spin-connection. Siegel’s action can be written as ∫ σ^{α̇β̇} ∧ T̃^α_{α̇} ∧ e_α˙_β. (28)

Varying σ imposes the self-dual gravity equation (26) so that e represents a graviton of helicity −2. Varying e gives

dσ^{α̇β̇} ∧ e_α˙_β = 0, (29) so that the Ricci tensor constructed from the linearised curvature dσ for an anti-self-dual connection σ vanishes, and the Lagrange multiplier field represents a graviton of helicity +2. This action then represents particles of helicity ±2, as in Einstein’s theory, but the interactions are different for the two helicities, and in particular the theory is linear in σ.

There is also a first-order form of this theory, in which ω^{(+)ab} is an independent field and a Lagrange multiplier is introduced to impose the full constraint T̃ = 0 [20], which in turn implies the field equations [20]. Siegel also generalised (28) to give an asymmetric form of N = 8 supergravity, with Lagrange multipliers imposing torsion constraints of the supergravity theory [20].

Siegel’s asymmetric theory of gravity can be put in a different form that arises as a weak-coupling limit of the Einstein theory, and gives a chiral perturbation theory of gravity [16, 17] similar to that arising from the Yang-Mills action (2). The gravity action (18) depends on the vierbein and ω^{(+)} only, and ω^{(−)} decouples completely: we can write it in the form 1 2 ∫ e^a ∧ e^b ∧ ( dω_{ab} + κ^2ω_{ac} ∧ ω^c_b ) , (30)

where from now on we omit the superscript (+) so that ω ≡ ω^{(+)} and we have rescaled the connection by the gravitational coupling κ^2. Varying (30) independently with respect to ω^a_b and e^a_μ, we obtain (25) giving the connection in terms of the vierbein, and the Einstein equation e^a ∧ ( dω_{ab} + κ^2ω_{ac} ∧ ω^c_b ) = 0. (31)

Now taking the limit κ → 0 in (30) yields a weak-coupling limit of gravity with action 1 2 ∫ e^a ∧ e^b ∧ dω_{ab}, (32) which can be rewritten using eq. (13) as − ∫ e^a ∧ e^b ∧ ω_{ac} ∧ Ω^c_b = − ∫ e^a ∧ e^b ∧ ω_{ac} ∧ Ω^{(+)c}_b (33)

where Ω^{(+)} = Ω^{(+)}(e) is the self-dual part of the connection (13). This is an action for two independent fields, the vierbein e_μ^a and the self-dual connection ω^{ac}; the latter now plays the role of a Lagrange multiplier field. Note that the self-duality of ω^{ac} implies that only the self-dual part Ω^{(+)} of Ω(e) occurs in the action. The field equation from varying the Lagrange multiplier field ω^{ac} sets the self-dual part of Ω(e) to zero,

Ω^{(+)a}_b(e) = 0. (34)

This implies that the self-dual part of the curvature constructed from the Levi-Civita connection Ω(e) vanishes

R_{μν}^{ab}(Ω^{(+)}) = 0, (35)

so that the vierbein gives a metric with anti-self-dual Riemann curvature. The field equation for the vierbein gives

e_b ∧ dω^{ab} = 0. (36)

Comparing with (31), this can be seen to be a version of the Einstein equation linearised around the anti-self-dual background spacetime described by the tetrad e^a, where the linearised graviton field is the self-dual connection ω^{ac}.

The fact that ω^{ab} and Ω^{(−)}(e) are respectively self-dual and anti self-dual means that they describe particles of opposite helicity: e describes a particle of helicity +2 and ω describes a particle of helicity −2. The linearized spectrum is the same for (32) and (14), but the interactions differ as (32) has no − − + vertex. The asymmetric theory (32) is equivalent to the Siegel theory (but with opposite conventions to those used earlier; in (28) e represents a negative helicity graviton, while in (32) it is a positive helicity one).

Now the form of the action (30) has the weak-coupling limit (32), and one can consider perturbation theory in κ^2 about this weak-coupling limit, in complete analogy with that of the gauge theory (2). As in that case, it is useful to attribute to the independent fields e^a and ω^{ab} the weights w[e] = 0 and w[ω] = −1 under a U(1) transformation, corresponding to the ‘anomalous’ U(1) R-symmetry S in the N = 8 supersymmetric extension of action (28) [20], with S = 8w. The chiral action (18) has weight w = −1 and the second term in (30) has weight w = −2. It is tempting to conjecture that the S = −16 interaction term is related to nonperturbative contributions in a new twistor-string theory for Siegel’s truncation of N = 8 supergravity. A similar conjecture was made in [11] based on an analysis of maximally helicity violating scattering amplitudes for gravitons.

Consider the perturbation theory in κ^2 for the theory defined by action (30). If one attributes weights w = 1 to κ^2 and w = −1 to the Planck constant ℏ, then the action rescaled by 1/ℏ has weight w = 0. The generating functional of scattering matrix elements at l-loops must be a sum of terms of the form

ℏ^{l−1}f̃(e)κ^{2d}ω^q (37)

for some function f̃ , and for this to have total weight zero it is again necessary that the relation (1) holds for each term in the effective action. The power q of ω is the number of negative helicity gravitons in an l-loop scattering process in the theory defined by (30). If the theory has a twistor string origin similar to that of [4], then the power d of κ^2 might arise as an instanton number, and the scattering would have support on curves in twistor space characterised by the integer d.

This formulation of gravity extends to one of N = 8 supergravity in which the Einstein term is written in the form (30) and the vector field kinetic terms take the form (2). In the weak coupling limit, it gives Siegel’s chiral N = 8 supergravity [20].

We have seen that the formulation of gauge theory with action (2) and that of gravity with action (30) have many similarities: both have a non-trivial asymmetric weak-coupling limit and both have a perturbation theory that leads to the relation (1). For the gauge theory, the action (2) arises from a twistor string theory with the first term arising from the perturbative theory and the second term from instanton corrections. The constraint (1) then implies that amplitudes are supported on holomorphic curves of degree d in twistor space. It is natural to conjecture that the gravity action (30), or its N = 8 supergravity generalisation, should also have an elegant twistor theory origin, and that the formula (1) has a similar twistor space interpretation. We will discuss the twistor formulation of this theory elsewhere.

Acknowledgements

We would like to thank Lionel Mason and Prameswaran Nair for helpful discussions. We also thank the Vrije Universiteit Brussel and the Institute for Mathematical Sciences at Imperial College London for hospitality and support. The work of M. A. was supported by a PPARC Postdoctoral Research Fellowship with grant reference PPA/P/S/2000/00402, by the ‘FWO-Vlaandere’ through project G.0034.02, by the Belgian Federal Science Policy Office through the Interuniversity Attraction Pole P5/27, by the European Commission FP6 RTN programme MRTN-CT-2004-005104, by the European Commission through its 6th Framework Programme ‘Structuring the European Research Area’ and by contract Nr. RITA-CT-2004-505493 for the provision of Transnational Access implemented as Specific Support Action.

References

[1] S. Parke and T. Taylor, An amplitude for N gluon scattering, Phys. Rev. Lett. 56 (1986) 2459.

[2] F. A. Berends and W. T. Giele, Recursive calculations for processes with N gluons, Nucl. Phys. B306 (1988) 759.

[3] V. P. Nair, A current algebra for some gauge theory amplitudes, Phys. Lett. B214 (1988) 215.

[4] E. Witten, Perturbative gauge theory as a string theory in twistor space, Commun.

Math. Phys. 252 (2004) 189258, [arXiv:hep-th/0312171].

[5] N. Berkovits, An alternative string theory in twistor space for N = 4 super-Yang- Mills, Phys. Rev. Lett. B93 011601 (2004), [arXiv:hep-th/0402045].

[6] N. Berkovits and L. Motl, Cubic twistorial string field theory, JHEP 0404 (2004) 056 [arXiv:hep-th/0403187].

[7] N. Berkovits and E. Witten, Conformal supergravity in twistor-string theory, JHEP 0408 009 (2004), [arXiv:hep-th/0406051].

[8] F. Cachazo and P. Svrcek, Lectures on twistor strings and perturbative Yang-Mills theory, Proc. Sci. RTN2005 (2005) 005, [arXiv:hep-th/0504194].

[9] F. A. Berends, W. T. Giele and H. Kuijf, On relations between multi-gluon and multigraviton scattering, Phys. Lett. B 211 (1988) 91.

[10] S. Giombi, R. Ricci, D. Robles-Llana and D. Trancanelli, A note on twistor gravity amplitudes, JHEP 0407 (2004) 059 [arXiv:hep-th/0405086].

[11] V. P. Nair, A note on MHV amplitudes for gravitons, Phys. Rev. D 71 (2005) 121701, [arXiv:hep-th/0501143].

[12] N. E. J. Bjerrum-Bohr, D. C. Dunbar, H. Ita, W. B. Perkins and K. Risager, MHVvertices for gravity amplitudes, [arXiv:hep-th/0509016].

[13] G. Chalmers and W. Siegel, The self-dual sector of QCD amplitudes, Phys. Rev. D 54 (1996) 7628 [arXiv:hep-th/9606061].

[14] W. Siegel, N=2, N=4 string theory is selfdual N=4 Yang-Mills theory, Phys. Rev. D 46 (1992) 3235.

[15] A. Parkes, A cubic action for self-dual Yang-Mills, Phys. Lett. B286 (1992) 265, [arXiv:hep-th/9203074].

[16] N. Berkovits and W. Siegel, Covariant field theory for self-dual strings, Nucl. Phys.

B 505 (1997) 139 [arXiv:hep-th/9703154]. [17] W. Siegel, Fields, [arXiv:hep-th/9912205].

[18] R. Capovilla, J. Dell, T. Jacobson and L. Mason, Self-dual 2-forms and gravity, Class.

Quantum Grav. 8 (1991) 41.

[19] R. Capovilla, J. Dell and T. Jacobson, A pure spinor formulation of gravity, Class.

Quantum Grav. 8 (1991) 59.

[20] W. Siegel, Selfdual N=8 supergravity as closed N=2 (N=4) strings, Phys. Rev. D 47 (1993) 2504 [arXiv:hep-th/9207043].