arXiv:hep-th/0511209 v1 21 Nov 2005

Knot soliton models, submodels, and their symmetries

C. Adam^{1a} and J. Sánchez-Guillén^{1b}

1Departamento de Física de Partículas, Facultad de Física, Universidad de Santiago, and Instituto Galego de Fisica de Altas Enerxias (IGFAE) E-15782 Santiago de Compostela, Spain

Abstract

For some non-linear field theories which allow for soliton solutions, submodels with infinitely many conservation laws can be defined. Here we investigate the symmetries of the submodels, where in some cases we find a symmetry enhancement for the submodels, whereas in others we do not.

aadam@fpaxp1.usc.es bjoaquin@fpaxp1.usc.es

1 Introduction

Non-linear field theories with a two-dimensional target space and base space IR × IR^d (d + 1 dimensional space-time) can give rise to point like (vortex like) solitons for d = 2, or to line like (knot like) solitons for d = 3, provided that the fields are required to approach a fixed, constant value at spatial infinity (e.g., to render the energy finite), compactifying thereby the base space IR^d. Especially, for d = 3 some models with knot solitons have received considerable attention recently and, further, such models have applications both in condensed matter [1, 2] and elementary particle physics [3, 4]. Here we concretely consider models where the target space is the two-sphere S^2. Their solitons can be classified by the homotopy groups π_2(S^2) = ZZ (winding number, for vortex type solitons) and π_3(S^2) = ZZ (Hopf index, for knot type solitons), respectively.

The fields of the theories may be parametrized by a three-component unit vector n : IR × IR^d → S^2, n^2 = 1, or via the stereographic projection n = 1 1 + uū (u + ū, −i(u − ū), uū − 1) , u = n_1 + in_2 1 − n_3 (1) by a complex scalar field u.

All models which we study can be constructed from the two Lagrangian densities L_2 = ∂_μu ∂^μū (1 + uū)^2 (2) and L_4 =

(∂^μu ∂_μū)^2 − (∂^μu ∂_μu)(∂^νū ∂_νū) (1 + uū)^4

. (3)

In two space dimensions we consider the Baby Skyrme model L_{BS} = L_2, whereas in three space dimensions we will consider the Faddeev–Niemi model [5, 6] with Lagrangian L_{FN} = L_2 − λL_4 (4) (here λ is a dimensionful coupling constant), the Nicole model

L_{Ni} = (L_2)^{32} (5)

(for which the one known soliton solution was found by Nicole, [7]), and the AFZ model L_{AFZ} = −(L_4)^{34} , (6) for which infinitely many soliton solutions have been found by Aratyn, Ferreira and Zimerman (=AFZ) [8, 9]. All four models circumvent Derrick’s theorem and allow for static soliton solutions, either by being spatially scale invariant (the Baby Skyrme, the Nicole, and the AFZ model), or by involving two terms with opposite scaling behaviour (the Faddeev–Niemi model).

All four models (Baby Skyrme, Faddeev–Niemi, AFZ and Nicole) have the same target space S^2, therefore they have some common properties. For instance, all Lagrangians are invariant under modular transformations u → au + b −b̄u + ā , aā + bb̄ = 1. (7)

Furthermore, the same area-preserving diffeomorphisms on the target space S^2 can be defined for all models, but this does not imply that they are symmetries for all four field theories. In fact, only the AFZ model has the area-preserving diffeomorphisms as symmetries [10, 11]. For the other three models the generators of the area-preserving diffeomorphisms do not generate symmetries and the corresponding Noether currents are not conserved. However, it was realized in the study of higher-dimensional integrability within the generalization of the zero curvature representation, [12], that these Noether currents are conserved for submodels of all three models defined by the additional condition

∂^μu∂_μu = 0, (8)

i.e., the complex eikonal equation. Therefore, these submodels have infinitely many conserved charges. On the other hand, their symmetries have to be determined independently, because the complex eikonal equation is not of the Euler–Lagrange type, i.e., it does not follow from an action, and the Noether theorem does not apply to the submodels. This symmetry determination is the main purpose of our talk.

In Section 2 we give a very brief survey of the issue of integrability in higher dimensions and of the resulting infinitely many conservation laws (i.e., conserved currents). In Section 3 we introduce a general class of Lagrangians (to which, of course, all models mentioned above belong) which provide a Lagrangian realization of the infinitely many conserved currents of Section 2. Further, we explain the geometric significance of these currents and their conservation. In Section 4 we briefly investigate the symmetries of the static equations of motion (which are the relevant ones for solitons) for the three submodels (of the Baby Skyrme, Faddeev–Niemi and Nicole models). Section 5 contains our conclusions.

2 Brief survey of integrability in higher dimensions

In [12] a generalization of the zero curvature condition of Zakharov and Shabat in 1+1 dimensional integrable models was introduced in order to extend the concept of integrability to field theories in higher dimensions. In its original formulation, this condition was a zero curvature in a generalized loop space which leads to very non-local expressions when re-expressed in terms of fields over ordinary space-time. In the same paper, however, a local condition realizing this generalized zero curvature condition was given, which we want to describe briefly here. We choose a non-semisimple Lie algebra G̃ which is the direct sum of a (possibly, but not necessarily semi-simple) Lie algebra G and an abelian ideal P, i.e.,

G̃ = G + P (9)

where P may, e.g., be a (in general, reducible) representation of G, in which case we have

[T^a, T^b] = f^{abc}T^c , [T^a, P^n] = R^{mn} (T^a)P^m [P^m, P^n] = 0 , T^a ∈ G , P^m ∈ P (10)

and R^{mn} (T^a) are matrices in the representation P. Further, we choose a flat connection A_μ ∈ G, i.e.,

∂_μA_ν − ∂_ν A_μ + [A_μ, A_ν ] = 0 ⇒ A_μ = g^{−1}∂_μg (11)

where g ∈ G and G is the Lie group of which G is the Lie algebra. Finally, we need a covariantly conserved, vector-valued element of the abelian ideal, B_μ ∈ P, i.e., ∂^μB_μ + [A^μ, B_μ] = 0, (12) then there exist the conserved currents

J_μ ≡ gB_μg^{−1} , ∂^μJ_μ = 0 (13) as may be checked easily. If this construction holds for dim(P) = ∞ then we have infinitly many conserved currents.

For our purposes we now specialize to G = SU(2) and choose as the group element g a fixed, given function of the field u : IR^d × IR → C and its complex conjugate, g = g(u, ū) ∈ SU(2). (14) Essentially, g takes values on the equatorial two-sphere contained within SU(2) when u takes values in C (for an explicit expression see [12]). The representations P^m are now just the standard representations P^{(l,m)} of SU(2) where l and m are the angular momentum and magnetic quantum numbers, respectively. Further we restrict to m = ±1, i.e.,

B_μ = ∑ l c_lB^l_μ, (15)

B^l_μ = K_μP^{(l,1)} + K̄_μP^{(l,−1)} (16)

where the c_l are arbitrary real constants (making the abelian ideal infinitedimensional), and K_μ(u, ū, u_μ, ū_μ) is a given function of the field variables u, ū and its first derivatives (in principle, also of higher derivatives, but we do not consider this possibility here). Here and below we use the notation ∂_μu ≡ u_μ. Different choices for K_μ correspond to different field theories, as we shall see. Further, K_μ has to obey the reality condition

ℑ(ū_μK^μ) = 0. (17)

For the so chosen B^l_μ, the corresponding currents J^l_μ = gB^l_μg^{−1} are equivalent to the currents J^G_μ = i(K_μG_u − K̄_μG_ū) (18)

for an arbitrary real function G(u, ū) (G_u ≡ ∂_uG), see [10]. If all J^l_μ are conserved, then J^G_μ is conserved for arbitrary functions G. In the next Section, we shall present a Lagrangian realization of these integrability concepts.

3 Lagrangian realization of conserved currents

We introduce the class of Lagrangian densities L(u, ū, u_μ, ū_μ) = F (a, b, c) (19) where a = uū , b = u_μū^μ , c = (u_μū^μ)^2 − u^2_μū^2_ν (20) and F is at this moment an arbitrary real function of its arguments. The phase symmetry u → e^{iα}u for a constant α ∈ IR holds by construction. For the vector-valued function K^μ we choose K^μ = f(a)Π̄^μ (21) where f is a real function of its argument, and Π^μ and Π̄^μ are the conjugate four-momenta of u and ū, i.e. (u_μ ≡ ∂_μu, F_b ≡ ∂_bF , etc.), Π_μ ≡ L_uμ = ū^μF_b + 2(u^λū_λū_μ − ū^2_λu_μ)F_c. (22) K^μ in Eq. (21) automatically obeys the reality condition (17) for real Lagrangian densities. For the divergence ∂^μJ^G_μ of the current (18) we find ∂^μJ^G_μ = if ( [(M^′ūG_u + G_{uu})u^2_μ − (M^′uG_ū + G_{ūū})ū^2_μ]F_b + (uG_u − ūG_ū)[M^′(bF_b + 2cF_c) + F_a]) (23) where M ≡ ln f, M^′ ≡ ∂_aM, and we used the equations of motion ∂^μΠ_μ = L_u = ūF_a. (24) Now we want to study under which circumstances the divergence (23) vanishes (for a more detailed discussion we refer to Ref. [13]). If no constraints are imposed neither on the Lagrangian nor on the allowed class of fields u, then we find the two equations for G, uG_u − ūG_ū = 0, (25) and M_aūG_u + G_{uu} = 0 ⇒ ∂_u[f(uū)G_u] = 0, (26) with the solution G_u = k ū f (27)

where k is a real constant. The corresponding current J^G_μ is the Noether current for the phase transformation u → e^{iα}u which is a symmetry by construction.

Next we make the second term in (23) vanish by imposing on the Lagrangian the condition

M_a(bF_b + 2cF_c) + F_a = 0 (28)

with the general solution F (a, b, c) = F̃ ( b f , c f^2

) (29)

which has an interpretation in terms of the target space geometry. In fact, introduce the two real target space coordinates ξ^α via u = ξ^1 + iξ^2 and the target space metric w.r.t. to the coordinates ξ^α via

g_{αβ} ≡ f^{−1}δ_{αβ} ⇒ det(g_{αβ}) ≡ f^{−2} (30) ϵ̃_{αβ} = f^{−1} ϵ_{αβ} (31)

where ϵ_{αβ} is the usual antisymmetric symbol in two dimensions. Then the expressions on which F̃ may depend can be written as b f = g_{αβ}(ξ)∂^μξ^α∂_μξ^β (32) c f^2

= ϵ̃_{αβ}ϵ̃_{γδ}∂^μξ^α∂_μξ^γ ∂^ν ξ^β ∂_ν ξ^δ (33)

i.e., they depend on the target space metric and on the determinant of the target space metric, respectively. Let us point out here that all models of Section 1 are of this type, i.e., L_2 = b/f and L_4 = c/f^2 for f = (1 + a)^2 (the target space metric of the two-sphere).

To make the first term in Eq. (23) vanish, as well, we may either continue to impose Eq. (26), which is solved by those G which generate the target space isometries for the given target space metric (i.e., the given function f). Or we may restrict the Lagrangian further by imposing F_b ≡ 0 ⇒ F = F̃ (c/f^2). Then we have no restriction on G at all, and it follows that these unrestricted G generate the area-preserving diffeomorphisms on target space. This is precisely the case for the AFZ model.

Alternatively, we may make the first term in Eq. (23) vanish by imposing restrictions on the allowed field configurations u. In this case the currents J^G_μ are still the Noether currents of area-preserving diffeomorphisms, but these transformations are no longer symmetry transformations of the pertinent Lagrangians, in general. Concretely, we require that u obeys the complex eikonal equation (8), which defines therefore submodels for all models of the type (29) with infinitely many conserved charges.

[Remark: we might require, instead, that the field u obeys the (in general nonlinear) first order PDE which follows from the condition F_b = 0 in cases when this condition does not hold identically (i.e., for Lagrangians which do depend on the term b = u^μū_μ). This type of (“generalized”) integrability condition, which depends, however, on the chosen Lagrangian, has been discussed in [14], [13].]

4 Symmetries of the static equations

Here we just want to present the results of the calculation of all geometric symmetries (point symmetries) of the static equations, i.e., the static equations of motion (e.o.m.) for the full models (Baby Skyrme, Nicole and Faddeev–Niemi), and the static equations of motion plus the static eikonal equation for the corresponding submodels (observe that the static complex eikonal equation does have nontrivial solutions, in contrast to its real counterpart, see, e.g., [15]). The method of prolongations has been used for all symmetry calculations. Concretely, the symmetries of the submodels are calculated by first calculating the on-shell symmetries of the static eikonal equation. In a next step the on-shell symmetries of the static second order equations are calculated, where the second order equations consist of the equations of motion plus the prolongations of the static eikonal equation (i.e., the second order equations that follow by acting with total derivatives on the complex eikonal equation). For the calculations we refer to [16]. Here we give a detailed discussion of the results, which are displayed in Table 1.

For the Baby Skyrme model we find that the full static model has a point symmetry group which is a direct product of base space and target space symmetries, where the group of base space symmetries is the conformal group in two dimensions C_2, and the group of target space symmetries is the group SU(2). On the other hand, the submodel has the point symmetry group C_2 × C_2, i.e., the conformal group also in target space. Therefore, the submodel has more symmetry in the case of the Baby Skyrme model, although the additional symmetry is not related to the area-preserving diffeomorphisms.

∞ many geometric solutions model conserv. laws symmetries known Baby Skyrme yes^a C_2 × SU(2) yes

submodel yes C_2 × C_2 yes Nicole no C_3 × SU(2) yes submodel yes C_3 × SU(2) yes Faddeev–Niemi no E_3 × SU(2) yes^b

submodel yes E_3 × SU(2) no

Table 1: Some results for the three soliton models and their submodels. C_d . . . conformal group in d dimensions.

E_d . . . Euclidean group (translations and rotations) in d dimensions. adue to the infinite-dimensional base space symmetries C_2. bknown only numerically

Further, there exist static solutions to the submodel. In fact, all soliton solutions of the Baby Skyrme model are, at the same time, also solutions of the submodel.

For the Nicole model we find that the group of point symmetries of the static e.o.m. is again a direct product of base space and target space symmetry groups, where the base space symmetry group is C_3, the conformal group in three dimensions, and the target space symmetry group is SU(2). Further, the static submodel has exactly the same symmetry group C_3 × SU(2) as the full Nicole model. For the Nicole model only one analytical soliton solution is known, but this solution solves the static eikonal equation, as well, and is, therefore, also a solution of the submodel [7, 16].

For the Faddeev–Niemi model the situation is similar. Again, the static submodel has exactly the same symmetries as the full static model, and the symmetry group is a direct product of the Euclidean group in three dimensions E_3 in base space (i.e., rotations and translations) and of the group SU(2) in target space. For the full Faddeev–Niemi model soliton solutions are known only numerically [3], [17] - [20]. It is not known whether the submodel does or does not have solutions.

5 Conclusions

In this talk we gave a brief survey of the generalized zero curvature representation of [12], which leads to a generalization of integrability to higherdimensional non-linear field theories. Then we introduced a class of Lagrangian field theories parametrized by a complex field variable u, where this concept of integrability is realized by providing infinitely many conserved currents either for the full theory or for the submodel defined by the eikonal equation (∂u)^2 = 0. Further, these currents may be interpreted as Noether currents of area-preserving diffeomorphisms on the target space where u takes its values. For some relevant models within this class of field theories, which allow for soliton solutions, we then presented the results of a thorough analysis of the symmetries of their submodels.

The general result for all cases is that the area-preserving diffeomorphisms are not symmetries of any eikonal submodel. Also, the three-dimensional submodels of Faddeev–Niemi and Nicole have no additional symmetries compared to the full theories.

The Baby Skyrme model is special, as the restriction does have an intriguing additional symmetry. This can be important as there is not much difference of the solutions of the full model and the restriction, at least for the static case. We remind that the method can be easily extended to include the time dependence.

Acknowledgments

This research was partly supported by MCyT(Spain) and FEDER (FPA2002- 01161), Incentivos from Xunta de Galicia and the EC network ”EUCLID”. Further, CA acknowledges support from the Austrian START award project FWF-Y-137-TEC and from the FWF project P161 05 NO 5 of N.J. Mauser.

References

[1] E. Babaev, L.D. Faddeev, A. J. Niemi, Phys. Rev. B65, 100512 (2002).

[2] E. Babaev, Phys. Rev. Lett. 89, 067001 (2002).

[3] L.D. Faddeev, A. J. Niemi, Phys. Lett. B525, 195 (2002). [4] L.D. Faddeev, A.J. Niemi, and U. Wiedner, Phys. Rev. D70, 114033 (2004).

[5] L.D. Faddeev, in “40 Years in Mathematical Physics”, World Scientific, Singapore 1995.

[6] L.D. Faddeev, A.J. Niemi, Nature 387, 58 (1997); hep-th/9610193. [7] D.A. Nicole, J. Phys. G4, 1363 (1978).

[8] H. Aratyn, L.A. Ferreira, and A. Zimerman, Phys. Lett. B456, 162 (1990).

[9] H. Aratyn, L.A. Ferreira, and A. Zimerman, Phys. Rev. Lett. 83, 1723 (1999).

[10] O. Babelon and L.A. Ferreira, JHEP 0211, 020 (2002). [11] L.A. Ferreira and A.V. Razumov, Lett. Math. Phys. 55, 143 (2001). [12] O. Alvarez, L.A. Ferreira, and J. Sánchez-Guillén, Nucl. Phys. B529, 689 (1998).

[13] C. Adam and J. Sánchez-Guillén, Phys. Lett. B626, 235 (2005). [14] A. Wereszczyński, Phys. Lett. B621, 201 (2005). [15] C. Adam, J. Math. Phys. 45, 4017 (2004).

[16] C. Adam and J. Sánchez-Guillén, JHEP 0501, 004 (2005). [17] J. Gladikowski and M. Hellmund, Phys. Rev. D56, 5194 (1997). [18] R.A. Battye and P. Sutcliffe, Proc. Roy. Soc. Lond. A455, 4305 (1999). [19] R.A. Battye and P. Sutcliffe, Phys. Rev. Lett. 81, 4798 (1998). [20] J. Hietarinta, P. Salo, Phys. Rev. D62, 081701 (2000).