arXiv:hep-th/0511241 v2 2 Dec 2005

hep-th/0511241 TIT/HEP-547 November, 2005

Central Charges in Non(anti)commutative N = 2 Supersymmetric U(N) Gauge Theory

Katsushi Ito and Hiroaki Nakajima

Department of Physics Tokyo Institute of Technology Tokyo, 152-8551, Japan

Abstract

We study the central charge of the deformed N = (1, 0) supersymmetry algebra in non(anti)commutative N = 2 supersymmetric U(N) gauge theory. In the cases of N = 1/2 superspace and N = 2 harmonic superspace with the singlet deformation, we find that the central charge is deformed by the non(anti)commutative parameters but depends on the electric and magnetic charges. For generic deformation of N = 2 harmonic superspace, we compute the O(C) correction to the central charges in the case of U(1) gauge group.

Supersymmetric field theories in non(anti)commutative superspace [1, 2] arise as the low-energy effective field theories on the D-branes in the graviphoton background [3, 4, 5] and have been extensively studied in the last few years. These theories are defined in Euclidean superspace by using the ∗-product for the supercoordinates. In particular supersymmetric field theories in non(anti)commutative N = 1 superspace (N = 1/2 superspace) have been investigated both perturbatively and nonperturbatively [6, 7, 8, 9].

In the case of N = 2 superspace, there exists a variety of deformations [10, 11, 12, 13]. For generic Q-deformation, N = (1, 1) supersymmetry is deformed to N = (1, 0) [12, 13]. But for some particular deformation parameters, in which only N = 1 subspace is deformed, it is shown that the N = (1, 0) supersymmetry enhances to N = (1, 1/2) [12]. The deformed N = (1, 1/2) supersymmetry has been constructed explicitly in [14] for the U(1) gauge theory.

For N = 2 supersymmetric U(N) gauge theory in non(anti)commutative N = 1 superspace, the deformed N = (1, 1/2) supersymmetry is constructed in [15]. It is interesting to study the role of the deformed supersymmetry at the quantum level. Since non(anti)commutative field theories do not have Poincaré invariance, the supersymmetry algebra could get nontrivial corrections, which avoid the Haag-Łopuszański-Sohnius no-go theorem [16]. In N = 1/2 supersymmetric field theories, the central charge of the deformed supersymmetry algebra was studied in [17, 18]. In particular, for N = 1/2 Wess-Zumino (WZ) model, it was shown that the formula of the central charge associated with the domain wall is not deformed but the non(anti)commutative effects enter through the deformed equations of motion[18].

In N = 2 supersymmetric gauge theory, Witten and Olive [19] have shown that there exists a central extension in N = 2 supersymmetry algebra and its central charge is related to the electric and magnetic charges of the monopoles or dyons of the theory (See [20] for reviews). Their BPS property is very important to study the strong coupling physics of the theory [21].

In this paper we will study the effects of non(anti)commutativity on the deformed N = (1, 0) supersymmetry algebra of N = 2 supersymmetric U(N) gauge theory in N = 1/2 superspace. We find that new central charges appear in the algebra but they depend on the electric and magnetic charges and the vacuum expectation value of the

Higgs fields. We then extend this result to the non(anti)commutative N = 2 harmonic superspace. Since the exact U(N) action is only known for the singlet deformation [22], we calculate the N = (1, 0) algebra based on this theory. For generic deformation, the O(C) U(1) action has been obtained in [13]. We will calculate the O(C) correction to the central charge.

We begin with reviewing N = 2 supersymmetric U(N) gauge theory in non(anti)commutative N = 1 superspace. Let (x^μ, θ^α, θ̄^{α̇}) (μ = 0, . . . , 3, α, α̇ = 1, 2) be supercoordinates of N = 1 Euclidean superspace and σ^μ_{αα̇} and σ̄^{μα̇α} Dirac matrices [23]. We note that in Euclidean spacetime chiral and antichiral fermions transform independently under the Lorentz transformations. Q_α =^∂_{∂θα} − iσ^μ_{αα̇}θ̄^{α̇}∂_μ and Q̄^{α̇} = −^∂_{∂θ̄α̇} + iθ_ασ̄^{μα̇α}∂_μ are supercharges. D_α =^∂_{∂θα} + iσ^μ_{αα̇}θ̄^{α̇}∂_μ and D̄_{α̇} = −^∂_{∂θ̄α̇} − iθ_ασ̄^{μα̇α}∂_μ are the supercovariant derivatives. σ^{μν} =^1_4 (σ^μσ̄^ν − σ^νσ̄^μ) and σ̄^{μν} =^1_4 (σ̄^μσ^ν − σ̄^ν σ^μ) are the Lorentz generators.

The non(anti)commutativity in N = 1 superspace is introduced by the ∗-product: f ∗ g(x, θ, θ̄) = f(x, θ, θ̄) exp ( − 1 2 ←− Q_αC^{αβ} −→ Q_β ) g(x, θ, θ̄). (1) Using this ∗-product, the anticommutation relations for θ become { θ^α, θ^β } ∗ = C^{αβ} (2)

while the chiral coordinates y^μ = x^μ +iθσ^μθ̄ and θ̄ are still commuting and anticommuting coordinates, respectively.

N = 2 supersymmetric U(N) gauge theory in this deformed superspace was formulated in [6]. It can be constructed by vector superfields V , chiral superfields Φ and an anti-chiral superfields Φ̄, where Φ and Φ̄ belong to the adjoint representation of U(N). We introduce the basis t^a (a = 1, · · · , N^2) of the Lie algebra of U(N), normalized as tr(t^at^b) = kδ^{ab}. The Lagrangian is L = 1 k ∫ d^2θd^2θ̄ tr(Φ̄ ∗ e^V ∗ Φ ∗ e^{−V} ) + 1 16kg^2 tr (∫ d^2θW^α ∗ W_α + ∫ d^2θ̄W̄_{α̇} ∗ W̄^{α̇} ) , (3)

where g denotes the coupling constant. W_α = −^1_4D̄^2e^{−V} D_αe^V and W̄_{α̇} =^1_4 D^2e^{−V} D̄_{α̇}e^V are the chiral and antichiral field strengths. Note that multiplication of superfields are defined by the ∗-product. This Lagrangian is invariant under the gauge transformations Φ → e^{−iΛ} ∗ Φ ∗ e^{iΛ}, Φ̄ → e^{−iΛ̄} ∗ Φ̄ ∗ e^{iΛ̄} and e^V → e^{−iΛ̄} ∗ e^V ∗ e^{iΛ}. To write down the

Lagrangian in terms of component fields, it is convenient to take the WZ gauge as in the commutative case. Since the ∗-product deforms the gauge transformation, it is necessary to redefine the component fields such that these transform canonically under the gauge transformation[2, 6]. For N = 2 U(N) theory, these superfields in the WZ gauge are

Φ(y, θ) = A(y) + √ 2θψ(y) + θθF (y), Φ̄(ȳ, θ̄) = Ā(ȳ) + √ 2θ̄ψ̄(ȳ) + θ̄θ̄ ( F̄ + iC^{μν} ∂_μ { v_ν , Ā } − 1 4 C^{μν} [ v_μ, { v_ν , Ā }]) (ȳ), V (y, θ, θ̄) = −θσ^μθ̄v_μ(y) + iθθθ̄λ̄(y) − iθ̄θ̄θ^α ( λ_α + 1 4 ε_{αβ}C^{βγ} { (σ^μλ̄)_γ , v_μ }) (y) + 1 2 θθθ̄θ̄(D − i∂^μv_μ)(y). (4) Here ȳ^μ = x^μ − iθσ^μθ̄ are the antichiral coordinates and C^{μν} = C^{αβ}ε_{βγ} (σ^{μν} )_α^γ . Since σ^{μν} is self-dual, C^{μν} is also self-dual. Substituting (4) into the Lagrangian (3), we obtain the deformed Lagrangian written in terms of component fields. In this expression, however, normalizations of two fermions ψ and λ are different. In order to see symmetries between two fermions manifestly, it is useful to rescale V to 2gV and C^{αβ} to^1_{2g} C^{αβ}. Then the Lagrangian takes the form L = 1 k tr ( − 1 4 F^{μν} F_{μν} − 1 4 F^{μν}F̃_{μν} − iλ̄σ̄^μD_μλ + 1 2 D̃^2 −(D^μĀ)D_μA − iψ̄σ̄^μD_μψ + F̄ F − i √ 2g[Ā, ψ]λ − i √ 2g[A, ψ̄]λ̄ − g^2 2 [A, Ā]^2 )

+ 1 k tr ( − i 2 C^{μν} F_{μν}λ̄λ̄ + 1 8 |C|^2(λ̄λ̄)^2 + i 2 C^{μν} F_{μν} {Ā, F } − √ 2 2 C^{αβ}{D_μĀ, (σ^μλ̄)_α}ψ_β − 1 16 |C|^2[Ā, λ̄][λ̄, F ] ) , (5)

where F_{μν} = ∂_μv_ν − ∂_ν v_μ + ig[v_μ, v_ν ], F̃_{μν} =^1_2 ϵ_{μνρσ} F^{ρσ}, |C|^2 = C^{μν} C_{μν} and D_μλ = ∂_μλ+ig[v_μ, λ] etc. We have also introduced an auxiliary field D̃ defined by D̃ = D+g[A, Ā] in order to see undeformed N = 2 supersymmetry in a symmetric way. It is shown in [6, 15] that the action is invariant under the deformed N = (1, 1/2) supersymmetry δ_ξv_μ = iξσ_μλ̄, δ_ξλ_α = iξ_αD̃ − igξ_α[A, Ā] + (σ^{μν} ξ)_α ( F_{μν} + i 2 C_{μν}λ̄λ̄ ) , δ_ξλ̄ = 0, δ_ξD̃ = −ξσ^μD_μλ̄ + √ 2g[ξψ, Ā], δ_ξA = √ 2ξψ, δ_ξψ = √ 2ξF, δ_ξF = 0, δ_ξĀ = 0,

δ_ξψ̄ = √ 2iσ̄^μξD_μĀ, δ_ξF̄ = i √ 2ξσ^μD_μψ̄ − 2gi[Ā, ξλ] + C^{μν} D_μ { Ā, ξσ_νλ̄ } , (6)

δ_ηv_μ = −iησ_μψ̄ − √ 2 2 C^{αβ}η_α { Ā, (σ_μλ̄)_β } , δ_ηλ^α = √ 2η^αF̄ − √ 2 2 C^{αβ}η_β { D̃, Ā } − √ 2i 2 C^{αβ}(σ^{μν} η)_β { F_{μν} , Ā } − √ 2g 2 C^{αβ}η_β { Ā, [Ā, A] }

+ √ 2 4 det C ( {λ̄λ̄, Ā} + 2λ̄_{α̇}Āλ̄^{α̇} ) η^α, δ_ηλ̄ = √ 2iσ̄^μηD_μĀ, δ_ηD̃ = −ησ^μD_μψ̄ − √ 2g[ηλ, Ā] − √ 2 2 iC^{αβ}η_βD_μ { Ā, (σ^μλ̄)_α } − igC^{αβ}η_β { Ā, [Ā, ψ_α] } , δ_ηA = √ 2ηλ + iC^{αβ}η_β { ψ_α, Ā } , δ_ηψ^α = iη^αD̃ + igη^α[A, Ā] − ε^{αβ}(σ^{μν} η)_βF_{μν} − iC^{αβ}η_β { (λ̄λ̄) − { Ā, F }} , δ_ηF = i √ 2ησ^μD_μλ̄ + 2gi[Ā, ηψ], δ_ηĀ = 0,

δ_ηψ̄_{α̇} = C^{αβ}η_β σ^μ_{αα̇} { Ā, D_μĀ } , δ_ηF̄ = √ 2gC^{αβ}η_β { Ā, [Ā, λ_α] } + √ 2i 4 det C [ 3 { Ā, { ησ^μλ̄, D_μĀ }}

+2D_μĀĀησ^μλ̄ + 2ησ^μλ̄ĀD_μĀ + 2 { Ā, { ησ^μD_μλ̄, Ā }}] , (7)

where we have written down only the part of N = (1, 0) supersymmetry.

We now compute the Noether currents associated with deformed N = (1, 0) supersymmetry transformations δ_ξ and δ_η. Let X^μ_ξ be the total derivative term obtained from the variation of the Lagrangian associated with the transformation δ_ξ:

δ_ξL = ∂_μX^μ_ξ .

Then the supercurrent N^μ_{1α} is defined by

ξ^αN^μ_{1α} = ∂L ∂(∂_μφ_A) δ_ξφ_A − X^μ_ξ (8) where φ_A are component fields in the WZ gauge. The other supercurrent N^μ_{2α} associated with the transformation δ_η is defined in a similar way. From the Lagrangian (5) and the transformations (6), we get

ξN^μ_1 = 1 k tr { −i(F^{μν} + F̃^{μν} )ξσ_νλ̄ + √ 2D_νĀξσ^νσ̄^μψ + gξσ^μλ̄[A, Ā] +(ξσ_νλ̄)C^{μν}λ̄λ̄ − (ξσ_νλ̄)C^{μν} { Ā, F }} . (9)

The supercurrent N^μ_2 is given by

ηN^μ_2 = 1 k tr { i(F^{μν} + F̃^{μν} )ησ_νψ̄ + √ 2D_νĀησ^νσ̄^μλ − gησ^μψ̄[A, Ā] − √ 2 2 C^{αβ} { F^{μν} + F̃^{μν} , Ā } η_α(σ_νλ̄)_β − C^{μν} ησ_νλ̄ ( λ̄λ̄ − { Ā, F })

+iC^{αβ} { Ā, D_νĀ } η_α(σ^νσ̄^μψ)_β + ig √ 2 2 C^{μν} ησ_νλ̄ { Ā, [Ā, A] }

−i √ 2 2 det Cησ^μλ̄ ({ Ā, λ̄λ̄ } − { Ā, { Ā, F }})} , (10)

which contains O(C^2) corrections. For C = 0, we recover the undeformed supercurrents [19, 20]. The supercharge Q_{iα} is defined by Q_{iα} = ∫ d^3xN_{iα}(x). We now examine the anticommutation relations for supercharges Q_{iα}. We will use the equal-time anticommutation relations for fermions { ψ_α(x), ψ̄_{α̇}(y) } = δ_{αα̇}δ^3(x − y), { λ_α(x), λ̄_{α̇}(y) } = δ_{αα̇}δ^3(x − y). (11)

From (9), (10) and (11), we find that {Q_{1α}, Q_{1β}} and {Q_{1α}, Q_{2β}} are undeformed:

{Q_{1α}, Q_{1β}} = 0, (12) {Q_{1α}, Q_{2β}} = 2 √ 2iε_{αβ} ∫ d^3x 1 k tr [ (F_{0ℓ} + F̃_{0ℓ})D^ℓĀ ] . (13)

The r.h.s. of (13) comes from the 1st and 2nd terms in (9) and (10) and we have eliminated auxiliary fields by using the equations of motion. Eq. (13) is nothing but the central charge obtained by Witten and Olive [19].

The C-deformation arises in the anticommutation relation {Q_{2α}, Q_{2β}}, which is given by {Q_{2α}, Q_{2β}} = 4C_{αβ} ∫ d^3x 1 k tr [ (F_{0ℓ} + F̃_{0ℓ})D^ℓĀ^2 ] . (14)

The r.h.s. of (14) is obtained from the anticommutation relation among the 1st, 2nd, 4th and 7th terms in the current (10). Eq. (14) gives still the topological charge but its dependence on the vacuum expectation value of the Higgs fields is different from the undeformed topological charge (13).

In this paper, we will further study the deformed N = (1, 0) supersymmetry algebra for generic deformation case. In order to study deformed theories in extended superspace, it is convenient to introduce non(anti)commutative N = 2 harmonic superspace [24] with supercoordinates (x^μ, θ^α_i , θ̄^{α̇i}, u^{±i}). Here i = 1, 2 are SU(2)_R R-symmetry group indices. u^{±i} are the harmonic variables. The non(anti)commutativity in N = 2 harmonic superspace [12] is introduced by

[x^μ_L, x^ν_L]_∗ = [x^μ_L, θ^α_i ]_∗ = [x^μ_L, θ̄^{α̇i}]_∗ = 0, {θ̄^{α̇i}, θ̄^{β̇j} }_∗ = {θ̄^{α̇i}, θ^α_j }_∗ = 0, {θ^α_i , θ^β_j }_∗ = C^{αβ}_{ij} . (15)

where C^{αβ}_{ij} is the deformation parameter. x^μ_L ≡ x^μ + iθ_iσ^μθ̄^i is the N = 2 chiral coordinates. The non(anti)commutativity (15) is realized by using the ∗-product:

f ∗ g(θ) = f(θ) exp ( − 1 2 ←− Q^i_αC^{αβ}_{ij} −→ Q^j_β ) g(θ). (16)

where Q^i_α are supersymmetry generators which act on the N = 2 superspace. The deformation parameter C^{αβ}_{ij} has a symmetric property C^{αβ}_{ij} = C^{βα}_{ji} and can be decomposed as C^{αβ}_{ij} = C^{αβ}_{(ij)} + 1 4 ϵ_{ij} ε^{αβ}C_s. (17) Here C_s corresponds to the singlet deformation and A_{(ij)} denotes the symmetrized sum of A_{ij} over indices i and j.

At present the full component action for N = 2 U(N) gauge theory is not yet constructed for generic deformation parameters except for the singlet deformation case[22]. Recently, the exact form of the bosonic action of U(1) theory is computed in [25] for the particular type of the non-singlet deformation C^{αβ}_{(ij)} = c^{αβ}b_{(ij)}. In the present work we will construct the supercharges for the O(C) action of N = 2 U(1) gauge theory [13]. Although the supersymmetry algebra does not have central extension due to the absence of scalar potential, we would expect that the similar algebraic structure also appear in the U(N) case.

The O(C) Wess-Zumino gauge Lagrangian of the U(1) theory [13] in the deformed N = 2 harmonic superspace is given by L = − 1 4 (1 + √ 2C_sϕ̄)F_{μν} (F^{μν} + F̃^{μν} ) −i(1 − 1 √ 2 C_sϕ̄)ψ^iσ^μ∂_μψ̄_i + i √ 2 C_s∂_μϕ̄(ψ^iσ^μψ̄_i)

+ϕ∂^2ϕ̄ + 1 4 (1 − √ 2C_sϕ̄)D^{ij} D_{ij} −2 √ 2iC^{αβ}_{(ij)}ψ^i_α(σ^μψ̄^j )_β ∂_μϕ̄ − 2 √ 2 3 iC^{αβ}_{(ij)}ψ^i_α(σ^μ∂_μψ̄^j )_βϕ̄ + i 2 C_sψ̄^iψ̄^j D_{ij} − iC^{μν}_{(ij)}ψ̄^iψ̄^j F_{μν} + 1 √ 2 C^{μν}_{(ij)}D^{ij} F_{μν}ϕ̄ + O(C^2). (18)

We can compute the O(C) contributions of C^{αβ}_{(ij)} and C_s to the deformed supersymmetry separately. We firstly consider the case of non-singlet deformation C_s = 0. Setting C_s = 0, the Lagrangian (18) becomes L^{non−singlet} = − 1 4 F_{μν} (F^{μν} + F̃^{μν} ) + ϕ∂^2ϕ̄ − iψ^iσ^μ∂_μψ̄_i + 1 4 D^{ij} D_{ij} −2 √ 2iC^{αβ}_{(ij)}ψ^i_α(σ^μψ̄^j )_β∂_μϕ̄ − 2 √ 2 3 iC^{αβ}_{(ij)}ψ^i_α(σ^μ∂_μψ̄^j )_βϕ̄ −iC^{μν}_{(ij)}ψ̄^iψ̄^j F_{μν} + 1 √ 2 C^{μν}_{(ij)}D^{ij} F_{μν}ϕ̄ + O(C^2). (19)

The N = (1, 0) supersymmetry transformation law in the WZ gauge is given in [26] by δ̃_ξϕ = − √ 2ξ^iψ_i − 8 3 i(ξ^iεC_{(ij)}ψ^j )ϕ̄ + O(C^2), δ̃_ξϕ̄ = 0,

δ̃_ξA_μ = iξ^iσ_μψ̄_i + 2 √ 2i(ξ^iεC_{(ij)}σ_μψ^j )ϕ̄ + O(C^2), δ̃_ξψ^{αi} = −(ξ^iσ^{μν} )^αF_{μν} − D^{ij} ξ^α_j − i(ξ^iσ_{μν} )^αC^{μν}_{(jk)}ψ̄^jψ̄^k + 2 √ 2D^{(ij} (ξ^{k)}εC_{(jk)})^αϕ̄ −{2 √ 2(ξ^j εC_{(jk)}σ^{μν} )^α + 2 √ 2 3 (ξ^j σ^{μν} εC_{(jk)})^α + √ 2C^{μν}_{(jk)}ξ^{αj} }ϵ^{ki}ϕ̄F_{μν} + O(C^2), δ̃_ξψ̄^i_{α̇} = √ 2(ξ^iσ^μ)_{α̇}∂_μϕ̄ + 2(ξ^j εC_{(jk)}σ^μ)_{α̇}∂_μϕ̄^2ϵ^{ki} + O(C^2), δ̃_ξD^{ij} = −2iξ^{(i}σ^μ∂_μψ̄^{j)} − 6 √ 2iϵ^{k(l}∂_μ{(ξ^iεC_{(kl)}σ^μψ̄^{j)})ϕ̄} +2 √ 2iϵ^{il}ϵ^{jm}(ξ^k εC_{(lm)}σ^μψ̄_k)∂_μϕ̄ + O(C^2). (20)

Under the supersymmetric transformation (20), the Lagrangian (19) is invariant up to

O(C). Then the supercurrent is

ξ^iÑ^μ_i = −i(F^{μν} + F̃^{μν} )ξ^iσ_νψ̄_i − √ 2i(ψ^′_iσ^μσ̄^ν ξ^i)∂_νϕ̄ −(2C^{μν}_{(ij)}ψ̄^iψ̄^j + √ 2iC^{μν}_{(ij)}D^{ij} ϕ̄)ξ^k σ_νψ̄_k −2 √ 2i(F^{μν} + F̃^{μν} )ξ^iεC_{(ij)}σ_νψ̄^jϕ̄ − 2iξ^iεC_{(ij)}σ^νσ̄^μψ^{′j} ∂_νϕ̄^2 + O(C^2), (21)

where ψ^′ is defined by ψ^{′α}_i = ψ^α_i −^{2√2}_3 C^{αβ}_{(ij)}ϕ̄ψ^j_β. Using the anticommutation relation {ψ^{′i}_α(x), ψ̄_j˙_β(y)} = δ^i_j δ_α˙_βδ^3(x − y), we find the deformation of the central charge as {Q_{iα}, Q_{jβ} } = 2 √ 2ϵ_{ij} ε_{αβ} ∫ d^3x (F^{0ℓ} + F̃^{0ℓ})∂_ℓϕ̄ +8C_{(ij),αβ} ∫ d^3x (F^{0ℓ} + F̃^{0ℓ})∂_ℓϕ̄^2 + O(C^2). (22)

The algebra (22) coincides with the U(1) case of (12)–(14) under the reduction of the deformation parameter C^{αβ}_{(ij)} = C^{αβ}_{11} δ^1_i δ^1_j .

We note that in the case of singlet deformation C^{αβ}_{(ij)} = 0, C_s ≠ 0, the exact form of the Lagrangian is obtained in [22, 27] such as L^{singlet} = ( 1 + 1 √ 2 C_sϕ̄ )_2[ − 1 4 F_{μν} (F^{μν} + F̃^{μν} ) + ϕ∂^2ϕ̄ − iψ^iσ^μ∂_μψ̄_i + 1 4 D^{ij} D_{ij} ] . (23)

Here the component fields in (23) except for A_μ and ϕ̄ are redefined from those in (18) so that the N = (1, 0) supersymmetry transformation law in the WZ gauge is the same as the undeformed one[22, 27]:

δ̂_ξA_μ = iξ^iσ_μψ̄_i, δ̂_ξϕ = − √ 2ξ^iψ_i, δ̂_ξϕ̄ = 0, δ̂_ξψ^{αi} = −(ξ^iσ^{μν} )^αF_{μν} − D^{ij} ξ^α_j , δ̂_ξψ̄^i_{α̇} = √ 2(ξ^iσ^μ)_{α̇}∂_μϕ̄, δ̂_ξD^{ij} = −i(ξ^iσ^μ∂_μψ̄^j + ξ^j σ^μ∂_μψ̄^i). (24)

The supercurrent generating the transformation (24) is given by

ξ^iN̂^μ_i = ( 1 + 1 √ 2 C_sϕ̄ )_2[ −i(F^{μν} + F̃^{μν} )ξ^iσ_νψ̄_i − √ 2i(ψ_iσ^μσ̄^ν ξ^i)∂_νϕ̄ ] . (25)

From (25), we get the supersymmetry algebra as {Q_{iα}, Q_{jβ}} = 2 √ 2ϵ_{ij} ε_{αβ} ∫ d^3x ( 1 + 1 √ 2 C_sϕ̄ )_2

(F^{0ℓ} + F̃^{0ℓ})∂_ℓϕ̄. (26)

Since A_μ and ϕ̄ are not redefined, we can directly combine (22) and (26) into the central charge formula. Then we finally obtain the supersymmetry algebra in generic deformation case: {Q_{iα}, Q_{jβ} } = 2 √ 2ϵ_{ij} ε_{αβ} ∫ d^3x (F^{0ℓ} + F̃^{0ℓ})∂_ℓϕ̄ +8C_{ij,αβ} ∫ d^3x (F^{0ℓ} + F̃^{0ℓ})∂_ℓϕ̄^2 + O(C^2). (27)

The O(C^2) term of r.h.s. in (27) is generally nonzero as we have seen in the case of the singlet deformation (26).

We also examine the the supersymmetry algebra in N = 2 supersymmetric U(N) gauge theory with singlet deformation. The Lagrangian L^{singlet}_{U (N )} obtained in [22] is of the form L^{singlet} U (N ) = 1 k tr [ − 1 4 (L^2F_{μν} )F^{μν} − 1 4 (L^2F_{μν} )F̃^{μν} − (L^2ψ^i)σ^μD_μψ̄_i + (L^2ϕ)D^2ϕ̄ + 1 4 (L^2D_{ij} )D^{ij} − g √ 2 (L^2ψ^i)[ϕ̄, ψ_i] + g √ 2 ψ̄^i[L^2ϕ, ψ̄_i] − g^2 2 (L[ϕ, ϕ̄])^2 ]

+(higher-derivative terms), (28)

where the operator L is defined by

L = 1 + C_s 2 √ 2 {ϕ̄, · }. (29) The higher-derivative terms in the Lagrangian (28) can be absorbed by suitable field redefinitions[22]. After these field redefinitions, as in the U(1) case, the Lagrangian (28) is invariant up to the total derivative under the undeformed N = (1, 0) supersymmetry transformations: δ_ξA_μ = iξ^iσ_μψ̄_i, δ_ξϕ = − √ 2ξ^iψ_i, δ_ξϕ̄ = 0, δ_ξψ_i = σ^{μν} ξ_iF_{μν} + D_{ij} ξ^j − igξ_i[ϕ, ϕ̄], δ_ξψ̄_i = − √ 2σ̄^μξ_iD_μϕ̄, δ_ξD_{ij} = −2i{ξ_{(i}σ^μD_μψ̄_{j)} + √ 2g[ξ_{(i}ψ_{j)}, ϕ̄]}. (30)

The variation of the Lagrangian becomes δ_ξL^{singlet}_{U (N )} = ∂_μX^μ, X^μ = − 1 k tr ( gξ^iσ^μψ̄_i[L^2ϕ, ϕ̄] ) . (31)

Here we used the formula L[ϕ̄, U] = [ϕ̄, LU] for an arbitrary field U. The supercurrent is given by

ξ^iN^μ_i = 1 k tr [ −i{L^2(F^{μν} + F̃^{μν} )}ξ^iσ_νψ̄_i − √ 2i{(L^2ψ_i)σ^μσ̄^ν ξ^i}D_νϕ̄ + gξ^iσ^μψ̄_i[L^2ϕ, ϕ̄] ] . (32)

We then obtain the deformation of the central charge as {Q_{iα}, Q_{jβ}} = 2 √ 2ϵ_{ij} ε_{αβ} ∫ d^3x 1 k tr [ {L^2(F^{0ℓ} + F̃^{0ℓ})}D_ℓϕ̄ ] . (33)

The algebra (33) is reduced to (26) in the case of U(1) gauge group.

In this paper we have studied the central extension of the deformed N = (1, 0) supersymmetry algebra. For U(N) gauge group, we have obtained the C-deformed central charge in the cases of the deformed N = 1 superspace and N = 2 harmonic superspace with the singlet deformation. In generic deformation case, we have computed the O(C)- correction to the central charge for the U(1) gauge group. It is important to study the full action of the deformed N = 2 theory in order to discuss the complete C-deformed central charges. It is an interesting problem to find monopole and dyon solutions and study how the BPS structure is modified by the non(anti)commutativity. It is also interesting to study physical effects of this non(anti)commutativity in the strong coupling region of the theory.

Acknowledgements

H. N. is supported by Grant-in-Aid for Scientific Research from the Japanese Ministry of Education and Science, No. 16028203 for the priority area “origin of mass”.

References

[1] J. H. Schwarz and P. Van Nieuwenhuizen, Lett. Nuovo Cim. 34, 21 (1982).

[2] N. Seiberg, JHEP 0306, 010 (2003), hep-th/0305248.

[3] H. Ooguri and C. Vafa, Adv. Theor. Math. Phys. 7 (2003) 53, hep-th/0302109; Adv.

Theor. Math. Phys. 7 (2004) 405, hep-th/0303063.

[4] N. Berkovits and N. Seiberg, JHEP 0307 (2003) 010, hep-th/0306226.

[5] J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, Phys. Lett. B574 (2003) 98, hep-th/0302078.

[6] T. Araki, K. Ito and A. Ohtsuka, Phys. Lett. B573 (2003) 209, hep-th/0307076.

[7] R. Britto, B. Feng and S. J. Rey, JHEP 0307 (2003) 067, hep-th/0306215; JHEP 0308 (2003) 001, hep-th/0307091;

S. Terashima and J. T. Yee, JHEP 0312 (2003) 053, hep-th/0306237; M. Hatsuda, S. Iso and H. Umetsu, Nucl. Phys. B671 (2003) 217, hep-th/0306251; M. T. Grisaru, S. Penati and A. Romagnoni, JHEP 0308 (2003) 003, hep-th/0307099; R. Britto and B. Feng, Phys. Rev. Lett. 91 (2003) 201601, hep-th/0307165; A. Romagnoni, JHEP 0310 (2003) 016, hep-th/0307209; O. Lunin and S. J. Rey, JHEP 0309 (2003) 045, hep-th/0307275; D. Berenstein and S. J. Rey, Phys. Rev. D68 (2003) 121701, hep-th/0308049; M. Alishahiha, A. Ghodsi and N. Sadooghi, Nucl. Phys. B 691 (2004) 111, hep-th/0309037;

A. Imaanpur and S. Parvizi, JHEP 0407 (2004) 010, hep-th/0403174; A. T. Banin, I. L. Buchbinder and N. G. Pletnev, JHEP 0407 (2004) 011, hep-th/0405063;

E. A. Ivanov and B. M. Zupnik, Theor. Math. Phys. 142 (2005) 197, hep-th/0405185; E. Ivanov, O. Lechtenfeld and B. Zupnik, Nucl. Phys. B 707 (2005) 69, hep-th/0408146;

A. Sako and T. Suzuki, JHEP 0411 (2004) 010, hep-th/0408226; I. Jack, D.R.T. Jones and L.A. Worthy, Phys. Lett. B611 (2005) 199, hep-th/0412041; Phys. Rev. D72 (2005) 065002, hep-th/0504248 S. Penati and A. Romagnoni, JHEP 0502 (2005) 064, hep-th/0412041; T. Hatanaka, S. V. Ketov, Y. Kobayashi and S. Sasaki, Nucl. Phys. B 716 (2005) 88, hep-th/0502026; Nucl. Phys. B 726 (2005) 481, hep-th/0506071; R. Abbaspur and A. Imaanpur, hep-th/0509220; M. T. Grisaru, S. Penati and A. Romagnoni, hep-th/0510175;

I. L. Buchbinder, E. A. Ivanov, O. Lechtenfeld, I. B. Samsonov and B. M. Zupnik, hep-th/0511234.

[8] A. Imaanpur, JHEP 0309 (2003) 077, hep-th/0308171; JHEP 0312 (2003) 009, hep-th/0311137;

P. A. Grassi, R. Ricci and D. Robles-Llana, JHEP 0407 (2004) 065, hep-th/0311155; R. Britto, B. Feng, O. Lunin and S. J. Rey, Phys. Rev. D 69 (2004) 126004, hep-th/0311275;

M. Billó, M. Frau, I. Pesando and A. Lerda, JHEP 0405 (2004) 023, hep-th/0402160; JHEP 0505 (2005) 047, hep-th/0502084;

S. Giombi, R. Ricci, D. Robles-Llana and D. Trancanelli, hep-th/0505077; T. Araki, T. Takashima and S. Watamura, hep-th/0510088.

[9] B. Chandrasekhar and A. Kumar, JHEP 0403 (2004) 013, hep-th/0310137;

T. Inami and H. Nakajima, Prog. Theor. Phys. 111 (2004) 961, hep-th/0402137; B. Chandrasekhar, Phys. Rev. D 70 (2004) 125003, hep-th/0408184; Phys. Lett. B614 (2005) 207, hep-th/0503116;

O. D. Azorkina, A. T. Banin, I. L. Buchbinder and N. G. Pletnev, Mod. Phys. Lett. A 20 (2005) 1423, hep-th/0502008;

L. Alvarez-Gaumé and M. A. Vazquez-Mozo, JHEP 0504 (2005) 007, hep-th/0503016;

T. A. Ryttov and F. Sannino, Phys. Rev. D 71 (2005) 125004, hep-th/0504104; T. Hatanaka, S. V. Ketov and S. Sasaki, Phys. Lett. B619 (2005) 352, hep-th/0504191;

K. Araki, T. Inami, H. Nakajima and Y. Saito, hep-th/0508061.

[10] D. Klemm, S. Penati and L. Tamassia, Class. Quant. Grav. 20 (2003) 2905, hep-th/0104190;

S. Ferrara and M. A. Lledo, JHEP 0005 (2000) 008, hep-th/0002084; S. Ferrara, M. A. Lledo and O. Macia, JHEP 0309 (2003) 068, hep-th/0307039.

[11] S. Ferrara and E. Sokatchev, Phys. Lett. B579 (2004) 226, hep-th/0308021;

S.V. Ketov and S. Sasaki, Phys. Lett. B595 (2004) 530, hep-th/0404119; Phys.

Lett. B597 (2004) 105, hep-th/0405278; Int. J. Mod. Phys. A 20 (2005) 4021, hep-th/0407211.

[12] E. Ivanov, O. Lechtenfeld and B. Zupnik, JHEP 0402 (2004) 012, hep-th/0308012. [13] T. Araki, K. Ito and A. Ohtsuka, JHEP 0401 (2004) 046, hep-th/0401012. [14] T. Araki, K. Ito and A. Ohtsuka, JHEP 0505 (2005) 074, hep-th/0503224. [15] K. Ito and H. Nakajima, Phys. Lett. B629 (2005) 93, hep-th/0508052. [16] R. Haag, J. T. Łopuszański and M. Sohnius, Nucl. Phys. B88 (1975) 257. [17] A. Gorsky and M. Shifman, Phys. Rev. D71 (2005) 025009, hep-th/0410099;

L.G. Aldrovandi, D.H. Correa, F.A. Scaposnik and G.A. Silva, Phys. Rev. D71 (2005) 025015, hep-th/0410256;

[18] C. S. Chu and T. Inami, Nucl. Phys. B 725 (2005) 327, hep-th/0505141. [19] E. Witten and D. I. Olive, Phys. Lett. 78B (1978) 97.

[20] L. Alvarez-Gaumé and S.F. Hassan, Fortsch. Phys. 45 (1997) 159, hep-th/9701069. [21] N. Seiberg and E. Witten, Nucl. Phys. B 426 (1994) 19, hep-th/9407087; Nucl. Phys.

B 431 (1994) 484, hep-th/9408099.

[22] S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev and B. Zupnik, Nucl. Phys. B 704 (2005) 154, hep-th/0405049.

[23] J. Wess and J. Bagger, “Supersymmetry and Supergravity,” Princeton University Press, 1992.

[24] A. Galperin, E. Ivanov, V. Ogievetsky and E. Sokatchev, “Harmonic Superspace”, Cambridge University Press, 2001.

[25] A. De Castro, E. Ivanov, O. Lechtenfeld and L. Quevedo, hep-th/0510013. [26] T. Araki, K. Ito and A. Ohtsuka, Phys. Lett. B606 (2005) 202, hep-th/0410203. [27] T. Araki and K. Ito, Phys. Lett. B595 (2004) 513, hep-th/0404250.