arXiv:hep-th/0512008 v1 1 Dec 2005

Deformed Two-Mode Quadrature Operators in Noncommutative Space

Hua Wei,^∗ Jiahua Li,^† Ranran Fang, Xiaotao Xie, and Xiaoxue Yang Department of Physics, Huazhong University of Science and Technology, Wuhan 430074, P.R. China (Dated: December 1, 2005)

Abstract

Starting from noncommutative quantum mechanics algebra, we investigate the variances of the deformed two-mode quadrature operators under the evolution of three types of two-mode squeezed states in noncommutative space. A novel conclusion can be found and it may associate the checking of the variances in noncommutative space with homodyne detecting technology. Moreover, we analyze the influence of the scaling parameters on the degree of squeezing for the deformed level and the corresponding consequences.

PACS numbers: 42.50.Lc 03.65.-w 11.10.Nx

∗Electronic address: huawei2@eyou.com †Electronic address: lijiahua@mail.hust.edu.cn

I. INTRODUCTION

Recently quantum mechanics in noncommutative space are widely studied. The main motivation for these theories arises from string theory: the end points of the open strings trapped on an effective D-brane with a nonzero Neveu-Schwarz two form B-field background turn out to be noncommuting [1]. In the presence of the constant antisymmetric tensor field the momentum operators of the D-branes have noncommutative structure. The theoretical and experimental noncommutativity approach in space-space and space-time field to describe the physics at the Planck scale is widely discussed [1–14]. Following the limits of M theory and string theory, the noncommutative gauge theory develops fast, especially noncommutative space quantum field theory by introducing noncommutative quantum mechanics (NCQM) [3–8] has been studied widely, whose applications cover from the Aharonov-Bohm effect to the quantum Hall effect [9–11]. The noncommutative field theories are really challenging because of their nonlocality, which may have consequences on the “CPT theorem” as well as the causality [1–5].

As we all know, near the string scale the space-time appears noncommutativity, that is, the coordinates became no longer commutative. The noncommutative structure in spacetime can be introduced in this framework by taking noncommutative coordinates x̂_μ which satisfy the equation [x̂_μ, x̂_ν ] = iθ_{μν} , (1) where θ_{μν} is a real and antisymmetric tensor with the dimensions of length squared.

In recent years, NCQM has focused on some attention [2–8] such as noncommutative plane, harmonic oscillator, quantum electrodynamics theory, fractional angular momentum in noncommutative space, and constraint on quantum gravitational well etc. The dynamics of charged particle and muliparticle in diverse noncommutative systems with magnetic field or not are deeply discussed for exploring the essentially new features of NCQM. In the researching of two dimensional isotropic harmonic oscillator and testing the spatial noncommutativity via Rydberg atoms, the authors in Refs. [6, 7] from deformed Heisenberg-Weyl Algebra explore the scheme that the consistent ansatz of commutation relations of phase variables should simultaneously include space-space noncommutativity and momentum-momentum noncommutativity. In the following research [8], the author shows that the new type of boson algebra based on the Bose-Einstein statistics at the non-perturbation level described by deformed annihilation-creation operators is determined by the deformed Heisenberg-Weyl algebra itself, independent of dynamics, where the deformed boson algebra constitutes a complete and closed algebra. The research illuminates that the new type of boson algebra including momentum-momentum noncommutativity is self-contained, and the deformed annihilation and creation operators of the noncommutative space can be represented by the undeformed ones via a linear transformation.

Base on the new type of boson algebra, we investigate the variances of the deformed twomode quadrature operators under the evolution of three types of two-mode squeezed states in noncommutative space in this paper and we get a novel conclusion. We mark the operator in noncommutative space by using the form adding a hat sign to the common operator Ô in the present paper, so we can introduce the corresponding consistent algebra [6] by [x̂_i, x̂_j] = iξ^2θϵ_{ij} , [x̂_i, p̂_j ] = iℏδ_{ij} , [p̂_i, p̂_j ] = iξ^2ηϵ_{ij}, (i, j = a, b), (2) where θ and η are the constant parameters, independent of position and momentum; ϵ_{ij} is an two-dimensional antisymmetric unit tensor, ϵ_{ab} = −ϵ_{ba} = 1 and ϵ_{aa} = ϵ_{bb} = 0. The scaling factor ξ = (1 + θη/4ℏ^2)^{−1/2}. If momentum-momentum is commuting, then η = 0, we have ξ^2 = 1, the NCQM algebra (2) reduces to the one which is extensively discussed in literature for the case that only space-space are noncommuting.

Now, let us consider the two-mode light quantum field in noncommutative space. Following the realization of the Eq.(2) by deformed variables x̂_{a(b)} and p̂_{a(b)} in Ref [8] and considering light field environment, we choose the consistent ansatz of representations of â(b̂) =^{ω√}_{2c} ( x̂_{a(b)} +^{ic2}_{ℏω2} p̂_{a(b)} ) and â^†(b̂^†) =^{ω√}_{2c} ( x̂_{a(b)} −^{ic2}_{ℏω2} p̂_{a(b)} ) , where â(b̂) and â^†(b̂^†) are the annihilation and creation operators in noncommutative space. In order to maintain Bose-Einstein statistics at the nonperturbation level [6–8], that is, the operators â^† and b̂^† should be commuting to keep the physical meaning, so we have η = ℏ^2ω^4c^{−4}θ with the parameter c being velocity of light in vacuum, from Eqs.(2) we can show the commutation relations of â(b̂) and â^†(b̂^†) [â, â^†] = [b̂, b̂^†] = 1, [â, b̂] = [â^†, b̂^†] = 0, [â, b̂^†] = [â^†, b̂] = iξ^2ω^2c^{−2}θ. (3) From the relations (2) and (3), we can obtain the annihilation-creation operators [7].

For more physical picture instead of complicated mathematics, we choose tan ϕ ≡ ω^2c^{−2}θ/2 and the scaling factor ξ = (1 + ω^4c^{−4}θ^2/4)^{−1/2} = cos ϕ, this transformation can simplify the calculation by using the property of the trigonometric function, then we have

â = a cos ϕ + ib sin ϕ, b̂ = b cos ϕ − ia sin ϕ, â^† = a^† cos ϕ − ib^† sin ϕ, b̂^† = b^† cos ϕ + ia^† sin ϕ. (4)

The property of single-mode quadrature operators [6] has been studied, one finds that variances of single-mode quadrature operator in one degree of freedom include variances in the other degree of freedom. The result is of importance and inspire us to go one step further to clarify the role of the scaling parameters in the whole process by investigating the features of two-mode quadrature operators in noncommutative space and we can obtain a novel conclusion and it may provide a feasible checking scheme to the noncommutative two-mode squeezed states via homodyne detecting technology.

The paper is organized as follows. In the following section we show variances of the two-mode quadrature operators in commutative space. Then we calculate variances of the two-mode quadrature operators in noncommutative space and compare the corresponding consequences to the commutative case, we find variances of the two-mode quadrature operator in noncommutative space can be written with variances in commutative space and additional “correction terms”. Finally, we discuss the corresponding results, analyze the effect of the scaling parameter on the squeezing degree and clarify the possibility of the checking scheme to the noncommutative two-mode squeezed states.

II. TWO-MODE QUADRATURE OPERATORS IN COMMUTATIVE SPACE

In this part, we will show variances of the two-mode quadrature operators in commutative space. Following the former work [15, 16], according to the two-mode quadrature operators in commutative space X = 1 2 √ 2 ( a + a^† + b + b^† ) , Y = 1 i2 √ 2 ( a − a^† + b − b^† ) , (5)

we can study the properties of the two-mode quadrature operators explicitly using a special effective squeezed state presented by J. Janszky and A.V. Vinogradov [17], which can be achieved through superposition of coherent states along a straight line on the α plane. For a single mode of frequency ω, the electric field operator E(t) is represented as E(t) = E_0[a exp(−iωt) + a^† exp(iωt)], where a and a^† are the annihilation and creation operators of photon field. The superposition states is defined by |α, ±⟩ = c_{α±} (|α⟩ ± | − α⟩) , c_{α±} = {2[1 ± exp(−2α^2)]}^{−1/2}, (6)

where |α⟩ is the usual coherent state and the algebra satisfies a|α, ±⟩ = αc_{α±}c^{−1}_{α∓}|α, ∓⟩, a^2|α, ±⟩ = α^2|α, ±⟩, and ⟨α, ±|α, ∓⟩ = 0. For the sake of simplicity, we have assumed that α is real.

In order to compare the results in commutative space with those in the noncommutative space, we will first consider the variances of the two-mode quadrature operators under the evolution of three types of two-mode squeezed states in commutative space. To achieve this goal, below let us construct three types of two-mode squeezed states. From two-mode coherent state |α⟩|β⟩ (the basic algebra a|α⟩|β⟩ = α|α⟩|β⟩, b|α⟩|β⟩ = β|α⟩|β⟩), we can define three types of two-mode squeezed states [6, 17], given by |Ψ_1, ±⟩ ≡|α, ±⟩|β⟩, |Ψ_2, ±⟩ ≡|α, ±⟩|β, ±⟩, |Ψ_3, ±⟩ ≡c_{3±} (|α, β⟩ ± | − α, −β⟩) , (7)

where c^2_{3±} = 1/{2[1 ± exp(−2α^2 − 2β^2)]}, and the corresponding symbol between the equal mark changes synchronously (e.g., |Ψ_2, +⟩ ≡ |α, +⟩|β, +⟩ and |Ψ_2, −⟩ ≡ |α, −⟩|β, −⟩).

For the sake of describing the squeezing degree of the two-mode squeezed state, we should take account into the uncertainty relation via the variance relation (ΔX)^2 = ⟨X^2⟩−⟨X⟩^2 and (ΔY )^2 = ⟨Y^2⟩ − ⟨Y ⟩^2. For three different squeezed states, we have obtain the corresponding results, and the squeezed state appears only in |Ψ_i, +⟩ (i=1, 2, 3).

First, for the case of |Ψ_1, +⟩, applying the simple relations ⟨Ψ_1, +|ab|Ψ_1, +⟩ = ⟨Ψ_1, +|a^†b^†|Ψ_1, +⟩ = 0 and ⟨Ψ_1, +|a^†b|Ψ_1, +⟩ = ⟨Ψ_1, +|ab^†|Ψ_1, +⟩ = 0, after some algebra, the variance of the two-mode quadrature operator can be put into the following form

(ΔX)^2_{Ψ1+} = 1 4 + α^2 2[1 + exp(−2α^2)] , (ΔY )^2_{Ψ1+} = 1 4 − α^2 2[1 + exp(2α^2)] , (8) where the same term β^2/2 in both ⟨X^2⟩_{Ψ1+} , ⟨Y^2⟩_{Ψ1+} and ⟨X⟩^2_{Ψ1+} , ⟨Y ⟩^2_{Ψ1+} occurs, so the result shows that the variance is independent of parameter β for |Ψ_1, +⟩.

Next, for the case of |Ψ_2, +⟩, according to the same procedure as above, we have the results

(ΔX)^2_{Ψ2+} = 1 4 + α^2 2[1 + exp(−2α^2)] + β^2 2[1 + exp(−2β^2)] , (ΔY )^2_{Ψ2+} = 1 4 − α^2 2[1 + exp(2α^2)] − β^2 2[1 + exp(2β^2)] . (9)

Finally, for the case of |Ψ_3, +⟩, according to the relations ⟨Ψ_3, +|ab|Ψ_3, +⟩ = ⟨Ψ_3, +|a^†b^†|Ψ_3, +⟩ = αβ and ⟨Ψ_3, +|a^†b|Ψ_3, +⟩ = ⟨Ψ_3, +|ab^†|Ψ_3, +⟩ = αβ^{c23+}_{c23−} , the variances of X and Y are given by

(ΔX)^2_{Ψ3+} = 1 4 + (α + β)^2 2[1 + exp(−2α^2 − 2β^2)] , (ΔY )^2_{Ψ3+} = 1 4 − (α + β)^2 2[1 + exp(2α^2 + 2β^2)] . (10)

III. DEFORMED TWO-MODE QUADRATURE OPERATORS IN NONCOMMU-

TATIVE SPACE

In this section let us show what is the situation for the two-mode quadrature operators in the noncommutative space. Using the relations (4) and (5), we can construct the deformed two-mode quadrature operators as follows X̂ ≡ 1 2 √ 2 ( â + â^† + b̂ + b̂^† ) = X cos ϕ + Y^{ab} sin ϕ, Ŷ ≡ 1 i2 √ 2 ( â − â^† + b̂ − b̂^† ) = Y cos ϕ + X^{ab} sin ϕ,

[X̂, Ŷ ] = i 2 , (11)

where we have introduced the definitions Y^{ab} = (Y^a − Y^b)/ √ 2 and X^{ab} = (X^b − X^a)/ √ 2 for the sake of convenience. The quantities X^a, X^b, Y^a and Y^b are the corresponding a(b)-mode quadrature operators, denoted by X^a =^1_2 (a + a^†), Y^a =^1_{2i} (a − a^†) and X^b =^1_2 (b + b^†), Y^b = 1 2i (b − b^†), which are frequently used in the squeezed quantum field. The expressions of X and Y are identical to Eqs. (5). It is pointed out that the deformed quadrature operators satisfy the same commuting relation as the case in commutative space.

In what follows we concentrate on the variances of deformed two-mode quadrature operators. Inserting Eqs.(11) into the relations (ΔX̂)^2 = ⟨X̂^2⟩ − ⟨X̂⟩^2 and (ΔŶ )^2 = ⟨Ŷ^2⟩ − ⟨Ŷ ⟩^2, we have (ΔX̂)^2 = ⟨( X cos ϕ + Y^{ab} sin ϕ

)_2⟩ − ⟨ X cos ϕ + Y^{ab} sin ϕ

⟩_2 , (ΔŶ )^2 = ⟨( Y cos ϕ + X^{ab} sin ϕ

)_2⟩ − ⟨ Y cos ϕ + X^{ab} sin ϕ

⟩_2 , (12)

where cos^2 ϕ = ξ^2 = (1 + ω^4c^{−4}θ^2/4)^{−1} and sin^2 ϕ = 1 − ξ^2 are the θ-dependent experiment parameters [3, 7, 12].

If we expand equations above and do some rearrangement, we can arrive at a novel consequence (ΔX̂)^2 = (ΔX)^2 + [ (ΔY^{ab})^2 − (ΔX)^2 ] sin^2 ϕ + C_{ΔX̂} , (ΔŶ )^2 = (ΔY )^2 + [ (ΔX^{ab})^2 − (ΔY )^2 ] sin^2 ϕ + C_{ΔŶ} ,

(13)

where C_{ΔX̂} and C_{ΔŶ} represent the cross terms of the Eqs.(12), the specific expression are C_{ΔX̂} = (⟨XY^{ab} + Y^{ab}X⟩ − 2⟨X⟩⟨Y^{ab}⟩) sin ϕ cos ϕ and C_{ΔŶ} = (⟨Y X^{ab} + X^{ab}Y ⟩ − 2⟨Y ⟩⟨X^{ab}⟩) sin ϕ cos ϕ, respectively. The calculation process become compact instead of complicated via introducing the trigonometric function transformation.

From Eqs.(13), we can find variances of the two-mode quadrature operator in noncommutative space can be written with variances in commutative space and additional “correction terms”, the scaling parameter has no contribute to the first term in Eqs.(13). It it inspiring, because the quadrature variance of squeezed state can be measured directly via homodyne detection technology [18]. This is a very interesting result for the influence of the noncommutative space to the two-mode squeezing field and it can provide a novel checking scheme to the noncommutative two-mode squeezed states in a simple way. Following the universal equations above, we can get the corresponding results for different type of the two-mode squeezing light field in noncommutative space, respectively.

To begin with, for the case of |Ψ_1, +⟩, after some conversion we have (C_{ΔX̂} )_{Ψ1+} = (C_{ΔŶ} )_{Ψ1+} = 0, (ΔY^{ab})^2_{Ψ1+} = 1/4 − α^2/{2[1 + exp(2α^2)]} and (ΔX^{ab})^2_{Ψ1 +} = 1/4 + α^2/{2[1 + exp(−2α^2)]}. Substituting the above results into Eq. (12), the corresponding variances follow

(ΔX̂)^2_{Ψ1 +} = (ΔX)^2_{Ψ1 +} − α^2 2 (1 − ξ^2),

(ΔŶ )^2_{Ψ1 +} = (ΔY )^2_{Ψ1 +} + α^2 2 (1 − ξ^2),

(14) we can find the only modification from noncommutative space is a factor α^2(1 − ξ^2)/2 here comparing to Eq.(8) for the state vector, here the cross term in Eq.(13) is zero and it is same to state vectors else.

Next, for the case of |Ψ_2, +⟩, after some algebra we have (C_{ΔX̂} )_{Ψ2 +} = (C_{ΔŶ} )_{Ψ2+} = 0, (ΔY^{ab})^2_{Ψ2+} = 1/4 − α^2/{2[1 + exp(2α^2)]} − β^2/{2[1 + exp(2β^2)]} and (ΔY^{ab})^2_{Ψ2 +} = 1/4 + α^2/{2[1 + exp(−2α^2)]} + β^2/{2[1 + exp(−2β^2)]}. As such, we can obtain the corresponding results

(ΔX̂)^2_{Ψ2 +} = (ΔX)^2_{Ψ2 +} −

(α^2 + β^2) 2 (1 − ξ^2)

(ΔŶ )^2_{Ψ2 +} = (ΔY )^2_{Ψ2+} +

(α^2 + β^2) 2 (1 − ξ^2)

(15)

the only modification from noncommutative space is a factor (α^2 + β^2)(1 − ξ^2)/2.

And for the case of |Ψ_3, +⟩, making full use of (C_{ΔX̂} )_{Ψ3 +} = (C_{ΔŶ} )_{Ψ3 +} = 0, (ΔY^{ab})^2_{Ψ3+} = 1/4−(α−β)^2/{2[1+exp(α^2 +β^2)]} and (ΔX^{ab})^2_{Ψ3 +} = 1/4+(α−β)^2/{2[1+exp(−α^2 −β^2)]} we can obtain corresponding variances

(ΔX̂)^2_{Ψ3+} = (ΔX)^2_{Ψ3+} − { α^2 + β^2 2 + αβ[1 − exp(−2α^2 − 2β^2)] 1 + exp(−2α^2 − 2β^2) } (1 − ξ^2),

(ΔŶ )^2_{Ψ3 +} = (ΔY )^2_{Ψ3 +} + { α^2 + β^2 2 + αβ[1 − exp(−2α^2 − 2β^2)] 1 + exp(−2α^2 − 2β^2) } (1 − ξ^2).

(16)

the only modification from noncommutative space is a term depending on the scaling parameter too.

Equations (14)-(16) are the main results for the two-mode quadrature operators under the evolution of three types of two-mode squeezed states in noncommutative space, they all come from the universal Equations (13). We can compare these results to the commutative case and analyze the influence of the scaling parameters on the degree of squeezing for the deformed level and the corresponding consequences.

IV. DISCUSSIONS AND CONCLUSIONS

There are different bounds on the parameter θ set by experiments. Although θ is surely small, the existing experiments [3, 7, 12–14] demonstrate the approximate order of magnitude. The low-energy test[12] of Lorentz invariance place bounds on noncommutative energy scale of order 10 Tev. Measurements of the Lamb shift [13] give a weaker bound. Far stronger bounds arise if one considers potential noncommutative effects in strong interactions[14]. For the scaling factor ξ^2 = (1 + ω^4c^{−4}θ^2/4)^{−1}, from the specific experimental parameter we can analyze the scaling factor in detail. On the other hand, detection and measurement of squeezed states via homodyne detection is a proven technology [18]. It may be a feasible scheme to study NCQM utilizing the auxiliary deformed two-mode squeezed state. In order to associate the variances with the experiment parameter θ, we expand the scaling factor ξ^2 with respect to θ using Taylor power series

ξ^2 = 1 − Aθ^2 + O(θ^4), (17)

where A = ω^4c^{−4}/4, and we only retain the terms up to the second order of the parameter θ. Inserting the Taylor expansion (17) into Eqs. (14)-(16), the influence of the noncommutativity on the two-mode quadrature operators can be determined by

(ΔX̂)^2_{Ψ1 +} = (ΔX)^2_{Ψ1+} − α^2 2 Aθ^2, (ΔŶ )^2_{Ψ1+} = (ΔY )^2_{Ψ1+} + α^2 2 Aθ^2, (18)

(ΔX̂)^2_{Ψ2 +} = (ΔX)^2_{Ψ2+} − α^2 + β^2 2 Aθ^2, (ΔŶ )^2_{Ψ2+} = (ΔY )^2_{Ψ2+} + α^2 + β^2 2 Aθ^2, (19)

(ΔX̂)^2_{Ψ3 +} = (ΔX)^2_{Ψ3+} − { α^2 + β^2 2 + αβ[1 − exp(−2α^2 − 2β^2)] 1 + exp(−2α^2 − 2β^2) } Aθ^2, (ΔŶ )^2_{Ψ3 +} = (ΔY )^2_{Ψ3+} + { α^2 + β^2 2 + αβ[1 − exp(−2α^2 − 2β^2)] 1 + exp(−2α^2 − 2β^2) } Aθ^2. (20)

From Eqs. (18)-(20), we can arrive at the conclusion that the degree of the squeezing in noncommutative space becomes attenuated explicitly in Y direction and the degree of the squeezing in X direction becomes enhanced, as compared to that in commutative space. When θ = 0, it is straightforward to show from Eqs. (14)-(16) or Eqs. (18)-(20) that the variances in noncommutative space turn back into the ones in commutative space, which is in good agreement with the commutation relations (3). Alternatively, when the noncommutative system is determinate, the variances of the two-mode quadrature operators under the evolution of three types of two-mode squeezed states can be written in the form of the simple addition or subtraction with the variances in commutative condition and some “correction terms” connected with experiment parameter θ.

In summary, starting from noncommutative quantum mechanics algebra, we investigate the variances of the two-mode quadrature operators under the evolution of three types of two-mode squeezed states in commutative and noncommutative space, and point out the difference between them. In addition, we analyze the influence of the scaling parameters on the degree of the squeezing for the deformed level and illuminate the corresponding conclusions, which may be helpful for testing the uncertainty relation and the essential features of the noncommutative space in corresponding experiments. Our results are of theoretical interest in understanding the characteristics of the two-mode squeezing light fields in noncommutative space, and have potential application in searching new schemes for the relating experimental testing of noncommutative space.

Acknowledgments

The authors would like to thank Prof. Ying Wu for valuable discussions and useful comments. The work is supported in part by the National Natural Science Foundation of China Under Grant Nos. 90503010 and 10575040, and by National Basic Research Program of China 2005CB724508.

[1] A. Connes, M.R. Douglas and A. Schwartz, JHEP 02 (1998) 003 hep-th/9711162;

M.R. Douglas and C. Hull, JHEP 02 (1998) 008 hep-th/9711165; F. Ardalan, H. Arfaei and M.M. Sheikh-Jabbari, JHEP 02 (1999) 016 hep-th/9810072; N. Seiberg and E. Witten, JHEP 06 (1999) 030 hep-th/9908142; I.F. Riad and M.M. Sheikh-Jabbari, JHEP 0008 (2000) 045 hep-th/0008132; P.M. Ho and Y.S. Wu, Phys. Lett. B 398 (1997) 52.

[2] J.L. Hewett, F.J. Petriello and T.G. Rizzo, Phys. Rev. D 64 (2001) 075012 ;

H.R. Christiansen, F.A. Schaposnik, Phys. Rev. D 65 (2002) 086005 hep-th/0106181; A. Smailagic, E. Spallucci, Phys. Rev. D 65 (2002) 107701 hep-th/0108216; V.P. Nair, A.P. Polychronakos, Phys. Lett. B 505 (2001) 267 hep-th/0011172;

S. Bellucci, A. Neressian, C. Sochichiu, Phys. Lett. B 522 (2001) 345 hep-th/0106138. [3] M. Chaichian, M.M. Sheikh-Jabbari, and A. Tureanu, Phys. Rev. Lett. 86 (2001) 2716;

P.M. Ho and H.C. Kao, Phys. Rev. Lett. 88 (2001) 151602. [4] M.R. Douglas and N.A. Nekrasov, Rev. Mod. Phys. 73 (2001) 977;

A. Konechny, A. Schwarz, Phys. Reports. 360 (2002) 353.

[5] J. Gamboa, M. Loewe, and J.C. Rojas, Phys. Rev. D 64 (2001) 067901 hep-th/0010220;

A. Smailagic and E. Spallucci, Phys. Rev. D 65 (2002) 107701 hep-th/0108216. [6] Jian-zu Zhang, Phys. Lett. B 584 (2004) 204 hep-th/0405135;

Jian-zu Zhang, Phys. Lett. B 597 (2004) 362 hep-th/0407183. [7] Jian-zu Zhang, Phys. Rev. Lett. 93 (2004) 043002 hep-th/0405143;

Qi-jun Yin, Jian-zu Zhang, Phys. Lett. B 613 (2005) 91 hep-th/0505246. [8] Jian-zu Zhang, hep-th/0508164.

[9] M. Chaichian, A. Demichev, P. Presnajder, M.M. Sheikh-Jabbari and A. Tureanu, Phys. Lett.

B 527 (2002) 149 hep-th/0012175.

[10] S.S. Gubser and M. Rangamani, JHEP 0105 (2001) 041 hep-th/0101029. [11] H. Falomir, J. Gamboa, M. Loewe, F. Mendez and J.C. Rojas, Phys. Rev. D 66 (2002) 045018 hep-th/0203260.

[12] S.M. Carroll, J.A. Harvey, V.A. Kostelecky, C.D. Lan and T. Okamoto, Phys. Rev. Lett. 87 (2001) 141601 hep-th/0105082.

[13] M. Chaichian, M.M. Sheikh-Jabbari, and A. Tureanu, Phys. Rev. Lett. 86 (2001) 2716 hepth/0010175.

[14] I. Mocioiu, M. Pospelov, and R. Roiban, Phys. Lett. B 489 (2000) 390 hep-th/0005191. [15] R. Loudon and P.L. Knight, J. Mod. Opt. 34 (1987) 709. [16] C.M. Caves and B.L. Schumaker, Phys. Rev. A 31 (1985) 3068;

Hong-yi Fan, Phys. Rev. A 41 (1990) 1526;

Ying Wu and Robin Cŏté, Phys. Rev. A 66 (2002) 025801; Ying Wu and Xiaoxue Yang, Opt. Lett. 29 (2004) 839.

[17] J. Janszky and A.V. Vinogradov, Phys. Rev. Lett. 64 (1990) 2771.

[18] M.O. Scully and M.S. Zubairy, Quantum optics (Cambridge University Press, Cambridge 1997).