arXiv:hep-th/0512046 v1 5 Dec 2005

TWISTED SPACE-TIME SYMMETRY, NON-COMMUTATIVITY AND PARTICLE DYNAMICS

J. LUKIERSKI AND M. WORONOWICZ Institute of Theoretical Physics 50-205 Wrocław, pl. Maxa Borna 9, Poland E-mail: lukier,woronow@ift.uni.wroc.pl

We describe the twisted space-time symmetries which imply the quantum Poincaré covariance of noncommutative Minkowski spaces, with constant, Lie algebraic and quadratic commutators. Further we present the relativistic and nonrelativistic particle models invariant respectively under twisted relativistic and twisted Galilean symmetries.

1. Introduction

Since the work of Doplicher et all. (see e.g.1^,2) there is a strong indication that due to quantum gravity effects the space-time coordinates are becoming noncommutative. In general case one can write^a [^x_μ, ^x_ν] = i κ^2 θ_{μν} (κ^x_ρ) = i κ^2 θ^{(0)}_{μν} + i κ θ^{(1)ρ}_{μν} ^x_ρ + iθ^{(2)ρτ}_{μν} ^x_ρ^x_τ , (1) where the fundamental mass parameter κ has been introduced in order to exhibit the mass dimensions of respective terms and have the constant tensors θ^{(0)}_{μν} , θ^{(1)ρ}_{μν} , θ^{(2)ρτ}_{μν} as dimensionless. If we link (1) with quantum gravity one can put κ = m_{pl} (m_{pl} - Planck mass). Further we add that the relation (1) describes in D=10 first-quantized open string theory the noncommutative coordinates on D-branes providing the localizations of the ends of the strings 3^,4.

aFormula (1) is not the most general one. One can assume that the rhs of (1) depends also on momenta (or derivative operators) as well as on other operators, e.g. spin variables. In this note we shall not consider such extensions of (1). The expansion (1) is only up to quadratic term because higher orders do not have classical limit κ → ∞. 1

2 There are two important problems related with the application of formula (1) to physical models:

i) In standard relativistic theory, with classical Poincaré symmetries, the first term on rhs of (1) breaks the Lorentz invariance, and further two terms break both Lorentz and translational invariance. One can ask how looks the deformation of classical Poincaré invariance which permits to consider relations (1) as covariant under deformed Poincaré transformations, i.e. the same in any deformed Poincaré frame.

ii) There should be given prescriptions how to formulate the classical mechanics and field theory models with noncommutative space-time coordinates (1), covariant under the twisted Poincaré symmetries.

If the time coordinate remains classical (i.e. in formula (1) θ_{0μ} = 0) both points i) and ii) can be applied to the nonrelativistic noncommutative theories with classical Galilean invariance broken by relation (1).

2. Twisted Space-Time Symmetries

We shall look for the quantum relativistic symmetries implying the covariance of noncommutative Minkowski spaces. In systematic study firstly one should consider all possible quantum relativistic symmetries (quantum Poincaré algebras) in the form of noncommutative Hopf algebras, and then derive corresponding quantum Minkowski spaces as deformed Hopf algebra modules. An example of such a construction which is already more than ten years old is the κ-deformed Minkowski space 5^,6^,7

[^x_0, ^x_i] = i κ ^x_i , [^x_i, ^x_j] = 0 , (2)

corresponding in (1) to the choice θ^{(0)}_{μν} = θ^{(2)ρτ}_{μν} = 0 and θ^{(1)ρ}_{μν} = η_{ν0}δ^ρ_μ − η_{μ0}δ^ρ_ν . Using the Hopf-algebraic formulae of κ-deformed Poincaré algebra in bicrossproduct basis one can show 6 that the relations (2) are covariant under the Hopf-algebraic action of κ-deformed Poincaré algebra.

It appears that the most effective way of describing the noncommutative space-times covariant under quantum relativistic symmetries is to consider twisted symmetry algebras. In such a case the classical Poincaré- Hopf algebra is modified only in the coalgebraic sector, with all the algebraic relations preserved. We change the classical Poincaré Hopf algebra H^{(0)} = (U(P_4), m, Δ_0, S_0, ϵ) into twisted Poincaré Hopf algebra H = (U(P_4), m, Δ, S, ϵ) by means of the twist factor F ∈ U(P_4) ⊗ U(P_4) as follows (P_4 ∋ ĝ = (P_μ, M_{μν} ))

Δ(ĝ) = F ∘ Δ_0(ĝ) ∘ F^{−1} , S(ĝ) = U S_0(ĝ)U^{−1} , (3)

3

Δ_0(ĝ) = ĝ ⊗ 1 + 1 ⊗ ĝ , S_0(ĝ) = −ĝ , ϵ(ĝ) = 0 , (4)

where (a ⊗ b) ∘ (c ⊗ d) = ac ⊗ bd. The twist F satisfies the cocycle and normalization conditions 8

F_{12} (Δ_0 ⊗ 1) F = F_{23} (1 ⊗ Δ_0) F , (ϵ ⊗ 1)F = (1 ⊗ ϵ)F = 1 , (5)

where F_{12} = f_{(1)} ⊗ f_{(2)} ⊗ 1 etc. (F = f_{(1)} ⊗ f_{(2)}) and U = f_{(1)}S(f_{(2)}).

The advantage of using twisted Poincaré algebra is the explicit formula for the multiplication in twisted Hopf algebra module A which should satisfy the condition (see e.g. 9, h ∈ U(P_4), a, b ∈ A)

h ▷ (a • b) = (h_1a) • (h_2b) , (6)

where Δ(h) = h_1 ⊗ h_2. We see from (6) that if h_1 ≠ h_2 then a • b ≠ b • a, i.e. from quantum-deformed relativistic symmetry follow necessarily the noncommutative Minkowski space as its Hopf-algebraic module.

One can show that the multiplication in A for twisted Hopf algebra H which is consistent with the relation (6) (h ∈ H) provides the formula 10,11,12

a • b = (f_{(1)}a)(f_{(2)}b) , F^{−1} = f_{(1)} ⊗ f_{(2)} . (7)

In the case of relativistic symmetries one can use the classical space-time representation for the Poincaré generators P_μ, M_{μν}

P_μ = i∂_μ , M_{μν} = i(x_ν ∂_μ − x_μ∂_ν ) . (8)

Subsequently in the formula (7) one can assume that a, b are classical functions on commutative Minkowski space x_μ, and define f_{(i)}(P_μ, M_{μν} ) ≡ f_{(i)}(x, ∂), i = 1, 2. One gets the following star product multiplication which is a particular representation of algebraic formula (7)

ξ(x) ⋆ ζ(x) = (f̄_{(1)}(x, ∂)ξ(x))(f̄_{(2)}(x, ∂)ζ(x)) . (9)

The important application of twisted Poincaré algebras to the covariant description of noncommutative Minkowski spaces, namely describing the quantum covariance of (1) for the case θ_{μν} = θ^{(0)}μν is quite recent^b . The

bThe twisted Poincaré symmetries corresponding to θ_{μν} = θ^{(0)}_{μν} were earlier discussed in 13,14,15,16, but the full consequences of the twisted description were realized in 2004 (see e.g. 12^,17^,18^,19).

4 quantum symmetry which leaves invariant the simplest form of (1)^c

[^x_μ, ^x_ν]_• = i κ^2 θ^{(0)}_{μν} , (10)

(where [a, b]_• = a • b − b • a) is generated by the following Abelian twist

F_θ = exp i 2κ^2

( θ^{μν}_{(0)} P_μ ∧ P_ν ) . (11)

We obtain the twisted Poincaré-Hopf structure with classical Poincaré algebra relations and modified coproducts of Lorentz generators M_{μν}

Δ_θ(P_μ) = Δ_0(P_μ), (12) Δ_θ(M_{μν} ) = F_θ ∘ Δ_0(M_{μν} ) ∘ F^{−1}_θ

= Δ_0(M_{μν} ) − 1 κ^2 θ^{ρσ}_{(0)}[(η_{ρμ}P_ν − η_{ρν} P_μ) ⊗ P_σ (13) +P_ρ ⊗ (η_{σμ}P_ν − η_{σν} P_μ)] . One can consider however also other Abelian twists of Poincaré symmetries, depending on the Lorentz generators M_{μν} (see 20^,13^,14^,21). It appears that only subclass of general commutator (1) with linear and quadratic terms can be covariantized by twisted Poincaré algebras. In the following section we shall consider the quantum Poincaré symmetries corresponding to the following two twist functions 21:

i) Lie-algebraic relations for noncommutative Minkowski space

F_{(αβ)} = exp i 2κ (ζ^λ P_λ ∧ M_{αβ}) , (14)

where α, β = 0, 1, 2, 3 are fixed and the vector ζ^λ = θ^{λαβ}_{(1)} has vanishing components ζ^α, ζ^β.

ii) Quadratic deformations of Minkowski space

F_{(αβγδ)} = exp i 2 ζ M_{αβ} ∧ M_{γδ} , (15) where ζ = θ^{αβδγ}_{(2)} is a numerical parameter, all the four indices α, β, γ, δ are fixed and different.

cBelow, in chapter 2 and 3, we shall use explicitly the fat dot notation for the algebra of functions on quantum Minkowski space in order to stress its Hopf algebra module origin.

5 3. Lie-algebraic and Quadratic Quantum-Covariant

Noncommutative Minkowski Spaces

In this Section we shall report on results presented in 21, which we supplement by the proof of quantum translational invariance.

In the formalism of quantum-deformed Hopf-algebraic symmetries the quantum-covariant noncommutative Minkowski space can be introduced in two ways:

i) as the translation sector of quantum Poincaré group , ii) as the quantum representation space (a Hopf algebra module) for quantum Poincaré algebra with the action of the deformed symmetry generators satisfying suitably deformed Leibnitz rule (6).

In the case of constant tensor θ_{μν} = θ^{(0)}μν the quantum Poincaré group algebra dual to the coproducts (12), (13) is known15^,19^,21, and the quantum translations do not satisfy the relation (10). It appears that the relation (10) as describing quantum-covariant noncommutative Minkowski space can be obtained only as the Hopf algebra module. To the contrary, in the case of twisted relativistic symmetries generated by the twist factors (14, 15) it can be shown that both definitions i) and ii) coincide 21.

i) Lie-algebraic noncommutative Minkowski space.

The commutator algebra following from (14) and the formula (7) has the form 21

[^x_μ, ^x_ν]_• = C^ρ_{μν} ^x_ρ , (16)

where C^ρ_{μν} = i κ ζ_μ(η_{βν} δ^ρ_α − η_{αν}δ^ρ_β) + i κ ζ_ν (η_{αμ}δ^ρ_β − η_{βμ}δ^ρ_α) . (17)

The relations (16) can be written in more transparent way as follows (α, β are fixed by the choice of twist function)

[^x_α, ^x_λ]_• = i κ ζ_λη_{αα}^x_β , [^x_β, ^x_λ]_• = − i κ ζ_λη_{ββ} ^x_α , (18)

where ζ_α = ζ_β = 0.

The quantum Lorentz covariance of (16) under the Hopf action of the Lorentz generators M_{μν} has been shown in 21. We shall show the quantum translational invariance of (16) using the differential realization (8). The fourmomentum coproduct generated by twist

6 (14) has the form 21

Δ(P_μ) = Δ_0(P_μ) + 1 2κ ξ^λP_λ ∧ (η_{αμ}P_β − η_{βμ}P_α) + O(P^3) . (19)

Putting in (6) h ≡ P_μ, a ≡ x_ρ, b ≡ x_σ and using (17) we obtain

P_μ ▷ (x_ρ • x_σ) = ix_{{ρ}η_{σ}μ} + η_{αμ}ξ_{[σ} η_{ρ]β} − η_{βμ}ξ_{[σ} η_{ρ]α} , (20) = ix_{{ρ}η_{σ}μ} + 1 2 P_μ ▷ C^λ_{ρσ}x_λ . Finally we get

P_μ ▷ [x_ρ, x_σ]_• = P_μ ▷ C^λ_{ρσ}x_λ , (21)

i.e. the relation (16) is covariant.

ii) Quadratic noncommutativity of Minkowski space coordinates.

After using the formula (7) with inserted twist (15) one gets the following commutation relations of space-time coordinates ({a, b}_• = a • b + b • a) [^x_μ, ^x_ν]_• = i sinh ζ 2 cosh ζ 2 (η_{α[μ}η_{γν]}{^x_β, ^x_δ}_• − η_{α[μ}η_{δν]}{^x_β, ^x_γ}_• (22) −η_{β[μ}η_{γν]}{^x_α, ^x_δ}_• + η_{β[μ}η_{δν]}{^x_α, ^x_γ }_•) − sinh^2 ζ 2 ( ∑ k=α,β l=γ,δ δ^k_{[μ}δ^l_{ν]}[^x_k, ^x_l]_•) ,

or in more explicit form (k = α, β and l = γ, δ)

[^x_k, ^x_l]_• = i tanh ζ 2 (η_{αk}η_{γl}{^x_β, ^x_δ}_• − η_{αk}η_{δl}{^x_β, ^x_γ }_• (23) −η_{βk}η_{γl}{^x_α, ^x_δ}_• + η_{βk}η_{δl}{^x_α, ^x_γ }_•) , and [^x_α, ^x_β]_• = [^x_γ, ^x_δ]_• = 0.

We conjecture that the relations (22) are covariant under the action of quantum Poincaré symmetries, generated by twist (15).

The linear and quadratic relations (18) and (23) provide special choices of the constant parameters θ^{(1)ρ}μν , θ^{(2)ρτ}μν for which the quantum covariance group was found in 21.

4. Particle Dynamics Invariant Under Twisted Relativistic and Galilean Symmetries The discussion of the noncommutative dynamical theories one begins naturally with the consideration of classical mechanics models. We shall restrict

7 our considerations here to the case θ_{μν} = θ^{(0)}_{μν} , i.e. the noncommutative space-time described by (10). One can introduce the Lagrangian models describing free point particles moving in noncommutative space-time in the following two ways:

i) If θ_{μ0} = 0, i.e. we have the relations [^x_i, ^x_j] = iθ_{ij} , (24) [^x_0, ^x_i] = 0 , (25)

we deal with classical time variable t, where x̂_0 = ct and noncommutative space coordinates x̂_i. In such a case one can look for the non-relativistic Lagrangian models with constraints, which provide the relation (24) as the quantized Dirac bracket. Such a first model was constructed in 22 in D = (2 + 1) dimensions with the following Lagrangian L = mẋ^2_i 2 − kϵ_{ij}ẋ_iẍ_j . (26)

The higher order Lagrangian (26) can be expressed if first order form in six-dimensional phase space (x_i, p_i, p̃_i)^d and after introducing the linear transformations

X_i = x_i − 2 m p̃_i , P_i = p_i , (27) P̃_i = ϵ_{ij}p̃_j + k m p_i , one obtains the following symplectic structure for the variables Y_A = (X_i, P_i, P̃_i), (A = 1...6)

{Y_A, Y_B} = Ω_{AB} , Ω = 2k m^2 ϵ 12 0

−1_2 0 0 0 0^k_2 ϵ . (28)

One can identify (24) with quantized PB for the space variables X_i if we put in (24) θ_{ij} =^{2k}_{m2} ϵ_{ij} .

dThe momenta p_i, p̃_i are described by the following formulae

p_i = ∂L ∂ẋ_i − d dt ∂L ∂ẍ_i , p̃_i = ∂L ∂ẍ_i .

8 In 22 the dimension D = 2 + 1 was chosen because in two space dimensions one can put θ_{ij} = θϵ_{ij} , i.e. the relation (24) does not break the classical Galilean invariance. However if k ≠ 0 the Galilean algebra is centrally extended by second exotic central charge 23.

ii) For general constant θ_{μν} one obtains the noncommutative action describing free particle motion if we introduce in the first order action for classical massive relativistic particle S = ∫ dτ [ẏ_μp^μ − e(p^2 − m^2)] , (29)

the following change of variables (we recall that θ_{μν} = θ^{(0)}_{μν} )

y_μ = x_μ + 1 a θ_{μν} p^ν . (30)

It is easy to check that if we introduce CCR following from (29)

[y_μ, y_ν] = 0 , [y_μ, p^ν] = iδ^ν_μ , [p^μ, p^ν] = 0 , (31)

then the variables x_μ in (30) satisfy the relation (10) if we put a = 2κ^2. Using the relation (30) one can rewrite the action (29) as follows S = ∫ dτ [ẋ_μp^μ − e(p^2 − m^2) + 1 a θ^{μν} ṗ_μp_ν] . (32)

The variables y_μ, p_μ in (29) are classical, i.e. transform under Lorentz rotations in standard way

y^′_μ = Λ^ν_μ y_ν , p^′_μ = p_μ . (33)

Using (30) and (33) one gets however

x^′_μ = y^′_μ + 1 a θ_{μν} Λ^ν_ρp^ρ (34)

= Λ^ν_μ x^′_ν + 1 a (Λ^ρ_μ θ_{ρν} + θ_{μρ}Λ^ρ_ν )p^ν .

Interestingly enough, the transformations (34) describe exactly the twisted Lorentz transformations, generated by the coproduct (13), which leave invariant the action (32) for the noncommutative relativistic particle.

9 The model (32) has been firstly obtained without reference to twisted Lorentz symmetries by Deriglazov 24 and its non-relativistic version S_{NR} = ∫ dt[ẋ_iṗ_i − 1 2m ⃗p^2 + 1 a θ_{ij}ṗ_ip_j] , (35)

in D = 2 + 1, when θ_{ij} = ϵ_{ij}, it was proposed by Duval and Horvathy 25. It is well-known however that the model (35) can be also derived from the model (26). Indeed, the first order formulation of the model (26) in Faddeev-Jackiw approach 26 to higher order Lagrangians provides the action 27^,28

L = p_i(ẋ_i − y_i) + ⃗y^2 2m + 1 a ϵ_{ij}ṗ_ip_j . (36)

The Lagrangian (36) after introducing the new coordinates

X_i = x_i + 1 a ϵ_{ij}(y_j − p_j) , (37)

provides the Lagrangian (35) (with x_i replaced by X_i) and additional term which depends on auxiliary internal variables commuting with (X_i, p_i) 27.

The nonrelativistic model (35) can be considered in any space dimension d . If d = 2 the action (35) is, similarly as (26), invariant under the transformations of exotic (2 + 1) - dimensional Galilean group. If d > 2 the invariance of the nonrelativistic model (35) can be achieved by considering quantum Galilean symmetries, with twisted space rotations generated by the following nonrelativistic twist

F^{NR}_θ = exp i a θ_{ij} P_i ∧ P_j . (38)

The formulation of twisted quantum mechanics invariant under twisted quantum Galilei group is now under our consideration.

5. Final Remarks

We presented in this paper some selected aspects of the theory of noncommutative space-times, with new results on quantum Poincaré covariance of a class of linearly and quadratically deformed Minkowski spaces. We also considered the non-relativistic and relativistic particle models on noncommutative space-time with numerical value of the noncommutativity function θ_{μν} = θ^{(0)}_{μν} and have pointed out their twisted quantum covariance. We see that the role of quantum deformations is to introduce in place of broken classical symmetries a modified transformations which imply the quantum

10 covariance. Such a possibility selects only particular class of tensors θ^{(1)ρ}_{μν} and θ^{(2)ρτ}_{μν} in formula (1).

Most of the applications of the noncommutative space-times in the literature assume the choice θ_{μν} = θ^{(0)}_{μν} (see (10)). In this talk we presented also the results for linear (θ^{(1)ρ}_{μν} ≠ 0) and quadratic (θ^{(2)ρτ}_{μν} ≠ 0) deformations of Minkowski space. The extension of particle models on noncommutative space-times to linearly and quadratically deformed Minkowski spaces is now studied.

Acknowledgements One of the authors (JL) would like to thank Prof. Ge Mo-Lin and Dr. Cheng-Ming Bai for their fantastic hospitality during the conference at Nankai Mathematical Institute in Tianjin. We also acknowledge the support of KBN grant 1P03B 01828 and the EPSRC.

References 1. S. Doplicher, K. Fredenhagen and J.E. Roberts, Phys. Lett. B331, 39 (1994);

Commun. Math. Phys. 172, 187 (1995); hep-th/0303037.

2. A. Kempf and G. Mangano, Phys. Rev. D55, 7909 (1997); hep-th/9612084. 3. N. Seiberg and E. Witten, JHEP 09, 032 (1999); hep-th/9908142. 4. Chong-Sun Chu, Noncommutative geometry from strings; hep-th/0502167. 5. S. Zakrzewski, Journ. of Phys. A27, 2075 (1994). 6. S. Majid, H. Ruegg, Phys. Lett B334, 338 (1994). 7. J. Lukierski, H. Ruegg, W. Zakrzewski, Ann. Phys. 243, 90 (1995). 8. V.G. Drinfeld, Leningrad Math. J. 1, 1419 (1990).

9. S. Majid, Foundation of Quantum Groups, Cambridge University Press (1994). 10. P.P. Kulish, A.I. Mudrov, Proc. Stekl. Inst. Math. 226, 97 (1999);

q-alg/9901019.

11. C. Blohmann, Jour. Math. Phys. 44, 4736 (2003).

12. M. Chaichian, P.P Kulish, K. Nishijima and A. Tureanu, Phys. Lett. B604, 98 (2004); hep-th/0408069.

13. P. Aschieri and L. Castellani, Int. J. Mod. Phys. A11, 4513 (1996);

q-alg/9601006.

14. P. Aschieri, L. Castellani and A.M. Scarfone, Eur. Phys. J. C7, 159 (1999). 15. R. Oeckl, Nucl. Phys. B581, 559 (2000); hep-th/0003018. 16. C. Jambor and A. Sykora, Realization of algebras with the help of ⋆-products;

hep-th/0405268.

17. J. Wess, Deformed coordinate spaces: Derivatives; hep-th/0408080. 18. F. Koch and E. Tsouchnika, Nucl. Phys. B717, 387 (2005); hep-th/0409012. 19. P. Kosiński and P. Maślanka, Lorentz - invariant interpretation of noncommutative space-time: Global version; hep-th/0408100.

20. J. Lukierski, A. Nowicki, H. Ruegg and V.N. Tolstoy, J. Phys. A27, 2389 (1994); hep-th/9312068.

11 21. J. Lukierski and M. Woronowicz, New Lie-algebraic and quadratic deformations of Minkowski space from twisted Poincare symmetries; hep-th/0508083, PLB (in press).

22. J. Lukierski, P. Stichel and W.J. Zakrzewski, Ann. of Phys. 260, 224 (1997). 23. J.M. Levy-Leblond, Group Theory and Applications, vol. 2, ed. Loeble, Acad.

Press, New York (1972), p.222.

24. A.A. Deriglazov, Noncommutative relativistic particle; hep-th/0207274. 25. C.A. Duval and P. Horvathy, J. Phys. A34, 10097 (2001). 26. L. Faddeev and R. Jackiw, Phys. Rev. Lett 60, 1968 (1988). 27. P. Horvathy and M.S. Plyushchay, JHEP 206 33 (2002). 28. J. Lukierski, P. Stichel and W.J. Zakrzewski, Ann. Phys. 306, 78 (2003).