arXiv:hep-th/0512065 v2 11 Jan 2006

Deformation quantization of Poisson manifolds in the derivative expansion.

A.V.Bratchikov Kuban State Technological University, 2 Moskovskaya Street, Krasnodar, 350072, Russia E-mail:bratchikov@kubstu.ru

Abstract

Deformation quantization of Poisson manifolds is studied within the framework of an expansion in powers of derivatives of Poisson structures. We construct the Lie group associated with a Poisson bracket algebra and show that it defines a solution to the associativity equation in the leading and next-to-leading orders in this expansion.

1 Introduction

Let X be a phase space with the phase variables x^i, i = 1...N, and the Poisson bracket

[x^i, x^j ] = ω^{ij} (x). (1)

Let Ã = A[[t]] be the space of formal power series in a variable t with coefficients in A = C^∞(X). A star product is a R[[t]] linear associative product on Ã, defined for f, g ∈ A by f ∗ g = gf + t 2 [f, g] + ∞∑ k=2 t^kc_k(f, g), where c_k(f, g) are bidifferential operators.

The star product is a basic object of the deformation quantization [1]. A formula for the star product on an arbitrary Poisson manifold was found by

Kontsevich [2]. For symplectic Poisson manifolds one can also use Fedosov’s construction of deformation quantization [3].

The star product for linear Poisson structures [4] can be derived from the Baker-Campbell-Hausdorff (BCH) formula [5]. It is different from Kontsevich’s product being a part of the last one.

In the present paper a derivative expansion of the star product in powers of the Poisson structure is studied. We find an explicit expression for the leading and next-to-leading orders in the derivative expansion of a solution to the associativity equation. It is based on the BCH formula for Poisson bracket algebra (1).

The paper is organized as follows. In the next Section we introduce notations and represent the associativity equation in the form which is convenient for our purposes. In Section 3 we define the infinite-dimensional Lie group associated with Poisson bracket algebra (1). In Section 4 we show that the corresponding BCH series determines the leading and next-to-leading orders of a solution to the associativity equation in the derivative expansion.

2 The derivative expansion

For any f, g ∈ A the star product can be computed by the equation f(x) ∗ g(x) = f( ∂ ∂α )g( ∂ ∂β )e^{Q(α·x,β·x)}|_{α=β=0}, (2) where α · x = α_ix^i, α_i ∈ R, and e^{Q(α·x,β·x)} = e^{α·x} ∗ e^{β·x} It is easy to check that f(x) ∗ g(x) = e^{S( ∂∂ξ ·x, ∂∂η ·x)}f(ξ)g(η)|_{ξ=η=x} , (3) where S(α · x, β · x) = Q(α · x, β · x) − (α + β) · x. One can also obtain an integral realization of (2) and (3) f(x) ∗ g(x) = ∫ f̃(k)e^{ik·x}dk ∗ ∫ g̃(l)e^{il·x}dl = = ∫ f̃ (k)g̃(l)(e^{ik·x} ∗ e^{il·x})dkdl = ∫ f̃ (k)g̃(l)e^{S(ik·x,il·x)}e^{i(k+l)·x}dkdl.

The associativity equation for the star product reads (f ∗ g) ∗ h = f ∗ (g ∗ h) (4) for all f, g, h ∈ Ã. For e^{α·x}, e^{β·x} and e^{γ·x} this equation can be written in the form e^{Q(α·x,β·x)}|_{x=} ∂_{∂π} e^{Q(π·x,γ·x)}|_{π=0} = e^{Q(β·x,γ·x)}|_{x=} ∂_{∂π} e^{Q(α·x,π·x)}|_{π=0}. (5) It is easy to see that equations (4) and (5) are equivalent: (f(x)∗g(x))∗h(x) = f( ∂ ∂α )g( ∂ ∂β )h( ∂ ∂γ )e^{Q(α·x,β·x)}|_{x=} ∂_{∂π} e^{Q(π·x,γ·x)}|_{π=α=β=γ=0} = = f( ∂ ∂α )g( ∂ ∂β )h( ∂ ∂γ )e^{Q(β·x,γ·x)}|_{x=} ∂_{∂π} e^{Q(α·x,π·x)}|_{π=α=β=γ=0} = f(x)∗(g(x)∗h(x)). We are interested in the expansion of Q(α·x, β ·x) in powers of derivatives of the Poisson structure ω = (ω^{ij} ) Q(α · x, β · x) = (α + β) · x + ∞∑ k=1 Q_k(α · x, β · x). (6) Here Q_k, k ∈ N, are functions of ω and its derivatives and Q_n does not depend on n−th and higher derivatives of ω.

It is easy to check that Q_1(α · x, β · x) = t 2 α_iω^{ij} (x)β_j. Let B be the algebra with respect to the pointwise multiplication generated by ω and its derivatives. Let B_n, n ∈ N, be the ideal of B generated by n−th and higher derivatives of ω and B̃_n = B/B_n. When associativity equation (5) holds on B̃_n we say that product (2) defines an n−th order deformation of A in the derivative expansion. If ψ − φ ∈ B_n we write ψ = φ + O(∂^nω). Notice, that the deformation quantization of a quadratic Poisson structure is determined by a third order deformation in the derivative expansion.

The next-to-leading order in (6) [i.e. O(∂ω)] is given by an infinite series in variable t. Below we shall find an explicit expression for Q_2(α · x, β · x) as a solution to the associativity equation.

3 Lie groups associated with Poisson bracket algebras

Let G = G(ω) be the group generated by the functions e^{α·x} and the product e^{u(x,t)} ∘ e^{v(x,t)} = e^{H(u(x,t),v(x,t))}, (7) where e^u, e^v ∈ G and H(u, v) is given by the BCH series (see e.g.[6]) H(u, v) = u + v + M(u, v), (8)

M(u, v) = 1 2 [u, v] + 1 12 [u, [u, v]] + 1 12 [v, [v, u]] + . . . . (9) Here and in what follows ω^{ij} is replaced by tω^{ij} .

Each element of G can be written in the form g(x, γ) = s∏ i=1 (e^{γ(i)·x}∘) = e^{∑si=1 γ(i)·x}(1 + O(t)) (10)

for some values of s and group parameters γ = (γ^{(1)}, γ^{(2)}, . . . , γ^{(s)}). Here s∏ i=1 (e^{γ(i)·x}∘) = e^{γ(1)·x} ∘ e^{γ(2)·x} ∘ . . . ∘ e^{γ(s)·x}. Functions log g, g ∈ G, generate an infinite-dimensional Lie algebra L(ω) with respect to the Poisson bracket. Elements of this algebra are Lie series in x^i. L(ω) is a subalgebra of the Poisson algebra Ã and G is a subgroup of the corresponding Lie group G̃ . In a finite-dimensional Lie algebra L ∀a, b, c ∈ L H(H(a, b), c) = H(a, H(b, c)). Being algebraic this relation takes place (at least formally) in any Lie algebra. For p, q, r ∈ Ã one can write H(H(p, q), r) = H(p, H(q, r)). (11) Elements of G̃ are the functions e^p, p ∈ Ã, and the product is defined by the BCH series as in (7).

It is easy to see by making use of (10) that the functions G^t = {u ∈ G|u = 1 + O(t)} form a normal subgroup of G and G/G^t is isomorphic to the translation group R̂^N = {χ_α|χ_α = e^{α·x}}. Therefore G can be treated as a deformation of R̂^N . Let us define the R[[t]] linear product on Ã f(x) ∘ g(x) = f( ∂ ∂α )g( ∂ ∂β )e^{H(α·x,β·x)}|_{α=β=0}. (12) Here f, g ∈ A. It can be also written in the form f(x) ∘ g(x) = e^{M ( ∂∂ξ ·x, ∂∂η ·x)}f(ξ)g(η)|_{ξ=η=x} . (13) For the Poisson bracket with constant ω^{ij} M( ∂ ∂ξ · x, ∂ ∂η · x) = t 2 ω^{ij} ∂ ∂ξ^i ∂ ∂η^j . In this case (13) reproduces the Groenewold-Moyal product f(x) ∘ g(x) = e^{t2 ωij ∂∂ξi ∂∂ηj} f(ξ)g(η)|_{ξ=η=x}. Product (13) coincides also with the star product for linear Poisson structures [5].

Expanding (13) in powers of t one gets f ∘ g = fg + t 2 ω^{ij} ∂_if∂_j g + t^2 8 ω^{ij} ω^{kl}∂_i∂_kf∂_j ∂_lg+ + t^2 12 ω^{ij} ∂_j ω^{kl}(∂_i∂_k f∂_lg − ∂_kf∂_i∂_lg) + O(t^3). This means that (13) defines a second order deformation [2, 7]. The relation of product (13) (or (12)) with the star product in the derivative expansion will be described in the next section.

4 A second order deformation in the derivative expansion

Here we prove the following theorem :

THEOREM Formula (12) gives a second order deformation of A in the derivative expansion.

Proof. Let K(x) be a Lie series in x^i. It is easy to see that K(x + a) = K(x) + ∂_iK(x)a^i + O(∂^2ω), (14) and for any function f(x) [K(x), f(x)] = [∂_iK(x)x^i, f(x)] + O(∂^2ω). (15) From (8),(9) and (15) it follows H(K(x), γ · x) = γ · x + K(x) + M(∂_iK(x)x^i, γ · x) + O(∂^2ω). (16) Let us compute the left-hand side of equation (5) for Q(α · x, β · x) = H(α · x, β · x). Using (14) and (16) one gets e^{H(α·x,β·x)}|_{x=} ∂_{∂π} e^{H(π·x,γ·x)}|_{π=0} = e^{H(α·x,β·x)}|_{x=x+} ∂_{∂π} e^{γ·x+M (π·x,γ·x)}|_{π=0} = = e^{γ·x+H(α·x,β·x)+M (∂iH(α·x,β·x)xi,γ·x)} + O(∂^2ω) = e^{H(H(α·x,β·x),γ·x))} + O(∂^2ω). (17) By similar computations of the right-hand side of (5) we obtain e^{H(β·x,γ·x)}|_{x=} ∂_{∂π} e^{H(α·x,π·x)}|_{π=0} = e^{H(α·x,H(β·x,γ·x))} + O(∂^2ω). (18) From (17),(18) and (11) it follows that H(α · x, β · x) satisfies equation (5) modulo O(∂^2ω). This means that (f ∘ g) ∘ h = f ∘ (g ∘ h) + O(∂^2ω) for all f, g, h ∈ Ã.

5 Conclusion

In the present article we have constructed the Lie group associated with a Poisson bracket algebra. Its subgroup generated by phase variables x^i can be treated as a deformation of the translation group. We have found that the corresponding BCH series can be used for deformation quantization of the Poisson manifold. It defines a second order deformation in the derivative expansion.

It would be interesting to find the next term in the derivative expansion of the star product. This term defines a deformation of quadratic Poisson structures.

References

[1] F.Bayen,M.Flato,C.Fronsdal,A.Lichnerovich,D.Sternheimer, Deformation theory of quantization.I. Deformation of symplectic structures. Ann.Phys. 111 (1978) no.1. 61-110.

[2] M.Kontsevich, Deformation quantization of Poisson manifolds,I, q-alg/9709040.

[3] B.Fedosov, A simple geometric construction of deformation quantization.

J.Diff.Geom. 40 (1994) 2, 213-238.

[4] S.Gutt, An explicit ∗-product on the cotangent bundle of a Lie group, Lett.Math.Phys. 7 (1983) 249-258

[5] V.Kathotia, Kontsevich’s universal formula for deformation quantization and the Campbell-Baker-Hausdorff formula,I, math.QA/9811174.

[6] N.Bourbaki, Groupes et algebres de Lie (Hermann,Paris, 1971,1972).

[7] M.Penkava, P.Vanhaecke, Deformation quantization of polynomial Poisson algebras. math.QA/9804022.