arXiv:hep-th/0512084 v2 27 Jan 2006

The Gravitational Quantum Well

O. Bertolami^1, J.G. Rosa^2

Instituto Superior Técnico, Departamento de Física, Av. Rovisco Pais, 1049-001 Lisboa, Portugal

E-mail: orfeu@cosmos.ist.utl.pt, jpt35@cam.ac.uk

Abstract. We discuss the implications of a model of noncommutative Quantum Mechanics where noncommutativity is extended to the phase space. We analyze how this model affects the problem of the two-dimensional gravitational quantum well and use the latest experimental results for the energy states of neutrons in the Earth’s gravitational field to establish an upper bound on the fundamental momentum scale introduced by noncommutativity. We show that the configuration space noncommutativity has, in leading order, no effect on the problem and that in the context of the model, a correction to the presently accepted value of Planck’s constant to 1 part in 10^{24} arises.

We also study the transition between quantum and classical behaviour of particles in a gravitational quantum well and analyze how an increase in the particles mass turns the energy spectrum into a continuous one. We consider these effects and argue that they could be tested by through experiments with atoms and fullerene-type molecules.

1. Introduction In this contribution we discuss a model for noncommutative Quantum Mechanics (NCQM) where noncommutativity in the phase space is considered in the context of the gravitational quantum well (GQW) [1, 2]. Furthermore, we consider the dependence of the energy spectrum of the GQW on the mass of the particles in order to study the quantum to classical transition [3] Recently, there has been quite some interest on the noncommutative geometry in the context of Quantum Mechanics. This has its roots on the role that noncommutative geometry plays in unification models and in string theory. Indeed, since the discovery that the low-energy effective theory of a D-brane in the background of a NS-NS B field lives in a noncommutative space [4, 5], many efforts have been devoted to the study of noncommutative field theories (see [6] and refs. therein), to the understanding of the coupling to gravity (see [7] and refs. therein) and, to the non-relativistic limit, through versions of NCQM [8, 9, 10, 11, 12, 13, 14, 1, 2].

Although in string theory only the coordinates space exhibits a noncommutative structure, models in which the noncommutative geometry is extended to the phase space have been recently much discussed [10, 15, 1]. The main argument for this approach is that noncommutativity between momenta arises naturally as a consequence of noncommutativity between coordinates, as momenta are defined as the partial derivatives of the action with respect to the noncommutative coordinates [16]. In a 4-dimensional space, this type of phase space structure

1 Speaker 2 Present address: Department of Applied Mathematics and Theoretical Physics, University of Cambridge, UK

is defined through the following algebra:

[x^μ, x^ν ] = iθ^{μν} , [p^μ, p^ν ] = iη^{μν} , [x^μ, p^ν ] = ih̄δ^{μν} , (1)

where the parameters θ^{μν} and η^{μν} are antisymmetric. This algebra is consistent with standard Quantum Mechanics thanks the last commutation relation in the set of Eqs. (1).

In a recent paper [1], a 2-dimensional version of this algebra, defined by the noncommutative parameters θ and η and by Planck’s constant h̄ has been considered

[x, y] = iθ , [p_x, p_y] = iη , [x_i, p_j] = ih̄δ_{ij} i = 1, 2 . (2)

The implementation of this algebra can be performed by considering the noncommutative variables {x, y, p_x, p_y} from the commutative variables {x^′, y^′, p^′_x, p^′_y} through linear transformations. Two sets of linear transformations can be used to obtain the complete algebra, Eqs. (2). The first kind of transformation affects only the variables x and p_y , while the second affects variables y and p_x, thus leading to different results. To eliminate this ambiguity it is convenient to consider a set of linear transformations that modify simultaneously all variables: x = ζ ( x^′ − θ 2h̄ p^′_y ) , y = ζ ( y^′ + θ 2h̄ p^′_x ) , p_x = ζ ( p^′_x + η 2h̄ y^′ ) , p_y = ζ ( p^′_y − η 2h̄ x^′ ) , (3)

where ζ is a scaling factor. In this way, the commutation relations between coordinates and the ones between momenta in Eq. (2) are recovered, however the commutation relation between coordinates and momenta is altered to

[x_i, p_j] = ih̄_{ef f} δ_{ij} i = 1, 2 , (4)

where we have defined the effective Planck constant h̄_{ef f} = h̄(1 + θη/4h̄^2) and set ζ = 1. In a 4-dimensional space, the generalization of the linear transformations Eq. (3) may be written as:

x^μ = ζ ( x^{′μ} − θ^μ_ν 2h̄ p^{′ν} ) , p^μ = ζ ( p^{′μ} + η^μ_ν 2h̄ x^{′ν} ) . (5)

If one chooses ζ = 1, these transformations lead to the following 4-dimensional algebra:

[x^μ, x^ν ] = iθ^{μν} , [p^μ, p^ν ] = iη^{μν} , [x^μ, p^ν ] = ih̄ ( δ^{μν} + θ^{μα}η^ν_α 4h̄^2 ) . (6)

Hence, one can define a 4-dimensional effective Planck constant as: h̄_{ef f} = h̄ ( 1 + T r[θη] 4h̄^2 ) . (7)

Furthermore, it is clear that the commutation relation between coordinates and momenta is not diagonal, the off-diagonal elements are proportional to products of θ^{μν} and η^{μν} .

We have considered in Ref. [1] the linear transformations Eqs. (3) to determine the noncommutative Hamiltonian for a particle moving in the xy plane subject to a uniform gravitational field g = −ge_x. As the effects of phase space noncommutativity are presumably small, we have compared the leading order corrections to the commutative Hamiltonian with the experimental results obtained by Nesvizhevsky et al.[17] for neutrons in the GQW formed by a horizontal mirror and the Earth’s gravitational field. This has allowed us to set an upper bound of about meV/c for the fundamental momentum scale introduced by noncommutativity, √ η. Supposing that the fundamental noncommutative length scale, √ θ, is smaller than the neutron size, that is, of order 1 fm, we have found that (h̄_{ef f} − h̄)/h̄ ∼< O(10^{−24}). Therefore, the difference between the effective Planck’s constant and the usual Planck constant has no practical effects.

On the other hand, it has been recently claimed in Ref. [18] that for a particular choice of the value of the scaling factor ζ the commutation relation between coordinates and momenta is exactly defined by the usual Planck constant. However, it can be shown that NCQM models with or without corrections to the value of Planck’s constant are, in fact, physically equivalent, differing only in the way one defines the noncommutative parameters [2]. In what follows we shall present our analysis of the GQW in the context of the NCQM.

2. The Gravitational Quantum Well We consider now a particle of mass M moving on the xy plane in a uniform gravitational field g = −ge_x. When a horizontal mirror is placed at x = 0, a GQW is set up. In the direction transverse to the gravitational field, y, the particle is free, exhibiting a continuous energy spectrum. In the direction of the gravitational field, x, the particle exhibits a discrete energy spectrum. Its wave function in the n-th quantum level is given by the Airy function ϕ(ξ_n), where ξ_n = (x − x_n)/x_0 and x_0 ≡ (h̄^2/2M^2g)^{1/3} [19], with energy eigenvalues given by:

E_n = − ( Mg^2h̄^2 2 )_{1/3} α_n , (8)

where α_n corresponds to the n-th zero of the Airy function and x_n = E_n/Mg = −x_0α_n to the maximum height that is classically compatible with a particle with energy E_n.

The probability of finding the particle is non-vanishing for all values of x > 0. However, when x exceeds the value of x_n for each quantum state n, this probability decays exponentially, but the particle has a finite probability of penetrating a classically forbidden region through quantum tunneling.

These ideas have been used to study the spectrum of neutrons in the quantum well of the Earth’s gravitational field and a horizontal mirror [20, 21]. An ultra cold neutron beam was employed, with a mean velocity v = 6.5 ms^{−1}, traveling through a narrow slit formed by the mirror and a scatterer/absorber placed above it. Therefore, the neutron flux through the apparatus is measured as a function of x. For x > x_n, neutrons in the n-th quantum state have a small probability of crossing the gravitational barrier and tunnel into the scatterer/absorber. This probability is given by exp(−4/3ξ^{3/2}_n ) and vanishes as the slit height increases. Hence, for x > x_n, neutrons pass through the slit with little loss. For x < x_n, however, neutrons have a O(1) probability of being absorbed by the scatterer and so the slit is not transparent to neutrons. Thus flux of neutrons through the slit is given by:

F (x) = F_0 ∑ n β_n exp ( − Lω_n v { e(^{− 4}3^{ξ3/2n} ) , ϕ_n > 0 1 , ϕ_n < 0 }) , (9)

where F_0 is a normalization factor, depending on the incident flux, β_n is the relative population of the n-th quantum level, L is the length of the slit and ω_n ≡ (E_{n+1} −E_n)/h̄ [21]. From Eq. (9), one can conclude that, for x ≫ x_n, the flux of particles in the n-th state approaches its maximum value F_0, while for x ≪ x_n, this flux tends to vanish. Therefore, the classical turning points x_n separate two regions where the neutron flux exhibits distinct behaviour for each state n. By adjusting the experimentally measured flux to the predicted flux given by Eq. (9), the values of the two lowest classical turning points were obtained [21], and these are in good agreement with the quantum mechanical predictions, namely x_1 = 13.7 μm and x_2 = 24.0 μm.

We mention that the Equivalence Principle in the context of the GQW has been analyzed in Ref. [22].

3. Noncommutative Quantum Mechanics We consider now the discussed GQW , with Hamiltonian given by:

H^′ = p^{′2}_x 2m + p^{′2}_y 2m + mgx^′ . (10)

The corresponding noncommutative Hamiltonian can be straightforwardly obtained using the inverse transformations of Eq. (3), for ζ = 1,

x^′ = C ( x + θ 2h̄ p_y ) , y^′ = C ( y − θ 2h̄ p_x ) , p^′_x = C ( p_x − η 2h̄ y ) , p^′_y = C ( p_y + η 2h̄ x ) , (11)

to replace the commutative variables by the noncommutative ones: H = C^2 2m (p_x − η 2h̄ y)^2 +

C^2 2m (p_y + η 2h̄ x)^2 + +mgC(x + θ 2h̄ p_y ) = = C^2 2m p^2_x +

C^2 2m p^2_y + mgC θ 2h̄ p_y +

C^2 2m η h̄ (xp_y − yp_x) + C^2 8mh̄^2 η^2(x^2 + y^2) + mgCx , (12)

where C ≡ (1 − ξ)^{−1} and ξ ≡ θη/4h̄^2. It should be noticed that

C^2 2m p^2_y + mgC θ 2h̄ p_y = 1 2m ( Cp_y + m^2gθ 2h̄ )_2 − m^3g^2θ^2

8h̄^2

, (13)

so that the last term is an additive constant that can be subtracted from the Hamiltonian. Through the redefinition p̄_x ≡ Cp_x , p̄_y ≡ Cp_y + m^2gθ 2h̄ , (14)

the noncommutative Hamiltonian can be written as: H = p̄_x^2 2m + p̄_y^2 2m + Cη 2mh̄ (xp̄_y − yp̄_x) +

C^2 8mh̄^2 η^2(x^2 + y^2) + mgCx − mgC θη 4h̄^2 x . (15)

Notice that the last two terms correspond to the commutative gravitational potential, mgx. Thus the noncommutative Hamiltonian is given by H = p̄_x^2 2m + p̄_y^2 2m + mgx + Cη 2mh̄ (xp̄_y − yp̄_x) +

C^2 8mh̄^2 η^2(x^2 + y^2) . (16)

The similarity between the first three terms in the commutative and noncommutative Hamiltonians is clear, the only difference lying in the redefined momenta p̄_x and p̄_y. The constant term in the definition of p̄_y, Eq. (14), has, however, no physical meaning as it corresponds to a translation of all the eigenvalues of Cp_y by the same amount. It does not imply any change in the commutation relations of this operator either. Thus, the only physical difference between p_y and p̄_y concerns the factor C and likewise for p_x and p̄_x, meaning that the kinetic terms in the noncommutative Hamiltonian differ from the commutative ones only by a factor C^2.

4. Bounds on the NCQM parameters We study now the physics of the Hamiltonian Eq. (16). To first order in the noncommutative parameters θ and η, it is given by: H = p^2_x 2m + p^2_y 2m + mgx + η 2mh̄ (xp_y − yp_x) = H^′ + η 2mh̄ (xp_y − yp_x) . (17)

Notice that as C = 1 + ξ + O((θη)^2), to first order in the noncommutative parameters, p̄_x and p̄_y are equal to p_x and p_y , respectively. We can then conclude that at this order of approximation the noncommutative Hamiltonian differs from the commutative one by a term proportional to η. Hence, the configuration space noncommutativity does not influence the GQW energy spectrum to leading order.

It is expected that η is a small correction at the quantum mechanical level, and so one can treat the new term as a perturbation to the commutative Hamiltonian. The shift caused by this term on the energy levels of the system is given by the expectation value of the perturbed wave function of the system. We note that as the Airy function is real, ψ_n(x) = ψ^∗_n(x), and hence ⟨p_x⟩_n = ∫_{+∞} 0 dx ψ^∗_n ( − ih̄ ∂ ∂x ψ_n ) = −ih̄ ( [ψ^∗_nψ_n]^{+∞}_0 − ∫_{+∞} 0 dx ∂ψ^∗_n ∂x ψ_n ) = = ih̄ ∫_{+∞} 0 dx ψ_n ∂ψ_n ∂x = − ∫_{+∞} 0 dx ψ^∗_n ( − ih̄ ∂ ∂x ψ_n ) = −⟨p_x⟩_n = 0 , (18)

where, due do the presence of the horizontal mirror, we have used that ψ_n(x = 0) = 0 and the normalization of the wave function. Therefore, the term proportional to p_x in Eq. (17) does not yield any shift on the energy levels, whatever the expectation value of y. Thus, the perturbed potential due to noncommutativity is at leading order given by

V_1 = η 2mh̄ xp_y . (19)

This is clearly analogous to a potential describing the effect of a magnetic field B = Be_z, where z is the direction perpendicular to the plane, on a particle of charge q, where qB = η/2h̄. This is of course simply a formal analogy with no physical meaning, as particles in the GQW must be neutral, as is the case of the neutrons used in the experiment by Nesvizhevsky and collaborators.

The leading order energy correction to the n-th quantum state is given by the expectation value of potential Eq. (19)

ΔE^{(1)}_n = ηk 2m ∫_{+∞} 0 dxψ^∗_n(x)xψ_n(x) = ηk 2m [( 2m^2g h̄^2

)_−^2_3 A^2_nI_n + E_n mg ] , (20)

where the integral I_n is defined as: I_n ≡ ∫_{+∞} α_n dzϕ(z)zϕ(z) , (21) and k = ⟨p_y⟩/h̄ = m⟨v_y⟩/h̄ = 1.03 × 10^8 m^{−1} for the experiment described in Ref. [21]. The values of the normalization factor A_n and of the integral I_n were determined numerically for the first two energy levels:

A_1 = 588.109 , A_2 = 513.489 , I_1 = −0.383213 , I_2 = −0.878893 . (22)

With these values, the leading order corrections to the energy levels are given by:

ΔE^{(1)}_1 = 2.83 × 10^{29}η (J) , ΔE^{(1)}_2 = 4.94 × 10^{29}η (J) . (23)

Finally, requiring these corrections to be smaller or of the order of the maximum absolute energy shifts allowed by the experiment, the following upper bounds for η are obtained:

|η| ∼< 2.32 × 10^{−61} kg^2m^2s^{−2} (n = 1) , |η| ∼< 1.76 × 10^{−61} kg^2m^2s^{−2} (n = 2) . (24)

These values correspond to the following upper bounds on the fundamental momentum scale: | √ η| ∼< 4.82 × 10^{−31} kgms^{−1} ∼< 0.90 meV/c (n = 1) , | √ η| ∼< 4.20 × 10^{−31} kgms^{−1} ∼< 0.79 meV/c (n = 2) . (25)

We compute now the energy correction of second order on the noncommutative parameters. The second order perturbed potential is the following:

V_2 = θη 2h̄^2 p^2_x 2m + θη 2h̄^2 p^2_y 2m + η^2 8mh̄^2

(x^2 + y^2) . (26)

The terms proportional to p^2_y and y^2 do not affect the particle’s energy spectrum in the direction of the gravitational field and, hence, do not give rise to any shift on the discrete energy levels. Thus, the second order perturbed potential reduces to:

V_2 = θη 2h̄^2 p^2_x 2m + η^2 8mh̄^2 x^2 . (27)

There are now two second order terms that can modify the energy spectrum of the particle. The first one is proportional to the kinetic energy in the direction of the gravitational field; the second one is formally identical to an harmonic oscillator with frequency ω = |η|/2mh̄. The energy correction due to the first term on the n-th quantum state is given by

ΔE^{(2a)}_n = − θη 4m ∫_{+∞} 0 dx ψ^∗_n(x) ∂^2ψ_n ∂x^2 (x) = − θη 4m A^2_n ( 2m^2g h̄^2

) 1_3 J_n , (28)

where the integral J_n is defined as J_n ≡ ∫_{+∞} α_n dzϕ(z) d^2ϕ dz^2 (z) . (29)

We have computed the value of this integral for the first two quantum states, obtaining:

J_1 = −0.383213 , J_2 = −0.878893 . (30)

In order to set an upper bound on the value of this correction, we need not only the upper bounds obtained for η but also an upper bound for the value of θ. Clearly, the latter cannot be estimated by the gravitational quantum well experiment. One can resort to the bound on the value of the coordinates commutator, obtained in a different context [23], θ ≃ 4 × 10^{−40}m^2 (which correspond to θ ≃ (10 T eV )^{−2} for h̄ = c = 1) or, consider a more conservative point of view and argue that the fundamental length scale introduced by noncommutativity should be at least smaller than the minimum scale compatible with the quantum mechanical approach to the GQW problem. This scale is given by the average neutron size of about 1 fm, below which the neutron’s internal structure becomes relevant. With this hypothesis, one can get an upper bound on θ of 10^{−30} m^2 and, consequently, the following upper bounds on the contribution of Eq. (28) to the energy correction:

ΔE^{(2a)}_1 ∼< 7.83 × 10^{−55} (J) , ΔE^{(2a)}_2 ∼< 1.04 × 10^{−54} (J) . (31)

As for the contribution of the second term:

ΔE^{(2b)}_n = η^2 8mh̄^2 ∫_{+∞} 0 dx ψ^∗_n(x)x^2ψ_n(x) = = η^2 8mh̄^2 [( 2m^2g h̄^2 )_{−1} A^2_nL_n + ( 2m^2g h̄^2

)_−^2_3 2E_n mg A^2_nI_n + ( E_n mg )_2] , (32)

where the integral L_n is defined by: L_n ≡ ∫_{+∞} α_n dz ϕ(z)z^2ϕ(z) , (33) whose values were numerically determined for the first two energy levels:

L_1 = 0.537596 , L_2 = 2.15572 . (34)

Hence,

ΔE^{(2b)}_1 ∼< 3.64 × 10^{−38} (J) , ΔE^{(2b)}_2 ∼< 6.39 × 10^{−38} (J) . (35)

We can then see that the contribution of the first set of second order terms is negligible in comparison with the contribution of the second term, which is itself 7 (6) orders of magnitude smaller than the respective first order correction for n = 1 (n = 2). It follows that the perturbation approach is reliable using the upper bounds obtained for η for both quantum states. Clearly, if had we used the bound on θ derived in Ref. [23], the energy corrections would have been about ten orders of magnitude smaller.

Therefore the Nesvizhevsky et al. experiment constrains the fundamental momentum scale to be below the meV/c scale. Of course, one could expect the fundamental scale to be smaller than this. An increase in the precision of the experiment may lead to more stringent bounds on the value of √ η if the results are still consistent with the theoretical predictions. One should take into account, however, that the experimental energy resolution is bounded by the Uncertainty Principle due to the finite lifetime of the neutron [20]. The maximum energy resolution corresponds to a minimum energy uncertainty: ΔE^{min} ∼ h̄ τ ≃ 1.2 × 10^{−37} J ≃ 7.4 × 10^{−19} eV . (36)

If the theoretical predictions are confirmed to this precision by the experiment, then one should be able to place the following upper bounds on the value of η:

|η| ∼< 5.22 × 10^{−67} kg^2m^2s^{−2} (n = 1) , |η| ∼< 2.40 × 10^{−67} kg^2m^2s^{−2} (n = 2) , (37)

which lead to the following upper bounds on the value of the fundamental momentum scale: | √ η| ∼< 7.22 × 10^{−34} kgms^{−1} ∼< 1.35 μeV/c (n = 1) , (38) | √ η| ∼< 4.90 × 10^{−34} kgms^{−1} ∼< 0.92 μeV/c (n = 2) . (39)

These are the most stringent bounds that may be obtained within the framework of the GQW and they imply for the effective Planck’s constant, the ξ correction:

|ξ| ∼< 5.2 × 10^{−24} (n = 1) , |ξ| ∼< 4.0 × 10^{−24} (n = 2) . (40)

5. Quantum-Classical Divide We turn now to the discussion of the conditions for the transition between the quantum and the classical descriptions in the context of the GQW. This is a central and recurrent issue in Quantum Mechanics. More recently, this somewhat conceptual and philosophical discussion has become a quite concrete experimental problem given the impressive new experiments of interference of macromolecules [24, 25, 26]. In these experiments the conditions under which the quantum coherence of complex systems is lost have been carefully examined. It is believed that determining the drawing line between quantum and classical behaviour may bring new insights on the nature of macroscopic objects which exhibit quantum properties [27]. In this work, we study the transition between the quantum and classical regimes in the GQW. In such a system, particles exhibit a discrete energy spectrum and present a non-vanishing probability of tunneling into classically forbidden regions. We analyze how an increase in the particles mass may destroy these quantum properties, so that the system will, at least from an experimental point of view, behave as its classical analogue. Hence, we suggest a generalization of the Nesvizhevsky et al. experiment [20, 21] with neutrons to more massive particles, such as atoms and fullerene-type molecules.

The proposed criteria is based on the assumption that the dependence of separation between quantum states is a reliable criteria for establishing the quantum to classical divide, at least within the experimental resolution. We shall consider atoms and fullerene-type molecules.

The GQW is a convenient system for testing if a system exhibits a quantum or a classical behaviour, given that its energy spectrum depends on the mass of the particles involved. In what follows we shall analyze the consequences of increasing the particle’s mass and consider its experimental implications.

We point out that, for all particles, the energy spectrum approaches a classical continuous spectrum for high energies. This can be shown explicitly for our problem studying the asymptotic form of the zeros of the Airy function [3]. Indeed, one can show that, both ΔE_n ≡ E_{n+1} − E_n and Δ_n ≡ x_{n+1} − x_n tend to zero as n → ∞. Also, Δα_n is strictly decreasing with n, and hence the largest separation between consecutive heights x_n occurs for the first two quantum states.

Let us now consider the effects of increasing the particle’s mass. From Eq. (8), one can conclude that all energy eigenvalues are proportional to M^{1/3}, the same occurring for the separation between consecutive energy eigenvalues. This is somewhat unexpected, as one assumes that this separation decreases with increasing mass. However, one should note that the experimentally relevant quantities are the heights x_n. One can conclude that these heights and the separation Δ_n, are proportional to M^{−2/3}. Hence, for more massive particles, it is more difficult to distinguish consecutive levels. If two of these cannot be separated experimentally, the quantum states cannot be distinguished and the spectrum appears classical.

Thus, as the largest separation between values of x_n occurs for the two lowest quantum states, if the particles mass is large enough so that the experimental error is larger than Δ_1, there will be no means of distinguishing two consecutive classical turning points. In this case, the flux of particles through the slit will show a classical behaviour, increasing as x^{3/2}, where x is the slit height [21]. The conclusion is that classical or quantum behaviour depend on the experimental resolution and on the mass of the particles. This can be quantified in the following way: for a minimum uncertainty, ϵ, to measure the slit height, one can distinguish at least two consecutive quantum states if the particle’s mass does not exceed [3]:

M_{max} = √ h̄^2 2g ( Δα_1 ϵ )_{3/2} . (41)

For instance, with the error of ϵ = 2.5 μm for n = 1 [21], one could distinguish the first two quantum states for particles with a mass M ∼< 8m_N , where m_N = 1.67 × 10^{−27} kg is the mean mass of a nucleon. Equivalently, in order to distinguish two quantum states of a particle with mass M = Am_N , one must require as maximum experimental error: ϵ_{max} = ( h̄^2 2m^2_N g )_{1/3} Δα_1A^{−2/3} ≃ 10.3A^{−2/3} μm . (42)

Moreover, the Uncertainty Principle places limits on the experimental resolution for particles with a finite lifetime. Measuring x_n, an uncertainty Δx_n is equivalent to an uncertainty ΔE_n = MgΔx_n. Therefore, in order to have sufficient spatial resolution to separate the first two quantum states of a particle with mass M = Am_N , its mean lifetime must be greater than: Δτ_{min} = ( 2h̄ m_N g^2 )_{1/3} A^{−1/3} Δα_1

≃ 6.3 × 10^{−4}A^{−1/3} s . (43)

For the Nesvizhevsky et al. set up, the minimum lifetime is 0.63 ms, which is 6 orders of magnitude smaller than the neutron’s mean lifetime of 885.7 s [28]. The Uncertainty Principle allows a precision up to 10^{−5} μm, meaning that the experiment can be further improved.

Another implication of the increase on the particle’s mass is the decrease in the probability of tunneling through the gravitational barrier. As already referred to, in the state n this probability is given by exp(−4/3 √ 2g/h̄^2(x−x_n)^{3/2}M). This rapid decrease is expected since in the classical limit particles with energy E_n cannot be found at a height greater than x_n. Naturally, the frequency ω_n, which can be viewed as the frequency of the collisions between the particles and the gravitational barrier [21], increases as M^{1/3}, an effect that is not compensated by the decrease of the tunneling probability. Thus, more massive particles exhibit a sharper transition between zero and maximum flux, turning the transition to the classical limit M → +∞ discontinuous. This makes it more difficult to observe distinct quantum states.

6. Finite size effects: Atoms and Fullerene Molecules Till now the focus of our discussion has been on point-like particles. For neutrons, the average radius of about 1 fm is 10^{−10} smaller than the value of x_1 and so it can be neglected. However, as the particle’s mass increases, the affect of their size must be taken into account.

Let us then examine the size effects on the GQW energy spectrum. Before that we point out that although the GQW problem has only been solved for point-like particles, some of the consequences of the particles finite size may still be inferred to from a qualitative analysis. Indeed, let us assume that the effects of gravity on all particles which make part of a massive system are much smaller than the effects of the forces which bind them. Therefore, one can focus on the movement of the massive particle’s center of mass (CM), which behaves as a pointlike particle. The most salient difference between these descriptions is that the wave function of a composed particle exhibits an additional dispersion around the position of its CM. This dispersion is quantified by the particle’s mean radius, R. Therefore, in the GQW experiment, when the slit height becomes of order x_n + R, the absorber gets sufficiently close to the wave function of a particle in the n-th state and the latter can be absorbed at x_n + R. Thus the transition between the regions of maximum and minimum flux occurs in the neighborhood of x_n + R and not at x_n, as for a point-like particle. If R ∼> x_n, this effect must be taken into account.

Another finite size consequence is that massive particles will tend to leave the lowest quantum states less occupied. The horizontal mirror implies the wave function of each of the elementary particles that constitute the composed one vanishes at the origin. This implies that the composed particle must be above the horizontal mirror. Hence, the particle’s CM must be at a height larger than its average radius R. If R > x_n, particles in the n-th level are only allowed to be in the classically forbidden region, where they have a very low probability of being found. It then follows that the great majority of particles will tend to be found in quantum states n + 1 and higher. The more massive the particle the more likely it will lie at higher quantum states. This solves an apparent paradox of our previous discussion, namely that the growth in the particle mass implies an increase in the separation between its energy levels. However, as its size also increases, the particle is more likely be found in the higher quantum levels, where ΔE_n → 0.

One must also bear in mind that, as the whole particle must lay above the horizontal mirror, there is a minimum value of the slit height, corresponding to the average diameter of the particle. For 2R of order x_n +R, one is no longer able to observe the transition between zero and maximum flux. This occurs when R ∼ x_n, so that one cannot measure the n-th quantum state as the particle cannot be found at this level. Hence, one is unable to test experimentally whether particles of radius R ∼ x_n are not really in the n-th quantum state.

We consider now the properties of the particles that may be used to test the quantum to classical transition in the GQW. Clearly, these particles must possess the following features: (i) They must be electrically neutral so that neither electromagnetic effects overlap the gravitational ones nor that the decoherence of the particle beam is induced. A high level of symmetry in the spatial distribution of electrons prevents polarization effects. Having vanishing total spin avoids the coupling to external magnetic fields; (ii) They must have long lifetimes, so to satisfy Eq. (43). Thus, radioactive particles are not suitable; (iii) The horizontal velocity of the beam must be small so to maximize the time particles remain as GQW states.

Given these requirements, atoms are, after neutrons, the natural choice in the mass hierarchy. From conditions (i) and (ii), they cannot be in ionized states and must be stable isotopes with valence electrons in s-type orbitals. Considering that the main contribution to an atom’s mass is due its nucleons, M = Am_N , thus from Eqs. (42) and (43) one computes ϵ_{max} and Δτ_{min}. The former has been plotted in Figure 1 for A < 88 (lanthanides and actinides are excluded). From these results one concludes that the maximum allowed error lies in the range 0.1 − 10 μm. The minimum lifetime can be shown to lie in the range 0.1 − 0.63 ms.

Figure 1. Maximum error for atoms and fullerene molecules.

The atomic radius can be estimated using the average value of the radial coordinate for a hydrogen type atom [29], substituting the atomic number, Z, by an effective one, Z_{ef f} , which accounts for shielding effects of inner electrons according to the Slater rules [30]: R ≃ ⟨r⟩ = a_0 2Z_{ef f} [3n^2 − l(l + 1)] , (44) where a_0 ≃ 5.29 × 10^{−11} m is the Bohr radius and (n, l) denote the atom’s valence orbital quantum numbers. In Figure 2 the values of the ratio R/Δ_1 for atoms with A < 88 are shown, and one sees that they lie in the interval 10^{−5} − 10^{−3}.

Figure 2. Ratio R/Δ_1 for atoms and fullerene molecules.

The next scale in the mass hierarchy are molecules. There is a broad variety of molecules, but few satisfy our criteria. Among these, fullerenes or buckyballs, large groups of^{12}_6 C, stand out as suitable candidates. These molecules are highly symmetric (C_{60} has spherical symmetry) and are globally neutral, although with a slight polarization [31]. They are considerably larger than atoms and the higher number of correlated particles enhances the probability of decoherence of the beam through interactions with the external environment. Furthermore, they have a large number of internal degrees of freedom, rotational and vibrational, and can radiate, yielding in interactions with the external environment. Despite these properties, fullerenes are more appropriate than most massive molecules for the GQW study.

For pure^{12}_6 C fullerenes, A = 12N_C, where N_C is the number of carbon atoms. The values of ϵ_{max} and Δτ_{min} for fullerenes up to 3840 Carbon atoms (after the numerical simulations of Ref. [31]) were computed using Eqs. (42) and (43). The values of ϵ_{max} are exhibited in Figure 1. One obtains that in order to distinguish the first two GQW states of these molecules the maximum error must lie in the interval 0.01 − 0.1 μm, corresponding to a minimum lifetime of 0.02 to 0.10 ms.

Supposing a fullerene to be modeled by a sphere of radius R, than the area of the sphere must be proportional to the number of Carbon atoms [32], R = k √ N_C , where the constant k ≃ 4.38 × 10^{−11} m is determined using values of Ref. [31]. The ratio R/Δ_1 for fullerenes is shown in Figure 2 and is in the range 10^{−3} − 10^{−1}. Therefore, one can see that the finite size effects cannot be neglected for the largest fullerenes. One can estimate the value of N_C for which R becomes of the order of x_1, yielding that molecules with more than about 12470 carbon atoms will have a quite small probability of being found in the lowest quantum state of the GQW. This means that, the considered fullerenes (N_C < 3840), can be found at the first quantum level.

7. Conclusions In this contribution we have studied the two-dimensional GQW. On a first instance we have considered its noncommutative version in phase space and used the latest results from the experiment by Nesvizhevsky et al. to constrain the fundamental momentum scale introduced by noncommutativity to be smaller than 1 meV/c. Further improvements in the experimental precision could allow for achieving the minimum upper bounds of about 1 μeV/c. We conclude that to leading order, noncommutativity in configuration space does not affect the energy spectrum of the system. Supposing that the latter introduces a fundamental length scale smaller than the neutron’s size, we find that the model implies in a modification of the Planck constant which is experimentally consistent by many orders of magnitude.

Furthermore, we have considered the consequences of the increase in the particles mass and size on the energy spectrum of the usual GQW. We find that it leads to a decrease in the separation of consecutive classical turning points. This implies that the more massive the particles, the greater the precision required to distinguish the lowest two quantum states. The precision already achieved allows studying particles up to A ∼ 8. For heavier atoms, it is required to increase the precision of position measurements at least by a factor of 10. For fullerenes up to C_{60}, this increase in precision may be sufficient, but for larger molecules such as C_{3840} an improvement by at least a factor of 1000 is required

Of course, performing this kind of experiment with sizable particles implies in considerable experimental challenges, which involve strong isolation from external agents such as electromagnetic fields, precautions to avoid collisions so not to decohere the particle’s beam and ultra cold beams of particles to maximize the captured time in the GQW. Nevertheless, despite these difficulties, this kind of experiment might be of relevance for testing the limits of applicability of the Quantum Mechanics. In the proposed set up, the transition to a classical regime is made independently of the phenomenon of decoherence, depending only on the mass of the particles in the GQW and on the experimental resolution. Observing quantum states of massive particles in a GQW may turn out to be a relevant complement to quantum interference experiments with complex molecules. Acknowledgments It is a pleasure the thank our colleagues Cristiane Aragão, Paolo Castorina and Dario Zapallà for the discussions and for the collaboration which gave rise to part of the work reported here.

References

[1] O. Bertolami, J. G. Rosa, C. Aragão, P. Castorina and D. Zapallà, Phys. Rev. D 72 (2005) 025010. [2] O. Bertolami, J. G. Rosa, C. Aragão, P. Castorina and D. Zapallà, hep-th/0509207; to appear in Mod. Phys.

Lett. A.

[3] O. Bertolami and J. G. Rosa, Phys. Lett. B 633 (2006) 111. [4] A. Connes, M. R. Douglas and C. Hull, JHEP 9802 (1998) 008. [5] N. Seiberg and E. Witten, JHEP 9909 (1999) 032.

[6] O. Bertolami and L. Guisado, JHEP 0312 (2003) 013; O. Bertolami; gr-qc/0402006. [7] O. Bertolami and L. Guisado, Phys. Rev. D 67 (2003) 025001; O. Bertolami, Mod. Phys. Lett. A 29 (2005) 123525.

[8] Pei-Ming Ho and Hsien-Chung Kao, Phys. Rev. Lett. 88 (2002) 151602. [9] V. P. Nair and A. P. Polychronakos, Phys. Lett. B 505 (2001) 267. [10] Jian-zu Zhang, Phys. Rev. Lett. 93 (2004) 043002. [11] Jian-zu Zhang, Phys. Lett. B 584 (2004) 204. [12] M. Demetrian and D. Kochan, hep-th/0102050.

[13] J. Gamboa, M. Loewe and J. C. Rojas, Phys. Rev. D 64 (2001) 067901. [14] K. Li and S. Dulat, hep-th/0508193.

[15] A. E. F. Djemai and H. Smail, Commun. Theor. Phys. 41 (2004) 837. [16] T. P. Singh, S. Gutti and R. Tibrewala, gr-qc/0503116. [17] V. V. Nesvizhesky et al., Eur. Phys. J. C 40 (2005) 479. [18] Jian-zu Zhang, hep-th/0508164.

[19] L. Landau and E. Lifchitz, ”Mécanique Quantique” (Mir, Moscou, 1967). [20] V. V. Nesvizhesky et al., Nature 415 (2002) 297; Phys. Rev. D 67 (2003) 102002. [21] V. V. Nesvizhesky et al., Eur. Phys. J. C 40 (2005) 479. [22] O. Bertolami and F.M. Nunes, Class. Quantum Gravity 20 (2003) L61.

[23] S.M. Carroll, J.A. Harvey, V.A. Kostelecký, C.D. Lane and T. Okamoto, Phys. Rev. Lett. 87 (2001) 141601. [24] M. Arndt et al., Nature 401 (1999) 680.

[25] K. Hornberger et al., Phys. Rev. Lett. 90 (2003) 16040. [26] L. Hackermüller et a.l, Phys. Rev. Lett. 91 (2003) 90408. [27] A. J. Leggett, J. Phys.: Cond. Matter 14 (2002) R415. [28] Particle Data Group, Particle Physics Booklet, AIP (2002).

[29] See, e.g., Stephen Gasiorowicz, ”Quantum Physics”, Second Edition (John Wiley & Sons, Inc., 1996). [30] See, e.g., M. Karplus and R. Porter, ”Atoms and Molecules” (Benjamin, 1986). [31] G. K. Gueorguiev et al., Phys. Rev. Lett. 92 (2004) 215501. [32] N. Park et al., Phys. Rev. B 65 (2002) 121405.

[33] A.P. Balachandran, G. Mangano, A. Pinzul and S. Vaidya, hep-th/0508002. [34] B. R. Fabijonas, et al., ACM Transactions on Mathematical Software 30 (2004) 471.